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Abstract

We study the existence of homoclinic type solutions for second or-
der Lagrangian systems of the type ¢(¢t) — q(t) + a(t)VG(q(t)) = f(t),
where t € R, ¢ € R", a: R — R is a continuous positive bounded func-
tion, G: R" — R is a C'-smooth potential satisfying the Ambrosetti-
Rabinowitz superquadratic growth condition and f: R — R" is a contin-
uous bounded square integrable forcing term. A homoclinic type solution
is obtained as limit of 2k-periodic solutions of an approximative sequence
of second order differential equations.
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1 Introduction

The aim of this paper is to prove the existence of a solution for the second order
Lagrangian system
G(t) — q(t) + a(t)VG(q(t) = f(1), (1)
lim; 400 Q(t) =limy 40 Q(t) =0,
where a: R — R is a continuous positive bounded function, G: R" — R, n > 1,
is a C''-smooth potential satisfying the Ambrosetti-Rabinowitz superquadratic
growth condition and f: R — R™ is a continuous bounded square integrable
forcing term.
Our intention is to generalise the following result by E. Serra, M. Tarallo
and S. Terracini from [16] to the inhomogeneous systems (1).



Theorem 1.1 Assume that
(C1) G € C*(R™,R),
(C2) there exists p > 2 such that for all x € R™\ {0},

0 < pG(z) < (VG(2),2),

(C3) a € C(R,R) is almost periodic in the sense of Bohr and

inf .
inf a(t) >0

Then the problem

{q(t) —q(t) + a(t)VG(q(t)) = 0,

has at least one nonzero solution.

Here and subsequently, (-,-): R” x R® — R denotes the standard inner
product in R™, and |- |: R™ — [0,00) is the induced norm. Let us recall that
a function a is almost periodic in the sense of Bohr if for every € > 0 there is
a finite linear combination of sine and cosine functions that is of distance less
than ¢ from a with respect to the supremum norm.

The proof of Theorem 1.1 in [16] is of variational nature, i.e. a solution
is found as a critical point of a suitable functional. The lack of a group of
symmetries for which the functional is invariant, which exists in the case of
periodic potentials, is faced by a property of Palais-Smale sequences introduced
by E. Séré (see [15]) and Bochner’s criterion of almost periodicity (see [4]).

Let us now consider the inhomogeneous Lagrangian systems (1). Intuitively,
if the forcing term f(¢) in (1) is sufficiently small, then a homoclinic type solution
should exist simply because of the existence in the homogenous case.

Our main result affirms this and it also deals with the question how large
the forcing term f in (1) can be:

Theorem 1.2 Assume that
(C1) G € CH(R™,R) and [VG(q)| = o(lq|) as |q| — 0,
(C2) there exists p > 2 such that for all x € R™\ {0},

0 < pG(z) < (VG(z),2),

(C3) a € C(R,R) and inficr a(t) > 0,
(C4) M :=sup{a(t)G(z): t € R, |z] =1} < £,

(€5) (JulF(®)Pdr)* < S0 —2M).

Then the inhomogenous Lagrangian system (1) has at least one homoclinic type
solution.



Let us briefly discuss our assumptions in Theorem 1.2. Condition (C2) is the
superquadratic growth condition due to A. Ambrosetti and P. Rabinowitz [1].
Since G has a global minimum at 0 by (C2), (C1) is more general than (C1).
Moreover, it is readily seen by (C2) that for every ¢ # 0 the map

(0,00) €= G(E'lEl" € R

is non-increasing, which yields the following inequalities:

6 <6 (L)l ito<lal <1 ©
and
q .
G =6 (L) lab iflal = 1. 0
As p > 2, the inequality (4) implies that G grows faster than | - |? at infinity.

Clearly, (C3) is more general than (C3). Note that (C3) and (C4) imply
that a is bounded, which, however, is also true for every almost periodic function
in the sense of Bohr.

The last two conditions (C4) and (C5) are closely related. Namely, the
forcing term f needs to be sufficiently small in L?(R,R™), but the upper bound
on the norm of f depends on the restriction of the space variable of the potential
a(t)G(x) to the unit sphere in R™.

