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Abstract

The famous Koecher-Vinberg theorem characterizes the Euclidean Jordan algebras among
the finite dimensional order unit spaces as the ones that have a symmetric cone. Recently
Walsh gave an alternative characterization of the Euclidean Jordan algebras. He showed that
the Euclidean Jordan algebras correspond to the finite dimensional order unit spaces (V, C,u)
for which there exists a bijective map g: C° — C° with the property that g is antihomogeneous,
ie., g(Az) = \1g(z) for all A > 0 and # € C°, and g is an order-antimorphism, i.e., z <¢ ¥
if and only if g(y) <¢ g(z). In this paper we make a first step towards extending this order
theoretic characterization to infinite dimensional JB-algebras. We show that if (V,C,u) is a
complete order unit space with a strictly convex cone and dim V' > 3, then there exists a bijective
antihomogeneous order-antimorphism g: C° — C° if and only if (V,C, u) is a spin factor.

Keywords: Spin factors, order-antimorphisms, order unit spaces, JB-algebras, symmetric Banach-
Finsler manifolds
Subject Classification: Primary 17C65; Secondary 46B40

1 Introduction

Let C be a cone in a real vector space V', so C' is convex, A\C' C C for all A > 0 and CN—C = {0}.
Then C' induces a partial ordering <o on V by x <¢ y if y — x € C. Recall that C' is Archimedean
if for each x € V and y € C with nz <¢ y for all n = 1,2,..., we have that x <c 0. Moreover,
u € C is said to be an order unit if for each z € V there exists A > 0 such that x <¢ Au. The triple
(V,C,u) is called an order unit space if C' is an Archimedean cone with order unit . An order unit
space can be equipped with the so called order unit norm,

|z]|y == Inf{A > 0: —Au <¢ x <¢c Au}.

With respect to the order unit norm topology the cone C' is closed and has nonempty interior,
denoted by C°. In the paper we will study order unit spaces that are complete with respect to || - ||,
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and which have a strictly convex cone. Recall that a cone C is strictly conver if for each linearly
independent x,y € 0C, the segment {(1 — A\)z + Ay: 0 < A < 1} is contained in C°.

An important class of complete order unit spaces are JB-algebras (with unit). A Jordan algebra
over R is a real vector space A equipped with a commutative bilinear product o that satisfies

a’o(aob)=ao(a?ob) foralla,bec A
A (unital) JB-algebra A is a normed, complete Jordan algebra over R with unit e satisfying
lacbll < llallloll, lla*| = llal®, and ||a®|| < |la® +b?|| for all a,b € A.

A JB-algebra A gives rise to a complete order unit space, where the cone A, is the set of squares
{a%: a € A}, the unit e is an order unit, and || - || coincides with norm of 4, see [2, Theorem 1.11]. A
special class of JB-algebras are spin factors. A spin factor M is a real vector space with dim M > 3
such that M = H @ Re (vector space direct sum) with (H, (- | -)) a Hilbert space and Re the linear
span of e, where M is given the Jordan product

(a+ae)o (b+ fe) = Ba+ab+ ((a]b) +af)e (1)

and norm |la + Ae|| := [|a||l2 + |A|, with || - |2 the norm of H.

The famous Koecher-Vinberg theorem ([6] and [12]) says that the finite dimensional JB-algebras
are in one-to-one correspondence with symmetric cones, i.e., self-dual cones in a Euclidean space V'
for which Aut(C) := {T € GL(V): T(C) = C} acts transitively on C°. As JB-algebras are merely
Banach spaces instead of Hilbert spaces, no such characterization exists in infinite dimensions.
It is, however, interesting to ask if one could characterize the JB-algebras among the complete
order unit spaces in order theoretic terms. One such characterization was obtained by Kai [4] who
characterized the symmetric cones among the homogeneous cones. More recently Walsh [14] gave
an order theoretic characterization of finite dimensional JB-algebras using order-antimorphisms. A
map g: C° — C° is an order-antimorphism if for each x,y € C° we have that x <¢ y if and only if
9(y) <c g(z). It is said to be antihomogeneous if g(Az) = $g(z) for all A > 0 and z € C°.

Walsh [14], Theorem 1.1] showed that if (V,C,u) is a finite dimensional order unit space, then
there exists an antihomogeneous order-antimorphism ¢g: C° — C° if and only if (V,C,u) is a JB-
algebra. At present it is unknown if this characterization can be extended to infinite dimensional
JB-algebras. In this paper we make the following contribution to this problem.

Theorem 1.1. If (V,C,u) is a complete order unit space with a strictly convexr cone and dimV > 3,
then there exists a bijective antihomogeneous order-antimorphism g: C° — C° if and only if (V,C, u)
is a spin factor.

