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A K-Theoretic Proof of the Morse Index Theorem in

Semi-Riemannian Geometry

Nils Waterstraat

Abstract

We give a short proof of the Morse index theorem for geodesics in semi-Riemannian
manifolds [MPP05] by using K-theory. This makes the Morse index theorem reminiscent of
the Atiyah-Singer index theorem for families of selfadjoint elliptic operators [APS76].

1 Introduction

Let (M, g) be a semi-Riemannian manifold of index ν, let p, q ∈ M be fixed points and let
I = [0, 1] be the unit interval. Let H1

p,q(I,M) be the set of all paths γ : I → M that join p and q
and are of Sobolev regularity H1,2. H1

p,q(I,M) can be given the structure of a Hilbert manifold
such that the action functional

A : H1
p,q(I,M) → R, A(γ) =

∫ 1

0

g(γ̇, γ̇)dt (1)

is a smooth function (cf.[Wa07]). Moreover, the critical points of A are precisely the geodesics
joining p and q. Given such a geodesic γ : I →M , a vector field ξ ∈ Γ(γ) along γ is called Jacobi
field if it satisfies the differential equation

∇2

dx2
ξ +R(γ̇, ξ)γ̇ = 0, (2)

where R denotes the curvature tensor of (M, g) and ∇

dx
the covariant derivative along γ. An

instant t ∈ I is said to be conjugate if there exists a nontrivial Jacobi field ξ ∈ Γ(γ) such that
ξ(0) and ξ(t) vanish.
Let us consider solely the Riemannian case ν = 0 for a moment. If p and q are chosen ap-
propriately, one can show that A is a Morse function; i.e., at each critical point the Hessian is
nondegenerate and has finite Morse index. Therefore the topology of H1

pq(I,M) (being homotopy
equivalent to the based loop space of M) can be studied by using the machinery of Morse theory
(cf. [Mi69]). Here a particularly important tool is given by the Morse index theorem, which
states that the Morse index at a critical point γ can be computed as

ind(γ) =
∑

x∈I

m(x), (3)

where m(x) is the multiplicity of x as conjugate instant, i.e. the dimension of the vector space
spanned by Jacobi-fields along γ that vanish at 0 and x. Using this result, the computation of
the Morse index of the Hessian at a given critical point reduces to solve a second order ordinary
linear differential equation!
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However, in arbitrary semi-Riemannian manifolds phenomena may occur that exclude an equality
like (3). To be more precise, if ν 6= 0, geodesics never have a finite Morse index and conjugate
instants may accumulate such that the sum on the right hand side of (3) is not even meaningful
in general. Moreover, conjugate instants can disappear under arbitrary small perturbations of
the geodesics, which is also in contrast to the stability of the Morse index in the cases where it
exists. Hence, in order to find an index theorem valid for geodesics in arbitrary semi-Riemannian
manifolds which generalizes the known results, one has to find some kind of renormalized Morse
index and a way of generalized counting of conjugate points.
We do not want to present the full history of this issue, but mention that the first breakthrough
was obtained by Helfer in [Hel94]. Afterwards Piccione, Tausk and others developed his ideas
further in a series of papers (cf. e.g. [PT02] and the references given there). In this paper we
focus on a more recent result by Musso, Pejsachowicz and Portaluri [MPP05]. They gave for
each side of the classical Morse index theorem a further substitute extending it to the general
semi-Riemannian case and proved their equality as well as that their indices coincide with the
former ones. These integers are called the spectral index and the conjugate index of the given
geodesic γ. The spectral index, which generalizes the classical Morse index, is by definition
the spectral flow of a path of bounded selfadjoint Fredholm operators associated by the Riesz
representation theorem to the Hessian of the smooth function (1) at the critical point γ. The
conjugate index, which generalizes the classical counting of conjugate points, is the winding
number of a closed curve surrounding 0 ∈ C which can be obtained from the differential equation
(2). The proof of their equality in [MPP05] uses functional analytic methods. Our aim is to
present a different proof which uses topological methods and can be roughly described as follows:
The starting point is the original construction of spectral flow in [APS76], where to each closed
path of selfadjoint Fredholm operators a virtual bundle in K−1(S1) ∼= K̃(S2) is constructed such
that the spectral flow of the path is just the integer obtained from the well-known isomorphism
c1 : K−1(S1) → Z given by the first Chern number. We modify this result slightly, obtaining
an assignment of a virtual bundle in Kc(C) for a special class of paths of selfadjoint Fredholm
operators with invertible ends. Again the spectral flow can be computed by the isomorphism
given by first Chern number c1 : Kc(C) → Z, and the second important observation is the well-
known result that this integer can be calculated as the winding number of the clutching function
of the given element in Kc(C) ∼= K̃(S2). Hence the strategy of our proof is to consider the
element in Kc(C) ∼= K̃(S2) whose first Chern number is the spectral index of the given geodesic
and to deform its clutching function such that the associated winding number turns out to be
the conjugate index.
The paper is structured as follows: In the second section we give a short summary of the main
result in [MPP05]. The third section is devoted to the proof of this result and is decomposed in
three subsections. In the first subsection we summarize briefly the definition of K-theory with
compact supports and the computation of the first Chern number of elements in Kc(C). The
second subsection deals with spectral flow and is of independent interest. In the last subsection
we finally present the alternative proof of the Morse index theorem in semi-Riemannian geometry
[MPP05].
The author wishes to express his gratitude to one of the authors of [MPP05], Jacobo Pejsachowicz
(Politecnico di Torino), for suggesting the problem and his interest in this work. Moreover, he
wants to thank Jacobo Pejsachowicz and Thomas Schick (University of Göttingen) for several
helpful suggestions improving the presentation of the paper. Finally, the author wishes to thank
the Research Training Group 1493, “Mathematical Structures in Modern Quantum Physics”, for
financial support.
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2 The Morse Index Theorem in semi-Riemannian Geometry

