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Grassmannians, Langlands duality and relations in
quantum cohomology

C. Pech and K. Rietsch
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1 Introduction

For a complex simple, simply connected algebraic group G and parabolic
subgroup P, the homogeneous space G/P has a Landau-Ginzburg model
defined by the second author [Rie08], which is a regular function on an affine
subvariety of the Langlands dual group and is shown in [Rie08] to recover
the Peterson variety presentation [Pet97] of the quantum cohomology of
G/P. In the case of type A Grassmannians R. Marsh and the second author
IMR12] reformulated this Landau-Ginzburg model as a rational function
on a Langlands dual Grassmannian, and used this formulation to prove a
version of the mirror symmetry conjecture about flat sections of the A-model
connection stated in [BCEFKvS00].

In this paper we formulate an LG-model (X, W;) for G/P in the case of
a Lagrangian Grassmannian in the spirit of the mirrors of the type A Grass-
mannians, and prove that it is isomorphic to the LG-model from [Rie0§].
This LG model has some very interesting features, which are not visible in
the type A case, to do with the non-triviality of Langlands duality. We
also formulate an explicit conjecture relating our superpotential with the
quantum differential equations of LG(m). Finally, our expression for W,
also leads us to conjecture new formulas in the quantum Schubert calculus
of LG(m).

To give an idea of our result, which is very explicit, we give the first two
interesting examples here. Note that the Schubert basis of H*(LG(m)) is
indexed by strict partitions A fitting in an m x m box and can be identified
with coordinates py on the Grassmannian OG®(m + 1,2m + 1) of (m + 1)-
dimensional co-isotropic subspaces of C*"*! endowed with a non-degenerate
quadratic form. Note that OG®(m + 1,2m + 1) is canonically isomorphic
to the maximal orthogonal Grassmannian OG(m,2n + 1). Moreover, it is
related to X by Langlands duality. The goal of this paper is to give an
explicit description of a Landau-Ginzburg model for LG(m) as a rational
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function on OG®(m + 1,2m + 1). As an example, for LG(2) our Landau-
Ginzburg model is the rational function on OG®(3,5) given by

wi—lb, M aBs
Py PP — PoPp D

For LG(3) we obtain the rational function on OG(4,7),

Py | P~ Pobgp paﬂpaaﬂﬂiﬂpgaﬂ
Po pgpmp@pgm Hgp — Pl 70@3:

We generalise these formulas and prove that they agree with the superpo-
tential from [Rie08| after suitable identifications.

Notice how the above formulas have 3,4 summands, these numbers being
the index of X = LG(2), LG(3), respectively. Indeed this comes from the
fact that in all of the cases W; represents the anti-canonical class of X in a
natural sense (in the Jacobi ring for example), and each summand represents
a hyperplane class. On the other hand, because W; wants to be regular in
the complement of an anti-canonical divisor, the degrees of the denominators
in W; should add up to the index of X. That is, in the above two cases to
4 and 6, these being the index of OG®(3,5) and OG(4,7), respectively.
This is exactly what is achieved by the quadratic terms in the LG(m) cases,
with 1+2+1=4,and 1 +2+2+1 = 6 (and so forth, in our general
formula).

For usual Grassmannians X and X are isomorphic so have the same
index. Therefore numerators and denominators in W; are allowed to be sec-
tions of O(1). This leads to the formulas in [MR12] looking more compact.

Wy =

2 Background

In [Rie08], the second author gave a Lie-theoretic construction of a Landau-
Ginzburg model of any complete homogeneous space X of a simple complex
algebraic group. The LG-model (X°, W) is set in the world of the Langlands
dual group.