As our general approach is similar to Walsh’s [14], we briefly discuss the main similarities and
differences. To prove that the cone is homogeneous [14, Lemma 3.5] Walsh uses the fact that a bijec-
tive antihomogeneous order-antimorphism is a locally Lipschitz map, and hence almost everywhere
Fréchet differentiable by Rademacher’s Theorem. There is, however, no infinite dimensional version
of Rademacher’s Theorem. To overcome this difficulty, we show that a bijective antihomogeneous
order-antimorphism is Gateaux differentiable at each point in a strictly convex cone, and work with
the Gateaux derivative, see Proposition[2.4] Like Walsh we will also use ideas from metric geometry
such as Hilbert’s and Thompson’s metrics. In particular, Walsh applies his characterization of the
Hilbert’s metric horofunctions [I3], which, at present, is not known for infinite dimensional spaces.



Instead we shall show that if there exists a bijective antihomogeneous order-antimorphism on a
strictly convex cone, then the cone is smooth, see Theorem [3.2] This will allow us to avoid the use
of horofunctions completely, but implicitly some of Walsh’s horofunction method is still present in
the proof of Proposition [4.2

2 Order-antimorphisms and symmetries

For xz,y € V linearly independent we write V(z,y) := span(z,y), C(z,y) = V(x,y) N C, and
C°(z,y) := V(x,y) N C°. Note that as C is Archimedean, C(z,y) is a closed 2-dimensional cone in
V(x,y), if z € C°.

Useful tools in the analysis are Hilbert’s and Thompson’s metrics on C°. They are defined in
terms of the following function. For z € C and y € C° let

M(z/y) :==inf{8 > 0: 2 <¢ By}.

Note that 0 < M (z/y) < oo for all z € C and y € C°, if (V,C,u) is an order unit space. Moreover,
M(ox/py) = % M(x/y) for all o, >0 and z € C' and y € C°.
Now Hilbert’s metric on C° is defined by

du(z,y) = log M (x/y) + log M (y/x),

and Thompson’s metric on C° is given by

dr(w,y) := max {log M (x/y),log M (y/x)}

for x,y € C°. Note that dy(ox,py) = dg(z,y) for all xz,y € C° and o, > 0. So, dy is not a
metric on C°. However, for cones in an order unit space it is known [7, Chapter 2] that dy is a
metric between pairs of rays in C°, as dy(x,y) = 0 if and only if x = Ay for some A\ > 0 in that
case. Thompson’s metric is a metric on C° in an order unit space. Moreover, its topology coincides
with the order unit norm topology on C°, see [7, Chapter 2].

The following basic lemma is well known, see e.g., [10], and implies that each antihomogeneous
order-antimorphism is an isometry under dy and dr. For the reader’s convenience we include the
simple proof.

Lemma 2.1. Let (V,C,u) be an order unit space. Then g: C° — C° is an antihomogeneous order-
antimorphism if and only if M(x/y) = M(g(y)/g(x)) for all z,y € C°. In particular, a bijective
antihomogeneous order-antimorphism g: C° — C° is an isometry under di and dr, and the inverse
g~ C° — C° is an antihomogeneous order-antimorphism.

Proof. Clearly, if g: C° — C° is antihomogeneous order-antimorphism and =z <¢ Sy, then g(8y) <¢
g(x), so that g(y) <¢ Bg(x). This implies that M(g(y)/g(z)) < M(xz/y). On the other hand,
9(y) <¢ Bg(x) implies g(LBy) <c g(x), so that x <o By from which we conclude that M (z/y) <
M(g(y)/g(x)). This shows that M(z/y) = M(g(y)/g(x)) for all z,y € C°.

Now suppose that M (z/y) = M(g(y)/g(x)) for all z,y € C°. If z <¢ y, then M(g(y)/g(z)) =
M(z/y) < 1, so that g(y) <c g(z). Likewise g(y) <c g(z) implies M(z/y) = M(g(y)/g(z)) < 1,
so that x <¢ ¥y, which shows that ¢ is an order-antimorphism. To see that g is antihomogeneous
note that if z € C° and A > 0, then y := Az satisfies M(g(y)/g(x)) = M(z/y) = 1/)\ and
M(g(x)/g(y)) = M(y/x) = A. This implies that Ag(y) <¢ g(x) <¢ Ag(y) from which we conclude
that g(Az) = g(y) = 39(). O



Every JB-algebra A has a bijective antihomogeneous order-antimorphism namely, the map
v: A5 — AS given by t(a) = a~!. Asshown in [J, Section 2.4], we have that M (c(a)/c(b)) = M(b/a)
for all a,b € A%, and hence ¢ is a bijective antihomogeneous order-antimorphism by Lemma

A linear functional ¢: V' — R is said to be positive if p(C) C [0,00), and it is called strictly
positive if ¢(C'\ {0}) C (0,00). A positive functional ¢ is called a state of (V,C,u) if p(u) = 1. The
set S(V) :={p € V*: ¢ is a state} is called the state space, which is a w*-closed convex subset of
the unit ball in V*, and hence S(V') is w*-compact by the Banach-Alaoglu Theorem. Moreover, as
x <¢ Py is equivalent to p(z) < Bp(y) for all p € S(V), we get that

)( ) o
M(x = max ——= forall z,y € C°. 2
(z/y) pes() o(y) Y (2)

If (V,C,u) is an order unit space with a strictly convex cone, then there exists a strictly positive
state on V as the following lemma shows.

