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ABSTRACT
We consider the problem of constructing dissipative extensions of given dissipative
operators.

Firstly, we discuss the dissipative extensions of symmetric operators and give a
sufficient condition for when these extensions are completely non-selfadjoint. Moreover,
given a closed and densely defined operator A, we construct its closed extensions which
we parametrize by suitable subspaces of D(A*).

Then, we consider operators A and A that form a dual pair, which means that
AcC A respectively Ac A Assuming that A and (—E) are dissipative, we present
a method of determining the proper dissipative extensions A of this dual pair, i.e. we
determine all dissipative operators A such that A C A C A* provided that D(A)ND(A)
is dense in H. We discuss applications to symmetric operators, symmetric operators
perturbed by a relatively bounded dissipative operator and more singular differential
operators. Also, we investigate the stability of the numerical ranges of the various
proper dissipative extensions of the dual pair (A, g)

Assuming that zero is in the field of regularity of a given dissipative operator A, we
then construct its Krein—von Neumann extension Ag, which we show to be maximally
dissipative. If there exists a dissipative operator (—g) such that A and A form a dual
pair, we discuss when Ay is a proper extension of the dual pair (A, Z) and if this is not
the case, we propose a construction of a dual pair (Ao, go), where 49 C A and Ay C A
such that Ay is a proper extension of (A, Zo).

After this, we consider dual pairs (A, Z) of sectorial operators and construct proper
sectorial extensions that satisfy certain conditions on their numerical range. We apply
this result to positive symmetric operators, where we recover the theory of non-negative
selfadjoint and sectorial extensions of positive symmetric operators as described by
Birman, Krein, Vishik and Grubb.

Moreover, for the case of proper extensions of a dual pair (A, ﬁ) of sectorial opera-
tors, we develop a theory along the lines of the Birman—Krein—Vishik theory and define

an order in the imaginary parts of the various proper dissipative extensions of (A, K)



We finish with a discussion of non-proper extensions: Given a dual pair (A, Z) that
satisfies certain assumptions, we construct all dissipative extensions of A that have
domain contained in D(;l*) Applying this result, we recover Crandall and Phillip’s de-
scription of all dissipative extensions of a symmetric operator perturbed by a bounded
dissipative operator. Lastly, given a dissipative operator A whose imaginary part in-
duces a strictly positive closable quadratic form, we find a criterion for an arbitrary

extension of A to be dissipative.
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CHAPTER 1

Historical overview and results of the thesis

A densely defined operator A on a Hilbert space is called dissipative if and only if
its numerical range is contained in the upper complex plane. E Moreover, it is called
maximally dissipative if it has no non-trivial dissipative operator extensions. Maximally
dissipative operators play a very important role in mathematics as well as in physics as
they generate C)-semigroups of contractions and can for example be used to describe
physical systems that fail to conserve energy [35]. In general, dissipative operators
have many interesting applications in physics like (magneto-) hydrodynamics, lasers

or nuclear scattering (for details and more examples, see the Pseudospectra Gateway

website [www.comlab.ox.ac.uk /pseudospectral). Thus, if one starts with a dissipative

operator that is not maximally dissipative (like e.g. a Schrédinger operator with a
suitable complex potential defined on the set of compactly supported smooth functions),
one has to construct suitable maximally dissipative extensions. The purpose of this

thesis is to contribute towards the theory of dissipative extensions.

1.1. On the development of extension theory

The study of abstract extension problems for operators on Hilbert spaces goes at
least back to von Neumann [34] Chapters V-VIII], who considered the problem of
characterizing all selfadjoint extensions of a given symmetric operator. His well-known
von Neumann formulae provide a full characterization of all selfadjoint extensions of a
given closed symmetric operator S with equal defect indices (for a presentation in a more
modern terminology, see e.g. [1, Vol. II, Sect. 80] or [44, Satz 10.9]). The main tool
(“Der wesentliche Kunstgriff”, [34] p. 62]) of his analysis is the Cayley transform of S,
formally given by C' := (S—1)(S+1)~! with domain ran(S+1:), which is an isometry if S
is symmetric. Von Neumann showed that there is a one-to-one correspondence between

all selfadjoint extensions of S and all unitary extensions of C', which are parametrized

1'1According to Dolph [16], p. 30] the name “dissipative operator” was first introduced by Mukminov in [33].
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by all unitary maps U from ker(S* — i) to ker(S* + 7). Moreover, in the same paper,
von Neumann also discussed semibounded symmetric operators S with lower bound
C > —oo, where he managed to prove that for any € > 0, it is possible to construct a
selfadjoint extension S of S such that S, is bounded from below by (C — ¢) (|34, Satz
43]). In particular, if C' > 0, this proves the existence of positive selfadjoint extensions
of symmetric operators with positive semibound. The proof of this result relies on the
construction of a non-negative selfadjoint extension Sy of a given positive symmetric
operator S, which is commonly known as the Krein—von Neumann extension of S (cf.
[34] Satz 42]). In a footnote to the statement of [34] Satz 43], he also conjectured the
existence of a selfadjoint extension with the same lower bound as the initial symmetric
operator.

This conjecture was answered in the affirmative by Friedrichs in [21I], who con-
structed what is nowadays known as the Friedrichs extension. Its construction exploits
the fact that the quadratic form induced by a semibounded symmetric operator S is
always closable with its closure being the quadratic form associated to a selfadjoint
extension Sy that has the same lower bound as S. See also [41, Chapter 2.2] for a
textbook presentation of the construction of the Friedrichs extension.

In [27], Krein treated the problem of determining all non-negative selfadjoint exten-
sions of a non-negative closed symmetric operator S by considering the fractional linear
transformation F := (S—1)(S+1)! onran(S+1), whose compression (Pean(s+1)F) to
ran(S + 1) is selfadjoint (P,an(s+1) denotes the orthogonal projection onto ran(S + 1)).
Moreover, if S is non-negative, we have that F' is a contraction (||F| < [|¢|| for all
o € D(F), resp. ||[(S=1)f|| < IS+ 1)f| for all f € D(S)). He showed that the
problem of finding all non-negative selfadjoint extensions of S' is equivalent to finding all
selfadjoint contractive extensions I’ of F' that are defined on the entire Hilbert space
‘H. Furthermore, he proved that there exist two special extensions of S, the above
mentioned Krein—von Neumann extension Sk and the Friedrichs extension Sg. They

are extremal in the sense that any other non-negative selfadjoint extension S satisfies

(Sp+1)'<(S+1)7' < (Sg+1)7",



which is equivalent to
(1.1) Sk <5< Sp

in the quadratic form sense. Recall that for two non-negative selfadjoint operators A

and B on a Hilbert space H, the relation A < B is defined as
A< B D(AY) > D(BY) and A2 < BV

for all f € D(BY?). As done in [2], we extend this definition to the case that B
is selfadjoint on a closed subspace K C H. For example, let K be a closed proper
subspace of H and define Ox and Oy to be, respectively, the zero operators on X and H.
According to this definition, we then would get that 0y < Ox. In [2], the convention
B := 0o on D(B)? is introduced to make this more apparent. For a brief introduction
into Krein’s construction, cf. also [39, Sect. 125].

The further investigations of Vishik and Birman [42], [13] resulted in the following
characterization of all non-negative selfadjoint extensions of a positive closed symmetric

operator S:

PROPOSITION 1.1 (Mainly following the notation and presentation of [2]). Let S > 1
be a closed symmetric operator. Then, there is a one-to-one correspondence between all
non-negative selfadjoint extensions of S and all pairs (9N, B), where M C ker(S*)
is a closed subspace and B is a non-negative selfadjoint auxiliary operator in M (in

particular, D(B) = M ). These non-negative selfadjoint extensions are given by

Swp: D(Smp) =D(S)H{(S7'B+1)f: f € D(B)}H{S5'g: g € M- N ker(S*)}

S8 = S" [D(Son.5) -

These results have also been obtained and extended by Grubb in [23] Chapter 1T
§2], who was also able to characterize (maximally) sectorial and (maximally) accretive
extensions S of S such that S ¢ § C S* by allowing the auxiliary operator B to be
(maximally) sectorial and (maximally) accretive (cf. also the addendum acknowledging
Grubb’s contributions to the field [3]). While these approaches predominantly relied

on operator methods, the presentation of Alonso and Simon in [2] emphasizes form
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methods. They obtain the following description of the quadratic form induced by the

operators Sop p:
S D(Syy) = D(SY*)+D(B'?)
I1Sa s (f +mIP = IS F17 + 1B ],
where f € D(S},/ *) and 1 € D(BY?). From this, it immediately follows that
Sp<Sp & BB

and in particular, this implies , where Sp = Sioy,0 and Sk = Sker(s+),0-

There has been a large number of contributions towards the problem of determin-
ing all (maximally) sectorial and (maximally) accretive extensions of a given sectorial
operator A with contributions from authors like Arlinskii, Derkach, Kovalev, Malamud,
Mogilevskii and Tsekanovskii (cf. the surveys [8, 1] and all the references therein).
We will focus on just a few main results.

Friedrichs’ construction of a selfadjoint extension of a given non-negative symmetric
operator can be generalized to the sectorial case. A densely defined operator A is called
sectorial (or more precisely “a-sectorial”), if its numerical range is confined to a sector

of the complex plane with semi-angle «, i.e. if there exists an « € [0,7/2) such that
NicCc{zeC:—a<arg(z) <a},

where Ny := {(f, Af) : f € D(A),||f|| = 1} is the numerical range of A. In this case,
the quadratic form a induced by A, which is given by

a: D(a)=D(A), [ (f Af)

is still closable. This follows from the sectoriality of A, which implies that the quadratic
form a satisfies

a(f)] < (1 + tan(a)) - Re(a(f))
for any f € D(a). Moreover, it can be shown that the closure of a corresponds to a
maximally sectorial operator Ag, which is the Friedrichs extension of A. It is well-known
that Ap is the unique maximally sectorial extension of A that has domain contained in

the form domain Q(Ar) of Ar, and the numerical range of A lies dense in the numerical

range of Ap. (For the details, cf. [26, Chap. VI, §1-2].)
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In [4] Thm. 1], Ando and Nishio have found a useful description of the Krein—von
Neumann extension Sk of a given symmetric non-negative operator S. Arlinskii used
this result and generalized it to a description of the Krein—von Neumann extension Ax
of a given a-sectorial operator A (cf. the survey [8, Thm. 3.6]). In particular, it can
be shown that Ay is maximally a-sectorial and that the form domain Q(g) of any
maximally a-sectorial extension A of A has to satisfy Q(Ap) C Q(A) C O(Ax), cf. [6].

Analogously to Krein’s construction of non-negative selfadjoint extensions of a given
non-negative symmetric operator, Arlinskii considered the fractional linear transforma-
tion F given by F := (A —1)(A+ 1)"! and defined on ran(A + 1). He found that A

being a-sectorial (here: 0 < av < 7w/2) implies that F' satisfies
(1.2) |Fsinaticosal <1,

which can be shown to imply that F' is a contraction. A contraction F' satisfying
is said to belong to the class C(«). In [5], it was shown that — via the fractional
transform and its inverse — there is a one-to-one correspondence between all maximally
[-sectorial extensions of A and all everywhere defined contractive extensions of F' that
belong to the class C(5).

Arlinskii and Popov also solved the problem of determining all (maximally) accre-
tive and (maximally) sectorial extensions of a given densely defined sectorial operator in
terms of abstract boundary conditions [8, M10]. Arlinskii also constructed parametriza-
tions of m~accretive extensions of a given coercive sectorial operator in the spirit of the
Birman—Vishik—Grubb formulas in the symmetric case.

The so called Phillips—Kato problem (cf. [11]) in its fullest generality is the problem
of determining all (maximally) accretive extensions of a given accretive operator AE
Unlike in the sectorial case, it is not possible to construct a Friedrichs extension for ac-
cretive operators. In [35], Phillips was the first to consider this problem in a systematic
way, for which he provided a full solution in [36] in terms of so called boundary spaces.
We follow [18], Sect. 2] and [11] for a short presentation of his results. Phillips’ main

idea is to consider the graph I'(A) of a closed accretive operator A in a Hilbert space

Llp densely defined operator is called accretive if its numerical range is contained in the right half-plane II4 = {z €
C : Re(z) > 0}. Of course, this extension problem is equivalent to the problem of finding all the dissipative extensions

of a dissipative operator.
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H as a positive closed subspace of the indefinite inner product space (£),Q), where

$ = H x H and the inner product () is given by

Q(’J, 17) = <U1,'U2> + <U2,Ul> ,

where @ = (uj,u2) and ¥ = (vy,vy). Moreover, ($,Q) allows for the fundamental

decomposition
(1.3) H=Hy Do H-,

where 91 = {(¢,+¢) : ¢ € H} are maximally positive/negative subspaces of ) and
@ denotes a direct sum of spaces that are orthogonal with respect to Q(-, )B This
means that (£, Q) is a Krein space. The graph of any maximally accretive extension Aof
A is a maximally positive subspace of § containing I'(4). Then, I'(A)* is a maximally
negative subspace of ), where F(A\)LQ denotes the ()-orthogonal companion of I‘(g) in
$). Also, for any densely defined operator T' it can be shown that I'(T')*e = I'(=T").
The so called Phillips boundary space H p is now given by H p =9, Do KQ, where
M, =T(—A")NH, and NM_ is obtained by decomposing the graph of —A* as follows:

D(—A*) =M, @& M_ .

We get that M, = I'(—A*) N H, is already closed with respect to @ and D7 is the
closure of 9M_ with respect to norm induced by @ on the strictly negative space 91_.
Moreover, it can be shown that M, = {(¢,¢) : ¥ € ker(A* + 1)}, which means that
M, is finite-dimensional in the case of finite defect index m. In this case, Hp is a

Pontryagin space with m positive squares. Phillips showed the following

PropPoOSITION 1.2 ([36, Thm. 5.2]). There is a one-to-one correspondence between
all mazrimally negative subspaces N of H p and the graphs of all maximally accretive
restrictions A* of A* via

I'(—A*) = NNT(—AY).

This result has been used [18), 19] to construct the accretive extensions of strictly

positive even-order differential operators, however in many applications, it seems to be

1.2 subspace R of a Krein-space is called positive if Q(u,u) > 0 for all u € & and negative if Q(u,u) < 0 for all
u € R
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quite difficult to construct manageable realizations of the Phillips boundary space (cf.
also the remark in [14), p. 148]).
Thus, in [14], Crandall and Phillips considered a special class of dissipative operators

A that were of the form[-
A=S5+1V,

where S is symmetric and V' > 0 is non-negative and selfadjoint (but possibly un-
bounded). By non-negativity and selfadjointness of V' it follows that the operator
(1+V) is a boundedly invertible bijection from D(V') onto ‘H. Crandall and Phillips then
introduce the weighted Hilbert space ., which is the linear space D(V'/?) equipped
with the inner product (f,g),1 = ((1 + V)¥2f,(1 + V)¥2g). Using standard ideas
of the construction of Gel'fand triples, they associate every element f of ‘H with an

element £; of the dual space H*; of H; via

li(g) == (f,g) forany geHi,

which has norm equal to
170 = 1L+ V)2 F] =2 (1 f]l -

The space H_; is then obtained as the completion of H in H*, with respect to || - ||_;.
Since for any f € D(V/2) and for any g € H we have that || f|| < [[(1+V)Y2f| = || f|l+1
and ||g|| > [[(1+V)~'2g| = ||g]|-1, we obtain the following inclusions:

Hai CHCH_.

In particular, this implies that V' is bounded as an operator from H,; to H_;1 — a
feature which Crandall and Phillips use in order to determine all maximally dissipative
extensions of A as an operator from H; to H_; [14, Thm. 1.1]. Having obtained a
maximally dissipative operator A from H.1 to H_q, they then construct a dissipative

extension A° of A (as an operator in #H) via
A DAY ={f e DA): Af € H}, A'f:=Af.

131y [14], a densely defined operator is called dissipative if its numerical range is confined to the left half plane
II_ := {z € C: Re(z) < 0}. Since we will call an operator dissipative if its numerical range is confined to the upper

complex plane, we have changed the presentation of the results in [I4] accordingly.
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If V' is bounded, this provides a full characterization of all maximally dissipative ex-
tensions of A, since the spaces H,1,H and H_; are equivalent in this case. For the
unbounded case, this construction yields at best dissipative extensions of A that have
domain contained in D(V'/?), which does not always provide a full description of all
maximally dissipative extensions of A (cf. [14, Example 2]). Also, even if A is a maxi-
mally dissipative operator from H.; to H_q, it is possible that A° is not a maximally
dissipative operator in ‘H [14, Example 1]. However, Crandall and Phillips prove a
necessary and sufficient condition for when all maximally dissipative extensions A from
H.1 to H_; induce also a maximally dissipative extension A° in [14] Thm. 3.3].

Another approach towards the problem of extending a given closed dissipative oper-
ator A in a Hilbert space H makes use of the fact that its Cayley transform C :=
(A —4)(A+1i)"! with domain ran(A + i) is a contraction if A is dissipative. Moreover,
via the inverse Cayley transform, one obtains a one-to-one correspondence between all
maximally dissipative extensions of A and all contractive extensions of C' that are de-
fined on the entire Hilbert space H. This has been used by Crandall [15, Thm. I and
Cor. ] to give a full solution to the extension problem. He established that if C' is a
contraction defined on a closed subspace C of a Hilbert space H and mapping to H, all

contractive extensions C' of C' can be described via,
C =CP+ (1 — CP:(CP)")'?B(1 — F,),

where Fe is the orthogonal projection onto C and B is an arbitrary contraction on .
Using the inverse Cayley transform of C, given by A := i(1 + C)(1 — C)~!, we then
obtain all maximally dissipative extensions Aof A However, for concrete applications,
the operators involved in this construction are often very difficult to compute. (See
also [12] for the construction of all possible contractive extensions of a given matrix

contraction.)
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1.2. Structure and results of the thesis

We will proceed as follows:

In Chapter[2] we introduce dissipative operators and present some important already-
known results. We will define the Cayley transform C4 of a dissipative operator A,
which is known to be a contraction and show that there is one-to-one correspondence
between dissipative extensions of A and certain contractive extensions of C'y. Moreover,
we will introduce the notion of a dual pair of operators.

In Chapter [3| we will investigate the dissipative extensions of symmetric operators.
We will show that any dissipative extension of a symmetric operator S has to be a
restriction of S*. In addition to that we will give a criterion for a dissipative extension
of a symmetric operator to be completely non-selfadjoint.

In Chapter [4] we study a more abstract extension problem. Given a densely defined
closed operator A, we construct its closed extensions. To this end, we use certain subsets
M of D(A*) in order to parametrize closable extensions By of A. Furthermore, we
construct restrictions Coyp C A* and show that By, = Con. Then, we find a necessary and
sufficient condition on 9% to ensure that Cyy is densely defined. Using that Cg, = By
is a closed extension of A, this provides a full characterization of the closed extensions
of A.

In Chapter , we introduce the common core property of a dual pair (A, Z), which
ensures that the dual pair under consideration provides us with a convenient way of
defining an operator V' that corresponds to the “imaginary part” of A.

It will be the square root of the selfadjoint Krein—von Neumann extension of V' —
denoted by v;/ > which will play an important role. The description of Vé/ ? obtained
by Ando and Nishio [4] will allow us to give a necessary and sufficient condition (The-
orem } for an extension of (A, ,ZI) to be dissipative, which we only have to check
on the space by which we extend the operator A rather than on the whole domain
of the extension. From this result, we proceed to give a description of all dissipative
extensions of the dual pair (A, A) in terms of contractions from one “small” auxiliary
space to another. We also generalize our results to the case that the common core
property is not satisfied by the dual pair as long as D(A) N D(A) is still dense. As a

first application, we start by considering symmetric operators with relatively bounded
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dissipative perturbations and after that, we consider more singular dissipative opera-
tors — our first examples being such that the associated imaginary part V' is already
essentially selfadjoint and our last example being such that there is a family of self-
adjoint extensions of V. Finally, we find lower bounds for the numerical range of the
dissipative extensions we have obtained and apply this result to the examples from the
previous section. The results of this chapter were obtained in collaboration with Ian
Wood and Sergey Naboko and have been published in [20].

In Chapter [, we define the Krein-von Neumann extension Ax of a dissipative
operator A with zero in its field of regularity and show that it is maximally dissipative.
We will see that for typical dual pairs (A, g)7 the Krein-von Neumann extension cannot
be a proper extension of (A, E) Thus, we will construct restrictions 49 C A and Ay C A
such that Ak is a proper extension of the dual pair (Ao, go). Moreover, we will discuss
when these restrictions are densely defined.

In Chapter [7], we apply the results of Chapter [f] in order to construct proper sec-
torial extensions of dual pairs of sectorial operators (A,ﬁ). We apply this result to
obtain Grubb’s description of (maximally) sectorial extensions of positive symmetric
operators and we use a similar idea to construct the (maximally) dissipative extensions
of symmetric operators with at least one real point in their field of regularity. After
this, we introduce the Friedrichs extension A of a sectorial operator A and show that
for dual pairs (A, Z) of sectorial operators that have the common core property, we
have that Ap = g} We finish this chapter with a detailed discussion of the proper
sectorial and dissipative extensions of the operator —;—; + 1%, where v > 0, and its
formal adjoint.

In Chapter [§, we develop a parametrization of dissipative extensions of a dual pair
of sectorial operators along the lines of the Birman-Krein-Vishik theory of positive
selfadjoint extensions of positive symmetric operators as presented in [2]. We use
auxiliary operators D that have domain contained in ker(A*) and map into ker(A*) in
order to describe these extensions, which we will denote by Ap. Moreover, we will find a
necessary and sufficient condition for when the quadratic form imp g : f — Im(f, Apf)

is closable and show that the selfadjoint operator Vp associated to the closure of imp
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is an extension of the imaginary part V as defined in Chapter [5 This will allow us to
define a partial order in the imaginary parts of the extensions Ap.

Finally, in Chapter [0, we discuss more general dissipative extensions of a given
dissipative operator A. We start again by considering dual pairs (A, Z) that have the
common core property, but we construct extensions of A that have domain contained
in D(Z*) but do not preserve the action of A*. As an application, we use our results
to provide a full description of all dissipative extensions of dissipative operators with
bounded imaginary part — a result that has already been obtained by Crandall and
Phillips. Lastly, we consider dissipative operators A for which the quadratic form
f = Im(f, Af) is strictly positive and closable. Under this assumption, we find a
necessary and sufficient condition for an extension B of A to be dissipative. We apply
this result to a singular differential operator and to the problem of finding accretive

extensions of strictly positive symmetric operators.
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CHAPTER 2

Introduction

Let us introduce some notation and terminology as well as gather some useful results

that we will need later.

2.1. Elementary definitions

Throughout this thesis, we will only consider complex Hilbert spaces H with scalar
product (-,-) : H x H — C. Note that we define our scalar product to be antilinear
in the first component and linear in the second component, i.e. for any f,g € H and
A€ C, weget (M, g) = Xf,g) = (f, A\g).

Moreover, for an operator A in H, we use D(A), ran(A) and ker(A) to denote its
domain, range and kernel respectively.

Also, p(A) denotes its resolvent set and p(A) is the field of regularity of A, which is
given by

5(A) = {\ € C:3k(\) > 0 such that [[(A—N)F| > kW] ¥ feDA)}.

Note that if A € C\ {—1,1}, we write (A — X) rather than (A — A1), where 1 denotes
the identity operator.

An operator B is called an extension of A, which we denote by A C B, if D(A) C
D(B) and for any f € D(A), we have Af = Bf. Note that D(A) C D(B) does not
mean that D(A) is a proper subset of D(B), i.e. it is in particular true that A C A.
Conversely, if for two operators A and B we have A C B, then A is called a restriction
of B. Let A be an operator in H and let D C D(A). The operator A [p is called “the

restriction of A to D” and is given by
Alp: D(Alp)=D, Alpf=Af,

for any f € D.

Also, we call an operator S symmetric if and only if it is densely defined and satisfies

S C S*. If in addition, it holds that S = 5%, then we call S selfadjoint.
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Moreover, since we will mainly apply our results to closable differential operators,
we will use H*(Q) to denote the n'* Sobolev space of square-integrable functions over
) that possess a square-integrable n'"* weak derivative.

Lastly, B(#) denotes the set of bounded operators on H.

2.2. Dissipative operators

Let us now give a few basic definitions and results on dissipative operators.

DEFINITION 2.2.1. An operator A on a Hilbert space H is said to be dissipative if

and only if it is densely defined and
Im(f,Af) =0

for all f € D(A). An operator A is called antidissipative if and only if (_E) is

dissipative and accretive if and only if (Z/T) is dissipative.

Note that we require A to be densely defined for it to be dissipative. Finally, let
us remark that any operator A, which is dissipative in the above sense, is also closable

with its closure A being dissipative as well [29], Proposition 6.9].

ExAMPLE 2.2.2. Consider a bounded operator A € B(H). Then, A is dissipative if

and only if the operator Im A := (A — A*) is non-negative:

W(f, Af) = o= (L AT) = (A1) = (f 5 (A = A0)f) = (. (mA) ).
For instance, let H = C? and consider the matrix
Ima %€

ab '
A= =ImA= _ ’
c d Cz;f Imd
which implies that A is dissipative if and only if

_ a2
Ima>0 and (Ima)(Imd)> b 4C| :

DEFINITION 2.2.3. A dissipative operator A is said to be maximally dissipative
if for any dissipative operator extension A C A" we get that A = A’. Analogously, an
operator A is maximally antidissipative if and only if (_,Zf) 18 mazimally dissipative

and maximally accretive if and only if (zg) is maximally dissipative.
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Let us remark at this point that the distinction between m-dissipative and max-
imally dissipative operators as it can be found in the literature (cf. e.g. [17, Sec. 3]
for accretive operators) is not needed if one only considers densely defined dissipative

operators as they coincide for this case.
EXAMPLE 2.2.4. Let H = L*(R) and consider the operator A given by

A D(A) = C*(R)

(Af) (@) = =f"(x) +iV(x) f(x) |

where we assume that V € L>®(R) and V(z) > 0 almost everywhere. Using integration
by parts, we get
ti(s. A7) =t ([~ T+ v @(a)as) = [~ vi@lspa 2o,

which shows that A is dissipative. However, A is not maximally dissipative since the

operator B given by
B: D(B) = H*(R)
(Bf)(x) = = f"(x) + iV (2) f ()
is a dissipative extension of A. Here, f” denotes the second weak derivative of f.

The following result is a well-known fact:

ProposITION 2.2.5 ([35 Theorems 1.1.1, 1.1.2 and 1.1.3]). Let A be dissipative.

Then, the following are equivalent:

o A is maximally dissipative.

e There exists a A € C with Im(\) < 0 such that X € p(A).
e C:={ze€C:Im(z) <0} C p(A).

o (—A*) is dissipative.

e iA is the generator of a strongly continuous semigroup of contractions on H.

EXAMPLE 2.2.6 (Continuation of Example 2.2.4)). Let us use Proposition to
show that the operator B defined in Example is maximally dissipative. To this
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end, observe that B = .S + ¢V, where S is the selfadjoint Laplace operator on the real

axis:
S D(S) = H*(R), frs —f"

and V is the operator of multiplication by V(x). Since S is selfadjoint, we know that
for any 7 > 0 we have that —iT € p(S). Since V' is a bounded operator, we can choose
7 large enough such that |V (S + 7)Y < [[V|III(S + 7))~ < 771V < 1 from which
we get that

ran(S + iV +i7) = ran((1 + iV (S +i7) ) (S +i7)) = H ,

which implies that —i7 € p(B) and thus by Proposition [2.2.5] we have shown that B

is maximally dissipative.

2.3. The Cayley transform

Let us now define the Cayley transform of a dissipative (antidissipative) operator,
which is a useful theoretical tool for the study of dissipative extensions of a given

dissipative operator.

DEFINITION 2.3.1. Let A be a closed and dissipative (antidissipative) operator. For

any A € C- (A € CT), its associated Cayley transform Cy4 () is given by

Ca(N) : ran(A — \) — ran(A — \)

(2.3.1) (A= Nf= (A=Nf.

CONVENTION 2.3.2. Let A be dissipative. We adopt the convention that for A = —1,

we will write Cy instead of C4(—1).

We will now prove a few well-known properties of the Cayley transform of a given
dissipative (antidissipative) operator. For example, it is a well-known fact that the
Cayley transform of a dissipative (antidissipative) operator is a contraction, i.e. it

satisfies

ICaNP] < [l
for all ¢» € D(C4(N)), where either A is dissipative and A € C~ or A is antidissipative

and A € C*. However, in the literature (up to a suitable multiplication by i cf. [35]
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Thm. 1.1.1]) this is often only shown for one specific value of A\ and only for the case

of A being dissipative. Let us therefore give our own proof of this fact:

THEOREM 2.3.3. Let A be dissipative (antidissipative). Then, for any A € C~ (A €
C™ ) we have that C4(\) is a contraction. Moreover, we have that ker(1—Cy4(\)) = {0}.

PROOF. Let (A — X)f € ran(A — X\) = D(C4(N)) and consider

ICAN (A = N FII* = (A= N FI7 = [IAfII” + 2Re(Af, Af) + AP £
= [ AfI? + 2 (ReA)Re(f, Af) + (ImA)Im(f, Af)) + [\ I
< [[ASIP + 2 (ReM)Re(f, Af) — (ImA)Im(f, Af)) + AP f|I*
= [[(A= NI,

where we have used that sgn((ImA)Im(f, Af)) < 0 in the dissipative case as well as in
the antidissipative case. Let us now assume that there exists a (A — \)f € ker(1 —

C4(A)). This (A — ) f would satisfy

0=(1-Ca)A-Nf=A-Nf-(A=Nf=Q=-Nf,

which implies that f = 0 and consequently (A — \)f = 0 since A € p(A). This finishes
the proof. O
Given a contraction C' such that ker(1 — C') = {0}, we can use it to define a

dissipative or an antidissipative operator:

DEFINITION 2.3.4. Let C' be a contraction such that ker(1 — C) = {0}. For any
A € C\ R, we define its inverse Cayley transform Ax(\), via

Ac(A) 0 D(Ac(N)) =ran(l — C)

(1-O)f = (A=XO)f .
Let us now show that Ac()) is dissipative for A € C~ and antidissipative for A € C*:

THEOREM 2.3.5. Let D be a contraction such that ker(1 — D) = {0}. Then, for
A€ C (XN e C*), we have that its inverse Cayley transform Ap(\) is dissipative
(antidissipative). Moreover, we have that Ca,)(N) = D, i.e. the Cayley transform
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of the inverse Cayley transform of D yields the contraction D. Conversely, if B s
dissipative (antidissipative), we get that the inverse Cayley transform applied to the
Cayley transform of B yields the operator B, i.e. Ac,)(A) = B, where A € C™ (A €
CT).

PROOF. Let us start by showing that Ap(A) is densely defined. To see this, we will
show that ker(1 — D*) = {0}, from which we get that H = ran(1 — D) = D(Ap(}\))
proving that Ap(\) is densely defined. Assume that there exists f € ker(1 — D*). We

then get that

0= (X = D)fI> = I/I7 + ID*fII* — 2Re(f, D" f) = | fI* + | /" — 2Re(D/, f)

> |[fI* + IDfII* = 2Re(f, Df) = (1 = D)f|* = 0,

from which follows that f € ker(1 — D) and thus f = 0.
Let us now show that Ap()) is dissipative (antidissipative) for A € C~ (A € C*).
To this end, take any (1 — D)y € D(Ap())) and consider

Im((1 — D), Ap(A)(1 = D)¢b) = Im((1 — D), (A = AD)4)

= — (Im)) ([[0[]* = [|1D¥|*) = Im (1, ADv) + (ADv, 4h)) = —(ImA) ([[¢[]* = [[D¥]]*)

which is non-negative for A € C~ and non-positive for A € C*. Thus, Ap(\) is dissipa-
tive (antidissipative).

Let us now show that C'4,,(»)(A) = D. Let us begin with determining D(Cy4,,»)(A)) =
ran(Ap(A) — A). Let ¢ € D(D) and consider

(2.3.2) (Ap(\) = M)(L — D)o = (A — AD)é — ¢+ ADé = (A — \)¢ ,

which implies that (A — )¢ € D(Capn(N)) and thus D(D) C D(Ca,n(A)). Con-
versely, since both maps (Ap(A\) — A) and (1 — D) are injective, we get that for any
£ € D(Capn (X)) there exists a unique ¢¢ € D(D) such that { = (Ap(A) = A)(1L—D)¢e.
By ([2:3.2)), ¢¢ is simply given by ¢¢ = (A — A)~'¢, which implies that £ € D(D). Let us
now show that (Cap,(A)E = DE for any £ € D(Capn(N) = D(D). By (2.3.2), we
get that

(Ap(N) = N1 - D)

A=A
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and applying C4,,»)(A) to it, we obtain

Capny(N)E = CAD(A)O‘)(ADX(i))\_ N —D)¢ _ (Ap(N) ;i)iﬂ — D)¢
A= ADE = NE+ADE De
N -\ = be

The fact that Ac,n)(A) = B follows from completely analogous reasoning as before

using that for any f € D(B), we have that
(L=CsM\)B—=Nf=Bf =Af=Bf +A\f=A=-NF,

from which we may argue as before that D(B) = D(Ac,)(A)). Moreover, since for
any f € D(B) we have that

;o (L= Cs)(B-Nf
A=A

to which we apply Ac, ) (A) to get

A oy B _ -
AcynNf = os) (M1 Xf’/\(/\))(B N (R ACBX(A_) (B=\f
_ABf = |\Pf = ABf + APf

A=)

This finishes the proof. O

Bf .

The previous results allow us to show that the problem of determining dissipative
(antidissipative) extensions of dissipative (antidissipative) operators is equivalent to

finding contractive extensions of a given contraction (cf. [35, Thm. 1.1.1]).

COROLLARY 2.3.6. Fiz A € C= (A € CT). Then, for any dissipative (antidissipa-
tive) A, there exists a unique contraction C with ker(1—C') = {0} such that A = Ac()).
Conversely, for any contraction C with ker(1 — C') = {0}, there exists a unique dissi-
pative (antidissipative) operator A such that C = C4(\). Moreover, B is a dissipative

(antidissipative) extension of A if and only if Cg(\) is a contractive extension of Ca(N).

PROOF. The first part of the Corollary follows immediately from Theorem [2.3.5]
The fact that B is a dissipative (antidissipative) extension of A if and only if C())
is a contractive extension of C4()) follows directly from the definition of the Cayley
transform and of the inverse Cayley transform, since ran(A — A\) C ran(B — \) and
ran(l — C4(N)) C ran(1 — Cp(A)). O
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REMARK 2.3.7. By virtue of this result and by Proposition [2.2.5] A is maximally
dissipative if and only if C4(\) is a contraction and D(C4(\)) = H, since A € p(A) in

this case.

Finally, let us state a lemma on by how many linearly independent vectors the
domain of a given closed dissipative operator with finite defect index has to increase in

order to obtain a maximally dissipative extension.

LEMMA 2.3.8. Let A be a closed and dissipative linear operator on a separable Hilbert
space H such that dimran(A + i)+ < co. Moreover, let A’ be a dissipative extension of

A. Then, A" is maximally dissipative if and only if
dim D(A’)/D(A) = dim[ran(A + )] * .

PROOF. “A’ maximally dissipative = dim D(A")/D(A) = dimran(A + 4)*":
A’ being maximally dissipative implies that the domain of its Cayley transform Cy
is given by D(Ca) = H (cf. Remark 2.3.7). Moreover, by Theorem 2.3.3] Cu is a
contraction with ker(1 — Cy/) = {0}. Using D(A’) =ran(1l — Cy/), we get that

DA)=ran(l —Cx)= (1 —Ca)H =(1—-Cyu) (ran(A +1i) ®ran(A + Z)L) ,

where we also made use of the fact that ran(A + i) = ran(A + i) by closedness and

dissipativity of A. Next, we want to show that
(1 — Ca)ran(A +4) N (1 — Car)ran(A + i)+ = {0} .

Assume this is not true. Then there would exist 0 # f € ran(A + i) and 0 # g €
ran(A + i)+ such that
(1—Cu)f=(1-Cua)g
or, equivalently,
(L—-Ca)(f—9)=0.
As f L g, this implies that f — g # 0, which would mean that f — g € ker(1 — Cl4/),

which is a contradiction. Thus, D(A’) can be expressed as

D(A) = (1 —-Cy)(ran(A+14))+(1—Cx)(ran(A+i)*) = D(A)4(1 — Cy ) (ran(A+14)F),

24



which implies that
dim D(A")/D(A) = dim[(1 — Cy)ran(A +i)*] = dimran(A +i)*,

where the last equality follows from the injectivity of (1 — Ca/).

“A" maximally dissipative < dim D(A’)/D(A) = dimran(A4 + i)L7:

Let dimD(A")/D(A) = dimran(A + i)+, i.e. there exists a subspace M with dim M =
dimran(A + i)+ such that

D(A) = D(A)+M..
We need to show that ran(A’ + i) = #H. It holds that
(2.3.3) ran(A'+1i) = (A'+9)D(4") = (A +0)(D(A)+M) = (A'+)D(A)+ (A + i) M.

Let us show that (A" + i)D(A) N (A" + )M = {0}. To see this, let us assume this is
not true. This would mean that there exist 0 # f € D(A) and 0 # g € M such that

A+i)f=A+i)g & A+i)f-9=0 & A(f-g9=-i(f—9),

which would contradict the dissipativity of A" as f — g # 0. Hence, as (A" +i)D(A) =
ran(A + i), Equation ([2.3.3) reads

ran(A" + 1) = ran(A + i) +(A + i) M.
Moreover, as (A" + i) is injective, it holds that
dim[(A" 4 i) M] = dim M = dimran(A + 7).

But if we have a closed infinite-dimensional space A and a finite-dimensional space B

such that AN B = {0} and dim A+ = dim B, it holds that
A+B=As A" =H,

which applies to our situation. This proves the lemma. 0J
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2.4. Dual pairs

Let us introduce the notion of a dual pair of operators (see also [31] for more details).

DEFINITION 2.4.1. Let (A,E) be a pair of densely defined and closable operators.
We say that they form a dual pair if

AcC A resp. Ac A,
In this case, A s called o formal adjoint ofg and vice versa.

Given a densely defined closable operator A, it is a well-known fact that another
densely defined closable operator A can always be found such that (A, Av) forms a dual
pair as can be seen from the trivial choice A:= A*. A dual pair can be considered as a
pair consisting of a “maximal” operator (in our notation Z*) and a “minimal” operator
(here: A). In this sense, any extension of A that is a restriction of A* can be interpreted

as preserving the formal action of A

DEFINITION 2.4.2. Let (A, IZI) be a dual pair. An operator A’ is said to be a proper
extension of the dual pair (A, A) if

ACA CA* resp. Ac(A) cCA*.

