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Robust sliding mode observer design for interconnected systems

Mokhtar Mohamed!,  Xing-Gang Yan'!,

Abstract—In this paper, a class of nonlinear interconnected
systems is considered in the presence of structured and un-
structured uncertainties. The bounds on the uncertainties are
nonlinear and are employed in the observer design to reject
the effect of the uncertainties. Under the condition that the
structure matrices of the uncertainties are known, a robust
sliding mode observer is designed and a set of sufficient
conditions is developed such that the error dynamics are
asymptotically stable. If the structure of the uncertainties is
unknown, an untimately bounded observer is developed using
sliding mode techniques. The obtained results are applied to a
multimachine power system to demonstrate the effectiveness of
the developed methods.

I. INTRODUCTION

The development of advanced technologies has produced
corresponding growth in physical systems. Such systems can
be expressed by sets of lower-order ordinary differential
equations which are linked through interconnections. Such
models are typically called large scale interconnected sys-
tems (see, e.g.[7], [16]). Large scale interconnected systems
widely exists in the real world for example, the energy
systems and bilogical systems [1], [7]. One of the most
important examples of an interconnected system is the in-
terconnected power system or multimachine power system
which consists of multi power generators connected via a
power distribution network [13]. Naturally, the model of the
power system is inherently nonlinear containing disturbances
and uncertainties [8], [13].

Recently, sliding mode controllers have been successfully
applied for large scale power systems due to their effective-
ness and robustness against various disturbances [11]. Sliding
mode controllers for a single machine are proposed in [3] and
multimachine power systems are considered in [2]. In all the
results mentioned above, it is assumed that all the system
state variables are available. However, in practice, only a
subset of state variables is accessible/measurable. In order
to implement these control schemes, one of the choices is to
design an observer to estimate system states, and then use
the estimated states to form the feedback loop. Therefore, a
state estimation process is very important.

An observer-based controller is proposed in [6] by com-
bining a variable structure control with a reduced-order
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observer and this is applied to a power system stabilizer.
In [10] unknown-input observer-based monitors which can
estimate the system states as well as perform fault detection
and isolation are proposed and applied to a three-bus power
system example, which consists of one generator and two
loads. However, observer design in the presence of unknown
signals is very difficult in practice. An iteratively re-weighted
least squares method for power system state estimation is
presented in [9]. An extended complex Kalman filter is used
in [4] to enhance frequency estimation of distorted power
system signals. A sliding mode observer is presented in [5]
to develop a robust observer-based nonlinear controller and
then to construct state variables of the system and estimate
the perturbation including all the system nonlinearities and
uncertainties. In [8], a sliding mode observer is developed
for damper winding currents which are modelled as a 5-th
order system.

In this paper, a robust sliding mode observer is established
for a class of interconnected systems in the presence of
uncertainties. Both the known nonlinear interconnections and
uncertain nonlinear interconnections are considered. A set
of sufficient conditions is developed such that the error
dynamics are asymptotically stable if the structure of the
uncertainties is known and satisfies the constrained Lyapunov
equation. In the case when the structure of the uncertainties is
not available but the bounds on the uncertainties are known
constants, an ultimately bounded sliding mode observer is
proposed to estimate the states of the interconnected system.
All the bounds on the uncertainties involed in this paper
are nonlinear and are employed in the observer design to
reject/reduce the effect of uncertainties. The results obtained
are applied to multimachine power systems. Simulation for
a two machine power systems is used to demonstrate the
effectiveness of the developed results.