The study of homoclinic solutions for Lagrangian systems has received much
attention in recent years, especially when the potential is periodic in time. The
existence problem of homoclinics has been widely investigated by variational
methods, see for example in [2,3,5,11-13,15]. Existence results for perturbed
systems were given in [6-10,14].

Our proof of Theorem 1.2 is also of variational nature. Let us point out,
however, that it is quite different from Serra, Tarallo and Terracini’s proof of
Theorem 1.1 in [16]. Here, we find a solution of (1) as a limit in C? (R, R™) of
a sequence {qx }ren, gk € W21,;2(R, R™), obtained by an approximation scheme
introduced by Krawczyk in [10], where every gy is a critical point of a suitable
functional I that we introduce below.

We now prove Theorem 1.2 in the following section and we nicely round off
the paper by two numerical examples in a final section.

2 Proof of Theorem 1.2

In what follows, we let E be the Sobolev space W2(R,R") of W!2-functions
on R with values in R™ equipped with the norm

|wE=(/“(am%H«m%m)?

— 0o

For each k € N, we denote by Ej, = Wzllf (R,R™) the Sobolev space of 2k-periodic
W12_functions with the norm

ot = ([ Qo+ 1))
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Then let LS5 (R,R™) be the space of 2k-periodic, essentialy bounded and mea-
sureable functions from R into R™ with the norm

lallLg; = esssup{|q(t)|: t € [k, k]}.

We note for later reference that

lallzg, < v2llalle, (5)

2k —

for all k € N and ¢ € Ey (cf. [6, Fact 2.8]). Finally, let C2_ (R,R") denote
the space of C?-functions with the topology of almost uniform convergence of
functions and all their derivatives up to second order.

The following result can be found in [10, Thm. 1.3].

Theorem 2.1 Let f: R — R™ be a non-trivial, bounded, continuous and square
integrable map and V: R x R" — R a C'-smooth potential such that V,V: R x
R™ — R"™ is bounded in the time wvariable. Assume that for each k € N the
boundary value problem

{50 £ V¥ at) = 50 6
(=) = a(k) = d(=k) = (k) =0,

where fi,: R — R is a 2k-periodic extension of f |_jx) and Vi: R x R" — R
is a 2k-periodic extension of V |[_rx)xrr, has a periodic solution q, € Ey
and {||qx || B, tren s a bounded sequence in R. Then there exists a subsequence
{ar, }jen converging in the topology of CZ .(R,R™) to a function q € E which is

a homoclinic type solution of the Newtonian system
G(t) + VqV(t,q(t)) = f(t), teR. (7)

Our aim is to obtain a homoclinic type solution of (1) by Theorem 2.1 as a
limit in C? (R, R™) of a sequence {qx }ren such that for each k € N, ¢, € B, is

a 2k-periodic solution of the boundary value problem
{ 50 a0 £ OV ) = £l .
a(=k) — q(k) = 4(=k) — 4(k) =0,

where fj, is as above and aj: R — R is a 2k-periodic extension of a |[_ ).
To this purpose, we now define for k¥ € N a functional I}.: E, — R by

k k
o) = 5l — [ aGa®t+ [ (0.0 ©

Then I, € C(E,R) and, moreover,

k

k
o= [ o0+ [ (), v
-k -k (10)

k k
7/’muwvamwxmery[;n@»wwMt

—k

Hence



k k
Li(a)a = llall%, _/_k(@k(t)VG(Q(t))a‘I(t))dt+/_k(fk(t)7Q(t))dt~ (11)

Let us note for later reference that by [6, Fact 2.2], if

m:=inf{a(t)G(z): t € R, |z| =1}
and p > 2 is defined as in Theorem 1.2, then for all ¢ € R\ {0} and ¢ € E; \ {0}

/ ar(H)G(Ca(t)dt > mc ) / )t 2. (12)

—k
Clearly, critical points of the functional I are classical 2k-periodic solutions
of (8). We will now obtain a critical point of I;; by using the Mountain Pass
Theorem from [1]. This theorem provides the minimax characterisation for a
critical value which is important for our argument. Let us recall its statement
for the convenience of the reader.