It is a well known result that the Hessian Hessγ(Apq) : TγH
1
pq(I,M)× TγH

1
pq(I,M) → R of the

functional (1) at a critical point γ ∈ H1
p,q(I,M) is given by

Hessγ(Apq)(ξ, η) =

∫ 1

0

gγ(x)

(

∇

dx
ξ(x),

∇

dx
η(x)

)

dx−

∫ 1

0

gγ(x)(R(γ
′(x), ξ(x))γ′(x), η(x))dx,

where ξ, η ∈ TγH
1
p,q(I,M) = {ξ ∈ H1(I, TM) : ξ(x) ∈ Tγ(x)M ∀x ∈ I, ξ(0) = 0, ξ(1) = 0}.

These definitions suffice to state the Riemannian version of the Morse index theorem as the well-
known equality of the finite Morse index of the Hessian and the number of conjugate points along
the geodesic counted with multiplicity as already mentioned in the introduction. To overcome
the rising difficulties in the general semi-Riemannian case, as in [MPP05], some variations are
necessary.
Let γ be a geodesic joining two points p and q such that 1 is not a conjugate instant. γ induces
a path Γ : I → H1(I,M) by γt(x) = γ(t · x) and γt is a critical point of the restricted action
functional At : H

1
p,γ(t)(I,M) → R. This yields a family of quadratic forms

hesst(A) : Tγt
H1

p,γ(t)(I,M) → R

associated to the Hessians that can be transformed into a smooth path of quadratic forms on
H1

0 ([0, 1],R
n) by using local coordinates induced by a parallel frame {e1, . . . , en} along γ, where

g(ei(x), ei(x)) =

{

1, i ≤ n− ν

−1, i > n− ν
, g(ei(x), ej(x)) = 0, i 6= j, x ∈ I.

