Eigenvalues for perturbed periodic Jacobi
matrices by the Wigner-von Neumann ap-
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Abstract. The Wigner-von Neumann method, which has previously been
used for perturbing continuous Schrédinger operators, is here applied to
their discrete counterparts. In particular, we consider perturbations of
arbitrary T-periodic Jacobi matrices. The asymptotic behaviour of the
subordinate solutions is investigated, as too are their initial compo-
nents, together giving a general technique for embedding eigenvalues, A,
into the operator’s absolutely continuous spectrum. Introducing a new
rational function, C(\;T), related to the periodic Jacobi matrices, we
describe the elements of the a.c. spectrum for which this construction
does not work (zeros of C'(\;T)); in particular showing that there are
only finitely many of them.

Keywords. Spectral theory, Periodic Jacobi operators, Wigner-von Neu-
mann potential, Subordinate solutions.

1. Introduction

First published in 1929, the Wigner-von Neumann method provides a way
of embedding eigenvalues into the absolutely continuous spectrum of a one-
dimensional Schrodinger operator [16]. Specifically, the operator is perturbed
by a potential of the form
esin(2wz + @)
x
causing the eigenvalue E = w? to become embedded in the interval [0, 00) of
a.c. spectrum. Since then the method has been adapted to embed multiple
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eigenvalues E; = w?, i =1,2,..., N [18] using a single potential

g: ¢isin 2wz + ¢;)

i=1 v
More recently, the technique has been employed on periodic Schrodinger op-
erators which have several or infinitely many bands of absolutely continuous
spectrum [10, 12, 14]. In particular, the unperturbed operators have the form

2
_dd? + Qper (-T)

where Qper(x + 1) = Qper(x) for some period T'. Note that another method
based on the explicit solution of the inverse problem [1] also allows to embed
multiple (but finitely many) eigenvalues into the essential spectrum with a
potential similar to the above.

The purpose of this paper is to extend the aforementioned ideas to
the discrete analogue of Jacobi operators, and produce a new technique for
embedding a single eigenvalue into one of the bands of the periodic operator’s
essential spectrum. Note that there already exist several other approaches
for embedding eigenvalues into the essential spectrum of both Schrédinger
operators [7, 13, 21] and Jacobi matrices [8, 9, 11, 15, 19, 20]. However, the
big advantage of the Wigner-von Neumann method is that it gives an explicit,
and relatively simple, formula for the potential and eigenvector, even for the
periodic case.

A Jacobi operator is defined to be a tri-diagonal infinite matrix which
is considered as an operator on [2(N;C). We consider only real bounded
Hermitian Jacobi operators and assume without loss of generality that the
off-diagonal entries are positive. Moreover, we assume the matrix to be 7T-
periodic. Then, our operator, Jr, has the form

by a1
ap by a
ax bz as

ar—1 br ar
ar b1 ap
ay by a2 )

ar—1 br ar
ar b @
ar by ap

(1)
with a; € R,a; > 0 for all ¢. From Section 3 onwards we will assume for
simplicity that b; = 0 for all . The method also works for more general cases
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with complex entries and non-zero diagonal, but we stick to the simple case
to make our constructions more transparent.

Our goal is to make an ansatz for a possible eigenvector (introduced
in Section 5) and an ansatz for the potential (Section 6). We then establish
the asymptotics of the potential needed to realize our ansatz. Additionally,
we must confirm that the subordinate solution constructed in this way also
satisfies the initial equations encoded within the Jacobi matrix (Section 7),
thus giving an embedded eigenvalue. Section 2 contains some general results
on T-periodic Jacobi operators, while Sections 3 contains some preliminary
results for the construction. In Section 4 we introduce the aforementioned
function C'(\;T) and analyze its properties, in particular that it is a rational
function of A.

2. Preliminary results on the spectrum of a period-T Jacobi
operator

Before we consider perturbations, it is best to state some results describing
the structure of the spectrum of unperturbed T-periodic Jacobi operators.

It is not hard to see that the spectrum of a period-T" Jacobi matrix, Jr,
is such that

o(Jr) C [-max{a; + as,as + as,...,ar + a1} — min{by, ..., br},
max{aj + az,as + as,...,ar + a1} + max{by,...,br}].

The inclusion is sharp for period-1 and period-2 Jacobi operators, which can
easily be proved. Moreover, the operator is self-adjoint and in the case of the
vanishing diagonal its spectrum is symmetric w.r.t. zero.

The next elementary lemma gives information which will be useful in
determining the entries of the monodromy matrix associated to Jr.

0 1
Ag = ( cs A;bs )

with ag,cs # 0. Let m € N and

_ (e eV _ T
AN = ( az1(N) a;z(/\) ) =114

Lemma 2.1. Let

Then, for m > 2,

Am—2 P
a11(A) = c1 —— + Prn—s(}), a12(N) = —5— + Pn—2(N),
H Qs H as
s=2 s=1
m—1 . PN
agl()\) =Cl—0 + Pm_2(>\), and a22(>\) = + Pm_1(>\),

H2 as IT as
o=
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where Ppy_1(N), Pr—a(A), Pr_2(X) and Prp,_3(X) are real polynomials in X of
degree less than or equal to m —1,m — 2, m — 2 and m — 3, respectively, and
Pi(A\) =0 fork <O0.

