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Abstract. The two most commonly used hypergeometric functions are the confluent hyper-
geometric function and the Gauss hypergeometric function. We review the available techniques for
accurate, fast, and reliable computation of these two hypergeometric functions in different parameter
and variable regimes. The methods that we investigate include Taylor and asymptotic series compu-
tations, Gauss-Jacobi quadrature, numerical solution of differential equations, recurrence relations,
and others. We discuss the results of numerical experiments used to determine the best methods,
in practice, for each parameter and variable regime considered. We provide ‘roadmaps’ with our
recommendation for which methods should be used in each situation.
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1. Introduction. The aim of this review paper is to summarize methods for
computing the two most commonly used hypergeometric functions: the confluent hy-
pergeometric function M(a; b, z) and the Gauss hypergeometric function F(a, b;¢; 2).
(We also consider the associated functions 1 F} (a; b; z) and 2 Fy (a, b; ¢; 2).) We overview
methods that have been developed for computing M and F, and we discuss how to
choose appropriate methods for different parameter and variable regimes. We thereby
obtain reliable and fast computation for a large range of the parameters (a and b for
M; and a, b, and ¢ for F) and the variable z. Because accurate error bounds are sel-
domly available, we test a large variety of approaches, which we require to be stable,
accurate, fast, and robust within the parameter and variable regions for which they
have been selected. This is especially important when working with finite-precision
arithmetic.

The computation of confluent hypergeometric functions and Gauss hypergeomet-
ric functions is important in a wide variety of applications [88]. For instance, these
functions arise in areas such as photon scattering from atoms [28], networks [80, 101],
Coulomb wave functions [8, 22, 68], binary stars [82], mathematical finance [11], non-
Newtonian fluids [110] and more.

Except for specific situations, computing hypergeometric functions is difficult in
practice. A plethora of methods exist for computing each hypergeometric function;
these include Taylor series, asymptotic expansions, continued fractions, recurrence
relationships, hyperasymptotic expansions, and more. However, each method is only
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reliable and efficient for limited parameter and variable regimes. Consequently, one
must be prepared to use different members of this suite of possibilities in different
regimes of parameter and variable values.

We have also developed MATLAB code for computing the functions M and F
using a range of methods; this code is available at [117].

2. Background on Hypergeometric Functions. The confluent hypergeo-
metric function is defined by [111, Eq. (13.2.3)]

oo

b; ' 2.1
M(a; b; 2) jzrbﬂ J,, (2.1)

where the Pochhammer symbol (p); is

(Wo=1, (Wj=pp+1)x-x(pt+j-1), j=12,... .

The function M is entire (i.e., it is analytic throughout the complex plane C) in the
parameters a and b and the variable z. Therefore, the sum (2.1) always converges.
When b is not a non-positive integer, we define

‘ l\z

= (a
1F1(a;b;2) = T()M(a; b; 2) Z(T T

<

j=0

which is also commonly denoted by M (a;b;z) and is itself often referred to as the
confluent hypergeometric function. Because 1Fi(a;b; 2) is not defined if b is equal to
a non-positive integer and there are numerical issues in its computation if b is close
to a non-positive integer, it is preferable to compute M when possible.

The Gauss hypergeometric function is defined within the unit disk |z| < 1 by
[111, Eq. (15.2.2)]

F(a,b;c;z) = Z m ﬁ (2.2)

and defined outside of the unit disk by analytic continuation, with a principal branch
cut along [1,00). On [1,00), it is defined to be continuous from below; in other words,
F(a,b;c;z) = lim._o F(a,b; c; z—|e|i). When ¢ is not a non-positive integer, we define

oFi(a,b;c; z) = T'(c)F(a,b;c; 2) = Z (1122)(5)3 j—g' for |z <1]. (2.3)
§=0 J '

The function o F(a, b; ¢; z) is commonly denoted by F(a,b; ¢; z) and is also frequently
referred to as the Gauss hypergeometric function. Analogous to the case for the
confluent hypergeometric function, it is better numerically to compute F than o Fj.

The confluent hypergeometric function 1 Fy(a; b; z) satisfies the ordinary differen-
tial equation [91]

d2f df
- _ = 2.4
L -9 —ap =0, (2.4
while the Gauss hypergeometric function o Fi(a, b; ¢; z) satisfies [92]
i df

(1—z)ﬂ+[c—( —|—b—|—1)z}$—abf20. (2.5)



COMPUTATION OF HYPERGEOMETRIC FUNCTIONS 3

100 4
\\\ al
5 “ g2
& A . < BT
T S Tt = TN
— 0 LLN 1t S -
-50 o -
-5 0 5 -1 -0.5 0 0.5 1
z z

Figure 2.1: (Color online) (Left) Plots of 1 Fy(a;b; z), generated using MATLAB [112],
for real z € [—5,5] with parameter values (a,b) = (0.1,0.2) in dark blue (dotted),
(a,b) = (—3.8,1.5) in red (dashed), and (a,b) = (—3,—2.5) in green (solid). (Right)
Plots of o Fy for real z € [—1, 1] with parameter values (a,b,c) = (0.1,0.2,0.4) in black
(dotted), (a,b,c) = (—3.6,—0.7, —2.5) in purple (dashed), and (a, b, ¢) = (—5,1.5,6.2)
in sky blue (solid).

,F,(a:bz)|

Imz) = -5 Re(z) Imz) 5 -5 Re(z)

Figure 2.2: (Color online) (Left) Plot of | Fi (a; b; 2)| for (Re(2),Im(z)) € [—5, 5] with
parameter values (a,b) = (—3 — 2i,2.5). (Right) Plot of |2F}| for (Re(z),Im(z)) €
[—5,5]? with parameter values (a,b,c) = (1 + 2i,—1.5,0.5 — i).

The confluent and Gauss hypergeometric functions are examples of special func-
tions, whose theory and computation are prominent in the scientific literature [3, 6,
41, 54, 58, 59, 63, 74, 96, 98, 109]. A large number of common mathematical functions
(including e?, (1 — 2)~%, and sin~! z [3, 58]) and many special functions (such as the
modified Bessel function, the incomplete gamma and error functions, Chebyshev and
Legendre polynomials, and other families of orthogonal polynomials [3, 5, 61, 86]) can
be expressed in terms of confluent or Gauss hypergeometric functions.

In Figs. 2.1 and 2.2, we show plots of hypergeometric functions. These provide
examples of the possible shapes of such functions in the real and complex planes,
though of course there are a wide range of possible representations of them.

As we indicated above, the computation of hypergeometric functions arises in a
wide variety of applications. This underscores the importance of determining which
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computational techniques will be accurate and efficient for different parameter and
variable regimes. It is also important to supply information on how to test the relia-
bility of a routine, provide test cases that a routine might have difficulty computing
(see Appendix A), and indicate how to evaluate other special functions required for
the computation of hypergeometric functions (see Appendix C). As illustrated in
Ref. [81], the inbuilt routines to compute hypergeometric functions in commercial
software packages such as MATLAB R2015a [112] and Mathematica 8 [113] are not
without limitations, so one should not rely on them in many parameter and variable
regimes. We have implemented our routines for MATLAB R2015a, which uses double-
precision arithmetic, and we have made it freely available online at [117]. Of course, it
is easier to obtain accurate results when computing these functions in higher-precision
arithmetic, as is done when the inbuilt hypergeometric function commands in MAT-
LAB and MATHEMATICA are called. Our codes may be modified to run in higher
precision.

3. Computation of the Confluent Hypergeometric Function M. In this
section, we discuss the methods that perform the best in practice for accurately and
efficiently evaluating the confluent hypergeometric function. The range of methods
that we discuss includes series computation methods (Sections 3.2, 3.3, and 3.4),
quadrature methods (Section 3.5), recurrence relations (Section 3.6), and other meth-
ods (Section 3.7). In Section 3.8, we summarize the computational strategies and
provide recommendations for the most effective approaches for a variety of parameter
regimes.

3.1. Properties of M. As stated in Section 2, the confluent hypergeometric
function M(a;b; ) is defined by the series (2.1) for any a € C, b € C and z € C.
We note that M(a;b;0) = ﬁ. Additionally, if a = n € Z~ U {0}, then this series is
given by a polynomial in z of degree —n.

A second, linearly-independent solution of equation (2.4) is denoted U (a; b; z) and
is defined by the property that U(a;b; z) ~ z~% as |z| — oo for |arg z| < %w — 9, with
0 < § < 1 [58]. The function Ul(a;b; z) satisfies [3]

1 Zl—b

sin(mb) (F(l +a-— b)M(a; bi2) = T(a)

The function U(a;b; z) is defined with a principal branch cut along (—o0,0]. When
m € Z, one obtains [111, Eq. (13.2.12)]

Ula;b;2) = M(1+a—b;2—b;z)).

2mie ™™ gin(wbm)

['(1+ a — b)sin(wd)

Ula; b; ze*™™) = M(a;b; 2) + e~ 2™ U (a; b; 2) .

M(a; b; 2) and U(a; b; z) are also related for b ¢ Z by [99]

eTami e:i:(bfa)ﬂ'i

M(a;b; 2) = mU(a;b; z) + T

U (b — a;b;et™z) . (3.1)
Therefore, methods for computing U(a; b; z) can also be useful for computing M, and
vice-versa, providing care is taken with numerical issues such as cancellation. One can

also exploit methods for computing 1 F; in conjunction with the above expressions, as
well as the transformation [111, Eq. (13.2.39)]

1Fi(a;b;2) =€ 1Fi(b—a;b;—2) & Mlash;z) =e* M(b—a;b;—2)  (3.2)
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which enables one to handle a change in sign(z).

There are many useful applications of the confluent hypergeometric function. For
example, it has been used to find exact solutions of the wave equation [41], obtain
insights on the scattering of charged particles [8], analyze gene frequency data [103],
and investigate Asian options in finance [11].

3.2. Taylor Series. The simplest method for computing the confluent hyperge-
ometric function is to truncate the Taylor series

- (a); 1
1Fi(a;b;2) = Sy = Z 2] f'zj, (3.3)
= 0); J!
——
Aj
and then use the relation 1 Fi (a; b; z) = I'(b)M(a; b; z).

A stopping criterion must be specified. It is common to stop computing terms
“?g;‘l‘ < tol for some tolerance tol and some N, and then return Sy (our
approximation of 1Fj(a;b; z)) as the solution [64]. Alternatively, one can terminate
computation of the series using the more stringent condition that two successive terms
are small. We use this latter approach in our numerical experiments.

By taking tol = eps, we obtain an accuracy of approximately 15 decimal places
(if round-off error does not play a role). Note that eps ~ 2.2x 10~ !¢ denotes “machine
epsilon” in MATLAB. We choose this value for tol for all of the series computations
in this paper.

Even the simple task of summing Taylor series can be accomplished in different
ways, and this can have a significant impact on stability and efficiency. We consider
two methods for computing Sy.

when

Method (a): Compute
Ap=1, Sp= Ao,
VI Sj+1:Sj+Aj+1a .7:071727

Method (b): The following three-term recurrence relation can be used to obtain
approximations of M (a;b; z) recursively in terms of previous approximations [64]:

S 1=8=1, 51:1+%Z,
a+j—1 ,
r; = i Sj :Sj,1+(5j,1 —Sj,2>’l“j2’, 71=23,...

IR

As one can see in Table B.1 in Appendix B, Methods (a) and (b) generate similar
results and require the same number of terms for most computations. However, as
also illustrated by Table B.1, Method (b) is in general more effective when carrying
out computations involving small parameters.