Lemma 2.2. If (V,C,u) is an order unit space with a strictly convex cone, then there exists a
strictly positive state p € S(V').

Proof. Let r € 0C\{0}. Then C(r,u) is a 2-dimensional closed cone in V. By [7, A.5.1] there exists
an s € 0C\{0} such that C(r,u) = {ar+8s: a, 5 > 0}. Let ¢ and 1) be linear functionals on V (r, u)
such that ¢(r) =0 = v¥(s), ¢(s),¥(r) > 0, and p(u) = 1 = ¢(u). By the Hahn-Banach theorem we
can extend ¢ and 1 to linear functional on V such that ||¢|| = ¢(u) =1 and ||[¢| = ¢ (u) = 1. It
follows from [I, 1.16 Lemma] that ¢, € S(V).

Now let p := (¢ +¢) € S(V). Note that ¢(z) = 0 for 2 € C if and only if = Ar for some
A >0, as C' is strictly convex. Likewise, 1(z) = 0 for z € C' if and only if z = As for some \ > 0.
This implies that p(z) > 0 for all z € C'\ {0}. O

Next we shall show that antihomogeneous order-antimorphisms on strictly convex cones map
2-dimensional subcones to 2-dimensional subcones. To prove this we use unique geodesics. Recall
that given a metric space (X,dx) a geodesic path v: I — X, where I C R is a possibly unbounded
interval, is a map such that

dx(y(s),v(t)) =|s —t| forall s,te€l.

The image (1) is simply called a geodesic, and (R) is said to be a geodesic line in (X,dx). A
geodesic line « is called unique if for each x and y on v we have that ~ is the only geodesic line
through x and y in (X, dx).
If (V,C,u) is an order unit space with a strictly positive functional p € S(V), then dy is a
metric on
Y, ={reC® p(x) =1}

Straight line segments are geodesic in the Hilbert’s metic space (X,,dq). Moreover, if the cone
is strictly convex, then it is well known, see for example [3, Section 18], that each geodesic in the
Hilbert’s metic space (£,,dy) is a straight line segment.

Lemma 2.3. Let (V,C,u) be an order unit space with a strictly convex cone, and g: C° — C° be
a bijective antihomogeneous order-antimorphism. If x,y € C° are linearly independent, then g(x)
and g(y) are linearly independent and g maps C°(x,y) onto C°(g(x), g(y)).



Proof. Let p € S(V) be a strictly positive state, which we know exists by Lemma Now define
f:X, =X, by

for all z € X,.

Then f is an isometry on (2,,dq) by Lemma If z,y € C° are linearly independent, then the
straight line ¢ through x/p(x) and y/p(y) intersected with 3, is a geodesic line in (X,,dy). Thus,
f(¢NX,) is also a geodesic line, and hence a straight line segment, as C is strictly convex. In fact,
its image is the intersection of the straight line through g(z)/p(g(x)) and g(y)/p(g9(y)) and X,. It
follows that g(x)/p(g(x)) and ¢g(y)/p(g(y)) are linearly independent and that g maps C°(z,y) onto
C°(g(x),9(y)), as g is antihomogeneous. O

We note that the proof of Lemma goes through if one only assumes that (2,, dg) is uniquely
geodesic.
Using this lemma we can now prove the following proposition.

Proposition 2.4. Let (V,C,u) be an order unit space with a strictly convex cone. If g: C° — C°
is a bijective antihomogeneous order-antimorphism, then the following assertions hold.

(1) For each linearly independent x,y € C° the restriction gy of g to C°(x,y) is a Fréchet dif-
ferentiable map, and its Fréchet derivative Dgyy(z) at z € C°(x,y) is an invertible linear map

from V(z,y) onto V(g(x),9(y))-
(2) For each x € C° and z € V we have that

Azgla) = lim g(z + tzt) —g(z)
_>

exists, and —AZg(z) € C for all z € C.
(8) For each x € C° we have A)*g(x) = —\g(x) for all X € R.

Proof. Let x,y € C° be linearly independent and ¢g: C° — C° be an antihomogeneous order-
antimorphism. By Lemma the restriction g, of g maps C°(z,y) onto C°(g(z),g(y)). The
2-dimensional closed cones C(z,y) and C(g(x),g(y)) are order-isomorphic to R2 := {(z1,z2) €
R?: x1,29 > 0}, i.e., there exist linear maps A: V(z,y) — R? and B: V(g(z),g(y)) — R? such
that A(C(z,y)) = R? and B(C(g(z),g(y))) = R2. Thus, the map h: (R%)° — (R2)° given by
h(z) = B(gay(A1(2))) is a bijective antihomogeneous order-antimorphism on (R%)°, and hence h
is a dr-isometry on (R2)°. We know from [J, Theorem 3.2] that h is of the form:

h((zlﬁ ZQ)) = (al/za(l)v GQ/ZJ(Q)) for (Zlv ZQ) € (R?i-)ov

where o is a permutation on {1,2} and aj,as > 0 are fixed. Clearly the map h is Fréchet dif-
ferentiable on (Ri)o, and hence g, is Fréchet differentiable on C°(z,y). Moreover, the Fréchet
derivative Dh(z) is an invertible linear map on R? at each z € (R%)°, so that Dg,y(2) an invertible
linear map from V' (z,y) onto V(g(x), g(y)) for all z € C°(z,y).