Proof. We use induction on m, m > 2. For the base case of m = 2 we have
ai] =c,a12 = ’\alb S =c2+ W Immediately,
they satisfy the hypothesm Now assume the result holds up to m = k. To

prove the result for m = k + 1, observe that by induction,

]ﬁ 0 1 0 1 ﬁ 0 1
s=1 A=b A=bria s=1 Py
Cs as = Ck+1 Grt1 Cs as
0 1 2 4P s A —+P
_ A Ta T3 [Tole, T2
Ck kil c AR + ﬁk t + Py
1 Ph+1 T, -2 Soias -
k—1 ~ )\k
1 ~+ Pr2 7 + Py
— s=10s |
Ak+1
+ Pk 1 = + P
H?*é as 145 as k

Corollary 2.2. Let M be the monodromy matriz for an arbitrary period-T
operator, 1.e.

_( mu () mi(A) )
M) = ( mai(A) mas(N) ) = BrNBra®). Bl

and B;(\) are the transfer matrices given by

0 1
Bl(A) :< —a;—1 A=b; )7>‘€Ca

where 1 =1,2,..., T, with ag := ap. Then, det(M(\)) =1 and for all T > 1
we have
T-2 )\Tfl
mn()\) —ar—— + Pr_ 3()\) m12(>\) =g

H Qs H Qg
)\T 1 )\T
T— + PT 2()\) mgg()\) =
H Qs H Qs
s=1 s=1
where Pr_1(X), Pr_a(\), Pr_s(\) and Pr_s()\) are real polynomials in A of
degree less than or equal to T —1,T —2,T —2 and T — 3, respectively.

+ Pr_s(A),

m21(>\) = — -|—PT 1()\)
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It is a classical fact (see, for example, [3] for Schrédinger operators and
[6] for Jacobi matrices) that for A € R, |Tr (M (X)) | < 2 implies that X lies
in the absolutely continuous spectrum, o, . (J7), while if |Tr (M(X)) ]| > 2,
then X lies in the resolvent or the point spectrum: p(J7) U o, (Jr). Further-
more, we can canonically partition the points in the complex plane into three
categories: hyperbolic, elliptic, parabolic.

Definition 2.3. The hyperbolic points are those A € C that produce a mon-
odromy matrix with two eigenvalues, p1, po such that |ui]| > 1 and |us| < 1;
elliptic points those that produce two distinct eigenvalues of modulus one;
and parabolic points those that produce one eigenvalue of algebraic multi-
plicity two, i.e. Tr(M (X)) = £2. Moreover, we define the generalised interior
of the essential spectrum, denoted o, to be the set of elliptic points.

Remark 2.4. For A € R we can distinguish the hyperbolic, elliptic and para-
bolic cases by |Tr(M(N)| > 2,|Tr(M(N)| < 2,|Tr(M(X))| = 2, respectively.

Lemma 2.5. All points in CtUC™ for an arbitrary T-periodic Jacobi operator
belong to the hyperbolic region. In particular, all parabolic (and elliptic) points
are real.

Proof. Let A € C\ R and consider the Weyl vector, f, defined as

f,\ = (JT — )\)_161
where e; = (1,0,0,...). Obviously, this Weyl vector belongs to I2 and there-
fore its components are decaying. If A belongs to either the elliptic or par-

abolic regions then trivial analysis of the powers of the monodromy matrix
leads to the fact that no solution of the recurrence relation

p—1Un—1 + bpuy, + ApUn1 = )\Un,’fb >2
decays. Therefore all non-real A are hyperbolic points. O

The following result will not surprise specialists in the area, but to the
best of our knowledge there is no proof in the literature. Of course, it is a
folklore-type result.

Lemma 2.6. We consider a family of period-T Jacobi operators

b1+€ a1—|—n
ay+n by as

Je,n = ar_—1 bT ar (2)
ar bi4+e€e a1+n
ai+mn b az

depending on the two parameters € and 1. Then there exists an open dense
set D in R? such that for all (e,n) € D the essential spectrum of Je.n consists
of T distinct real intervals.
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Proof. We will refer to the situation that oess(Je ) consists of T distinct
real intervals as the non-degenerate case. The proof will consist of two parts:
We show that non-degeneracy is stable under small perturbations, while on
the other hand the degenerate case is not stable. We initially introduce some
notation.

Define the transfer matrices for J. , as

0 1
Bl(A) = ( —ai—1 A—b; ) )

[¢23 a;

fori=3,4,...,T, and

0 1 0 1
Bl,em()‘) = < —ar  A=bi—e¢ )7 BZ,e,n()‘) = < _aitn  A=bsy ) .

ai+mn ai1+mn az az

Let Mo be the HlOHOdI‘OIIly matrix for Jo707 ie. MO = BTBT_1 . 327070317070,
and M, , the monodromy matrix for J. ,, i.e.

My := Br0,0Br-100---B3.00B2.cnBi,cy = MoBy g oBs g 0BcnBien-
(3)
By Corollary 2.2 we have

_ [ pi(A) p2(N)
Mo() = ( p3(A)  pa(N) ) ’

where p1(\), p2(N), p3(N) and py(A) are real polynomials in A of order T' — 2,
T—1,T—1 and T respectively. Then, as A — (Tr(My(A)) £ 2) are two polyno-
mials each of degree T" in A, there are at most 27" real zeros of these functions,
providing at most T intervals of a.c. spectrum. Recall from Lemma 2.5 that
all of the parabolic points for Jr are real.

(Step One) It needs to be shown that if Jyo is non-degenerate, then
adding sufficiently small €,7 to the operator does not cause two previously
distinct parabolic points to overlap. The argument is simple: For each pair of
distinct parabolic points (A;, Ag) of Jp ¢ there exists d; , > 0 such that for the
corresponding parabolic points of J. ,, we have A;(e, ) # Ai (e, n) for |e], |n| <
d;.k, using the fact that the roots of a polynomial depend continuously on its
coefficients. (See, for example, Appendix A in [17].) Then, since there are at
most 27" parabolic points in total, we can define

0 :=mindj >0
7.k
which implies
Am(€,m) # An(e,n)
for all |e|,|n] < §,m,n € {1,...,2T}, m # n. This shows that the non-
degenerate case is stable.