By examining the coefficients of the series, we see that Sy converges particularly
quickly when z is close to zero or when b has a large real part and a relatively small
imaginary part (because I'(-)~! decays rapidly near the positive real axis); again see
Table B.1. We note that (3.3) can be viewed as an asymptotic expansion for large
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values of |b| and bounded a, z, which explains this feature. However, as a or z becomes
large, the coefficients of the Taylor series become large, slowing down the convergence
rate (see Fig. 3.1). This can be seen in the fourth row in Table B.1, where the Taylor
series is accurate for up to and beyond |z| = 100 (although the approximation becomes
less accurate as |z| — 00), depending on the parameter values involved.

As demonstrated by cases 13-16 in Table B.1, a significant issue with computing
M using Taylor series is cancellation. Although |a| and |z| are the same in each of
these cases, the Taylor series method is effective in these cases if a and z have the
same signs, whereas it is ineffective if their signs are different. In this situation, we
find that the Buchholz polynomial expansion that we describe in Section 3.3 is more
effective.

200
150} e ]

100} c ]

Number of terms computed
\

0 20 40 60 80 100

z
Figure 3.1: (Color online) Number of terms that need to be computed using Taylor
series Method (a) for evaluating 1 F; (and hence M) for real z € [1,100] when a = 2
and b = 3 (red, dashed), a = 2+ 10¢ and b = 10 + 5i (green, solid), and a = 20 and
b = 15 (blue, dotted) before the stopping criterion (two successive small terms) is
satisfied. The method gives results to 15-digit accuracy.

3.2.1. Writing Sy as a Single Fraction. As illustrated by the performance of
Taylor series Method (a) on cases such as (a,b,z) = (1078,1072, —10710 4+ 10712;),
where machine precision accuracy is not attained despite the apparent relative sim-
plicity of the parameter regime, the methods of Section 3.2 can often have significant
inaccuracies when the parameter values have small modulus, even though one might
naively expect the computation to be fairly straightforward. The method that we
discuss in this section aims to provide an alternative to those in Section 3.2. It is also
based on the basic series definition (2.1) of the confluent hypergeometric function
[65, 66].

The motivation behind this method is that significant round-off error can arise
when repeatedly dividing during the computation of individual terms of Taylor series
using other methods. Therefore, applying a method that only requires a single division
to compute an approximation to 1 F(a; b; z) is potentially advantageous.

In this method, we express the series expansion of 1 F7(a; b; z) as a single fraction
rather than as a sum of many fractions. For example, the sum S; of the first j + 1
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terms of the series up to the term in 22 can be expressed as

~0+1 b+az (b+az)2(b+1) +a(a+1)2?

SO 1 ) Sl = b 9 SQ = 2b(b+ 1) )

where the numerators and denominators of Sy, S1, Sa, ... can be calculated using (3.4).
If we take ag = 0, Bo = 1, 70 = 1, and Sp = 1 and define S} to be the jth approxima-
tion of 1 Fy(a;b; 2), we can apply the following algorithm:

Method (c):

aj = (aj_1 +Bj—1)jb+j—1), (3.4)
Bj=pi—ila+j—1)z,
v =vi—1j(b+j—1),
5= th g
Vi

Implementing this method generates a sequence of approximations to 1 Fy(a; b; 2) (i.e.,
approximations of {5} for j = 1,2,...}), which we terminate using the same stopping
criterion as in Section 3.2.

From Table B.1, one can conclude that Methods (a) and (b) generate accurate
computations of M(a;b; z), more successfully than Method (c), for a wide range of
parameter and variable values. One possible explanation for this is that—especially
as the moduli of the parameter values become increasingly large—the terms in the
numerator and denominator of S; become very large for a relatively small j, so nu-
merical issues such as round-off error and cancellation can become significant when
carrying out the computations. Additionally, we often find that either the numerator
or the denominator of S; becomes very large after only a few summations. Neverthe-
less, we observe that Method (c¢) can be useful if || is small (especially when [b] < 1),
provided |a| is not too large, whereas if one uses Methods (a) and (b) when || is
small, the round-off error can become costly if many terms are too large. Therefore,
a method with a single division can potentially aid accurate computation in this case,
as the effect of round-off error is reduced.

To illustrate many of the effects observed in this section, in Table 3.1 we present a
handful of examples for which one method performs significantly worse than the other
two. This highlights the need to take care when selecting an appropriate strategy, in
particular for small parameters (when we find Method (a) in particular can be less
effective), and large values of |z| (when Method (c) struggles for the reasons explained
above).

3.3. Buchholz Polynomials. References [1, 2] used Buchholz polynomials to
derive expressions for M(a; b; z), focusing on the regime of real parameters and vari-
able. We find that this yields a much more effective approach than the methods
discussed in Sections 3.2 and 3.2.1 for the computation of M(a;b; z) when sign(a) =
—sign(z).

The function M(a; b; 2) can expanded in terms of Buchholz polynomials p; (b, 2)
as follows:

M(a; b; 2) = e*/22b71 ipj(b, 2) o145(v/2{2b — da}) (3.5)

= (z{2b — 4a})z(0—1+5)
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(a,b,2) || (—0.1,0.2,0.5) (4, 8,200) (10,1072, 10)
N 20 350 60
(a) 0.151505171758381 | 7.086610326129021 x 1070 1.332415988221994 x 1017
(b) 0.151505171758381 | 7.086610326129031 x 107° 1.332534440779267 x 10!
(c) 0.151505171758381 | 9.020181831462336 x 10°° | 1.332534440779269 x 10!
(a, b, ) (107%,10712,-1071° - 107 %) | (8.1,10.1,100)
N 30 200
(a) 9.999990000894761 x 10~ 1° 3.791292609415422 x 10°°
+9.999111011439252 x 1021
(b) 9.999990000005772 x 1013 3.791292609415425 x 103°
+9.999999999005773 x 10~ 214
(c) 9.999990000005768 x 10~ 13 3.174500309594823 x 10°*

+9.999999999005770 x 10~ 214

Table 3.1: Computed values of M(a; b; z) using Methods (a), (b) and (c), for a number
of examples and fixed numbers N of computed terms. Incorrect digits are written in
bold.

provided b # 2a, and when b = 2a [3]

T(a+t} 2\ ")
M(a; 2a; z) = l(fl(Qa)Q) e*/? (f) J

where J,(z) denotes the Bessel function of the first kind. The coefficients of (3.5) are

!

(M

iz) j
pi.2) = ( J )fs(mgjzs(z), (3.6)
T s=0
where
b o 25—1 )\ 4577 | Bye_y
By =1, fib)=—(=—-1 ) e ey s =12,
Bt =1, £0)=- (3 )j_o( o) e
—1 _ = a1y e |Baisn)| =1,2
gO(z>_ ’ gs(z)__z = 2] T9572j71(2)7 s=1,2,...

The coefficients B; denote the Bernoulli numbers, which are defined by the gener-
ating function

A more convenient form of equation (3.5), which utilizes recurrence relations for
the Buchholz polynomials, is as follows for real a (no such restrictions are given on
the values of b and z) [2]:

Ty (V2 20— 4
M(a; b 2) = /2901 3 i P ea (V20— dad) (3.7)
77 (2{2b — 4a}) 3 (0= 149)

=0



COMPUTATION OF HYPERGEOMETRIC FUNCTIONS 9

where

b
D0:17 D1:07 D2:§7

jD; =(j—2+b)D; o+ (2a—b)D; 5, j=3,4,... . (3.8)

The expression in (3.7) is the series that we implement within our code, and provides
an expansion for the confluent hypergeometric function in terms of Bessel functions,
which are significantly easier to compute than M. We evaluate terms of (3.7) until the
magnitudes of two successive terms are smaller than eps multiplied by the magnitude
of the computed series up to that point. (We typically compute the Bessel functions
using series expansions with the same stopping conditions as for M in Section 3.2;
see Appendix C for more details.)

As illustrated in Table B.1, this method seems to outperform the Taylor series
methods of Section 3.2 for computation of M for certain parameter regimes, and this
is particular true for many examples in which sign(a) # sign(z). The method is also
valuable for moderate complex values of a and z (in particular, for 10 < |a|, |z| < 100),
especially when the real parts of ¢ and z have opposite signs. The Taylor series
methods discussed in Section 3.2 and the single fraction method of Section 3.2.1 do
not give accurate computations with these cases, but the method described in this
section performs very well. (See Table B.1 in Appendix B.) One even obtains a very
accurate result when |a| is large (e.g., when |a| = 500), with real z of opposite sign.
(See case 19 in Appendix A, for which we obtained 16-digit accuracy.) As illustrated
in Appendix B, however, this method becomes less successful as |z| becomes larger.
Nonetheless, the good performance of this method for a large range of parameter
values makes it a convenient element of one’s toolbox for computing M(a; b; 2).

3.4. Asymptotic Series for Large |z|. The methods that we outlined in Sec-
tions 3.2 and 3.3 were all ineffective (in general) for large values of |z|. (We found
that these methods ceased to be effective for |z| 2 100, although the threshold was
sometimes lower, depending on the precise values of the parameters.) In this section,
we aim to address this issue by using large-|z| asymptotic formulas for computing the
confluent hypergeometric function.

One may apply Watson’s lemma [105] to show that as |z| — oo, the hypergeo-
metric function M(a; b; z) satisfies [3]

20t X (b—a)i(l—a); _;
M(a; b; z) ~ ) ;0 (b )jj('l )s 277 (3.9)
=0 S ()b
" To—a Jz::o 5! (=),

where a,b € C, —%W—I—(S < zfargz < %w—é,l and 0 < 6 < 1.
The expression when z is real and positive is given by [111, Eq. (13.7.1)]
e?z07b & (b — a)j(l — a)j
I'(a) J!

M(a; b; z) ~ z™d

9

=0

TAs in [3] where ‘£’ is stated, the sign ‘+’ is used if —%ﬂ < argz < %7‘(, with ‘=’ used if
7%7r <argz < 7%71’. The argument is assigned limits £ (%w - 5), + (f%w + 5) to ensure validity

of the expansion over the branch cut present.
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provided that a ¢ Z~ U {0}.

We compute these series in MATLAB using the same two techniques as for the
Taylor series expansion in Section 3.2. In the first method, we compute each term by
adding each new term recursively to the previous sum, where we continue including
new terms until they become small, using the same stopping criteria as before. In
the second method, we find each term iteratively in terms of the previous two terms
and then add the new term to the previous sum. As in Section 3.2, we label these
techniques as Methods (a) and (b). We show our results in Table B.1.

As with the Taylor series techniques of Section 3.2, we obtain similar results using
Methods (a) and (b). Both methods work well for large |z| and moderate values of
the parameters a and b.

Because the asymptotic series are expressed in terms of hypergeometric series of
the form o Fy instead of 1 Fy (or M), there is no longer a (b); term in the denominator
of the terms of the series, so parameter regimes involving b with large modulus can
no longer be treated in a straightforward manner.? The cases that we tested suggest
that the methods cope reasonably well when neither |a| nor || is very large. (As
a guide, the computations seem to lose accuracy when |a| or |b| is greater than 50,
although this depends on the value of z. For these cases, one needs to apply recurrence
relations; see the discussion in Section 3.6 [65, 66].)