II. SYSTEM DESCRIPTION AND PRELIMINARIES

Consider a nonlinear interconnected system composed of
N subsystems as follows

Ti=Aix; + Biug + Adi(4, us) + Mi(x) + AM;(x) (1)
yi = Cix; 2

where z; € R™, u; € U € R™ (U is the admissible control
set) and y; € RP* with m; < p; < n; are the state variables,
inputs and outputs of the ¢-th subsystem respectively. The
matrix triples (A;, B;,C;) are constants with appropriate
dimensions and C; are full column rank for¢ =1,2,--- , N.
The terms Ag;(x;,u;) and AM;(x) are the uncertainties
in the ¢-th isolated subsystems and interconnections respec-
tively. The terms M;(x) are the known interconnections for



i=1,--- N.
Assumption 1. The uncertainties A¢;(x;,u;) and AM;(z)
have the decomposition

A(]Si(l‘i, Ui)

where H? € R™*ki and H} € R™*"i are the distribution
matrices of the uncertainties, and

= H{ A& (i, u;), AM;(x) = HYAE;(z) (3)

[AG (25, u)|| < pilwi, ui), and |AE;(z)|| < o3(x)  (4)

where p;(z;,u;) is known and Lipshitz about x; uniformly
for u; € U, and o;(x) is known and Lipshitz about z.

Since C; are full column rank, there exist nonsingular
matrices T, such that

i A A ] _ -1

A= { Ay Ay } =Te AT ®)

B= | B l=n.B, - [0 I, | =CT. "6
'3 Bi2 . c; Py [3 i . 1" c;

where Ay € Rmi—pi)x(ni=pi) B, e RMi—pi)Xmi gpq
Bis € RPi*™i for ¢ = 1,---, N. Then in the new coordi-
nates

T =T,z @)
system (1)-(2) can be rewritten as

Ty =

AnZin + Ao + Bowi + HEAG (T4, u;)
+M;1 (%) + HY AM; () ®)

Tio = AisZTin + Aulio + Bioui + HH A (Ti, u;)
+M;o(z) + HlAM;(Z) ©)
Yi = Ti2 (10)

where T = col(Z1,To, -+ ,TN), T; = col(Ty1,Ti2), Ti1 €

R%~—Pi Z0 € RPi, /L'j and B;; are defined in (5)-(6) for
7=1234,1=1,2, +=1,2,---,N, and
2 I |91/
{ng } = T.H;, I:Hz% =T, H (11)
Mi(z) |, _ 4
[ Ma(z) |~ Te, Mi(x) (12)
Aéi(ii,ui) = Afi(Tczlgfi,ui) (13)
AM;(z) = AEi(chla?) (14)
where Hg € Rmi—pdxki  fb e Rmi=pdxri and

M;i(-) € R(i=Pi) for i =1,2,--- | N.
Assumption 2. The matrix pair (4;,C;) in (5)-(6) is observ-
able for i =1,2,--- | N.
~ Under_Assumption 2, there exists a matrix L; such that
A; — L;C; is stable, and thus for any @); > 0 the Lyapunov
equation

(A = LiC)" P+ Pi(A; — LiCi) = —Q;
has an unique solution P; > 0 for ¢ =1,2,--- | N.
Assumption 3. There exist a matrices F* € RF*Pi and

15)

FP € R"*Pi guch that the solution P; to the Lyapunov
equation (15) satisfies the constraint
H!T' P, = FC;
H!T P, = FC;

(16)
a7

Introduce partitions of P; and @); which are conformable
with the decomposition in (8)-(10) as follows

Py Py Qi1 Qa2
Pz - |: PZTQ“ Pi3 :| ’ Q’L |: ZZ; QiS :| (18)
Then, from P; > 0 and (); > 0 that P;; > 0,
0, ;1 >0 and Q;3 > 0.
The following results are required for further analysis.
Lemma 1. If P; and QQ; have the partition in (18), then under
Assumption 3

P3 >

(i) P 'PoH%+ HE =0 if (16) is satisfied.
(i) P 'PoHY + HYy =0 if (17) is satisfied.
(iii) The matrix A;; + P;;'PipA;3 is Hurwitz stable

if the Lyapunov equation (15) is satisfied.

Proof. See Lemma 2.1 in [14].