To prove the second statement note that if z is linearly independent of x, then there exists
ay € C° such that z € V(z,y). From (1) we get that AZg(x) = Dgay(x)(2), as gy is Fréchet
differentiable on C°(z,y). Also, if z = Az for some A # 0, then

gz +tix) — g(x) -\t

Az T BERT _
Az*g(w) = lim . = lim 7t(1+At)g(-’r) Ag(z),




and A%g(x) = 0. Furthermore, if z € C, then

sy 9@tz —g(z)
Azgle) = i LI e-C,
as ¢ is an order-antimorphism. This completes the proofs of (2) and (3). O

Given a bijective antihomogeneous order-antimorphism g: C° — C° on a strictly convex cone
C' in an order unit space, and x € C° we define G, = Gy ,: V — V by

Gz(z) == —AZg(x) forall ze V.
Lemma 2.5. Ifx € C° and G,(z) = x, then g(x) = x.
Proof. Simply note that = G,(z) = —AZg(x) = g(z) by Proposition [2.4]3). O
The map G, has the following property.

Proposition 2.6. The map G,: V — V is a bijective homogeneous order-isomorphism with inverse

Gg—l,g(z): V > V.

Proof. Let z € V(z,y), z,y € C° linearly independent, and A # 0. Then

g(z +tAz) — g(z) g(z +tAz) — g(z)

Gz(A\2) = — }g% , = —)\}g% v = AGz(2).
Also if w <¢ z, then
Col) — i 2O —0G) g tn) o) o
t—0 t t—0 t

as ¢+ tw <¢ x + tz for all t > 0 and ¢ is an order-antimorphism.
To show that G, is a surjective map on V' let h := ggy 0 gg_é)g(y). So, h: C°(g(z),9(y)) —

C°(g(x),9(y)) and h(z) = z for all z € C°(g(z),g(y)). For each w € V(g(z),g(y)) we have by the
chain rule that

w = Dh(gxy(x))(w) = Dgwy(x)Dgg_(:})g(y) (chy(x))w = Gw(Ggfl,g(x) (w)).

Interchanging the roles of g and ¢g~! we also have that Gg1.92)(Gz(v)) = v for all v € V(z,y),
and hence Gy-1 4, is the inverse of G on V. U

Combining Proposition and [I0, Theorem B] we conclude that G, € Aut(C) = {T €
GL(V): T(C) = C} and G, is continuous with respect to || - ||, on V, as ||Gy|lu = |Gz (W) ||u-
Now for & € C° define the symmetry at x by

S,:=G;log. (3)

So, S;: C° — C° is a bijective antihomogeneous order-antimorphism, with inverse S;! = g7 o G,.
We derive some further properties of the symmetries. Let us begin by making the following useful
observation.

Lemma 2.7. Let x € C° and y € V' be linearly independent of x. Then for each w € V(z,y) we
have that D(Sg)zy(2)(w) = —w.



Proof. Note that

—1 -1
L Grgle + ) - Gy (g(e)
t—0 t
_ ot <hm gl +tw) — g(ﬂf))
t—0 t
= G;'(~Ga(w))
= —w’
as G;' = Gy-1 gy is a bounded linear map on (V.|| - [|,) by Proposition O

Theorem 2.8. For each x € C° we have that

(1) Sy(z) = x.

(2) Sy 0S8y =1d on C°.

Proof. To prove (1) note that for z € C° we have by Propositions [2.4]3) and [2.6] that

Sa(2) = G71(9(2)) = Gym1 4 (9(2)) = g7 (9(2)) = =.

To show (2) let =,y € C° be linearly independent. For simplicity we write 7" := (Sz)g, (2)s, (y) and
S := (Sz)ay, 50 (52)zy = T oS and S, T are Fréchet differentiable on C°(z,y) and C°(Sz(z), Sz (v))
respectively. Then using the chain rule and Lemma we find that

AVS2(z) = Tim L3 @ 1) = T(S())
v t—0 t

= DT(S(z))(DS(x))(y) = —DS(x)(y) = y.

Note that S? is a homogeneous order-isomorphism on C°, and hence by [10, Theorem B] we
know that it is linear. So, it follows from the previous equality that S2 = Id on C°. O

To proceed it is useful to recall a few facts about unique geodesics for Thompson’s metric from
[8, Section 2]. If x € (C°,dr), then there are two special types of geodesic lines through x. There
are the so-called type I geodesic lines v which are the images of the geodesic paths,

y(t) :=er+ets forteR, (4)

with r,s € C and r + s = z. The type Il geodesic line p through x is the image of the geodesic
path pu(t); = e'z with t € R. The type I geodesics v have the property that M (u/v) = M (v/u) for
all u and v on +, and the type II geodesics have the property that M (u/v) = M(v/u)~! for all u
and v on u.