Let us quote two useful results on the existence of proper extensions of certain dual
pairs. The first proposition guarantees the existence of a proper extension of a dual
pair (A, ;f) with A € p(A) and \ € ﬁ(AV) This applies in particular if A is dissipative,
which means that C~ C p(A) and if A is antidissipative, which implies C* C p(A).

PROPOSITION 2.4.3 ([23, Chapter II, Lemma 1.1]). Let (A, A) be a dual pair with
A € p(A) and X € p(A). Then there exists a proper extension A of (A, A) such that

-~ ~

A € p(A) and D(A*) can be expressed as
(2.4.1) D(A*) = D(A)+(A — \) " ker(A* — X)+ ker(A* — \) .

Likewise, we get the following description for D(A*):

D(A*) = D(A)+(A* — X) T ker(A* — )+ ker(A* — X).
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EXAMPLE 2.4.4. Let 0 < v < 1/2 and consider the dual pair of operators

s D(A) =C(0.1), (Aof)e) = if'(r) + L f(x)

B: DA =C(0.1), (Aof)w) = if'(r) ~ Lf(x)

where Ay is dissipative and Ay is antidissipative. Since X >« for x € (0, 1), this implies

that

Im(f, Aof) 2| fI* and Im(f, Aof) < =] f|?

for all f € €>(0,1). We therefore get that 0 € p(Ag) N p(Ag) and we will thus use
Equation (2.4.1]) from Proposition with the choice A = 0 to describe D(A*). Since
for any f € C°(0,1), we get

. 2
11 can = 112 + i+ 21

v (Wm n f’(w)%@)> dr

X

— 171+ 17+ |2

2= AP+
<P+ (L + 49 + ) L)1

— 1A+ 1P+ 070 | £

where the estimate from above is obtained using Hardy’s inequality. This implies that
the graph norm of Ay, || - |[r(4y), is equivalent to the H'-norm. Thus, we get that
D(A) = mll'\\m — H2(0,1). Moreover, it can be shown that A* and A* are given
by

A*: DAY = {f e H..(0,1) N L*(0,1) : if + %f e L*(0, 1)}
(A )(w) =if @) + L f (@)
A*: DAY = {f € HL.(0,1)NL*0,1) :if — %f € L*(0, 1)}

(2.4.2) (AN (@) = if (2) - L f ()

X

which we use to determine ker(A*) and ker(A*):

(2.4.3) i (@) + % f@)=0 o fz)=2%
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Hence, using Equation (2.4.1]) for A = 0 yields that
(2.4.4) D(A*) = D(A)+A 'span{z”}+span{z 7}
and since A C E*, we get
11 A+ ( 4—1 A* Y ny
Al =ga) = A (A00) =2 = (AQ)x) = id/(x) + ().

which has a one-dimensional solution space given by
gl
2v+1
This allows us to rewrite as follows:

+span{z "7} .

D(A*) = D(A)+span{z’**, 277} = H}(0,1)+span{z’ !, 277} .

The following proposition guarantees the existence of a proper maximally dissipative
extension for any dual pair (A, Z), where A is dissipative and Ais antidissipative. Up
to a suitable multiplication by 4, a proof for this can be found in [37, Chapter IV,
Proposition 4.2].

PROPOSITION 2.4.5. Let (A,Z) be a dual pair, where A is dissipative and A s

antidissipative. Then there exists a maximally dissipative proper extension of (A, Z)

Let us now show that the requirement that A is dissipative and Alis antidissipative
is absolutely necessary to make sure that the dual pair (A,Z) allows for a proper

maximally dissipative extension:

COROLLARY 2.4.6. Let (A, ;{) be a dual pair and assume that A is dissipative. Then,

(A, Z) admits a proper mazximally dissipative extension if and only zfg 18 antidissipative.

PROOF. The fact that A being antidissipative is sufficient for the dual pair (A, ﬁ)
to admit a proper maximally dissipative extension follows from Proposition [2.4.5. To
see that it is also necessary, assume that A is not antidissipative but there still exists a

proper maximally dissipative extension A of the dual pair (A, Z) This means that
ACACA & ACA CA.
However, by Proposition , A being maximally dissipative implies that A* is an-

tidissipative, which is impossible since Ais not antidissipative and we have Ac A, O
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Finally, let us introduce some convenient notation for complementary subspaces:

DEFINITION 2.4.7. Let N be a (not necessarily closed) linear space and M C N be
a (not necessarily closed) subspace. With the notation N'//M we mean any subspace

of N, which is complementary to M, i.e.

N//M)+ M=N and (N//M)nM={0}.
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CHAPTER 3

Properties of dissipative extensions of symmetric operators

As a warm-up, let us begin with a discussion of the dissipative extensions of symmet-
ric operators. We will start by showing that any dissipative extension of a symmetric
operator S has to be a restriction of S*. After that, we will discuss the complete

non-selfadjointness of these extensions.

3.1. Dissipative extensions of symmetric operators

As the Cayley transform Cg of a symmetric operator S is a partially defined isom-
etry, this restricts our choices for extending Cs to a contraction on the whole Hilbert

space:

LEMMA 3.1.1. Let S be a closed symmetric operator on a Hilbert space H. Then,
for any A € C\ R, any contractive estension C D Cg(\) has to map ker(S* — \) into
ker(S* — \), where

ICEAl < [|oal

for any ¢ € ker(S* — ).

PROOF. As S is a symmetric operator, Cs(\) is an isometry that maps ran(A — \)
onto ran(A — \) ([44} Satz 10.5] for A\ = —i; for other A € C~, this follows analogously).
Now, let C' be a contractive extension of Cg(\).

Assume that C' does not map ker(S* — \) into ker(S* — A), which means that there
exist A,y € C, 9 € ker(S* — )), ¢ € ker(S* — \) and g € ran(S — \) such that

CY = Ag+ o,

where we assume that ||¢| = [|¢]| = |lg]| = 1 and A # 0. Moreover, as Cg(\) maps

ran(S —\) isometrically onto ran(S — \), there exists a normalized vector f € ran(S—\)
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such that C'f = Cs(\)f = g. Now, let o, § € C and consider

IC(af + BY)|I” = [aC f + BCY||* = |lag + B(Ag + uo)|®
= la+ BAPlgll* + [BulllglI* = laf® + 2Re(aBA) + B (IAP + 1)
Since f L 1 implies that ||a.f 4+ S]|* = |a|* 4 |B]?, we only need to show that ||C'(af +
BY)|I? > |af* + |B]* in order to lead this to a contradiction, since C' would not be a

contraction in this case. As we can always consider & := ae’® instead of o, where ¢ is

chosen such that 2Re(a8)\) = 2|a||B||\|, we just need to find a and 8 such that

(3.1.1) o + 2l [BIA] + [BPIAP + ) < Jaf* + 18]

is violated. However, as C' is assumed to be contraction, it is a necessary condition that
ICoLI* = [IAg + po—[* = [A* + |uf* < 1.

This, together with the choice
(L= AP = |18
2|\
shows that (3.1.1]) can be violated for A # 0. O

ol >

The previous lemma shows that our choices for extending the Cayley transform Clg
of a symmetric operator S to a contraction defined on H are rather limited. In the first
proof of the following theorem, we will use this in order to show that this implies that
any dissipative extension of .S has to be a restriction of S*. This idea of proof can also
be found in [35, Lemma 1.1.5]. The second proof, which we believe to be new, is direct

and does not make any explicit use of the Cayley transform.

THEOREM 3.1.2. Let S be a closed symmetric operator. Then, all dissipative exten-

sion of S are restrictions of S*.

FIRST PROOF. Let Ny := ker(S* F ). By the first von Neumann formula (cf. [44]
Satz 10.9]), we know that
D(S*) = D(S)+N+N_
and
S (fot+vr +v-)=Sfo+iv, —iv,
where fo,1, and ¢_ denote arbitrary elements of D(S), N\ and N_ respectively.
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Let S be an arbitrary dissipative extension of S. By Theorem , we have that C'g
is a contractive extension of the isometry Cs. Thus, there exists a subspace M, C N,

such that
D(Cg) =D(Cs) ® My, (g Ipcs)=Cs -

Moreover, since S is a closed and symmetric operator, Lemma implies that
CgM, C N_. From this we get that

D(S) = ran(1 — C5) = D(S)+{tby — Cgvoy 1 vy € My} € D(S)FNLAN_ = DS,

i.e. it just remains to show that S* [D( = S. To this end, note that by the inverse

5~
Cayley transform we get S = i(1 + C35)(1 — C3)~" and therefore for any element in

-~

D(S) we see from the first von Neumann formula (cf. [44, Satz 10.9])
S(fo+ (1= Co)by) = Sfo+i(1+ Ce)(1 — Co)~ (1 — Ca)ey
= Sfo+iy —i(—=Cgqy) = S*(fo+ (1 - Cg)vy ),
which completes the proof. 0

SECOND PROOF. Let T be an extension of S. Now, for any f € D(S) and v €
D(T)//D(S), consider
Im(f +0,T(f +v)) =Im ((f, Sf) + (v, Tv) + (v, Sf) + (f, Tv))
(3.1.2) =Im ((v,Tv) + (v, Sf) + (f, Tv))
Now, if v ¢ D(S*), we can pick a normalized sequence {fo}n C D(S), such that

lim,, o Im({v, Sf,)) = —oo, while all other terms in (3.1.2)) stay bounded. Thus, for T’
to be dissipative, it is necessary that D(T") C D(S*). Hence, we can rewrite (3.1.2) as

Im(f +v,T(f +v)) = Im(v, Tv) + Im((S* = T)v, ) .

Now, if T ¢ S*, this means that there exists at least one v € D(S*)//D(T') such that
(S* —T)v # 0. But again this would imply that 7" cannot be dissipative in this case
since by denseness of D(S), we can always pick an f € D(S) such that ((S*—T)v, f) # 0
and by replacing fH )\f, where A € C, we would get

Im(Af + 0, T(Af +2)) = Im(T, T?) + Im{(S* — T)7, Af) .
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This will be less than zero, if we choose A to have a suitable phase and sufficiently large
modulus. Thus, for any v € D(T')//D(S), we conclude that v € D(S*) and Tv = S*v,
which shows that T being dissipative implies that T" C S*.

O

3.2. Completely non-selfadjoint extensions of symmetric operators

It is a well-known result ([37, Chapter IV, Prop. 4.3] up to a suitable multiplication
by a factor of +i) that any maximally dissipative operator A on a Hilbert space H can
be uniquely decomposed into its selfadjoint and completely non-selfadjoint part. As we
will define below, this means that A = Ag, @ Acnsa acting according to the decomposition
H = Hgsa @ Hensa, Where Ag, is selfadjoint in Hg, and Ag,e, is completely non-selfadjoint
as an operator in Hensa. The proof for this relies on the fact that the Cayley trans-
form C4 of a maximally dissipative operator is an everywhere defined contraction (cf.
Thm. 2.3.5)), which can be uniquely decomposed into its unitary part (corresponding
to the selfadjoint part of A) and its completely non-unitary part (corresponding to the
completely non-selfadjoint part of A). This was shown in [30]. However, for concrete
applications, it is often very difficult to compute the Cayley transform of a maximally
dissipative operator and determine its unitary and completely non-unitary subspace.
In this section, we are going to focus on the special question of whether a maximally
dissipative extension of a symmetric operator .S is completely non-selfadjoint or if there
exists a reducing subspace on which it is selfadjoint. As we shall see, our result will
depend on decomposing the symmetric operator .S into its selfadjoint part and its com-
pletely non-selfadjoint part.

Following [43], Exercise 5.39] we define the notion of a reducing subspace:

DEFINITION 3.2.1 (Reducing subspace). Let S be an operator on a Hilbert space H.
A closed subspace M C H is called a reducing subspace of S, or is said to reduce
the operator S, if
D(S) = D(S) NIM + D(S) N M-+
and if S(D(S)NIM) C M and S(D(S) M) C M-

If S is maximally dissipative, we know by Proposition that C~ C p(S). If

the resolvent set is non-empty it is often more convenient to deal with the bounded
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resolvent (§ — M), where \ € p(§ ), rather than with the possibly unbounded operator
S itself. The following result is mentioned in [37, Chapter IV, after Equation 4.12],

however no formal proof is given. For the sake of completeness, we will prove it here.

LEMMA 3.2.2. Let S be a mazimally dissipative operator on a Hilbert space H and
let M be a closed subspace of H. Then, I reduces S if and only if M reduces Cg(\)
for any A € C™.

PROOF. Firstly, observe that since Cg(\) = (§—X)(§—)\)*1 =1- (X—)\)(g\—)\)*l,
this means that 9t reduces Cg(A) if and only if it reduces the resolvent (S—))~'. Hence,
the lemma is equivalent to showing that 91 reduces S if and only if 91 reduces (§ -\t
for any A € C.

Now, let us show that 9 reducing S implies that it also reduces (S — A)~* for
any A\ € C~. To this end, take any f, € 9. Since C~ C ,0(§), we get that for any
A € C, there exists a unique g, € D(g), such that fo = (§ — A)gx. We will show that
g\ € D(g) N M. To this end, decompose gy = gf\o) + gy, where ggo) € D(§) NI and
gy = D(S) N ML, Since fo € M and (S — )\)gf\o) € M as well as (S — ANgy € ML, this
implies that (S — A)gy = 0. However, since \ € p(S), it follows that gx = 0. Thus,
we have fo = (S — )\)ggo). Applying (5 — A)~! to this yields (S — \)~'fy = g&o) € M.
Analogously, we may argue that for any f+ € 9+, we get (§ — AL et

Let us now show that if 9% reduces (§ — A)7! for some A € C~, this implies that
M reduces S Since A\ € p(§ ), we have that for any g € D(g), there exists a unique
f € H such that g = (5 — \)~'f. Decomposing f = fo + f*, where f; € 9 and
fEemt, we obtain g = (S — X)L fo + (S — X)L fE, where (S — X)L fy € D(S) NM
and (S —X)~LfL € D(S) N9, which follows from the fact that 90t reduces (S — A)~L.
This shows that D(§ )= D(§ )ﬂfquD(g )NIML. Next, observe that trivially, 9t reduces
S if and only if it reduces (§ —A). Let us now argue that any element gy € D(§ yNM is
of the form gy = (§— )~ fo for a unique fo € M. Again, since (§— A)~! is a bijection,
there exists a unique f € H, such that go = (5 — A\)"'f. Decomposing f = fo + f*,
where fo € MM and f+ € ML, we use that M reduces (S — A)~! to conclude that
(S=X\)"1fy € Mand (S—A)"Lf+ € ML, But since M > gy = (S—A) "L fo+(S—A) "L f+,

3-2.1pjs readily implies that 9t reduces (§— A)~! for any A € C~ by what has been argued in the first part of the

proof of this lemma.
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this implies that (§ — A\)7Lf+ =0, from which we get that f+ = 0 since (§ —A)tis
bijective. This shows that (§ — Ngo = fo € M. Analogously, it can be shown that
(5 — \)(D(S) N9m+) € ML, Altogether, this shows that 90 reduces S if and only if it
reduces (S — \)~! for any A € C. This shows the lemma. O

Let us now define what it means for an operator to be completely non-selfadjoint:

DEFINITION 3.2.3 (Completely non-selfadjoint operator). Let S be a densely defined
operator. We say that S is completely non-selfadjoint if the only reducing subspace

of S on which S is selfadjoint is the trivial space {0}.

REMARK 3.2.4 (On the terminology). Note that according to this definition, a
symmetric operator that is completely non-selfadjoint may have selfadjoint extensions.
In the literature, completely non-selfadjoint symmetric operators are also referred to as

simple symmetric operators; for example in [1l, Vol. I, Sect. 81].

The following result, which is due to Krein [28] (for a more recent English version of
the proof, see also [22, Chapter 1, Thm. 2.1]), implies that any closed symmetric oper-
ator S can be uniquely decomposed into its selfadjoint and completely non-selfadjoint

part. Firstly, let us introduce some convenient notation:

DEFINITION 3.2.5. Let {V,},cs be a family of closed subspaces of a Hilbert space
H. Then, we define

\/ V, :=span{V, : 0 € S},

oeSs

i.e. \/,eg Vo denotes the closure of the linear span of all Vy's.

Let us now state the main proposition on the decomposition of a closed symmetric

operator S into its selfadjoint and completely non-selfadjoint part.

PROPOSITION 3.2.6 ([28]). Let S be a closed symmetric operator and define
M= \/ ker(S"—N).
XEC\R

Then, M is a reducing subspace for S. Moreover, S is selfadjoint on MM+ and completely

non-selfadjoint on M.
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Let us apply this result to two examples:

ExaMPLE 3.2.7. Consider the symmetric momentum operator p defined as

p: D(p)

={f € H'(~o0,-1) ® H'(=1,1) ® H'(1,00) : f(—=17) = f(17) =0, f(=17) = f(17)}
(3.2.1)

feif',
where f’ denotes the weak derivative of f taken over the respective segments of the real
line. The adjoint p* is given by
(3.2.2)

p': DY) ={fe€H (~00,~1) @ H'(-1,1) ® H'(1,00) : f(=17) = f(17)}

(3.2.3) fesif
We claim that

(3.2.4) M= \/ ker(p* — ) = L*(—o0, —1) @ L*(1, 0)

and therefore
m- = L*(—1,1).

According to Proposition we have that 91 is a reducing subspace for p and that
p [on is completely non-selfadjoint and that p [on1 is selfadjoint. Thus, let us show that
(3.2.4) holds. To this end, let us compute ker(p* — \):

if (x) = M(x) & fz) = e ™.

Thus, we get that

ker(p* — \) = Span{e’ixxx(lm) (x)} if Im(A) >0

AT

ker(p* — A) = span{e "X (_oo,—1)(z)} if Im(X) <O,

where the fact that the functions are only supported on the respective half-lines follows
from —sgn(Re(—i)\)) = sgn(Im()\)) and the boundary conditions inside the interval
(=1,1). For any A € C\ R we have that dimker(p* — \) = 1. Let us denote the
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normalized element of ker(p* — \) by ¢, which is unique up to a phase. Since it holds

that
supp(¢r) C (—oo,—1)U(1,00) forallAe C\R,

we have that 91 C L?(—o0,—1) @ L*(1,00). To show the other inclusion, let us show
that M+ € L?(—1,1). Thus, assume that 1) € ML, which implies

(3.2.5) (b, 1) =0 VA€ C\R.

For all A such that Im A > 0, consider the function g(\) given by

o) = (o0 0) = [ uapdn = [ e [ () - wla)] de
1 0
Interpreting x(1,00)(2) - (x) as an element of L*(R*), we have by [40, Thm. 5.9.5 a)]
that ¢ is an element of the Hardy space $?(CT) and since by Equation (3.2.5) we have
that g(\) = 0 for any A\ € C*, we get

lgllZ: = sup ( / |g<x+¢y>|2dx):o.

O<y<oo 0o

Now, again by [40, Thm. 5.9.5 a)], we have that 0 = ||g||s2 = V27|[X(1,00)¢|| 2, Which
implies that x(1,00)(2)1(x) = 0 almost everywhere in L*(R™). Now, let us consider all
—A, where Im A > 0, which obviously is the same as considering all A with negative

imaginary part. Equation (3.2.5) now reads as

-1

0=t [

—0o0

e (x)dr = /OO e™ [X(1,00)(@)0(—2)]dz VA e CT.
0

By the same reasoning as above — using [40, Thm. 5.9.5 a)] — we get that

X(1,00) (7)Y (—2) = 0

almost everywhere in L*(R*). Altogether, this means that ¢(z)x(—co,—1)u(1,00) (%) = 0
almost everywhere in L?(R), respectively that ¢» € L?(—1,1). This shows that MM+ C
L*(—1,1).

By Proposition we have shown that p [72(_1) is selfadjoint. Indeed, it is the
momentum operator on the interval with periodic boundary conditions. On the other
hand, we have that p [12(—sc,—1)@12(1,00) 15 @ completely non-selfadjoint symmetric op-

erator.
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EXAMPLE 3.2.8. Let Q = (0,7) x (0,00) be the half-strip and consider the Hilbert

space H = L*(2). Let the symmetric operator L be defined as

L: D(L)={f € HQ): [ loa= 0.9, [,-0= 0}

f=Af=—(03f+05f),

where the derivatives have to be understood in the weak sense. A short calculation

shows that its adjoint L* is given by

L*: D) ={f € H Q) : f lomo=f lo=s= 0}

fo =Af=—(00f +05f).

For any given A € C\R let us find elements ¢ € ker(L* — \) using a factorization ansatz
of the form ((z,y) = f(2)g(y):

(3.2.6) — A(f(2)g(y) = —f"(x)g(y) — f(x)g" ()=Af()g(y) -

For n € N define ¢,(z) := sin(nz) and for u € C* define u()\,n) to be the solution
of p1(\,n)? = n? — X\, which has negative real part (Re (X, n) < 0). Note that such a
solution always exists for A ¢ R and that it is unique. Defining 1y ,,(y) = en(hm)y

find that the function () ,(z,y) := ¢n(2)rn(y) is a L*(Q)-solution to Equation (3.2.6))

, we

satisfying all boundary conditions such that it is an element of D(L*). Thus, we have
\/ span{(y,} C ker(L* — \)
neN

and therefore

\/ (\/ span{(,\m}) cm.

AEC\R \neN

Let us now show that 91 = H, i.e. that L is completely non-selfadjoint by Proposition
3.2.6 Assume that y € 9+, Observe that the following two sets are equal:

{(\n):Ae€C\RneN}={(A-n*n): A€ C\R,n €N},

which implies that

V (\/span{cx,n}) =\ (\/span{gn;n}> .

AeC\R \neN AeC\R \neN
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Using Fubini’s Theorem, for all A € C \ R and all n € N, it holds that

0= (.G ntn) = /wmzn </¢ :cydx)dy
(3.2.7) :/ ey\/_(/ bl xy)dx)dy,

where v/ —\ again denotes the solution of 2> = —\ which has negative real part. By
this definition of v/ —\ we have that {—iv/—A: A€ C\R} = {u € C* : Re pu # 0}.
Thus, Equation (3 can be rewritten in this form:

(3 2.8)
/ (/ dn(x)x(2,y dx) dy = / G (y)dy VYn e N, Vu e CH\iR*,
0
where we have defined G (y fo On(x)x (2 y)dx for all n € N. It is not hard

to check that G € LQ(O,oo) for all n € N. If we can extend Equation (3.2.8) to
hold for p € iR* as well for all n € N, we may conclude that G™(y) = 0 almost
everywhere in L?(0,00) by the same reasoning as in Example To show this, pick
an arbitrary sequence of non-zero real numbers {o;}; such that lim; ,,, 0; = 0. Given
an arbitrary p € iR™ consider the sequence of functions {ei(“Jr"j)y}j, which converges

to e pointwise. Thus,

/ ewyc<"><y>dy\ <
0

< / €1 — o] |G () dy 25 0,
0

/ (ewy _ ei(u+aj)y) G (y)dy‘ + / el(nta;)y cx(n) (3)dy
0 0

G238
— 0

which follows from dominated convergence since
[e®||1 — e ]|G™ (y)] < 2[e*| |G (y)| € L1(0,00)

for all 7 and all n. Thus, for almost every y it holds that

_ / Cu(@)X(@ g = 0

for all n € N. Denote the set of these y’s by &, and define £ := [ _y&n, which is a

neN
full measure set since it is the countable intersection of full measure sets. Now, for any
y € £ we have that
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which implies that x(z,y) = 0 for almost every z, since {¢, }, = {sin(nz)}, is total
in L?(0,m). Since the product of two full measure sets is again of full measure, we
have shown that x(z,y) = 0 almost everywhere with respect to Lebesgue measure on

Q). This shows that 9+ = {0}, which implies that L is completely non-selfadjoint by

Proposition [3.2.6]

LEMMA 3.2.9. Let S be symmetric and let S be a dissipative (antidissipative) exten-
sion of S. Assume that for some subspace V C D(g) that is complementary to D(S) in
D(S), i.e.

-~

DS)NY ={0} and D(S)=D(S)+V

we have that

~

Im{v, Sv) > 0 (Im{v, Sv) < 0)

for any nonzero v € V. Then, for any subspace V' C D(g) that is complementary to

-~

D(S) in D(S), we may conclude that
Im{v', Sv') > 0 (Im{v', Sv') < 0)

for any nonzero v' € V'.

-~ -~

PROOF. Let V' C D(S) be complementary to D(S) in D(S). Then, for any v' € V',
there exists a unique f € D(S) and a unique v € V, such that v = f + v. Note that
for v' # 0, we get that v # 0. Moreover, by Theorem [3.1.2] we get that a dissipative
extension S of a symmetric operator S has to be a restriction of S*. For any v’ # 0, we

then get

Im(v', Sv') = Im(f + v, S(f +v)) = Im(f, Sf) + Im({f, S*v) + (v, Sf)) + Im(v, Sv)

~

= Im(2Re(Sf, v)) 4 Im(v, Sv) = Im(v, Sv) > 0,
which shows the lemma for the dissipative case. O

Given a symmetric operator S, we have that the Cayley transform of any maximally
dissipative (antidissipative) extension S has to be defined on the whole Hilbert space:
D(Cg(A)) = H. Since D(C5(A)) coincides with D(Cs(A)) on ran(S — A), this means

that we have to define the action of Cg(A) on ker(S* — A) to describe the extension.
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By Lemma [3.1.1) we know that Cg()\) has to map ker(S* — ) into ker(S* — A). Now,

since H =ran(S — \) @ ker(S* — \), we get that

D(S) = (1 — Cg(A\)H = (1 — Cs(A))ran(S — A)+(1 — Cz(\)) ker(S* =)
= D(9)+(1 — Cg(\)) ker(S* — \).

Thus, if Sisa maximally dissipative (antidissipative) extension of S we may define

-~

Vy = (1 — Cg(N\)) ker(S* — X), which is complementary to D(S) in D(S). We are now

prepared to prove the following result:

LEMMA 3.2.10. Let S be symmetric and S be a mazximally dissipative (antidissipa-

tive) extension of S such that

~

Im(v, Sv) > 0 (Im{v, Sv) < 0)

for all nonzero v € V, where V C D(g) is complementary to D(S) in D(S\) We then
get that for any A € C~ (A € C*), the Cayley transform Cg(X) satisfies

IC5(N)eall < lloall

for all nonzero ¢ € ker(S* — \).

Proor. For simplicity, we restrict ourselves to the dissipative case, since the an-
tidissipative case can be shown completely analogously. By Lemma|3.2.9, we know that

for any A € C~ we have that

Im(vy, Svy) > 0

for any nonzero vy € V. Since any such vy can be written as vy = (1 — Cg(A))¢, for a

unique nonzero ¢, € ker(S* — \), we then get
0 < Tm(vy, Svx) = Im((1 — C5(\))ba, S(1 — C(A))éy)
= Im{(1 — C5(\))dr, (A = AC5(N))da) = —(Im(N)) (da, (1 — Cg(\)*C5(N))oa)

which is equivalent to

[Cs(Moall < lloxll

for any nonzero ¢, € ker(S* — A). This shows the lemma. O
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THEOREM 3.2.11. Let S be symmetric and assume that

Moreover, let S be a mazimally dissipative extension of S and let V C D(§) be a

subspace complementary to D(S) in D(S). If

~

Im(v, Sv) >0
for all nonzero v € V, then S is completely non-selfadjoint.

PROOF. To begin with, let us show that for any A € C~, we have that ker(S* — \)
is a reducing subpsace for the operator [1 — Cg(A)*Cg(A)]. Clearly, this is equiva-
lent to showing that for any A € C~, we have that ker(S* — X) reduces the operator
C5(N\)*Cg(A). We start by showing Cg(A)*Cg(\) ker(S* — ) C ker(S* —A). To see this,
fix A € C~ and let ¢ be an arbitrary element of ker(S* —\). Since S is a dissipative ex-
tension of the symmetric operator .S, we get by Lemmathat Cg(N)or € ker(S*—\).
Now, take any f € H and decompose it into f = fy + f*, where fy € ran(S — \) and

f* € ker(S* — X). Thus, for any f € H, we get

(C5(N)*C5(Nda, f) = (C5(Ndr, Cs(N) f) = (C5(N)dr, Cs(N) (fo + 1))
= (C5(N)or, C5(N) 1) = (C5(N) Ca(Noa, f4)

where we have used that Cg(\)fo € ran(S — ) by definition of the Cayley transform,
which means that it is orthogonal to C'g(\)¢,. This shows that

(C3(N)*C5(N)oa, fo) =0

for any fo € ran(S — X), which means that C5(\)*Cg(\)¢oa € ker(S* — A). This shows
that ker(S* — X) is invariant under [1 — Cg(A)*C5(\)].

Let us now argue that ker(S* — )+ = ran(S — \) is invariant under Cg(\)*Cg(N),
too. Since S is symmetric, its Cayley transform Cg(\) is an isometry from ran(S—\) to
ran(S —A). Thus, we get Cg(A)*Cg(AN)ran(S—\) C ran(S — ) since Cg(A)*Cg(A\)p = 1
for any ¢ € ran(S — \). Altogether, this shows that ker(S* — \) reduces the operator
[1 — C5(A\)*Cg(N)]. Analogously, for any A € C*, it can be shown that ker(S* — \)
reduces [1 — Cg.(A)*Ca. ()]

42



Next, let us argue that for any A € C~, the operator

K5(A) = [1 = C5(A) " C5(M)] Nears—x)

has range dense in ker(S* — ). (For A € C*, it will follow completely analogously that
the range of Kg.(A) 1= [1 — Cg.(A)*Cg.(AN)] lye(s-_x) is dense in ker(S* — A).) Since
C3(A) is the Cayley transform of a dissipative operator and therefore a contraction
by Theorem , we have that Kg()) is a non-negative selfadjoint operator in the
Hilbert space ker(S* — X). Moreover, by Lemma , we have for any non-zero

o € ker(S* — \) that
0 < [[@all® = [Ca(Nall? = (@r, Ks(Noa) = 1KY (Noall?,

which implies that ker(Kg(\)'/?) = ker(Kg(\)) = {0}. Thus, Kg(\) is a selfadjoint
operator on the Hilbert space ker(S* — \) = m @ ker(Kg(\)) = m,
which shows that Kg()\) has range dense in ker(S* — \).

Now, assume that S is not completely non-selfadjoint, i.e. that there exists a re-
ducing subspace M for S on which S is selfadjoint. By Lemma , we have that M
reduces Cg(\) for any A € C~. Moreover, Cg(\) [ is unitary since it is the Cayley

transform of a selfadjoint operator. Thus, for any A € C~ and any m € M we get

(Pa,m) = (Pr, Cg(N\)"Cg(A)m) = (C5(A)"Cg(A)pa, m)

for all ¢, € ker(S* — \), which implies that

(3.2.9) ([1— C5(\)*C5(N)]gr.m) = 0

for all ¢ € ker(S™ — A). But since the range of [1 — C5(A)*"Cg(A)] yer(s-—3x) is dense in
ker(S* — ), we get from that M L ker(S* — \) for any A € C™.

To finish the proof, observe that if M is a reducing subspace for S on which it is
selfadjoint, M is also a reducing subspace for the maximally antidissipative operator
S* on which it is selfadjoint. This means that the Cayley transform Cs.(A) is unitary

on M. Analogously as before, we therefore may argue that for any A € C* and any

m € M, we get that

(Pr,m) = (P2, Cq (V)" Cg(N)m) = (Cg ()" Cgu(N)dr, m)
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for all ¢y € ker(S* — \). We therefore get that

([1 = Cg.(N)Cg(N)]gpa,m) =0

and since the range of [1 —C3.(A)"Cg. ()] (s is dense in ker(S™ — ) we get that

M L ker(S* — \) for any A € C*. However, since we assumed that

it follows that M L H, i.e. M = {0}, which means that Sis completely non-selfadjoint.
O

Let us now combine the results of Proposition [3.2.6| and Theorem [3.2.11] to treat

dissipative extensions of symmetric operators that may have a reducing selfadjoint part:
COROLLARY 3.2.12. Let S be symmetric and assume that

\/ ker(S* —A) =M C H

AEC\R

and let S be a mazximally dissipative extension of S. Moreover, assume that for some

-~ -~

subspace V C D(S) that is complementary to D(S) in D(S), it holds that

Im{v, Sv) > 0
for all nonzero v € V. Then, M reduces §, where S [ 1s completely non-selfadjoint

and S lanL 1S selfadjoint.

Proor. We start by showing that 9t reduces the operator S. By Proposition m,
we already know that 91 reduces the symmetric operator S, which is completely non-
selfadjoint on 9 and selfadjoint on MM+, We therefore write S = S |gn BS gL with
the understanding that they act according to the decomposition H = M @ M+. We
then get that its adjoint S* is given by S* = S* [sn DS [ope and since any dissipative
extension S has to be a restriction of S* by Theorem , we get that S has to be
of the form S = [ DS [opr, where S [gnC S [mC S* o as operators in 1. This
shows that 90T reduces S and that S lans is selfadjoint.

44



Let us therefore consider the symmetric operator S [on as an operator on the Hilbert
space 9 and use Theorem on S [oyn to show that S [an is completely non-
selfadjoint. Since 91 reduces S , we can uniquely decompose any v € V as v = vgn+Ugp1,
where vy € D(S) N M and vgys € D(S) N ML and since S [yp= S [gnr, we have that

vgnt € D(S). This means that Voy := Py is complementay to D(S) in D(S), where
Py denotes the orthogonal projection onto 99. We then get

0 < Im(v, Sv) = Im(vey + van, S(van + vone)) = Im(ven, Svon)

for all vey € Von. This means that the operator S [on is a symmetric operator in
the Hilbert space 9t with the maximally dissipative extension S lon With D(§ fon) =
D(S lon)+Vor satisfying the assumptions of Theorem [3.2.11} Thus, S [on is completely

non-selfadjoint. This proves the corollary. 0

ExAaMPLE 3.2.13 (Continuation of Example [3.2.7)). Previously, we have shown that
the symmetric momentum operator p given by is reduced by 9 = L?(—o0, —1)®
L?(1,00) on which it is completely non-selfadjoint, while p is selfadjoint on M+ =
L*(—1,1). Moreover, its adjoint p* is given by . Using the the von Neumann
formula for the description of D(p*) (cf. [44] Satz 10.9 a)]) we get

D(p*) = D(p)+span{e” X (—oo,—1)(z) }+span{e ™ x(1,00)(2)} ,
which means that we can parametrize all maximally dissipative extension of p us-
ing the complex parameter p, where |p| < 1. Defining V, := span{e®x(—co,—1)(%) +
pe~"X(1,00)(2)} and

Dy - D<pp> = D<p)_i—vp7 Pp = p* rD(pp)

describes all maximally dissipative extensions of p. Now, since

el
2 )
we get that p, satisfies the assumptions of Corollary [3.2.12 for |p| < 1. (The case

Im ("X (—o0,-1)(Z) + PEX(1,00) (%), Pp(€" X (—00,-1) (%) + pe~ "X (1,00) (7))

|p] = 1 describes the selfadjoint extensions of p.) Hence, for |p| < 1, the operator p, is
a maximally dissipative extension of p that is selfadjoint on L*(—1,1) and completely

non-selfadjoint on L?(—o0, —1) & L?*(1, 00).
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CHAPTER 4

The closed extensions of a closed operator

In this chapter, we are going to obtain a description of all closed extensions of a

given densely defined closed operator A.

4.1. The general construction

To this end, we will analyze when an extension B of A is the adjoint of a densely
defined restriction of A*. Then, the following lemma will allow us to conclude that B

is closed:

LEMMA 4.1.1. Let A be densely defined and closed. Then, there is a one-to-one cor-

respondence between all closed extensions of A and all densely defined closed restrictions

of A*.

PROOF. Let A C B. Then, by [44], Satz 4.9 a)], B is closable if and only if B* is
densely defined. In this case, we have that B * = B* and that B* is a closed densely
defined restriction of A*. Let A C B and assume that B is closed. By [44] Satz 4.9
a)], this implies that B* is densely defined and since A C B implies that B* C A*, we
get that B* is a densely defined closed restriction of A*. Moreover, since for any closed
operator B we have that B = B**, this shows that * : B + B* is a bijection between

the set of all closed extensions of A and the set of all densely defined restrictions of

A U

Let us now construct closable extensions Byy of A, which we will parametrize using

subspaces M C D(A*):

LEMMA 4.1.2. Let A be densely defined and closed. Moreover, let M C D(A*) be
such that

(411) ke AN T Z {0} and {A%¢: e M TN D(A) = {0},
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where ﬁ”'”r(m) denotes the closure of MM with respect to the graph norm of A*. (Recall
that for any f € D(A*) its graph norm || f|lra-) is given by || £y = [IFII* + | A" fI*.)
Then, the operator

f+AO— Af—0¢

15 closable and its closure is given by

BS)T . D(B_gﬁ) _ D(A)—F{A*gb . ¢ c ﬁ”‘”r(/}*)}
(4.1.2) fHAO— Af—¢.
PRrROOF. Firstly, observe that the operators By and Boy as described in the state-
ment of the lemma are well defined, which follows from the assumptions made on 9.

Next, let us show that D(A) and {A*¢ : ¢ € M} are orthogonal with respect to the

inner product induced by the graph norm of Bgy:

(f, A"O)r(Ba) = ([, A"0) + (B f, BmA*¢) = (f, A*¢) + (Af,—¢) = 0.
This implies that
['(Bm) =T(A) &' {(A"¢, —¢) : ¢ € M},
where @' denotes the orthogonal sum in H @& H. Closing with respect to the norm of

H & H therefore yields

['(Bm) = I'(A) & {(A*¢, —¢) : ¢ € M} .

Since A is closed by assumption, we get that I'(A) = I'(A). Let us now show that

(A6, —0) 6 € M} = {(470,—9) : g €M "7}

We begin by showing the “ C ” inclusion:
Let (¢, —x) € {(A*¢p,—¢) : ¢ € M}, which means that there exists a sequence
{(A*¢p, — ) }n, where {¢,}, C M, such that

[9 = A%nl” + lIx = 6nll* =30,

which means in particular that ¢, — x and A*¢,, — . Since A* is closed, this implies
that x € D(A*) and ¢ = A*x. Hence, any element of {(A*¢p, —¢) : ¢ € M} is actually of
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the form (A*y, —x) where y € D(A*). Furthermore, there exists a sequence {¢,}, C M
such that

1A O = @I + I = 6ull® = 1x = BullZany =50,

which means that y € o lran

Next, let us show the “ D 7 inclusion:

To see this, we need to show that if ¢ € ﬁ”'HF(A*), this implies that (A*¢, —¢) €
{(A*p, —) : p € M}. But if ¢ € ﬁ”"‘r(’m, there exists a sequence {¢,}, C 9 such
that

1§ — nllfary = 0

and since

16 — bullfas) = 16 = bull® + [1A4(6 — ¢u) I* = (A", =) — (A"bn, —bn) 302 »

this shows that (A*¢, —¢) € {(A*@, —¢) : ¢ € M}. We therefore have shown that

[(Bo) = T(A) & {A%¢: g W "4}

Let us finish by arguing that I'(Bgy) is the graph of an operator, which means that

we need to show that (0,g) € I'(Bgy) implies that g = 0. But any element of I'(Bay)
is of the form (f + A*¢, Af — ¢), where f € D(A) and ¢ € T Moreover,
by (4.1.1), we have that f + A*¢ = 0 if and only if f = 0 and A*¢ = 0. Since
— again by — we have that A*¢ = 0 if and only if ¢ = 0, this yields that
(f + A*¢, Af — ¢) = (0, Af — ¢) = (0,0), which implies that I'(Byy) is the graph of
the closure Byy of Boy, which is given by . This implies in particular that Bgy is

closable and thus the lemma. O

The following equivalent description of Byy will be useful later:

COROLLARY 4.1.3. Let the operator Dgy be given by:

Doy : D(Dgn) ={f € H:3p € M such that f — A*¢ € D(A)}
Donf =A(f —A"¢) — 9.