Theorem 2.2 Let E be a real Banach space and I: E — R a C'-smooth func-
tional. If I satisfies the following conditions:

(1) 1(0) =0,

(17) every sequence {u;}jen C E such that {I(u;)}jen is bounded in R and
I'(u;) — 0 in E* as j — oo contains a convergent subsequence (Palais-
Smale condition),

(iii) there ewist constants p,a > 0 such that I|sp,0) > @,

(iv) there is some e € E\ B,(0) such that I(e) <0,

where B,(0) denotes the open ball in E of radius p about 0, then I has a critical
value ¢ > a given by

= inf I
¢ = Inf max (9(s)),

where
I = {g € C([0,1], B): 9(0) = 0, g(1) = e}

The following lemma, in combination with Theorem 2.1, is the keystone of
our proof of Theorem 1.2.

Lemma 2.3 For each k € N, the functional Ij, given by (9) has the mountain
pass geometry, i.e. it satisfies all assumptions of Theorem 2.2.

Proof. We fix k € N and we now show the assumptions (i)-(iv) in Theorem 2.2
for Ij. It is clear that I;(0) = 0, which is (i). In order to show the Palais-Smale
condition (ii), we consider a sequence {u;}jen C Ej such that {Ix(u;)}jen C R
is bounded and I (u;) — 0 in Ej as j — +o0. Consequently, there exists a
constant Cj > 0 such that for all j € N we have

Ik (u)| < Cr, (3 (ug)]
By (9) and (C2) we get

g < Ck. (13)



k

lusl13,, <274(u) — 2 / (fi(t), ()t

—k

) (14)
+;[k(ak(t)VG(Uj(t)),Uj(t))dt.
As
k k
[ (@ OVGus @) a0t = I, ~ Ftwsuy + [ (50,0t
—k —k
by (11), we obtain
(1 - 2) el < 20e(us) = 21ty s) 2 | b))
‘LL INE, = J ,lL k J J K » )
) k
+= / (G50
and so
2
1= =) [Juy|l3, <20k(uj)
< u> B (15)

2 2
n (Mmum - (2 - M) ||fk||L;k) .

where we denote by

& 3
lallzs = ( / k |q<t>|2dt)

the norm of the space L%, (R,R™) of all 2k-periodic L?-functions. Combining
(15) with (C5) and (13) we get

P 20, 1 1
(1 - u) ;|| %, — (M + 7 (1 - u) (1- 2M)> lujll &, —2Ck <0,

which yields the boundedness of {u;}jcn in Ej as p > 2 by (C2). Going to
a subsequence if necessary, we can assume that there exists a function u € Fy
such that u; — u weakly in Ej, as j — +o00, and hence {u;} en also converges
to w uniformly, as E} is compactly embedded in C([—k, k], R™). This shows in
particular that [[u; —ullz — 0 as j — oco.

Applying (10) we have

k k

(i (2), 5 () — ﬂ(t))dtJr/ (u; (£), uj () — u(t))dt

—k

1;<uj><ujfu>:[k
k k
- / (ak ()G (u; (), u (£) — u(t))dt + / (0. ,(0) = u(t)

—k



and

k

k
I} () (uy — ) = / (t), 5 (t) — at))dt + / (ult), 5 (t) — u(t))dt

—k —k

k k
- / (ax () G(u(t)), uy (t) — u(t))dt + / (0., = u(t))

—k

which yields

—k

As I} (u;) is bounded by (13), VG is continuous and u; — u uniformly, we see
that [Ja; —@l|3. — 0. Hence |[i; — 1|, — 0 and the Palais-Smale condition
2k

is shown.