(Step Two) We now show that the case where two of the intervals of
essential spectrum of Jy o overlap is unstable. Let Ay be a parabolic point
for Joo. We will only consider the case when Tr(My(Xg)) = 2, the case
Tr(Mo(Mo)) = —2 can be dealt with similarly. Assume that Ao ¢ 0oess(Jo,0)-
Then & Tr(My(Ag)) = 0, otherwise Tr(Mo(A)) — 2 would change sign at A
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and \g would separate the elliptic and hyperbolic regions, implying Ay €

8Uess<JO,0)-
We now show that in most cases a diagonal perturbation is sufficient to
split the overlapping intervals. Assume that

Ip3(Xo)| + [P5(Ao)| # 0. (4)

Let A (depending on €) be a degenerate parabolic point for some J. o, i.e.
d
Tr(Meo(A) =2 and aTr(Me,o()\)) =0 (5)

Our objective is to show that this cannot happen for sufficiently small A — X\
and e. Due to continuous dependence of the roots on the small parameter ¢,
there is no need to consider the case Tr(M¢o(A\)) = —2. Also, (4) will hold
(for the same polynomial ps from M) with Ay replaced by A in a sufficiently
small neighbourhood of Ag. Noting that Bs o is independent of € we get that

€ 0 0
Me,O = BTBT—l e B2,070 (BLO,O _ ( 0 1 ) )
a

- _i 1 0 0
—w(1- 530 (g 1)):

As
-1y A=bi  _ay
B1,0,0( )—( 1 0 ),
we get
epsz (A
Tr(Meo(A) = p1(A) +pa(N) + %. (6)
Now, Equations (6) and (5) combine to give the new conditions
A
p1(A) +pa(A) + ) _ 2 (7)
ar
and ”
Pi(A) + pi(A) + eps( ) _o. (8)
T

If Equations (7) and (8) are both satisfied then we obtain

(2= p1(N) = pa(N)P5(N) + (P2 () + Pa(N))p3(A) = 0. 9)
By invoking Corollary 2.2 we observe that the product of polynomials
on the left hand side equals

) - (PR g, (10

Note that the term 2p4()) is a polynomial of degree not greater than (7' —2),

!/
the rational function (%&‘(’\)) is of order 0, and the term p3()) is a

polynomial of degree 2(T" — 1). Combining these observations we have that
the entire last term of the expression is a polynomial of degree 2(7'—1). Since
2(T — 1) is greater than (T — 2) the whole expression is of degree 2(T — 1).
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Clearly, this is not identically zero. Furthermore, this means there are at
most 27 — 2 roots, say 1, ..., or—2 which are independent of €. Then, since
under our assumptions |ps(A)| + [p5(A)| # 0, we calculate the valid values for
€ by substituting A := pu; into either Equation (7) or (8), and, so, there are at
most 27" — 2 valid values for e. In particular, for any sufficiently small € # 0,
the value A cannot be a degenerate parabolic point for J. . Therefore, all
degenerate parabolic points satisfying (4) will be split into non-degenerate
points for |e| # 0 sufficiently small.

It remains to deal with the exceptional case p3(Ag) = p5(Ao) = 0. In this
case, we use a perturbation with e = 0, 7 # 0. Note that since Tr(Mp(Ng)) = 2
and det My(Ao) = 1, we have that ps(Ao) = 0 implies p1(Ag) = pa(Xo) =1
Then

L L ay A=b (a1+n a
Bio0Bso B B = ai+n ar ar ai+tn
1,0,0°2,0,022,0,n21,0,n 0 a1+n
ay

and using (3) we get

a1 A=by fa1+7 a1 a1 +n
Tebty ) =) 2 )2 (B B 2t

Evaluating at A, we get

a +a1+n_a?+(a1+n)2_ n?

TrMy (o) = = o
0577( O) ay + 77 a aq (0,1 + 77) ay (al + Tl)

> 2,

for all || # 0, so A is a hyperbolic point for Jy, for n # 0. Choosing |7
sufficiently small such that no non-degenerate parabolic points can degenerate
(see Step One), this implies that the total degeneracy of the roots at must
have decreased by at least one.

Repeating the procedure finitely many times, we can ensure that all
roots of TrM, ,(\) — 2 are simple for sufficiently small non-zero (e,7). Note
that in each step, € or 7 may be chosen arbitrarily small. Since the set of
non-degenerate points is open by Step 1, the set of points (e,7n) is an open
dense set. (]

As a consequence of the above, we obtain the following theorem.

Theorem 2.7. For almost all choices of parameters (a1,...,ar,b1,...,by) €
(R+)T x RT the essential spectrum (which equals the absolutely continuous
spectrum) of the associated Hermitian T-periodic Jacobi matriz consists of T
distinct real intervals.

3. Solutions to period-T difference equations

In this section, and the next, the subsidiary functions our eigenvector will
depend upon are defined. From now on until the end of the paper we will
assume for simplicity that b; = 0 for all 4. This restriction is simple to remove.
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. 0 1 ,
Firstly, define Bj(A) :=( _a;-1 |, where j e {1,...,T}, and

M()\) = BT()\)BTfl()\) e Bl ()\)
Then, if A\ € oo(Jr) we have that o(M()\)) = {??®) =P for some
real-valued function #(\) (the quasi-momentum). Therefore there exists an

invertible matrix V such that M = V! ( ’g 2 > V, where

p(A) = e, (11)
Lemma 3.1. Let A € oo (Jr). Then, for any non-zero solution, (¥n)n>1, to

the period-T difference equation, an—1Up—1 + GpUpr1 = Aup,n > 1, we have
the expression

(Im(4hn))? = ns(A) sin(2(k — 1)I(A) + ¢s(N)) +7s(N),
wheren =T(k—1)+s, s € {0,...,T—1} and ns,vs are real functions which,
along with ¢s, are independent of k and 6(\) is given by Equation (11).