The resulting path is given by

qt : H
1
0 (I,R

n) → R,

qt(u) =

∫ 1

0

〈Ju′(x), u′(x)〉dx −

∫ 1

0

〈St(x)u(x), u(x)〉dx,

where

J =

(

idn−ν 0
0 −idν

)

,

St(x) = t2 · S(t · x), t, x ∈ [0, 1], and S(x) = {Sij(x)}, Sij(x) = g(R(γ′(x), ej(x))γ′(x), ei(x)). It
is easy to see that S(x) is symmetric for all x ∈ I.
Using the Riesz representation theorem, we obtain a path L : I → L(H1

0 (I,R
n)) of bounded

selfadjoint operators such that

qt(u) = 〈Ltu, u〉H1

0
(I,Rn) for all u ∈ H1

0 (I,R
n) (4)

and L0, L1 ∈ GL(H1
0 (I,R

n)), where the invertibility of L1 follows from the assumption that 1
is not a conjugate instant and integration by parts. In [MPP05, Proposition 3.1] it is shown
that these operators actually are Fredholm. The spectral index of the geodesic γ is defined as
µspec(γ) = − sf(L), where sf denotes the spectral flow.
The other important modification of the classical quantities from the Morse index theorem is
the counting of conjugate points along a geodesic by means of the winding number as already
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mentioned in the introduction. Using once again the orthonormal frame {e1, . . . , en}, the Jacobi
equations (2) associated to the geodesics γt are given by

Ju′′(x) + St(x)u(x) = 0. (5)

Note at first that the corresponding differential operators Atu = Ju′′ + Stu are unbounded
selfadjoint Fredholm operators on L2(I,Rn) with domain H2(I,Rn) ∩ H1

0 (I,R
n). Moreover,

t ∈ I is a conjugate instant if and only if kerAt 6= {0}. Now let St := S0 for t < 0, St := S1 for
t > 1 and let b1z, . . . , b

n
z : I → Cn be the solutions of the differential equations

Ju′′ + St(x)u + isu = 0, z = t+ is ∈ C,

such that biz(0) = 0 and (biz)
′(0) = Jei, i = 1, . . . , n. We denote by bz(x) the matrix

(b1z(x), . . . , b
n
z (x)) and bz := bz(1). The crucial observation for the definition of the conjugate

index is given by the following lemma, which can be found in [MPP05]. Nevertheless, we include
its proof for the sake of completeness.

Lemma 2.1. bz, z = t+ is ∈ C, is not invertible if and only if s = 0 and kerAt 6= {0}.

Proof. If bz is not invertible, take 0 6= v ∈ ker bz and define w(x) = bz(x)v. Then Jw′′ + Stw +
isw = 0, w(0) = w(1) = 0, and by selfadjointness of At this is just possible if s = 0.
On the other hand, if Ju′′ + Stu + isu = 0, u(0) = u(1) = 0, it is easy to see that 0 = u(1) =
bz(1)Ju

′(0). Hence if det bz 6= 0, this implies u′(0) = 0 and therefore u = 0.

Let c : S1 → C be any simple closed positively oriented path surrounding I × {0} ⊂ C (i.e.
having winding number 1 with respect to any point in I). This induces a path cγ : S1 → C \ {0}
by cγ(ϕ) = det bc(ϕ), and by definition the conjugate index of the geodesic is

µcon(γ) = w(cγ , 0),

where the latter denotes the winding number of cγ with respect to 0.
With all this said we can state the Morse index theorem [MPP05].

Theorem 2.2. Let (M, g) be a semi-Riemannian manifold and let γ : I →M be a geodesic such
that 1 is not a conjugate instant. Then

µspec(γ) = µcon(γ).

Finally, let us point out that a minor mistake appeared in the proof of this theorem in
[MPP05]. As a consequence, our definition of the conjugate index differs from the former one by
sign. We will explain this more precisely in the first step of our proof below.

3 The Proof

3.1 Preliminaries I: K-Theory with Compact Supports

The aim of this section is a brief summary of the basics of K-theory with compact supports. For
a more detailed exposition we refer to [Fe91, section 3.2].
Let X be a manifold. A virtual bundle with compact support is a triple ξ = [E0, E1, a], where
E0, E1 are vector bundles of the same dimension and a : E0 → E1 is a bundle isomorphism
defined over X \ supp ξ, where supp ξ ⊂ X is a compact subset called the support of ξ. Such an
element is called trivial if a can be extended to an isomorphism over the whole of X . A sum is
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defined on the set of all virtual bundles with compact support on X in the obvious way. Two
triples ξ0 = [E0