Other research into asymptotic formulas for the confluent hypergeometric function
includes a discussion in References [69, 75, 78] of an expansion

N—-1
Ula;byz) =271 Z w(fz)fj + Rn(a;b; 2) (3.10)
i=0 I
whereupon one could compute M via the expression (3.1). A different uniform, expo-
nentially improved asymptotic expansion is derived in [75, 78], and a second expansion
with this property is derived in Ref. [69]. This was in turn extended in Ref. [73] to
a hyperasymptotic expansion, which offers another possibility for computing M
for large |z|.

There has also been research on uniform asymptotic expansions of M(a;b; z) for
large values of the parameters a and b. For example, reference [99] derived an ex-
pansion for large (real and positive) values of b and z in terms of parabolic cylinder
functions. (We discuss methods for computing parabolic cylinder functions in Ap-
pendix C.) Reference [100] gave an expansion for Ul(a;b; z) for large values of a
(which must be real and positive) and b < 1 in terms of modified Bessel functions
(which are themselves expressible in terms of Bessel functions [111]). We also rec-
ommend the new book [93] for a summary of a number of asymptotic results for the
confluent hypergeometric function.

3.5. Quadrature Methods. Thus far, we have only considered methods based
on series. In this section, we discuss a class of methods for computing M(a; b; ) using
its integral representation for Re(b) > Re(a) > 0.

2We define the hypergeometric function o Fp as follows:

oo .
zJ

2Fo(a,bi =) = ) _(@);(0); 77

=0
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(a,b,2)][(1,3,10)](8.1,10.1,100) [ (1, 2,600) [ (103, 1,700) | (4, 8, 200)
Ninesh 15 77 429 499 148

Table 3.2: Number of mesh points Nyesh required for Gauss-Jacobi quadrature to be
applied to a range of test problems, as stated in Appendix A. The values are predicted
using (3.12), with Ex__, set as machine epsilon eps.

When Re(b) > Re(a) > 0, the function M(a; b; z) has the integral representation
3]

1
M(a; b; 2) = IW/O e* (1 —t)bmer e 1qe (3.11)

Applying the transformation ¢ — %?—i— % and using Jacobi parameters « = b —a — 1
and 8 =a — 1, for real b > a > 0, yields [27]

1 ! 13,1 ~ ~ ~
M(a; b; 2) = / ez(§t+§)(1 — el 4 F)e s

2010 ()T (b —a) J_4

Nesh

62/2 aJ ztGJ/Q E ~b~
F(G)F(b — a) 2b—1 z; wyoer + Nesh (Cl, ’Z) ’
j:

where tf‘] and wJGJ are the Gauss-Jacobi nodes and weights on [—1, 1], and Nyesh is
the number of mesh points.

This method is known as Gauss-Jacobi quadrature. The error Ey_  for this
method can be controlled by Npesh, which one can see for real a, b and z using the
following relation [27]:

elz| ~f 4 1
Ny > A7 3 2b)log2 + 1 , 3.12
s <e|z| {Z”( Hosz °g<ENmesh>D 2

where 2z is equal to z if z > 0 and 0 if it is negative. The quantity t denotes the
inverse of the function s = tlogt. Low-order approximations are given in Ref. [27] for
different real values of s. In order to illustrate the results of this bound, we present
in Table 3.2 the values of Nyesn required to obtain an accuracy of machine epsilon
eps for a range of test problems. We highlight that the value of a does not affect the
predicted values, as this parameter does not appear in the inequality (3.12).
Gauss—Jacobi quadrature is a natural choice because of the form of the integrand
in (3.11) and the fact that the integrand blows up at the end points of the integral. To
implement Gauss—Jacobi quadrature, we use the Golub-Welsch algorithm [39], though
of course other methods are possible (e.g., the Glaser-Liu-Rokhlin algorithm [37], or
the Hale-Townsend algorithm [40]). As illustrated in Table B.1, we find that using
Gauss-Jacobi quadrature is effective for a large range of values of |z|, provided z does
not have an imaginary part with magnitude greater than roughly 100. Additionally,
a problem arises when either a or b becomes fairly large. A problem also occurs if |z|
is large, as the integral under consideration is then highly oscillatory and/or stiff.
For small values of ¢ and b (up to about 30-40), the method of Gauss-Jacobi
quadrature is extremely useful for evaluating the confluent hypergeometric function
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when b > a > 0, as the methods that we described in previous sections are not always
reliable in this parameter regime. Due to the computational expense of running the
algorithm, which is greater than the cost of implementing many of the series expansion
methods previously discussed, we would only recommend a quadrature approach in
parameter regimes where series methods are likely to struggle, for example in regimes
involving large values of |z|.

3.6. Recurrence Relations. When computing the confluent hypergeometric
function, a method’s robustness—i.e., the range of parameter and variable values for
which it is effective—is often greatly reduced by its poor performance as |Re(a)| or
|[Re(b)| increases. In this section, we detail recurrence relation techniques, which can
reduce the problem of computation with large parameter values to a simpler problem
of computing M(a; b; z) with values of |Re(a)| and |Re(b)| much closer to 0. One of
the methods discussed in Sections 3.2-3.5 can subsequently be applied to solve the
simpler problem, usually with much greater success than with a direct computation.

The function M (a;b; z) satisfies the following recurrence relations [34, 35, 89]:

(b—a) M(a—1;b;2) + (2a — b+ 2) M(a;b;2) —a M(a+1;b;2) =0,

b(b—1) M(a;b—1;2) +b(1 —b—2) M(a;b;2) +2(b—a) M(a;b+1;2)=0,

b(b—1) M(a—1;b—1;2) —b(b—2z—1) M(a;b;2) —az M(a+1;b+1;2) =0,
(3.13)

from which M can be computed. We denote these recurrence relationships using the
standard notation (40), (0+), and (4++) [34, 89]. The + indicates which parameters
(a, b, or both) are increasing. A naive way of using these relationships is via direct
application. However, for certain parameter regimes, it is instead appropriate to
utilize the theory of minimal solutions of a recurrence relationship.

A solution f, of a recurrence relation

Yn+1 + bnyn + AnlYn—1 = 0 (314)

is said to be a minimal solution if there exists a linearly independent solution g,
(called a dominant solution) such that

lim & =0.
n— 00 g’ﬂ

We use the following theorem, discussed in [34, 35, 89], in our subsequent investigation
of recurrence relations.

THEOREM 1. (Poincaré’s Theorem) Consider the recurrence relation (3.14),
where limy, 1o by = bso and lim,_, 1o @y, = aoy. Denote the zeros of the equation
12 + boot + a0 = 0 by t1 and to. If |t1| # |ta], then the recurrence relation (3.14) has
two linearly independent solutions fn, gn such that

If [t1] = [t2], then

lim sup \yn|1/n = |t4]
n—-+4o0
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for any nontrivial solution y, of (3.14).

Finally, when |t1| # |ta], the solution whose ratio of consecutive terms tends to
the root of smaller modulus is always the minimal solution. O

We now consider the recurrence relations (3.13), which may be modified to rela-
tions of the form (3.14), with

—-b 2a —b 2
(+0) Qn = aa_"_ijlna bn = _%a (315)
(04) : u _b—a+n-1 b _1-b—-n—2
: n= n= T
1 b—z—1+n
: n=—— by, = ——m——.
() “ (a+n)z (a+n)z

The solutions to the recursion relations (3.15) and their ratios as n — +oo (for real
z) become [35]

fm=TQ+a+n-0Ula+n;bz2), g =M(a+n;b;2), &Ne_‘l\/ﬁ, (3.16)
9n
fu=T(b+n— QMlab+mi2)., g = Ulazb+niz), 221, 252
n—1 dn
fn 1 gn 1
n=M(a+nb+n;2), g, =(—1)"U(a+n;b+n;2), ~— S~
f ( )> gn = (=1)"U( )fni1 el .

Using (3.16), the definition of a minimal solution, and Poincaré’s Theorem, one
can deduce that the minimal solutions of the relations (40), (0+), and (++) are,
respectively,

I'l+a+n—->0U(a+n;b;z), I'(b+n—a)M(a;b+n;2), M(a+n;b+n;2).

When applying the (4-0) recursion, however, the solution is only minimal in C\R [89],
making this a less convenient approach in the large |a| case.

3.6.1. Miller’s Algorithm. Suppose that we seek a solution of the three-term
recurrence relation (3.14). One method to compute numerical approximations of f;,
(n=0,...,k) for a minimal solution £, (if the recurrence admits such a solution®) is
to apply Miller’s algorithm [35]. The solution ]{—; satisfies the following system:

a; by 1 fo/fn 0
az by 1 fi/fn 0
an—1 by_1 1 fn-1/fn 0

1 0 1 1

1) \fn+1/fn fny1/fn

3Where a minimal solution exists, it corresponds to f, in the notation of this section.
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Miller’s algorithm involves observing that fyi1/fn — 0 as N — oo. Thus we can
approximate fi/fn by y,iv which solves

ay b1 1 yé\/ O
as bg 1 y{\/' 0
an—1 byvo1 1| | yN_y 0

1 0 y% 1

1 yJI\\/]+1 0

Then we obtain the approximation fj ~ J—?,y,iv . The issue is choosing N so that this

N
approximation is within a given tolerance. The standard procedure is to continually
increase N until the desired f; has changed less than a prescribed tolerance, i.e., to
verify:

fo Nt foon
~N+1 Ik ~ Yk
N+1 YN

< tol.

As discussed in [35], an important consideration when applying this method in
cases where yo could become zero (or when it is difficult to compute) is that of
normalizing conditions. In more detail, a normalizing condition can be taken as
a linear sum of minimal solutions f, (when known); an equivalent sum can then
be computed for the numerically generated functions, appropriately truncated based
on the accuracy required. The two computed sums are then compared to fix the
normalization.

3.6.2. Olver’s Algorithm. Another method for the computation of the mini-
mal solution of (3.14) is to apply Olver’s algorithm [76, 108], which avoids the issue
of choosing N. Olver’s algorithm treats the recurrence relationship as a two-point
boundary value problem: for any N, the minimal solution satisfies

1 fo 1
a b1 fi 0
az by 1 f2 0
an—1 by-1 1 In-1 0
1 fn In

Now consider solving this linear system (ignoring for now that we do not know fy)
using Gaussian elimination. The key observation is that forward elimination (without
pivoting) is independent of N, thus we can perform it adaptively, and only performing
back substitution when a convergence criteria is satisfied. This convergence criteria
can be tested in O(1) operations, without performing the back substitution.

Explicitly, define recursively

p1 =1, p2 = —by, Dk4+1 = —axPk—1 — DDk,

r =as, Tk+1 = Qk41Tk-
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After N + 1 iterations of Gaussian elimination we have the system

1 fo 1
P2 —Dp1 fi 1
pP3  —P2 fo T2
PN—1 —DPN-2 fnaa |l =|rva

DN —PN—1 fn TN

DN+1  —DPN N4t TN41

an+2 by 1 fny2 0

(Note: this is a slight variant of forward elimination that introduces a zero in the kth
column of the matrix by multiplying the (k + 1)th row of the system by —py, then
adding ay, times the kth row to the (k + 1)th row.)

For any fixed N, we can truncate the system so it becomes upper triangular

1 1N 1
P2 —Dp1 2N 2
N
D3 —P2 3 3
PN—-1 —PN-2 ffvv_l "N-1
DN i TN

and then f,iv are obtainable by back substitution.

Now, a sensible way for choosing N is such that | f,iv - f] is below a given
tolerance. An important observation in [76] is that one does not have to perform back
substitution to determine this, and it is shown that convergence has occurred when

‘ TN+1
PNPN+1

tol.
poax Ipk| < to

This takes only O(1) operations to determine, versus the O(N) operations of back-
substitution.

