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the key initial events of amyloid formation.

Amyloid diseases are associated with the aggregation
and deposition of mis-folded proteins in the amyloid con-
formation [1, 2]. Amyloid aggregates form through nu-
cleated polymerization of monomeric protein or peptide
precursors (e.g. [7-11]). The slow nucleation process that
initiates the conversion of proteins into their amyloid con-
formation is followed by exponential growth of amyloid
particles, resulting in growth of amyloid fibrils that is
accelerated by secondary processes such as fibril frag-
mentation and aggregate surface catalyzed heterogeneous
nucleation [7, 11-13] (Figure 1). Current mathematical
description of protein assembly into amyloid are based
on systems of mass-action ordinary differential equations,
and they have been successful in describing the average
behaviour of amyloid assembly observed by kinetic exper-
iments (e.g.[11, 12]). The formation kinetics of amyloid
aggregates has been studied extensively by bulk in vitro
experiments in volumes typically in the range of hun-
dreds of pL or larger [12], but has also been observed
recently in elegant microfluidic experiments in pL to nL
range, more closely mimicking physiological volumes in
tissues and cellular compartments [14]. Amyloid growth
experiments typically follow the appearance of amyloid
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I?Pgaw es or the depletion of monomers as function of
ime, yiclding information regarding the rate of the ex-
'erllgzl growth and the length of the lag phase un-
der different protein concentrations at fixed volumes. A
hitherto overlooked piece of information that can be de-
rived from these kinetic experiments is the observed vari-
ation between experimental repeats, which may hold the
key to understanding the early rare nucleation events of
amyloid formation [12, 15-17]. However, current deter-
ministic models cannot describe variability, thus, unable
to address whether the observed variations in lag phase
length reflect subtle experimental differences between the
replicates, contributions from the stochastic nature of the
nucleation mechanism, or a combination of both factors.
As shown recently by Szavits-Nossan and co-workers us-
ing a stochastic nucleated growth model, rare nucleation
events are expected to dictate the behaviour and vari-
ability of amyloid formation in small volumes such as in
cellular compartments [15]. Understanding these rare ini-
tial nucleation events of amyloid formation and the vari-
ability resulting from the stochastic nature of nucleation,
therefore, is of paramount importance in the fundamen-
tal understanding of amyloid diseases and in controlling
amyloid formation.

Here, we present a new stochastic protein assembly
model with the aim to capture the fundamental features

ture, and still allow a fully rigorous mathemati
ysis of these processes (Figure 1).

model contains minimal possible complexity. needed to
describe a nucleated protein polymerizationxsqk al-
lowing us to study it theoretically in thematically
rigorous manner, but still allowing usefum%l‘pe.gison to
experimental data. From our minimal modek, we derive
a closed form formula that can des and predict vari-
ability in the lag phase duratio f%ted protein as-
sembly by giving a proof to/a cen limit theorem for
our model. Our results d w stochasticity
at the molecular level méay in

total reaction populati a
ing on the relative

sembly can begained in
manner by applying our analytical results to the analy-

ata such as parallel progress of the
of magnitude for the rates of the self-
ctions. We also show that the intrinsic

ifl assembly data acquired in large (100 upL) vol-
gesting alternative mechanistic assembly steps
and additional experimental sources that contribute to
the lag-time variability in the observed amyloid growth
curves. Our approach represents the basis for the de-
velopment of extensive and tractable stochastic models,

In this spirit, ur

which will allow the variability information from amy-
loid growth kinetics experiments to be used to inform
the fundamental molecular mechanisms of the key rare
initial events of amyloid formation that may be involved
in producing early on-pathway cytotoxic species associ-
ated with amyloid disease.