0 , E
1
0 , a0], ξ1 = [E0

1 , E
1
1 , a1] are called isomorphic if there are bundle isomorphisms

ϕi : Ei
0 → Ei

1, i = 0, 1, such that the diagram

E0
0

a0 //

ϕ0

��

E1
0

ϕ1

��
E0

1

a1 // E1
1

is commutative overX\(supp{ξ0}∪supp{ξ1}). Finally, an equivalence relation can be introduced
by defining ξ1 ∼ ξ2 if there are trivial virtual bundles η1, η2 such that ξ1 + η1 is isomorphic
to ξ2 + η2. The equivalence classes form a group Kc(X) with respect to the defined sum.
Additionally, the following properties hold:

• If a(t) : E0 → E1, t ∈ [0, 1], is a homotopy of bundle isomorphisms which are defined
outside a fixed compact subset of X , then

[E0, E1, a(0)] = [E0, E1, a(t)] ∈ Kc(X) for all t ∈ [0, 1].

• If ξ0 = [E0, E1, a0], ξ1 = [E1, E2, a1] ∈ Kc(X), their sum is given by

ξ0 + ξ1 = [E0, E2, a1 ◦ a0] ∈ Kc(X).

This is called the logarithmic property of Kc(X).

Finally, we will need the following essentially well-known assertion, whose proof is left to the
reader.

Lemma 3.1. Let [E0, E1, a] ∈ Kc(C) and c : S1 → C be any simple closed positively oriented path
surrounding supp a. Moreover, let ψ : E0 → Θ(Cn) and ϕ : E1 → Θ(Cn) be global trivializations.
Then

c1([E0, E1, a]) = w(det(ϕ ◦ a ◦ ψ−1) ◦ c, 0) ∈ Z,

where c1 : Kc(C) → Z denotes the first Chern number.

3.2 Preliminaries II: On Spectral Flow

Spectral flow is an integer valued homotopy invariant of paths of selfadjoint Fredholm operators
introduced in [APS76]. Here our basic reference is the paper [RS95] by Robbin and Salamon,
where spectral flow is defined for a certain class of unbounded selfadjoint Fredholm operators
with fixed domain. Without repeating any details of their construction, we want to introduce
spectral flow by means of a uniqueness result.
In the following, let H be a real Hilbert space and let W ⊂ H be a Hilbert space in its own right
with a compact dense injection W →֒ H . We define a subspace FS(W,H) ⊂ L(W,H) of the
bounded operators with the norm topology consisting of those operators which are selfadjoint
when regarded as unbounded operators in H with dense domain W . Note that each element in
FS(W,H) has a compact resolvent and hence is in particular a Fredholm operator.

Theorem 3.2 ([RS95],Theorem 4.3). There exist unique maps

sf : {A : I → FS(W,H) : A continuous,A0,A1 invertible} → Z,

one for every choice of H and W as above, satisfying the following axioms:
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1. sf is invariant under homotopies inside FS(W,H) through paths with invertible ends.

2. If A is constant, then sf(A) = 0.

3. If A1 ⊕ A2 : W1 ⊕W2 → H1 ⊕H2 is the pointwise direct sum of A1 ∈ FS(W1, H1) and
A2 ∈ FS(W2, H2), then sf(A1 ⊕A2) = sf(A1) + sf(A2).

4. If the concatenation A1 ∗ A2 is defined, then sf(A1 ∗ A2) = sf(A1) + sf(A2).

5. For W = H = R and At = arctan(t− 1
2 ), we have sf(A) = 1.

Remark 3.3. Condition (4) is in fact not necessary for the uniqueness, as shown in [RS95].

Below we will give an explicit construction of spectral flow which is different from the one in
[RS95]. We begin by introducing a variant of the Atiyah-Jänich bundle for families of Fredholm
operators of index 0, which is adapted from [Pe88].
Let Λ be a manifold, let X be a Banach bundle over Λ and let Y be a Banach space. Moreover,
let L : X → Θ(Y ) be a bundle morphism that is fibrewise Fredholm of index 0 and has compact
support

suppL = {λ ∈ Λ : Lλ /∈ GL(Xλ, Y )}.