2.1 Notation

Let X be a complete homogeneous space for a simple complex algebraic
group. For the purposes of this paper we will denote the group acting on
X by GV and assume that GV is simply connected, and we will denote its
Langlands dual group by G, which is therefore an adjoint group. For GV we
may fix Chevalley generators (e))1<i<m and (f,Y)1<i<m and correspondingly
Borel subgroups BY = TVUY v and BY = TVUY. We may assume that
X = GV /PV for a parabolic Subgroup PV which contains BY. The parabolic



PV is determined by a choice of subset of the (f))i<j<m. This set also
determines a parabolic subgroup P of GG, where we also have the analogous
Borel subgroups By = TU; and B_ = TU_ and Chevalley generators
(ei)i<i<m and (fi)i<i<m. Let II = {oy | i € I} denote the set of simple
roots. The set of all roots is R = RT LU R~, where R' is the subset of
positive roots and R~ the subset of negative roots.

Denote by W the Weyl group of G (canonically identified with the Weyl
group of G¥), and let Wp be the Weyl group of the parabolic subgroup P.
Let T"? be the Wp-fixed sub-torus. If « is a positive root, we denote
by so € W the associated reflection. Let R$ be the set of all positive
roots « such that s, € Wp, IIp be the set of simple roots in th’ and
nr = IT\IIp. When a = o; is a simple root, we set s; := sq,. Moreover, we
denote the length of w € W by ¢(w). It is equal to the minimum number
of simple reflections whose product is w. We also let wy and wp, be the
longest elements in W and Wp, respectively, and define W to be the set of
minimal length coset representatives for W/Wp. The minimal length coset
representative for wg is denoted by w?’’, so that wg = w”wp. Let w denote
a representative of w € W in G.

Using the exponential map we may think of U, and U_ as being em-
bedded in the completed universal enveloping algebra Lﬁ, respectively Z;{Jr.
Accordingly ef(u) will denote the coefficient of e; in u € U, after this em-
bedding, and analogously for f and © € U_.

2.2 Quantum cohomology of G/P

The quantum cohomology ring of a smooth complex projective variety X is a
deformation of its cohomology ring. While the cohomology ring of X encodes
the way its subvarieties intersect each other, the quantum cohomology ring
encodes the way they are connected by rational curves. The structure con-
stants of the (small) quantum cohomology ring are called Gromov-Witten
invariants. When X = G/P is homogeneous, Gromov-Witten invariants
count the number of rational curves of given degree intersecting three given
Schubert varieties of X.

The quantum cohomology rings of a full flag variety was first described
by Givental and B. Kim [GK95, [Kim99], who related it to a degenerate
leaf of the Toda lattice of the Langlands dual group. Soon after, Dale
Peterson came up with a new point of view in which all of the quantum
cohomology rings of complete homogeneous spaces for one group are encoded
in terms of strata of one remarkable subvariety of the Langlands dual full
flag variety. This so-called Peterson variety Y is defined as follows. In our
conventions Peterson’s variety Y encoding the quantum cohomology rings
of GV-homogeneous spaces is a subvariety of G/B_. Denote by n_ the Lie
algebra of U_, and by [n_,n_] its commutator subalgebra. The annihilator
in g* of a subspace [ of g is denoted by . Consider the coadjoint action of



G on g* and the ‘principal nilpotent’ element F' = 3" e} in g*. Then
Yi={gB_ | g Fe n]}

First note that this variety has an open stratum Yp = Y N (B;B_/B_-)
which is isomorphic to the degenerate leaf of the Toda lattice for G via
the map Yp — g* defined by uyB_ — ujrl - F. By Peterson’s theory,
the quantum cohomology rings for all other GV/P" are described by the
coordinate rings of the smaller strata Yp = YN (BywpB_/B_), where we
take the intersection in the possibly non-reduced sense.

Theorem 2.1 (Peterson). The quantum cohomology of GV /PY is isomor-
phic to the coordinate ring C[Yp] of the stratum Yp of the Peterson variety
Y.