Each unique geodesic line in (C°,dr) is either of type I or type II, see [8, Section 2]. Moreover,
the type II geodesic is always unique [8, Proposition 4.1], but the type I geodesics may not be
unique. However, if C' is strictly convex, then all type I geodesic lines are unique, see [8, Theorem
4.3].

Lemma 2.9. Let (V,C,u) be an order unit space with a strictly convex cone. If v: R — (C°,dr)
is a geodesic path with v(0) = x, and v(R) is a type I geodesic line, then Sy(v(t)) = v(—t) for all
teR.



Proof. If v: R — (C°,dr) is a geodesic path with v(0) = x, and y(R) is a type I geodesic line, then
there exist 7,s € OC with r + s = x and () = e'r + e s for all t € R by [8, Lemma 3.7]. As C
is strictly convex, we know from [§, Theorem 4.3] that v: R — (C°,dr) is a unique geodesic path.
This implies that §(t) := Sz(y(¢)), t € R, is also a unique geodesic path in (C°,dr), as S, is an
isometry under dp. Moreover, as M (S;(y)/Sz(z)) = M(z/y) for all y,z € C°, we know that

M (S ((t1))/S2(v(t2))) = M(y(t2)/~(t1)) = M(y(t2)/~(t2)) = M (Sz(v(t2))/Sz(7(t1))),

so that 4(R) is a type I geodesic line though .

It now follows again from [8, Lemma 3.7] that there exists u,v € dC such that u + v = x and
4(t) = elu + e v for all t € R. Recall from Proposition that the restriction (Sy),, of S, to
C°(r,x) is Fréchet differentiable, and hence

’AY/(O) = D(Sx)m('Y(O))(’YI(O)) =D(Sy)rz(x)(r—8)=—-r+s

by Lemma But also 4/(0) = w — v. Combining this with the equalities r + s = 2 = u 4+ v, we
find that u = s and v = r. Thus, S.(y(t)) = 4(t) = e's + e~ 'r = y(—t) for all t € R. O

Proposition 2.10. Let (V,C,u) be an order unit space with a strictly convex cone. For each x € C°
we have that S, has x as a unique fized point.

Proof. Suppose by way of contradiction that y € C° is a fixed point of S, and y # x. Then y is lin-
early independent of z, as S, is antihomogeneous and S, () = . Define p := M (x/y)"/2M (y/z)~1/?
and z := py € C°. Then M(z/z) = M(z/z) and hence there exists a type I geodesic path
v: R — (C°,dy) through z and z, with 7(0) = z. From Lemma[2.9]it follows that S (y(R)) = v(R),
As z is the unique point of intersection of y(R) with the invariant ray R, := {Ay: A > 0}, we con-
clude that S,(z) = z. This, however, contradicts Lemma as z # x. O

Remark 2.11. The metric space (C°,dr) is a natural example of a Banach-Finsler manifold, see
[11]. So, the results in this section show that if there exists a bijective antihomogeneous order-
antimorphism on C° in a complete order unit space with strictly convex cone, then (C°, dp) is
a globally symmetric Banach-Finsler manifold, in the sense that for each x € C° there exists an
isometry o,: C° — C° such that 02 = Id and x is an isolated fixed point of o,. Indeed, we can
take o, = S;. It is interesting to understand which complete order unit spaces (C°, dr) are globally
symmetric Banach-Finsler manifolds. It might well be true that these are precisely the JB-algebras.

3 Smoothness of the cone

Throughout this section we will assume that dim V' > 3.

We will show that if (V,C,u) is a complete order unit space with a strictly convex cone and
there exists an antihomogeneous order-antimorphism g: C° — C°, then C' is a smooth cone, that is
to say, for each n € 9C with 1 # 0 there exists a unique ¢ € S(V) such that ¢(n) = 0. Before we
prove this we make the following elementary observation.

Lemma 3.1. If (V,C,u) is an order unit space and n € 0C with n # 0, then for each x € C° and
y:=(1—s)n+ sz, with0 < s <1, we have that

Mxfy) = £05 =

for each ¢ € S(V) with ¢(n) = 0.



Proof. By [T, Section 2.1] we know that

ln—alu _ 1
Mzfy) = 1=l _ 1
=yl s
But also 1/s = ¢(x)/¢(y) for all states p € S(V) with p(n) = 0. O

Theorem 3.2. If (V,C,u) is an order unit space with a strictly convex cone and there exists a
bijective antihomogeneous order-antimorphism g: C° — C°, then C is a smooth cone.

Proof. Let p € S(V) be a strictly positive state, which exists by Lemma Suppose by way of
contradiction that there exist n € 9C with p(n) = 1 and states ¢ # 1 such that ¢(n) = 0 = ¥(n).
As ¢ # 1, there exists © € V such that ¢(z) # ¥ (z). Note that if ax + fn + yu = 0 for some
a, B, € R, then ap(z) +v = arp(x) + v = 0, which yields « = 0 and v = 0. This shows that x, n
and u are linearly independent.