Then, ng = Bgm
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PROOF. “Boy C Doy Any fy + A*¢ with fo € D(A) and ¢ € M is also in D(Dyy)
as (fo+ A*¢ — A*¢) € D(A). Now, consider

Don(fo+ A%0) = A(fo+ A" — A"¢) — ¢ = Afo — ¢ = Bm(fo + A%9)

which shows the first inclusion.

“Bon D Dgy”: Observe that for any f € D(Dgy), there exists a ¢ € 9t such that f
can be written as f = (f — A*¢) + A*¢, where (f — A*¢) € D(A). This implies that
f € D(Bg) as well. To finish the proof, consider

Bwf = Bo(f — A"¢ + A*¢) = A(f — A"¢) — ¢ = D f .

Next, let us construct the adjoint of Bgy:

LEMMA 4.1.4. Let 9 C D(A*) and By be defined as in Lemmal[f.1.4 Moreover,
let the operator Coy be defined as:

G D(Cw) = (€ DA): {f,6) + (A, A°) = 0 for all 6 < M)
Cop = A" rD(me) :
Then, By, = Con.
PROOF. “Coyp C By,”: Let g € D(Can), f € D(A) and ¢ € M and consider

(9, B(f + A%¢)) = (9, Af — ¢) = (A%g, f + A"9) ,

where we have used that g € D(A*) and —(g,¢) = (A*g, A*¢). This shows that
g € D(Bjy) and Byg = A*g = Cng.
“Com D By”: Let g € D(Bjy), which means that there exists a g € H such that

(4.1.3) (9, f +A¢) = (9, Bum(f + A"9)) = (9, Af — ¢)

for all f € D(A) and all ¢ € 9. This holds in particular for the choice ¢ = 0, from
which we get that
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for all f € D(A). This implies that g € D(A*) and that g = A*g. Now, consider again
Equation (4.1.3)):

(A%g, f+A0) = (9, [ + A7) = (9, Af = ¢) = (A9, f) — (9,9},
which implies that
(9.0) +{A"g,A"0) =0

for all ¢ € M. This shows that g € D(Cor) and Bjrg = A*g = Cong, from which the

lemma follows. 0J

Let us now analyze when the operator Cyy is a densely defined restriction of A*:

THEOREM 4.1.5. The operator Con as defined in Lemmal.1.4) is a closed restriction
of A*. Moreover, Coy is densely defined if and only if

(414)  ker A NI Z 10} and {A%¢:¢ e M T} AD(A) = {0}

PRrROOF. The fact that Cyy is a restriction of A* follows immediately from its defi-
nition. Since A is densely defined and A C Byy, it trivially follows that By is densely
defined as well. Thus, Cy is closed because it is the adjoint of the densely defined
operator Bayy.

Let us now show that Condition is necessary for Cyy to be densely defined. As-
sume that there exists a 0 # ¢ € M such that A*¢ € D(A). This would mean
that there exists a sequence {¢,}, C 9 such that

tim (6 — o] + A%, — A°9]J%) = 0.

n—

Since for any n € N and any f € D(Coy) we have

(fson) + (A", A%n) =0
and
(F,6) + (A1, A"6) = Tim ((f, 60} + (A"f, A°6,)) = 0.

we obtain the condition

(f,(L+AA)¢) =0
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for all f € D(Con). This means that D(Cyy) L span{(1l + AA*)¢}, which implies that
Coy is not densely defined.

Let us now show that Condition is sufficient for Coy to be densely defined. By
Lemma [£.1.2] By is closable and by Lemma [.1.4] Coy = Bj;. Thus, since Coy is the
adjoint of a closable operator, it is densely defined by [44, Satz 4.9 a)]. O

Let us summarize all the previous results with the following:

THEOREM 4.1.6. Let A be a densely defined and closed operator. Then, there is a
one-to-one correspondence between all closed extensions of Bon of A and all subspaces
M C D(A*) that are closed with respect to the graph norm || -||ra=y and that satisfy the
conditions given in . The operator Boy is given by

(4.1.5) A Af— 6.

PROOF. Let B be any closed extension of A. By [44, Satz 4.9 a)|, this implies that
B* is densely defined and since B* C A*, this means that B* is a closed densely defined
restriction of A*. Thus,
[':=T(A")eTl'(B")
is a closed subspace of I'(A*) and moreover we have I'(B*) = '(4*) & = T'(4*) NI+
Defining M := {¢ € D(A*) : (¢, A*¢) € I'}, we then may write

B*: D(B*)={feDA"):(f,o)+ (A" f, A"¢p) =0 for all ¢ € M}
(4.1.6) B* = A" lps-) .

Moreover, since I' is closed in ‘H & H, observe that 91 is closed with respect to the

graph norm || - |[pa-), since for any ¢ € 9t we have

1917 as) = 017 + 1477 = 11(¢, A") 319 -

Now, means that B* = Cyy, where Cyy is defined as in Lemma m By
Theorem 4.1.5, B* = Cyy being densely defined implies that 9t satisfies the conditions
from (4.1.1). Moreover, by Lemma [£.1.4] we have that Bj; = Cay, where By is given
by (4.1.5)). Also, since M is closed with respect to the graph norm || - ||r(4+), we have by
Lemma that Bgy is closed. Finally, since Coyn = By, = B* and B as well as By are
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closed, we get that B = Byy, i.e. any closed extension B of A is of the form B = By,
where 91 is a subspace of D(A*) that is closed with respect to the graph norm || - {[r(a«)
and satisfies the conditions given by (4.1.1]). This finishes the proof. O

4.2. The finite-dimensional case

In the finite-dimensional case, we have also a direct proof that Cyy is densely defined.

It is an abstract generalization of a result shown in [38] Hilfssatz 1].

THEOREM 4.2.1. Let A* be a densely defined closed operator on a Hilbert space H.
Moreover, for some non-zero ¢ € D(A*) let the set D be defined as

D:={feD(A"):(f,¢) +(Af,A"¢) =0}.
Then D is dense if and only if A*¢ ¢ D(A).

PROOF. As in the proof of Theorem {.1.5 it is easy to show that A*¢ ¢ D(A)

is necessary for D to be dense. Since A*¢ € D(A) would imply that the condition
(f,0) + (A*f, A*¢) = 0 could be rewritten as (f, (1 + AA*)¢) = 0, we would get that
D 1 span{(1 + AA*)¢}, which would mean that D would not be dense.
To show that it is sufficient, assume that A*¢ ¢ D(A) and that D is not dense, i.e.
that there exists a 1) € ‘H such that (¢, f) = 0 for all f € D. Now, fix any g € D(A*).
Moreover, since A*¢ ¢ D(A), there exists a sequence {w,}, C D(A*) with ||w,| =1
such that

(4.2.1) lim [(A%*w,, A*¢)| = oo

n—oo
Define the numbers z, by

{9,9) + (A9, A"¢)
(wn, @) + (A*wn, A*¢)

which implies that g + z,w, € D for all n. (Observe that this expression is certainly

(4.2.2) Zn = —

well-defined for sufficiently large n as the second term in the denominator goes to

infinity.) Using Equation (4.2.1)), we get that

(4.2.3) lim |z, =0.

n—oo

Now, since g + z,w, € D and ¥ L D, we get (¢, g + z,w,) = 0, which implies that

[, ) = 1, zuwa)] < zal [$llwall = zal 0] = 0.
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However, since g € D(A*) was arbitrary, this implies that ¢ L D(A*), i.e. b = 0 since
D(A*) is dense. O

Let us now generalize our result to arbitrary finite-dimensional restrictions of A*:
COROLLARY 4.2.2. Let M C D(A*) be finite-dimensional. The set
Dy = {f € D(A") : (f,¢) + (A"f, A%¢) = 0 V¢ € M}
is dense if and only if for all non-zero ¢ € M, we have A*p ¢ D(A).

PROOF. Again, it is obvious that the condition A*¢ ¢ D(A) for all ¢ € M is
necessary for Doy to be dense. We use induction over the dimension of 91 to show
that it is also sufficient. The base case corresponding to dim 1t = 1 has been shown in
Theorem [4.2.1] Let us now show that if for a subspace 9 C M with dim(M & N) = 1,
we have that Dy is dense, this also implies that Dgy is dense. To this end, observe

firstly that Dgy can be rewritten as

Do = {f € Dn: (f,€) + (A", A7) = 0},

where £ spans the one-dimensional space 91 © 91. We may now mimic the proof of
Theorem [4.2.1] where we only have to take care of the fact that g must be chosen to
be an element of Dy and the normalized sequence {w, }, has to lie in Dy as well. It
is still possible to choose {w,}, such that lim, . [{(A*w,, A*¢)| = oo since otherwise
we would have that the functional w +— (A*w, A*¢) would be bounded on a dense set,
which would contradict the assumption that A*¢ ¢ D(A). Again, we would get that
any 1 orthogonal to Doy would have to be orthogonal to all ¢ € Dy, from which we

would get that ¢» = 0 and thus the corollary. O

4.3. A few examples

Let us illustrate the results of the previous two sections with a few examples.

EXAMPLE 4.3.1 (One dimensional restrictions of a selfadjoint operator). Let A = A*
be selfadjoint. From Theorem @.1.6] it follows that all restrictions Cy C A* with
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dim(D(A*)/D(Cy)) = 1 can be described via

Cs: D(Cy) ={f € D(A): (¢, [) + (A9, A"f) = 0}
={f € D(A) : (¢, [) + (A, Af) = 0}
Co = A lp(c,) ;
where 0 # ¢ € D(A) = D(A*) has to be such that A*¢ = A¢ ¢ D(A), in order to
ensure that Cy is densely defined (cf. Theorem or 4.2.1)). Moreover, since A is a
selfadjoint extension of Cy, it is clear that Uy has to be symmetric, which implies that
Cy C Cj, where CF is given by
Oy D(C;) = D(A)+span{A¢}
fHANo— Af — No.

In order to determine all selfadjoint and maximally dissipative extensions of Cy, let us

firstly compute the defect spaces ker(C} F i):

0= (C) Fi)(f + A\d) = (AFi)f + \(~¢ Fidg) &

f=MAF) (P£idg),
which implies that
ker(Cj; F i) = span{(A F i)' (¢ £ iAp) + Ap} = span{(A £ i)¢} .

By Lemma [3.1.1, we know that all maximally dissipative extensions of C; can be
parametrized by contractions from ker(C} — i) into ker(C + i) and are therefore given

by

Cop D(Cy,p) = D(Cy)+span{(A +1i)¢ + p(A —i)p}

(4.3.1) fHAM(A+0)d+ p(A—i)g) = Af +iA((A+1)¢ — p(A —1)9) ,

where |p| < 1 describes maximally dissipative extensions of C, and — more precisely —
|p| = 1 selfadjoint ones. Note that, independently to the choice of ¢, we have C;, _; = A.
This follows from the fact that ¢ ¢ D(Cy) but D(Cy 1) = D(Cy)+span{p} C D(A),

from which we get equality by a dimension counting argument. Let us now determine
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the resolvents of the extensions C ,, which have to coincide on ran(Cy+1i) = span{(A+

i)$}+. Moreover, since we have
(Cop+1) [(A+13)p+ p(A —i)¢] = 2i(A +i)p € ker(C} — 1),
we get that
(432) (Cop+ i) (AT i) = o [(A+ )6+ plA — )]
Hence, since (Cy, + )" Trancy+n= (A+19) " lranc,+ and by ([£.3.2), we get

[(Cop+i) = (A+i) ] (A+1i)g =

A= i)o.

which implies that — as an identity of operators — we have

(43.3) (Copt i)™ = (At i)+ TLLY(A— )A) (A + i)l

]

Altogether, this shows the following:

THEOREM 4.3.2. Let A = A* be selfadjoint. Then, any maximally dissipative (self-
adjoint) operator Cy, , whose resolvent (Cy ,+1)~* differs from (A+1)~! by a rank-one

operator is given by (4.3.1), where |p| < 1 (|p| = 1) and 0 # ¢ € D(A) is such that
Ap ¢ D(A). Moreover, the resolvents (Cy ,+1)~" are given by (4.3.3).

REMARK 4.3.3. Clearly, this idea can be generalized to resolvent differences of higher

rank. We only consider the rank-one case for simplicity of presentation.

EXAMPLE 4.3.4 (A Friedrichs model operator). Let A = A* be the selfadjoint

maximal multiplication operator by x:

A D(A):{fELQ(R):/x2|f(x)|2dx<oo}
(Af)(x) =z f(x).
Now, let us choose @(x) := 7, where the function ¢(z) = iz € D(A*) but

(A*¢)(z) = (Ad)(x) = 1352 & D(A) = D(A), which means that MM := span{¢}
satisfies the assumptions of Theorem [4.1.6, (Obviously, since 9t is one-dimensional, it
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is closed with respect to the graph norm || - ||p(a-).) Hence, the operator given by

B, : D(B,) = D(A)+span { 1 fo}

F(z)+ A <1fx2) = xf(r) = A <1+1$2)

is a closed extension of A. Next, let us compute the adjoint of By, which we know is

densely defined. Firstly, let us use Lemma [4.1.4]in order to determine

D(B;):{feD(A):<f,ﬁ>+<xf,1fx2>:0} .

However, since

1 r \_ [ J@) @) [
(st ()= e [ £ e

we can describe B;‘) as

By: DB = {f € I2(R) : 2f(x) € I2(R) and /Rf(x)dx _ 0}
f(@) = xf(z).

Moreover, in order to be in accordance with the notation of Theorem , define Cy :=

Bj. Then, by the same theorem, all maximally dissipative extensions of Cy C Cy , are

given by
Cop: D(Cop)
- {f € L*(R) : xf(x) € LQ(R),/Rf(x) _ 0} tspan { (z ﬂiiigx - Z-)}
f(a:)+)\(x+i)+/)(x—i) fo(x)_i_i)\(x—i—i)_p(q;_i) |

1422 14+ 22

where |p| < 1. For any ¢ € L*(R), the resolvents (Cy, + i)~ " act as follows

N~ CYx)  14p 1 Y(t)
((Cyp +1) lw)(x)—“ﬁ T Rt+idt.

EXAMPLE 4.3.5 (An infinite-dimensional example). Let us now construct two ex-
amples, where 9t has infinite dimension and where for any 0 # ¢ € 9 we have that

A*¢ ¢ D(A), but only one of them describes a closable extension of A, respectively
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a densely defined restriction of A*. Firstly, for any A € R, let us define the function
ox(x) = exp(—|z — A|). Now, define

My, = span{py : A € Z}

Mg = span{o, : A € Q}

i.e. the set of finite linear combinations of vectors ¢y, where A € Z,Q. Consider the

selfadjoint momentum operator A = A* on the real axis:

A D(A) = H'(R)
frif.
Observe that (A*¢y)(z) = —sgn(z — \) exp(—|z — \|) € D(A) = HY(R) for any X € R.

Now, let us show that Mg := span{¢, : A € R} C 9)?_@“%(‘4*). To see this let A € R and

just pick any sequence {\,}, C Q such that \, — A and consider
: _ 2
Tim {|ox = o, [IFar)
= lim ([l — e 2 4 lsgn(e — A)e ™" —sgn(e — An)e” ) = 0,
n—oo

. . . Lrasy .
which follows from dominated convergence. Next, let us determine ;""" ie. we

want to determine all f € D(A*) = H'(R) such that

(4.3.4) (f;0)+(f',¢') =0 forall ¢ € Mg,

and hence in particular for all ¢), where A € R. Integration by parts shows that

Condition implies
0=(f, a4+ (f,¢y) = f(\) forall A\eR,

meaning that

(Z)Jt_@”'UA*))LF(A*) C M"Y = {0} .
From this, we get that QJI_QH'HF(A*) = L*(R). Hence,

My " N D(A) = LA(R) N HY(R) = H'(R) # {0},
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which means that 9y does not satisfy the assumptions of Theorem and thus the

operator Coy, given by
Cong D(Co,) = 1{f € HY(R) : (f,¢) + (A*f, A*¢) = 0 for all ¢ € My}
freif
is not densely defined.

Let us now consider the case 9t7. It is not difficult to see that
M, = {f € H'(R): f(z) =0 forall z € Z}.
In particular, we have that C°(R\Z) C ?JJT;(A*) and thus, any function g € WZH'HF(A*) —
Lpeasy | tras :
(st ) has to satisty
(4.3.5) (f.9)+(f',9) =0,

for all f € C°(R\Z). Now, assume that the condition {A*¢ : ¢ € WZH'”F(A*)}QD(A) =
{0} is not satisfied, i.e. that there exists a ¢ € D(A) such that ¢’ € m“'”mﬁ) ND(A)
(observe that ker A = {0}). Then, we could perform another integration by parts in
(4.3.5) and we would obtain

(f;9)+(f,9)=(fg—9") =0 foral feC(R\Z).

However, this implies that ¢ — ¢” = 0 since f is an arbitrary element of the dense set
C>(R \ Z). Moreover, since there is no L?*(R)-solution to the equation g = g”, we get

that g = 0. Thus, by Lemma {4.1.2] the operator By, is closable.
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CHAPTER 5

The proper dissipative extensions of a dual pair

In this chapter, we will consider dual pairs (A, Z), where A is dissipative and Ais
antidissipative. Under the assumption that D(A) N D(Z) is dense in H, we will show a
necessary and sufficient condition for a proper extension A of (A, Z) to be dissipative.

This criterion can be written in a particularly nice way, if D(A) ND(A) is a core for
A as well as for g, in which case we will say that (A, E) has the common core property.

If (A, ﬁ) has the common core property, we can define the “imaginary part” of A by

V= (20) A = A) Ipapi -

which is a symmetric operator. It turns out that the square root of the Krein-von
Neumann extension of V', which we denote by Vll(/ 2, plays an important role for the
main theorem of this chapter (Theorem . For the proof of this theorem, we will
use a description of V}y ? that was obtained by Ando and Nishio (Proposition .

As a first application, we start by considering symmetric operators with relatively
bounded dissipative perturbations and after that, we consider more singular dissipative
operators — our first examples being such that the associated imaginary part V is
already essentially selfadjoint and our last example being such that there is a family of
selfadjoint extensions of V.

Finally, we find lower bounds for the numerical range of the dissipative extensions
and apply this result to the examples from the previous section.

The results of this chapter were obtained in collaboration with Sergey Naboko and

Ian Wood and have been published in [20].

5.1. The common core property

In many situations one considers dual pairs of operators, which are constructed by

firstly defining them on a common core and then taking closures:
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DEFINITION 5.1.1. Let (A, Av) be a dual pair of closed operators. We say that it has

the common core property if A D)D) = Aand A=A ['DA)DA) -
ExAMPLE 5.1.2. Consider the dissipative momentum operator 1" given by

T:  D(T)={f€H(0,1),f(0)=pf(1)}, frif,

where |p| < 1. Here, f’ denotes the weak derivative of f. Its adjoint 7™ is given by

T D(T)={feH(0,1),pf(0)=f(1)}, [frrif.
Clearly, (T,T") is a dual pair. However, since

D= D(T) N D(I*) = {f € H'(0,1), £(0) = f(1) =0},

this dual pair does not have the common core property, as S := T [p is symmetric and
a proper restriction of T

More generally, let S be a closed and symmetric (in particular densely defined) operator.
Moreover, let S’ be any closed (not necessarily symmetric) extension of S such that
S C S € S*. This readily implies that (5,5’) is a dual pair. However, since D(S) N
D(S") = D(S), we get S = W. Thus, the only dual pair of this form, which
has the common core property is (.S,.5). Furthermore, let V' > 0 be S*-bounded with
S*-bound less than 1. In particular, this implies that V' is S’-bounded with S’-bound
less than 1 (for a definition of relative boundedness, see e.g. [26]). By the Hess—Kato
Theorem [25], Corollary 1], we have that (S'+:V)* = S™ —iV C S* —iV. This implies
again that any pair of the form (S +:V,S" —iV) is a dual pair. However, again observe

that the only dual pair with the common core property is (S + iV, S —iV).

The following lemma shows in particular that if we have a dual pair (A, A) with the

common core property, then A being dissipative, implies that Ais antidissipative.

LEMMA 5.1.3. Let (A,g) be a dual pair of closed operators, which has the common
core property. Moreover, let Ny := {{f,Af) : f € D(A),||f|| = 1} be the numerical
range of A and let N5 := {(f, Afy - f e D(A),|If| = 1} be the complex conjugate

of the numerical range of A. Then, the closures of the numerical range of A and the

complex conjugate of the numerical range ofg coincide:
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PROOF. Let f € D(A) be normalized. Since D(A) N D(A) is a core for A, there

exists a normalized sequence {f,}, C D(A) N D(A) such that f,, — f and Af, — Af

for n — co. Using that (fn, Afy) = (fu, Afy), we get that
lim (f,, Af,) = lim (f, Af.) = (f,Af).

Since {(fy, gfn)}n is a sequence of elements in NA*i, we get that (f, Af) is a limit point
of N%, which means that

NiyCN % .
By similar reasoning, we get that
N%C Ny,
which — after taking closures — yields the lemma. U

REMARK 5.1.4. If A is closed and dissipative and D(A) N D(A*) is a core for A, i.e.

A = A [paynp(ar), we can define A=A [D(a)D(a*), to construct a dual pair (A,g),
which has the common core property. This is in particular possible for the case that

D(A) C D(A*) (cf. [37, Corollary to Proposition IV, 4.2]).

5.2. The main theorem

For a dual pair (A, ,ZI) that has the common core property, let us now give a necessary
and sufficient condition for a proper extension to be dissipative.

As any dissipative operator is closable with its closure being dissipative as well
[29] Proposition 6.9], it is necessary and sufficient to check dissipativity of an operator

restricted to a core.

LEMMA 5.2.1. Let A be a closed, densely defined operator and let C C H be a core for
A. Moreover, assume that B is an extension of A, i.e. A C B and D(B) = D(A)+M.
Then, C+M is a core for B.
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PROOF. Since C is a core for A, this means that for every f € D(A) there exists a
sequence { f, }, C C such that f, — f and Af, — Af and therefore for any element of
D(B) > (f +m), where f € D(A) and m € M we get

(fatm)—= (f+m) and B(f.+m)=(Af,+ Bm)— (Af +Bm)=B(f+m),
which is the desired result. O

For the following result we need the Krein-von Neumann extension of a symmetric

non-negative operator, which is defined as follows.

DEFINITION 5.2.2. Let V' be symmetric and non-negative operator, i.e. {(f,Vf) >0
forall f € D(V). Then, the Krein—von Neumann extension of V', which we denote

by Vi, is the smallest non-negative selfadjoint extension of V', i.e. for any V=V

with V. C V and\720 we have that
0<Vxk < V.

It is a well-known fact that such an extension Vi always exists and that it is unique

(cf- [27]).
For the special case that V is strictly positive, i.e. there exists an € > 0 such

(£, V)Y >ellfl? for all f € D(V), we have the following characterization of Vi [2]:
VK . D(VK) = D(V)+ ker V*, VK = V* rD(VK)
and for Véﬂ we get

V2 DV/?) = D(VY)+ ker V*

(5:2.1) (VP + k) VP + k) = (VPR V)
with f € D(V;/Z), k € ker V*, where Vi is the Friedrichs extension of V.

For the proof of the main theorem without having to assume that the imaginary

part is strictly positive, we will make use of an equivalent description for non-negative

V}y ? proved by Ando and Nishio.
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ProprosITION 5.2.3 (T. Ando, K. Nishio, [4, Thm. 1}). Let V be a non-negative
closed symmetric operator. The selfadjoint and non-negative square root of the Krein—

von Neumann extension of V', which we denote by Vll(/Q, can be characterized as follows:

hVP
D V1/2 heH: su |< <00y,
Vi) = { fen(v pr;éo (V)
2
forany e D) W= e IETDL

FED(V):V 0 LV

REMARK 5.2.4. Let us point out a slight difference in the manner Proposition [5.2.3
was stated in [4], where the supremum is taken over all f € D(V) (without the extra
condition that V' f # 0). This only makes sense if one assumes that ker V"= {0}. The
extra condition V f # 0 is a remedy for this problem and is a direct result from the

reasoning of [4].

For our purposes, it will be more convenient to use the following characterization

of D(V/?) and ||[V,*h|| for any h € D(V,Y?):

COROLLARY 5.2.5. Let V' be a non-negative closed symmetric operator on a Hilbert
space H. Then, the square root of its Krein—von Neumann extension can be character-

ized as follows

(5.2.2) DV ={heH: sup [(h, Va?g)| < o0 p

geran(V 2 1py):llgll=1

(5.2.3) for any h € D(Vlyz) : ||Vé/gh||2 = sup (A, V;/29>|2 :

geran(VE 2 Ipv):llgll=1

PROOF. Let us consider any f € D(V) such that V f # 0. We then get

(VP _ [ VEVEPDP | [, e (Ve
£V 1V £]2 IR

2

V1/2f
Now, observe that m

any normalized g € 1raLn(VF1/2 Ipv)), there exists a f € D(V) with V f # 0 such that
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is a normalized element of ran(V;'" [pwy). Conversely, for



1/2
Ve T This implies that

9= W
2
V1/2f
2 1/2
sup <h, vy ( )| = sup (h, V)2,
JED(V):V f£0 Ve 1l geran(Ve21p )i lgll=1
which — together with ([5.2.2) — implies the corollary. O

For the main theorem, we will make use of the fact that the dual pair under consid-
eration has a common core D, allowing us to define an “imaginary part” on D. It will
therefore be helpful to show that the supremum in Proposition has need only be

taken over D.

LEMMA 5.2.6. Let V' be a non-negative closed symmetric operator and C be a core
for V.. Then, for any h € H we have that
(R VHI? [(h, V)
sup = sup ——.
repwvyvszo AV jeevizo (V)
Moreover, for any h € H, we have

1/2 1/2
(5.2.4) sup (h, V%) = sup [(h, V% g)] .
geran(Vy*1p):llgll=1 geran(V 2 1e):|lgll=1

PROOF. Let s € RT U {oo} be defined as
s:=  sup [, VHE :
sepwpvizo (FV)
This means that there exists a sequence {f,}, C D(V) with V f,, # 0 such that

L VEDP
lim S-St
wosse (for V o)

On the other hand, since C is a core for V, for any f,, € D(V), there exists a sequence

{fum}m C C such that
lim f,,,=/f, and lim Vf,,, =V/f,.
m—r0o0 m—o0

Thus, for any fixed h € H and f,, € D(V') such that V' f,, # 0, we have also (f,,,V f,) # 0
and therefore

i BVl VA

m—00 <fn,m7 an,m) <fm an>

Hence, a diagonal sequence argument yields the first part of the lemma.
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Equation (j5.2.4) follows from a similar reasoning as in the proof of Corollary |5.2.5]
using that for any f € C with V f # 0, we have that V;/zf/HV;/sz is a normalized
element of ran(V;/ 2 lc) and that for any normalized g € ran(V;/ 2 [c) there exists an

f € C with Vf # 0 such that g = V22 £/ |V f| - O

DEFINITION 5.2.7. Let V C D(A*)//D(A) be a subspace. Then, the operator Ay is
defined as

Ay D(Ay) =D(A)+V, Ay = A" [pa,) -

THEOREM 5.2.8. Let (A,Av) be a dual pair of operators having the common core

property, where A is dissipative and let D C (D(A) N D(A)) be a common core for A
and for A. Then, the operator V := Az;f defined on D is a non-negative symmetric
operator. Moreover, let V C D(A*)//D(A) be a linear space. Then, the operator Ay is
dissipative if and only if V C D(V;/Q) and

Im(v, A*v) > ||V[i/zv||2 forall veV.

PRrROOF. Since Im(f, Af) > 0 for all f € D(A), this implies by Lemma that
Im(f, Af) <0 for all f € D(A) and hence, A is antidissipative. Next, let us show that

V' is symmetric and non-negative. For any f € D we get

(6:25) (1V1) =5 (1 AD = (1L AD) = 5 (1 AS) = (AF.£)) = T(f, Af) 2 0

by assumption. Let us now prove the criterion for dissipativity. By Lemma [5.2.1} it
is sufficient to check dissipativity for all elements of D(Ay,) of the form f + v, where
f €D and v € V. Thus, it suffices to show that

Im(f + v, A*(f+0v)) >0 forall feD veV
if V ¢ D(V/?) and Im(v, A*v) > ||V/?0||? for all v € V. Then by (5.2.5):
I (f + v, A*(f + ) = Tm(f, Af) + Im(v, A0) + T ((f, A*) + (v, AJ))

=(f, V) +Im(v, Av) — Im((A — A)f,v) = (f, V) + Im(v, A*0) — Im(2iV/ f, v) .
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Observe that for any given v, one can always consider e/’v instead of v, where ¥ € [0, 27)
is chosen such that Im(2iV f, e??v) = —2 |V f, v)| without changing the other two terms,

which means that showing
(5.2.6) (f, V) +TIm{v, A*0) = 2|(Vf,0)| >0 forallfeD,veV

is necessary and sufficient for Ay, to be dissipative.

Let us begin by showing that V C D(Vfl{ﬂ) and Im(v, A*v) > Hvé/%H? is sufficient for
Ay, to be dissipative. Thus, let us now assume that these two assumptions are satisfied.
Since V.C V C Vg and D(V) C D(Vk) C D(Vll(p), this means that we can write
Vi=Vgf= (Véﬂ) (Vé—ﬂf). We therefore get that

(FVF)+Im(, A) — 2V f,0)] = [V £ + Im (v, Av) — 2V f, Vi *0))|
> [[Vi* FI? + T (v, A*v) — 2| Vi £l Vi 0
> [V ? 12 + Vil = 20V 2 £Vl
= (V271 = Wio0)” = 0.

Next, let us show that the condition V C D(Vfl(/ 2) is necessary for Ay to be dissipative.
Thus, let us assume that V ¢ D(Vll(ﬂ), i.e. that there exists a v € V such that
v ¢ D(V;/Q). Using that D(V) = D is a core for V, we have by Proposition and
by Lemma [5.2.6) that there exists a sequence {f,}, C D(V) with V f,, # 0 and therefore

(fn,V fn) # 0, such that
(v, V f)]

lim —————
=20 \/{fa, V fn)
Define the sequence {h,}, C D(V) by h, := fu/\/{fn,V fn) and observe that

|<2}J;V‘f;f>q|>: |<(U/;V‘f;nh>|> and  \/(h,,Vhy,) =1 forall neN.

From this we get that

tim (Tmv, A0) + (ha, Vo) = 2(Vho, 0)])

n—oo

= Im(v, A*v) + 1 — 2 lim M:—oo,

n—00 /<hn> th>

which shows that Condition (5.2.6]) can never be satisfied in this case.
Let us finish the proof by showing that Im(v, A*v) > ||Vli/ *v||? for all v € V is necessary
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for Ay to be dissipative. By ((5.2.6)), it suffices to show that for any v € D(V;/ %), there
exists a sequence {g,}, C D(V') such that

(5.2.7) 21V gy 0| — (g, Vgn) "= |V 20) 2.

For the case V;(/ 2y = 0, this sequence would just be given by f,, = 0 for all n, therefore
let us assume Vé/ %y = (0 from now on. By Proposition , we know that there exists
a sequence {f,}, C D(V) with V f,, # 0 such that
(v, V ) I
(fa: VIn)
Define the positive numbers p,, by p, := [(v,V fu)|/{(fn, V fn) and observe that the

el /el

sequence {g, }n, where g, := p, fn, is exactly as required for (5.2.7)):

Vin, V fu0)|?
2V o) = iV 1) = 24V fo ) L] Ay
OV fo )

1/2
=y 0 IV

(fos VIn)
This finishes the proof. O

COROLLARY 5.2.9. Let (A, Z) be a dual pair satisfying the assumptions of Theorem
[5.2.8 If for some A € C~ we have that

(5.2.8) ker(A* — \) N D(VY?) = {0},

then there exists exactly one proper maximally dissipative extension of the dual pair

(A, A).

ProoFr. By Proposition [2.4.5 we know that there exists a proper maximally dissi-
pative extension A and by Proposition , we know that C~ € p(ﬁ) Moreover, by
[23] we have that

D(A) = D(A)+(A — A) " ker(4* — N)
as well as
D(A*) = D(A)+(A — \) " ker(A* — X)+ ker(A* — \) .
By Theorem , we know that (A — A\)~Lker(A* — \) C D(Véﬂ). Note that any

other proper extension Ay, of (A, ,Z) that is not a restriction of A can be characterized

by a subspace V that without loss of generality we can assume to be contained in
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(121\ — A)'ker(A* — N+ ker(A* — \), where V ¢ (ﬁ — A)"tker(A* — X). Thus, there
needs to exist at least one element in v € V, which is of the form v = (g - )\)’lkaLE,\,
where ky € ker(A* — )\) and ky € ker(A* — \) with ky # 0. However, by (-2.8), we
have that v ¢ D(Vly ?) which implies that Ay cannot be dissipative. O

REMARK 5.2.10. A corresponding result for sectorial operators was shown in [8]

Thm. 3.6.5).

REMARK 5.2.11. In Example below, we will discuss an operator, for which
Corollary applies.

REMARK 5.2.12. It is not necessary that (5.2.8)) hold in order for a dual pair to have

only one proper maximally dissipative extension as we will see in Example below.
THEOREM 5.2.13. In addition to the assumptions of Theorem assume that
dim D(A*)/D(A) < .

Moreover, let W := (D(A*)//D(A)) N D(Véﬂ). Let the quadratic form q(-) be defined

as
(5.2.9) g(w) = Im(w, Aw) — ||V *w|? |

which has domain W and let M be the selfadjoint operator associated to the unique
sesquilinear form induced by q(-) by polarization. Let us decompose W = W, &WydW-_,
where W, denotes the positive spectral subspace, Wy denotes ker M and VW_ denotes

the negative spectral subspace of M. Furthermore, define
M:t = :f:]\4py\}i s

which allows us to write M = M, — M_. Note that My > 0 and that M, and M_
are invertible on W, resp. on W_. Let C be a contraction (||C]| < 1) from W, & W,
into W_. Then, there is a one-to-one correspondence between all proper dissipative
extensions of (A, ;f) and all pairs (M, C), where M is a subspace of Wy & Wy and C
is a contraction from W, into W_ with D(C) = Py, M. These extensions and the
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correspondence are given by
. -1
D(Am,c) = D(A)Hw+ VM- Cy/Miw,w € M}
(5.2.10) Ame = A" [p(ame) -

Moreover, for an extension D(Agm ) to be mazimally dissipative, it is necessary that

M=W, e&W,.
PROOF. By virtue of Theorem [5.2.8, we firstly need to show that
q(v) >0 forall vef{w+ \/MilO\/M_er,w e M}
if C' is a contraction. By definition of M and My, we have that

q(v) = (v, Mv) <w+\/_ C/ M w, M(w+\/_ C'\/_w>>

= (w, Mow) — (w, /MyC* /M. M_\/M_  C\/Myw)
(5.2.11) :<w\/ﬁ]1—0* W Miw) = (/Mow, (1 — C*C)\/ M w),

which is non-negative if C' is a contraction on /M 9 = Py, M = D(C).

Let us now show that any proper dissipative extension has to be of this form. To this
end, let A’ be a proper dissipative extension of (A, /T) and let MM C W be such that
D(A")//D(A) =M. Clearly, W_ NI = {0}, since otherwise we would have that

q(w) = (w, Mw) = —(w, M_w) < 0

for some non-zero w € W_ N M, violating the necessary condition obtained from
Theorem for A’ to be dissipative. This means that any w € 9 can be written as
w = wt + w_ where wt € W, & W,, wt # 0 and w_ € W_ is possibly zero. Since
W_ N9 = {0}, it is easy to see that w_ is uniquely determined by w®. Therefore,
there exists a linear operator B : Py (W, @& Wpy) — W_ such that w = w’ + Bw* for
any w € M. Next observe that if for any such w' we have that wt € W, it follows

that Bw! = 0. If this were not true, we would get

q(w* + Bw?t) = (wt, Mywt) —(Bwt, M_Bw') = —(Bw!, M_Bw?') ,
—_———
=0
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which again would violate the necessary condition from Theorem for A’ to be
dissipative. Plugging this into the quadratic form ¢ yields:

q(w* + Bwt) = (wr, Myw?t) — (Bw*, M_Bw*) = (w*, (M, — B*M_B)w?")

= (/Myw?* (11— VM, B*/M_\/M_B\/M, ) Mow)
with the understanding that \/M+_1 is defined only on ran{/M, = ranM,. This
is equivalent to saying that the operator C' := \/M_B\/MJr_l is a contraction on
VM Py M = Py M, or equivalently, B = \/M__lC\/MJr, with C' being a con-
traction from Py, M to W_. The condition that M = W, @& W, for Agpnc to be

maximally dissipative follows from the fact that one could always extend the operator

A o to AW+®W0,5’ where C' is an extension of C' which is just set equal to zero on

Wi e Wy) oM. 0

REMARK 5.2.14. For the case that the dual pair (A, Z) has only one unique max-
imally dissipative proper extension A\, this means that A = Aw.ewp0- In particular,
when the assumptions of Corollary are satisfied, we get that W_ = {0} since
(D(A*)//D(A) ND(V?) = Wy & Wp.

REMARK 5.2.15. Let us show that for a very special situation, the spaces W4
coincide with the defect spaces of a symmetric operator S. (As an example, take the
momentum operator i-L with domain {f € H'(R), f(0) = 0}, whose defect spaces
are one-dimensional and spanned by exponential functions supported on different half-
lines.) Assume that S has finite-dimensional defect spaces N1 := ker(S* F1i). It is a
well-known fact [43] that

D(S*) = D(S)+N+N_,
where Ny := ker(S*Fi) are the defect spaces. Assume in addition the rather restrictive
condition that Ny | N_ (orthogonal with respect to the Hilbert space inner product).
Choosing the dual pair (.5,.5), which trivially has the common core property, we find
that Vi = 04, with Vi being defined as in Theorem Define

q(v) :=Im(v, S*v) with ve N  BN_.