3.6.3. Discussion. The technique of using recurrence relations can be applied to
compute M effectively for parameter regimes for which previously described methods
do not perform well. Additionally, the ideas discussed in this section can be extended
to compute recurrence relations with large |Re(a)| [35]. As discussed in Section 3.8,
one can also apply these relations to successfully rephrase the problem of computing
the confluent hypergeometric function as one involving larger values of parameters.

3.7. Other Methods for Computing M. Many other methods have been de-
veloped to compute M(a; b; z) and 1 Fy (a; b; z). We mention several of them in passing;
see Ref. [81] for additional details. Reference [64] gives two additional series expan-
sions for 1 F (a; b; z); one expansion is in terms of beta random variables, and the other
is in terms of the (lower) incomplete gamma function. Reference [52] gives an asymp-
totic expansion for large |b| and |z|, and Ref. [69] includes the derivation of a second
hyperasymptotic expansion. The integral representation (3.11) can also be computed
using other methods: for instance Ref. [67] described how to use a contour integral
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method to evaluate M(a;b; z), and Refs. [87, 102, 106, 107] implemented a Talbot
contour integral method which could also be applied to this problem. Furthemore,
U(a;b; z) can be computed using a trapezoidal-rule method [4].

Additional computational techniques for confluent hypergeometric functions in-
clude Padé or rational approximations [55, 56, 59, 84], a continued fraction expression
[115] (techniques for solving such expressions are described in Ref. [3]), a Chebyshev
expansion for ; F [59], or other expansions in terms of Bessel functions [57].

We note that considerable research has investigated how to compute the Whit-
taker function, which is closely related to the confluent hypergeometric function.
Techniques from such inquiries could perhaps be adapted for the computation of
M. Details of methods for computing the Whittaker function can be found in
Refs. [7, 18, 51, 68, 74, 77, 79, 111].

3.8. Summary and Discussion. The methods that we have examined and
implemented? for the computation of M(a; b; 2) include the series methods in Sections
3.2, 3.3, and 3.4; the use of quadrature in Section 3.5; recurrence relations in Section
3.6); and various additional methods that are described in Section 3.7.

The series methods seemed to generate the most accurate results, and they
had very fast computation times in comparison to the inbuilt MATLAB function
hypergeom. Additionally, for values of |a| and |z| less than about 50 and |b] 2 1,
the Taylor series methods described in Section 3.2 and the method of expressing 1 F}
as a single fraction in Section 3.2.1 typically seemed to be sufficiently robust (with the
restriction for the single-fraction method that |b| < 1). The method of Gauss-Jacobi
quadrature is also effective for ‘moderate’ values of |al, |b|, and |z|.

One parameter regime in which the Taylor series and single-fraction methods both
fail when one might expect them to succeed is when |a| and |z| are roughly between
10 and 60 with real parts of opposite signs (the problem arises from cancellation).
In this case, the method involving Buchholz polynomials discussed in Section 3.3 can
be very useful. One can do effective computations for large |z|—another important
case—by applying the asymptotic expansions of Section 3.4. In Section 3.4, we also
discussed hyperasymptotics, which have exponentially-improved accuracy. Their use
can provide a viable alternative for the computation of M for large |z| in cases in
which software with high precision and programs to compute the incomplete gamma
function in the entire complex plane are available [75, 78].

If |Re(a)] 2 50 or |Re(b)| 2 50, one can use the recurrence relations that we
detailed in Section 3.6 in order to compute hypergeometric functions with parame-
ter values that have real parts of smaller absolute value. One then completes the
computation in this new parameter regime using one of the methods discussed above.

When the parameters and variable are all real, the main problem that one faces
is cancellation. For example, when computing a series representation of 1 F; (or
M) in which positive and negative terms alternate, we find that the resulting er-
ror properties are likely to be poor. For instance, consider the computation of
1F1(50;20; —100) or M(50;20; —100). The sum of all of the positive Taylor series
terms for 1 F(50; 20; —100) is the same as the absolute value of the sum of all of the
negative terms (roughly 1.7 x 10%2) to 16 digits, whereas the value of 1 F} (50; 20; —100)
is roughly 1.4 x 107%%. This problem can be circumvented by applying forward recur-
rences so that the values of b in the eventual direct computation of M are (positive
and) large enough that the terms cancelling each other no longer have as large a

4We have made MATLAB code available at [117].
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magnitude. We have thereby devised an effective strategy for computing M for real
parameters and variables. We use the result (3.2), and show our aggregate strategy
in Table 3.3.

l Case l Regions for a, b, z l Recommended method(s) l Relevant sections and references‘

I(A)| a,b>0,2z>0 |Taylor series methods; 3.2 [3, 64]
Single-fraction method; 3.2.1 [65, 66]
Buchholz polynomial method; 3.3 1, 2]
(Hyper)asymptotics; 3.4 13,9, 69, 73, 75, 78]
Gauss-Jacobi quadrature, 3.5 [27]
if Re(b) > Re(a) > 0;

IB)| a,b>0,2z<0 |Forward recursion to combat cancellation,| 3.6 [35, 89]
then Taylor series 3.2 [3, 64]
or single fraction method 3.2.1 [65, 66]

I a<0,b6>0 Transformation (3.2), 3.8 [111, Eq. (13.2.39)]
then same as for Case I

111 a,b<0 Forward recursion to combat cancellation, 3.6 [35, 89]
then Taylor series 3.2 [3, 64]
or single-fraction method 3.2.1 [65, 66]

v a>0,b<0 Recurrence relations; 3.6 [35, 89]
Transformation (3.2), 3.8 [111, Eq. (13.2.39)]

then same as for Case III

Table 3.3: Recommendations for which methods to use for computing the confluent
hypergeometric function when the parameters and the variable are real.

Extending the parameters and variable into the complex plane makes the problem
of computing the confluent hypergeometric function much more complicated. We
summarize our recommendations in Fig. 3.2, which shows which of the methods that
we have discussed should be used in which regimes. Details of other software for the
computation of the confluent hypergeometric function are discussed in Refs. [24, 42,
54, 62, 63, 97].

4. Computation of the Gauss Hypergeometric Function F. In this sec-
tion, we discuss methods to compute the Gauss hypergeometric function F(a, b; ¢; z)
accurately and quickly, and we provide recommendations for the most effective meth-
ods for each parameter and variable regime. We implement ideas of a similar nature
to those that we discussed for the confluent hypergeometric function—such as those in
Sections 4.2 and 4.3—and we also consider additional methods that are only applica-
ble to F', such as specific transformations and analytic continuation formulas. We then
discuss additional methods in Section 4.7 and summarize the desired computational
strategy in Section 4.8.

4.1. Properties of F. As we indicated in Section 2, the Gauss hypergeo-
metric function F(a,b;c; z) is defined as the series (2.2) when z is in the radius of
convergence (i.e., when |z| < 1). This series is defined for any a € C, b € C, and
¢ € C. For z outside of this range, F(a,b;c; z) is defined by analytic continuation,
which we detail in Section 4.5. This makes it possible to consider the computation of
F for any z € C.

Note that F(a, b; ¢;0) = ﬁ for any a,b € Cand ¢ ¢ Z~U{0}. If c = n € Z~U{0},
then (2.2) is given by a polynomial in z of degree —n. On the unit disk |z| = 1, the
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Taylor series; single fraction;

Buchholz; Gauss-Jacobi quadrature

M (if Re(b) > Re(a) > 0), etc.
’
\ ( Recurrence relations, )
1/ er

< 5 then a method for |al, |b] < 50;

uniform asymptotics

Asymptotics;

290 Taylor or single fraction
L0
\oA sometimes applicable

€ J

p
Recurrence relations,
Q/ o

—» P then a method for |al, [b|] < 50;

-/
N\

2] = 60— 80

I
14
|

uniform asymptotics

€ J

Figure 3.2: Summary of recommended methods for computing M for different regions
of a, b, and z.

series in (2.2) converges absolutely when Re(c—a—0b) > 0 [3], and it attains the value
% at z = 1[85]. The series converges conditionally for —1 < Re(c—a—b) <0
(except at z = 1), and it does not converge for Re(c —a — b) < —1 [3].

The Gauss hypergeometric function also satisfies the differential equation (2.5).

When ¢ € Z~ U {0}, one uses the fact that the function F(a,b;¢;2) = 372 (1:1()24(:;))] ;‘—],
is a solution for |z| < 1 and any ¢ € C. Most methods that we describe can be
modified to compute 2Fj(a,b;c; z) as well. The differential equation (2.5) has three
singular points: 2z =0, z =1, and z = 0.

As discussed in Ref. [74], one constructs a branch cut between z = 1 and z = +o0.
The branch in the sector |arg(1 — z)| < 7 is considered to be the principle branch,
and we aim to compute F in this branch.

As was the case with the confluent hypergeometric function, the Gauss hyperge-
ometric function arises in a wide range of applications. For instance, F can be used
to describe transonic adiabatic flow over a smooth bump in an ideal compressible
fluid [14]. Tt has also appeared in investigations of a plasma dispersion function [60],
penetration by electrons of a potential barrier [19], the density of infected nodes in
the susceptible-infective-suseptible (SIS) epidemic model on networks [80], scintilla-
tion indices of beams [20, 49], stochastic dynamical systems [104], electroosmosis of
non-Newtonian fluids [110], and more.

4.2. Taylor Series. In this section, we carry out computations of the Gauss
hypergeometric function using its Taylor series representation (2.2) and discuss the
accuracy of these computations for different parameter and variable regimes.
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As with the confluent hypergeometric function in Section 3.2, we use two methods
to compute the series

Fi(a,b; J fj. :
21(1 CZ Z C z (41)
i= %/—/
Cj

Method (a): We compute

Co=1, Sy=0Cp,
(a+7)b+j) =2
ctj g+l

Cj+1: J Sj+1:Sj+Cj+1, 7=0,1,2,... ,

where C; denotes the (j+1)th term of the Taylor series (2.2) and S; denotes the sum
of the first j + 1 terms.

We stop the summation either when % < tol for some tol and some N or
when two successive terms are small compared to Sy. We then return Sy as the
solution.

Method (b): As with the recommended method of Ref. [64] for computing 1 Fy
that we discussed in Section 3.2, one can compute a recurrence relation for an ap-
proximation of the Gauss hypergeometric function in terms of the two previous ap-
proximations in an iterative scheme:

b
5_115():].7 51:1+%Z,

_(ati-Dl+i-1)
! jle+j—1)

, Sj = Sj_l + (Sj_1 - Sj_g)rjz, j=2,3,...

We stop the summation either when % < tol for some tol and some N or
when two or more successive terms are small. We then return Sy as the solution.
Methods (a) and (b) both amount to truncating the series

Z Z b)s (4.2)
Jj=

By using one of these above methods to compute F(a, b; ¢; z), we can subsequently
compute F(a,b; ¢; z) using the expression F(a,b;c;z) = I'(¢)F(a,b;c; z). The excep-
tion to this is when ¢ € Z~ U {0}, in which case more care must be taken (as was also
the case for the confluent hypergeometric function).