Let W := span(x,n,u) and K := WNC. AsdimV > 3 and u € C°, K is a 3-dimensional,
strictly convex, closed cone in W containing w in its interior. Let S(W) be the state space of
the order unit space (W, K,u). Note that the restrictions of ¢, 1, p to W, denoted @, v, and p
respectively, are in S(WW). Moreover p(w) > 0 for all w € K \ {0}, and hence

Q:={weK: pw) =1}

is a 2-dimensional, strictly convex, compact set, with n in its (relative) boundary. We also know
that S(WW) is a compact, convex subset of W*.

Let F := {¢ € S(W): ((n) = 0}, which is a closed face of S(W). As F contains ¢ and 1) which
are not equal, F' is a straight line segment, say [7,v] with 7 # v. Let x,y € 02 be such that u is
between the straight line segments [n, z] and [n, y], as in Figure

Figure 1: Point of non-smoothness

Now let z € 2N C° also be between the segments [n, z| and [, y] such that span(z,n,u) = W.
For 0 < s < 1, let 5 :== (1 — s)n + sz and ys := (1 — s)n + sy. By Lemma there exists
Ts, 7o € S(W') such that

M(z/zs) = TS:B and M (u/xs) =

for 0 < s < 1.



Then

\1

/ _ T;(Z) é(%) s w/z) L 7s(2) Ts(ws) (2
TS(Z) - Té(xs) Té(u) SM( / S)M( / S) S Ts(xs) Ts(u) S s( )

for all 0 < s < 1. As 75(2) = 7(2) and 7.(2) — 7(2) as s — 0, we conclude that

lim M (z/zs)M(u/zs) ™t = 7(2).
s—0

In the same way it can be shown that
lim M (z/ys) M (u/ys) ™" = v(2).
s—0

We will now show that 7(z) = v(z), which implies that 7 = v, as 7(n) = v(n) = 0, 7(u) =
v(u) = 1 and span(z,n,u) = W. This gives the desired contradiction. To prove the equality we use
the symmetry S, : C° — C° at u. Let f: ¥, — X, be given by

Su(u)
p(Su(v))

Thus, f is an isometry on (X,,dp). As C is strictly convex, the segments (z,n) and (y, n) are unique
geodesic lines in (X,,dg). So, f((x,n)) and f((y,7n)) are unique geodesic lines, and hence there exist
ﬂﬁlyy/,Cla@ € 82;) so that f((%??)) = (xlacl) with limg_o f(.%'s) = (1, and f((?/ﬂ?)) = (y/7€2) with
lims 0 f(ys) = o

We claim that ¢; = (2. Suppose by way of contradiction that {; # (2. Then using [5, Theorem
5.2] we know that there exists a constant Cjy < oo such that

limsup dp (f(zs),u) + du(f(ys),w) — du(f(zs), f(ys)) < Co, (5)

s—0

flv) = forallv e ¥, ={w e C°: p(w) = 1}.

as X, is strictly convex.
However, we know (see [7, Section 2.1]) that

lys — will lzs — vl
s — will [lys — vl

dH<mS7 yS) - log

for all 0 < s < 1, where w’, v, € 0Q. Let ws,vs be on the lines /1 and /5 as in Figure [2, where /;

EREN)

and ¢y are fixed. For s > 0 sufficiently small

lys — will llzs —vsll _ llys — wsll [les — vs
s = will llys = vsll = flzs = ws]| lys — vs

By projective invariance of the cross-ratio we know there exists Cy < oo such that

lys — wsl| [|zs — vs]|
|zs — ws|l [|ys — vsl|

=y for all s > 0 sufficiently small.

Thus, limsup,_,qdg(zs,ys) < logCy.
As f is an isometry under dy with f(u) = u, we deduce that

dp (f(xs),u) + du(f(ys), w) — du(f(2s), f(ys)) = du (s, u) + du(ys,u) — du (s, ys) — oo,

as s — 0. This contradicts , and hence (1 = (o.
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Figure 2: cross-ratios

Now note that
m(2) = lim M(z/ws)M(ufas) ™"
= lim M (S, (2,)/Su(2) M (Su(@s) /u) ™!
= lim M(f(2s)/Su(2) M(f (x5)/u) "
= M(C1/Su(2)M(G/u)™

Likewise v(z) = M ({2/Su(2))M (¢2/u)~!, which shows that 7(z) = v(z), as (1 = (2. This completes
the proof. ]

Lemma 3.3. Let (V,C,u) be an order unit space with a smooth cone, n € 0C \ {0}, and ¢ € S(V)
be such that p(n) = 0. Suppose that z € C with ¢(z) > 0, and for 0 < s <1 let ys := (1 — s)n + su
and zs := (1 — s)z + su in C°. If o, € S(V) is such that M(zs/ys) = ¢s(zs)/ws(ys) for 0 < s <1,
then ws(n) — 0, as s — 0, and () w*-converges to .