A calculation shows that the operator M associated to ¢(-) is given by M = Py, — Py_,
ie. My = Py,, Wy = Ny and Wy = {0}. Thus, by Theorem [5.2.13 all maximally
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dissipative extensions of such an operator S are given by
D(SC) = D(S)+{TL+ + CTL+,TL+ € N+}, SC = S* rD(Sc) s

where C' is any contraction into N_ such that D(C') = N,. Thus, for the very special
case N, L N_, this readily implies the von Neumann theory of selfadjoint/maximally
dissipative extensions of symmetric operators. (cf. e.g. [43 Thm. 8.12], for the selfad-

joint and [9, Theorem 2.4], for the more general maximally dissipative case)

REMARK 5.2.16. For concrete problems, it can be impractical to construct W, W,
and W_ as well as M and M_. However, this result allows us to calculate the number of
independent complex parameters required to describe all proper maximally dissipative
extensions of a dual pair, which is given by the number of parameters that describe all
contractions C' from W, into W_, which is in turn equal to dim W, - dim W_ .

See also the operators considered in Section for a discussion of the spaces W, , W_

and W, for a few concrete examples.

REMARK 5.2.17. As a reference to [32], let us point out that this result means
that we can characterize all proper dissipative extensions of such a dual pair using the
terminology of operator balls. For any three operators Z, R;, R, € B(£), where £ is an
arbitrary Hilbert space, recall that the set of all operators K € B(E) such that there
exists a contraction C' from ran(R,) to D(R;) such that

K =27+ RCR,,

is called an operator ball ®B(Z, R, R,) with center point Z, left radius R; and right
radius R,. With the identification €& = W, Z = Py, + Py, R = M- ' and
R, = /M, defined on W_, respectively on W, , and the result from Theorem ,
we can characterize all proper dissipative extensions of a dual pair (A, Z) satisfying the

assumptions of Theorem [5.2.13| This is achieved via:

(5212) AK : D(AK) = D(A)—F{K’LU W e W}, AK = A" fD(AK) s

where K € B(Pyw, + Py, VM-, /M;).
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5.3. The non-common core case

Let us now extend this idea to the case where the dual pair (A, AV) does not have

the common core property. If we assume D(A) ND(A) still to be dense, we can restrict

A and A to D(A)ND(A) to obtain a dual pair of operators which has the common core

property:

COROLLARY 5.3.1. Let A and A be a dual pair of operators, where A is dissipative.
Moreover, let D(A) N D(A) be dense in H. Define the operators A' and A’ as follows:

A= Alpayon and - A= Al -

Furthermore, let Vi denote the operator 5 (A’ — A" on D(A)ND(A) and V. its corre-
sponding Krein extension.
Now, let V € D(A™*)//D(A) be a subspace. The operator A}, is a proper dissipative
extension of the dual pair A and A if and only if all of the following conditions are
satisfied

eV C DV

o Im(v, A*v) > ||VL 0|2 for allv e V

e D(A) C D(A))

oV C DAY .

PROOF. Since D(A) ND(A) is dense, the operator A [ 4)p7) is & densely defined

dissipative operator and thus closable. Moreover, since
Tm (1), Ap) = Im(Avp, ) = —Im(y), A) >0 for all 4 € D(A) N D(A),

this shows that A [D( A)AD(A) is a densely defined antidissipative operator. Thus, by
construction, the operators A’ and A" are closed operators, which have the common

core property. Moreover,
A'c Ac A c A*,
from which it follows that any proper dissipative extension of the dual pair (A, Z) is a

proper extension of the dual pair (A’ Al ) as well. The corollary now follows from the

observation that its first two conditions simply correspond to an application of Theorem

for the dual pair (A, A') (which has the common core property) to ensure that
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A, is a dissipative extension of A’. The latter two conditions ensure that A}, is not just

a proper extension of the dual pair (4, A') but also of (4, A). O

REMARK 5.3.2. Since the dual pair (A4, A ) has the common core property and A
is a proper dissipative extension of this dual pair, Theorem [5.2.13| implies that there
exists a contraction C' from W/ into W' and a subspace 9 C W/ @ W such that
A = Afyy o, where the notation is the same as employed in . As any proper
dissipative extension of the dual pair (A, ,Z[) has to be a proper dissipative extension
of (A, Al ) as well, to which Theorem applies, this means that the problem of
finding the proper dissipative extensions of (A, g) is equivalent to determining (N, 6),
where M C M and C is a contractive extension of C with the additional constraint
that A%@ C A* . For a full discussion of determining the contractive extensions of a

given contraction, see [12].
5.4. Illustrating examples

In the following, we are going to apply our results to various ODE examples, which
we have chosen to illustrate our results without having to worry too much about tech-

nicalities.

5.4.1. Weakly perturbed symmetric operators. As a first application of The-
orem , let us consider dual pairs of operators of the form A = S+:V and A=5 —iV,
where S is closed and symmetric and V' is a positive symmetric operator, which has
S*-bound less than one[*™] For convenience, let us recall the definition of relative

boundedness:

DEFINITION 5.4.1. Let A and B be two operators on a Hilbert space H. We say
that B is relatively bounded with respect to A if D(A) C D(B) and there exists numbers
a,b >0 such that

(5.4.1) IBSIl < allfIl + ol Af]l

for all f € D(A). The infimum over all possible b such that there still exists an a such
that (5.4.1)) is still satisfied is called the A-bound of B.

5'4'1Actua11y, we could consider dual pairs of the form (S + D, S + D), where (D, D) is a dual pair of dissipa-
tive/antidissipative perturbations, which are both relatively bounded with respect to S* with relative bound less than

1.
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THEOREM 5.4.2. Let S be a closed symmetric operator and V' be a non-negative
symmetric operator with S*-bound less than 1. Moreover, let D(A,Z) denote the set
of proper dissipative extensions of the dual pair (A,g). Then, the set of all proper
dissipative extensions of the dual pair S 41V and S — iV is given by

WS +iV,S—iV)={S+iV:5€0(S,9)}.

Proor. Firstly, let us apply Theoremto the dual pair (S, .S), where S is closed
and symmetric. In this case, the operator (S —.5)/(2i) is identical to the zero operator
on D(S), which has a unique bounded selfadjoint extension to the zero operator 0z on
the whole Hilbert space H. Thus, for any extension Sy, where V C D(S*)//D(S), we
trivially have V C D(0y) = H. Thus, V needs only to satisfy the condition

(5.4.2) Im(v,S*v) >0 forall vel.

Next, let us consider the dual pair (S + iV, S — V). By the Hess—Kato Theorem [25]
Corollary 1], we get that (S —iV)* = S* 4+ iV, which we use together with Theorem
5.2.8l By relative boundedness, we therefore have D((S — iV)*) = D(S*) as well as
D(S +iV) = D(S), which means that we can choose D((S — iV)*)//D(S +iV) =
D(S*)//(S). Now, observe that

Im(v, (S —iV)*v) = Im(v, (S* + iV)v) = Im(v, S*v) + (v, Vv)
and that
(v, Vo) = |[VY?0|? forall ve D(S*) =D(S*+iV),

which follows from relative boundedness of V' with respect to S*. Hence, again we have
that V C D(Vll(ﬂ) is always satisfied for any V C D((S —iV)*)//D(S + iV). This
implies that V only needs to satisfy

Im(v, (S—iV)*v) > \|VI§/%H2 which is equivalent to Im(v, S*v) >0 forall v e V.

However, since this is equivalent to Condition (5.4.2)), we get that (S+:V)y is dissipative
if and only if Sy, is dissipative. 0

Let us start with the elementary example of a first order differential operator.
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EXAMPLE 5.4.3. Consider the closed symmetric operator on L?*(0,1), given by
S: DS)={feH(0,1): f(0)=f(1)=0}, frrif,
where f’ denotes the weak derivative of f. Its adjoint S* is given by
S*: D(S*)=HY0,1), frsif .
Since for any f € D(S*), we have that

F P = £ OF]

l\')|'—‘

Im(f,S"f) =
it follows that all dissipative extensions of S are given by

Set D(Se):={feH(0,1): f(0)=cf(1)}, Se=5"Ines,,

where ¢ is any complex number such that |c¢| < 1. Using Lemma [2.3.8] it is in fact not
hard to see that these extensions are also maximal.
Moreover, let V' be the selfadjoint maximal multiplication operator by a non-negative

and non-zero L*-function V (z):

ve o) ={reron: /|v @Fds <ocf, (V) (@) = V() fa).

For example, one could pick V(z) = 27 with 0 < a < 1/2. Using that H'(0,1) com-
pactly embeds into the bounded continuous functions C([0,1]) we may use that by

Ehrling’s Lemma there exists for any € > 0 a C(e) such that

(5.4.3) 1 fllee < el + C@EIA

for all f € H'(0,1). This allows us to show that V' is S*-bounded with S*-bound equal

to zero:

IVElle IVl floe < elVIlE N+ CEIVIEFL

where ||V |2 can be made arbitrarily small. Thus, for any non-negative V € L*(0,1),
we may conclude that all proper dissipative extensions of the dual pair S + iV and

S — 1V are given by S, + iV by virtue of Theorem
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REMARK 5.4.4. Using that V is S*-bounded with relative bound equal to zero, we
have in particular that V' is S.-bounded with relative bound equal to zero as well. Thus,

by the Hess-Kato Theorem [25, Corollary 1]
—(Sc+1iV)" = —(8)" +iV .

By Proposition [2.2.5 we have that —(S,)* is dissipative, which makes —(S.)* + iV dis-
sipative. By the same proposition, we therefore may conclude that S. 417V is maximally

dissipative.

5.4.2. Differential operators with dissipative potentials. For any n € N, let

py be the symmetric differential operator defined as follows

py: Dpg) =C(0,1), frsi"f,

where f(™ denotes the n' derivative of f. Moreover, let W € L2 (0,1) be a locally

loc

square-integrable potential function with W > 0 almost everywhere. This means that

the dual pair of operators

(5.4.4) Ap: D(A) =C°(0,1), (Aof) (z) =" f"(2) +iW (z)f ()
and
(5.4.5) Ao: D(Ag) =C(0.1),  (Aof) (@) =" f () = iW(2) f ()

is well defined. Moreover, their closures A := A, and A= /TO have the common core

property by construction. In Theorem [5.2.8] the operator V' is defined as Az;ig on a

common core D C (D(A) N D(A)) and we choose D = C°(0,1). Since V' is already

essentially selfadjoint, this implies that the Krein extension of V' coincides with its
closure Vi = V and is given by the maximal multiplication operator by the function
W (z). Thus, Vli/ ? is given by
V2 DY = {f e L*(0,1) : /1 W (z)|f(2)]?dz < oo}
0
Vi f) (x) = VW (z)f(2) -
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Moreover, it can be easily shown that the domains of A* and A* are given by

A DAY ={f € L*0,1): f € HL(0,1) N L*(0,1);a" f™ +iW f € L*}
fdif™ 4w,
A*: D(AY) = {f e L*0,1): f € H(0,1)NL*0,1);i"f"™ —iW f € L*}

fsi"f™ W,

with the understanding that f denotes the n'* weak derivative of f. By Theorem

, the operator Ay, (cf. Definition j is only maximally dissipative if V C D(V[y %).
Thus for any v € V

(5.4.6) /0 () P (2)da < 0o

and since v € D(A*) C L%(0,1), which implies that i"v™ + iWv € L2(0,1), it follows
that

(5.4.7) v(x)i"v™ (z) + i|v(x) W (z) € L'(0,1).

From the above — together with (5.4.6) and an application of the reverse triangle

/

ie. 0™ € L'(0,1). Hence, given that v € D(Véﬂ) the necessary and sufficient

inequality — it follows that

mi”v(")(:v)) dzr < 00,

condition for Ay, to be dissipative

Im(v, A*v) > [|[WY?0||? forall veV
simplifies to
(5.4.8) Im(v,i"0™) >0 forall veV.

5.4.3. First order differential operators with singular potentials. Let us
apply the result of the previous subsection to the simplest case n = 1. For any € > 0,
any zo € (0,1) and any v € H} (0,1) N L?*(0,1) we have that

loc

e = (el — 21m [ " @i/ (2)da



and since v’ € L'(0,1), we have by an explicit calculation

lim fo(e)/? = Tim <|v(:p0 —ZIm/ 2y )dx) lv(20)|2 — 2Im Yiv' (z)d .

The same reasoning can be applied to show the existence of lim, |U(1 — €)|?, which

shows that |v]? is continuous up to the boundary of the interval. Defining, at least

formally,
2 J—
DO = lim @) and ()P = lim fo(1 — )
we get that
1
(5.4.9) Im(v,iv") = 3 (Jo(1)]* = [v(0)*)  for all v e H,(0,1): 00 € L".

Let us now consider a few different potentials:

EXAMPLE 5.4.5. Let 1/2 < a < 1 and let the potential function be given by W (z) =

lx_ao‘, where the numerator (1 — «) is chosen for convenience (the case 0 < o < 1/2 has

been covered in Example [5.4.3]). By an explicit calculation, it can be shown that

D(A*) = D(A)+span {exp(—xl_o‘), exp(—z'"%) /O ' exp(2t1_°‘)dt}

and it is easy to see that

D(A*)//D(A) = span {exp(—xl_o‘),exp(—xl_o‘)/ exp(2t1_°‘)dt}
0
CD(V*) =D("%),
where the last inclusion is guaranteed by the choice o < 1. A standard linear trans-

formation shows that it is possible to define two vectors ¢,1) € D(A*)//D(A) such
that

D(A") = D(A)Fspan{¢, v}
and ¢, 1 satisfy the boundary conditions

$(0) = 1,4(1) = 0,6(0) = 0,9(1) =

Thus, if we choose two complex numbers (c1, co) € C?\ {(0,0)} in order to parametrize

all one-dimensional proper extensions of (A, A) as

A61,02 : D(ACLCQ) = ,D(A)—i_span{cl(ﬁ + Cﬂb}a A61,02 = E* rD(Aq,cz)
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and plug v, ¢, 1= c1¢ + c2 into (5.4.9)), we get the condition that

(|Cl|2 - |02|2) >0,

N —

Im<vcl752 ) 7:’021,82> -

i.e. |c1| > |ca|. Thus, we can parametrize all maximally dissipative proper extensions

using only one complex parameter ¢ = ¢y /c; with |¢] <1 and get {A, : || < 1}, where
Ao D(A) = D(A)tspan{e + ey}, A= A" [pa,
as a complete description of the set of all proper maximally dissipative extensions.

Let us now consider examples, where the singularity of the potential is of “same

strength” as the differential operator (o = 1).

EXAMPLE 5.4.6. Let 0 < v < 1/2 and consider the potential

Note that this is equivalent to considering the operator —z'(f—y + z% after the coordinate
change (1 — x) — y, which leads to a change of sign in front of the differential part of
the operator, changing the situation significantly compared to Example [5.4.7]

In this case, a calculation shows that for our range of v, we have
D(A*) = D(A)+span{(1 — z)7, (1 — )"} .

Since 0 < v < 1/2, it is true that

span{(1 —z)7,(1 —z)""7} C D(Vé/Q) =D <\/11——x>

and since dimker A* = 1, all proper dissipative extensions of A will be at most one-

dimensional extensions, i.e. of the form
D(Aey o) = D(A)Fspanici (1 — )" + co(1 — )77},

where (c1,c2) € C*\ {(0,0)}. Plugging v, ¢, := c1(1 — )7 +co(1 — x)'™7 into Equation
(15.4.9), we get the condition

_ ‘Cl -+ 62’2

(5.4.10) Im(ve, oy, 00 ) = 5

C1,C2

>0,
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which is satisfied if and only if ¢; = —c,. Thus, there exists a unique proper maximally

dissipative extension of the dual pair (A, g), which is given by
A D(A) = D(A)+span{(1 — ) — (1 — )77}, A" = A" |pa) -

This is an example of a dual pair (A, /T) with a unique proper maximally dissipative
extension, which does not satisfy the assumptions of Corollary [5.2.9

Next, let us compute the spaces Wy, Wy and W_ as defined in Theorem [5.2.13] Since
the form ¢ as defined in Equation is given by

q(v) = Im(v, iv') = %(Iv(l)l2 — [v(0)*)

and is non-positive for v € span{(1 — x)7, (1 — )77} by virtue of Equation (5.4.10)),

we have found the maximizer of (v, Mv) which corresponds to the eigenvalue zero:
Wy = ker M = span{(1 —2)” — (1 — 2)*}
and — using the Gram-Schmidt procedure — we compute

W_ = span{£472 —8y—=5)(1—2)" — (49" =8y +3)(1 —x)" 7}

Mw_) 1 2 2 )
with eigenvalue A_ = {w, Mw-) = 3w = [w-(0)F) S - ‘
(w_,w-) I Jw_(z)2da —dy? Ay 4T

EXAMPLE 5.4.7. Let 0 < v < 1/2 and consider the potential

W(z)=2.

x
In this case, a calculation shows that D(A*) = D(A)+span{z~7,z'*7}. This is an
example, for which Corollary [5 H applies, since ker A = span{zx~7} has trivial inter-
section with D(VY?) = {f € L*(0,1) fo |f(z)]Px~'de < oo}. Hence, the only possible
candidate for a proper maximally d1881patlve extension for the dual pair (A, ﬁ) is the

operator E, which is given by

A: D(A) =D(A)+span{z't7}, A=A I3 .

By Proposition m, it is already clear that A has to be a proper maximally dissipa-

tive extension. This can also be verified explicitly by by plugging v(z) := z'*7 into
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Condition ([5.4.9).
In this concrete case, we have that Wy, = W_ = {0} and W, = span{z'™}. A short
calculation shows that the corresponding eigenvalue of M is given by

(:p”“/,Mxl‘”) B 3 \
(x147, 21+7) =5t

>\+:

5.4.4. A second order example. Let us now apply our results to an example,
where the operator V' as defined in the statement of Theorem [5.2.8| is not essentially

selfadjoint. To this end, consider the dual pair of operators given by

Aot DAY =CE0.1), (Aof)(e) = —if"(a) 1D,

fa)

12

Ao D(A) =C>(0,1), (Zof) (2) = if"(z) —

Jar= [ 17@pas

for all f € C2°(0,1), we can estimate Im(f, Agf) from below by the lowest eigenvalue

Since we have

f(z)

T

hMﬂvazhnA%ﬁﬂ(—U%@—v

of the Dirichlet-Laplacian on the unit interval, which is 72, i.e.
(5.4.11) Im(f, Aof) > 72| f||* forall € D(A).

Now, define A := A, and A = ATO, which means that the dual pair (A,E) has the
common core property by construction. Also, (5.4.11]) implies in particular that 0 €

p(A). By a simple calculation, it can be shown that the operator A* is given by:

/() 2dx < oo}

—if"(x) — thwn

D(A*) = {f € H2 (0,1)N L*0,1) : /1
1)

x2

(A7) (@) = =if"(x) =~
A calculation, using Formula (2.4.1)) for A = 0, yields
(5.4.12) D(A*) = D(A)+span {a*, 24} |

where w = (1 + /T + 4iv)/2. Here we have assumed that v > /3. This choice for
v ensures that dim ker A* = dimker A* = 1, which will make our calculations sim-
pler. Also, observe that A* = JA*J , where the conjugation operator J is defined as
(Jf)(z) := f(x). From this it immediately follows that D(A*) = JD(A*) = {f : f €
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D(/T*)} Now, let us apply the result of Theorem in order to construct maximally
dissipative extensions of the dual pair (A, A). Let D = €°(0,1), which is a common

core for A and A and define V := QLZ(A — IZI) [p, which is given by
Vi DV)=CX0.1), for—f".

As the norm induced by || - |y = | - || + (-,V*) is the H'-norm, closing D(V) =
C2°(0, 1) with respect to || - ||y yields that D(V;/Q) = H}(0,1). Moreover, since ker V* =
span{l,z} and since by we have D(V;(/Z) = D(V;/Q)—i— ker V*, it is clear that
D(V,/*) = H'(0,1) and moreover that

(54.13) [V FIP = IIVE"? [f () = £(0) = 2(F(1) = FODTI* = /117 = 1F (1) = FO)I7,

where the first equality follows from the decomposition ([5.2.1)) and the second from an
explicit calculation. Using this, we can show that the form ¢(v) := Im(v, A*v)— HV;/%HQ

defined on D(A*)//D(A) = span{z*, z7+2} is given by
(5.4.14) ¢(v) = —Re (@v’(l)) + (D)2

By Lemmal2.3.8, any maximally dissipative proper extension of (4, A) can be parametrized
by a one-dimensional subspace of span{z*,z*"2}. A convenient basis for this is given

by the two functions

(2 +@y)at — w2 —at ot

P(x) = and ¢(z) =

2"‘@—(4&)4_

b

24wy —wy
which satisfy the boundary conditions (1) = 1,79'(1) = 0,¢(1) = 0 and ¢'(1) = 1.
Now define &, := pip + ¢, where p € C has to be determined such that ¢(§,) > 0. A
short explicit calculation shows that this is the case if and only if

ik

1
2 2’

i.e. if and only if p lies in the exterior of the open circle with radius and center point %

Since q(¢) = 1 > 0, we have that £, := 1 describes a maximally dissipative extension

as well. Thus the set of all proper maximally dissipative extensions of (A, A) is given

(5.4.15) A0 D(A) = D(A)+span{s,}, A, = A Ipa,)
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where

1

(5.4.16) pE{zEC, z—%‘zé}u{oo}.

5.5. Stability of the numerical range

Let us now prove a useful result that allows us to estimate the lower bound of the

imaginary part of the numerical range of the extensions of a dual pair (A, Z)

LEMMA 5.5.1. Let the dual pair (A, Z) satisfy the assumptions of Theorem and
let V be a subspace of D(A*)//D(A) such that D(Ay) is a proper dissipative extension
of the dual pair (A, A). Moreover, for v €V, let q(v) := Im{v, A*v) — \|V11(/2v|]2. Then,
for all f € D(A),v €V it is true that

Im{(f +v), Av(f +0)) = [V (F + )2 + q(v) > [V (f + o).

PRrROOF. Let f € D and v € V. As in the proof of Theorem [5.2.8] we use Lemma
5.2.1] from which we know that it is sufficient to check the assertion for only such f

and v. From an explicit calculation, we get
Tm((f +v), Av(f +v)) = Tm((f +v), A*(f +v))
= Im(f, Af) + Im(v, A"v) + Im({f, A"0) + (v, A" [))
(5.5.1) = Im{f, Af) + q(v) + |V& "0l + Im((f, A7) + (0, A"[)) .

Now, we can use that Im(f, Af) = (f,V f), which implies in particular that f € D C
D(Vk) C D(V[y %) since Vi is a selfadjoint extension of V. Thus, we have that

Im(f, Af) = (£.V) = |[Vid* 1P
and another calculation — similar to that in the proof of Theorem [5.2.8/ — shows that
Im((f, A*0) + (v, A*f)) = 2Re(V/* £, Vi v) .
Plugging these two identities back into yields
I ((f +0), A(f +0)) = [V FI? + 2Re(Vid” £, Vid*0) + Vi *l* + a(v)

= V2 (f + o) + q(v) .
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Since by Theorem we have that g(v) > 0 for all v € V it trivially follows that
tn(f + o, Ap(f +0)) > [V (f + o)
for all f € D(A) and v € V. O

EXAMPLE 5.5.2. As a first example, consider the dual pair (A,ﬁ) from Section
, with the maximally dissipative extensions A, as described in and .
Again, it suffices to find a lower bound of Im(f + v, A*(f +v)) for all f € C>(0,1) and
all v € span{&,}, where £, was defined in Section [5.4.4 Observe that

Re(p)

Im(f + v, A(f +v)) = || +0'[]* = Pk

(W = a(f +v)

and C(0,1)+span{¢,} C €, where € := {f € H'(0,1) : f(0) = 0}. For the special

cases p = 0 and p = 0o, we have
Im(f + v, Ay (f +0)) = ||/ + " = a(f +v) .

Now, since € equipped with the norm induced by a is a Hilbert space, this implies that
Im(f + v, Ap(f +v)) > M\ ||f 4+ v||?, where ), is the lowest eigenvalue of the selfadjoint

operator S, associated to (a, €). This operator is given by

S0 D) ={7 0.0 F0 =0 md £ = WL Fo

with the understanding that the case p = 0 corresponds to a Dirichlet boundary
condition at one. As it is not difficult to solve the eigenvalue equation S,f = A,f,

where ), is the smallest eigenvalue of S,, one finds that ), is given by A, = 22, where
z is the smallest positive solution of the transcendental equation

tanz  [p]?
z  Re(p)’

us

where p € {z € C: z # 0,Re(z) = 0} corresponds to the singularity of 22 at z =

[\

For Re(p) < 0, this means in particular that Im(f +v, A,(f +v)) > || f +v|/* as can
easily be seen from the fact that (tanz)/z is positive in [0,7/2) and non-positive in

(m/2,m]. See also the graph of tan(z)/z:
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REMARK 5.5.3. In this example, the estimate on the lower bound of the imaginary
parts is also sharp. This follows from the fact that closing C§°(0,1)+span{¢,} with
respect to the norm induced by a yields € for p # 0 and closing C§°(0,1)+span{&,}
with respect to the H'-norm yields Hg(0,1).

THEOREM 5.5.4. Let the dual pair (A, X) satisfy the same conditions as in Theorem
. If in addition we have that V C D(V;/Q), we get that the imaginary part of the

numerical range stays stable, i.e.

inf Imz = inf Imz,
2eN4 2EN4,,

where N denotes the numerical range of an operator C' and Ay, is the extension of A as
described in Definition|5.2.7. This is true in particular for any dissipative extension of a

dual pair of operators (A, ﬁ), where the associated operator V' is essentially selfadjoint.

PROOF. For f € D(A) ND(A), we have that f € D(V) C D(VY?). Now, since by
assumption V C D(V;/ %), we get by virtue of Lemma that

(5.5.2) Im((f +v), A"(f +0)) = [IV(f +0)II* = IV (f + o),

for all f € D(A)ND(A) and for all v € V. Using that for all f € D(A)ND(A) we have
that

Im(f, Af) = (L, V),

which implies that

inf Imz= inf x = inf =z,
ZENA Z’ENV a:e/\va
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where the last equality follows from the fact that the numerical range of the Friedrichs
extension of a semibounded operator stays stable. Using Inequality , we therefore
get
e i = g e,
which together with the trivial estimate for taking the infimum over a larger set
inf Imz < inf Imz

2€Na,, 2€N4

yields the theorem. O

EXAMPLE 5.5.5. As an example, consider the operators (Ay, Ag) as described in
Section , (5.4.4) and (5.4.5)). Since the operator V = 5-(A4y — Ay) is given by
Vi DV)=C2(0,1), (Vf)(z)=W()f(z),

which is essentially selfadjoint, we get that Vll(/ 7= V;/ 2 — 7' is the maximal multi-
plication operator by /W (x). Hence by virtue of Theorem , we get that for any

proper maximally dissipative extension Ay, we have
Im(f + v, Ay(f +v)) Z w|[f + 0|,

where w := ess infyc01)W(x) = inf pep(ay p=1 Im(f, Af).
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CHAPTER 6

A construction to obtain proper Krein—von Neumann

extensions

In this chapter, we will introduce the Krein—von Neumann extension Ag of a dis-
sipative operator A with zero in its field of regularity p(A). After showing that it is
a maximally dissipative extension of A, we discuss the condition under which Ag is
a proper extension of a dual pair (A, 2{) After that, we propose a construction that

yields restrictions Aqg C A and Zo C A such that Ak is proper extension of (Ap, ﬁo).

6.1. The Krein—von Neumann extension

For strictly positive closed symmetric operators S (S > e > 0), it was already

established by von Neumann in [34] Satz 42| that the extension Sk given by
SK . D(SK) == D(S>+ ker(S*f), SK - S* rD(SK)

is a non-negative selfadjoint extension of S. The analysis of Krein (|27]) showed that
Sk is the “smallest” non-negative extension of S. For a closed dissipative operator A

with 0 € p(A), one can still define its Krein-von Neumann extension Ay via
(6.1.1) Ag 1 D(Ak) = D(A)tker(AY), (f+k)— Af,

where f € D(A) and k € ker(A*). (See also [8, 10] for a definition of the Krein—
von Neumann extension of a sectorial operator A even without the requirement that
0 € p(A).) In order to prove that Ak is well-defined in the dissipative case, we will need

the following lemma in order to justify the use of the direct sum “+” in the definition

of D(AK)
LEMMA 6.1.1. Let A be closed and dissipative such that 0 € p(A). This implies that

D(A) Nker(A*) = {0} .
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PROOF. Assume that this is not true, i.e. that there exists at least one f € D(A)N
ker(A*) with f # 0. For any g € D(A), we then get

Im(f + g, A(f + 9)) = Im(f, Af) + Im(f, Ag) + Im(g, Af) + Im(g, Ag)

=Im({A"f, f) + Im(A" f, g) + Im(g, Af) + Im(g, Ag) = Im(g, Af) + Im(g, Ag) .

Next, observe that there exists at least one g € D(A) such that (g, Af) # 0, since
otherwise we would get that Af = 0 by density of D(A). But Af = 0 is a contradiction
since 0 € p(A) implies that ker(A) = {0}. This means that we can choose a suitable
A € C with appropriate phase and sufficiently large modulus such that

Im(Af +7, A(Af +9)) = Im(g, Ag) — [A[|(g, Af)] <0,
which contradicts the dissipativity of A. This shows the lemma. 0J

Even though we will not need it in the remainder of this thesis, let us also prove

the following corollary:

COROLLARY 6.1.2. Let A be a closed dissipative operator such that 0 € p(A). Then
there exists a boundedly invertible extension fAl, iie. AC Aand0 € p(ﬁ)

REMARK 6.1.3. Note that we do not claim that A is dissipative.
PROOF. As 0 € p(A), the inverse of A on its range is well defined and bounded:
A7t ran(A) = D(A), Af f.
We claim that the extension A=' C T~!, with
TV DT YH=H, TYAf+E) =f+k,

where Af € ran(A) and k € ker A*, is bounded and has trivial kernel ker(T!) = {0}.
This would imply that the operator

T: D(T)=D(A)+ker(A"), T(f+k)=Af+k
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is an extension of A with the desired properties.

Firstly, let us show that 7! is bounded:

1T~ AS + B)IP = [1f + KI7 < 2017117 + 11%[17) < 2272 ASI* + 2] k]

< C(IAfI* + |[E]*) = CIAf + K|,

where we have used that from the fact that 0 € p(A), there exists a € > 0 such that
[AfII = el[f]] for all f € D(A).

Let us now show that ker(T!) = {0}. As (Af + k) € ker(T™') means T (Af + k) =
f+k =0, we would have f = —k, where f € D(A) and k € ker(A*). This would imply
that f, k € D(A)Nker(A*). But from Lemma[6.1.1] we know that D(A)Nker(A*) = {0},
which implies f = k = 0 and therefore (Af + k) = 0. This shows that ker(7T~1) = {0},
which finishes the proof. 0

Let us now show that Ax is a maximally dissipative extension of A:

THEOREM 6.1.4. Let A be closed and dissipative and assume that 0 € p(A). Then
the operator Ak given by (6.1.1)) is a mazimally dissipative extension of A.

PROOF. By Lemma [6.1.1} we know that D(A) Nker(A*) = {0}, which means that
Ak is well-defined. Moreover, for any f € D(A) and any k € ker(A*), we have

Im(f 4+ k, Ag(f +k)) =Im(f, Af) + Im(k, Af)

= Im(f, Af) +Im(A"k, f) = Im(f, Af) = 0,

which implies that Ay is dissipative. Let us now show that Ax is maximally dissipative.
Assume it is not, i.e. that A is a non-trivial dissipative extension of Ax. Hence, there
exists a 0 # v € D(A) such that v ¢ D(Ak). In order for A to be dissipative, in

particular it must satisfy
(6.1.2) Im(v + k, A(v + k)) = Im(v, Av) + Im(k, Av) >0,

for any k € ker(A*). This implies that Av L ker(A*), since otherwise, there would exist
a k € ker(A*) such that (k, Av) = 1. With a suitable choice of T > 0 large enough, we
then would get

Im(v + ith, A(v +i7k)) = Im(v, Av) — 7 <0,
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which means that would be violated in this case. Thus, for A to be dissipative,
it is necessary that Av L ker(A*), or equivalently that Av € ran(A). Here we have
used that A is closed and that 0 € p(A), which implies that ran(A) is closed. But
Av € ran(A) means that there exists a unique ¢ € D(A) such that

(6.1.3) Av = Al
Now, for any f € D(A) consider

Im(f+v—0A(f+v—20)=Im(f+v—C,Af + Av — Al)

Im<f+U_£7Af+A£_A€> =Im(f +v—/{ Af)

=Im(f, Af) + Im{v — £, Af) .

Next, let us show that (v — ¢) ¢ ker(A*). Assume this is not true, i.e. that there
exists a k € ker(A*) such that (v —¢) = k. Since ¢ € D(A), this would mean that
v = ({+ k) € D(Ax), which is impossible. Thus, there exists a f € D(A) such that

(v—4{,Af) = 1. Mimicking the argument from before, considering
m(f +ir(v — 0), A[f +ir(v — 0)]) = Im(f, Af) =7 <0,

where 7 > Im(f, Af> is chosen suitably large, shows that A cannot be dissipative.
Thus we conclude that there exists no dissipative extension of Ay, which therefore is

maximally dissipative. This finishes the proof. O

Now, consider a dual pair (A,g), where A is dissipative and A is antidissipative

such that 0 € p(A) N p(A). The purpose of the next result is to describe when the

Krein—von Neumann extension Ay is a proper extension of (A, A):

THEOREM 6.1.5. Let (A, AV) be a dual pair of densely defined operators, where A is
dissipative and A is antidissipative. Moreover, assume that 0 € p(A)NH(A). Then, the
Krein—von Neumann extension Ax as defined in satisfies A C Ax C A if and
only if ker(A*) C ker(A*).

PROOF. Since (A, A) is a dual pair, we have that D(A) C D(A*). Moreover, it
trivially holds that ker(A*) c D(A*). Thus, if ker(A*) C ker(A*), this implies that
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D(Ax) = D(A)+ker(A*) € D(A*). Now, let f € D(A) and k € ker(A*) C ker(A*).
We then get

ANf+k)=Af + Ak = Af = Af + Axk = Ax(f + k),

which shows that Ay is a proper extension of (A4, A).

Now, assume that ker(A*) ¢ ker(A*), but Ag is still a restriction of A*, which we
want to lead to a contradiction. The assumptions ker(A*) ¢ ker(A*) and Ax C A*
imply that there exists at least one non-zero k € ker(A*) such that k ¢ ker(A*).
Moreover, since we assumed that Ax C A* this implies in particular that ke D(ﬁ*)

We therefore get
Ak = Axk =0,
ie ke ker(g*), which is a contradiction. This shows the theorem. 0

In the following example, we will discuss dual pairs of the form (S+iV, S—iV'), where
S is symmetric and V' > 0 is a bounded non-negative operator in order to demonstrate

that ker(A*) C ker(A*) is a rather restrictive condition:

EXAMPLE 6.1.6. Consider the dual pair (4, A) := (S 4 iV, S —iV), where S is a
closed symmetric (but not maximally symmetric) operator and V' > 0 is a bounded and
non-negative operator. Since (S & iV)* = (S* F iV), the condition ker(4*) C ker(A*)
reads as ker(S* — V) C ker(S* + iV). Thus, if ker(S* —iV) C ker(S* + iV), any
k € ker(S* — V') has to satisfy

S*k=iVk and S'k=—-iVk,

which implies that iV k = —iV'k, which is only satisfied if k& € ker(V'). This implies that
for ker(S*—iV') C ker(S*+iV') to hold, it is necessary that ker(S*—iV') C ker(V'), which
in turn is equivalent to ker(S* — V') C ker(S*). Thus, for ker(S* — V') C ker(S* + V)
to be satisfied, it is necessary that ker(S* —iV') C (ker(V') Nker(S*)). Since it is also
easy to check that this is sufficient, we have that

ker(S* —iV) C ker(S* +4V) if and only if ker(S* —iV') C (ker(V) Nker(S")).
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6.2. Construction of suitable restrictions

Now, given a dual pair (A, g) of closed operators, where A is dissipative and Ais
antidissipative with the additional assumption that 0 € p(A4) N H(A), we construct a
restriction of ;L which we denote by Ay such that Ag is a proper extension of the dual
pair (A, go)-

THEOREM 6.2.1. Let (A, A) be a dual pair of closed operators, such that A is dis-
sipative and A is antidissipative. Moreover, assume that 0 € p(A) N p(A) and that the
preimage A~ (ran(A) Nran(A)) = {f € D(A) : Af € ran(A)Nran(A)} is dense. Define
the operator go as follows:

(6.2.1) Ao: D(Ag) = A (ran(A) Nran(A)), A=A lp;, -

Then, go 1s a closed and antidissipative restriction of A. Moreover, (A,go) 1 a dual

pair and Ax — the Krein—von Neumann extension of A — satisfies A C Ax C Avg, i.€.

it is a proper mazimally dissipative extension of the dual pair (A, Zo).

PROOF. By assumption, Zo is a densely defined restriction of ﬁ, from which we get
that A C A* C ZS, which means that (A, go) is a dual pair. Moreover, ﬁo cA implies
in particular that Ay is antidissipative and that 0 € p(Ay). Now, since 0 € p(A) N p(A)
and since A and A are closed by assumption, this implies that ran(A) and ran(A) are
closed. From this, we get that ran(Ag) = ran(A) Nran(A) is the intersection of two
closed subspaces and therefore closed itself. This, together with 0 € ﬁ(go) implies that

Ay is closed as well. Moreover, since ran(Ag) = ran(A) Nran(A), we get

~ ~ ~\L —
ker(A%) = ran(4g)*t = (ran(A) N ran(A)) = ker(A*) + ker(A*),
where the last equality follows from Lemma [9.3.7] which is proved in the Appendix.
This implies that ker(A*) C ker(A#), which means that the dual pair (4, Ay) satisfies
the assumptions of Theorem m Hence, A C Ax C 113, which means that Ag is a

proper maximally dissipative extension of the dual pair (A4, go). O

REMARK 6.2.2. Later, we will also use the operator Ay given by

(6.2.2) Ap: D(Ay) = A (ran(A4) Nran(A)), Ao = A Ipay) -
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By a completely analogous reasoning as in the proof of Theorem [6.2.1, Aj is a closed
dissipative restriction with 0 € p(Ag). Moreover, since Ay C A C A* C ZS we have
that (Ao, ﬁo) is a dual pair.