As shown in Table B.2, Methods (a) and (b) have similar levels of effectiveness in
terms of accuracy and number of terms required for computation. Both methods work
very successfully when the parameter values are of small magnitude (especially when
lal, 1], |c] < 20), and the time it takes for the computation is significantly shorter
than that taken by the inbuilt MATLAB program. Furthermore, when c is relatively
large compared to a, b and z, we observe excellent convergence properties for both
Taylor series methods, as (4.1) can be viewed as an asymptotic expansion in this



20 J. W. PEARSON, S. OLVER, AND M. A. PORTER

parameter regime. However, computing F (before the stopping criterion is met) with
Taylor series requires more terms than was the case for computing M. In Fig. 4.1,
we show the number of points required for the computation of three test cases with
real z € [—1,1]. As one can see, this illustrates that many more points are required
for the computation as z approaches the unit circle.

We can compute o F} very accurately for a range of cases with large real parameter
values (with ¢ < a,b < 0). However, the Taylor series method is much less effective
in cases in which either |a| or || is much greater than |c|. For such cases, one should
employ the recurrence relations that we will discuss in Section 4.6.1. We conclude
that the region in which the Taylor series methods seem to be effective is |z] < 0.9,
provided the values of a, b and ¢ do not result in cancellation.

500

400 | 1

3007

2001

Number of terms computed

-1 -0.5 0 0.5 1

Figure 4.1: (Color online) Number of terms that need to be computed using Taylor
series Method (a) for evaluating 2 F; (and hence F) for real z € [—0.95,0.95] when
a=15b=1+2i, ¢c=4.5+D5i (red, dashed), a = 0.15, b = 0.2, ¢ = 1.1 (green, solid),
and a = 3, b =2, ¢ = 6.5 (blue, dotted) before the stopping criterion (two successive
small terms) is satisfied. The method gives results to 14-digit accuracy.

Other series expressions for o F; are also available. For example, Ref. [83] discussed

an expansion in terms of 2 := \/%;7_1 This expansion converges for |z] < 1, which is

a less restrictive condition than the convergence criterion for (4.1).

4.2.1. Writing the Gauss Hypergeometric Function as a Single Frac-
tion. As for the confluent hypergeometric function, we can compute the Gauss hy-
pergeometric function by representing it as a single fraction. We now examine the
accuracy and robustness of this approach and indicate parameter regimes for which
it is particularly effective.

Method (c): As we discussed for the confluent hypergeometric function in Sec-
tion 3.2.1, one can express 2 Fi (a, b; ¢; z) as a single fraction using recurrence relations.
One starts with ag = 0, Bg = 1, 79 = 1, and Sy = 1, and the recurrence relation is
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given by

aj = (aj_1+Bj-1)jlc+j—1),
By =pij—1(la+j—1)(b+j—1)z,
v =v-1jlc+7—1),
&:%+@

, j=12,... (4.3)
Vi

This generates a sequence of approximations S; (j = 1,2,...) to 2Fi(a,b;c;z). We
can select stopping criteria in the same way as for the other Taylor series methods
discussed above.

As indicated in Table B.2, this approach works well for small values of the param-
eters and variable (as a rough guide, it is good for |a|, |b],|c| < 20 and |z| < 0.9). In
particular, this method becomes more successful for computing F as |c| gets smaller
or ¢ gets closer to an integer. The reason is the same as it was for the analogous
method for confluent hypergeometric functions when computing M for small |b| or b
close to —m, where m € Z* U {0} (see Section 3.2.1).

However, this method does struggle more than the Taylor series methods when
either a or b has large magnitude (roughly greater than 50), due to a greater risk of
overflow—i.e., the program is attempting to compute values that are larger than it
can handle—due to the potentially large numerators and denominators in (4.3). For
such cases, a sensible approach would be to divide «;, 3; and y; by the same quantity
at regular intervals. Alternatively, one could use other methods such as the recurrence
relations that we will describe in Section 4.6.1.

4.3. Quadrature Methods. In Section 3.5, we discussed quadrature methods
for computing M(a; b; z). We now apply the method of Gauss-Jacobi quadrature to
compute F(a,b;c;z) when ¢ > b > 0 and |arg(l — z)| < m. In this parameter and
variable regime, the function F(a, b; ¢; z) has the integral representation [3]

F(a,b;c;2) = m/o (1—2t)"%(1 —t)s b= 1eb=1de . (4.4)

Note that a and b can be interchanged in the series definition (2.2) of 2 F7, so we can
also apply equation (4.4) to F(b,a;¢;2) if ¢ >a > 0.?

Transforming ¢ — %t + % and defining Jacobi parameters & = ¢ — b — 1 and
B =0b—1 yields [27]

Fab56:2) = e ) 11 ((1 -3)- i'{) (L= 1) hdE

Nesh

1 GJ z 1 GJ -
= - - 1—=) — = - E < b
T'(b)T(c—b) Z W (( 2) QZtJ T LN osh (a, b;2)| ,

j=1

where tjG‘] and wJG‘] are the Gauss-Jacobi nodes and weights on [—1,1] and Nyesh is

the number of mesh points. Error bounds for this method are discussed in Ref. [27].

5The integral representation (4.4) is in fact valid in the more general parameter regime Re(c) >
Re(b) > 0, however Gauss-Jacobi quadrature can only be applied for real b and c.
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If ¢ > a > 0, then switching the parameters a and b in the definition of F(a, b; ¢; 2)
allows one to apply the method of Gauss-Jacobi quadrature. As was the case for M,
the integrand in (4.4) blows up at the end points of the integral. This motivates the
choice of Gauss-Jacobi quadrature to perform the required integration numerically.

The results in Table B.2 illustrate that applying Gauss-Jacobi quadrature to the
integral in (4.4) is a useful method for computing the Gauss hypergeometric function
when ¢ > b > 0. If the moduli of the parameters a, b, and ¢ are at least 50-100,
then it is an improvement to the Taylor series approaches. The method also works
well near z = e=™/3 which are notoriously difficult to compute (see the discussions
in Sections 4.4 and 4.5), especially for smaller values of |a| and |b].

Therefore, as with 1} (see Section 3.5), applying Gauss-Jacobi quadrature to
compute o F is potentially a useful method when the parameters a, b, and ¢ have
moduli that are not too large. However, due to the relatively high computational
cost of running this algorithm, in comparison to many of the series expansion meth-
ods previously outlined, we only recommend this approach be applied in parameter
regimes where a series method is likely to generate inaccurate solutions.

4.4. Computing F for z Near or Outside of the Unit Disk. The methods
that we have discussed thus far are generally very useful for computing F for |z| < 0.9.
In this section, we discuss how to use these computations to compute F effectively for
any z € C. This can be done either by applying transformation formulas to the results
from previous sections or by using expansions derived for the special cases b —a € Z
andc—a—-beZ.

4.4.1. Transformation Formulas. Because the series (2.2) converges only for
|z| < 1, and because it converges more rapidly as |z| becomes smaller, it is important
to use transformation formulas that reduce the problem of computing (2.2) for a value
of |z] near or greater than 1 to a problem of computing the series for a new variable
w with much smaller magnitude. We describe such transformation formulas in this
section.

The idea of these transformations is to map as large a region of the complex plane
as possible onto disks |w| < p for a number p € (0, 1] that is preferably as close to 0 as
possible. This is desirable because the function F can be computed faster and more
accurately when |z| is near 0. Finding representations of F that make it possible to
carry out the computation in terms of the new variable w allows one to obtain more
accurate results than by using the methods that we described previously. We show
such transformation formulas for real z in Table 4.1. These transformations map any
z € R to a new variable w € [0, 1].

’Case‘ Interval Transformation
1 -0 <z< -1 wzliz
2 —-1<2<0 w= %
3 0<z<4 w=z
4 %<z§1 w=1-—z
5 1<z<2 w=1-1
6 2<z< 00 w:%

Table 4.1: List of transformations of z € R [24] for which 0 < w < p = 1.
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For complex z, the problem is more complicated. In Fig. 4.2, we show plots of
|w| = p for each of the six expressions for w given in Table 4.1 for p = 0.6 and p = 0.8.
If one wishes to apply one of the six transformations in Table 4.1, it is required that
|w| < p be satisfied for at least one representation of w in the table. The region in
Fig. 4.2 in which none of the representations of w satisfy |w| < p either surround
or are near the points z = e*/3 = 1(1 £4y/3) (marked as dots). As p increases
towards the value 1, the region in which none of the transformations satisfy |w| < p
gets smaller, but it remains near the points z = e*"/3 due to the fact that the set
{e™/3 e=/3} is mapped to itself by each of the six transformations in Table 4.1. We
discuss the case z ~ e/ in more detail in Section 4.5 and noted it briefly in Section
4.3. The five transformations that are useful when z % e=™/3 are [3, 21, 24, 109]

sin(w[f;*a]) F(a,b;c;z)F((;)F(i)_aa)F<a,cb;ab+1;1iz) (4.5)
1-2)"" : 1
_F(a)r(c_b)F(b,c—a,b—a—i—l,l_z)7
F(a,b;c;2) =(1—2)"*F (a,c—b;c; zzl) ) (4.6)
WF(a,b;c;z)zr(c_a)lr(c_b)F(avb§a+b_c+131_z) (4.7)
_w c—a.c—b.c—a— I Ry
ROWD F( ,c—b; b+1;1—2),
MF(a,b;c;z)zl_‘(c_z)l_‘(c_b)F(a,a—c+1;a—|—b—c+1;1—i)
(4.8)
_Za—c(l_Z)C—a—b . a Cwe—a_ . _1
I\(a)r(b) F( 71 ; b+ 1,1 Z) )
Snl(ﬂ[:__a])F(a,b;C;Z):F(IS)_FZ()Ca)F(aaa_c+1;a_b+1;i) (49)

(=2)" . 1
—m F(b—c+1,b,b—a+1,z) ,

where (4.6)—(4.8) require that |arg(l — z)| < 7, (4.7)—(4.8) additionally require that
larg z| < 7, and (4.5), (4.9) require that |arg(—z)| < 7.

We tested these formulas on a large range of parameter and variable values and
found that they successfully computed F for variable values close to the unit disk
or with modulus greater than 1 in terms of new variables with smaller magnitude,
provided z was not too close to e**™/3. However, due to the presence of I'(a — b),
I'(b—a), I'(c—a—1), and T'(a+b—c) terms in the numerators of (4.5)—(4.9), the cases
b—a € Z and c—a—0b € Z cannot be handled by applying the formulas in Table 4.1.
There are also numerical issues when either b — a or ¢ — a — b is close to an integer,
as two large conflicting terms are being added together (leading to cancellation).

4.4.2. Cases b—a € Z and ¢c—a —b € Z. References [3, 21] discussed formulas
that avoid this cancellation issue when either b — a or ¢ — a — b is exactly equal to
an integer. These cases can be computed using the ideas detailed in Section 3.2.
Reference [24] derived expressions for b — a or ¢ — a — b close to an integer using a
polynomial expansion for the Gamma function. Reference [62] showed how to exploit
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Re(z) Re(z)
Figure 4.2: (Color online) The curves |z| = p (dark blue, solid, left inner), || = p
(black, dotted, left middle), |1 — z| = p (red, solid, right inner), 1; = p (purple,

dotted, right middle), Z%l‘ = p (sky blue, dashed, left outer), and |1 — %’ =p

(green, dashed, right outer), for p = 0.6 (left panel) and p = 0.8 (right panel). We
show the points z = e*""/3 using black dots. [These figures are adapted from plots in
Ref. [29, 35].]

the Lanczos expansion and other properties of the Gamma function for successful
computation when b — a or ¢ — a — b is close to an integer.