See supplemental material [18] at [URL will be inserted
by AIP] for the mathematical background of these re-
sults, in particular the rigorous proofs of the convergence
results, the precise %ematical characterization of the
variability of the assémblyprocess and, finally, some sim-

ulations of these ochimcesses.

surface nucleation and fibril frag-
dsses-““(B) Schematic illustration of the min-
nted by reactions (1) and (2). The phe-

model, incl

lerated g h pathways to the formation of polymers, re-
spectivelys The circles represent the un-polymerised monomer
X and the parallelograms represent the monomeric units in
id formation ) in (1) and (2). Some monomeric
are highlighted with bold outlines to highlight few pos-
ible/paths a monomeric unit in (1) and (2) can take through
the aggregation process.

A PHENOMENOLOGICAL STOCHASTIC
MODEL

To make the model as simple as possible, we con-
sider two distinct types of monomers, we call these
species monomers (X') and polymerised monomers ()),
respectively. The polymerised monomers ) represent
all monomeric units in the amyloid conformation in the
aggregates. Its amount may be viewed as representing
the total polymerised mass, captured for instance by
Thioflavine T (ThT) measurements, as example shows
in Figure 2. Such a simplification is also justified by
the fact that current kinetics measurements of amyloid
growth exhibit variability on the timecourse of the total
polymerised mass, without giving any information on the
size distribution of fibrils. However, such a simplification
do not contain any contributions from spatial dynamics,
molecular motion and transport processes, which may
add complexity to the stochastic behaviour in small vol-
umes. Previous studies (see for instance [19], Supplemen-
tal material (S.M.) 2) have shown that the detail of the
reactions of secondary pathways, such as a fragmentation
kernel, may have a major impact on the size distribution
of polymers, but comparably smaller effects on the time-
course of the polymerised mass. Overall, with this sim-
plification, we can distill the problem down from infinite
number of species to two species, which subsequently can
describe the ability of the amyloid state to convert nor-
mal un-polymerised monomers to the amyloid state with-
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‘ s lmplvc <ing polymer ends or number. Thus, our model polymerised monomer, the monomer converts into
S

>, phenomenological and aims to give new insights into

PUb|I§1|a|I<lmg determinants of stochastic behavior of protein

aggregation and suggests simple ways to extract infor-
mation from experimental data. Our approach departs
from the mechanistic modelling approach used in conven-
tional deterministic models of protein aggregation but is
complementary to those models (e.g. [11, 12, 15]), and
the simplifications allows tractable mathematical deriva-
tion of closed expressions.

We thus consider two distinct species in our model:
monomers, X', and polymerised monomers, ). We then
consider Xy (¢) and Yy (¢) to be the respective numbers
of particles of each species at time ¢ in a fixed volume V.
Initially, it is assumed that there are only M monomers:
Xv(0) = M and Yy (0) = 0. We denote m = M/(V-Ny)
the initial molar concentration of monomers, where N4
is the Avogadro constant. For convenience in the calcula-
tions hereinafter, we introduce the notation V4 = V-Ny4.

Thus, the chemical reactions associated with this sim-
ple model are as follows:

a 2
x+x oy

x4+ "% 9y,

rate constants of &« > 0 and 8 > 0. These real
scribe the following features of a nucleated pol
tion of proteins that characterises amyloid m
Figure 1 for an explanatory scheme of the re

— Reaction (1): We call this step ” ig\on\eince it

tion pro-
cess. Here, we represents this s as the simplest
possible concentration dependent mucleation step
that converts two momnomers o Awo monomeric
units in the amyloi, ate’ that, are growth com-
petent (equivalerzgo! two olyﬁerised Monomers).
The initiation st is equivalent to a nucleation
step involvin

imer formation. This is a common
11;31&5 been applied in a number
odel (e.g. [11, 13]), and is also
that the first molecular at-
towards the nucleation barrier may
nergetic penalty according to the
al nucleation theory. In our model, this re-
ill oceur in a stochastic way. Following the
eio he law of mass action, the encounter

rincipl

the product of the concentrations of each
speeigs. Therefore two monomers (X') disappear to

roduce two polymerised monomers ()) at a rate
aWv2.