Let us also describe the action of ﬁ;;:

COROLLARY 6.2.3. Let A,g and A, be defined as in Theorem . Moreover, let
A be a proper extension of (A,g) such that 0 € p(g), which we know by Proposition

to always exist. Then, the operator 115 15 given by

-~

(6.2.3) Al D(AL) = D(A)+ker(A*) + ker(A*), (f+k) — Af,

where [ € D(/Al) and k € ker(A*) + ker(A*). Moreover, if

ker(A*) + ker(A*) = ker(A*)+ ker(A*)
this implies that
(6.2.4) AL D(AY) = D(A")4dker(A*), f+ke Af,

PROOF. The description of A}; as given in follows from an application of
Proposition m to the dual pair (A,go) with the choice A = 0 using that Ac A
implies that A C g{; Under the additional assumption that ker(A*) + ker(A*) =
ker(A*)+ ker(A*), we may use that D(A*) = D(A)+ ker(A*), which can again be seen
from an application of Proposition m to the dual pair (A, ,ZI) We then get that

-~

D(A;) = D(A)+ker(A*) + ker(A*) = D(A)+ ker(A*)+ ker(A*) = D(A*)+ ker(A*) .

Since A* C A; and ker(A*) C ker(A), this also proves that A5(f 4 k) = A*f for any
f € D(A*) and any k € ker(A*). O

In the statement of Theorem , we have assumed that ZO is densely defined.
Under the assumption that ker(A*) + ker(A*) = ker(A*) + ker(A*), which is always

satisfied in the finite-dimensional case, let us give a necessary and sufficient condition

for Ay and ﬁo to be densely defined:

LEMMA 6.2.4. Let (A, A) be a dual pair of closed operators such that 0 € p(A) N
p(A). Moreover, assume that ker(A*) + ker(A*) = ker(A*) + ker(A*) and let D(Ay) :=
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A=Y (ran(A) N ran(A)) and D(Ay) = A (ran(A) N ran(A)) . Then, D(Ay) is dense in
H if and only if

D(A*) Nker(A*) C ker(A*)
and D(go) is dense in H if and only if

D(A*) Nker(A*) C ker(A*) .

Proor. We will only show that D(Ay) is dense if and only if
D(A*) Nker(A*) C ker(A*),

since the condition for D(Zo) being dense follows from completely analogous reasoning.
We start by showing that if there exists a ¢» € D(A*) N ker(g*) such that ¢ ¢
ker(A*), we have that D(Ap) is not dense. Since ¢ € ker(A*) = ran(A)*, we get for all

f € (ran(A) Nran(A))

0= (), f) = (b, AAT F) = (A%, A1 F)

which means that A*y) 1 A~!(ran(A) Nran(A)) = D(Ap). Since ¥ ¢ ker(A*), we have
A*1p # 0, which implies that A*y) L D(Ay), i.e. D(Ayp) is not dense.

Conversely, let us now show that if D(A*) N ker(A*) C ker(A*), this implies that
D(Ay) is dense. Let ¢ L D(Ap), which means that

(6.2.5) (P, A7 f) =0

for all f € (ran(A) Nran(A)). Since 0 € p(A) N p(A), Proposition implies that
there exists an extension A C A C A* such that 0 € p(A) and moreover, A~! ¢ A,

~ ~

where D(A™!) = H. Then, for any f € ran(A) Nran(A), (6.2.5) reads as

0= (, A7 f) = (Y, A7\ f) = (A7), f) = (A) 7', f)

which implies that (A*)"'¢ € (ran(A) N ran(A))* = ker(4*) + ker(A*), where the
last identity follows from (9.3.13). Note that (A~1)* = (A*)~! follows from the fact
that A is boundedly invertible (see e.g. [44] Satz 2.49 b)]). Since we have assumed

that ker(A*) + ker(A*) = ker(A*) + ker(A*), there exists a (not necessarily unique)
k € ker(A*) and a (not necessarily unique) k € ker(A*) such that (A*)~' = k + k.
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Moreover, since A C Ac A*, which implies that Ac A* C A*, we get that (2*)*1770 €
D(A*) and since k € D(A*), this implies that k € D(A*), too. Thus, k € D(A*) N
ker(A*) and if D(A*) Nker(A*) C ker(A*), this implies that k € ker(A*). We therefore
conclude that k + k = (A*)~%) € ker(A*), which implies that 0 = A*((A*)~ly) =
A*(A*)"1p = 1, ie. that ¢ = 0. Hence, D(A*) Nker(A*) C ker(A*) and ¢ L D(A)
imply that ¢ = 0, which means that D(Ag) is dense in H. This shows the lemma. [

REMARK 6.2.5. Obviously, D(A*) Nker A* = {0} is a sufficient condition for D(A,)

being dense.

Next, assume that D(Zo) is dense and define the Krein—von Neumann extension of

ﬁo — denoted by ;IO, K — as
Aok i D(Agk) = D(Ag)+ker(A:), (f+k)— Aof,

where f € D(Ay) and k € ker(ﬁg). By a reasoning similar to the proof of Theorem m
(e.g. by considering the dissipative operator (_KO)), we have that A})y & 1s maximally

antidissipative. In the following theorem, we will show that Af x = ﬁo, K

THEOREM 6.2.6. Let (A, AV) satisfy the assumptions of Theorem and moreover,
assume that the operator Ag as defined in Remark|[6.2.9 is densely defined. We then get

that Aok is a mazimally dissipative proper extension of (Ao, gg) and moreover that

N*
A07K — AO,K .

PRrOOF. Firstly, observe that

ker(Af) = ran(Ag)*" = (ran(A) Nran(A))* = ker(A*) 4 ker(A*) = ran(Ay)* = ker(A}),

which means by Theorems|6.1.4]and [6.1.5{that the Krein—von Neumann extension Ay C

Ap i is a proper maximally dissipative extension of the dual pair (A,, gg). Likewise,
the Krein—von Neumann extension g@ C 207[( is a proper maximally antidissipative
extension of the dual pair (AVO, Ap) and therefore Z;; x 1s a proper maximally dissipative
extension of the dual pair (A, Zg). Let us now show that Ay x = Z’& - Since Ag g as

well as gﬁ; 5 are both maximally dissipative extensions of Ay, it suffices to show that
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Ao C Aj . To this end, let f € D(Ag), ki, ks € ker(A3) = ker(Af) and f € D(Ay)

and consider

(f + klago,K(]?‘i‘ ka)) = (f, 110]7) + <k1,110]?>
=(Aof, N=(Aof, [ + ko) = (Aoic (f + k1), f + ko) ,

which shows that Ay x C gg - This finishes the proof. O

EXAMPLE 6.2.7. Let H = L?*(0,1). As in Example 2.4.4] let 0 < v < 1/2 and
consider the dual pair (A, Av*), where A := Ay, and A= AVOO, where Ay and 1100 are

given by
AOO . D(A00> == C§°(0, 1), (A()Of)<l’) = Zf,(l’) + %f(l’)

Ay D(Ay) = C(0,1), (Zoof)(x):zf'@)—% (z).

REMARK 6.2.8. Note that we have slightly changed the notation for the preminimal

operators Ay and Ay as compared to previous sections. This is to avoid any confusion

with the operators Ay and Ay as defined in (6.2.1) and (6.2.2).

In (2.4.3), we have already computed ker(A*) = span{z "} and ker(A*) = span{z7},
which implies that ran(A4) = span{z”}+ and ran(A) = span{z~7}*. Now, consider the

operators Aand A given by
Ao D) = {7 e 20030 e 20.1) s fla) =~ [ yotay)
0

(Af)(w) =if' () + L () = (o)
A: D)= {f € 12(0,1): I € L(0,1) : f(x) = —ia” /0 yw(y)dy}

(A)(a) = if' () = L) = v(a)

~ ~
~ ~ ~

Clearly, ker(A) = ker(A) = {0} as well as ran(A) = ran(A) = H. Moreover, the inverse

operators Aland A can be read off immediately from the definition of A and A:

At (A () = —ie / ")y

I A 9 =i / ")y
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~ ~-1
From a direct calculation, it follows that the Hilbert-Schmidt norms of A=! and A

are given by
~—11|2

A

and

A\fl 2
1A s = 5

as  2—4v’
~1

which means in particular that A'and A  are bounded. Hence, we have that 0 €

~
o~ ~

p(A) N p(A). Next, let us argue that Ayy C A C A* and Ay C A C A" Firstly,

~
o~ ~

observe that C2°(0,1) C D(A) and C*(0,1) C D(A), which can be seen from the fact
that for any f € C2(0,1), we can choose ¢y (z) := if'(z) £ 2 f(z). Thus, Ay C A
and Ay C A. ], it is obvious that D(A) C H_(0,1) and D(A) H{ _(0,1) and by
a direct calculation, it can be checked that for f € D(A\) and f € D(E), we have
if'(x) + 2 f(x) = ¢(x) € L(0,1) and i f'(z) — 2 f(x) = P(x) € L*(0,1), which implies
that A C A* and Zlv C A* (see for domain and action of A* and A*). Moreover,
since 0 € p(A) N p(j), we get that A and Z are closed, which therefore implies that

~—1

AcC Aand A C A. Using that D(A) = A'ran(A) and D(A) = A ran(A), we obtain

the following characterization of A and A:
T R R e )
(AN = if @)+ L f(a) = v(a)
Too@={reron s e fo =i [Tyt

Af) (@) = if' (@) — L f(x) = o(a)

X

Now, observe that since ker(A*) ¢ ker(A*), we have by Theorem m that the Krein—
von Neumann extension of A C Ax would not be a proper extension of the dual pair
(A, ﬁ) Following the construction of the restrictions Ay C A and Ay C A as presented
in (6.2.2)) and (6.2.1)), we define the domains

~—1

D(A) := A '(ran(4) Nran(A)) and D(Ag):= A (ran(A) Nran(A)),

where ran(A4) Nran(A) = span{z?,z77}+. Moreover, observe that

d
(ia + z%) ot = £2iyx® 7 ¢ L2(0,1)
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which implies that ker(A*) N D(A*) = ker(A*) N D(A*) = {0}. Thus, by Lemma [6.2.4]
we get that D(Ag) and D(Ay) are dense. We therefore get

Ag: D(A) = {f € L*(0,1) : I L span{z”, 27} : f(z) = —iz™" /Ow y"*w(y)dy}
(Ao)(@) = if @) + L1 @) = v(a)

do: D(A) - {f € 12(0,1) : 3y L span{a”, 27} : f() = —ia? / ' yw@)dy}

0
(Aof)(w) =if () = L f (@) = w(a).
Moreover, by Corollary , Equation , the operators Aj and Z;; are given by
As: D(A) = D(A*)+span{z}, FHXa? s A f
Ay D(AG) = D(A")+span{z 7}, f+pa" = ATS

where f € D(A*), f € D(A*) and \,;u € C. The Krein—von Neumann extension of
Ay C Ap i is given by

Aok i D(Ayr)=D(Ag)+span{z?, 277}, [+ A"+ puz" = Aof,

where f € D(Ap) and A\, u € C. By Theorem we know that Agx is a proper
maximally dissipative extension of (Ay, go) and that Ay x = gz‘; i, where ZO’ K 1s given

by
Aok i D(Aox) =D(Ao)+span{z”, 7}, f+ A"+ pa = Aof,

where f € D(Ay) and A, € C.
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CHAPTER 7

Sectorial operators and the Friedrichs extension

In this chapter, we will apply the results of Chapter [5|in order to construct proper
dissipative and sectorial extensions of a given dual pair of sectorial operators.
Moreover, we will introduce the Friedrichs extension of sectorial operators and dis-

cuss some of its properties.

7.1. Sectorial operators

Let us introduce the class of operators whose numerical range is contained in a

sector:

DEFINITION 7.1.1. Let o, 8 € [—m,m) and o < B. A densely defined operator A is
said to belong to the class &4 5 if and only if its numerical range N is contained in

the sector {z € C: a < arg(z) < B}, i.e.
A€, o NsC{zeC:a<arg(z) <p}.

If an operator A is an element of the class &, 5 and it has no non-trivial operator
extensions that are in the class S, g as well, we say that A is a maximal element of

the class S, .

REMARK 7.1.2. Note that this definition is only reasonable if (5 — a) < 7, since

Ny is a convex set by the Toeplitz-Hausdorff Theorem.

EXAMPLE 7.1.3. According to this definition, & , is the set of all dissipative oper-
ators, &_z = the set of all accretive operators and for 0 <n < 7, &_,, is the set of all

sectorial operators with semi-angle 7 as defined in [26], p. 280.

Later, we will introduce the Friedrichs extension of operators of class &, 3, where
f—a < 7 and discuss some of its properties. In [26], this is only done for operators that
belong to the class &_,,,,, where 0 < 1 < /2. For technical reasons, let us therefore

introduce the following terminology:
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DEFINITION 7.1.4. If A € &, such that B — o < m, then A is called sectorial. If
in addition, there exists an n € [0,7/2) such that A € &_,,, we call A sectorial in

the sense of Kato.

Our first result is obtained by a repeated application of Theorem to an operator

of class 8, g, for a, f € [0, 7] and a suitably rotated version:

THEOREM 7.1.5. Let (A, A) be a dual pair of operators that has the common core
property. Moreover, assume that A € S, 5 and let 0 < o/ < o and f < ' < 7w such
that o/ # . For ¢ € [—a,m — (] define

V,: D(V,)=D(A)NDA)

€A — e %A
Vo= T 9 'pAnDA)

which is a symmetric and non-negative operator. Denote its Krein—von Neumann ez-
tension by Vi, . Moreover, let V C D(A*)//D(A) be a linear space and let Ay be
defined as in Theorem[5.2.8. Then, Ay € &y 5 if and only if

(7.1.1) VDV )nDV2, )
and the following two inequalities are satisfied for all v € V:

]m(v,e_ia,g*v) > ||V15’Kv||2

(7.1.2) Im(v, &) A*p) > ||V73125,’KU||2.

In the case o = ' ¢ {0, 7}, which of course is only possible if « = =o' = [ in the
first place, the conditions that Ay € Gy g = G40 Tead as

YV C D(VO%?), Im{v,e ™ A*) =0 and

1
sin o

Re(v, e " A*v) > ||Vé/2v\|2 YoeV.

PROOF. Since ¢ € [—a,m — ] and A € &, 5 we have that e?A is dissipative.
Moreover, e~ A is its formal adjoint and (¢*?A, e~ A) is a dual pair, which has the
common core property. Thus we may copy the reasoning of Theorem [5.2.8, where we
showed that V' = Az;z.g [D( A)D(A) is a non-negative symmetric operator. The proposition
now follows from the observation that the numerical range of A, will be contained in
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the sector {z € C : o/ < arg(z) < f'} if and only if e= Ay, and €/"=#) Ay, are both
dissipative at the same time. Thus, Condition and Equations are just
a rephrasing of the necessary and sufficient condition given in Theorem for this
case.

In the special case, where a = 8 = o/ = 3/ observe that the dual pair (A,X) must be
of the form A = ¢S and A = @9 , where S is a non-negative symmetric operator.
Moreover, for any ¢ € [—a,m — af, the operator V,, is given by V,, = sin(a + ¢)S and
since D(S*) € D(SK?), all elements of D(A*)//D(A) = D(S*)//D(S) are in D(V,/7),
which means that Condition is automatically satisfied if V C D(Volé(2 )= D(S}(/Q).

Now, impose the two conditions that

Im(v, e~ A"v) > [V} 2]? = 0

Im(v, &™) A*p) = —Im(v, e " A*v) > ||V7rlfsz||2 =0 YoeV,
which is equivalent to Im(v, e~ A*v) = Im(v, S*v) = 0 for all v € V. This ensures that
the numerical range of Ay is contained in the ray {z € C,arg(+z) = a}. To exclude
the possibility that {z € C: arg(—z) = a} C Ny, observe that Ay € &, if and only

it Ay € G4_ca4e for all € > 0. In terms of our previous result, this means that for all

e > 0, it needs to be true that
Im(v, e S*v) > sine - ||Sll(/2v|]2
—ie Q* . 1/2 112
—Im(v,e " S*v) > sine - ||SE||* Yo e V.
Plugging e = cose + isine into this equation and using that Im(v, cose S*v) = cose -
Im(v, S*v) = 0 by the previous reasoning yields the condition that
o~ 1
Re(v, S*v) = Re{v, e "*A*v) > ||S}</2v||2 = +||V;/2v||2 YveV,
sin «v

which finishes the proof. O

REMARK 7.1.6 (Continuation of Remark [5.2.17)). [32] describes all proper sectorial
extensions of a given dual pair of operator using intersections of operator balls. In
Remark [5.2.17, we pointed out how all proper dissipative extensions of a dual pair
could be described using an operator K € B(Py, + Py, VM- /ML) (cf. (5.2.12)).

Let us introduce ¢, (v) := Im(v, et A*p)— HV;@MP and let M¥ denote the corresponding
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self-adjoint operator on W? = (D(A*)//D(A)) ﬂD(Vgolﬁ/I?). Moreover, let us assume that
W¢¥ =)WV, ie. that it is independent of ¢ and let M¥ denote the selfadjoint operator
associated to g,. Moreover, let WX denote its positive/negative spectral subspace, W
its kernel and MY the corresponding positive and negative part of M¥. Characterizing

a proper extension of class &, z using an operator K € B(WW) as done in Equation

(5.2.12)), we may apply Theorems [5.2.13|and [7.1.5|in order to get that

—1
e (B By 1057)

nes <PW1_B/ Py, v e v M:ﬁ’) .

7.2. Extensions of strictly positive symmetric operators and symmetric

operators with at least one real regular point

Firstly, let us apply our results in order to determine all proper sectorial and accre-
tive extensions of a positive symmetric operator. While this is a well-known result (see

e.g. [23]), we want to show that it can also be obtained from the above shown results.

EXAMPLE 7.2.1 (Proper sectorial and accretive extensions of a positive symmetric
operator). Let S be a non-negative symmetric operator, where we assume that there
exists an € > 0 such that (f, Sf) > ¢/ f||* for all f € D(S). Clearly, finding all proper

sectorial and accretive extensions of (S, S) is equivalent to finding all proper extensions

have that

€?iS + e~ iS
b= 5 =cosp- S,

which implies that V;/I? = ,/cosy - S}f. Moreover, it is true that [2, Lemma 2.5,

Lemma 2.7]
D(S*) = D(S)+S5" ker(S*)+ ker(S*) = D(Sr)+ ker(S*)

and

D(S)?) = D(S}?) 4 ker(S*) D D(Sp)+ ker(S*) = D(5*) .

102



This means that any v € Sz ker(S*)+ ker(S*) can be written as v = k; + Sz ' ko, where
k1, ky € ker(S*). Thus, for any V C Si' ker(S*)+ ker(S*), observe that the set

B := {(k1, k2) € ker(S") x ker(S*) : ky + Sp'ks € V}

defines a linear relation. Moreover, since D(S*) C D(S%Q), Condition (7.1.1]) will

always be satisfied for any o, 3. Thus, for any ¢ € [-7, 7] we get
Im(v,ie"?S*v) = Im(k; + Sp'ky,ie?S* (k1 + Sp'ks)) = Im(k; + Sp'ky, i€ ky)
= cos - (Sp'ky, ko) + Im(ky, ie"?ky) .
On the other hand, we get
Vo (et + S ko) = [[v/cos(9) S 2Si al > = cos @ - (S, Ka) -
Thus, the condition
Im((ky + Sitka, i€"S* (ky + Sitka)) > [|V2(ky + Sitko)l? V(ki ko) € B
for ki, ko € ker(S*) is equivalent to the condition that
(7.2.1) Im(ky,ieky) >0 V(ki, ko) € B.

Let us introduce the subspace B(0) := {k2 : (0,k2) € B} C ker S* and observe that
for any (0, k2) € (0,B(0)), Condition is automatically satisfied. Thus it suffices
to show that Condition is satisfied for all (ky, k2) € B & (0,B(0)), which is the
graph of an operator B:

Im(ky,ieky) = Im(ky,ie"? Bky) >0 V(ki, ko) = (k1, Bk1) € B& (0,B(0)) = I'(B).

Note that B & (0,B(0)) denotes the orthogonal complement of (0,B(0)) in B, with

respect to the inner product

((k1, ko), (L1, 12)) = (b1, 1) + (Ko, Io)

for (ki, k2) and (14,12) being elements of H x H. This implies that B(0) is orthogonal
to the range of the operator B:

(7.2.2) B(0) L ran(B).

103



Moreover, in order that Condition be satisfied it is necessary that D(B) L
B(0). To see this, assume it is not true, i.e. assume that there exists a (ki,ky) € B
with ki # 0 (which means that k; € D(B)) and (0, k;) € B such that k; [ ky. Clearly,
(k1, ko + )\%2) € B as well for any A € C. Now consider

Im(ky, i€’ (ks + MNez)) = Im(ky, ieks) + Im(A(ky, i€¥ks)) |

which can be made an arbitrary negative number by a suitable choice of A and thus
violates Condition (7.2.1]). This means that B has to be an operator on B(0)* (orthog-
onal complement in ker S*). Thus by Theorem for any o € [0,5] and 8 € [5, 7],

2

a necessary and sufficient condition for Ay being an element of &, s is given by

Im(k,ie “*Bk) > 0

Im(k,ie'™ P Bk) >0 Vk € D(B),

which means that iB € &, 3. This is formally also correct for the special case that
a = f = 3, ie. for the case that we want to determine all non-negative symmetric
extensions of S. This follows from the special result as proved in the second part of

Theorem [T.1.5l Let us now show that

SB : D(SB) = D(S)+{k1 + S;ﬂlk'Q : (kl, ICQ) < B}

SB = S" ['p(se)

® B(0) = ker S* and B is a maximal
) @

is a maximal element of &, g if and only if D(B)
element of &, 5. Thus, firstly assume that D(B) & B(0) = ker(S*) and that B is

maximal. Then, we need to show that
ran(iSg +i) =ran(Sg+ 1) =H ,

since this means that ¢Sy is maximally dissipative by Proposition [2.2.5( which in turn
implies that ¢Sp is a maximal element of &, 3. Let ¢ € H such that ¢ L ran(Sg + 1).
Since

ran(Sp + 1) = (S + 1)(D(S)+{k1 + Sp'ks : (k1,k2) € B})
(7.2.3) = ran(S + 1)+{ks + (1 + Sz ks : (k1, ko) € B},
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this means in particular that ¢ € ker(S*+1). Moreover, since the operator 1—(Sp+1)~*
is a bijection between ker(S*) and ker(S* + 1) (cf. [22] Chapter 1.2.1, right before
Theorem 2.1]), there exists a unique ¢ € ker(S*) such that

(7.2.4) ¢p=[1—-(Sp+1)".

Now, decompose @) = 1y + 1by, where ¢; € D(B) and ¢, € B(0). Firstly, let us show
that 1o = 0. As ¢y € B(0) means that (0,v,) € B, we get by Equation (7.2.3) that
(1 + Sz")ey € ran(Sp + 1). Hence, since ¢ L ran(Sg + 1), this means that

0= (6, (1+ S5 )2) ED{(1— (Sp+ 1)) (W + ), (1 + S5 )ea)
= (1 + by, (1 — (Sp+ 1)) (L 4 Sp'ee)
= (y + v, (L= (Sp+ 1)+ S5t — (S + 1) 57 )o)
— (1, o) + inll? = 12,

where we have used the first resolvent identity —(Sp+ 1)~ +Sz! = (Sp +1)71S5! for

the last step. Next, let us show that ¢, = 0 as well. Since it is true that ¢; € D(B)
and by the above reasoning, we get that D(B) L B(0) as well as ran(B) L B(0).

Moreover, since we assume that D(B)®B(0) = ker S*, this implies that ran(B) C D(B).
Therefore, B is a densely defined operator on the Hilbert space D(B), i.e. from D(B)

into D(B). Furthermore, iB is of class &, s and maximal by assumption, we have that

ran(iB + i) = ran(B + 1) = D(B). Thus for all k € D(B), we get

0={(1—(Sp+1)"" Y, k+ (1+S)BE) = (¥, (1 — (Sp + 1)1k + BE)
= (Y1, (B+ 1)k — (Sp+1)"'k) .

Since ran(B+1) = D(B) this means that there exists k € D(B) such that (B+1)k = 11:

0= (¢1,91) — (U1, (Sp+ 1) (B+1) ) = [[ul* = [[(Sp + 1) "l (B + 1) o

1
> (1- 2
> (1- 12 ) Il

where we have used Cauchy—Schwarz for the first estimate. For the second estimate, we

use (f, Spf) > ¢|f||? for all f € D(Sr) by assumption, implying that ||(Sp + 1)~ <
7 and [|(B 4 1)7'|| < 1. This implies that ¢ = 0 from which we get that ¢ =0, i.e.
ran(iSg + i) = H. Moreover, observe that the conditions that (B)L Nker S* = B(0)
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and ¢B being a maximal operator of class &, are optimal in the sense that they
characterize all maximal extensions of the dual pair (i.S, —iS) that are of class &, s:
For the case that ﬁ @ B(0) is a proper subset of ker S*, we could always extend
the multivalued part B(0) of the linear relation B by (D(B) @ B(0))* (orthogonal
complement in ker S*), which we have shown to correspond to an operator of class
S,.5, which obviously would be a proper extension of Sg.

If on the other hand we have that ¢B is not a maximal operator of class &, g, we can
take a maximal extension of iB, denoted by ¢B’, which is of class &, 3 and the linear

relation
B'=T'(B") @ (0,B(0))

corresponds to an operator Spr € &, g, which is maximal again by the above reasoning.
The existence of such an operator B’ follows from Proposition for the sectorial
case and is obvious in the dissipative case (since otherwise, B would have already been

maximally dissipative). We thus have shown the following result:

THEOREM 7.2.2. Let S be symmetric and semibounded with semibound e > 0. Then,
for a, B € [0, 7|, there is a one-to-one correspondence between all maximal proper ex-
tensions of ©S that are of class &5 and all maximal operators iB of class &, 5, that
are densely defined on an arbitrary closed subspace of ker S*. This correspondence is

given by

D(Sp) = D(S)+{Sp'k : k € ker S* N D(B)*}-+{k + Sz'Bk : k € D(B)}

iSB = ZS* rD(SB) .

ExampPLE 7.2.3 (Dissipative extensions of a symmetric operator). Very similar to
the above statement, we can show a result on maximally dissipative extensions of sym-
metric operators that are boundedly invertible on their range. This could for example
be used to analyze the dissipative extensions of periodic operators or massive Dirac

operators:
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THEOREM 7.2.4. Let S be a symmetric operator and let 0 € p(S\>T. Then, there
1s a one-to-one correspondence between all maximally dissipative extensions of S and
all maximally dissipative operators B that are densely defined on an arbitrary closed

subspace of ker S*. This correspondence is given by
D(Sg) = D(S)+{S 'k : k € ker S* N D(B)*}+{k + S 'Bk : k € D(B)}
Sp = 5" Ip(sg) »
where S is any selfadjoint extension of S such that 0 € p(g)

PRroOOF. By [44], Satz 2.67], there always exists a selfadjoint extension S of S such
that 0 € p(S). Again, (S,S) has the common core property with § = S being its own
formal adjoint. From this, we find that V = % Ips)= 0 [pesy on D(S), which is
essentially selfadjoint. Hence, the Krein—von Neumann extension of V', is given by the
zero operator Vi = 0y defined on the entire Hilbert space and its square root is given
by the zero-operator too: V[l(/2 = 0g. Thus, we have for all v € D(S*)//D(S) that
v e D(V/?) = H and clearly it is true that ||V,/*v||2 = 0 for all v € D(S*)//D(S).
Using Proposition for A =0, we get

D(5*) = D(S)+5 " ker(S*)+ ker 5,

which means that there exists a one-to-one correspondence between all subspaces V C
S~1ker $*+ ker S* and linear relations B = {(ki, k2) € ker $* xker 5* : ky+S 'k, € V}.
Thus, the condition from Theorem for Sy, being a dissipative extension reads as:

Im(ky + Sk, S*(ky 4+ S k)Y = Im(ky + S ko, k) = Im(ky, ks) >0 V(k1, ko) € B

The condition for Sp being maximally dissipative now follows from completely analo-

gous reasoning to that in the previous example. U
EXAMPLE 7.2.5 (Taken from [2]). Let H = L*(R") and consider the operator
A:r DA ={f € H*R"),f(0)=f(0) =0}, fr—f"+F.
The adjoint of this operator is given by
A'r o DAY ={feH*R")}, [ —f"+f

7-2.1This can easily be generalized to any symmetric operator with at least one real point in is field of regularity
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and the Friedrichs extension Ay corresponds to a Dirichlet boundary condition at the
origin:

Ap: D(Ap) ={f € H*RY), f(0) =0}, [ —f"+[.
It is easy to check that ker A* = span{e ™} and Az'(e™®) = lze ™. Since ker A*
has dimension 1, there are only two possible choices for D(B): either D(B) = {0},
which corresponds to the Friedrichs extension or D(B) = ker A*. In the latter case, all
dissipative operators from D(B) to ker A* are given by the multiplication by b, where

Imb > 0. Thus, all maximally dissipative extensions of A, which are different from the

Friedrichs extension, are given by

Ay: D(A,) = D(A)+Fspan {gxex + ex} = {f € H*(RY), (0) = (9 — 1) f(O)}
fe=f"+f,

where Im b > 0. Finally, let us check the dissipativity of A, by a direct calculation:

(. Auf) = 5 |- [ (@) - i) ae| = 5, [0)10) - FO0)

-2 [(3-1) o= (3-1) o) = () 1s0F 0.

EXAMPLE 7.2.6. (The Dirac-operator on the half-line; following the notation and

definitions of [45, Chapter 15]). This example is supposed to show that our results
work also in the case that the operator is not semibounded but has a real number in

its regularity domain.

Let H = L*(R*;C?) and let

fi -1 4 J1 —fi+ fs

Tf=1 = —
fo —% 1 f2 —f1+ fo

Then, we define the maximal operator T" on H as follows.
T: D(T)={f=(fi.fo) € *R;C?):
f is absolutely continuous in R, 7f € L*(R*;C?)}

f—=rf.
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The minimal operator Ty is given by

TO : D(To) = f c D(T) : —

f=rf.

It holds that Tj is symmetric and that (—1,1) C p(Tp). Moreover, it holds that 7§ = T.
Finally, we need one self-adjoint extension of Ty with zero in its resolvent set. To this

end, consider

~)

D(T) = {f = (h, f») € D(T) : fo(0) = 0}
frrf,

which has the desired properties. A short calculation shows that
ker 7§ = ker T' = span

and

As in Example [7.2.5, we have that dimker7j = 1. Therefore, there are only two
possibilities for the choice of D(B): either D(B) = {0}, which corresponds to T or
D(B) = kerT}. Thus, all maximally dissipative extensions of Tj that are different from

T are given by

~ ~ , 1—0b)e™
Tb : D(Tb) = D(Tg)—i-span ( )

={f=(fi, )  €D(T): f(0) = (b—1)f2(0)}
feTf,
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where Im b > 0. Again, let us verify that these operators are dissipative, i.e. for all

fe D(fb), consider

Im<( fl ) s (1 E) ( fl >> :21[<f17f£> B <févf1> +<f{7f2> - <f27f{>]
fo -4 1 fa !

:%[fl(o)m— f1(0)£2(0)] = (Im b)| f2(0)[* > 0.
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7.3. The Friedrichs extension in the common core case

For convenience, let us recall the definition of a closable quadratic form:

DEFINITION 7.3.1 (Closable quadratic form, cf. |26 VI, §1, Sec. 4]). Let q be a

quadratic form. Then, q is called closable if and only if for any sequence {f,}, C D(q),
we have that if

n—o0

anH — 0 and Q<fn_fm> mE}mOv

then this implies that

n—oo

q(fn) — 0.

REMARK 7.3.2. If ¢ is closable, its closure ¢’ is given by [26], VI, Thm. 1.17]

¢ D)={feM Hf}nCDQ) st ||fo—fIl"=F0 and ¢(fn— fm) """ 0}
/ IR T
¢'(f) = lim q(fn).
For an operator A which is of class &, g with 8 —a < 7, we can define its Friedrichs
extension Ap. In the literature (e.g. in [26]), this is usually done for sectorial operators

with angle 7, i.e. for operators which have numerical range contained in the set {z €

C:—n <arg(z) < n} for some 0 <n < 7:

PROPOSITION 7.3.3. Let T' be sectorial in the sense of Kato and let sy be the

sesquilinear form induced by T, 1i.e.

sr: Dlsr) =D(T) x D(T)

(QD, w> = ST(QOa w) = <90? TW .

Then, st is closable, where we denote its closure by sr,. The form domain Q(T) of

st 1s defined as Q(T) := D(T)H.”T, where the norm || - ||r is given by

(7.3.1) 1117 == 111 + Relyp, T) -
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The Friedrichs extension of T — denoted by Tr — is the operator associated to s,

i.e. it is given by

Tp: D(Tp)={fecQT):FweH st sr.(f,9) = (w,g) Vg€ QT)}

f—=w.

Here, st,(-,-) denotes the sesquilinear form associated to sr, that can be obtained by
polarization.

The operator Tr 1s maximally sectorial and the closures of the numerical ranges of
T and Tr coincide.

Moreover, we have the following description of Tr.:

Ty D(Tp) = QT)ND(T)
(7.3.2) Te=T" Iprs) -
PROOF. For the construction of the Friedrichs extension, we refer to [26], VI, The-

orem 1.27, Theorem 2.1, Corollary 2.4 and VI, §2.3]. For (7.3.2)), cf. [T, Remarks right
after Thm. 1]. O

Let us now define the Friedrichs extension of an arbitrary sectorial operator T'. The
(mathematically almost trivial) idea is to rotate such an operator by multiplying it by
a suitable phase € such that one obtains an operator e*#T that is sectorial in the sense

of Kato.

DEFINITION 7.3.4. Let T € &,5 with 8 — a < m and let €' be such that €T is

sectorial in the sense of Kato. The Friedrichs extension of T is defined as
Tp =e ¥ (ewT)F ,

where (¢"°T) . denotes the Friedrichs extension of the operator €T that is sectorial in

the sense of Kato as it is defined in [26, p. 280].

The following lemma guarantees that the Friedrichs extension does not depend on

the specific choice of ¢ as long as €T is sectorial in the sense of Kato:
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LEMMA 7.3.5. Let S be an operator which is sectorial in the sense of Kato with

semi-angle n < 5, i.e.
(7.3.3) |[Im{1), S¥)| < tann - Re(w), Svb)  for allyy € D(S) .

Moreover, let o be such that | £ n+ | < 5, which means that e S is still sectorial.
We then get that

(7.3.4) (e'9), = e¥Sp.

Proor. This follows from the fact that the norms induced by the real parts of S
and €#S as defined in (7.3.1)) are equivalent. For simplicity, assume that ¢ > 0. Since

Re (1), €?S1)) = cos ¢ - Re(y), S1) — sin ¢ - Im (), Stp)

> cos ¢ - Re(y), Sv) — sing - [Im(), Sv)]|
cos(1 + )

Re(y, Sv)
cos 1
and
Re(1, €?S1)) = cos p - Re(y), S1) — sin ¢ - Im (¢, Stp)
< cosp- Re<¢7 S@Z’) +singp - |Im<1/)7 S¢>‘
—
< O Dty su)
cos 1
we get that Q(S) = Q(e¥S), using that n+¢ < Z. Moreover, since D(S*) = D((e'¢S)*),
the lemma follows from ([7.3.2]). O

REMARK 7.3.6. With this generalization of the Friedrichs extension for any operator

T € 6,5 with f — a < m and the previous lemma, we get that
(7.3.5) (e¥T)p = T,
where ¢ € [0, 27) is arbitrary.
For the main theorem of this section, we will need the following result:

LEMMA 7.3.7. Let Sy be sectorial and let S be its closure: S = Sy. Then, the
Friedrichs extension of Sy, which we denote by Sy and the Friedrichs extension of S,

denoted by S coincide: Sy p = Sp.
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PRrROOF. The fact that Sy C S implies that Sop C Spg by construction of the
Friedrichs extensions of both operators. On the other hand Sy C Sy implies that
Sorp C Sy = 5%, from which we conclude that S C Spr. But again we may argue
that this implies S C (Sor)r, where (Spr)r denotes the Friedrichs extension of Sy p.
However, by [26, VI, Thm. 2.9], we know that Sy r = (So.r)r, from which it follows
that Sp C Sy r and thus the lemma. O

Let us now show that for a dual pair of sectorial operators (7, T) that has the

common core property we have that Tp = f}

THEOREM 7.3.8. Let (T, f) be a dual pair of operators, which has the common core
property. Moreover, assume that T is of class S, g such that B—a < m and let T} and T()
denote the corresponding restrictions of T and T to a common core D C D(T)ND(T).

Then we have Tp = Tj. In particular Tp is a proper maximal class &, 5 extension of

the dual pair (T, T).

PROOF. Since we have that 3 —a < 7, there always exists a complex phase e such
that S := ¢”T and S := e~*T are sectorial in the sense of Kato, i.e. of class &,

for some n < 7. Let Sy and §0 denote the corresponding restrictions of S and S to a

common core D C (D(T) ND(T)). Since T has the common core property, it is true
that

So =S and §_0:§.

The sesquilinear forms induced by Sy and §0 are given by

S8y - D(850> = D(S@) X D(So)
SSO (()07 w> - <Q0, So¢>
sz, ¢ Dlsz) =D(So) x D(Sy) = D(S) x D(Sy) = D(ss,)

s5,(0.1) = (0, Soth) .
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and their real parts as defined in [26, VI, §1.2], can be shown to be equal:

S, ) = 5(50(0,0) + 85,6, 9) = 5 (55,0, ) + 55,8 9)
_ %W, ) + (S, 09) = 5 (4o, St + (g, )
= 255, (.) + 35, 0:9)) = 3(s5,(0.) + 55 ()

= 55 (0,9) -

Note that the adjoint form s% is defined via s§ (¢, %) = s5,(¥, ¢). Now, let || - |5, and

| -[Ig, denote the norms induced by the real parts of the sesquilinear forms sg, and sg :

19115, = 117 + sg5 (8, 9) = 1W1” + s (@, ) = ¥, ,

which are equal by the above reasoning. Then
Q(So) — ,D<SO)”HSO
and

Q(go) _ (Sg)” 5,

are equal, i.e. Q(Sy) = Q(S). Let Sso and sz - denote the sesquilinear forms
associated to the closure of the quadratic forms induced by sg, and sg . By Proposition
7.3.3, we know that they give rise to two maximally sectorial operators Sy r and §0, 2
By construction, we know that for any ¢ € Q(Sp) and for any ¢ € Q(S) there exist
two sequences {p,}, C D(Sy) and {¢, }n C D(Sp) such that

Pn — P and ¢n — 1/} and <§0n7 SO¢1’L> — SSO,F(SO7 w) :

Hence, for all o, € Q(Sy) = Q(go)

5580, F(QO w> <§0m 501/}n> = lim <§090m ¢n>

n—o0

= lim (4, Son) = 55, (4, 0) = 8%, (9,9) -

But, from [26] VI, Thm. 2.5] it follows that 5% » = 555, which implies that Sy p = §g,F
and by Lemma [7.3.7], this implies that

(7.3.6) Sp =55,
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Since S C Sy and S C §F, respectively §;; - §*, this yields S C Sg §;; C §*,

which — after a suitable multiplication by e~* is the desired result. 0

THEOREM 7.3.9. Let (T, T) be a dual pair of sectorial operators with the common
core property. Let Tr be the Friedrichs extension of T'. Then for all ¢ € [0,27) such
that T is dissipative and for all v € D(TF) it is true that

Im(v, e T*v) = Imu, e Tiv) = |V, 50l = |V, 2ol

where V, p and V,, i are the Friedrichs and the Krein extension of

1 i —ip
Vi, = 2—7;(6 T — e T) [D(T)OD(T) )

This implies in particular that D(Tg) C D(V;/ﬁ). Moreover, this is equivalent to saying
that the quadratic form q, as defined by

4p(v) = Im{v, ¢ T"0) — ||V, gl
(cf. Equation (5.2.9))) vanishes identically on D(Tr), i.e.
4s o= 0.