In [EWO04], Fulton and Woodward proved a quantum Chevalley formula
for X = G/P, i.e. a formula giving the product of an arbitrary Schubert
class by any Schubert class associated to a Schubert divisor. Here we state
this formula, which we will refer to in Section [l Note that for P = B, the
formula is a result of Peterson [Pet97].

If s; is a simple reflection, we denote by I'; € Hs(X,Z) the associated
dimension 1 Schubert cycle, and we define, for o € R \RJ]S :

d(a) == Zav(wi)Fi.
1=1

Vv .
Now set ¢He) .= I, q? (wl), where ¢; is the quantum parameter associated

to I;. Finally, for « € RT\ R};, we define ng, := ‘[Fa c1(TX), where T'y, €
H>(X,Z) is the dimension 1 cycle associated to the reflection s, (it is a
linear combination of the T';).

Theorem 2.2 ([FW04]). For 1 <i <m and w € W¥ we have

Usi * Ow = Z a\/ (wi)awsa + Z qd(a)a\/ (wi)awsoﬂ
(6% (63

where the first sum is over roots o € RT \ R} such that l(ws,) = l(w) + 1,
and the second sum over roots a € RT\ R such that l(ws,) = l(w)+1—n4.
2.3 The Lie-theoretic LG model construction

We recall how the mirror Landau-Ginzburg models are defined in [Rie08].
Let us fix a parabolic P. We consider the open Richardson variety R :=
Rypw, C G/B_, namely

R = pr,wo = (B+?j}pB_ N B_QDQB_)/B_.



Instead of the whole stratum Yp of the Peterson variety the LG-model is
related to the open dense subset Y7 := Y N'R, whose coordinate ring in
Peterson’s theory encodes the quantum cohomology ring ¢H*(GY /PY) with
quantum parameters made invertible. We note that in this setting if g =
urdwptiy = b_1g represents an element gB_ € R lying in Y7, then the
values of the functions on Y} corresponding to the quantum parameters
are just the values a;(d) for the simple roots «; € II”. Indeed, fixing
d € T"? determines a finite subscheme of Y5 = Y N R which we denote
by Y35, = Yp Xpwp {d} and for which the non-reduced coordinate ring
Clyp d7] becomes identified with the quantum cohomology ring of GY/PV
with ’quantum parameters fixed to the values o;(d) in Peterson’s theory.
Now let us define

Z = Zgvpv = B_ibg N UL TV PibpU_.
There is an isomorphism

Z — R xTWp,
g =urdwpus = b_wy — (gB,, d)

Observe that gB_ = b_wyB_ = u1wpB_. Note that our conventions differ
from [Rie08] in that we have translated the original definition of the variety
Z by 1. The mirror superpotential to X = GV /P is now defined to be
the regular function F : Z — C defined by

Flurdivpii) = > ef(ur) + Y f7(uia). (1)
i=1

1M

(2

Although u; and @y are not uniquely determined for g € Z, the function
F is well-defined, as was shown in [Rie08]. Actually, there is another small
difference with [Rie08|, in that in [Rie08] the group on the mirror side is
assumed adjoint, whereas here we have assumed G to be simply connected.
However we could have carried out the above definitions for G/Center(G),
and in the following it will not matter.

The superpotential F may also be interpreted as a family of functions
Fi, : R — C depending holomorphically on a parameter h € h'7, by setting

Fu(uripB-) =Y ef(w) + Y fi(as) (2)
=1 i=1

where u; € Uy and wjwpB_ € R, and where us € U_ is related to u; by
ureMips € Z. Equivalently the relationship between u; and 4o can be
expressed as

Uy - By = e Mipluit - B

where g - B denotes the conjugation action of g € GG on a Borel subgroup B.



The main result in [Rie08] describes the critical point scheme of Fj, as
subscheme of R lying inside the Peterson variety. We denote by Y , the

(non-reduced) fiber over e’ of the Peterson variety, namely
Yjon =Y xpw, {e'}.
Theorem 2.3 ([Rie08]). The critical point scheme of Fy, agrees with Y}, .