Here GL stands for bounded invertible operators between fixed Banach spaces. Moreover, in the
following we will denote the set of all such bundle morphisms by F0,c(X ,Θ(Y )).
Using the compactness assumption, it is not difficult to show that there exists a finite dimensional
subspace V ⊂ Y such that

imLλ + V = Y ∀λ ∈ Λ.

We obtain a surjective bundle morphism

X
L
−→ Θ(Y ) → Θ(Y/V )

which yields by [La95, III,§3] a subbundle E(L, V ) of X such that the total space is given by the
kernel of this map. More precisely, the fibres of E(L, V ) can be described explicitely by

{u ∈ Xλ : Lλu ∈ V }, λ ∈ Λ.

We now define the index bundle of L ∈ F0,c(X ,Θ(Y )) as the element

ind(L) = [E(L, V ),Θ(V ), L |E(L,V )] ∈ Kc(Λ).

Besides well definedness, the index bundle has the following properties:

• Let L ∈ F0,c(X ,Θ(Y )) such that Lλ ∈ GL(Xλ, Y ) for every λ ∈ Λ. Then ind(L) = 0 ∈
Kc(Λ).

• If H : I × X → Θ(Y ) is a homotopy through bundle morphisms with compact support,
then

ind(H0) = ind(H1).

• Let L ∈ F0,c(X ,Θ(Y )) and M ∈ F0,c(Θ(Y ),Θ(Z)). Then

ind(M ◦ L) = ind(M) + ind(L).
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The proofs of these properties are based on the basic properties of K-theory with compact
supports as stated in the previous section and are left to the reader.
Let A : I → FS(W,H) be a path with invertible ends. We extend A on R by setting At = A0

for t < 0 and At = A1 for t > 1. Moreover, if we consider the pointwise complexification AC
t , we

obtain a path in FS(WC, HC). Finally, we extend to a family on the complex plane by

AC
zu := AC

t u+ is · u, z = t+ is ∈ C.

Now we can regard AC as a Banach bundle morphism between the trivial bundles Θ(WC) and
Θ(HC) over C. Moreover, due to the selfadjointness of AC

t , t ∈ R, when considered as unbounded
operators on HC, we see that AC

z ∈ GL(WC, HC) whenever z = t + is /∈ R × {0}. Hence
AC ∈ F0,c(Θ(WC),Θ(HC)) and the index bundle of AC is defined.

Lemma 3.4. The first Chern number of ind(AC) ∈ Kc(C) coincides with the spectral flow of A.

Proof. It is enough to check the assumptions of theorem 3.2 (remember remark 3.3!).
At first, (2) and (3) follow immediately from the corresponding properties of the index bundle.
Moreover, if A1 and A2 are homotopic by means of a homotopy H : I×I → FS(W,H) such that

H(λ, 0) and H(λ, 1) are invertible for all λ ∈ I, we can build H
C

in the same way as described

above for a single path of operators. We obtain a homotopy H
C

: I ×Θ(WC) → Θ(HC) through
bundle morphisms with compact support which is actually a homotopy between (A1)C and (A2)C.
This implies the first property of theorem 3.2 by homotopy invariance of the index bundle.
Finally, if W = H = R and At = arctan(t− 1

2 ), the index bundle of AC is given by [Θ(C),Θ(C), a],
where a is the map

a : Θ(C) → Θ(C), (z, u) 7→ (arctan(t−
1

2
) + is)u, z = t+ is ∈ C.

Now c1([Θ(C),Θ(C), a]) = 1 follows immediately from lemma 3.1.

3.3 Proof of Theorem 2.2

Let γ : I → M be a geodesic such that 1 is not a conjugate instant. Moreover, let Lt :
H1

0 (I,R
n) → H1

0 (I,R
n) and At : H

2(I,Rn) ∩H1
0 (I,R

n) → L2(I,Rn) be the associated paths of
operators as introduced in (4) and (5) respectively. Note that since 1 is not a conjugate instant,
A0 and A1 are invertible and hence the spectral flow sf(A) is defined by theorem 3.2.