— Reaction (2): We call this second step “conver-
sion”, which we modelled as a self-accelerating au-
tocatalytic process. Here, given a monomer and a

a polymerised monomer at a rate 3/V2. This is
representative of a range of accelerating secondary
pathway reactions such as fragmentation, lateral
growth, and aggregate surface catalyzed second nu-
cleation. In this sense, our model may be viewed as
a phenomenological simplification and amalgama-
tion of several mechanistic models. Even though
different secondary processes lead to very differ-
ent size distribz{c;yns of fibrils, they affect the total
polymerised mass, represented here by the quantity

in a‘qualitatively similar way in
Viibb acceleration of growth through

. For example, in the case of frag-

inte ctﬁth monomers X are generated, in a first
oximation, proportional to the number
> sites 7], which in-turn depends on the
f monomeric units in the amyloid fibrils.
sse of secondary fibril surface nucleation,
the that promote surface nucleation is pro-
po‘l'jonal to available surface [13], which is also de-
pen

ent on the number of monomeric units in the
amyloid fibrils (Fig 1). In particular, we expect
our model to behave qualitatively similarly to the
mechanistic model described in [15], which includes
nucleation, polymerization, and fragmentation as
a representative self-accelerating secondary process
motivated by its experimental analysis [14]. It is
however not intended for reaction (2) to be asso-
ciated to any specific microscopic meaning as de-
scribed above.

FIG. 2. Examples of experimental timecourses of amyloid
assembly reactions [12]. Twelve experimental timecourse
of polymerised mass for two given initial concentrations of
monomers are shown: 122 M (blue) and 30.5 uM (green).

Stochastic Evolution. Any given pair of monomers
reacts together by Reaction (1) at rate a/V3, whereas
for a given pair of monomer/polymerized monomer re-
acts by Reaction (2) at rate 3/V3. Let My be the
initial number of monomers and the random variable
describing the number of monomers remaining at time
t is denoted by Xy (t). By taking into account the
Xy (Xy—1)/2 monomers pairs, and the Xy (My—Xy)
monomers/polymerised pairs, the variable Xy (¢) has
jumps of size —2 or —1 which occur at the following rates

Xy (Xy—1
Xy—2 at rate M X %,
va]. « Xv(vaXv) X W

The conservation of mass gives the additional relation
Xy (t)+Yy(t)=My. As noticed previously, in the de-
scription of Reactions (1) and (2) above, this representa-
tion is completely coherent with the law of mass action.
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Asymptotic Evolution of the Number of
Monomers

Al

Publishing

Assuming that the volume V is large and the initial
concentration of monomers remains constant and equal
to m > 0, i.e. the initial number of monomers My is
such that My /Va ~ m, we can derive the following:

Polymerisation occurs on the time scale t—Vat.
Let (X (¢)) be the scaled process defined by

Xyl = 20, 0
A
In Equation (4), the time scale of the process (Xy (t))
is accelerated with a factor V4. As it will be seen, as
V gets large, t — Vit is the correct time scale to carry
out a large volume expansion and to observe the decay
of (X (t)) on the space scale proportional to V.
Assuming for the moment that (X (¢)) is converging
in distribution, Relations (3) then suggest that its limit
(z(t)) should satisfy the following ODE, which is the law
of Mass Action for our simple model

analysis of the influence of the parameters o and 8 on the
stochasticity of the reactions. We found that the smaller
the ratio o/ is, the more important the influence of the
stochasticity on the lag-time, but the less important for
the following of the reaction. This is quantified in the
following study of the stochastic time for § completion
below.