ITII. SLIDING MODE OBSERVER DESIGN
A. The structure matrices of the uncertainties are known

Consider the system in (8)-(10). Introduce a linear coor-
dinate transformation

—1
Ini*pi ‘Pil Pip T

0 I, i 19)

Z; =

T;

In the new coordinate system z;, system (8)-(10) has the
following form

s =(An + P ' PioAi)zin + (Ag — Ai P Pio

+P; ' Pig(Aig — A3 P  Pig))zio + Biyu; + PJIPQ
x Bigu; + M1 (T™12) + P PiaMo(T~'2) (20)
Zio=Aizzn + (A — A13P11P12)Zz2 + Biou;
+HLAG (T zz,uz) + Mo (T 12)
+HBAM (T 2) @1
Yi =Zi2 (22)

where z; = col(z;1, z;2) with z;; € R™~Pi. From Assump-
tion 1, (13) and (14)

||A¢)l( i Zzyuz)” </J1((T Tc7) Zz7u1) ﬁz(zz7U1)(23)
[AM;(T2)[| <oi((TTe) ' 2) == 7i(2) (24)

and p;(z;,u;),;(2) satisfy the Lipschitz condition
19 (20, ui) — pi(Zi,wi)| < L llzi = 2l (25)
oi(z) —a:(A)| < L5llz— 2] (26)

Here /5, may be a function of u;.



For system (20)-(22), consider a dynamical system
Za = (Ai+ P7'PpAiz)sn + (Aip — An P Py

+P; ' Pio(Aig — Aiz P  Pi2))yi + Bizu; + P ' Pio
x Bigu; + My (T712) + P PiaMio(T712)  (27)

éiQ = Aiztia+ (Aizl - Aispﬁlpw)fiz + Biou;
+Mip(T712) + dy () (28)
Ui = Zi2 (29)

where Z = col(Z1,y), and the injection term d;(-) is defined
by

di(-) = ([HBp:(Zi,ui) + | Hpll7:(2) + [|Aia
—AizP Piollllyi — 9il| + ki)sen(y: — ;) (30)
where ﬁl(éz,uz) = 71‘(21‘1,?/1‘,“1‘) and 5’1(2) = 5’i(211,y1,
Z21,Y2, s EN1, YN)-
Let e;1 = z;1 — 2;1 and ey, = y; — ;. Then from (20)-(22)
and (27)-(29), the error dynamical equation is described by

+P P [Mio(T ™ 2) — My (T 12)] (31)

by, = Aizein + (A — Ais P Pio)ey, + [Mia(
— 71'2(T712)] + H?QAQZ,'(TZ»_IZi,ui)
+HLAM (T 2) — di(+)

éin=(An + P ' PioAi)ein + [My (T™2) — My (T'2))]
Vo (T 12)
(32)
where d;(-) is given in (30) for i =1,2,--- , N.

From the structure of the transformation matrix 7; in (19)
and the fact that Z; = col(Z;1,y;), it follows that

177" = T72] = [lea] (33)
where
e1 :=col(ey1, €21, - ,en1) (34)
Therefore,
IMir(T712) = Ma(T' )| < L, leall 39)
[Mia(T™12) = Mio(T2)| < g llenll  (36)

Theorem 1. Under Assumptions 1 — 3, the error system (31)

is asymptotically stable if the matrix W7 + W is positive

definite, where the matrix W = [w;;], y» and its entries

w;; are defined by

wu{)\min(Qil) —2[|1Palless,, +1Pi2lllsz,, ] =] 37)
2P, + 11 Pillen,, ], i#j

where P;1, Pjy and @;; are given in (18).
Proof. For system (31), consider a Lyapunov function can-
didate V' = Zivzl eiTl P;1e;1. Then, the time derivative of V'

along the trajectories of system (31) is given by

N

Z {65 [P (Air + P PioAis)T + (A
1=1

+P; ' Py Ais) Palea + 2| Palllleall{ [¢51,,

1P Palltar, e} }

V:

N
< Y {-chQuen +2eall {[IPullt,
=1
1 Pi 137, ] ler |1} § (38)
From the definition of e; in (34)
N N
leal < S llegull = leall + 3 lle| (39)
=
Then, from (38) and (39)
N
vV < Z { — el Qiein + 2llea|[{ [IIPi1]|€xz,,
=1 N
1 Pialleg, ) [leall + > llesl]} }
=
N
<3 Pnin(@a1) — 201 P, + 1Pl ]}
1=1 v
xlleal® = 2[I1Pi sz, + |1 Pizllfar,,]
iz
<leat llesa | } (40)

Then, from the definition of the matrix W in (37) and the
inequality above, it follows that

: 1
V< —§XT[WT + WX

where X = [[len1 ][, [le1]], -, [len[|]”.