Step 1: µspec(γ) = sf(A)

The first part of the proof coincides with the one in [MPP05] and shows the equality of the
spectral flow of L and A up to sign. We will use the machinery of crossing forms as developed in
[RS95] and [FPR99], respectively1. Accordingly, we consider the perturbed paths Aδ

t = At + δid
and Lδ

t , where 〈Lδ
tu, u〉H1

0
(I,Rn) = qt(u) − δ‖u‖2L2(I,Rn), u ∈ H1

0 (I,R
n). Now we can find δ > 0

such that sf(Aδ) = sf(A), sf(Lδ) = sf(L) and the so-called crossing forms defined as

Γ(Aδ, t) = 〈Ȧδ
t ·, ·〉L2(I,Rn) |kerAδ

t

, Γ(Lδ, t) = 〈L̇δ
t ·, ·〉H1

0
(I,Rn) |kerLδ

t

1However, if the underlying metric g is Riemannian, the spectral flow of L is just minus the Morse index of

L1, and the claim follows from an easy integration by parts argument and the spectral decomposition of A1.
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are nondegenerate for all t ∈ I. Here ˙ means differentiation with respect to t and the norm
topology. Then the kernels of Aδ

t and Lδ
t are nontrivial for only finitely many instants t ∈ I and

the spectral flows can be computed as

sf(Aδ) =
∑

t∈I

sgnΓ(Aδ, t) and sf(Lδ) =
∑

t∈I

sgnΓ(Lδ, t)

respectively. Now we obtain from integration by parts

〈Lδ
tu, v〉H1

0
(I,Rn) = −〈Aδ

tu, v〉L2(I,Rn), u ∈ H2(I,Rn) ∩H1
0 (I,R

n), v ∈ H1
0 (I,R

n) (6)

and therefore µspec(γ) = − sf(L) = sf(A).
Hence we have to compute the spectral flow of A. We will use the result of lemma 3.4 and
concentrate in the following steps on the computation of the index bundle of AC.
In the proof of theorem 2.2 in [MPP05] the equality (6) is used with the opposite sign on the
right hand side. Hence also their final result and, accordingly, their definition of the conjugate
index differs from ours by a sign.

Step 2: Simplification of the Index Bundle I: ind(AC) = ind(M)

The aim of this step is to show that the index bundle of AC is equal to the index bundle of the
family

Mz : H → L2(I,C2n), z = t+ is ∈ C,

Mzw(x) = σw′(x) +Hz(x)w(x),

where H = {w ∈ H1(I,C2n) : w(0), w(1) ∈ {0} × Cn} and

Hz(x) =

(

−Sz(x) 0
0 −J

)

, Sz(x) := St(x) + isI, z = t+ is ∈ C.

Here σ denotes the symplectic matrix
(

0 −id
id 0

)

.

More precisely, Mzw, w = (w1, w2) ∈ H, is given by

Mzw =

(

0 −id
id 0

)(

w′
1

w′
2

)

+

(

−Sz 0
0 −J

)(

w1

w2

)

=

(

−w′
2 − Szw1

w′
1 − Jw2

)

.

We define operators j : H2(I,Cn) ∩H1
0 (I,C

n) →֒ H and ι : L2(I,Cn) →֒ L2(I,C2n) by

j(u) = (u, Ju′), ι(u) = (−u, 0) (7)

and obtain a diagram

H
Mz // L2(I,C2n)

H2(I,Cn) ∩H1
0 (I,C

n)

j

OO

AC
z // L2(I,Cn)

ι

OO
(8)

8



The diagram is commutative because

ι(AC
zu) = (−Ju′′(x) − Sz(x)u(x), 0) =Mz(j(u))

for u ∈ H2(I,Cn) ∩H1
0 (I,C

n), z ∈ C. Now, let V ⊂ L2(I,Cn) be a finite dimensional subspace
such that

im(AC
z) + V = L2(I,Cn), z ∈ C.