4.5. Analytic Continuation Formulas for z ~ ¢=/3, Applying the trans-
formation formulas of Section 4.4 becomes a much less viable method as z approaches
the points z = e¥™/3 = 1(1+i/3). The reason is as follows: whatever value p € (0,1]
is taken for |z| < p, it is not possible to map the points z = e**"/3 onto w within a
disk of radius less than 1, as points are mapped to themselves or each other under
any of the six transformations in Table 4.1. As p increases towards 1, an increasingly
large number of points close to z = e**"/3 are mapped into such a disk, but the points
themselves can never be mapped into a disk, and points very close to them require
a computation that involves a prohibitively large value of p (for which the methods
discussed thus far do not generate an accurate result).

To resolve this issue, Refs. [12, 13] gave an expansion in the form of a continuation
formula:

I'(b—a) e .
THIe—a) 2~ ]Z::O dj(a, z0)(z — z0) (4.10)

F(a,b;c;2) =

F(a—b) B oo y
+m(z‘)_z) bzdj(bazo)(z—zo) :

=0
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where |arg(zo — z)| < m, the difference b — a is not an integer, and d; is defined by
dfl(’U,Zo) :O7 do(’U,ZQ) = 17 (411)

Jj+v—1
JjG+2v—a-—0)

dj(v,z) = HU+v)(1—22)+ (a+b+ 1)z — c}d;j—1(v, 20)

+Zo(1 — Zo)(j +v— 2)dj_2(U,ZO)] y j = 1,2, .

The series in (4.10) converges at every point outside of the disk |z — zg| =
max{|zo|, |20 — 1|}, so one must choose an appropriate zy to implement this method.
The case noted in Ref. [12] is zp = %, which results in convergence outside of the disk
’z — %‘ = % and, in particular, includes points close to e¥*™/3. For further details
about this method, see Refs. [12, 13, 46].

For b—a € Z, the expansion (4.10) is not valid, as one of the Gamma functions in
the numerators of the two terms in (4.10) is infinitely large. Reference [12] discussed
these issues and includes an alternative expression for b — a = 0. Reference [58] used
a limiting process for b — a € Z\{0}.

The results in Table B.2 suggest that using the expansion in (4.10) is very accurate
in a region that troubled the methods from Sections 4.2-4.4. Using the continuation
formula (4.10) is effective not only when z is equal or close to e**7/3 but also when z
lies outside of the unit disk (see the fourth and fifth rows of Table B.2). However, it
is ineffective when |a| = 30, |b| = 30, or |¢| 2 70, but this problem can be resolved by
applying recurrence relations from Section 4.6.1.

Reference [62] presents an alternative method to that suggested in Ref. [12] for
computing o F (a, b; ¢; z) near the points z = eFi™/3 The idea is again to expand about
a point zp at which the expansion can be computed more easily, but this time one
uses a Taylor expansion about this point in conjunction with the recurrence relation
corresponding to the hypergeometric differential equation (2.5). The expansion that
was obtained in Ref. [62] is

2Fi(a,bic52) = ) qn(z — 20)",
n=0
where

d b
g0 = 2F1(a,b;¢;20), 1 = — [2F1(a,b;¢;20)] = % oFi(a+ 104+ 1;¢+ 15 29)

dZo
1 (a+n)(b+n)
= 220 — 1) — b+1 ) . —_
2= T L+ 2) {(n( 20—1)—ct+(a+b+1)z0)gnt1+ ] n
for n = 0,1,2,... . One can also use these relations to compute the function

F(a,b;c;z). The quantities go and g; should be calculated using a method appro-
priate for the parameter regimes in question. As in Ref. [62], we take

z
20 =T07 7>
K

The method is advantageous compared to that in Ref. [12] because there are no
Gamma functions in the expression, so no singularities are encountered when b—a € Z
or c—a—>b¢€ Z As discussed in Ref. [62], this method gives better accuracy for
large |a| and |b|. However, the method can be slow computationally due to the work
encountered when computing qo and ¢ .

(09 if]z <1,
TN if |z > 1.
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4.6. Techniques for Large Values of Parameters |a|, ||, and |c|. In this
section, we detail two widely researched techniques that can be useful for evaluating F
when |al, |b], and |c| are sufficiently large that the function cannot be evaluated effec-
tively using methods that we described previously. The two methods we now discuss
entail the use of recurrence relations—involving computing F for “nicer” parameter
values and applying the recurrence relations to obtain a solution for more awkward
values—or uniform asymptotics, which involves computing series for F in terms of
other special functions.

4.6.1. Recurrence Relations. As we discussed for the confluent hypergeomet-
ric function in Section 3.6, we aim to overcome the lack of accuracy from attempting
to compute the Gauss hypergeometric function for large values of |[Re(a)|, |Re(b)|, and
|[Re(c)|—or, as mentioned in Section 4.8—which can sometimes occur when |Re(c)]
is too small. We explain how this problem can be addressed using recurrence rela-
tions. We then reformulate the computation as one involving values of |Re(a)|, |[Re(b)|,
and |Re(c)| closer to zero, which can then be computed accurately by the methods
discussed previously.

Recurrence relations involving the Gauss hypergeometric function F(a, b; ¢; z) are
discussed in Refs. [23, 29, 34, 44, 94]. The four recurrence relations that we discuss
in the present paper are described in Ref. [29]. Following the usual notation in the
literature, we denote them by (4 + 0), (00+), (+ + —), and (+0—). We state them
in Appendix D.

As with Section 3.6 for M, we seek minimal solutions of the recurrence relations.
Unlike for M, however, the four recurrence relations for F have different minimal
solutions in different regions of the complex plane. We give the minimal solutions as
n — +oo for each of the four recurrence relations [34] in Table 4.2.

[ Relation and valid region of C [ Minimal solution ]
(++0) T(l4a—c+n)l(1+b—c+n)Fla+n;b+n;ltat+b—c+2n;1—2)
C\{= < 0}
(00+) T'(c+n) F(a;bjc+ n; 2)
Re(2) < 1
00+ Z1) et n) Fl—ail—bil—a—bdctnil—z
(00+) = ( ) F( )
Re(z) > %
T T (b—ctif2n)l (a—cFt1F2n) K K -
- () ety Fa— e —mi—b—mi2—ctnin
Inside curve in Fig. 4.3 (left)
(++-) F(b_c+l;r(2f,)£(+";sc+l+2") F(a+mnib+nl+tatb—c+3nl—z)
Outside curve in Fig. 4.3 (left)
—z T T(b—ct1l+n)I'(a—c+1+2n) K K .
(+0-) ((172)2) TlaTrn)T(i—ctn) F(l—a—n;1l—5b;2—c+n;z)

Inside inner curve in Fig. 4.3 (right)

Th—ctifn)I(a—cFifan)

(+0-) Fa—ctm) F(a+mn;bjl+a+b—c+2n;1—2)

Between curves in Fig. 4.3 (right)
_ —> \” L(lfa—ct2n) o — _ 1
(+0-) ((172)2) Ti—etny~ Fl—bi—bte—nilda—b+n3)

Outside curves in Fig. 4.3 (right)

Table 4.2: Minimal solutions of the four recurrence relations for F for z in different
regions of the complex plane. See the discussion in Ref. [34].

Therefore, as with M in Section 3.6, we apply two different methods. First, we
take the minimal solutions of the four recurrence relations in specific regions and
apply the recurrence relations backwards. Second, we use the minimal solutions of
the recurrence relations to apply the recurrence relations using Miller’s algorithm
or Olver’s algorithm. A viable way of computing a hypergeometric function with
parameters whose real parts have large modulus can therefore be to compute two
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Im(2)
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Im(2)
0.06
0.04}
0.021

-0.02
-0.04¢
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Figure 4.3: Relevant regions for minimal solutions of recurrence relations (left) (++—)
and (right) (4+0—). With reference to Table 4.2, on the left plot, “Inside curve” refers
to the enclosed region and “Outside curve” refers to the remainder of C; on the right
plot, “Inside inner curve” refers to the smaller enclosed region, with “Between curves”
meaning the larger enclosed region, and “Outside curves” the remainder of C.

hypergeometric functions whose real parts have smaller modulus, and then apply
recurrence relations as appropriate.

4.6.2. Uniform Asymptotic Expansions. Another potentially viable method
for dealing with large values of the parameters |a|, |b], and |¢| when computing
F(a,b;c;z) is to exploit uniform asymptotic expansions. In particular, the follow-
ing three uniform asymptotic expansions are useful:

1

e Expansion for F (a +X0— XA % — 52) as A\ — oo [45]: For fixed a,b,c €

C and |arg z| < m [45] (see also [17]),

1 1
21 <a+ Ab— Xsc 3 2z> ~ 23t 1)mhe(y 4 1)3(emabL)
sinh ¢\ "/? & L 1im(a()
() Z oo,
as |A| = oo, where I,,(z) = i7%J,(iz) and J,(z) is the Bessel function (see

Appendix C). Additionally, z = cosh(, & = $(a—b)+ A, and C;(() is defined
by Co(¢) =1 and

! Con ,
Q) + {1 — 200 + m)} mf) T {m(m + 20)} <§O 12001 () = H(OCm(C).
where m = 0,1,2,..., the parameter v = ¢ — 1, and

(3 L O R
v(e) = (4 +4cl) (sinh2C Cz) * cosh® 1¢”
i{(c—l)Q—l}, C3=%{(&+b—0)2—1}.

e Expansion for oF) (a;b— X\;c+ \;—z) as A — oo [70]: For fixed a,b,c €
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C and |arg z| < 7 [70],

221+ 22 T(c+ N1 —b+ N)
220 (¢ — b+ 20)V27

X (Aé(“_l)U <a - %, —aﬁ) W 4 N3y (a - g, —a\[\)
5= 5=0

’Yl,s)
‘ )\s — s

as A — ooin|arg \| < § —4d < §, where U(a, 2) is the parabolic cylinder func-

2F1 (@30 — Nje+ X —2) ~

(z+1)?
2In Z4Z

tion (see Appendix C). Additionally, « = — , and the coefficients

7;,s are given (for j =0, 1) by

u_a a 1 17j(%_7_)b71(%_’_7)a7cd q
Vis 2 5 S s udr,
7T’L {0,7c} J{u(r)} ’U, + ln( — 4T )) (T — Tc)a

Here, the 7-contour is a simple loop encircling the values 0

where 7. = 2(2;_‘_11)
and 7., and, for each 7 on this contour, the u-contour is a small loop encircling
the point u(7), where 1u? = —In(1 — 472) [70].

e Expansion for 3 Fy (a + X\;b+ 2X;¢; —2) as A — oo [71]: For fixed a,b,c €
C and |arg z| <,

_a, D(e)T(1—c+b+2))
. st — 2A
oF1 (a+ A b+ 2)\¢—2) = (1 + 2) ThT 2N

% <{e(afc+)\+ ”Al( (=™ N)2/3 ) 1 e (ametrtd)mipg ((emk)z/%)} 1

B [e(a—c+>\+ )iy (( —iN)2/3 ) —(a—e+r+3)mipy/ ((em/\)wgl‘)} Xo) .

where

_1 2
X1~Z ) y1,sA 773, XONZ )* Y0, A5,

as A — oo in |arg\| < § — 6 < §. Recall that Ai(z) is the Airy function

(see Appendix C). In the above equations, z is defined such that 323/ =
—2¢ + 3log (22:;(4) where ( = arccosh ( z— 1) this implies that z > 8 &
¢ >0« x> 0. Additionally, the coefficients v; , are given (for j =0, 1) by

- s'f f{ tebl(t — 1) (2 + 1 —t) 7@ - dudt,
" 27” {sps} J{u t)} 3 _ S
+ u rzu+7v—In o e

where v = —fln(z + 1). Here, the t-contour is a simple loop encircling the
saddle points spy =2 + e*¢, and, for each ¢ on this contour, the u-contour
is a small loop encircling the point u(t), where %ug =In (m) +zu—7
[71].