Hence, the conclusion follows from W71 + W > 0. A
Remark 1. The proof of Theorm 1 further shows that the
stability of the dynamics (31) are actually independent of
ey,. This fact will be used to show the stability of the sliding
motion later. From the stability of Theorem 1, it follows that
there exists a constant 3 such that

(41)

||61||SB7 7::1725""N

where 3 can be estimated using the approach given in [14].
For system (31)-(32), consider a sliding surface

S = aevaeyN)|ey1 207

(42)

{(61176y176217ey27 o

ey2:0’...

From the structure of the error dynamical system (31)-(32), it
follows that the system (31) will dominate the sliding motion
associated with the sliding surface (42).



Theorem 2. Under Assumptions 1-3, system (31)-(32) is
driven to the sliding surface (42) in finite time and remains
on it if

ki > (| Aisll + Cxz,, + [HBIE + [ HlI0)8 +n (43)

where (3 is determined by (41) and 7 is a positive constant.
Proof. From (32)

N N
Zeq by, = Z 37;{1212'361'1 + (Ais — AisP;; ' Pig)
=1 =1
Xe€y, + [M12 - MZQ] + HzQA(bz( i Zwuz)
+HYAM(T ™ 2) — di(-)}
N —
<> {Islllenllles |l + £xz ey e

=1

HIHSpi (21, wi)lley, | + | Hil|5i(2) ey,
+(Ais = Ais Py Poo)lley | = lley, |
{17 (Zin, i, wa) + 1 H | 04(2)

| Aia = AP Pallley, | + ki)sen(e, )} @4
N N
Sehiw < 3 {0l + b, + 16,
i=1 i=1
B 6,)8 — KiYllen I} @43)
Applying (43) to (45)
e,:llj—;él/i < —1lley, (46)
This shows that the reachability condition is satisfied.
Hence the conclusion follows. A

Theorems 1 and 2 show that (27)-(29) is an asymptotic
observer of system (20)-(22).

B. The structure of the uncertainties are unknown

Now, if the structure of the uncertainties A¢;(x;,w;) and
AM;(z) in the system (1)-(2) are unknown, which implies
that Assumption 1 does not hold, then an asymptotic observer
usually is not available. An ultimately bounded observer will
be designed. The following Assumption is required.
Assumption 4. The uncertainties Ag;(x;,u;) and AM;(x)
in system (1)-(2) satisfy

HA@(CCE’W)H
| AM; (2)]|

i (47)
T, (48)

IAIA

where €; and T; are positive constants.
In this case, in the new coordinate z the system (1)-(2) is

described by
Zi1 =(An + Py PinAiz)zin + (Aip — A P Pio
+P111Pl2(AZ4 - Al?}‘PiIlPﬂ))ZzQ + B’Llu’L

+P11P12><B12u1+M11( )+P11P22
Min(T7'2) + Adir (T} 25, u) + AM;1 (T~ 12)(49)
Zio = A Zzl + (Ajs — A3 P Po)zia + Biou;
M ( ) + qu)ﬁ( i zwuz) + AMZ2( _12)(50)
Yi = Zi2 (51)
where
A¢11( ; szuz) :| |: A¢11( ; Zzauz) :|
|: A(bﬂ ; Zza z) Ti A¢12( i Zzauz) (52)
AMM(T Z) _ AMH( Z)
[ AM;(T™12) } T [ AM;5(T712) ] (53)

and z; = col(z1, zi2) with z;; € R™~Pi, From (47)-(48),
there are constants ¢, €2, T¢ and YT such that