FIG. 3. Simulations T?he model with different numerical

parameter values. Par ters and the time axes are scaled
with identical units. e redycurve is the first order solution
of Equation(5). 3

B. sy‘ratotics f the Time for § Reaction
S Completion

—
To antify)he effect of o and 8 on the stochasticity
t}:: reaetions, we define the time for § reaction com-

etion, where 0 < 0 < 1 is a percentage, as the following

stopping time
| -
Tv((S) = inf{t > O,Xv(t) < (1 — (S)Mv}

di
(Tf = —az(t)? — BE(t)(m — &(t)), with 7(0) = m. 5\‘“

e Ty is the first time when there is a ¢ fraction

One can show that this is indeed the case. If the‘\“ﬂ\of polymers is produced. Ty for § small - 5 to 10% -

number My, of monomers is such that

. My
yim =m0,

then, as V' goes to infinity, the process
in distribution to (Z(t)), solution of Equagio
by the formula

OLVErges
, given

(6)

The proof is classical [20] in Sections A
and E of supplemental gteria mment on the rela-
tive influence of the parameters « and 5 on the determin-
istic curve, see supple tal re S2. This asymptotic
result is illustrated 'mimulations in Figure 3.

In order to able %@ quantify the variability of ex-
perimental replicates, we need to go further, to a second
order approxima , i.(;/ with a central limit result. If

the initial uﬁber of monomers is such that

— ﬁ)ZmVA—I—O(\/VA),
, then, for the convergence in distribution,

\ . (Xv(vm - vAx(t>) W),

for m

V—+o00 my/Va

where U(t) is a diffusion, the unique solution of the fol-
lowing stochastic differential equation (S3).

The proof is postponed in Section B of supplemental
material, together with an explicit formulation and an

N

represents an alternative definition for the lag-time of
the reaction[19].

A law of large numbers and a central limit result for
Ty () as V goes to infinity can be obtained. Note that
due to the change in the time scale, we need to rescale
Ty by V to get a limit.

If the initial number My, of monomers is such that

MV:mVA—i—o(\/V»A),

for m > 0 then, for the convergence in distribution

1. Law of Large Numbers.

. Tv(0) et 1 B6

2. Central Limit Result.

lim Ty () — Vats _ Ults)
e T v mla(1—0)2 + Bo(1 = 0)]

where (U(t)) is the solution of the SDE (S3).

The proof of this result is given in Section C of sup-
plemental material. Fig. S1 illustrates and the law of
large numbers and the central limit theorem for T ;.
Note that the definition of ¢5, which is the limit of the
stochastic times Ty (§)/V when V' — oo is coherent with
the definition of the deterministic time of § reaction com-
pletion as

ts =inf{t > 0, z(t) < (1 —&)m} =z ((1 — &)m),
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Thus, for any

I\AP (%(t)) is given by Equation (6).

en experiment, the distance between a realization of

8
PUbllS‘hM) g/ 4 and ts is being given by the explicit formula

above. We can therefore derive its stochastic behaviour.
Under the assumptions of the above theorem and with its
notations, the variance o2 of the time for § completion
has a limit 02, when a < 3

V3

VamyTvad ®)

lim oy =0~
V=400

The proof is given in Section D of supplemental material,
together with the exact formula (S9) for o of supplemen-
tal material. Interestingly, this result obtained from our
minimal model is comparable to the expression on lag-
time variations obtained in [15] based on a more com-
plex mechanistic model by the mean of a Taylor expan-
sion. This result, therefore, corroborates with the idea
that our minimum model with only ignition and conver-
sion contains the key features sufficient in qualitatively
describing the stochastic properties of the nucleated pro-

C. Estimation of the parameters

In this section, we tested our theoretical results ob-
tained with our minimalistic stochastic model on the ex-
perimental data published in [12]. Our model suggests a
straightforward manner by which experimental amyloid
aggregation timecourse curves can be analysed to give
information on the expected variability of the lag-time
length resulting from gye stochastic nature of nucleated

polymerisation. Morefprecisely, using Formula (5) for k
and Relation (7) for 1N
t1/2 = IOg (1 + (D

pm and k =mf (14 a/B) /4.
(9)