Proof. Since 1, satisfies the difference equation, and n = T'(k — 1) + s with
s €{0,...,T — 1} we have for any < io > e C?\ ( 8 )
1

tn _ k=1 { %o
(1%“)_38...311\4 (wl)

_ pED) 0 —1( %o
Bs...Blv< . u<’”>(/\)>v 1<¢1>

as(/\)ei(k—l)e(A) + Bs ()\)e—i(k—l)e(A)
= HS(A)ei(kfl)O()\) + X‘g()\)efi(kfl)eo\) )
for some functions as, fs, ks, Xs of A € oey(Jr) and s. In the case of s = 0 we
interpret By ... Bi to equal the identity, and B; ... By = B;. Consequently,

U)n = wT(k—1)+s = O‘s()‘)ei(kil)e(m + ﬂs(A)eii(kil)e(A)'

Thus, B

Im(in) = as(A) sin((k = 1)0) + Bs(A) cos((k — 1)0), (12)
where a4 (\) := Re(as(N)) — Re(Bs(N)), Bs(A) := Im(as(N) + Im(Bs(N)) are
real-valued functions of A.

Furthermore, using the double-angle formulae, sin(2z) = 2sin(x) cos(z)

and cos(2z) = cos?(x) — sin?(z), we have

(Im(hn))? = @2 sin®((k — 1)0) + B cos?((k — 1))

+ @, (2sin((k — 1)6) cos((k — 1)8))
=nssin(2(k — 1)0 + ¢s) + s,

where 75, ¢s and -y, are real-valued. [l

Remark 3.2. Clearly, by suitably choosing 1, the vector (ng,...,nr—1)
can be arranged to be non-trivial.
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Lemma 3.3. Let A\ € ooy(Jr). Then, there exists a particular non-zero so-
lution, (@n)n>1, to the period-T difference equation ap_1Up—1 + Gnlnt1 =
Ay, n > 1 which has the property

Pn(X) = ps(A)e'F~1IN (13)

for some non-trivial set of functions (s) =y, where n = T(k —1) + s,s €
{0,..., T —1}.

Proof. Recall from above that M ()) has eigenvalues eV i.e.

v (7)== (2,

for some g, 1. Define o, ..., or_1 by

( Ps ) = B.B._,...B ( ¥o )
Ps+1 ©1

Then using the notation n =T(k — 1) + s,

( Pn ) :Bs...BlM(k*I) ( ®o )
Pn+1 ©1

— B,. “Ble(k—l)ie()\) %o
$1

— (k=1)i0(N) ( Ps ) .
<Ps+1

L1000

Consequently,
$n =@

Remark 3.4. Henceforth, the eigenvector of the monodromy matrix will be
normalized with ¢y = 1. Subsequent calculations in Lemma 4.3 will confirm
the validity of this choice for almost every A.

4. Properties of the function C'(\; 7))

In this section we introduce a new, analytic function of A, C(\;T). This will
play an important role in the asymptotic expansion of our eigenvector, (uy,).
Its zeros will give values of A where our construction fails. Here we explore
its properties and structure.

T
Definition 4.1. For A € o (Jr), let C(\;T) := Re (Z <ps()\)gas_1()\)>,
s=1

where ¢ are as in Lemma 3.3.

Note that Definition 4.1 is invariant w.r.t. the choice of branches p
and T on o¢y(Jr). Indeed, since A € oy (Jr) C R, all matrix elements of
Bs(A),s=1,2,...,T and M()\) are real polynomials, o = 1 and

P1(N) = (1 = mii (V) miy (A)
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changes under the transformation p — @ to the complex conjugate function
©1(A) = B (A), A € gen(Jr). For the last fact the inclusion A € ogy(Jr) is
essential. Hence for all s = 1,...,T ¢s(\) — $,(A\) and the expression for
C(MT), A€ oen(Jr), transforms into

(zgo oun( ) (z% ol ):cw»

Definition 4.2. Consider a rational function in the variable z of the form

8 where P(z),Q(z) are polynomials. The order of the rational function

is defined to be the difference in degree of the polynomials P(z) and Q(x):
deg P — deg Q.

Lemma 4.3. The function C(\;T) is a rational function on oey(Jr) and can
be extended, uniquely, as a rational function to C.

Proof. Let X € o (Jr). First, the special cases of T'=1 and T' = 2 must be

considered separately. For T'=1, ¢9 = 1 and ¢ = u, so
_ Tr(M (A A
C(A1) = Re (p19,) = Re(p) = % = 201

For T' = 2 we have

_az A
— ai ay
M= % em
aq a1az a

By defining ¢ := 1, ¢ is such that

wo(7)=0(3)

Consequently,
aift + az
Y1 = ﬁ,@z =M
Then, using up =1,
C(A;2) = Re (291 + ©190) (14)
aip+ay  aip+as
=R
‘ (“ X )
Tr(M (M
_lataz) g pegy) = (@ tae) () )
A A 2
(a1 +a2) /o 2, 2 (a1 +az2) /o 2
=-— =2 (N\ - 2 =-— (N - — )
2Xa1as ( (al +a2) + a1a2) 2Xa1as ( |Cl1 CL2| )

Thus, the assertion holds for both of these cases.