PrROOF. Firstly, observe that by Lemma [7.3.5] we only have to consider the case
¢ = 0, which is why will drop the index ¢ from now on. Moreover, as we will show
in Lemma , we have that ||V ?v||2 = ||[VA%v||? for all v € D(VE?). Now, let us
define Ty :=T' [5(p)p(7y and To:=T 'perynpr) and let v € D(Tp). This means that
there exists a sequence {v,}, C D(T) such that

v, = v and (v, Tv,) — (v, TFv)

and thus in particular

Im(v,, Tv,) — Im(v, Tpv) .
By Lemma we may choose {v,}, even such that {v,}, C D(T). By Theorem
, we know that Tr C T* and thus

~ 1
Im(v, T"v) = Im(v, Tpv) = lim Im(v,, Tov,) = lim bY ((Un, Tovn) — (Tovn, vn))

n—oo n—oo 41

1 ~
= lim — ((vn,Tovn> - (vn,Tovn>> = lim (v, Vou,)

n—oo 21 n—00
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Since v, — v and we know that (v,, Vov,) converges, this implies that v € D(Vy = %) and
that lim,, e (Vn, Vou,) = ||VF/ v||? from which follows that

Im (v, T*v) = ||V1$/2v||2 for all v e D(Tp),
which finishes the proof. O

COROLLARY 7.3.10. Let T and T satisfy the assumptions of Theorem and let
¢ € 10,2m) be such that €T is still dissipative. In addition, assume that

dim D(T*)//D(T) < oo .

Then, for W, WS and WY as defined in Theorem for q,, we get

(7.3.7) dim Wf < dim W?
as well as
(7.3.8) dim WY + dim Wy = dimker(T* — i) .

PROOF. Since (¢¢T, e~*T) is a dual pair satisfying the conditions of this corollary,
and by , it again suffices to only consider the case ¢ = 0. By Theorem , we
know that the Friedrichs extension T is a proper maximally dissipative extension of
the dual pair 7" and T. Moreover, from Theorem it follows that there exists a

contraction from W, into W_ such that

D(Tr) = D(T)H{(1 + VM- C\/My)ws, ws € Wil iWy .

For any (1 + \/M,flC\/MJr)er + wp, with wy € W, and wy € W, we have shown
that

g((1+ /M CV/M )y +wg) B2 (/Mowy, (1 - CC)y/Mow,)

On the other hand, by Theorem [7.3.9] it is true that ¢ [p(r,)= 0, which means that
the contraction C' has to be an isometry from W, into WW_ and since isometries are

injective, it immediately follows that dim W, < dim W_.
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Equation ([7.3.8)) now follows from the fact that T is a maximally dissipative proper

extension of the dual pair 7" and T. Using Lemma , we get that
dimD(Tr)/D(T) = dim ker(T™ — 1)
and since
dim D(Ty)/D(T) = dim ({(1+ VM- VM Jws,wy € Wi W)
= dim W, +dim W,

the result follows. 0

ExAMPLE 7.3.11. For v > 0, consider the dual pair of differential operators ( Ay, Zo):
AO : D(Ao) = CSO(O, 1)

(Aof)(x) = — (@) + 3 f(x)

Ay D(A) =CX(0,1)

(Aof) (@) = —f"(2) — L f(a).

22
Moreover, define A := A, and A= ATO, which means that the dual pair (A, Z) has the

common core property by construction. Since

(f, Aof) = /0 @ (—f”@:) n i—Zf(m)) dz = /O @) + i /0 WPy,

for all f € C°(0,1), we have that Ny C {z € C: Rez > 7%, Imz > 7}, where the
lower bound for the real part of the numerical range is estimated by the first Dirichlet
eigenvalue of the Laplacian on the interval and the estimate for the imaginary part is
an immediate consequence of L > 1 for 2 € (0,1). This implies that A is of class So,z
and that 0 € p(A). Let us now determine the Friedrichs extension of A. To this end,

consider the real part of the form induced by By := e~/ Ay:

iz \/E ! J(x 2
739) £, = I+ Rets, o) = 1512+ 57 (17140 [ L900r)
This can be shown to be equivalent to the first Sobolev norm:

V2

(7.3.10) (P +IFIP) < 1411, < max {1, ? + 2\/57} (LA + 117
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where the second inequality follows from an application of Hardy’s inequality in order
to estimate fol U;#de. Thus, we have that the form domain of the Friedrichs extension

Ap is given by
(7.3.11) Q(Ap) = C(0,1) "™ = H}(0,1) |

i.e. the first Sobolev space with Dirichlet boundary conditions at 0 and 1. A calculation
— using Formula for A = 0 — shows that we have to distinguish two cases for
D(A*):

e The case v < v/3. Define the numbers wy := @. Then we get

D(A*) = D(A)+span{a®+, 2%~} fspan{a™ 2 272} |
e For the case v > V3, we get
D(A) = D(A) Fspana ) Fspanfa*3}

because v > V3 implies that Rew_ < —%, from which follows that z¥- ¢
L?(0,1).
Also, observe that A* = JA*J, where the conjugation .J is defined as (Jf)(z) := f(x).
From this it immediately follows that D(A*) = JD(A*) = {f : f € D(A*)}. Using
Equation (7.3.11) and that D(Ar) = D(A%) = Q(Ar) ND(A*), where the first equality

follows from Theorem and the second from ((7.3.2), we get
e For v < /3:

D(Ap) = D(A)+span{a® — 27772 g9+ — 27121
o For v > V/3:
D(Ap) = D(A)Fspan{a“r — 2772} .

Now, let us apply the results of Theorem [5.2.8/and Theorem [7.1.5|in order to construct
sectorial extensions of the dual pair (A, g) To this end, define A, := e¢“A and Z@ =
e~% A for pE [0, g] As in Theorem [7.1.5| define the operators V,, := %(Aw — Ap) D,

where D is a common core for A, and ;LD as its domain (we may pick e.g. D = C5°(0, 1)).
A calculation shows that for any f € C§°(0,1) we have that
v/ (@)

T2

(Ve f) () = = (sin @) f"(x) + (cos o)
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Observe that for ¢ = 0, the operator V,— is essentially selfadjoint, with its unique
selfadjoint extension being the maximal multiplication operator by the function vz 2.
For ¢ # 0, firstly observe that the norm induced by V,, is equivalent to the first Sobolev

norm. This follows from completely analogous reasoning to that in Equations ([7.3.9)

and (|7.3.10]). Hence, we get
(7.3.12) Q(V,r)=Hy(0,1) forall ¢ € (0,7/2] .

Moreover, it is not very hard to check that (f,V,f) > 7| f||* for all ¢ € [0,7/2] and
for all f € C§°(0,1), which implies that the form domain of the Krein—von Neumann

extension of V, is given by
(7.3.13) Q(Voix) = Q(Vyr)tker V) forall ¢ e (0,7/2].

Moreover, it can be shown that

14++/1+4ycotp 1—y/I+4~coty
Jx 2

span {x 2
14++/1+4~ cot ¢ }
2

- 3
fer 1 — if cot p < i
©

span {x else .

Now, define k,(z) := 272" and observe that for any f € (D(A*)//D(A)) N

D(V,/7), the following is true:
Im(f, e A f) — VIR FII? = Im(f, e® A* ) — V2 (F — F(Dk,)I?

where we have decomposed f(x) = gf(x) — f(Dky(2)) —i—f(l)k:w(xl according to Equa-

~~

€Q(Vr) eker Vx
. . . . . . —V co . .
tion (|7.3.13). Note that this decomposition is independent of whether 25 s in

ker V' or not, since this function never matches the required boundary conditions at 0.

Also, observe that for v > /3, we have that D(A*)//D(A) C D(Vém), but for v < v/3

note that z*- ¢ D(chl,/}?), which yields

(7.3.14) (D(A*)//D(A)) N D(V;/I?) = D(A)+span{z“+, 2% 2%~}

A calculation now shows that for all f € (D(A*)//D(A)) N D(V;/I?), we can simplify
4o(f) =Im{ £, P A" f) = VR (F = FUk)IP

1+ v1+4ycotyp
5 .

(7.3.15) — Im (mew f’(l)) [ f(1)]?sin g
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By formally letting ¢ — 0, we also obtain the correct expression for the case ¢ =0
(cf. Equation (5.4.8)) after an integration by parts), which we will include from now on.
Also, note that the sesquilinear form, which is associated to ¢, on (D(A%)//D(A)) N

D(V;,/[?) is given by:

T )+ FT50) | 75,1 i 1+ VT

(7.3.16) s,(f,g9) =

Let us now discuss the two cases depending on the value of v:

e The case v < v/3: Since dim ker A = 2, this means that any maximal extension
of A needs to be two-dimensional. Also, since A is sectorial, we know by

Corollary [7.3.10 that dim W¥ + dim W} = 2, which together with the fact that
dim ((D(Z*) /D(A)) N D(v;/;)) —3

implies that dimW? = 1. Here, the additional index ¢ for W?, where *x €
{+,0, —}, indicates the spectral subspaces as defined above for the selfadjoint
operators M¥ associated to the quadratic forms g,. Another consequence of
Corollary is that dim W¥ < 1, which readily implies that 1 < dim W <
2. From the expression of the sesquilinear form s, given in Equation , it
can be directly seen that a function y € span{z“+, z%+*2 72} with x(1) =

X'(1) = 0 has to lie in ker M¥. It can be easily verified that the function
X(ZU) = (W—i— —w_ — 2)($w+ _ m@-ﬂ) _ (w+ - 2)($W+ B $wT+2)

satisfies these conditions and thus x € ker M¥ for all ¢ € [0,7/2]. Moreover,
define the two functions

(2 + —w+)xw+ _ w+xﬁ+2 _xw_._ + I.H"r?

and ¢(x) =

(7.3.17) b(x) =

Y

2+ Wy — wy 2+ Wy — wy

which satisfy the boundary conditions
v(1)=1 J(1)=0
p(1)=0 ¢'(1)=1.

Now, observe that for any ¢ € [0,7/2], we have

1+ +1+4ycoty
2 )

q(¢ —ie ¥ed) = ¢ +sinp
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which certainly is positive, if we choose ¢ > 0. It follows that dimW¥? > 1
and consequently dim WY = dim W§ = 1. As we already have established that
x € ker M%, this implies that W{ = ker M¥ = span{x}. By Theorem [5.2.13]
this implies that any proper maximally dissipative extension of A, must have
span{y} in its domain and since the extension has to be two-dimensional, it
also needs to contain a suitable linear combination of ¢ and ¢, whose structure
we will discuss after having treated the case v > v/3.

e The case v > v/3: Since dim ker A* =1 in this case, this means that any max-
imal extension of A needs to be one-dimensional. By analogous reasoning to
that in the case v < v/3, we may conclude that dim WY + dim Wy = 1. More-
over, the fact that dim((D(A*)/D(A))ND(VY?)) = 2 implies that dim W¥ = 1.
In order to determine dim WY, observe that the functions ¢ and ¢ as defined in
Equation , can also be defined for the case v > v/3 and they still have
the property that ¢, ¢ € (D(A*)//D(A)) N D(V,/?). Thus, by mimicking the
reasoning for the case v < v/3, where we have considered q(h—ie %ed) > e > 0,
we may again conclude that dimW¥ = 1 and consequently that dim W§ =
for all ¢ € [0,7/2]. Since ker M¥ is trivial in this case, all proper maximally
dissipative extensions have to be suitable linear combinations of ¢ and ¢, which

we will discuss next.

Firstly, let us exclude the case ¢ = 0, which needs to be treated separately. To begin

with, look at linear combinations of ¢/ and ¢ that are of the form

§ =+,

where p € C has to be determined. Note that p = 0 corresponds to an element in the

domain of the Friedrichs extension. Plugging £, into the Equation for ¢, as given in

(7.3.15)), we get — after a short calculation — that ¢,(&,) > 0 if and only if

.
~ 26(p)

ie'®
26(p)

(7.3.18) ‘ p+

where the function k() is given by

1+ v1+4ycoty
5 .

k() =sinp -k (1) =singp
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Moreover, for the case ¢ = 0 we get that ¢o(¢,) > 0 if and only if
Imp > 0.

Finally, we have to include the case { := 9, for which we get ¢,({) = k(p) > 0 for
all p € [0,7/2].
We thus have found a full description of all proper maximally dissipative and max-

imally sectorial extensions of the dual pair (A, ;1)

e For the case v < /3 all proper maximally dissipative extensions of (A4, Z) are

given by
A, D(A,) = D(A)+span{,}+span{x}
(7.3.19) Ay = A" Ipa,)
where
(7.3.20) pe{zeC:Imz >0} U{oo}.

If in addition, we require that the numerical range of A, is contained in the
sector Spr—p = {2 € C: 0 < argz < m— ¢}, where ¢ € (0,7/2], the parameter
p has to satisfy

ie'?

) 2 5 )) U O

e For the case v > /3, we can describe all proper maximally dissipative exten-

2z +

(7.3.21) pE({zEC:IszO}ﬂ{zEC:

sions of (A, A) as follows:

A, D(Ap) = ’D(A)—i—span{fp}

(7.3.22) Ay = A Ipa,)

where p has to satisfy ((7.3.20)). If we require in addition that the numerical
range of A, be contained in Sy,_,, Condition (7.3.21)) has to be satisfied as

well.

For the case v = 1, Figures anddisplay the sets (upper figure) of p € C such that the
numerical range of the operator A, is contained in the sector Sy r_, (lower figure). For

any fixed ¢ € (0, g], one obtains this set by intersecting the closed upper half plane
with the exterior of the open circle having center point equal to _QZ:E:) and passing
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through the origin. The set C' := {—2’;";;) NS (O, g]} is shown in purple on these

figures. The center point —2,{(:) can be obtained by intersecting C' with the straight

line, which encloses an angle of ¢ with the negative imaginary axis. Observe that p = 0,
which by construction describes the Friedrichs extension, is the unique point, which is
contained in the intersection of the boundaries of the sets
et

buge)

* T )

ﬁwzz{ZEC:

~ 26(p)
for p € (0,7/2] and

Ro:={2€C:Imz >0} U{o0}.
This is a consequence of Theorem , which states that the quadratic form g, has
to vanish identically for all elements in the domain of the Friedrichs extension for all

¢. However, the quadratic form vanishing for §, corresponds to p being an element of

OR,.
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Im(2)
% Re(2)

FIGURE 1. The upper figure depicts the set of all p such that A, has numerical range

contained in the sector Sp z, which is shown in the lower figure. This means that

=73
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Im(z
¥
|

FIGURE 2. The upper figure depicts the set of all p such that A, has numerical range

contained in the sector S, sx which is shown in the lower figure. This means that
p=7
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CHAPTER 8

A generalized Birman—Krein—Vishik theory for sectorial

operators

In the following, we are going to develop an analog of the Birman—Krein—Vishik
theory of selfadjoint extensions, where we want to define a partial order in the imagi-
nary parts of the different extensions of a dual pair of sectorial operators. If the dual
pair (A, g) under consideration has the common core property, we have seen that the
“imaginary part” of A can be defined as V := (2i)"'(A— A) |p, where D is the common
core. It turns out that the proper maximally dissipative extensions of (A, ﬁ) can be
parametrized by auxiliary operators D that map from a subspace of ker AN D(Vfl{/ 2)
into ker A*. We will denote these extensions by Ap. After that, we will show that
— provided it is closable — the closure of the quadratic form f — Im(f, Apf) corre-
sponds to a non-negative selfadjoint extension of the imaginary part V. This enables
us to apply the results of Birman—-Krein—Vishik in order to define an order between the
imaginary parts of the extensions Ap. In order to present our result a way similar to

Proposition [1.1, we need to introduce a modified sesquilinear form.

DEFINITION 8.1. Let (A, A) be a dual pair which has the common core property,
where 0 € p(A). Moreover, assume that A is sectorial and dissipative. Let us define the

following non-Hermitian sesquilinear form:

] DWVY)xH-=C
[F.9):= (f.9) = 20(V* £, V2 )
Since Ap is mazimally dissipative, we get D(Ap) C D(V;/Q), which means that [-, ]

is well-defined. Moreover, for any subset A C D(Vll(/Q), let us define its orthogonal

companion A1 gs

A =LgecH  [f,g] =0 forall fc A}.
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REMARK 8.2. It is not necessary to compute V;/ 2 explicitly in order to determine
[f,g], as it is sufficient to know the action of the quadratic form ) ||VI§/2¢||2. The

value of (Vll{/ °f, Vli/ QAF g) can then be obtained by polarization.

Since we have chosen to investigate extensions of dissipative sectorial operators, let

us make the following convention:

CONVENTION 8.3. When speaking of a sectorial operator A € &, 3, where (f—a) <

7, let us assume once and for all that o, 5 € [0, 7].

Let us now use auxiliary operators D from ker A* ﬁD(VIy 2) to ker A* and subspaces
M of (ker A* N D(D)H)) in order to parametrize the proper dissipative extensions of
(4, A);

THEOREM 8.4. Let (A, ﬁ) be a dual pair with common core property, where A is
sectorial and 0 € p(A). Then all proper dissipative extensions of (A, A) can be described
by all pairs of the form (D,9N), where

e D is an operator from ker A* N 'D(V;m) to ker A* that satisfies
(8.1) Imlk, DE] > |V/?K|]>  for all k € D(D)
e M C (ker A*ND(D)H).
The corresponding dissipative extensions can be described by
Apm:  D(Apm) = DA)+{A:'Dk + k : k € D(D)}+{A:'k : k € M}
Apan = A" Ip(ap.m)

Moreover, Apgn is mazimally dissipative if and only if M = (ker AN D(D)m) and D
is maximal in the sense that there exists no extension of D C D' such that ker A* N

D(D)H = ker A* N D(D)H and D' still satisfies (8.1)).

PROOF. Since A is sectorial and the dual pair (A, E) has the common core property,
we have by Theorem[7.3.8|that it allows for the Friedrichs extension Ap, which is proper:
A C Ap C A*. Moreover, by Proposition , we have that 0 € p(Ar), which means
by Proposition that we can write

D(A*) = D(A)+A;" ker A*+ ker A* .
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Hence, we can choose D(A*)//D(A) = Az ker A* ker A*. Now, all possible subspaces
of An!ker A*+ ker A* will be of the form

Voo := {A7'Dk + k : k € D(D)}+{A;'k : k € M},

where D is a map from D(D) C ker A* to ker A* and 9 C ker A*. We therefore
use the pairs (D, 9) to parametrize all proper extensions of the dual pair (A, Z) via
Ayp o = Apan. Thus, by Theorem [5.2.8, Ap gy is dissipative if and only if we have
(A" Dk + k) + Ap'k] € D(V,/?) and

q((A7' Dk + k) + Ap'k) :=

Im((A7 Dk + k) + Ak, A*[(A7 Dk + k) + A7'k))

(8.2) — V(A" Dk + k + A7 k)|)* > 0,
for all k € D(D) and k € M. Since Ap is a proper maximally dissipative extension of
(A, A) we have by Theorem that D(Ap) C D(V]iﬂ), which means that the first
condition is satisfied if and only if D(D) C D(V]y %). Let us rewrite (8.2):
4((A7' Dk + k) + Az'k)
= Im((A;' Dk + k) + Ap'k, A*[(A7 Dk + k) + Ap'k]) — |V (A7 Dk + k + A7'k)|?
— Im(A;' Dk + A7k, Ap[A7' Dk + A7'E]) + Im(k, Dk + k)
— [Vi* (AR Dk + AR'R)| = [Vid*HIP — 2Re(Vidk, Vi *(Ap! Dk + A5 k)
— Im ((E, DE) — 2i(V/?E, v;(/QA;lDB)
T (e k) = 200V R, VP ARR) ) = 1V

= Tm[k, Dk] + Iml[k, k] — ||V *E||* > 0,
where we have used that by, Theorem [7.3.9]
(8.3) Im(A; Dk + Ap'k, Ap[A7' Dk + A7'E)) = |V * (A7 Dk + A'E)||? .

Now, assume that
(8.4)
M C (ker A*ND(D)M)  and that Im[k, Dk — ||[V/k|> >0 forall k€ D(D).
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Hence, we get that
q((A' Dk +k) + A'k) = Im[k, DE] + Im[k, k] — ||V, *k|)> = Im[k, DE] — |V ?E||? > 0,

for all k € D(D) and all k € M. This means that Condition being satisfied is
sufficient for Ap gy to be dissipative. Let us now show that it is also necessary. Thus,
assume that Condition is not satisfied. If there exists a k € D(D) such that
Im[k, Dk] — ||V1%/27f/||2 < 0, this means that cannot be satisfied in this case as
we can choose k = 0. Moreover, if there exists a k € 9 and a k € D(D) such that
[E, k] # 0, this means that we can replace k — Ak, where A € C is suitably chosen such
that
q((A7' Dk + k) + A7'\k) = Im[k, D] + Im[k, \k] — |[VY2E|? < 0,

which means that Ap gy cannot be dissipative in this case either.
Let us now prove that Ap gy is maximally dissipative if and only if D is maximal in
the sense as stated in the theorem and 9 = ker A* N D(D)M. Clearly, if there exists
a D C D' such that Im[k, D'k] > ||[VY k|2 for all k € D(D') and (ker A* N D(D)H) =
(ker A*ND(D")H) or a9 € M C (ker A*ND(D)H), we get that Aps g is a dissipative
extension of Ap on.

For the other direction, let us assume that Ap g is not maximally dissipative. It is

clear that the operator A where M = ker A* N D(D)H| is a dissipative extension

DM
of Apon and from now on, we will therefore only consider this case. By Proposition
, we know that there exists a proper maximally dissipative extension A of the
dual pair (AD’@,E) and by what we have shown above, there exists an operator D’
that satisfies and a subspace ' C (ker A* N D(D')H)) such that A = Apr o,
where D C D’ and (ker A* N D(D)H) = M C M. However, D(D) C D(D') implies
that D(D)H > D(D)H from which it immediately follows that (ker A* N D(D)H) >
(ker A* N D(D")H]). This implies that (ker A* N D(D)H) = (ker A* N D(D")H)), which
shows that D was not maximal in the sense as stated in the theorem. U

REMARK 8.5. Note that the correspondence between the pairs (D, 9) and the

proper maximally dissipative extensions Ap gy of (A4, Av) is not one-to-one. This follows

from the fact that for any k € D(D) and any k € (ker A* N D(D)™), we can write

span{ A7' Dk + k}+span{A;'k} = span{ A" (Dk + k) + k}+span{A;'k} ,
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i.e. if we have an auxiliary operator D' with D(D’) = D(D) and D'k — Dk € (ker A*N
D(D)H) for all k € (ker A* N D(D)*) we would get that Ap on = Apsm. However, we
could for example restrict our considerations to auxiliary operators that satisfy Dk Lk
for all k € D(D) and all k € (ker A* N D(D)H). With this additional requirement,
the correspondence between (D, 9t) and proper dissipative extensions Ap oy of (A, E)

becomes one-to-one.

REMARK 8.6. For the case that D(D) is finite-dimensional the maximality condition
on D is automatically satisfied. In this case, Ap on is therefore maximally dissipative if

and only if 9 = (ker A* N D(D)H).

REMARK 8.7. This parametrization of all maximally dissipative extensions of the
dual pair (A, /~l), where A is sectorial can be generalized to truly dissipative dual pairs in
some situations. The proof of Theorem still carries through as long as one assumes
the existence of a proper maximally dissipative extension A such that 0 € p(ﬁ) and an
analog of is still valid, i.e. we would need that for all v € D(A\) //D(A) it holds
that

(8.5) Im(v, Av) = |V 202

Theorem could then be reformulated with A taking the role of the Friedrichs ex-
tension Ar. For the case of finite-dimensional defect indices, this means that it is
necessary that there exists an isometry from W, into W_, i.e. it is necessary that
dim W, < dimW_, where W, and W_ have been introduced in Theorem [5.2.13] See
Example for a dissipative operator for which dim W, = 1 and dim W_ = 0, which
means that no proper maximally dissipative extension A of (A, Z) can satisfy in
this case. This means that the parametrization of Theorem could not be used in

this case.

REMARK 8.8. Observe that this theorem reduces to the result of Theorem [7.2.2]
in the case of (maximally) dissipative extensions of a dual pair of strictly positive
symmetric operators (S,5), where we have V = (2i)7(S — S) = 0, since the condition
Im(k, Dk] > ||V/?k||? is equivalent to the condition Im{k, Dk) > 0 for all k € D(D) in
this case. This is of course the same as requiring that D be a dissipative operator from
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D(D) C ker S* into ker S*. The condition that Sp is maximally dissipative if and only

if D is a maximally dissipative operator in D(D) follows also from this theorem since

(ker S* N D(D)*) = (ker S* N D(D')1) is equivalent to D(D) = D(D’).

CONVENTION 8.9. If Apon is a maximally dissipative extension of the dual pair
(A,Z) as defined in Theorem we know that 9N is determined by the choice of D:
M = ker A* N D(D)H. Thus, if Apan is mazimally dissipative let us just write Ap

instead of Apon.

ExAMPLE 8.10. As in Section let v > 0 and H = L?(0,1) and consider

the dual pair Ay = —i% — % and Ay = i% — % with domain C°(0,1) and let
A, A denote their respective closures. As imaginary part, we may choose V = —%

with domain C°(0,1). Recall that the domain of Vfl{/ ? is given by H'(0,1) and since
ker V* = span{1, z}, we have that

IV F1? = V2 (f(2) — (1 —2) £0) — af ()2 = [IF]1* — [£(1) — f(0)]?.

—HE\/;*T” . As already shown in Section |5.4.4] we have

Define the numbers wy :=

that:

e For 0 < v < /3: ker A* = span{z“+,2*} and ker A* = span{z®% 2" }.
However, we have ¢~ ¢ H'(0,1) = D(V;/Q), since Re(w_) < 1/2. This means
that ker A* N D(Vly %) = span{z“+}. Hence, the only two choices for D(D) are
either D(D) = {0} or D(D) = span{z*+}. As D(D) = {0} just corresponds to
the Friedrichs extension of A, let us now focus on the case D(D) = span{z“+}.
Rather than determining D(D)M Nker A* = span{a*+}H N span{z*+, 2%},

which we could obtain by finding the solution space of
(a9, A\ + pa™~) — 22'<VI§/2ZL‘UJ+, ‘/1,1(/2/4}1()\33H +uz)) =0,

we use that, in Section [5.4.4] we have already shown that any proper dissipative

extension of (4, A) was of the form
(8.6) D(A,) = D(A)+span{¢,}+span{x} .

Here, {¢,}, is a family of functions that is characterized by one complex pa-

rameter p that has to satisfy ([5.4.16]), while the function x, which is given
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M(x) = (wp — B = 2)(2 — 27792 — (wy — T — (2 — 27 )

has to lie in the domain of any proper maximally dissipative extension of (A, Z)
Comparing the structure of to the structure of the proper maximally
dissipative extensions as described in Theorem [8.4] we see that y is a natural
candidate for y = Ap'k, where k € (D(D)H N ker A*). Indeed, a lengthy
but not difficult calculation shows that [x“+ k] = [z, Apx] = (2“F, Apx) —
2 (Vi x4+ Vi x) = 0.

e For v > v/3: ker A* = span{z“+} and ker A* = span{z®"}. Moreover, 1+ €
H'(0,1) = D(VY?) from which we get that (ker A* N D(VY?)) = span{z*+}.

For v > /3, any map from span{z*+} into span{z“+} has to be of the form
(8.7) D+ = da®™F

where d € C. For the case 0 < v < /3, let us argue that it is also sufficient to only
consider maps D of the form (8.7). This follows from what has been said in Remark
B.5l To see this, assume that the map D is of the form

Dt =d 2" +d_a" .
Then, since (Az'2%F) oc (#%F2 — 2%+) we can find numbers A, u € C such that
(AZ' D + Ax(z)) = p(a® 2 — 29%) o< At
which means that there exists another number v € C such that
(8.8) (A Dzt + \x(2)) = A (Da** + MApx(v)) = vA 2" .
Thus, the operator D" given by
D'a%+ = D"+ + NApx(z)

maps span{z“+} into span{z®*}, which follows from (8.8) and the fact that A;' is
injective. Moreover, since Apx € (ker A* N D(D)H), we have that Ap = Ap/. Hence,
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for any v > 0, we only need to consider auxiliary operators of the form . A

calculation shows that

(2% Da*+] = d[x™*, 2%+ ]

—d [m(m +2) jw [

= - — =d-o(wy),
@ D@ ) | 2 w++m>4] ()

where we have defined

o(wy) = ~1 [m(m +2) jw | } .

i(wr+2)(wr+1)—v| 2o7+1  wy+w;—1
From another calculation, we get

Vil = sy -1 = )
K ot =1 W)
Thus, Ap is dissipative if and only if the condition
(5.9) In(do(w,)) = Re(d)m(o(w, ) + Im(d)Re(0(w2)) > ()

is satisfied, which means that d has to lie in a half-plane of the complex plane.

Next, we want to investigate what can be said about the quadratic form associated to
the imaginary part of a maximally dissipative extension of a dual pair (A, AV) satisfying

the assumptions of Theorem [8.4. Hence, let us define

DEFINITION 8.11. Let (A, ﬁ) be a dual pair satisfying the assumptions of Theorem
. For any proper mazimally dissipative extension Ap of (A,g) let us define the

associated non-negative quadratic form imp q:
imD70 : D(imDVO) = D(AD)
imp,o(¢) = Im(y, Apy) .

Moreover, if imp o is closable let us denote its closure by imp = m. Recall that imp
is given by:

imD :

D(lmD) = {f cH: El{fn}n C D(imDp) S.1. an — f” "2 0 and ”fn _ meimD 7,M—00 0}

1mD(f) = nhanolo imD,O(fn) 5
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where || - |limp, denotes the norm induced by impg:

£y = AP +impo(f) = /7 + Im{f, Apf)  for all f € D(Ap).

Moreover, let us denote the non-negative selfadjoint operator associated to imp by Vp.

By [26, Thm. VI, 1.27] each non-negative selfadjoint operator S induces a closable
quadratic form. However, it is not always the case that the form imp is closable. Let

us now give a necessary and sufficient condition for imp to be closable.

THEOREM 8.12. Let Ap be defined as in Theorem and assume that V > ¢ > 0

as well as dAimD(D) < oo. Then, imp is closable if and only if we have that

(8.10) q(Az'Dk+ k) = Im[k, Dk] — [|[Vi’k|> =0 for all k € D(D)ND(V,?).
Proor. Firstly, let us show that ( is necessary for imp o to be closable. Thus,

assume that there exists a k € D(D) N D(V1/2) such that q(A;lDE +k) # 0. Since by

Theorem | we have that A;'Dk + k € D(VI/Q) there exists a sequence {f,}, C
D(V) that is Cauchy with respect to || - ||* + (-, V) such that

| fo+ A DE + KI” + Vi (fu + A7 Dk + R)|[* =¥ 0
This means in particular that the sequence g, := f, + A;l D+ F converges to 0:
Tim .| = 0.

Also, since {f,}n C D(V) C D(Vl/ ), we can show that {g,}, is Cauchy with respect

to ||+ flimp:
lgn = gmllny, = 1o = FrllZny = 1o = Fl* 4 VA2 (= f) P57 0.
However, by Lemma [5.5.1| we have that
Im{g,, Apgn) = Im(f, + Az'Dk + k, Ap(f, + A" Dk + k))
= |[Vi/*(fu + AR Dk + E)|* + q(AR Dk + k) .
Moreover, since ||V]§/2(fn + A}lDE + k)| = ||V;/2(fn + A}lDE + k)|, we get
1902y = [l £ + AR DI+ K|* + [V (fo + AR Dk + B)|?
+q(AR Dk + k) =% g(AL Dk + k) #0,
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which shows that imp is not closable.
Now, let us show that (8.10|) being satisfied implies that imp ¢ is closable. To this end,
let us firstly show that Ap being dissipative and (8.10) imply that

for all ks € D(D)N D(V;/Q). Since q(A}?lDEg +E2) =0, for any A € C, we get
(8.12)
(A Dky+ky +M(AR Dhat+ks)) = q(Az' Dk -+ )+2Re[Aq(Ap Dk +ky, AR Dhot+ks)),

where ¢(+, -) denotes the sesquilinear form associated to q. This implies that q(A}ngl +
%1, A;lDEQ + Eg) = 0, since otherwise, we could choose A € C such that the right hand
side of is negative. This, however, would contradict the dissipativity of Ap, from
which we have q(A}lDE + %1 + A(AEIDEQ + Eg)) > 0. Next, let us define the opera-
tor P to be the projection onto ker V* along D(VFl/ 2) according to the decomposition
D(VY?) = DV ker V*:

P:  D(P) =DV =DVY)+ker V*
(8.13) Plop +0*) =0v",

where v € D(V;/Q) and v* € ker V*. Moreover, let us define Dy := D(D) N D(VFl/Q)

and decompose
(8.14) D(D) = Dy+D(D)//Ds .

Now, let {f,}» C D(Ap) be a sequence that converges to 0 and that is Cauchy with

respect to || - |lim,- In general form, it can be written as
Fo = fon + Aplky + AZDED + ED 4 ALV DE® 4+ 5@ |

where {fouln C D(V), {kutn C (ker A* 0 D(D)H), {759)} c (D(D)//Dy) and
{%ﬁlz)} C D,y. At this point it becomes clear that it does not matter which spe-

cific decomposition we have chosen in (8.14)) since any component (1 —P)k™) could be

absorbed into k@, For convenience, let us define

Vpn = (1 =P)fo = fon+ Az'kn + Az DED + (1 — P)EY + A DE? 4+ k)
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from which we get f,, = vp, + 737%7(11), where {vp,}n C D(VFI/Q) and {737%7(11)}” C ker V*.
Then, we have
(8.15) m || fo]] = lim [vp, + PED| =0
n—oo n—oo
as well as

1/2
fn = Fnll2ay = 1fn = Fonll? + IV > (0rm — vEm)|1?

+a(AR' DY = KL + (kY = k) + AF D — k) + (K

ED)) "0,
which — using (8-10) and (8-11) - simplifies to
2
||fn - fm”imD
|\ fo = Sl + Vi 200 = 0|2 + a(AF" DED = BD) + (D — E) "5 0.

Now, since

) || n,m—0o0

0

ellvrn — vEml| < |Va'* (Wi — vim

we have that {vp,, }, converges to an element vy € D(V;/Q). Since f,, = vp,n—l—??%g) R

0, we have that {PkS"”},, converges to —vp. However, since PD(D) s finite-dimensional,
{P%%l)}n converges to an element of PD(D) C ker V*, from which we get vp € ker V*.
But since D(V;/Q) Nker V* = {0}, we get that vp = lim, 00 VF, = — limy, 00 PEY = 0.
Moreover, the projection P is injective on (D(D)//Ds), which is finite-dimensional.

Thus, there exists a number ¢’ > 0 such that

IEP] < PRV =0,
which implies that
(8.16) IEW| =5 0.
Now, since dim D(D) < oo, there exists a constant M < oo such that
(8.17) (A7 DED + EDYy < MED|2 =3 0 by .
Altogether, this shows that lim, . || fullimp = O:

[ fullin, = I1fall® + Im{ fu, Ap fr)
= orn + PED|? + [V *vmal” + g(Ag DED + 1) =3 0,
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where we have used (8.15) and (8.17) as well as the fact {vg,}, is a sequence of
elements in D(V;/z) that converges to 0 and that is Cauchy with respect to ||V;/2 I,
which implies that V;/ QUFJL % 0 as well. This shows that imp is closable. This

finishes the proof. OJ

ExAMPLE 8.13. Let us give an example of a dual pair (A, Z) satisfying the assump-
tions of Theorem for which there exists a proper maximally dissipative extension
Ap for which impg is not closable. Let H = L?(0,1) and consider the dual pair of

operators

Ag: DA =CX0.1), (Aof)(w) = —f"(x) + L /()

~ ~ 1
A: D) =€2(0,1), (Aof)(x) = —f"(2) - T f(a),
where for simplicity, we choose v > v/3 in order to ensure that dim ker A* = dim ker Ar =
1. In this example, the imaginary part V' is just given by the multiplication by the func-

2 where we may choose D = C°(0,1). Since V is essentially selfadjoint, we

tion vz~
get that Vp = Vi = V, which is the maximal multiplication operator by the function
vz~2. In particular, since V > v > 0, we have that ker V* = ker V = {0}. By Lemma
5.5.1] we know that for any proper maximally dissipative extension Ap of the dual pair

(A, A), we have that
(8.18) Im(f + v, Ap(f +0)) = V> (f + )| + q(v),

where f € D(A) and v € V = D(Ap)//D(A). Moreover, using Equation ((5.4.8) for
n = 2, an integration by parts yields that the form ¢(v) = Im(v, A*v) — HVII(/%H2 is

equal to

(8.19) q(v) = ~Im(uv(1)v'(1)).

In Example|7.3.11} we have parametrized all maximally dissipative extensions of (A, 12[)
by the family of operators {AP}Imp>OU{AF}, where A, was given by (7.3.19) for v < v/3
and by (7.3.22)) for v > +/3. This means that (C>°(0, 1)+span{¢,}) € D(4,). By (8.18)
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and (8.19) we get for p # oo that the form imp, ¢ is given by
imp(p0: D(imp(,),0) = D(A)+span{¢,}
imp)o(f +A&) = IV (F + A& + IAPTm(p) ,
where f € D(A) and A € C. For p = oo, we just get that
iMpo)o:  D(imp(ee)0) = D(A)Fspan{fu}
impee)0(f + M) = IVi(f + A

Here, the notation D(p) indicates that for any p such that Im(p) > 0, there exists
an auxiliary operator D(p) from ker A* into ker A* such that A, = Ap(y). Since &, €

D(V;/Q) = D(V;/Q), we have by Theorem [8.12 that imp(, o is closable if and only if
q(&,) = Im(p) = 0 or p = o0, since D(D) = {0} in this case. Indeed, assume that

p # oo and that Imp > 0. Since C°(0,1) is a core for V;ﬂ, we can pick a sequence
{fu}n C C(0,1) such that

1 fn = &2+ VA (fo — E? = 0,

which means that the sequence g,, := f,, — &, converges to 0 with respect to the graph

norm of VFl/2. Moreover, {gn}n C D(Ap(,) is Cauchy with respect to || - ”imD(p>,o

1/2 7n,Mm—r00
lgn = GmllZupy o = 1fn = Sl + IV (F = Fu) 22570

However imp,) o is not closable, which follows from

n—oo

lgnllen, o = o = &l + IVE(fo = &)l + Tm(p) "= Tm(p) # 0.