Proof. Note that M(zs/ys) = vs(2zs)/ps(ys) > ©(zs)/e(ys) = 1?(/)(2’) +1— o0, as s — 0. As
lps(zs)] < llzsllu < (1 = 9)||2]|u + sllulle < ||2]]w + 1, we deduce that ¢4(ys) — 0 as s — 0. So,

los(M| < [ps(m) — 0s(s) + [0s(s)l < 10— ysllu + |es(ys)] = 0 as s = 0.

Now consider any subnet (pg) of (¢s) in S(V). It has a w*-convergent subnet with limit say v,
as S(V) is w*-compact. By the first part of the lemma we know that ¢(n) = 0, and hence ¥ = ¢,
since C' is smooth. This shows that (¢s) w*-converges to ¢. O

Proposition 3.4. Let (V,C,u) be an order unit space with a smooth cone, n € 9C \ {0}, and
© € S(V) be such that ¢(n) = 0. Suppose that z € C with ¢(z) > 0 and for 0 < s < 1 let
ys = (L = s)n+ su and z5 := (1 — s)z + su in C°. Then

lim M (25 /y) M (u/ys) ™ = ¢(2).

Proof. For 0 < s <1 let ps € S(V) be such that M (zs/ys) = vs(zs)/¢s(ys). So, (ps) w*-converges
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to ¢ by Lemma Note that

M fy)Mufy) ™ < 22 (

Ps ys)
_ P (2z5) ¢

¢(u) s(y)
N (R TR
= T )
< (Ps(zs)

as p(n) = 0 and ¢s(n) > 0 for all 0 < s < 1. The right-hand side of the inequality converges to

©(z) as s — 0, since (ps) w*-converges to .
On the other hand, if we let o5 € S(V) be such that M(u/ys) = ¥s(u)/1s(ys), then (s)
w*-converges to ¢ by taking z = v in Lemma Moreover,

-1 90(28) ws(u) o
M (25 /ys) M (u/ys) = ( < )
(

©(ys) \¥s(ys)

SO Zs) ws(ys)

Ys(u) ¢(ys)
> ¢(2s),

as 1s(n) > 0. The right-hand side converges to ¢(z) as s — 0, which completes the proof. O

4 Proof of Theorem 1.1

Define
P:={peaC: M(p/u) = |p|l. = 1}.

Lemma 4.1. If (V,C,u) is an order unit space, then for each p € P there exists a unique p' € P
with p+p' = u.

Proof. Note that p <¢ M(p/u)u = u, so that w:=u —p € (9C \ {0}) NV (p,u). So,
M(w/u) :=inf{f >0: u—p<¢g pu}=inf{f >0:0<¢c (f—1u+p} =1,

as otherwise p — du € C' for some 6 > 0. This would imply that p = du+ (p — du) € C°, as dju € C°,
which is impossible. Thus, if we let p’ := w, then clearly p’ is unique, p’ € P and p +p' = u. O

Note that V' = span(P). Indeed, if v € V is linearly independent of u, then V(u,v) is a 2-
dimensional subspace with a 2-dimensional closed cone C(u,v). By [7, A.5.1] there exists r, s € 0C
such that C(u v) = {\r+pus: A\, u > 0} and span(r, s) = V(u,v). So, if we let p := M(r/u)~'r and
q := M (s/u)~!'s, then p,q € P and v € span(p, ¢q). On the other hand, if v = Au with A € R, then

A(p + p') for some p € P by Lemma [4.1]

Now let (V,C,u) be an order unit space with a strictly convex cone and dim V' > 3. Suppose
there exists a bijective antihomogeneous order-antimorphism g: C° — C°. Then C' is a smooth cone
by Theorem Denote by ¢, € S(V) the unique supporting functional at p € P, so ¢,(p) = 0
and ¢, (p') = ¢p(u) = 1. For p € P define the linear form B(p,-) on V by

B(p,v) := ¢y (v) forallveV.
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Proposition 4.2. If p,q € P, then B(p,q) = B(q,p).

Proof. Let p,q € P and for 0 < s < 1 define

Py = (1= s)p+ s, P o= (1= ) + 51,

gs = (1= 8)q + su, q. = (1—5)q + su.
We wish to show that S, (ps) = 2p, and S,(¢s) = 2¢.. By interchanging the roles of p, and g it
suffices to prove the first equality.

Note that if 8 > 0 is such that u <¢ Bps, then (1—8s)u <¢ S(1—s)p, so that Bs > 1, as p € IC
and u € C°. Thus, M (u/ps) = 1/s. The same argument shows that M (u/p}) = 1/s. Furthermore,
it is easy to check that M(ps/u) =1 = M(p)/u), and hence dr(u,ps) = —logs = dp(u, p) for all
0<s<l1.