Setting w2 = Jw′
1, we obtain

{(−Jw′′
1 − Szw1, 0) : w1 ∈ H2(I,Cn) ∩H1

0 (I,C
n)}+ ι(V ) = L2(I,Cn)⊕ {0}

and using {w′
1 − Jw2 : (w1, w2) ∈ H} = L2(I,Cn), it is easy to see that

im(Mz) + ι(V ) = L2(I,C2n), z ∈ C.

Hence E(M, ι(V )) is defined. Moreover, by commutativity of (8), j induces a bundle morphism
E(AC, V ) → E(M, ι(V )). Taking into account that j is injective and both bundles have the
same fibre dimensions, it is clear that j is actually a bundle isomorphism. We finally obtain a
commutative diagram

E(M, ι(V ))
M // Θ(ι(V ))

E(AC, V )

j ∼=

OO

AC // Θ(V )

∼= ι

OO

showing ind(AC) = ind(M).

Step 3: Simplification of the Index Bundle II: ind(M) = ind(N)

We define a family of topological isomorphisms by

U : C → GL(L2(I,C2n)), (Uzw)(x) = Ψz(x)w(x),

where Ψz(x), z ∈ C, is the solution of the initial value problem
{

Ψ′
z(x) = σHz(x)Ψz(x),

Ψz(0) = id.

It is easy to see that Ψz(x) is symplectic; i.e. ΨT
z (x)σΨz(x) = σ, for all x ∈ I and z ∈ C. Here

·T denotes the transpose instead of the conjugate transpose.
Moreover, we define a family

Nz : H̃z → L2(I,C2n), Nzw = UT
z MzUz, z ∈ C,

where

H̃z = {w ∈ H1(I,C2n) : w(0) ∈ {0} × C
n, w(1) ∈ Ψ−1

z ({0} × C
n)}
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and Ψz := Ψz(1). Note that Uz(H̃z) = H for all z ∈ C such that the operators Nz indeed are
well defined. We obtain

(Nzw)(x) = (UT
z MzUzw)(x) = Ψz(x)

T (σ(Ψz(x)w(x))
′ +Hz(x)Ψz(x)w(x))

= Ψz(x)
T (σΨ′

z(x)w(x) + σΨz(x)w
′(x) +Hz(x)Ψz(x)w(x))

= Ψz(x)
T (−Hz(x)Ψz(x)w(x) + σΨz(x)w

′(x) +Hz(x)Ψz(x)w(x))

= Ψz(x)
TσΨz(x)w

′(x) = σw′(x), w ∈ H̃z .

Our next goal is to show that ind(M) = ind(N), but here we have to handle a family with
nonconstant domains. Fortunately, by the following result, the family of domains fit together to
a Banach bundle H̃ and N can be regarded as a bundle morphism from H̃ to Θ(L2(I,C2n)).

Lemma 3.5. Let Λ be a topological space, A : Λ → GL(m,C) a continuous family of invertible
matrices and U, V ⊂ Cm fixed subspaces. Then

{(λ, u) ∈ Λ×H1(I,Cm) : u(0) ∈ U, u(1) ∈ AλV } ⊂ Λ×H1(I,Cm)

endowed with the induced topology is a Banach bundle.

Proof. Let P̃ : Λ → M(m,C) be the family of orthogonal projections in Cm such that im P̃λ =
AλV , λ ∈ Λ. Define

P : Λ → L(H1(I,Cm)), (Pλw)(x) = w(x) − (1− x) prU⊥(w(0)) − x(id− P̃λ)w(1),

where prU⊥ : Cm → Cm denotes the orthogonal projection onto U⊥. It is easy to show that Pλ

is a projection onto {u ∈ H1(I,Cm) : u(0) ∈ U, u(1) ∈ AλV }.
Now the claim follows from [FP88, Proposition 3.2.1], where it is proven that, given a continuous
family Pλ of projections in a Banach space X , the set {(λ, u) ∈ Λ×X : Pλu = u} ⊂ Λ×X is a
Banach subbundle.