REMARK 8.14. If (—iAp) is sectorial in the sense of Kato, recall that by [26, Chapter
VI, Thm. 1.27], the form imp is always closable.

If imp is closable, there exists a selfadjoint operator Vp associated to the closure

imp. Let us now show that this operator is an extension of V:

LEMMA 8.15. Let (A,g) be a dual pair that satisfies the assumptions of Theorem
. Also, let D be a common core for (A, A) and define V := =(A— A) Ip. Moreover,
assume that imp o 1s closable. Then, V C Vp.
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PROOF. Let f € D(imp) and g € D(V). Moreover, let imp(-,-) be the sesquilinear
form associated to imp. Since D(imp) is the closure of D(Ap) with respect to || - ||imp,
this means that there exists a sequence { f,}, C D(Ap) such that
(8.20) imp(f.g) = lim imp(fy.g)

Now, for any f, € D(Ap) and g € D(V') observe that imp(f,, g) can be written as
, 1 1 ~ -~
1mD<fnag) = 2_Z<<fn>ADg> - <ADfnag>) = 2_Z<<fn>A g> - <A fn7g>)

(5.21) = (fur 55 (A~ D)g) = (fu V)

from which we get
. 8200 ;. . (8:21) ..
imp(f,9) 2 Tim imp(fo,9) ) tim (£, Vo) = (. V)

for all f € D(imp) and all g € D(V), which implies that V' C Vp and thus, in addition,

the lemma. O

Next, let us determine the form domain of Vp. Using that Vp is a non-negative
selfadjoint extension of V', we know by the Birman—Krein—Vishik theory of non-negative
selfadjoint extensions that Vi < Vp < V. This implies that D(VFI/ 2) C D(VLI)/ 2) and
that there exists a subspace M C ker V* such that D(Vé/z) = D(V;/Q)J}M. In the
case that PD(D) is finite-dimensional, we will show that M = PD(D), i.e. the part of
D(D) that can be projected onto ker V*.

LEMMA 8.16. Let V' be strictly positive, i.e. V > ¢ > 0 and assume that impg is

closable. Then, the domain of Vg/Q s given by

ll-[lim 1

D(V,") = D(Vi*)+PD(D)
In particular, if dim (PD(D)) < oo, we get

DV = D(VY*)+PD(D).

Proor. By Theorem , we have that D(Ap) C D(VFl/Q), which implies that any

element of

D(Ap) = D(A)+{Az'Dk + k : k € D(D)}+{Az'k : k € ker A*ND(D)H}
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can be written as

f+ AR DE 4k + ARtk = (f+A;1DE+(11—7>)E+A;1k)+ Pk,

€PD(D)

eD(vl/Q)

which implies that D(Ap) C D(V1/2)+73D( D). On the other hand, we have by Lemma
- 5| that Vp is a positive selfadjoint extension of V', from which we get by [2] that
D(V;/Q) C D(Vl/Q) As any Pk € PD(D) can be written as

Pk = (A7 Dk + k) — (Az' Dk + (1 — P)k)

J

-~

GD?ZD) E'D(Vl/2)

and since D(Ap) € D(V)?) and D(V,Y?) € D(V,)'?), this implies that Pk € D(V?),
and thus PD(D) C D(V, 12 ). Consequently, we have D(Ap) C D(V, 1/2)—1—732?(D) C
D(V/?) and since D(AD)H I DV, we get

I| HimD

DY) =D(Ap) "> ¢ D(VY*)+PD(D) D(VY?),

which proves the first assertion of the lemma. Next, let us show that D(V;/ 2) is a closed
subspace of D(V[l)/ %) with respect to || - |limp. This follows from the fact that for any
f € D(V) we get that

15, = 12+ Im(f, Ap f) = | FI* + (£, V ),

which means that D(V)”'”imD = D(V;/Q). Since dim(PD(D)) < oo, we have by [24
Problem 13] that D(V, 1/2)—1—731?( D) is a closed subspace of D(Vgﬂ) with respect to the

|| - llimp-norm and by what we have shown before, this yields

ll-llim 1

DV = D(VY*)+PD(D = D(V/*)+PD(D) c D(VY?) |

which is the desired result. 0
Finally, let us determine the action of imp.
THEOREM 8.17. Let V' be as in Lemma[8.16 and moreover, assume that

dimPD(D) < o0
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Then, there exists a non-negative selfadjoint operator B with D(B) = PD(D) such that
for any vp € D(V;/Q) and any n € PD(D), we have

. 1/2 1/2
imp(vp + 1) = Vo (v +0)I* = [VE vrll* + g5 (n) .
where qg denotes the quadratic form associated to B. It is given by
_ _ 1/219—
ap(n) = Im[P~"y, DP~y) — V> P~y

Here, P~1 denotes the inverse of P restricted to a subspace of D(D) that is comple-
mentary to D(D) N D(V},}m). The form qp does not depend on the specific choice of
this subspace. Moreover, if we choose {n;}_; to be an orthonormal basis of PD(D),

the elements of the matriz representation of B with respect to {n;}_, are given by

B = (bij)i';=1 where
1 _ _ _ _ _ -
by = o (P70, DP ) = [DP i, P 1]) — (VPP VPP )
PROOF. For any n € PD(D), there exists a k € D(D) such that n = Pk. In the
case that D(V;/ >YND(D) is non-trivial, which means that ker(?) N'D(D) is non-trivial,
this choice of k is not unique as for any y € D(D) N D(V;/ %) we would still have that

77(% + x) = n. However, if we choose a subspace of S C D(D) that is complementary
to D(VF1/2) ND(D) in D(D), then we can define the inverse of P on S:

P 1:DP) =PS

Pk—k, keS.
Now, for any vp € D(V;/z) and k € S, let us pick a sequence {f,}, C D(V) such that
|l = lim fu = |ve = A'Dk — (1 = P)k| € D(Vp'"?)

where “|| - |lim;, —lim” denotes the limit with respect to the || - ||im,-norm. This implies
that the sequence g, = f, + AEIDE +k converges to vp + Pk in the usual norm Il - 1.
Next, let us show that {g,}, is Cauchy with respect to || - ||imp:

1/2 n,m—00
lgn = GmllZes = 1fu = Foull? + IV (o = Fa)lI2 = 1fn = FinllZy, "7 0,
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since {f,}, has a limit with respect to || - ||im,. Thus, we get

o+ PRIy, = lim lgalZ,

= lim ([lgall” + IV (fu + A5" Dk + (1L = P)E)|* + q(AF' Dk + k)
= llvr + PEI* + Vi *orll® + (A5 Dk + F)
= l[ve + PHI* + | Vi *orl|® + Im(k, DE] — | V¢ K
and since for any ¢ € D(imp) we have [|¢|[7, = = [|¢[|* + imp(¢), this allows us to read
off
imp(vp + Pk) = |[Va"*vp|* + Im[k, DE] — ||V
However, if D(VFl/Q) ND(D) is non-trivial, we could have added a x € (D(V;/z) ND(D))

such that P(%+ X) = Pk = 7. But since imp o was assumed to be closable, we have by
Theorem m that q(Az'Dx + x) = 0 and by (8.11]), we have in addition that

(8.22) q(A7'Dk +k+ A7'Dx + x) = q(A;' Dk + k) .

Thus, the specific choice of S C D(D) — as long as it is complementary to (D(D) N
D(V;ﬂ)) in D(D) — does not affect the value of imp(vr +n), where vp € D(VFl/Q) and
n € PD(D), where n = Pk for a unique keS. Hence, by Equation (8.22), we get

(823)  imp(vp + 1) = imp(vr + Phy) = |V *vp||? + Im[k,, Dk,] — |V *ky || |

where 75,7 is the unique element of § such that 737577 = 7, or in other words, we get

En = P~1n. Plugged into (8.23)), this yields
(8.24)  imp(vp +1n) = [V e + Im[P 'y, DP '] — |V *P~1p)?
: p(vr +n) = ||V vp|” + Im[P™ 1, n = [V nl”-

Now, since we have shown in Lemma that Vp is a non-negative selfadjoint extension
of V', we know by [2] that there exists a subspace D(B) C ker V* and a non-negative
auxiliary operator B from D(B) into D(B) such that

(8.25) imp(vp + 1) = [V (0r + 01> = |V 2vrl> + qs(n) ,
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where vp € D(V;ﬂ) and n € D(B). The form ¢p is given by gg(n) = (n, Bn) for all
n € D(B)FY Comparing Equations (8:25) and (8:24)), we can read off that

(8.26) g5(n) = Im[P~'n, DP~n] — |[VY*P 12 |

which is the desired result. To determine the entries of the non-negative matrix (b;;);;,

we use that the sesquilinear form ¢g(-, ) associated to ¢p is given by
e _ - - 25— 2y
as (1) = 5, (P, DP ) = [DP i, Phg]) = (VPP Vi Pl
This immediately follows from the fact that imp(n,n) = imp(n), which can be seen by
direct inspection. Now, since b;; = (n;, Bn;) = q(n;,n;), this finishes the proof. O

The previous result allows us to deduce a way of comparing the imaginary parts

Vp, and Vp, of two different extensions Ap, and Ap,:

COROLLARY 8.18. Let D1 and Dy parametrize two different proper mazimally dis-
sipative extensions of (A,ﬁ) and let By and By be the two associated non-negative

auziliary operators whose quadratic form is given in (8.26). Then By > Bs if and only

if PD(Dy) C PD(D,) and
(8.27) Imlk, D1k] > Im[k, Dok]
for all k € D(Dy).

ProOF. By definition, B; > Bs as operators on a finite-dimensional space if and
only if D(By) C D(Bs) and gg,(n) > gg,(n) for all n € D(By). Since D(Bys) =
PD(D, ), this shows the first condition of the corollary. Now, for any n € D(B;) =

PD(D;) we have by
a5, (n) — aB.(n)
= Im[P~'y, DyP "] — [V *P|* = (Im[P 1, DyP~ "] — [V *P )
(8.28) =TIm[P 'n, DyP 'n] — Im[P 'y, D.P 1],
which is non-negative for all n € D(By) if and only if

Im[P~'n, DyP~'n] > Im[P 'y, DoP 1y

8-INote that we are only considering the finite-dimensional case, which means that we do not have to worry about

closures and domains.
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for all n € D(B;) = PD(D;). Thus, Condition (8.27)) being satisfied is sufficient for
By > Bs;. Let us now show that it is also necessary. Assume that there exists a

ke D(Dy) such that
Im[k, D1 k] < Im[k, Dok] < Imlk, Dik] — |V k| < Imlk, Dok] — ||V 2K|% .

Observe that by Theorem this means that k € (D(V;/ *YND(Dy)) is not possible
in this case, since this would imply that Im[k, Dok] — ||VI§/ ?K||2 = 0, but by dissipativity
of Ap, we have by virtue of Theorem that Im[k, Dik] — ||Vé/27<:/||2 > 0. Hence,
0% Pk =:n € PD(D,) or P~y = k. Therefore we get

a5,(1) — qp,(n) = Im[k, D1k] — Tm[k, Dyk] < 0,

which shows that By # B, if Condition (8.27)) is not satisfied, which therefore is neces-
sary for By > Bs to be true. This shows the corollary. O

REMARK 8.19. These results allow us to give first estimates of the lower bound of
the imaginary part. From [2] Thm. 2.13], it follows that

O{(S inf Im<¢7AD¢>

8.29 — <
( ) 140 ~ o#¢eD(Ap) |||

<ad,

where « is the lower bound of the imaginary part of A and ¢ is the lower bound of the

quadratic form ¢p:

inf{%—"?w):w ED(A),w#O} and § := inf{ﬁBn—ﬂ’?:UGPD(D),U#O} :

As mentioned in [2] Thm. 2.13], this means in particular that

. Im(v, Apt))
1D S S el A
" { R

if and only if 6 = 0. (Recall that we have assumed that o > ¢ > 0.)

o =
:¢eDQbL¢#O}=O

EXAMPLE 8.20 (Continuation of Example [8.10). Consider the dual pair (A4, A) as
defined in Example [8.10l Now, since D(D) = span{z“+} and

=@ —n)+ oz,
cker V'*
eD(v;'?)

we get PD(D) = span{x}. In particular, we have that D(D) N D(VFI/Q) = {0} from
which we see by virtue of Theorem that imp is closable. Moreover, the operator
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P Ip(p) is injective and thus, we define P~'z = 2*+. By Lemma the associated

operator Vp has form domain
D(V*) = DV 4 Pspan{a®+} = D(Vy/*) dspan{z} = HE(0,1)Fspan{a}
and the quadratic form acts like
IVo2(f + A2)|2 = Vi £ + (A1 (TP, DP ] — |[Vi*P~a?)
= VeI + NP (Im(do(w,)) = 7(wy))

where f € D(VFl/Z). The operator Bp associated to the quadratic form is a map from
span{z} to span{z} and is therefore of the form Bpx = bx, where b € C. By Theorem
we have that b is given by

b= Im[P~'(v32), DP~}(v3x)] — [Vi/*P V3 = 3(Im(do(ws)) — 7(ws)) |

where the factor v/3 comes from normalizing the function x. Now, for two different
maximally dissipative extensions Ap, and Ap,, we have that if Im(dyo) = Im[k, D1 k] >
Im(doo) = Im[k, Dok], this implies that Bp, > Bp,.

Finally, let us construct the selfadjoint operators Vp using the Birman—Krein—Vishik
theory for positive symmetric operators. For D(D) = {0} we get the Friedrichs exten-
sion. The other possibility is that D(D) = span{z“+} with Pspan{z“+} = span{x}.

We then get
Vp: D(Vp) = D(V)+span{V; "' Bpx + z}+span{V; (2 — 3z)}
= D(V)+span {3[Im(do(w,)) — 7(wy)|Vi ‘o + 2} +span{V; ' (2 — 3z)}
fe==f,

where the last span comes from the fact that (2 — 3x) L x. Also, note that it is not

difficult to compute V. 1 and Vi Ly

J/’Q—(L’ ZEB—J]

VF’ll— 5 and V;lx: 5
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CHAPTER 9

More general dissipative extensions

In this chapter, we are going to discuss ideas on how to construct non-proper exten-
sions of a dissipative operator A. As a starting point, we will consider dual pairs (A, ﬁ)
that satisfy the common core condition and try to construct dissipative extensions of A
whose domain is contained in D(A/*) We will apply our results to symmetric operators
with bounded dissipative perturbations and obtain a full description of their dissipa-
tive extensions. After this, we consider dissipative operators A for which the quadratic
form ¢ — Im(4), Av) is closable and strictly positive and give necessary and sufficient

conditions for an arbitrary extension A C B to be dissipative.

9.1. Construction of non-proper extensions using dual pairs

Let A be dissipative and A be antidissipative and assume that (A, ;() is a dual pair
satisfying the common core condition. In this section, we will construct all dissipative
extensions of A that have domain contained in D(A*). We will need the following two

lemmas:

LEMMA 9.1.1. Let V' be a non-negative symmetric operator. Then, mn(VFl/2 DY)

is dense in mn(V;/Z).

PRrROOF. By construction of the Friedrichs extension, we know that for any ¢ €

D(V;/Q), there exists a sequence {¢,}, C D(V), such that

Tim ([l — ¢l + IVe" (0 = )% = 0,

which implies in particular that lim,, V;/Q@/Jn = V;/sz, ie. ran(V;/z) C 1ran(\/li/2 [Dvy)-

1/2

On the other hand, since ran(Vy'"" [p(v)) C ran(V;/ 2), the assertion follows from taking

closures. 0

LEMMA 9.1.2. Let V' be a non-negative symmetric operator and let Vi and Vi denote

its Friedrichs, resp. its Krein extension. Then there exists a partial isometry U on H
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such that
(9.1.1) Vi2h =uvh

for all h € D(V;/Z). The map U is an isometry on mn(V;/z) and its range ran(U) is

contained in mn(Vé/ 2.

PROOF. Since we have that Vi < Vg, it is clear that D(V;ﬂ) C D(Vém). Moreover,
by Proposition [5.2.3| for any h € D(V2/*) € D(VY?), we have that
h V)2 h, Vi PV f) 2
W=y WRVOE_ )
repvyvizo (V) repvyvizo (f, VRV 7 f)
12, 1,1/2
I [\ /A Vi
fepyvizo VARSI

1/2
= |V n)?,

where we have used that 1ran(VF1/2 Ipvy) is dense in ran(V;/Q) by Lemma 9.1.1] This

implies that the linear map

Uy : ran(V;ﬂ) — ran (VE/Q [D(V;/z))

VY 2h s V2R

is isometric. Since, trivially, ran(V;/ %) is dense in ran(VFl/ %)

, there exists a unique
isometric extension Uy C U on ran(Vblﬂ). Setting Uk = 0 for all k£ € ker(V;/z) =

ran(V;/ ?)L defines U as a partial isometry on the whole Hilbert space H. Moreover,

since
ran(Uy) = ran (Vé/2 [D(V1/2)> C ran(V[yz) :
F
this implies that ran(i/) is contained in ran(VIi/ ?) and thus the lemma. O

It will be convenient to introduce the following notation:

DEFINITION 9.1.3. Let (A, ][) be a dual pair, where A is dissipative and A is an-
tidissipative. Let V C D(A*)//D(A) and let L be a linear operator from V into H.
Then, the operator Ay  is given by

Ay’g : D(Ayﬁ) = D(A)+V
(f +0) = A(f +0) + Lo,
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where [ € D(A) and v € V. Clearly, if we choose L to be the zero-operator, i.e. L =0,
we get the previous description of a proper extension: Ay o = Ay. (Cf. Deﬁmtionm

We now want to find conditions on V and L for Ay to be dissipative. To this
end, we will look at Im(f + v, Ay 2(f + v)) for any f € D and any v € V, where
D C D(A) ND(A) is a common core for (A, A). We therefore will get

(9.1.2) Im((f+v, Ap£(f+0)) = (f, V) +Im(v, 20V f) +Im(v, (A*+L)v) —Im(Lo, f).

For the case of proper extensions (£ = 0), we have seen that it is necessary that
VY C D(V[yz) for Ay to be dissipative. The idea was that for any v ¢ D(Vlyz), there

1/2

exists a normalized sequence {V;/ 2 fntn Cran(Vy'" [py) such that

lim Im(v, 20V 2 V2 f,) = —o0

n—oo
which means that

n—o0

Im({(fn + v, Ay(fn +v)) =1 4 Im(v, 21’VF1/2V;/2fn) + Im(v, g*v) 5 —.

Now, for £ # 0 it could happen that the last term in does not stay bounded
either and instead “competes” against the part of that would go to —oco . Since
— at least formally — (Lv, f) = <£v,VF_1/2V;/2f>, this might be the case if Lv ¢
DV ?) = ran(Vy/?). Thus, in the situation v ¢ D(VY?) and Lv ¢ ran(V,?) it is
not clear whether it is in general possible that Ay, , is dissipative. Moreover, since it is
difficult to compute V;/ 2, Ve /2 and V;/ 2 explicitly, we were not able to construct such
an example. (The elementary case of V' being a multiplication operator or — more
generally — an essentially selfadjoint operator will be discussed in Lemma M)
However, if one of the two cases V C D(Véﬂ) orran(L) C D(VFI/Q) are given, we can

show that the other one must be true as well for Ay, » to have a chance to be dissipative.

LEMMA 9.1.4. Let (A, g) be a dual pair satisfying the common core condition, where
A is dissipative.

i) If ran(L) C mn(V;ﬂ), then it is necessary that V C D(nyz) for Ay o to be
dissipative.

ir) If V C D(Vlyz), then it is necessary that ran(L) C mn(V;/Q) for Ay, to be
dissipative.
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PROOF. i) If ran(£) C ran(V;/Q), this means that for any v € V there exists a ¢,
such that Lv = V;/ ?¢,. Thus, we can rewrite as
(9.1.3)
T ((f4v, Ay c(f+0)) = Vi F[P+Im(v, 20V * Vil £) +1m (v, (A*+L)v) —Im(y, Vi f).

Now, assume that there exists a v € V such that v ¢ D(ny ?). By Corollary [5.2.5| this

means that there exists a normalized sequence {V;/ *fuln C ran(V;/ 2 Ipevy) such that

lim Im(v, QiV;/QV;/2fn> = —00.

n—o0

Since all other terms in ((9.1.3) stay bounded, this shows that Ay, » cannot be dissipative
in this case.

ii) We start by showing that in this case, it is necessary that Lo L ker V},l/ ?. Assume
this is not the case, i.e. that there exists a v € V and a k € ker(V;/Q) such that
(Lv, k) # 0. Without loss of generality we may assume that Im(Lv, k) = 1. Now, since
D(V) is a core for V;ﬂ, we can pick a sequence {f,}, C D(V) such that f, — A\ and
V;/ 2 fn— )\V;/ ’k =0, where A € C is an arbitrary complex number. We then get

lim Im((f, + v, Ay (fn +0))

— Tim (|1V2 2 4+ T v, 20V 2V ) + (o, (A* + £)v) = Im{Lo, £,))
ELD lim (va/z Full? + Im (Ve 20, 204V, £,) + Im(v, (A* + L)v) — Im(Lo, fn>)
= lim (||v;/2 Full? + Im@ VY20, 20V £,) + Im (v, (A" + £)v) — Im(Lv, fn>>

—=Im(v, (A* + L£)v) — Im\
which is negative if we choose ImA large enough. This contradicts the dissipativity
of Ay . Hence ran(L£) C (ker VFl/2)L = ran(V;m). Now, since ker V;m is a reducing
subspace for V;/ 2, we have that the operator V 1/2 given by
vi'?e D) = ranVt? — D(V?) Nran(Vy?)
Vil’f = f

is a well-defined non-negative selfadjoint operator on the Hilbert space ran(V;/ 2), which

reduces VF1/2. Now, assume that there is a v € V, such that Lv ¢ ran(VFlm) = D(Vp_lm).
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Since V;/Q = V;ﬂ Ip(vy, we have ran(V;m) = 1"a1r1(VFl/2 Ipvy). This means that we can

pick a sequence {V,/*f,}, C ran (V2 [p(v)), where VA2 fall = 1 for all n, such that

lim Im(Lv, Vi 2V ) = +00

n—oo

since otherwise the map g — (Lov,Vy Y 2g) would be a bounded linear functional on
mn(V;/2 Ipv)), which is dense in ran(V;/Q) — a contradiction to Lv ¢ D(VF_IM).

Thus, we get

Im<(fn + v, AV,E(fn + U)>
=V £ull? 4+ Im(@U* V20, 20V 1) + Im (v, (A* + L)v) — Im(Lo, f,,)

<1+ 2|V *vl| + Im(v, (A" + L)v) — Im(Lo, Vi V2V 2 ) =5 —c0,

which means that Ay ; cannot be dissipative in this case either. This shows the lemma.

O

REMARK 9.1.5. If V is strictly positive, i.e. if there exists an € > 0 such that

Im(f, Af) > el f|*

for all f € D, we have that V. 1/2 {5 a bounded operator on H. In this case, the condition
ran(L) C ran(V;/ %) = # is always satisfied. Hence, in this case it is necessary that

VY C D(V;/Q) for Ay, to be dissipative.

For the special case that V is essentially selfadjoint, we will prove that both condi-
tions, V C D(VI/Q) and ran(L) C ran(Vl/Q) are independently necessary for Ay » to be

dissipative.

LEMMA 9.1.6. Let (A, Z) be as in Lemma and assume in addition that the
imaginary part V is essentially selfadjoint. Then, for Ay o to be dissipative it is neces-

sary that 'V C D(VI/Q) and ran(L) C mn(Vl/Z).

PROOF. Since V> = V;m = VII(/2, we only need to show that V C D(Vl/Q) is

necessary for Ay o to be dissipative. The condition ran(£) C ran(vl/2)

follow from Lemma [0.1.4] ii). Thus, assume that there exists a v € V such that
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v ¢ D(VI/Q). In this case, we will show that

it (T + (0,27 f) = (20, )) = o0
Since V;/Q = V;/Q = 71/2, we get that I"an(V;/2 lpevy) = mn(vl/2 Ipevy). Hence,
if v ¢ D(Vl/z) = D(v;/ 2), we have by Corollary |5.2.5 that there exists a sequence
{Vlﬂfn}n C ran(vl/2 Ipvy) C ran(Vl/2 Ip)) such that W”anu =1 forall n €
N and lim,,_, |(v,2ivl/2
measure corresponding to V and define P, := P([0,1)) and P, := P([1,00)) as well as
Hio = PioH. Since V >0, we have P, + P, = 1, resp. Hq ® Ho = H. For any n € N,
define f}; := P f,,, which is an element of D(V) since Hj reduces V. We now claim that

v fu)| = +00. Now, let P denote the projection-valued

the sequence {Vl/ zﬁl}n satisfies

V270 <1 and ggKu%vamﬁH=+m.
The first statement follows from
(9.1.4) V25l = IV Pofll = 1PV full < IV Al = 1
To see the second statement consider

—1/2=—1/2 —1/2—1/2
(0, 20V PV £ = (0, 20V V2 (P + R 1))
<|(w, 2V PV PEN 4 [0, 20V PV Ry |

—1/2 _ —1/2 —1/2—1/2 %
L2V RV fall 4+ v, 26V VI fa)|

—1/2 —1/2—1/2 =~
=2||v||\/ /[ ) APV 2 L2 + (0, 207272 )

ézuvn\/ /[ y A POV £))12 + (v, 207 V2 )

—1/2 —1/2—1/2 =~
20| PV full + (0, 2V T2 |

—1/2 —1/2—1/2 % —1/2—1/2 %
L2l [V ful +(0, 28V 7V )| = 2ol + [0, 28V VI fo)]
=1
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—1/2 7 n—o0

0o, this implies that |(v, 2 V'V n)| — oo.

n—oo

Now, since |(v, 2ivl/2V1/2fn>|
Next, observe that

~ ~ ~ —1/2~
(9.1.5) 1£all? :/[ )d||P(/\)fn||2 < /[ )/\dIIP(A)ntI2 = [V Ll <
1,00 1,00

For any n € N choose ¢,, € [0,27) such that

—1/2 —1/2~

m(v, 20V 2V et £) = (v, 2iV°V

n)| -

Altogether, we get

—1/2

||V1/ Zqi’"fn||2 + Im(v, 22V v "z’”ﬁl) — Im(Lv, ei¢">

.—1 2—1/2 = ~
<1— w2V V2N + Lol Fol

(9.1.5) —1/2—1/2 ~ n—00
(9.1.6) < 1= |, 2V PV 4 Lo =N —o0

Let us now show that

inf Im<f+v Ay o (f +0))

fED(V)

—Im (v, (A" + L)v) + felgf b (£, V) 4+ Im(v,2iV f) — Im(Luv, f)) = —oc0.

Assume that this is not true, i.e. that there exists a K > —oo such that
(9.1.7)

m(f + o, Ay,e(f +0)) = Im{o, (A" + L)o) + (£, Vf) +Im(v, 20V f) = Im(Lo, f) > K
for all f € D(V). Now, by (9.1.6), we can choose an N € N big enough such that

—1/2

m(v, (A*+L)v)+ ||V ZqZ’Nf 1%+ Im (v, 2i V'Y N ) —Im(Lv, €N fi)) < K—1.

Since D(V) is a core for V, we get that for ]?N € D(V), there exists a sequence
{me}m C D(V) such that me fN and Vme mese VfN, which clearly im-
plies that
K —1 >Im(v, (Av* + L)v) + (fNVfVN> + Im(v, 2i76i¢NfN) — Im(Lov, ei¢NfN>
=Im(v, (A" + L)v) + lim ((FymV frm)
(v, 20V fy ) — Tm (Lo, €9V iy ) .
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Hence, for m big enough we get that
Im (e~ me + v, Av,g(ew”ﬁv,m +v)) < K
in contradiction to . This shows the lemma. 0
REMARK 9.1.7. This result applies in particular to the case of V' being bounded.

Under the assumption that the conditions V C D(v;/ %) and ran(£) C ran(V;/ %) are
satisfied, let us now show a necessary and sufficient condition for Ay » to be dissipative.

Before we do this, we will need the following lemma:

LEMMA 9.1.8. Let V' be a symmetric and non-negative operator and let Vi denote its

selfadjoint Krein—von Neumann extension. Then, mn(VIy2 [pvy) is dense in mn(Vé/Q).

PROOF. Any element of ran(Véﬂ) is of the form Véﬂh, where h € D(Vém). By

Proposition [5.2.3, we have that

h 2
”V;/szHQ — sup |< an>| ’
repvyvizo (V)

2 .
can be rewritten as

(b, V12 e, Vr A\l
NSy K
(£VE) '< * ’HVé/QfH>‘

This allows us to rewrite

ot =y {10V |
Vi “h]|* = sup {W,f eDV): V[ O}
0.18) = sup {| (V1. 9) g € xan(V o) gl = 1}

But this implies that ran(Vé/ ? [p(vy) is dense in ran(Vll(/ %). To see why, assume that
there exists a ¢ € ran(V;m) such that ||¢|| = 1 and (¢, g) = 0 for all g € ran(V,//” lD(v))-
Take a Vémh € ran(Véﬂ), with ||V1i/2h|| = 1 such that ||V[$/2h — ¢|I* < e for some

0 < € < 1 small enough. Then, for any g € mn(VIy2 [pevy), we get
(V2R )2 = [(Vil*h — 0, g)* < IV *h — ol ?]|g]I* < ellg])? -

Taking the supremum over all g € ran(Vll(/ 2 Ipevy) with [lg|] = 1, we arrive at a
contradiction, since the supremum of the left hand side is 1 whereas the supremum of

the right hand side is ¢ < 1. This shows the lemma. 0J
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We are now prepared to show the main theorem:

THEOREM 9.1.9. Let (A, 2) be a dual pair that has the common core property, where
A is dissipative. Moreover, for any V € D(A*)//D(A) and L being a linear map from

V into H, let the operator Ay be defined as in Definition [9.1.5. Moreover, assume
that

v E D(Véﬂ) and  Lv € ran(V;/z) = D(V;UQ)
forallv € V. Then, Ay is dissipative if and only if for all v € V we have

~ 1 _
(9.1.9) I, (A" + L)v) = £ [UVy V2 v+ 20V 02

Here, V;l/Q denotes the inverse of V;/Z as an operator in ran(V;/Q) and U 1s the partial

isometry as defined in Lemma[9.1.5

PROOF. Let us start be showing that the above conditions are sufficient. As usual,

let D denote a common core for A and A. For any f € D and any v € V, we then get
Im(f + v, Apc(f +v)) = Im(f +v, A*(f +v)) + Im(f + v, L)
= (f,Vf)+Im(v,2iV f) + Im(v, (Z* + L)v) + Im(f, Lv)
= [[Vi* FII? + Tm(v, 2V 2V £) + Tm (v, (A" + L)o) + Im(Vi 2V f, Lo)
= VY2 F)12 + Im(V,Y %0, 20V £) + Im(o, (A* + L)v) + ImUVE2 £,uv 2 Lo
K K K F F
= [VY2 112 + Tm(V,Y %0, 20V F) + Im(o, (A* + £)v) + Im(VY2 f,uv: P co
K K K K F
= [V FI1? + Tm(v, (A" + L)v) + (V2 £, UV 2L + 21V %))
1, _
> V2|12 + Lluve Y2y 4 20V 0|2+ Im (VL2 F, UV YL+ 20V )
1, _
> ViPFIP+ Ve Lo+ 20V > lP IV AN @V 2L + 20V o
1 B 2
- (HV;/QfH — SV L + 2@1/;/%”) >0.

Let us now show that Condition (9.1.9)) is also necessary. Assume that it is not satisfied,

i.e. that there exists a v € V such that

A* 1 —-1/2 - 71/2 412
(9.1.10) Im(v, (A" + L)v) — ZHUVF Lo+ 2V 0||* < —¢
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for some € > 0. By Lemma[9.1.2) we have that (Z/IVF_I/Q,CU + 21"/}1/21)) € ran(VIyz). By

Lemma [9.1.8) there exists a sequence {Vé/ 2 fatn C ran(Vé/ 2 Ipvy) such that

Vg, ey %Z(uv;/ Lo+ 2V %)
which means by (9.1.10]) that

Im(f, +v, Ay £(fn +2))

= V2 Full? + Im(v, (A + L)0) + Im(VY 2 fo, UV P Lo + 20V %0) 25 —2 < 0.
This shows the theorem. [l

Since one would need further knowledge of the explicit form of the operators V;/ 2
and V;/ ® in order to compute U, this result seems not to be very useful for practical
applications. However, in the following, we will describe three special situations where
significant simplifications occur:

Firstly let us consider the case when the imaginary part V' is strictly positive, i.e. when

there exists a positive number ¢ > 0 such that (f,V f) > ¢||f]|* for all f € D(V).

COROLLARY 9.1.10. Let (A, Z) be a dual pair satisfying the common core property,
where A is dissipative. Moreover, let the imaginary part V' be strictly positive. Then,

Ay ¢ is dissipative if and only if V C D(nyz) and for all v € V we have that
~ |
(9.1.11) Im(v, A*0) + Im(Pv, Lv) > Z|[Vi Y2 eu)1? 4+ Vi P2

Here, P denotes the projection onto ker V* along D(V;m), according to the decomposi-
tion D(V;/Q) = D(VFl/Q)—i— ker V* as defined in (8.13)).

PROOF. Since V' > ¢ > 0, we have that ran(Vp) = ran(V;m) = H, which means
that the condition ran(L) C ran(V;/ ?) is always satisfied. Thus, by Lemma , it is
necessary that V C D(V[y %) for Ay to be dissipative.

Since V' > ¢ > 0, we have that D(Vyk) = D(V)+ker V* with Vg = V* [pw). This

implies that ker V* = ker Vi and since Vi is non-negative, we also get that ker V}i/ =
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ker V*. By (5.2.)), it is known that D(Vém) = D(V;ﬂ)J— ker V*. Thus, we can rewrite
1 —1/2 2 o 1 —1/2 < 1)/2 2
ZHZ/{VF Lo+ 21V, "0||* = ZHUVF Lo+ 21V, (1 —P)o||
@9$W@gmaﬂawﬁ%m—mww:img”%v+m@”u—wa
:ﬂwﬂ%ﬂﬂwwﬂu—mw%umnWm—muwﬂ%m
= IV 2ol 4 V20l + (1 — Pho, £0)
With this, Condition from Theorem can be rewritten as
(v, A0} + Im{Po, £0) > 3 [Vi Lol + [Vi 2],
which is the desired result. 0J

REMARK 9.1.11. For explicit computations, it seems useful to use the fact that
ran(Vr) = H. This means that any Lv can be written as Lv = Vp¢, for some ¢, €
D(Vg). Then, we can rewrite (9.1.11]) as follows

~ 1
(9.1.12) Im(o, A0) +1m(Pv, Vegy) > Ve 00l + Vi 0]

which is more accessible to explicit computations. A similar idea for generic non-

negative imaginary parts V' will be discussed in Corollary [9.1.13]

EXAMPLE 9.1.12. As in Section [5.4.4] consider the dual pair (A, Ay), given by

Ag: D(AO) = Cso(ov 1)’ (AOf) (x> = —’if”(iﬂ) - ’yf;:;)’

flz)

xr2

Agi D) =C2(0.1), (Aof) @) =if"(x) =

Define the dual pair (A, g), where A := Ay and A = ATO. By construction, (A, g) has
the common core property, where we choose C°(0,1) =: D to be the common core.

The “imaginary part” V is given by
V: D(V)=Cx(0,1)
fr=1",
which is a strictly positive operator, since in ((5.4.11)), we have already argued that

(F,V Yy >7f|]? for all fe€C>(0,1).
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For simplicity, assume that v > /3, which ensures that dim ker A* = dimker A* = 1.
Recall that D(A*) can be written as

D(A*) = D(A)+span{z“+, z¥F 2} |

where we have defined w, := (14 /T +4i7)/2. We therefore choose D(A*)//D(A) =
span{z“+, z“+T2}. Recall that in (5.4.15]), we have parametrized all proper one-dimensional
extensions of (A, A), with the family of operators {A,} pecuiooy given by

Ap: D(A,) = D(A)—i—span{@,}, A, = A ID(A,) 5

where
2T+ — w+2 Wi H-‘-Z
. p <( +w+2)if_w+x > — =t for pe C
span{x®t, 1% 2} 3 ¢ (7) = W ey
’ g (24TE)a+ —wy a2 for p—
2T —wy or p=00

satisfies the boundary conditions

£,(0)=£,(0)=0 for peCU{oc}

p

(1) =p, §,(1)=1 for peC and (1) =1, {(1)=0 for p=o0.

Next, observe that for p € C, we get P&, (x) = px, whereas for p = 0o, we get Pl (z) =
x. This follows from the fact that D(V;/z) = H}(0,1) and for any p € C, we have
£,(0) = £ (0) =0 as well as £,(1) = p and {(1) = 1. Now, since V' is strictly positive,
we know that its Friedrichs extension Vg is bijective, which means that any function
LE, € L*(0,1) can be written as £, = Vpd = —¢” for some unique ¢ € D(Vp) = {¢ €
H?(0,1),$(0) = ¢(1) = 0}. Hence, let us use the parameter p € C U {oo} and the
functions ¢ € D(VF) to label all one-dimensional extensions of D(A) that have domain

contained in D(Z*) They are given by

Ass  DlAyy) = D(A)span(s,)
[Apolf +26)]() = (if"(x) - ig)(a)) — L E2AD 3.
where f € D(A) and A € C. By (0.1.12), we have that A, is dissipative if and only if
Tmn{g, A6 — VI = IV 6P — Im(P, Vi)
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is satisfied. In (5.4.14)), we have shown that for any v € span{z“+, z“+ ™2}, we have
(v, A*0) — [V *0]2 = —Re (o(0v'(1)) + (D)2,
which means that
~ Ip]? —=Re(p) if peC
. 1/2
Im{€, A7) — V"6, |1° =
1 if p=oco.

Moreover, since ||VF1/2¢|| = [|¢'|| and

(9.1.13) Im ( /0 1 w¢”(a;)dx) — Im(¢/(1))

for any ¢ € D(Vp), the above yields the conditions for A, , to be dissipative:
{167 + Im(p6 (1) < 1~ Rep for peC
LG + (@) < 1 for p=oo.

For the case of proper extensions A, 4—y we had the condition that either p = oo or
lp* — Rep > 0 for A, 40 to be dissipative. In the non-proper case, for a suitable
choice of ¢, it is no longer necessary that p satisfies this condition. For instance, let

d(x) ;== x? —x € D(Vp). We then get the condition

1 1
LI91P +m(pe! (1)) = — — Tm(p) < |of? — Rep

for A, ;25 to be dissipative. This condition is for example satisfied by p = % + %i,

ie. A(1+§i) (22—) is dissipative, while A(1+§i) =0 is not. In Corollary [9.1.15] we will
28" 2TgY)

show that the phenomenon that we have a dissipative non-proper extension, defined on

a domain on which the corresponding proper extension would not be dissipative, can

only occur if V' is not essentially selfadjoint.
Next, let us consider the special case that ran(£) C ran(Vp).