Let 65 := M (u/ps)"/>M (ps/u)~1/? = 1/ /s and put z, := dsps and y, := d,p,. Then M (zs/u) =

M(u/xzs) = 1/y/s = M(ys/u) = M(u/ys). Thus, zs and y, are on the unique type I geodesic line =y
through u in C°(p,p’). Let v: R — (C°,dr) be the geodesic path with v = y(R) and 7(0) = u. As
Sy is a dp-isometry and S, (u) = u, we find that dr(u,xs) = dr(u, Su(zs)) = —log /s = dr(u,ys).
Using Lemma and the fact that x5 # ys, we conclude that Sy (xs) = ys. Thus, S, (dsps) = 0spL,
which shows that S, (ps) = 1pl,.

Now let p,q € P and suppose that g # p/. Then by Proposition we have that

B(p7Q) = SOP( )

= 11mM(QS/ps)M(u/ps)

= lim M(qs/Su(ps)) M (u/Su(ps)) ™!
= lim M(ps/Su(g:)) M (ps/u) ™!

= hmM( s/Su(ds)),

where we used the identity S,(ps) = 1p, and the fact that S2 = Id (Theorem in the third
equality.
Likewise,
B(va) = lim M(Qs/su(ps))'
s—0

Now using the fact that M (ps/S.(qs)) = M(qs/Su(ps)) for all 0 < s < 1, we deduce that B(p,q) =
B(q,p) if ¢ # p'. On the other hand, if ¢ = p/, then B(p,q) = 0 and B(q,p) = 0. O

We now extend B linearly to V by letting

B <Z aipi,v) = ZaiB(pi,v) forallv e V.
i=1 i=1

To see that B is a well-defined bilinear form suppose that w = Y, aup; = > j Bjq; for some «;, B € R
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and p;, q; € P. Write v = ), i1, with ry € P. Then by Proposition we get that
> a@iB(pi,v) = Y B(pi,rk)
= ) waB(r,p)
ik
= > wB(rg,w).
k

Likewise ) 8 B(qj,v) = > wB(ry, w), which shows that B is a well defined symmetric bilinear
formon V x V.
Let H :=span{p — p': p € P} and Ru := span(u).

Lemma 4.3. We have that V = H @ Ru (vector space direct sum), and H is a closed subspace of
Vol flw)-
Proof. Note that for each v € V there exists p € P and «, 8 € R such that v = ap + Sp’. So,
1 o1

v=ga—B)p—1)+ ylatBu, (6)
by Lemma This shows that V' = H + Ru. Now let ¢,: V' — R be given by 1, (v) := B(v,u)
for all v € V. Note that if v = p — p/, then

bulv) = Bp,u) — B w) = oy (u) — pp(u) =1~ 1 =0,

and hence H C ker(1,). Moreover, B(u,u) = B(p,u) + B(p/,u) = 2. Also for v = as + fu with
s =p—p € H we have that ¢, (v) =26 = 0 if and only if 8 = 0. Thus, H = ker(1),), which shows
that V' = H @ Ru.

To see that H is closed it suffices to show that v, is bounded with respect to || - ||,. Let
v=ap+ pp € V. Then

lv]|w = inf{\ > 0: — Xu <¢ ap + B <¢ Au} = max{|al,|B]}. (7)
It follows that

[Yu(v)] < eltbu(p) + [BlYu(@’) = lal + 18] < 2],
and hence v, is bounded. O

Define a bilinear form (x | y) on H by
1
(x]y):= §B(m,y) for all z,y € H.
Proof of Theorem[1.1. We will first show that (H,(- | -)) is a Hilbert space. Note that if z € H,
then there exists p € P and « € R such that x = a(p — p') by @ Clearly
2 L.y / 2 / / a’
lzllz = (@ | 2) = 5 (&*B(p,p —p') = *BW',p = 1)) = =

by (7). It follows that (z | z) > 0 for all z € H, (z | ) =0 if and only if =0, and (H, (- | ")) is a
Hilbert space, as H is closed in (V]| - ||.)-

(1+1) = o = |z, (8)
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We already know from Lemma [4.3] that V = H & Ru, where (H, (- | -)) is a Hilbert space. Note

that if 2 = a(p — p') € H, then ||z + Bull, = max{|a + 8], |a — 8|} = |a| + 8] = ||z|l. + 8] by (7).

So,

we deduce from equality that
|z + Bullu = ||z]|2 + |8] for z € H and g € R.

It remains to show that {a?: a € V'} = C, where the Jordan product is given by . Note that

if a =2+ ou where z = §(p — p') € H and 0,6 € R, then

a? = 207+ ((z]z)+0H)u
62
= 204(p—p)+ (QB(p—p’,p—p’) +02> u

= 200(p—p)+ (* + D) (p+7p)
(0+0)2p+ (0 — 6% € C.

Conversely, if v € C, then v = Ap + up’ for some \, x> 0 and p,p’ € P. Let

So,

w= Vit i =5 (VA= V)=o) + (VA+ yie+p).

w? = 2 (2R~ VA VD —2) + (VA= Vi + (VA V)0 +9)) = Ap ! =,

which shows that v € {a?: a € V}. O
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