In the experiments in 2], there are 12 replicate ki-

netic tracgS reported™for each sample concentration in
constant eaction volume. The parameters o and
B cangbewobtaiged in a straightforward manner by fit-

to the mean half-time #,/ and the
of the curves at ¢, /5. Table I shows a sum-
nalysis. The constants « and 3, and the
variance (8) are shown for each of the concen-
ed. We also carried out a global analysis for a
3, fitting (9) simultaneously all of the curves for all

calculat
rations

tein aggregation processes. Our simplified formula ( a
and its full general form in the equation (S9) of the s concéntrations. See Fig. S4. The overlay of the experi-

p_
plemental information, are mathematically fully rigoro$\

and allows analysis of the intricate interplay betw
ignition reaction and the autocatalytic reaction. In
it is possible to have a whole range of times bot
reactions have an influence over the whole agg m}w&
timecourse, as may be seen on Formula (8

o

It should be noted that this represemt: tiorNs in-
dependent of §. This suggests that the“flu tions do
not depend on ¢, and therefore, the growthsgurves pre-
dicted by our simple model are all'pazallel for any given
concentration. Figures 5 (c¢) anfl_5 (d) Below have been
obtained by centering the 12 gurves'ef Figuires 5 (a) and 5
(b) at the half-time corres ng to 0= 1/2. As it can
be seen, the times Ty (&) for )
superimposed: the curyesiare i ical for this range of
values. This is an il str:t%%i the above relation (8).
rmulation of this phenomenon

material. Simple as it is, our
ature experimentally observed.

ce itself may be a problem, as it can
be seem on Fi%‘re 4.

dictions"to see the regime of parameters where the calcula-
tions are valid. For these simulations, we fixed My = 107
monomers, S = 1, and made « varying.

tal curves around the predicted mean is illustrated in
Figure 5, Figures 5 (c¢) and 5 (d) have been obtained by
centering the 12 curves of Figures 5 (a) and 5 (b) at the
half-time corresponding to § = 1/2. As can be seen, the
agreement between the calculated and the experimental
curves is good for 0.4 < § < 0.7. This is consistent with
the relation (8).

FIG. 5. (a) and (b): Experimental timecourse of polymerised
mass for 12 different experiments [12]. (c¢) and (d): with a
centering at the Ty (1/2) of each curve. The red curve is the
predicted mean with the estimated parameters.

Our analysis further demonstrates two important in-
sights. Firstly, we obtained a more well-estimated /3
parameter. It is remarkable that the numerical value
of B, which quantifies the conversion step in our model,
does not change much for the 15 concentrations tested in
the experiments, considering the simplicity of our model.
This is not the case for «,which quantifies the ignition
phase, varies between 10~ and 10~ !3. Here, the param-
eter o which quantifies the take-off phase (remember that
the slope of (Z(t)) at 0 is —am?) is intrinsically estimated
with less precision than 3, see Section E of supplemental
material. This is a limitation of this simple model, and it
also reflect the lack of information content in the kinetics
data during the lag phase compared to the growth phase.

Secondly, despite good agreement between our analy-
sis and the data in terms of the shapes of the growth
curves, the analysis results in a much smaller order of
magnitude for the variability among curves compared
with experimental data. Since the relation a < f
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[m(10~°M)[[a(h "M ") [B(h "M ')[Exp. Dev. (h)[Predicted Dev. (h)]

.. 123 6.18-10~ " 5.07-10" 7.95 5.34.107
Publishing 14.6 28110 ° | 45410 2.98 2.05-10" 2
16.7 1.59-10~° 3.75:10° 2.68 2.4510°°
17.0 1.88:10°° 3.70-10" 1.52 6.98-10~°
29.5 1.40-10° 3.34:10° 2.13 3.7107°
30.2 2.89-107 2.96-10" 2.57 8.40-10°°
30.5 9.57:10°° 4.16-10" 1.53 3.84.10°7
43.7 7.99-107° 2.35-10" 2.10 1.03-10~"
48.5 1.68-10° 2.01-10" 1.56 6455-10"°
61.0 2.61-10° 2.04-10" 1.03 87N
61.0 2.22:10° 2.56-10" 2.55 4105
84.1 4.53-10~" 2.24-10° 1.59 € 166107
102.2 1.52-107° 1.88-10" 0.62 L 391070
122 1.33-10~° 1.75-10" 0.90 N 1981077
1235 2.13-10~" 1.79-10° 0.90 /A “W52107"
142.1 2.58-10~" 1.74-10" LS, [ 1131077
243.5 1.75-10~° 1.09-10" 0,60, " 246107

TABLE I. Parameters estimated from experiments [12] using our mode
«a and (8 from the model. The third column is the experimental st

anfard

v§ first columns are the estimated parameters
on of Ty (1/2), while the fourth is the standard

deviation predicted by our mathematical results for the model Wi@e estimated parameters. We see that the estimation for

[ is quite robust, in contrast with that of «.