”A@l(' ZHUZ)H < & (54)
| Ao (T, zz,uz)H < & (55)
[AM; (T '2)| < ¢ (56)
[AMu(T™'2)| < Y2 (57)

Now consider dynamical systems

Zn = (Aj + P 'PiAis)zin + (Aip — A P P
+P,;IIP2'2(I‘L'4 - AisPﬁlPiz))yi + Biju;
+P; ' Py Bigu; + Mﬂ(T*z)
+P ' PaMpp(T7'2) (53)

»éiQ = Aiztia+ (Ai4 - Az‘3pﬁlpi2)2i2 + Biou;
+Mia(T712) + di () (59)

U = Zi2 (60)

where Z = col(21, y). The injection term d;(-) is defined by
di() = (8¢ (T 2 w)|| + [AMi(T72)| + || Aia
— AP Poolllyi — §ill + ki)sgn(ys — i) (61)

Let e;1 = 2z;1 — 2;1 and ey, = y; — ;. Then from (49)-(51)
and (58)-(60), the error dynamical equation is described by

én = (Ai1 + P PioAiz)en + [Mi (T~ '2) — My (T712)]
+P; Py [M (T '2) - MIQ(T*%)]
+AGi1 (T 2iy ug) + AM;y (T712) (62)
&y, =Aizer + (Al4 — AigP ' Pa)ey, + [Mio(T~'2)
~ Mo (T )] +A¢12( i ug)
+AM(T™2) = di() (63)

Theorem 3. Under Assumptions 2 and 4, the system (62) is
an ultimately bounded stable if the function matrix W7 4+ W

is positive definite, where the matrix W = [wy;] y» and
its entries w;; are defined by
Amin(Qir) = 2[|1Pis €5z, + 11 Pi2llfns,, ), 7= j
Wi~ il ¢ . X 64
{—2[||PZ-1|18M“ + 1 Pallt,,). itj @



where P;;, P;> and Q1 are from (18).

Proof. For system (62), consider the same Lyapunov function
as in the proof of Theorem 1. Following a similar proof as
in Theorem 1, it is obtained

N
V<=3 {{min (@) = 2[1 Purll,, + 1| Prcll s, }

=1
N
leall = 2[I1Pialless, + 1Pillfa,,] ||€j1||}||€z'1||
j7i

N
+2) [1Pallef + ¢ flenl

i=1

(65)

Then, from the definition of the matrix W in theorem 2 and
the inequality above, it follows that

: 1
Vv < —§XT[WT + WX + puX

1
= ~(Grmin(WT W)X = X[ (66)

where 11 = 2/, (| Pl [ef +1¢])? and X = [flews .

learll, -~ llenal]™.
It is clear to see that V' < 0 if pu < %)\mm(WT + W).
Therefore system (62) is ultimately bounded. A

For the system (62)-(63), consider the same sliding surface
S given in (42). It is straightforward to see that Theorem 3
implies that the sliding mode of the system (62)-(63) asso-
ciated with the sliding surface S given in (42) is ultimately
bounded.

Theorem 4. Under Assumptions 2 and 4, the system (62)-
(63) is driven to the sliding surface (42) in finite time and
remains on it if

ki > (Al + iz, +Cag,, T lans,)B 1 (67)
where (3 is determined by (41) and 7 is a positive constant.

The proof can be obtained directly from Theorem 2.
Remark 2 The sliding mode observer in z coordinates is
provided in (27)-(29) or (58)-(60). Therefore the estimate z;
for x; can be given by #; = (T;T.,)"'%;, where T, and
T; are given in (7) and (19) respectively and Z; is given in
(27)-(29) or (58)-(60).

IV. SIMULATION EXAMPLE

In this section, the excitation control problem for a mul-

timachine power system is considered. Let x; = [z;1 X2
.231‘3] = [51 — 51’0 Wi APW] with Apei =: Fei — PmiO for
t=1,2,---,N. It is assumed that, P,,; = P,,;0 = constant

since only excitation control is considered and §; is the gen-
erator power angle [rad], P,; is electrical power [p.u.], and
w; is relative speed [rad/s]. All terms are explained in [15].
Then by using direct feedback linearsation compensation for
the power system as in [12], the multimachine power system

can be described by the system (1) — (2) with

0 1 0 0
A =| 0 -5 —sm | Bi= 0
/!