For T' > 3 we define ¢y := 1 and follow a similar technique to the
case for T' = 2. Here we see that the normalisation ¢y = 1 is valid unless
mi2(A) = 0. Consequently, for mi2(\) # 0,

H—=mi

Yr=—",
mi2



12 Edmund Judge, Sergey Naboko and Tan Wood

where m11, m12 are as described in Corollary 2.2. Throughout the proof Py
will denote a polynomial of at most degree k, while Ry, Ry, will denote ra-
tional functions of order at most k. Using Lemma 2.2, again, and a similar
calculation as in the case of Lemma 3.3, for s = 2,...,T we obtain

AL —-m apAs~2
@S:<H+PS—2>M+<_:’;_1+ Ps—3>a
[[=1a; mi2 [[=1a
where P_; and ﬁ,l are both identically zero. Note that I'm(u) is an algebraic
but not rational function of A. Indeed, Tr(M (X)) is a polynomial in A and

2
det(M (X)) = 1, therefore I'm(u) is the root of (W) + 1, which would

be the square of a rational function iff Tr (M ()\)) were equal to a constant.
However, since pyg = 1 and

» Tr(M (A

Re() = Re(p) = 2 ),

Re (¢s(A\)@,_1(N)) is clearly a rational function of A, C(\; T) is also a rational
function of A\, A € oo (Jr). Now we see that C(A\;T) is well-defined as an
analytic function not only on o.;(Jr), but everywhere on C except at the
roots of mya(A). O

Remark 4.4. The function C(\;T) only fails to be defined when the poly-
nomial mq2(\), defined in Corollary 2.2, is equal to 0. For A € oo (Jr) we
have mj2(A) # 0 since if m12(\) = 0 then the eigenvalues of the monodromy
matrix for real A are real, and as usual their product is 1. Indeed, since
mi2(A) = 0, we have that the monodromy matrix is lower-triangular and
therefore mq1()\) and ma2()) are the (real) eigenvalues. Thus, A is either in
the hyperbolic or parabolic case, contradicting that A € oy (Jr), and so the
denominator has no roots in e (Jr).

Our technique for embedding eigenvalues fails for values A when the
function C(A\;T) = 0. It is important to understand when this situation
arises.

Remark 4.5. For the case T = 1, the function C()\;1) has only one root at
A = 0. From Equation (14) we know that for the case T' = 2 the function
C'(A;2) has no zeros for A € o¢(J2) as its two roots, Ax = £|a; — agl, are
parabolic points. For the case T' = 3 the function

1 1 1
A (tTl + @ + g)
2(\2 — a?)

Cc(\3) = <>\2 — (a% + a% + a%) +

2(0,1 —+ a2 —+ (13))

i 1 1
a Ta; Tag

(15)

has a zero at A = 0. In order to preclude any other roots in the generalised

interior of the a.c. spectrum (see Definition 2.3) it is sufficient to establish

that [Tr(M(N))| > 2 whenever C(X;3) = 0. A simple calculation shows that
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this is equivalent to
glay,as) := (a‘i’—i—ai’ag—i—ag—i—alag—i—ag—l—al—a%ag—alag—alag)(al—i—ag—&—lf
— (a1 + az + ajas)® >0,

where, by homogeneity, w.l.o.g ag = 1. Numerical calculations of the roots of
g suggest that this function is non-negative for a;, as > 0. More generally, we
believe that for even T' the function C(X;T) has no zeros in the generalized
interior of the a.c. spectrum, and for odd T there is a single solution at A = 0.

Remark 4.6. Now consider a different formula for C(A;T) having a “sym-
plectic character”. Using it one can easily deduce, in a slightly different way,

the rationality of C(\; T). Introducing the indefinite matrix J := ( (1) é )

in C? one can rewrite the expression for C(\;T) in the following form (we
assume below that A € o¢y(Jr)):

T
(%(A)@_l (>‘) + ‘PS—l(A)@sO‘))

<j (,i B’“W) ( wf(OA) ><§ Bk(A)) < w;p(ok) >>C
S((Imm) o (o) () (i)

= <F W [( O ) ) e ( i ) )} |

1 ~ 0
oz )0 (ot )] )
where we denoted the real matrix polynomials
1 [k B * =
3 (H Bk(/\)> J (H Bk(/\)>
k=1 k=1
by Fs(A), s > 1 and Fi(\) := % Therefore

C(NT) = ZT: { <FS(A) < —mll(/\im_;()\) > ’ ( —mu(Xﬁmle(X) >><c
1

s=1

(B0 (mrton ) (e >C2 j (16)

where we used that Tr(M (X)) = p(A) + @A), A € gen(Jr). From the last
expression, taking into consideration that Fy(\),mi1(\), mi2(N), Tr (M (X))



14 Edmund Judge, Sergey Naboko and Tan Wood

are polynomials in A, we see immediately that C(\;T') is a rational function of
A on o (Jr) and therefore admits unique analytic continuation as a rational
function to the whole of C, given by Formula (16). Moreover, using the last
formula one can give an upper bound for the order of C'(A;T') as a rational
function, but in the next theorem we will present an explicit calculation of
the order.