-

holds in the numerical estimations, Equation (8) gi M}l formula for the expected variability among curves
the approximation o2 ~ 3/(2Mym2af) for the va ia]:lcx\ as«function of relative rates of the ignition and conver-

of the characteristic times of the kinetic traces.
ance of the order of magnitude observed in the experiz
ments [12] would be obtained by our model
tial number of monomers My in the ord

ysis of the variance suggést“alternative initial rare as-
sembly steps that involye.additional€omplexities such as
conformational exchange,é\ﬂ{)hr additional experimen-
tal sources that co rfﬁ?e to the variability in the ob-
served amyloid gro carves.

/
oNCLUSION

e adopted a reductionist approach by including
complexity using two simple processes, ignition
and conversion, to reflect the idea that a protein poly-
merization reaction accelerated by secondary processes
is dictated by the first nucleation event [14, 15]. With
our minimal model, we were able to derive an exact ana-

Arie .l sion processes, and the reaction volume. This is use-

ful both in exploring the interplay between the reaction
rates of nucleation and growth, and the variability in
reaction traces. Our approach also suggest a straightfor-
ward manner in which information regarding the stochas-
tic behaviour of nucleated protein aggregation can be
extracted from experimental kinetics data using equa-
tions (8) and (9). We see that the stochasticity influ-
ences mainly the ignition step: once the reaction accel-
erates in the conversion step, all curves become parallel
and deterministic, as illustrated both by experiments and
the model we presented here. Thus, simple as it is, our
model captures well the features experimentally observed
for amyloid growth curves. Also, it confirms, as expected,
that we can take different characteristic times (such as
lag time, or growth mid point) when analysing kinetic
growth curves. Our model further informed the need
for new mechanistic steps or experimental interpretation
of the large observed variations in the lag time lengths.
Thus, the variation seen in the kinetic traces must be
taken into account in addition to the concentration de-
pendent behaviour of the kinetic traces in evaluating and
developing mechanistic understanding of amyloid protein
assembly processes.

While our model design was not aimed at describing
the reality of any specific amyloid forming system with
all of their individual associated complexities, our design
by pursuing maximum simplicity are complementary to
mechanistic approaches such as in [11, 12, 15] in captur-
ing global properties of amyloid assembly. A particularly
interesting direction for future work would be to envisage
other orders for the reactions, in particular 8, which cur-
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t« is not specific to any particular accelerating growth

.progesses, or an extended model with an initial confor-

PUb“l%Hﬂiﬂ& exchange step, for example. In summary, our
current method allows for a rigorous theoretical treat-
ment and understanding, and therefore, provides a basis
for future model selection on stochastic minimal models,
each of these models being the condensation of a family
of possible stochastic mechanistic models that are closer
to reality but for which analytical formulae are out of
reach.

It should be remarked that in many cases the reaction
curve shows significant asymmetries about the half-time
which cannot be captured without accounting for the cor-
rect dependencies of the secondary nucleation rate on the
monomer. Such an asymmetry is present e.g. in the data
of Figures 2 and 5, take off is slower than the approach

to the plateau, a common characteristic of systems domi-
nated by fragmentation. However, the model predictions,
e.g. in Figure 3, give curves that are perfectly symmet-
ric about the half time (because of the term X (M — X)
in the rate equations). This suggests the possibility of
different dependencies of the autocatalytic part on the
monomer which we plan to investigate in the future.
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