Putting this together with Peterson’s presentation this result can be
interpreted as follows. Suppose h € h"WP represents a Kaehler class [wp]

under the identification h"V7 = H2(GV /PV).

Corollary 2.4. The Jacobi ring C[Z]/(0F) of Fr : Zn, — C is isomorphic
to the quantum cohomology ring of the Kaehler manifold (GV/PY,|wy]) in
its presentation due to Dale Peterson[Pet97].

In [MRI12], R. Marsh and the second author gave an expression of the
Landau-Ginzburg model of the Grassmannian in terms of Pliicker coordi-
nates and then described the A-model connection. Here we will express the
Landau-Ginzburg model of the Lagrangian Grassmannian in terms of gen-
eralized Pliicker coordinates, i.e the coordinates of its minimal embedding
OG®(m+1,2m + 1) — P(Vapin)-

3 The Lagrangian Grassmannian and its LG model
Let GV = PSp,,,(C), the adjoint group of type C,,, with Dynkin diagram

O—O0O— ++ — 0 <=0 |
1 2 m

Let PV := P,y be the parabolic subgroup associated to the m-th fundamen-

tal weight w,, of GV. The quotient GV /PV is the homogeneous space called

the Lagrangian Grassmannian, which parametrizes Lagrangian subspaces in

C?™. Tt is also denoted by X = LG(m) and will play the role of the A-model

for us.

Now the Langlands dual group G is the simply connected group of type

B,,,, namely the spin group Spin,,, ,;(C),
O—OQ0— -+ —0 =0
1 2 m

The parabolic subgroup of Spin,,, ,{(C) associated to the m-th fundamental

weight is denoted P = B,,,. In this (B-model) setting we consider the

quotient from the left X := P\G. This quotient may be interpreted as the

co-isotropic Grassmannian OG®(m + 1,2m + 1) in a vector space of row
vectors. We consider it in its minimal embedding, namely the homogeneous



space X := P\G is embedded in P(V} ) as right G-orbit of the highest
weight vector wy. We will express the mirror Landau-Ginzburg model to
LG(m) as a rational function on the orthogonal Grassmannian X in the
homogeneous coordinates of this embedding.

Remark. Note that the Lagrangian Grassmannian X = LG(m) is a cominis-
cule homogeneous space of type C,, and therefore its cohomology appears
in geometric Satake correspondence [Lus83, MV07, [(Gin97] as

H*(LG(m)) = [H*(Gr2m) = Vormems1,

In other words it is canonically identified with the unique miniscule rep-
. . . Spi
resentation, the spin representation Vw,imm“ also denoted Vgpin, of the

Langlands dual group, G = Spin(2m + 1). Therefore, essentially tautologi-

cally, P(Vs*pin) has homogeneous coordinates given by the Schubert basis of
H*(LG(m)).

3.1 Notations and conventions

Let vy, ..., vom41 be the standard basis of V = C?m+1 and fix the symmetric
non-degenerate bilinear form

(i, Vam2-5) = 2@ (v, vamya—j) = (=1)" 1706, 5.
We may also use the notation v; = vay,42—; (With decreasing j) for the basis
elements vy, 12, ..., Voms1 and set (i) := (—1)™F1 7% so that ®(v;, ;) = €(3).
The subspace of V spanned by the first m basis vectors vy, ..., vy, is maximal
isotropic and denoted by W.

We let G = Spin(V') = Spin(V, @), which is the universal covering group
of SO(V,®). The Lie algebra of G = Spin(V) is therefore so(V') = so(V, ®)
which we view as lying in gl(V'). We have explicit Chevalley generators e;, f;
given by

ei = FEiiv1+ Eony1igmi2— fori=1,....,m—1,
€Em = \/iEm,m—i—l + \/iEm—i—l,m-i-Qa
fi = eiT fori=1,...,m.