0 0 —7 Tioi

100
Ci_{001]

The following uncertainties are added to the isolated systems

0
A¢1(.’L’1,U1) = 0 |.’L'11| |sinu1\ (68)
0.5 D
< =4 &1(z1,u1)
HY
F o
Apo(x2,u2) = 0 |sin?(x21 + z23)|  (69)
—_——
| 0.2 | At (e tin)
Hy
where |A& (z1,u1)| < |z11| |sinui| = p1(z1,u1) and

2
Ay (w2, uz) < |sin®(z21 + x23)| = p2(x2, u2).

The input control variables, interconnection and its uncer-
tain terms are chosen the same as in [15]. Choose

0 1

T, = 0
0

Cq

0
1 0 for i=,1,2,---,N. (70)
0 1
The system matrices after transformation z; = T, x; with
comparing (5) — (6) are
- D;

A = _2Hi7 ‘/2112:[0 _2“;-?1- ]
_ 1 _ 0 0
Az = [ ] ) Ay = [ 1 }
0 0 =7
_ _ 0
B = 0, Bix = [ 1 }
Tios
— 0
AMil = O, AMZQ = 1 (I)Z(l‘)

In order to illustrate the results obtained in this paper, con-
sider two machine power systems where all the parameters
are chosen as in [15]. Then, let Q1 = Q2 = I3.

By direct computation, The solutions of Lyapunov equa-
tion (15) P, and P can be found and under the transforma-
tion z; = (T;T.,)"'2; with T, and T; defined in (70) and
(19), the two machine power systems can be described in z
coordinates as in the form of (20) — (22) with

p1(z1,un)|| < |z121|] sinus
||52<223u2)|| S ‘Sin2(2221 + 2222)‘
and
71(2)] < (vl sinzia1| + 711 (211 + 0.23112121]))
(o] sin 2201 | + V14| (221 + 0.44122091))
72(2)] < (731 sin 2101 ] + 751 (211 + 0.2311 2121 ]))

+ (7| sin zoo1| 4+ VEE (221 4 0.44122901|))



Therefore,

01(2) —1(2)] =

[ A +0.23119] 0 {5 Ay +0.44129{5 0 ]
x[llz = 2l]]

|G2(2) —02(2)] =

[ 31 731 +0.231103{ 0 735 73 +0.4412955 0 |

x[llz = 2]

where v/, = 0.9, 4, = 0.7355, ~+{{ = ~v{{ = 1.4 and
v = 0966, ~b, = 0.788, il = 4L = 1.5. Thus
05, = 2.69224 and (5, = 2.88532.

By direct computation, it follows that the matrix W7 + W
is positive definite. Thus, all the conditions of Theorem 1
are satisfied. Therefore the dynamical system (27) — (29) is
an asymptotic observer of the system (20) — (22) which is
well defined and #; = (T;T.,)"'2; is an estimate of z; =
[€i1 i xi3] = [0i — 0 wi AP,;]. The simulation results
are presented in Figs 1 and 2, which show the effective of
the designed observer.

V. CONCLUSION

In this paper, a robust sliding mode observer has been
designed for a class of interconnected systems in the presence
of uncertainties. Both the known nonlinear interconnections
and uncertain nonlinear interconnections have been dealt
with separately to reduce the effects of the interconnections.
Sufficient conditions have been provided such as that the
error dynamics are asymptotically stable if the structure of
the uncertainties is known. An ultimately bounded sliding
mode observer is proposed to estimate the states of the
interconnected system if the structure of the uncertainties
is not available. All the bounds on the uncertainties involved
in this paper are nonlinear and are employed in the observer
design to reject/reduce the effect of uncertainties. The ob-
tained results have been applied to a multimachine power
system to show the feasibility of the proposed approach.
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and their estimation £1 = col (211, £12, £13)
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