Theorem 4.7. The function C(A\;T) is a rational function of A of order 1.
Moreover, its asymptotic expansion is given by

1
C(/\;T)Ni(af1+~-~+a;1)/\,)\—>oo.

Proof. (Step One) For A € oo (Jr) we have

Zws )B—1 (A —Mm(Zws )P, ( )

T 1
:ZSO( 905 1 72 (,OS 1 ) (Psfl(/\)as(A)>

s=1

l\')

Note that by the constancy of the “dlscrete Wronskian” we know that (using
ag = ar)

as(Ps41(N)Ps(A) = s (NP1 (V) = as-1(ps (VP51 (A) = ws1(XN)P(V)),
(17)
s=1,2,...,T — 1. The last identity can be easily proved using the fact that
both ¢s(A) and ,(\) are solutions to the recurrence relations. Applying
Equation (17) one obtains

C(x (Zws )Ps—1( )

—= (a7 + -+ azph) ar (1 (VB () — wo(N)B1 (V) (18)
1 (AP (A) — o (NP1 (A) = p1(A) —21(A)
= (1) = mu(N)miy (V) = (BN = mi (Mmiy (V)
= (p(\) = p(N) miy (V)
admits analytic continuation from oy (Jr) to C\ aeSS(JT) as an analytic

(algebraic, but not rational) function (u(A) — () miy (A). It asymptot-
ically behaves like
1 71

T T-1 - A
—Te(M(A)mi(A) ~ =AT (H as> -1 (H a5> -

assuming that the branch of the analytic function u(\) has been chosen so
that u(\) — 0, as A — oo. Note that in C* UC~ we are in the hyperbolic

—1
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situation (Lemma 2.5) so the eigenvalues of M()) (which are (M), u=(\)
as det(M (X)) = 1) with one of them (at our choice) behaving at infinity like

T - T
w(A) ~ (/\T/ <H as>) and the other one like u=*(\) ~ <)\T/ 11 as>.

s=1 s=1
Note that the correct choice of the branch of p(A) (despite invariance of the
definition of C'(\; T) under that choice) is crucial for our proof.

Therefore the second term in Equation (18) admits the asymptotics

%(af1+---+a;1))\

as A — oo according to our choice of the branch p(A). The opposite choice
of the branch changes the sign in the above mentioned asymptotics of the
second term and therefore leads to a sophisticated calculation of the first
term, which we are not able to produce here.

(Step Two) We next analyse the asymptotics at infinity of the first term
in Formula (18). Since ¢ = 1,

e1(A) = (u(A) = mu(N)m (A) =0 (A7),
as p(A) = O (A1) , A — oc. For the function ¢,(A) we have

(28 )-mn-mn (30 )

= (B4 - B (V) M) ( Y )
= (B - B (V) ( B

= [1(BZL () ... BFY (V)] ( o(1 ) >

= (90 ) =00

since obviously the matrix function
HVBZL () B () = 0 (AT=9T)

as

A
1 ] s -1 _
B = (E ) ) =ow
and p(A) = O (A7) , X — oo. Hence
ws(A) =0 ()\75) ;A — 00,

s=1,2,...,T.
(Step Three) We now analyse the asymptotics of the analytic continu-

ation of P,_;(\) = ps_1(\). Taking the complex conjugate for A € ooy (Jr)
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( oo ) =B Bl ( (=) — ) ) ) |
)

Since p~1(\) = O (/\T) ;A = 00, for the analytic continuation to C this gives

7, 1
(arith ) =205 (o )
where the matrix polynomial Bs(A)...B1(A\) = O (A\*), A — oco. So,

(Perl(X) =0 ()‘S-H) )
A—o00,s=0,1,...,T—1.
(Step Four) Combining both asymptotic formulas for ¢s(\) and @4 (\)
we finally obtain

Y7 =3 0(A) - 0(x )
= Zo A hH=001"

as A — 0o, which leads to the formula
1
C(NT) = 5(a;l+---+a;1))\+0(1),>\—>oo.

As a corollary we obtain that the function C'(A;T') is always of order exactly
1 and is therefore never identically zero. O

5. The ansatz for the eigenvector and its asymptotics

In this section we plan to elaborate on the explicit construction of the eigen-
vector associated with the eigenvalue embedded in the a.c. spectrum of the
Jacobi matrix with a diagonal perturbation of Coulomb-type decay.

The following classical result will be used in the next lemma.

Proposition 5.1. (see [22]). Assume a,v € R,y > 0, then the following esti-
mate holds:

ooeika_Ol , o z
k; o =00/n) n—00, = —¢L

We will now introduce the function w, which is an important part of
the eigenvector of the embedded eigenvalue.
Lemma 5.2. Let A € oo (Jr),a > 1 and
(oo}
wa(A) = Y m O Im(pm (M) Im(pm-1(N)), (19)

m=n+1
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where (¢y,) is defined as in (13). Then

B C(NMT) 1

Moreover, w, € 1% for a > %

Remark 5.3. Formula (20) shows that at zeros of C(A\;T') the asymptotics
for the function w, change drastically. This proves the importance of our
analysis in Section 4.

Proof. The proof is divided into two cases.
Case 1 If n = T'(k — 1) then by Lemma 3.3 we obtain the relation

00 T
Wn, = Z Z(Tj +8) " Im (prjts) Im (PTj4s-1)
j=k—1s=1
o] T-—1 N
= ) (Tj)° (Z [Im (e7¢,) Im (e’ p,_1)]
j=k—1 s=1
+Im (ei(j+1)0900) Im( 1]980,1_‘ 1)> 4 O(kfa)
> =t 4 N )
— Z (Tj)a< [Z T (6”9805 o e*ljea ) ( ”9805 L —e 1309051)‘|
j=k—1 s=1
L iG+ne —iG+)0 ) (i3 —ij0 —a
1 ( Yo —¢€ 800) (e $Yr-1—¢€ <PT—1) +O(k™%).
Then, () € 7Z as X € oo (Jr), so by Proposition 5.1
T oo 1 T—1 ‘ ‘
Z TX <Z (905¢571 +¢s@s—1) + 629900¢T71 + 62090080T—1>
: — s—1
Ok~ ”)
_ra S %0 -
=T ) 5 CT) + O(k™).

I
el

j=k—-1

Thus we can apply the Integral Test and obtain

B C(NMT) 1
“n = 2(a — 1)Tno-1 +0 <na) '
Finally, if C(\;T) #0

3
wp=<ntTYe? — a>§.