Since H̃ carries the subspace topology of Λ × H1(I,C2n), it is clear that the restriction of
U defines a bundle morphism from H̃ to Θ(H). Hence we can decompose N as the following
sequence of bundle morphisms:

H̃
U
−→ Θ(H)

M
−→ Θ(L2(I,C2n))

UT

−−→ Θ(L2(I,C2n)).

Using the properties of the index bundle stated in section 3.2, we finally compute

ind(N) = ind(UTMU) = ind(UT ) + ind(M) + ind(U) = ind(M).

The family N is simple enough to compute its index bundle explicitely, which is the subject of
the following final step.

Step 4: Proof of the Theorem: c1(ind(N)) = µcon(γ)

If we set Y1 = C2n ⊂ L2(I,C2n), the subspace of constant functions, and

Y2 = {y ∈ L2(I,C2n) :

∫ 1

0

y(x)dx = 0},
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we have a direct sum decomposition L2(I,C2n) = Y1 ⊕ Y2.
Now, for any fixed y ∈ Y2, we define F ∈ H1(I,C2n) by

F (x) = −σ

∫ x

0

y(s)ds.

Since F (0) = 0 and F (1) = 0 ∈ Ψ−1
z ({0} × Cn), we conclude F ∈ H̃z and, moreover, NzF = y,

z ∈ C. Hence Nz(H̃z) ⊃ Y2, showing that

im(Nz) + Y1 = L2(I,C2n) for all z ∈ C.

We obtain

ind(N) = [E(N, Y1),Θ(Y1), N ] ∈ Kc(C),

where the total space of the bundle E(N, Y1) is given by

{(z, w) ∈ C×H1(I,C2n) : w ∈ H̃z, σw
′ ∈ Y1}

= {(z, w) ∈ C×H1(I,C2n) : w ∈ H̃z, w
′ ≡ const.}

= {(z, w) ∈ C×H1(I,C2n) : w(x) = (1− x)a+ xb, a ∈ {0} × C
n, b ∈ Ψ−1

z ({0} × C
n)}.

With the isomorphisms

Φ1 : Θ(Y1) → Θ(C2n), Φ1(z, u) = (z, u(0)),

Φ2 : E(N, Y1) → Θ(C2n), Φ2(z, w) = (z, pr2(w(0)), pr2(Ψzw(1)))

and the morphism

Ñ : Θ(C2n) → Θ(C2n), Ñ(z, a, b) = σ(Ψ−1
z (0, b)− (0, a)),

we have a commutative diagram

E(N, Y1)

∼=Φ2

��

N // Θ(Y1)

Φ1
∼=

��
Θ(C2n)

Ñ // Θ(C2n)

This implies

[E(N, Y1),Θ(Y1), N ] = [Θ(C2n),Θ(C2n), Ñ ] ∈ Kc(C).

Note that the map j(u) = (u, Ju′), already introduced in (7), is a bijection between the spaces
of solutions of the differential equations Ju′′(x)+Sz(x)u(x) = 0 and w′(x) = σHz(x)w(x), z ∈ C.
Hence Ψz is of the form

(

∗ bz
∗ ∗

)

,

where bz is the matrix family from the definition of the conjugate index.
Now Ñ is given by
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Ñ(z, a, b) = σ

(

Ψ−1
z

(

0
b

)

−

(

0
a

))

= σ

(

−σΨT
z σ

(

0
b

)

−

(

0
a

))

= ΨT
z

(

−b
0

)

+

(

a
0

)

=

(

id ∗
0 −bTz

)(

a
b

)

, z ∈ C, (a, b) ∈ C
2n,

and using homotopy invariance of the index bundle, we get

[Θ(C2n),Θ(C2n), Ñ ] = [Θ(Cn)⊕ Θ(Cn),Θ(Cn)⊕Θ(Cn), id⊕ (−bT )]

= [Θ(Cn)⊕ Θ(Cn),Θ(Cn)⊕Θ(Cn), id⊕ bT ]

= [Θ(Cn),Θ(Cn), bT ].

Finally, using lemma 3.1 and the invariance of the determinant under transposition, we obtain
c1(ind(N)) = µcon(γ), which completes the proof of the Morse index theorem, theorem 2.2.
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