Using uniform asymptotic expansions to compute F is more helpful than doing
so for M because the parameters are allowed to take complex values in the present
expansions. The expansions for F can be used if a, b, ¢, and A\ are chosen so that
the coeflicients in the series expansions (which each entail either evaluating a contour
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integral or carrying out numerical differentiation) and the other special functions
involved (which are detailed in Appendix C) can be evaluated accurately. However,
computing these functions is itself an expensive process, even if accurate results can
be obtained, so we believe uniform asymptotic expansions are only likely to yield a
potent numerical method if convergence is achieved after computation of very few
terms of the series.

We highlight that further research has been carried out on uniform asymptotic
expansions for Gauss hypergeometric functions, for example in [47, 72], and that a
very useful summary of asymptotic results for the this function is contained in [93].
Moreover, the Taylor series expansion (4.1) can be viewed as an asymptotic expansion
for large values of |¢| and bounded a, b, z, and the expansion is particularly useful in
this parameter regime.

4.7. Other Methods for Computing F. Several other methods have been
documented for the computation of F(a, b; ¢; z) [81]. For example, alternative methods
can be used to compute the integral representation (4.4); these include splitting the
integral, Romberg integration, and adaptive quadrature (though note that the latter
two require that the integrand does not blow up at on either end point of the region
of integration). Other possible methods include Padé approximants [84], evaluating
a continued fraction representation [116] using the technique described in Ref. [3],
rational approximation [56], Chebyshev expansion [57], an e-expansion method [43],
exploiting alternative series expansions [53], and developing relationships between
different types of hypergeometric functions by evaluating Feynman path integrals
[48].

4.8. Summary and Discussion. To compute F(a, b; c; z), we have considered
several types of techniques—including Taylor series methods in Section 4.2, the single-
fraction method in Section 4.2.1, and quadrature and differential equation methods
in Sections 4.3 and 4.7. In addition, we applied transformations and analytic con-
tinuation formulas from Sections 4.4-4.5 to find ways to compute F accurately and
efficiently for all z € C.

We find that the series methods compute F(a, b; ¢; z) accurately for values of |a]
and |b| less than about 50. The single-fraction method is particularly useful when
le] <1 and |af,|b] < 30. When Re(c) > Re(b) > 0 or Re(c) > Re(a) > 0, the method
based on Gauss-Jacobi quadrature is often effective. A variety of the above methods
work well if |z| < 0.9.

A difficulty arises when one needs to compute values of F(a, b; ¢; z) outside of the
unit disk {|z| = 1}. In such situations, the transformation formulas of Section 4.4 or
the methods detailed therein for the special cases satisfyingb—a € Zorc—a—-beZ
can be applied. A further issue arises when |Re(a)|, |Re(b)|, or |Re(c)] is too large
for a method to work effectively on its own. (As a rough guide, this can occur when
any of these values exceeds 50.) In this case, one can exploit the recurrence relation
techniques of Section 4.6.1. One could alternatively employ the uniform asymptotic
expansions of Section 4.6.2 if |a|, |b], or |¢| is large.

To devise an algorithm for cases in which all of the parameters and the variable
are real, we follow the same type of procedure as for M. Namely, we apply forward
recurrences to ¢ so that all computations involve large values of |¢| and then use an
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additional transformation, such as [111, Eq. (15.8.1)]

oFi(a,b;c;2) = (1 —2)" %P yF (¢ —ajc — b;¢; 2)

(4.12)

& F(a,bjc;z) =(1— 2" Flc—a;c—bc; 2),

or the relation (4.6). We detail this strategy for the real case in Table 4.3.

l Case l Regions for a, b, ¢, z l Recommended method(s)

l Relevant sections and references

1(A) a,b,c>0,2>0 |Taylor series methods; 4.2, [3, 64]
Single-fraction method; 4.2.1 [65, 66]
Gauss-Jacobi quadrature 4.3 [27]
if Re(c) > Re(b) > 0;
Uniform asymptotic expansions 4.6.2 [70, 71, 100]
for large parameter values
1(B) a,b,c>0,2<0 |Recurrences to combat cancellation,| 4.6.1 [15, 23, 25, 29, 27, 94]
then Taylor series 4.2 [3, 64]
or single-fraction method 4.2.1 [65, 66]
11 a,b<0,¢c>0 Transformation (4.12), 4.8 [111, Eq. (15.8.1)]
then same as for Case I
111 a,b>0,¢c<0 Recurrence relations, 4.6.1 [15, 23, 25, 29, 27, 94]
then Taylor series 4.2 [3, 64]
or single-fraction method 4.2.1 [65, 66]
v a,b,c <0 Transformation (4.12), 4.8 [111, Eq. (15.8.1)]
then same as for Case I11
A\ Either a or b < 0, | Recurrence relations, 4.6.1 [15, 23, 25, 29, 27, 94]
c>0 then Taylor series 4.2 [3, 64]
or single-fraction method 4.2.1 [65, 66]
VI Either a or b < 0, | Recurrence relations, 4.6.1 [15, 23, 25, 29, 27, 94]
c<O0 then same as for Case V

Table 4.3: Recommendations for which methods to use for computation of the Gauss
hypergeometric function for real parameters and a variable z satisfying |z| < 1. For
|z| > 1, appropriate transformations will also be necessary (see Section 4.4).

When one extends the parameters and the variable into the complex plane, the
problem of computing the Gauss hypergeometric function becomes more complicated.
One can achieve good results when computing F by following the procedure detailed
in Fig. 4.4.

Details of other software written to compute the Gauss hypergeometric function
can be found in Refs. [24, 42, 54, 62, 63].

5. Concluding Remarks. The confluent and Gauss hypergeometric functions
arise in a large and diverse set of applications, and many other functions are spe-
cial cases of them. However, both of these hypergeometric functions are notoriously
difficult to compute effectively.

In this review paper, we have briefly outlined the theory of these hypergeometric
functions, and we detailed a large number of good methods for computing them for
different parameter and variable regimes. We have aimed to provide a roadmap for
computing these functions for anyone who wishes to use them in a specific application
and requires an effective implementation strategy for their evaluation.

There is no one method that provides a panacea for computing either M or F, as
there are numerous difficult computational issues (such as cancellation and overflow).
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/ Recurrence relations.
Q,

Recurrence relations and/or

Figure 4.4: Summary of recommended methods for computing F for different values
of the parameters a, b, and ¢ and the variable z.

Accordingly, we have detailed numerous good methods that should be chosen carefully
depending on the values of the parameters a and b (and also ¢ for F), and the variable
z. We have included roadmaps for the computation of both M and F that should
be use with appropriate transformations and recurrence relations (which we have
also detailed). It is important to note that error bounds for the majority of these
methods have not been widely researched (as most of the methods involve known
series representations and hence can be calculated to arbitrary precision in infinite-
precision arithmetic), but we believe the methods that we recommend have good error
properties in the parameter and variable regions specified.

We have written and posted software for computing M(a; b; z) and F(a, b; ¢; 2)
[117]. We find the methods that we include in the software for computing M to be
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effective for |al, |b],|z] < 100 for real parameters and variables, and |al,|b|,|z| < 70
for complex variables and parameters; the methods for computing F are effective
for |al, |b], |c| < 100 and for any z if the parameters and variables are real, and for
lal, |b],|c| < 70 and for any z if they are complex. The potency of the methods is
in spite of the fact that the code is implemented in double precision arithmetic, in
contrast to the majority of widely-used software for hypergeometric functions. There
are parameter and variable regimes in addition to these for which our software may
be effectively applied—for instance for large |z| when computing M—and we are
currently developing the software to expand the parameter and variable regimes for
which it is effective.
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Appendix A. Test Cases for M and F.

This appendix details the test cases for M and F that we use in our numerical
experiments in Appendix B.

In addition to using test cases such as these, other methods could also be used to
test the accuracy of our computations. For instance, one could use tabulated values
from sources such as Refs. [91, 92, 109], test against known relations to elementary
or special functions [3, 7, 58, 111], or test against known recurrence relations [3, 16,
35, 111] or Wronskians [57, 97, 111].

Appendix B. Table of Results for M and F.

In this appendix, we present numerical results containing the number of digits of
accuracy that we obtained when using a variety of methods for computing M and F'.

In Table B.1, we show results that we obtained when computing M (or 1 F; when
b is such that I'(b) is infinite in finite precision) for the two Taylor series methods
of Section 3.2, the single-fraction method of Section 3.2.1, the Buchholz polynomial
method of Section 3.3, the two methods for computing the asymptotic series of Section
3.4, and the Gauss-Jacobi quadrature method of Section 3.5.

In Table B.2, we present results that we obtained for computing F (or o F; when ¢
is such that I'(¢) is infinite in finite precision) using the two Taylor series methods of
Section 3.2, the single-fraction method of Section 4.2.1, the Gauss-Jacobi quadrature
method of Section 4.3, and the analytic continuation formula (4.10) of Section 4.5.
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l Case [ (a,b,z) “ Case [ (a,b, z) l
1 (0.1,0.2,0.5) 21 (20, —10 + 1079, —2.5)
2 (—0.1,0.2,0.5) 22 (20,10 — 1079, 2.5)
3 (0.1,0.2, —0.5 + 1) 23 (—20,—-10 410" 12,2.5)
4 (1+i,1+14,1—1) 24 (50, 10, 200%)
5 (107%,107%, 10~ 10) 25 (=5,(=5+ 1079 (1 + i), —1)
6 (1078,107 12, —107 19 4 107 %) 26 (4, 80, 200)
7 (1,1,10 + 10~ %) 27 (—4, 500, 300)
8 (1,3,10) 28 (5,0.1, —2 4 3004)
9 (500, 511, 10) 29 (—5,0.1,2 + 3004)
10 (8.1,10.1, 100) 30 (2 + 8, —150 + 4, 150)
11 (1,2,600) 31 (5,2, 100 — 10004)
12 (100, 1.5, 2.5) 32 (—5,2,—100 + 1000i)
13 (—60,1,10) 33 (=5, -2 —i,1+ (2 —10"19)3)
14 (60,1, 10) 34 (1,107 12 1)
15 (60,1, —10) 35 (10,1072, 10)
16 (—60, 1, —10) 36 (1, -1+ 10124, 1)
17 (1000,1,10~3) 37 (1000, 1, —1000)
18 (1073, 1, 700) 38 (—1000, 1, 1000)
19 (500, 1, —5) 39 (—10 + 5004, 5, 10)
20 (—500, 1, 5) 40 (20,10 + 10004, —5)

Table A.1: List of 40 test cases that we used to generate the results for M in Appendix
B. The justification for the selection of these cases is given in Ref. [81].

l Case [ (a,b,c, z) H Case [ (a,b,c, 2) ]
1 (0.1,0.2,0.3,0.5) 16 (—100, —200, —300 + 10~?,0.5v/2)
2 (—0.1,0.2,0.3,0.5) 17 (300, 10, 5, 0.5)

3 (0.1,0.2,—0.3, —0.5 + 0.54) 18 (5,—300, 10, 0.5)

4 (1078,107%,107%,107%) 19 (10, 5, —300.5, 0.5)

5 (107%,-107%,107 12, =10~ 10 + 10~ 1%4) 20 (2 + 2004, 5, 10, 0.6)

6 (1,10,1,0.5 + 10~ %) 21 (2 + 2004, 5 — 1004, 10 + 5004, 0.8)
7 (1,-14+ 107124, 1, -0.8) 22 (2,5,10 — 500, —0.8)

8 (2 + 8i,3 — 5i,v/2 — 7i,0.75) 23 (2.25,3.75, —0.5, —1)

9 (100, 200, 350, ) 24 (1,2,4+ 34,0.6 — 0.84)

10 (24+107°,3,5,—0.75) 25 (1,0.9,2,e™/3)

11 (—2,-3,-5+107°,0.5) 26 (1,1,4,e"/3)

12 (-1,-1.5,—2 — 10~ °,0.5) 27 (—1,0.9,2,e=7/3)

13 (500, —500, 500, 0.75) 28 (4,1.1,2,0.5 + (0.5v/3 — 0.01)3)
14 (500, 500, 500, 0.75) 29 (5,2.2, —2.5,0.49 + 0.5v/31)
15 (—1000, —2000, —4000.1, —0.5) 30 (2,1,4,77%)

Table A.2: List of 30 test cases that we used to generate the results for F in Appendix
B. The justification for the selection of these cases is given in Ref. [81].