In the next step we will prove that there exist constants p > 0 and o > 0
independent of k € N such that I|sp, ) > @, which is (iii). Assume that
0 < |lgllzee < 1. By (3) and (C4) we obtain

2k —

k k k
| oo s [ awe (q(”) aolar < v [ )t < Mal,

k —k lq(t)]

Combining this with (9) we get

1
Ii(g) = 51 =2M)lalz, = lI£ll2llg] s, -
Let p = % and a = % (ﬁ(l —2M) — ||fHL2). From (C5) it follows that

a > 0. Using (5), if ||l¢/| &, = p, then 0 < [|¢||g < 1, which implies Ix(q) > o
It remains to prove (iv), i.e. that for all £ € N there is e, € Fj, such that
llexll g, > p and Ir(ex) < 0. Applying (9) and (12), we have

2 k
Ix(¢a) < 5 llall, — mICI“/k lq(@)["dt + [Cl]| fill Lz, llall g0 + 2km

for all ¢ € R\ {0} and ¢ € Ej \ {0}. Let us choose 0 # @ € E; such that
Q(£1) = 0. As u > 2 and m > 0, there exists ¢ € R\ {0} such that ||CQ| g, > p
and [;(¢Q) < 0.

We set e;(t) = (Q(t) and define for each positive integer k& > 0,

t)if [t <1
€k(t): 61.()1 ||—
0if1 < |t| <k.

Then ey € Eg, |eklle, = lle1llg, > p and Ix(er) = I1(e1) < 0 for all k € N.
Consequently, by Theorem 2.2, the action I has a critical value ¢, > «
given by



— 1
o = glenrfk Jnax, I(9(s)), (16)

where I'y = {g € C([0,1], Ex): g(0) =0, g(1) = ex}.
O
From Lemma 2.3 we conclude that for all £ € N there exists ¢ € Fj such
that

Ii(gk) = ek, Ii(ax) =0,

where the values ¢, are given by (16). By Theorem 2.1, in order to finish the
proof of Theorem 1.2, it suffices to show that the sequence of real numbers
{llgx]| &, }ren is bounded. For this purpose, set

My = I .
0= gy o)

As Ii(sex) = I1(sep) for all s € [0,1], k € N, and sey, € ', we have by (16)

= inf 1 < M. 17
=l max 1u(9(9) < Mo an

Using (9) and (11) we obtain

k
o =l = o) =5 [ (@G axle). aute) o

[ w )dt+1/ (Felt), e (6)dt

k

for all k£ € N, and by (C2),

k
oz (5 1) [ aGaat - sl lal e

—k

Hence

k 1
| a6 o < — (20.+ Ilsz, Il )

—k
Combining this with (9), (17) and (C5), for each k € N, we have

1 k k
= Tla) = gllally, — [ aOG@@a+ [ (a0
1 1
> glawllh, — = (20 + Iulog, Nawll e ) = 17els, s

and so

1 p—-1 2uMy
2
-2 —(1-2M - <

which completes the proof of Theorem 1.2.
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Figure 1: Example 3.1, an approximative solution of (8) for k = 10

3 One-dimensional Examples

In this section we present two simple one-dimensional examples, i.e. we consider
the case n = 1.

Example 3.1 Let a function a: R — R, a forcing term f: R — R and a
potential G: R — R be given as follows:

1 2 1
H=-et"+—, teR
a(t) £€ T

2 t2
f(t)=ge’7, teR,

Glq)=¢", q€R.

It is easy to check that a, f and G satisfy the assumptions (C1) — (C5).
The figures 1-5 show the graphs of approzimative solutions qi of (8) for
k =10, 16, 90, 140, 200.

Example 3.2 Let us define functions a, f,G: R — R as follows:

1 .
f(t)=§€777 teR,
G(g) =¢* qeR

Again, it is readily seen that the assumptions (C1) — (C5) are satisfied.
The figures 6-9 show the graphs of approzimative solutions qi of (8) for
k = 10, 16,90, 140.
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Figure 2: Example 3.1, an approximative solution of (8) for k = 16
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Figure 3: Example 3.1, an approximative solution of (8) for k& = 90
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Figure 4: Example 3.1, an approximative solution of (8) for k = 140
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Figure 5: Example 3.1, an approximative solution of (8) for k = 200
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Figure 6: Example 3.2, an approximative solution of (8) for k = 10
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Figure 7: Example 3.2, an approximative solution of (8) for k = 16
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Figure 8: Example 3.2, an approximative solution of (8) for k = 90
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Figure 9: Example 3.2, an approximative solution of (8) for k = 140
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