This proves the result for Case 1.
Case 2If n=T(k —1) + s, with s, € {1,...,7 — 1}. Then
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oo

T
Wn = ZZ(TJ +8)"Im (prj+s) Im (prjrs—1) + F(n)
j=k s=1
where, noting that s, +1 > 2,
T

F(n) = Z (T'(k—1)+ 5)_a Im (@T(k—1)+s) Im (@T(k—1)+s—1)
s=snp+1
T
= (T(k—1)+s)" " Im ei(k_l)eﬁs Im ei(k_l)eﬁs_l
Py ( )i ( )

—0() =0 (n).
Thus, the remainder can be absorbed in the error term. ([

We now make an ansatz for the eigenvector of the embedded eigenvalue,
A € oen(Jr), in the form

Up = Im(pg)wy.
Theorem 5.4. The sequence, (uy,), has the asymptotic form

_ Tesin(nb/T + &) +o< 1 )

nozfl no

n

where ng and Zs are real functions, « > 1,n =T (k—1)+s withs € {0,...,T—
1} and O()\) as in Equation (11). Moreover, the vector (7js)'= is equal to the
product of C(\;T) with some non-zero vector. Therefore the only source of
vanishing leading terms in the function w, is the vanishing of C(X\;T).

Proof. By Equation (12)
Im(p,) = g sin((k — 1)0) + B, cos((k — 1)0)

~ > Ns . Es
= a2+ 32 [ —2sin((k — 1)0) + ———— cos((k — 1))
Vaz+ Vaz+

= 1 sin((k — 1)0 + ¢
where 0}, := /a2 + Bf and ¢/, are real functions of A. Then, using Lemma 5.2,
we obtain

Up = Im(pn)wn

sin((k = 10 + ) (1m0 (5 ))
S0 o (1),

nafl no
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where 7, := g((o)“fﬂl))# . Finally, we wish to express our eigenvector in terms of
n. Thus,
nssin((k —1)60 / 1
w, — Tasin(( a_1> 99 L o <a>
n n
s sin(nf/T + C 1
7 81n(na{1+C)+O<a>,
n n
where ¢, = ¢, — s0/T. O

6. The structure of the potential and its asymptotics

The following theorem gives an explicit formula for the potential, and the
eigenvector, in terms of the solutions ¢,, of the periodic problem, A and the
parameter a.

Theorem 6.1. Let A € ooy(Jr) with C(N\T) # 0. Define wy(X) as in (19)
and ©n(A) as in (13) and let « > 3, n=T(k—1)+s,5 € {0,...,T — 1},

o = vl () antimon? (P20 )

n Wn,
Then
un(A) = wn(A)Im (pn(N)) (22)
satisfies
Ap—1Up—1 + ptins1 + (@gn — ANu, =0 (23)
for n > 2. Moreover, q, has the following asymptotic behaviour:
= 3 (s sin CaOO)/T 4 G + 8,00 +0 (75 ) @1

where pg, (s and ds are real functions.

Remark 6.2. In Formula (21) we assume without loss of generality that
wp # 0Vn = 1,2,.... Indeed, due to the condition that C(\;T) # 0
and Formula (20) we see that w, # 0 Vn > L, where L is sufficiently
large. If w, vanishes for some n < L, then one can change the ansatz for
Wn, (19), by introducing into the sum over m an extra multiple, ¢,,, where
¢m = 1Y m > L. The values ¢y, ca,...,cr_1 can be chosen in a suitable way
such that wy,ws,...,wr_1 are not equal to zero.

Remark 6.3. It can be shown by a lengthy calculation that if C(\;T) # 0
then

T-1
> lps(NIP >0,
s=0

showing that the potential is genuinely of the form %L times an oscillating
term. This also follows, without any calculation, from the fact that no eigen-
values can be embedded in o (Jr) by a potential (g,,) with ¢, = O(-%). The
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proof of this fact for T' =1 (the discrete Schrodinger case) is well-known, see,
e.g. [15].

Proof. (Step One) Check wu, () in (22) satisfies (23). Then, for n > 2,

Ap—1Up—1 + AnUn4+1 — )\un = —(qnUn

= Gp_1wnp_1Im (@n—l) + apwpy1Im (‘Pn—&-l) — dwpIm (@n)

= —@nwnIm (¢n)
<= Im(an-19n-1+ @Gn@ni1 — Apn)wn + Im (0n-1) an—1 (Wn—1 — wy)
+ andm (on+1) (W1 — wWn) = —guIm (on) wn
= Im(pn-1) an-1 (Wn-1 — wn)
+ andm (Pn+1) (Wnt1 — wn) = —gudm (pn) wy (25)

where we have used that
Wn—1 —wyp =n"*Im (n) Im (on_1), (26)

and that ¢, satisfies the three-term recurrence relation (23). Choosing ¢, as
in (21) guarantees the equality (25).