Here E;; is the (2m + 1) x (2m + 1)-matrix with (¢,j)-entry 1 and all
other entries 0. We also define the corresponding group homomorphisms
z;: C— G and y; : C — G, namely z;(a) := exp(ae;) and y;(a) := exp(af;).

Next we introduce notations for the Clifford algebra Cl(V') and the Spin
representation Vgpin, see also [Var04] whose conventions we follow for the
most part. The Clifford algebra C1(V) is the algebra quotient of the tensor
algebra T'(V') by the ideal generated by the expressions

vV + 0 @v—20(v,0).



So it is the algebra with generators v,,+1 and v;,v; for ¢ = 1,...,m, with

relations .

2 )
and where all other generators anti-commute. The Clifford algebra is Z/27Z-
graded, as the relations are in even degrees only, and the even part of C1(V)
is denoted by C17(V).

Since Spin(V) acts on V, it acts on A®*V, and because it preserves the
bilinear form ®, it also acts on Cl(V'). The anti-symmetrization map

vi0; + V;v; = €(i), /U72n+1 =

Av = aw)

1
Vig N c Ay, = E( Z Vip 1y Viggay " ’Ul'a(k)).

is an embedding of representations, and we will usually identify elements of
/\kV with their images, as we are mainly interested in the algebra structure
of the Clifford algebra. The representation /\2V is isomorphic to the adjoint
representation. Moreover the image of A?V in CI(V) is indeed a Lie algebra
under the commutator Lie bracket of CI(V'), and it is isomorphic to so(V)
as such. In particular our generators e;, f; can be identified with elements
of /\2 V and their images in C1(V'). Under this identification they are given
by

ei=€(i+ v A1 = €(i+ 1)vvi4q fori=1,...,m—1
em = \/§vm NUpy1 = \/§’Um’l)m+17
fi=e€(@vig1 ANy = €(@)vjpq0; fori=1,...,m—1,
fon = V20, A U+l = ﬂ@mvmﬂ.

Putting all of the anti-symmetrization maps together gives an isomorphism
of s0(V)-modules

NV —Cyy).

Moreover the even wedge powers map to the even part C17 (V) of the Clifford
algebra and odd ones to the odd part, C17 (V). Therefore we have two
isomorphisms of s0(V)-modules

ap: \TTV — Cf(V), (3)
a_: \MV — C(V). (4)

The Spin representation, as a vector space, is Vapin = \* W. Its standard
basis elements are the elements wy 1= v;; A ... Awv;, with i1 <ig < --- <y,
where I = {i1,...,ix} is any subset of {1,...,m}. We sometimes write
[vi, A...Av;, ] instead of v;; A... Av; when we mean the element of Vapin.
Note that if I = ) then wy = [1].



The subsets I are also in one-to-one correspondence with strict partitions
A contained in an m X m square, by sending the empty set to the empty
partition, and

I:{Zl,,lk} — )\:(m—|—1—il,m—l—l—ig,...,m—i—l—ik).

In this correspondence the k-row partitions correspond to the basis elements
in the k-th graded component, /\k W, of Vspin. We may denote wy also by
wy. If \is a strict partition contained in an m x m rectangle, then we denote
by |A| the sum of all its parts and by PD(\) the Poincaré dual partition.

The Spin representation of so(V') extends to a representation of the Clif-
ford algebra, which can be defined on generators by

—1)HI ‘
Vi Wy = V; NW), Umyl - W) = ( \/% wy, @j-UJIZZ@j(wI),

where iz, is the insertion operator on A\®* W, for v; identified with the linear
form 2®(v;, )on W.

We recall the important fact that the even subalgebra C1* (V) of the
Clifford algebra is isomorphic to End(Vspin) via the action just defined.
Combined with the map (B]) we obtain an isomorphism of so(V)-modules

kgt NV — End(Vopin)- (5)
Moreover there is also an isomorphism of so(V')-modules,

ke \ MV — End(Vipin) (6)

given by antisymmetrization, a_ : A °¥ — CI7(V) followed by the action
of CI™ (V') on Vgpin.