COROLLARY 9.1.13. Let (A,g) be dual pair satisfying the common core property,

where A is dissipative. Moreover, assume that ran(L) C ran(Vg). In this case, we write
Ly = Vpe,, where ¢, € D(Vp). Then, Ay is dissipative if and only if V C D(Véﬂ)
and for all v € V, we have that

~ 1
(9.1.14) Im{v, A*v) + Im{v, Vi) > ZHV;/Q(% + 2iv)||2.
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PROOF. Sinceran(L) C ran(Vp) C ran(V;/ %) by assumption, it follows from Lemma
that it is necessary that V C D(Vé/ %) for Ay, to be dissipative. Again, condition
(19.1.14])) follows from ((9.1.9), where we substitute Lv = Vr¢, to get

~ 1 _ 1
Im(o, A0) + Im(v, Vegy) > 7 [UVy Y2, + 20V 20 = Zl||v;/2(¢v +2i)|2,
which is the desired result. O

EXAMPLE 9.1.14. Let H = L?(0, 00) and consider the dual pair of closed operators
(A, A) given by
A D(A) = H}(0,00), f+~ —if”

A:  D(A) = H}0,00), fr—sif”,

which has the common core property since D(A) = D(A) and (A, A) are closed. Their

adjoints are given by
A* D(A*) = H*(0,00), f > —if"
A" D(A*) = H*(0,00), frsif”.
Moreover, the “imaginary part” V' and its adjoint V* are given by
Vi DV)=H§0,00), fr>—f"
Ve D(V*) = H*(0,00), [ —f".

AsA=iV and A = —1V, we get that A* = iV* and A* = —iV*. Since

ker(V* + i) — span {exp (— ! \2%) } ,

and
D(A*) = D(V*) = D(V)+ker(V* + i)+ ker(V* —i) = D(A)+ker(V* + i)+ ker(V* — i),
we may choose

D(V*)//D(V) = D(A")//D(A)

— span {exp (_ ! jﬁx) exp (_ ! \/_ix)} — span{o, 7}
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The functions ¢ and 7 are suitable linear combinations of the elements of D(A*)//D(A)
such that ¢(0) = 7/(0) = 1 and ¢'(0) = 7(0) = 0. For p € C, define the function
Cp(z) == o(x) + pr(x) and let ((x) := 7(x). In order to be able to use Corollary
we will only consider £(, € ran(Vp), i.e. we can write £(, = Vr¢ for some
¢ € D(Vr) = {f € H*(0,00), f(0) = 0}. Thus, as in Example [9.1.12] let us use the
parameter p € C U {oo} and the function ¢ € D(Vp) to describe all extensions A, , of

the form

Apo D(App) = D(A)—Fspan{é’p}

fHAG = —i(f" + X)) — A",

where f € D(A) and A € C. Next, let us use Corollary|9.1.13 to find the conditions on
p and ¢ for A, 4 to be dissipative. Firstly, observe that Vi is the Neumann-Laplacian

on the half-line. This can be seen from

(9.1.15) (fVF) = FO)7(0) + / 1 () da

for all f € D(V*). In order to find the selfadjoint restrictions of V*, observe that any
additional selfadjoint boundary condition has to be of the form f’(0) = rf(0), where
r € R. The choice r = oo corresponds to a Dirichlet condition at 0, i.e. f(0) = 0 and
describes the Friedrichs extension of V. For any r < 0, we get that (f,V*f) can be
made negative, which therefore does not describe a non-negative selfadjoint extension of
V. For r > 0, it is obvious that » = 0 describes the smallest non-negative extension of
V. Hence, the Krein—von Neumann extension is given by the Neumann-Laplacian with
domain D(Vk) = {f € H?(0,00), f/(0) = 0}. It is also not hard to see that if we close
D(Vi) with respect to the norm induced by (9.1.15]), we get D(Vlyz) = H'(0,00). Now,
since D(A*)//D(A) € HY(0,0) = D(Vlyz), we get that the first necessary condition
for A, , to be dissipative is satisfied for any p € CU {oo}. Next, let us determine for
which p € CU {0} and ¢ € D(Vr) Condition (9.1.14) is satisfied. For p € C, it reads
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as
Im(Cy, —i¢y) + Im(Cy, —¢") > H¢ +2iG||* = —||<i>’H2 +IGII* + Re(e', i¢y)

&Im((,(0)i¢,(0)) + [IGl1* + Tm(g”, ¢y) > Ll + IG 17 + Tm(¢”, ) + Tm(¢'(0)¢,(0))

!
1
SRep > Z[|¢/]]* = Tm(¢/(0)) -
For p = oo, we get the condition that
1

> Z||l& 2

> 11917,
which means that the only allowed choice is ¢(x) = 0 in this case.

Finally, let us consider the case that V' is essentially selfadjoint.

COROLLARY 9.1.15. Let (A,Z) be dual pair satisfying the common core property,
where A is dissipative. Moreover, let the imaginary part V' be essentially selfadjoint.
Then, Ay is dissipative if and only if V C D(Vl/Q), ran(L) C mn(vl/z) and for all
v €V we have that

—~1/2

~ 1 _
(9.1.16) Im(v, Av) > 7|V Lo|]2 + [V 0|2

In particular, this implies that for Ay . to be dissipative, it is necessary that Ay is

dissipative.

ProOOF. The conditions that V C D(V1/2) and ran(L) C ran(Vl/Q) for Avc to be
dissipative follow from Lemma m Condition m follows from (|9 using that
Vi = Vp =V, which implies that U acts like the identity on ran(Vl/ ) Moreover, by
Theorem [5.2.8, Ay is dissipative if and only if V C D(VUQ) and Im(v, A*v) > ||V1/21)H2
for all v € V. Thus if Ay is not dissipative then it is either true that V ¢ D(V /2) or
we have V C D(V ) but there exists a v € V such that

m(v, Ay — |[V%0)2 < 0.

In the first case, Ay ; would not be dissipative, since by what we have just shown, it is
necessary that V C D(Vl/ 2) for Ay r to be dissipative. In the second case, Condition
(19.1.16)) would read as

—-1/2

~ _ 1 —
0> (v, A'v) = |[V'70l? = 21V Lo,
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which is impossible. This shows the corollary. 0

EXAMPLE 9.1.16. Let 0 < v < 1 and let (A, A) be the dual pair as discussed in
Example , where we have chosen D = C°(0,1) to be the common core. Recall
that we have D(A*)//D(A) = span{z 7,27} and that the imaginary part V is the
multiplication operator by the function I which has closure to the selfadjoint maximal
multiplication operator by 2. As argued before, 277 ¢ D(VUZ), which means that the
only choice for V C span{z~, 27"} in order to have a chance for Ay  to be dissipative
is V := span{z7*}. Let us define v(z) := 27" and Lv =: £ € H and let us use the
functions v and £ to label Ay := A,,. Since (f,V f) > ||f]|? for all f € D(V), we get
that V and Vl/2 are both boundedly invertible, in particular that ran(vlﬂ) = H. Thus,
by Corollary it only remains to check whether Condition ((9.1.16)) is satisfied,
which reads as

Tm(v, A*0) — |[V%0)2 > <[V 207

1
!
In (5.4.9), we have already shown that

~ —1/2 Fx9 1 1
Im(o, Av) — [Vl =2 2 (o) = [o(0)]?) = 5.

Hence, A, is dissipative if and only if

— 1 [t
72 = —/ o|t(z)[2dz < 2.
7Y Jo

This means that all dissipative extension of A that have domain contained in D(Z*)

are given by
Ay D(A,,) = D(A)+span{v}

(9.1.17) (Apo(f + M) (z) = if (z) + i (z) + iy

F@) 4 20l) e

where f € D(A) and A € C. The function ¢ € L*(0, 1) has to satisfy

1
(9.1.18) / r|l(z)|Pdr < 2.
0

Moreover, by Lemma [2.3.8 we have that A,, is maximally dissipative since it is a

one-dimensional extension of A.
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9.2. Application: Operators with bounded imaginary part

Let us apply the result of Corollary [9.1.15] in order to construct all dissipative
extensions of a dissipative operator with bounded imaginary part. To start with, let
us show that it is sufficient to only consider operators of the form S 4 iV, where S is

symmetric and V' > 0 is bounded:

LEMMA 9.2.1. Let A be a dissipative operator and assume that the quadratic form

q given by
q: D) =D(A), fr Im{f.Af)

is bounded. Then there exists a unique symmetric operator S with D(S) = D(A) and a
unique selfadjoint bounded operator V> 0 such that A =S +1iV.

PROOF. Firstly, observe that the quadratic form ¢ is closable and let V' be the
selfadjoint operator associated to the closure of ¢q. Define the operator S = A —iV with

D(S) = D(A), which is symmetric:

Im(f, 5f) = Im(f, (A =iV)f) = Im(f, Af) = {f, V) = 0.

Thus, A =S+ iV, where D(S) = D(A).
To show that this choice is unique, assume that there exists another symmetric S” with
D(S") = D(A) and a bounded V' > 0, such that A = S"+¢V’. Then, for all f € D(A),

we get
(IS =8)+i(V=V)]f) =0,

which means in particular that for all f € D(A), we have:

Re(f, (S =8N +i(V=V)f)=(f,(5=5)f) =0
and
Im(f, (S = 8) +i(V =V)f) = (f,(V-V')f)=0.
By Lemma 3.8 we get that S = 5’ and V [piay= V' [pa) and as V and V' coincide on

a dense set, so do their unique continuous extensions to . This shows the lemma. [

Next, let us show that for any dissipative extension of S + ¢V, it is necessary that

its domain is contained in D(S*):
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LEMMA 9.2.2. Let A := S+iV, where S is symmetric and V > 0 is bounded. Then,
for an extension A C B to be dissipative, it is necessary that D(B) C D(S™).

PROOF. Assume that D(B) ¢ D(S*), i.e. that there exists a v € D(B) such that
v & D(S*). For any f € D(A) = D(S), consider

Im(f +v,B(f+v)) =Im(f,(S+ V) f) +Im(v, (S +iV)f) + Im(f + v, Bv)
= (f,Vf)+Im{v,Sf) + Im(v,iV f) + Im(f + v, Bv)

(9.2.1) < IVINAP +Tmv, S£) + IVl I+ 1IN Bol + (ol Byl -
Since v ¢ D(S*), there exists a normalized sequence { f,}, C D(S) such that

lim Im(v, Sf) = —o00.

n—oo

Using (9.2.1)), we therefore get
I f,, + v, B(fo +0)) < [V + Vo]l + [|Bol| + [[o]|[| Bo|| + Im(v, S f,,) =% —o0,
which shows that B cannot be dissipative in this case. This finishes the proof. ([l

We are now able to describe all dissipative extensions of A = S +iV:

THEOREM 9.2.3. Let A =S5 +iV be a dissipative operator with bounded imaginary
part. Moreover, let V C D(S*)//D(S) and let L be a linear map from V into H. Define

the operator Sy, via

Syﬁ : D(Svﬁ) = D(S)+V

(0.2.2) Sve(f +v) = §°(f +v) + Lo,

where f € D(S) and v € V. Then Sy +1iV is a dissipative extension of S +1iV if and
only if for all v € V we have that Lv € ran(V/?) and the condition

1
(9.2.3) Im{v, S*v) > Z|’V_1/2£U||2

is satisfied. As before, V=% denotes the inverse of VY2 on the reducing subspace
ran(V1/2). Moreover, all dissipative extensions of S + iV are of this form.
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PRrOOF. Since V' is bounded, Sy  is an extension of S if and only if Ay = Sy +iV
is an extension of A := S + V. Clearly, for A := S + iV and A=5- 1V, we have
that (A, A) is a dual pair and we get that D(A) = D(A) = D(S), which means that
it has the common core property. Moreover, by boundedness of V', we get that A =
S* + iV, where D(A*) = D(5*). Also, observe that V Ip(s) is essentially selfadjoint,
which means that we can apply Corollary [0.1.15] Since V' is bounded, we have that
D(V1/2) = D(V) = H, which means that the Condition that V C D(V/?) is always
satisfied. Thus, by Corollary|9.1.15| it is necessary that ran(£) C ran(V1/2) for Ay, to
be dissipative. Condition (9.1.16|) reads as

1 1
Im(v, (S* +iV)v) > |V V20> + ZHV_l/QL'.vH2 < Im(v, S™v) > Z||V_1/2£v||2 :

which is the desired result. Let us finish by showing that all dissipative extensions
of S + 1V are parametrized by the operators Sy + iV. By Lemma , we know
that all dissipative extensions have domain contained in D(S*) = D(ﬁ*) On the other
hand, since V is an arbitrary subspace of D(S*)//D(S), the extensions Sy o as defined
in describe all possible extensions of S that have domain contained in D(S*).
As they are dissipative if and only if V and L satisfy the assumptions of this Theorem,

we have found all dissipative extensions of (S + V). O

REMARK 9.2.4. This is not a new result, it was first shown by Crandall and Phillips
[14] Theorem 1].

From Condition (9.2.3), we see that if Im(v, S*v) = 0 on V, it is necessary that
Ly =0 for all v e V:

COROLLARY 9.2.5. Let V C D(S*)//D(S5).

a) If Sy is symmetric, then (Sy 4 iV) is the only dissipative extension of (S + V)
with domain equal to D(Sy). Moreover, the imaginary part of any other extension of
the form (Sy  + V') is not bounded from below, i.e. for L # 0, there exists no v € Rt
such that

(9.2.4) Im{, (Sy.c +iV)) = |0

inf
YED(Sy,c):llvl|=1
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b) On the other hand, if there exists an € > 0 such that
Im(v, Syv) > e||v||?

for all v €V and if the operator L is bounded, we get that

IIEII2

(9.2.5) Imt), Sy 1) > 12

for all p € D(Sy ). This implies in particular that for any bounded V > %, we get

Im(y, (Sy ¢ +iV)p) > 0

for all ¢ € D(Syz).

PROOF. a) By Theorem [9.2.3] Condition (9.2.3)), it is necessary that
1
m(v, S*v) > ZHV’UQEUHz

for all v € V. But since Sy = S* [p(s,,) is symmetric, we get Im(v, S*v) = 0 for all
v € V, which makes it necessary that Lo = 0 for all v € V for (Sy . + iV) to be
dissipative. In other words, only for £ = 0 do we have that Ay c—o = (Syc—o + V)
is dissipative. For the second part of a), assume that the imaginary part of Ay . is
semibounded with semibound —v (cf. (9.2.4)). This would mean that the operator
Sy.c +1i(V + ) is dissipative, which by Condition means that for all v € V, it
is necessary that

1
0=Tm(v, Sv) > Z|(V +~) 72 Lo||?,

which is impossible if £ # 0.

b) Assume now that there exists an e > 0 such that Im(v, Syv) = Im(v, S*v) > ||v||?
forallv e V. If £L =0, clearly holds with [|£]| = 0. Now, let £ # 0. Again, by
Condition (9.2.3)) of Theorem 9.2.3 the operator Sy o + z” ” is dissipative if and only

if
9N —1/2 2
(”ﬂ ) EU‘

for all v € V. Since for all v € V we may estimate

—_— m
e Lo 4H£H2 Lo||* <ellv v,

(9.2.6) Im(v, S*v) >

1
4

4
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this proves that (9.2.6) is satisfied. Hence the operator Sy ¢ —I—i% is dissipative, which

is equivalent to

1£1[*

Im(t, Sy.c0) > =+ [lvl)

for all ¢ € D(Sy ). This finishes the proof. O

EXAMPLE 9.2.6 (Schrodinger operator on the half-line). Let H = L*(R") and con-

sider the closed symmetric operator S given by:
S: D) ={fe H'R"): f(0)=f(0)=0}, fr—f".
Its adjoint is given by
S*:  D(S)=H R"), fr—f",

where in both cases, f” denotes the second weak derivative of f. Since for any f € D(S*)

we have
ti(f, 5°f) = <t ([ 7))t ) = 1w (707 0))
0
this shows that all maximally dissipative extensions of S are parametrized by the bound-

ary condition
Sht D(Sw) ={f € HR"): f(0) = hf(0)}
fe=r,
where Im(h) > 0. Since S is symmetric, we may choose
D(S*)//D(S) = ker(S* + i)+ ker(S* — i) .

Now pick n, € D(S*)//D(S) such that 7;,(0) = h and 7,(0) = 1, which means that
D(Sy) = D(S)+span{n,} with the understanding that h = oo corresponds to Dirichlet

boundary conditions at the origin. This implies that
(9.2.7) Im(ny, S*np) = Imh ,

where we introduce the convention that Im(oo) = 0 since Sy is selfadjoint. By Theorem
9.2.3] Condition (9.2.3)), we get that for h = oo the only linear map £ that describes a
dissipative extension Sy_  is given by £ = 0, which corresponds to a proper dissipative

extension. Here, V., := span{n.}. Hence, we will not treat this case anymore from
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now on. Now, for h # oo, the map L from V = span{n,} has to be of the form Ln, = k
for some k € H. Thus, any f € D(S),) can be written as f = (f — f(0)n,) + f(0)np,
where (f — f(0)n,) € D(S). This means that the operator Sy . is given by

SV,C . D(SV,E) = D(Sh)

Spef = —f"+ f(O)k.

Since Sy ¢ only depends on our choice of h € C and k € H, let us use these two parame-

ters to label Sy = S 1. Let us now consider a few bounded dissipative perturbations:

(9.2.8)

Let us start with a rank-one perturbation of the form V' = alp)(yp|, where
a > 0 and ||| = 1. Since ranV = ran V2 = span{y}, the first condition of
Theorem yields that k € span{¢}. Moreover, on span{¢}, the operator
V=1/2 is given by ¢ — a~ /2. Thus, the second condition of Theorem [9.2.3]

reads as
1
Zua—l/?w\\? <Imh < |\’ <4almh,

where we have parametrized kK = A\p. Thus, all (maximally) dissipative exten-

sions of the operator
A: D(A) ={f e HR"): f(0) = f'(0) =0}
[ =f"+ialp, fe
are given by the family of operators Ay, 5, where |A|* < 4almh:
Anpe D(Apy) ={f € H*([R"): f'(0) = hf(0)}
frr ="+ F0)Ap +iap(e, f) -

Let us generalize the previous case to V' > 0 being compact. In this case, V
can be written as V = > 2, a;|¢i) (], where a; > a;1 > 0 for all i € N and
lim; 0o a; = 0. This implies that V2 = 3% o}"%|0;)(g;]. Clearly, ranV =

span{p;};, however, V is certainly not boundedly invertible on its range. Thus,

the function k € ran V such that Ln, = k therefore has to satisfy the additional

requirement

00 A2
Sl

a.
=1 ¢
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(9.2.9)

which guarantees that & € D(V~/2). Now, the second condition of Theorem
[0.2.3 reads as

0 A2
Z M < 4Imh .
i=1 &

We therefore have constructed the (maximally) dissipative extensions of the

operator
A DAY= {f € HYRY) : £(0) = £'(0) =0}
[ +iiam<% m,
which are given by the family of operators Ap x:
Aues D(Aw) = {7 € R : F(0) = hf(0))

f ="+ FO)k+iY Ngilgi f)

i=1

where k € ran V satisfies (9.2.9)).

Now, let V' be the multiplication operator by an a.e. non-negative function
V(z) € L®(R*). Clearly, ranV = L?(ess supp V(z)), where we recall that
ess supp V' (z) is the smallest closed subset of R* such that V(z) = 0 a.e.
in R\ (ess supp V(z)). Hence, the first condition of Theorem yields
the requirement that ess supp(k(r)) C ess supp(V(z)). Next, k € D(V~1/2)
implies that k£ has to be such that

k 2
/ k@) o
ess supp(V (z)) V(.T)

Lastly, the second condition of Theorem [9.2.3| reads as

2
/ F@E 40 < st
ess supp(V(x)) V(I’)

Thus, all (maximally) dissipative extensions of the operator
A: D(A) ={f € H*R"): f(0) = f'(0) = 0}
(Af)(@) = —f"(x) +iV(2)f(2)
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are given by the family of operators Ay, ,, where k € H such that ess supp(k(z)) C
ess supp(V (z)) and

2
/ k() ———dx < 4Imh .
ess supp(V(x)) V( )

They are given by:

Ah,k : ’D(Ah,)\) = {f € H2(R+) : f/(O) = hf(O)}
(Anif)(z) = —f"(x) + f(O)k(x) + iV (2) f(2) .

9.3. Dissipative extensions of operators with closable imaginary part

In this section, we are going to determine the dissipative extensions of dissipative

operators A for which the form given by

qa: D(qa) = D(A)

(9.3.1) [ Im(f, Af)

is closable (cf. Definition [7.3.1]). This is not always the case as the following counterex-

ample illustrates:

COUNTEREXAMPLE 9.3.1. Let H = L?(0,1) & L?(0, 00) and consider the operator

Ar DA ={(fi.f) EH: L€ H(0,1), fi(0) = f1(1) =0, f» € H'(0,00)}
(f1, f2) = (=ifi, —if3) -

For any (fi, f2) € D(A), we have — using integration by parts —

£2(0)?
>

m((f1, fa), A(f1, f2)) = Im({(f1, fa), (=if}, —if3)) = >0,

which means that A is dissipative. However, since we have added the first Hilbert space

L?(0,1), the operator is not maximally dissipative. Now, the form given by

qa((f1, f2)) == Im((f1, f2), A(f1, f2)) = ’f2( )2

is not closable. To see this, pick e.g. the sequence g, = (0, g( )) where
1—nz  for z€l0,1/n]

0 for x>1/n.
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A calculation shows that [|g,||* = 3= = 0 and qa(g, — gm) = 0 for all n,m. However,

for any n we have that q4(g,) = 1 4 0, which means that g4 is not closable.

REMARK 9.3.2. If A is dissipative and there exists an antidissipative A such that

(A, ﬁ) is a dual pair that has the common core property with common core D, then

the form qu [p is closable since qa(f) = (f, (A — A) Ip f), where =(A - A) Ip is
symmetric (cf. [26, Thm. VI, 1.27]). Hence, in this case, we could consider extensions
of the operator Ag := A [p instead. Thus, if we have found a dissipative extension B
of Ay, where By ¢ A, we can use Lemma and close By to obtain a dissipative

extension B := B, of A.

Let A be dissipative and assume that it induces a strictly positive closable imaginary
part. In the following, we will determine a necessary and sufficient condition for an

extension A C B to be dissipative.

THEOREM 9.3.3. Let A be dissipative and let q4 be the quadratic form as defined in
(19.3.1). Assume that q4 is closable and that there exists an € > 0 such that

(9.3.2) qaa(f) > el I

for all f € D(A) =D(qa). Let V be the selfadjoint operator associated to the closure
of qa. Moreover, let W be the operator given by

W D(W) = ran(V'*/? IDea))

g— AV Y2g

An extension A C B is dissipative if and only if for any v € D(B)//D(A) we have
v € D(W*) and it satisfies the inequality

1
(9.3.3) Im{v, Bv) > Z||(v—1/QB — W*l%.

PrOOF. We need to show that Im(f + v, B(f +v)) > 0 for any f € D(A) and any
v € D(B)//D(A). Using that for any f € D(A), we get Im(f, Af) = ||[VY/2f||?, we can
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write

(f + v, B/ +0)) = In(f, Af) + (v, Bo) + m{, Bo) + v, )

— VA2 + (o, Bo) + Tmdf, Bo) + Im{u, Af)
Now, since V' > ¢, it follows that V'/? is boundedly invertible. Hence, for any f €
D(A) € D(V1/2), there exists a unique g € H such that f = V~/2g. Moreover, note
that ran(V'/2 [p(4)) is dense in H. This follows from the fact that ran(V/2) = H and
that for any V'/2f, where f € D(V'/?), there exists a sequence {f,}, C D(A) such
that V/2f, — V1/2f since D(A) is a core for V1/2. This means that W is a densely

defined operator. Now, let us write
T (f +v, B(f +v)) = Im(V"2g + v, B9 +v))

= |[VY2V =129 4 Im(v, Bv) + Im(V~"2g, Bv) + Im(v, AV /%)
(9.3.4) = ||g||* + Im(v, Bv) + Im{g, V"2 Bv) + Im(v, Wg) .
Assume that v ¢ D(W*). This means that the map g — (v, Wg) is an unbounded
linear functional on D(W) = ran(V'/? |p(4)). Hence, there exists a normalized sequence

{gn}n € D(W) such that Im(v, Wg,) "3 —oco. Looking back at Equation (9.3.4), we

see

g |* + Im(v, Bv) + Im(g,,, V"2 Bv) + Im(v, Wg,)

n—oo

<1+ Im(v, Bv) + [|[V"Y2Bu|| + Im(v, Wg,,) =3 —o0 ,

which means that B cannot be dissipative in this case. Thus, suppose that for any

v € D(B)//D(A), we have v € D(W*) from now on. Let us now show that if (9.3.3) is
satisfied for all v € D(B)//D(A), we get that B is dissipative. We proceed to estimate
(19.3.4)):
lglf* + Im (v, Bv) + Im(g, V="/2 Bv) + Im({v, Wg)
1
> gl* + (V=28 = Wu|? + In(W*v, g) — Im{V =" Bu, g)

1 _ . _ «
>lgl* + ZUV=2B = Wo|* — lgl[|(V=2B = W

1, o)
= (gl - 31025 = wyel) > o0,
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which shows that (9.3.3)) is sufficient for B to be dissipative. Let us finish the proof
by showing that it is also necessary. To this end, assume that there exists a v €

D(B)//D(A) such that
(9.3.5) Im (v, Bu) — }Ln(v—l/?B W2 < —e

for some € > 0. Since D(W) is dense, we may pick a sequence {g,}», C D(W) such that

n—oo _;

gn = SH(V V2B — W*)v. Plugging this sequence into (9.3.4), we get

lgall” + Im(v, Bu) + Im((W* = V"2 B)u, g,)

n—roo 1
“XFIm(v, Bv) — ZH(V_I/ZB — Wl < —¢.

This shows that B cannot be dissipative in this case either. This finishes the proof. [

Note that even though by construction we have that D(A) € D(V1/?), it is not in
general true that D(A) C D(V) as the following counterexample shows:

COUNTEREXAMPLE 9.3.4. Let b be such that Re(b) > 0 and Im(b) # 0 and consider

the maximally dissipative operator A on H = L?(0, c0) given by
A D(A) = {y € H*(0,00) : ¢'(0) = bip(0)}
f—if' +if.
The quadratic form q4 induced by the imaginary part is given by

a4(0) =l 4v) =t ([ 500 (-iv/ (@) e ) + ol

=t (000 0) 4 [ @) + o

0
= Im(ib) - [ (0)* + |91 + [[]|*
= Re(b) - [ (O)* + [¥']I* + [l¥]* = 0

and since

036) |02 = \ [ oRe(@ s

<9 / (@) (@)l < [0 + [0

we have that

(19.3.6)

02 + 12 < aa() 20 (1 + Re(s)) (1l + [0/]72) .
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which means that the norm induced by qu4 is equivalent to the first Sobolev norm (it
is in particular closable). Closing D(A) with respect to this norm just yields the first
Sobolev space H'(0,00) and the selfadjoint operator V associated to the closed form is

given by

V. D(Vi) = {v € H*(0,00) : ¥'(0) = Re(b)¥(0)}

for=f"+r.
Hence, we have constructed an example, where D(A) ¢ D(V).

Even though the previous theorem provides us with a criterion for an extension to
be dissipative under rather mild assumptions on the original operator, it seems rather
difficult to apply it to concrete problems, since it can be quite difficult to compute the

operator W. In the following, we are going to discuss two examples, where Theorem

[0.3.3 can be used.

ExXAMPLE 9.3.5. As in Example consider the dissipative operator Ay on the
Hilbert space H = L?(0,1) given by

Ao D(A0) =CF(0,1), (Aof)(x) = if (x) +i2 ().

where v > 0. As shown in Example we have that its closure A := A, has domain
D(A) = H}(0,1). Moreover, since 0 € p(A) and dimker A* = 1, we have by Lemma
that all maximally dissipative extensions A have to satisfy dim(D(A)/D(A)) = 1,
i.e. there exists a v & HZ(0,1) such that D(A) = D(A)+span{v}. Now, since C(0,1)
is a core for A, we get from Lemma that C>(0,1)+span{v} is a core for A.
Thus, we apply Theorem to extensions By of Ay, whose domain is of the form
D(By) = D(Ag)+span{v}, where v ¢ H}(0,1). If By is dissipative, then we get that
B := B, is a maximally dissipative extension of A. We start by determining the

“imaginary part” V. Since we have that qg4, is given by

qa, - D(qu) = Cgo(()? 1)

1 2
Fortmfof) = [ s

)
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this means that V' is given by the selfadjoint maximal multiplication operator by the

function 1, which implies that V=12 is the bounded selfadjoint operator of multipli-

cation by \/% In order to be able to apply Theorem [9.3.3, let us firstly determine
D(W*). To this end, observe that D(W) = ran(V? [p(4,)) = C(0,1). This follows
from the fact that D(Ay) = C=(0,1) and that V12 — the operator of multiplication
by /T — is a bijection from C2°(0,1) to C°(0,1). We therefore get

W:  DW)=C20,1)

W) = (ig+i2) (2r@) = 2 (i + 25 )

Now, v € D(W*) means that the map

[ /01@\@ (z’f’(m) +z’2721 1f(:z:)) dz

is a bounded linear functional on C2°(0,1). This implies that v € D(W*) if and only if
<v(x)\/%) € D(K*), where K is the operator given by

2v+1

D(K) =CZ(0.1), (Kf)() =if'(a) +i—5

fz).
But K is of the same structure as the operator Ag, which means that we can consider
the dual pair (K, I?o), where K, is given by

D(Ko) = C2(0,1), (Kof)(x) = if'(x) — i272: 1

flz).
Using Proposition for this dual pair for A = 0, we get from completely analogous

reasoning as in Example that

(9.3.7) K*: D(K*)=D(K)tspan{a?™2}, (K*f)(z) =if'(z) — i272—x|— 1f<35) :

Here, K denotes the closure of the operator I?o. However, note that since %

have that dim(D(K*)/D(K)) = 1, since e ¢ L*(0,1) in this case. Thus we get

1
> 5, We

wW*: DW*) = {v e L*0,1) : (Vav(z)) € D(f{)+8pan{xv+%}}

(9.3.8)  (W*v)(z) = (i% —i2721_ 1) (ﬁv(x)) = (\/gv(x))/ —@'227\/%1@(9;),
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where we assume in addition that v ¢ HJ(0,1) to ensure that C°(0,1)+span{v} is a
core of a maximally dissipative extension of A. Let us now denote Bv =: k and use

v € D(W*), where v ¢ H}(0,1) and x € L?*(0,1) to parametrize all such extensions via
AO,v,n : D(Ao,v,n) = CCOO(O, 1)4—Span{v}
fH e Aof + Mk,

where f € C°(0,1) and A € C. Now, by (9.3.3)), Ao is dissipative if and only if

1
Im(v, Bv) > ZH(V’”QB — W*)olf?
L[ [z x o2y +1 ?
(9.3.9) <Im(v, k) > —/ —k(x) —1 <\/jv(a: ) +i v(z)| dr.
< 4Jo [V ( gl ) 2\
Hence, if Ay, . satisfies this condition, we can close it (A,, = Ap,x) to obtain a

maximally dissipative extension of A:
A,.: D(A,.) = D(A)+span{v}
(f + )= Af + Xk,

where f € D(A) = H}(0,1) and A € C. Let us compare this result to Example [9.1.16],

where we have constructed all dissipative extensions of A that have domain contained
in D(A*). This meant that the only choice we had was adding v(z) := 27*! to the
domain of D(A). Firstly, observe that v € D(W*), since we already know by Example
9.1.16| that D(A)+span{v} is the domain of a dissipative extension of A and note that
v ¢ H}0,1). From (9.1.17)), we get that the L*(0, 1)-valued parameter ¢ characterizing
the extensions A, ¢ is related to  in the following way:

(9.3.10) k(x) = ' (2) + ZLo(e) + 0(z) = i(1+ 29)a7 + U(z) .

Plugging (9.3.10) into Condition ({9.3.9)) yields the condition

Im ( /0 e {w'(af) + %v(m) + z(:c)] dz)

2}1/01 % <iv’(x) + %v(x} +€(m)) i (ﬁv(m))/+i2%v(x)‘2dx,

which — after a calculation — can be shown to be equivalent to the condition

1
/ :c|€(:c)|2dx < 2v,
0
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which is in accordance with (9.1.18]).

As a second example, we apply Theorem [9.3.3] in order to determine the accretive

extensions of a strictly positive symmetric operator.

EXAMPLE 9.3.6. Let the dissipative operator A be of the form A = S, where

S > ¢e > 0is a strictly positive and closed symmetric operator. Clearly, the form q4 is

closable, since for any f € D(A) = D(S), we have

qa(f) = Im(f,iSf) = {f, Sf) .

Closablility of q4 follows from [26], Thm. VI, 1.27] and we get that V' = Sg, where —
as usual — Sy denotes the Friedrichs extension of S. Let us now determine W and
W=*. The operator W is given by

W D(W) = ran(S}/2 ID(s))

f iSSP f
We now claim that its adjoint W* is given by

W*:  DW*) =D(SY?) = D(SY?*)+ ker 5*

frer—iS 2 -P)f,

where P is the projection onto ker S* along D(S}p/ 2) according to the decomposition

D(S}gz) = D(S;/ *)4 ker S* as defined in (8.13)). To see that this is true, let us start by

assuming that v € D(S}(/z). For any f € ran(S;;/2 ID(s)), we then get that

(0, W) = (0,iSSp P f) = (0,iS 2 S 282 ) = (—iSy v, SiP SR f)
=(—iS}2 (1~ P)o, S5 f) = (—iSYE (A — Pho, SY2SE ) = (—iSYE (A — P, f)

which shows that D(S;(/Q) C D(W*) and that W*v = —iS}p/Q(Il —P)v for v € D(S}(/z).
Let us now show that D(W*) C D(S%Q). Assume that this is not true, i.e. that there
exists a v € D(W*) such that v ¢ D(S%Q). If v € D(W*), this means that there exists
a C' < oo such that for any f € D(W) = 1"&11(511[;/2 Ip(s)) we have

(9.3.11) (0o, WHI < CIIfIl -
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Note that (v, W )| = |(v, SSz2 )| = [(v, S¥/*)|. Since v & D(S/?), it now follows

from Corollary |5.2.5, that there exists a normalized sequence {f,}, C ran(S}p/ ? ID(s))

such that lim,, ., |[(v, S},/anﬂ = 400. But this means that (9.3.11)) cannot be satisfied
in this case, which shows that D(W*) C D(S}{/Q). This means that for any extensions

A C B to be dissipative, it is necessary that D(B) C D(S}(ﬂ). Let us now apply
Condition ({9.3.3) of Theorem to see when such a B is dissipative. To this end,
let V C D(B)//D(A). Since S > &, we get that Sp is a bijection, which means
that for any v € V there exists a unique ¢, € D(Sr) such that Bv = iSg¢p,. We
therefore parametrize all extensions of A using complementary subspaces V C D(S}{/Q)
and operators ¢ : )V — H such that ®v = ¢, for all v € V. These extensions are given
by
AV’@ . ID(AV,Q) = D(A)+V
(f+v)—=iSf+iSro,,
where f € D(A) = D(S) and v € V. Plugged into (9.3.3]), we get the condition
1, -
Im(v,iSr¢u) > 785" (i5F)dy + iS (1 = P)o?
1
& Re(v, Spu) > 5760 + (1= Po)|”
1 1/2 2
(9.3.12) < Re(v, Spo,) > ZHSK (Pp +0)||*.
Let us apply this result to the operator A = iS on L*(RT), where S is given by
S : D(S) = Hg(R™)
=1t S

Clearly, S is symmetric and strictly positive: S > 1. It is not difficult to show that

D(SL?) = HERY), (IS F1 = I1F11% + 7)1

D(S%) = HYRY), |ISL2F12 = 112+ 1£1% — £ (0)? .

Since ker S* is one-dimensional, ker $* = span{exp(—z)}, we know by Lemma [2.3.§
that a one-dimensional dissipative extension of A will be maximally dissipative. Since

D(W*) = D(S%Q) = H'(R™"), we parametrize all one-dimensional extensions of A that
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have domain contained in H!'(R") using a v € H'(R") such that v ¢ HZ(R') and a
¢ € D(Sp) ={f € H*(RT) : f(0) =0} via

Ayg: D(Ay4) = HS(R+)—FSpan{U}
(f+ ) = —if" +if + MN(—i¢" +i9),

where f € HZ(R') and A € C. Plugging this into (9.3.12)), we see that A, 4 is dissipative
if and only if

" 1 / / 1 0)]2

Re(v, —¢" + ¢) > Zll¢ +v/||” + Zllo + vl - _‘”(4”

& Re (v{0)#/(0) + (v, &) + (v,0) ) = Lo o+ 2 4 o — 12OL
) bl jll 4 4 4

& POL e (4@)6(0) 2

1
: ¢/ =o'+ 7ll6 — ol

A~ =
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Appendix

LEMMA 9.3.7. Let M and N be subspaces. Then it holds that M+ NN+t = (M +
N)L. Moreover, (M NN)* = M+ + N1

PROOF. Firstly, let us show that M+ NN+ = (M + N)*:
“C”: I (f,m) = (f,n) =0 for all m € M and n € N, this implies in particular that
(fm+n)=0forallm+neM+N.
“D7 I (f,m+n) =0 for all m € M, n € N, this holds in particular for all elements
of M + N, which are of the form m + 0 or 0 + n.
Replacing M = M* and N/ = N in the obtained result yields M NN = (M* +

N, which — after taking orthogonal complements — gives
(9.3.13) (MNON)E = ML+ NL

O

LEMMA 9.3.8. Let Z be a densely defined operator on a complex Hilbert space H
and assume that for all f € D(Z), we have

{(f,Z2f)=0.

Then, Z is the zero operator with domain D(Z).

PROOF. Firstly, observe that by [43, Thm. 4.18], Z is symmetric. Now, pick any
two f,g € D(Z) and a parameter A\ € C and consider

0=(\f+9.ZO\f +9)) = N*(f. ZF) + M. Zg) + Mg, Zf) + (9. Zg) = 2Re(Ng. Z)) ,
where by varying A\, we get that for all f,g € D(Z), we have
(9.2f)=0.

Since D(Z) is dense, this implies that Z f = 0 for all f € D(Z) and thus the lemma. O
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REMARK 9.3.9. Note that this is not true for real Hilbert spaces. As a counterex-

ample, consider H = R? and the rotation by 5, given by

7 =
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