Since A € ey (J1), |n| = |s|, which means that a,_1 (Im(pn—_1))* and
an (Im(pns1))? are oscillating factors in the variable k. Then one can expect

growth or decay in ¢, to come from the components (%) and (("tﬁ)

n

By Lemma 5.2 we have the relation w,, < n'~®, and so we obtain

1 —
(n+1) “nl

Wn

which gives a Coulomb-type decay for g,.
(Step Two) We now prove (24). Using Lemmas 3.1 and 5.2 for n =
T(k—1)+s,s€{l,...,T — 1}, we immediately obtain

n = —ag—1 (Ns—15I0(2(k — 1)+ ds_1) + Ys_1) (W +0 <nlz)>

G sin(h = 10+ 6.01) 420 (e 40 (1)) en

2(a— 1T

= m ( (—ns—1as—1 COS P51 + Ns 105 COS ¢s+1) Sin(2(k; — 1)9)

+ (Ms+105 8N Gs 1 — Ns_105_18in¢s_1) cos(2(k — 1))

1
— Vs—10s5—1 + ’Ys—&-las) + O (712)

= % ([os (V) sin(2(k = 1)O(N) + G (\)] + ) + O (732) :

for real functions ¢/ of A,



Perturbed periodic Jacobi matrices 21

4T (v — 1)2
p? = C((;T)Q) < (Ms410s COS By g1 — Ns—105—1 COS Ps_1)°

+ (778+1as sin ¢s+1 — Ns—105—1 Sin (bs—l)2 ) ,

and 65 := 2gg;3“§) (—’7571@5,1 + '78+1as)'
For the special cases of s € {0, — 1} we must be careful because n — 1

and n + 1 will produce different values in the parameter k to those contained
in the n-th element. When s =0 (i.e. n = (k—1)T):

qn = —ar—1 (Nr—18in(2(k — 2)0 + ¢7-1) +y7-1) <W +0 (é))

+ag (nsin(2(k — 1)0 4 ¢1) +71) (M +0 (,jz))

=0 (;) + w ( —nr_1ar—1sin(2(k — 1)0 + ¢r_1 — 26)

+ maosin(2(k — 1)0 + ¢1) — ar—1yr—1 + aT’yl>.
This is of the same form as (27). Consequently,

1n =0 () + 5 IoN)sin 20k = DI + G + BV

for functions ¢, 6o := 25((3%) (=yr-1ar-1 + v1a7) and

5 _ 4T? (o —1)2

Py - W( (mar cos ¢y — nr_1ar—1 cos(pr_1 — 20))°

+ (7’]1@'1" sin (b] — Nr—-1047-1 Sil’l((bT_l — 29))2 ) .
Similarly, when s =T — 1 (i.e. n = kT — 1):

n = —ar—s (pr—2sin(2(k — 1)0 + ¢r_s) + yr—o) (W +0 (;))

+ ar (1o sin(2k6 + o) + o) (W o <7112)>

~0 (;) + % (pr—1 (V) sin (2(k = DIN) + Cr_y) +7-1(N)) ,

for functions ¢}_,,0r—1 = Qgéi}l)) (—yr—2a7_2 + Yoar—1) and

. 4T2(a — 1)2
T T ONTY?

((noar—1 cos(¢o + 20 — nr_sar—s cos dr—2))

+ (moar—1 sin(¢o + 20) — nr_sar_ssindr_5)*).
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Thus, for all s € {0,...,T — 1}, we have the result:

1 1
=0 (33 ) + 3 IO (206 = 100N + )+ 8.
However, we still wish to express our potential in terms of the variable n. This
follows simply from defining the new function (s, where (s := ¢, —s6/T. O

Remark 6.4. Concerning the roots of C(A\;T') for A € oc;(Jr), we may say
the following. As has been stated in the theorem, using a sufficiently slowly
decaying potential, ¢, = O (%), it is possible to introduce a subordinate
[2-solution for any fixed A\ € ¢y (Jr), except at roots of C'(\;T). However
we believe that at any root of C(\;T), X € oeu(Jr), the existence of the
subordinate I2-solution can still be obtained by using a potential, ¢, = O (%),

n — oo.

Remark 6.5. The last statement in the previous remark is true for the case of
the discrete Schrodinger operator. To see this choose a candidate eigenvector

of the form u,, = @ for n > 1 and a potential defined by ¢, =

n

an(—1)"
nz—1 °
forn >2and ¢, = % Then clearly us+qiu; = 0 and the recurrence equations
(- (—le N on(-1)" (~1)L3) 0
n+1 n—1 n? —1 n o
are also satisfied for n > 2. Thus the eigenvalue A = 0 becomes embedded in
the a.c. spectrum of the operator.

7. Embedded eigenvalues

Theorem 6.1 guarantees a subordinate solution of the recurrence relation (23),
but does not guarantee an embedded eigenvalue since it still remains to be
seen if the first-row equation of the Jacobi matrix is satisfied, i.e.

qQu1 + ajuz = Aug.
The next result shows that it is always possible to make \ an eigenvalue

by suitably modifying the potential, slightly.

Theorem 7.1. Assume \ € oo (Jr), C(NT) # 0,0 > % and let u, be given
by (22) for n > 2 and ¢, by (21) for n > 3. Then it is possible to choose
u1,q1,q2 € R such that X € o,(Jr + Q), where Q is an infinite diagonal
matriz with entries (qp).

Remark 7.2. Note that

Oess(JT) = Oa.c.(JT) = Oae.(JT + Q) = Tess(JT + Q)
and
oe(Jr) = oen(Jr + Q).
The coinciding of the essential spectrum of Jr and Jr + @ follows from
the classical Weyl Theorem [5]. The preservation of the a.c. spectrum under
the perturbation ¢, follows from the combination of subordinancy theory [3]
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and asymptotic Levinson-type theory [4]. A similar result for the continuous
Schrodinger case was proven by Behncke [2].

Proof. By Theorem 6.1 we have
Ap_1Up—1 + AnUn+1 + (qn - )\)un =0

for n > 3. However, we also need to satisfy

quuy + ajuz = Aug (28)
and
arur + (g2 — MNuz + agug = 0. (29)
We have two cases:

1. If uy # 0 then defining g := M with u; := 51“2 with
g1 as a free parameter and not equal to A, ensures all conditions are
satisfied.

2. If ug = 0 then defining u; := 7“211‘3 and ¢; = A, with ¢2 as a free
parameter, ensures all conditions are satisfied. [l

We are grateful to the unknown referee for his/her very useful remarks.
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