The label ‘A’ in Tables B.1 and B.2 indicates that the series method in consider-
ation had not converged after the computation of 500 terms. The label ‘B’ indicates
that the method was not effective because of overflow. The label ‘C’, which we use
sometimes when we present a result from Gauss-Jacobi quadrature, indicates that the
test case in question did not fall under the valid parameter regime for the method to
be applicable.

Appendix C. Other Special Functions Involved.
To provide a comprehensive survey of the available methods for computing M
and F, we also need to consider the computation of other special functions that arise
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l Case “ Taylor (a) [ Taylor (b) [ Single fraction [ Buchholz [ Asymptotic (a) [ Asymptotic (b) [ Gauss—Jacobi

1 16 16 16 A A A 16
2 16 16 16 16 A A C
3 16 16 16 A A A 15
4 16 16 15 15 A A C
5 16 16 15 9 A A C
6 8 15 15 0 A A C
7 15 16 15 5 A A C
8 15 15 15 15 16 16 14
9 16 16 15 A A A B
10 15 16 0 13 15 15 13
11 A A 0 A 16 16 12
12 16 15 15 15 A A C
13 0 0 0 14 A A C
14 15 15 15 15 A A C
15 0 0 0 15 A A C
16 16 16 16 15 A A C
17 16 16 16 16 A A C
18 A A 0 A 16 16 13
19 0 0 0 16 A A C
20 0 0 0 15 A A C
21 6 6 6 8 A A C
22 16 16 15 8 A A C
23 5 5 5 8 A A C
24 0 0 B A A A C
25 14 14 14 15 A A C
26 15 16 0 A 15 15 0
27 14 14 14 A A A C
28 0 0 B A 14 14 (@]
29 14 15 15 A 14 14 C
30 A 0 A A B B C
31 A A B A 15 15 C
32 15 15 15 A 15 15 C
33 0 15 15 A A A (@]
34 4 15 16 12 A A C
35 4 15 15 11 A A C
36 15 15 15 0 A A C
37 A A 0 A A A C
38 A A 0 A A A C
39 A 1 A 0 A A C
40 16 16 15 A A A C

Table B.1: Table of results for various methods described in Section 3 for computing
M. We state the number of digits of accuracy obtained by applying each method to
each test case from Appendix A. We obtained these results using MATLAB R2015a.
We note again that label ‘A’ indicates non-convergence of a series method, the label
‘B’ indicates that the method was not effective because of overflow, and the label ‘C’
indicates that the test case in question did not fall under the valid parameter regime
for the Gauss-Jacobi quadrature method.

along the way. The most common such function is the Gamma function, which is
required for several of the methods to compute M (see Sections 3.3, 3.4, 3.5, 3.6, and
3.7) and F (see Sections 4.3, 4.4, 4.5, 4.6.1, 4.6.2, and 4.7). Two other germane special
functions are the incomplete gamma function, whose computation is necessary for the
hyperasymptotic series in Section 3.4, and the Bessel function, whose computation is
necessary for the Buchholz polynomial method of Section 3.3 and for the theory of
uniform asymptotics. The psigamma, Airy, and parabolic cylinder functions arise in
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l Case “ Taylor (a) [ Taylor (b) [ Single fraction [ Gauss—Jacobi [ Bijhringl

1 16 16 16 16 A
2 16 16 16 15 A
3 16 16 16 C 16
4 15 15 15 C A
5 16 16 16 C 12
6 15 15 15 C A
7 16 16 15 C A
8 14 15 A C A
9 A A A B A
10 16 16 15 16 0
11 8 8 8 C A
12 16 16 16 C A
13 0 0 0 C A
14 A A B C A
15 14 14 0 C A
16 0 0 0 C A
17 A A 0 C A
18 0 0 0 13 A
19 0 0 0 C A
20 0 0 B 6 A
21 3 3 A B A
22 16 16 16 B A
23 A A 0 C 16
24 A A A C A
25 A A 3 14 11
26 A A 5 14 11
27 16 16 16 15 16
28 A A A 14 16
29 A A A C 14
30 A A A 15 16

Table B.2: Table of results for various methods described in Section 4 for computing
F. We state the number of digits of accuracy obtained by applying each method
to each test case stated in Appendix A. We obtained these results using MATLAB
R2015a. We note again that label ‘A’ indicates non-convergence of a series method,
the label ‘B’ indicates that the method was not effective because of overflow, and the
label ‘C’ indicates that the test case in question did not fall under the valid parameter
regime for the Gauss-Jacobi quadrature method.

the uniform asymptotic theory of Section 4.6.2. These special functions are discussed
in more detail in Refs. [35, 74], and we note that the incomplete gamma and parabolic
cylinder functions are themselves special cases of M, the Airy function is a special case
of M, and the Bessel function is closely related to the confluent hypergeometric
limit function oF; [111].°

The inbuilt MATLAB routines for computing special functions (as of Version
R2015a) are far from exhaustive; there only exist routines for the Gamma, Bessel,
incomplete gamma, and Airy functions, and (apart from the Airy function) these
are restrictive in terms of the the parameter and variable values that can be used.
We therefore needed to use other routines to compute these functions accurately and

6We define the confluent hypergeometric limit function o as follows:

¥4
oFi(—;a;2) = @, i
g=o0 7
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efficiently for various parameter regions.

There is an inbuilt routine for computing the Gamma function I'(z) in MATLAB
(gamma), but it requires the argument z to be real. The NAG Library [114], however,
contains a routine (s14ag) to evaluate log[['(z)] for any complex z, and we used this for
aspects of our work. If one wished to write his/her own routine for evaluating I'(z) for
z € C, then for various values of z one could use the Lanczos expansion [50] (possibly
using an expansion given by Godfrey at [38]), Stirling expansions [3], Spouge’s method
[90], or a Talbot contour method [87, 102, 106, 107]. When Re(z) < 3 and z ¢ Z, the
transformation [111, Eq. (5.5.3)]

™

FEIA —2) = sin(mz)’

could be helpful when using the Talbot contour method.

MATLAB also has an inbuilt routine to compute the Bessel function J,(z), but it
is only applicable for real v, so it would be useful to design a routine that can also
be used for complex v. Such a routine could then be used to apply the methods in
Sections 3.3 and 4.6.2. In constructing such a code, one might wish to take advantage
of its Taylor series, Hankel asymptotic representation, integral relations [3], as well as
work on practical computation of this function in [31], and we exploit these methods
in our code.

The ‘upper’ and ‘lower’ incomplete gamma functions I'(a, z) and v(a, z) can be
computed for any complex z using the inbuilt MATLAB function gammainc, but this
routine can only be applied for real @ > 0. One would hence need to generalize
this routine to implement the hyperasymptotic expansions detailed in Section 3.4.
To do this, one could exploit Taylor series methods [84], asymptotic expansions [3],
continued fraction representations [84], recurrence relations [3], and the relation [111,
Eq. (8.2.3)]

v(a,2) +T'(a,2) =T'(a)

for a € Z= U{0}. A computational procedure for the evaluation of I'(a,z) and

v*(a,z) = Vr(‘gj)) is discussed in Ref. [26], with details of algorithms for v*(a, z) and
I'(a,z) = FIE?(’S) in Ref. [32].

The parabolic cylinder function U(a, x) has yet to be implemented either in MAT-
LAB or in the NAG Library. A routine for computing this function could exploit
Maclaurin series, asymptotic series, and recurrence relations [35]; solving the under-
lying differential equation numerically [3]; and other strategies [95]. We also highlight
articles which consider the practical computation of parabolic cylinder functions in
[33, 36]. For the Airy function Ai(z) and its derivative Ai’(z) (which are closely re-

lated to the Bessel function [3]) and the psigamma function ¢(z) = 1;’((5)),

NAG Library routines s17dg and s14af, respectively [114], and also highlight work
carried out in [30].

we use the

Appendix D. Recurrence Relations Used in Section 4.6.1.

In this appendix, we state the recurrence relations for o F; that we denoted in
Section 4.6.1 as (+ + 0), (004+), (+ + —), and (+0—). In addition to the relations
themselves, we also indicate their minimal solutions (see Table 4.2) that inspire these
notations. We discussed their regions of validity in Section 4.6.1.



COMPUTATION OF HYPERGEOMETRIC FUNCTIONS 37

(++0): Recurrence: (c—a—n)(c—b—n)(c—a—b—2n—1)y,_1
+(c—a—=b—2n)[c(a+b—c+2n)+c—2(a+n)(b+n)
+z{(a+b+2n)(c—a—-b—2n)+2(a+n)(b+n) —c+ 1} yn
+(@a+n)b+n)c—a—b—2n+1)(1 - 2)%y,41 =0,

Solution: yn = 2F1(a+n;b+n;c;2),

(00+) : Recurrence: (c+n)(c+n—1)(z—1Dyn—1+(c+n)jc+n—1

—{2(c+n)—a—-b—1}zlyn + (c—a+n)(c—b+n)zynt1 =0,
Solution: yn = 2F1(a;b;c+n;2),

(+4+ —): Recurrence: —(a—c+2n)(a—c+2n—1)(b—c+2n—1)(b—c+2n)zUyn—1
+ (e —=n)(a1U 4 c2V + c3UV)yn
+(a+n)b+n)c—n)c—n—-1)1-2)>3Vy,11 =0,

where: ¢ =(1—-2)(b—c)(b—1)[a—14+2(b—c—1)],
co=blb—c+1)(1—-2)a+z(b—c+2)],
c3=c—2b—(a—b)z,
U=z(a+b—c+1)(a+b—c+2)+ab(l—z),
V=1-2)(1—-a-b+ab)+zla+b—c—1)(a+b—c—2),
Solution: Yn = 2F1(a+n;b+n;c—n;2),

(+0-) : Recurrence: z(a—c+2n)(a—c+2n—1)b—c+n)la+n+zb—c+n+1)]yn—1
+(c—=n)[(a+n)la+n—1)(c—n—1)
+(a+n)la+n—1)(a+3b—4c+5n+2)z
+(b—c+n)b—c+n+1)(4a—c+5n—1)z2
—(a—=b+n)b—c+n)b—c+n+1)22y.
—(@a+n)(c—n)a+n—14+zb—-c+n)](1—2)>yp41 =0,

Solution: yn = 2Fi1(a+n;b;c—mn;2).
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