The standard basis {wr} of Vspin defined above is also precisely the in-
tegral weight basis obtained by successively applying generators e; to the
lowest weight vector wy = [1], and it agrees with the MV-basis of Vgpin,
which in this case is one and the same as the Schubert basis of H*(LG(m)).
We will use the notation oy for the Schubert basis element naturally iden-
tified with w).

The generalized Pliicker coordinates on our OG®(m+1,2m+1) = P\G
are the sections of O(1) in the embedding P\G — P(V§;,) which are given
by the basis elements wy of Vgpin described above. Explicitly, we define

PA(9) = (wp - g, wa) = wy(g - wy),

where wy is the dual basis vector to wy, which is therefore a highest weight

vector of VJ , and where w) is as above. We may think of an element

Pg € OG®(m + 1,V*) = P\G as specified by its homogeneous coordinates



(Pa(9): Pra(9): -- - Daym (9)), where Ay, ..., Aom are the strict partitions in
m X m in some ordering.

To summarize, associated to strict partitions A C m x m, or equivalently
subsets I of {1,...,m}, we have elements

ox € H*(LG(m)), wx € Vspin, and py € L[Oogeo(mi1,v+)(1)],

all canonically identified. We may also denote them by oj,w; and pj, re-
spectively.

For a later section we will also require an explicit isomorphism V = V*.
Since V' has on it a quadratic form, we have that V = V* by v — (v, ) and
V* has basis v],..., v 1,V 9, ,V5, 1. Under the isomorphism with V
this basis corresponds to

v = e(1)vy Usmi1 = 01 = €(1)u
vy = €(2)v2 vy, = U3 = €(2)vy
vy, = —Upm, Upiio = Uy = —Uny

Va1 = Umt1-

3.2 Definition of W,

We will now explain our formula for W; : OG*°(m +1,V*) — C in terms of
the coordinates py. Here are some particular partitions which will play an
important role. Let p; := (I,I—1,...,2,1) be the length [ staircase partition
and let p; := (m,m —1,...,m+1—1) be the maximal strict partition with
[ lines contained in an m x m rectangle. For p; with [ < m there is a unique
strict partition obtained by adding a single box to the Young diagram. It
is obtained by adding one box to the first line, and we denote it by p; ;.
If J is any subset of {1,...,l}, we denote by pi] the partition obtained
after removing for every j € J the j-th line from the Young diagram of p;
(and similarly for pz{ +)- On the other hand we denote by /ﬁ] the partition
obtained by adding for each j € J a row of [4+1—j boxes to the bottom of ;.
Similarly, /ﬁ{+ is obtained by adding for each j € J arow of [ +1 —j 4 ;1
boxes to the bottom of p;. If the resulting Young diagram does not give
a strict partition, then we set /ﬁ] = 0, respectively /ﬁ{ 4+ = 0. Finally, set
s(J) == >_jc;J for any subset J of {1,...,m}.
Using the above notations, we define Wy : OG®°(m + 1,V*) — C by

2 (_1)S(J)ppii,+p“ii,+

m—1
Dpo,+ JC{1,...l} t Ppm—1
SRR te . (7)
pPO =1 Z (_1)S(J)ppi]p“i] me
Jc{1,...,0}

This is a rational function on X = OG®(m + 1,V*). Inside X the denomi-
nators in W; give rise to divisors

Do :={pp =0}, D= {pp, =0}

10



and

D = Z (—I)S(J)ppizpmz =0p, wherel=1,...,m—1.
JcA{1,...,0}

Then
D:D0+D1++Dm,1—|—Dm

is an anti-canonical divisor. Indeed, the index of X = OG®(m + 1,V*) is
2m. We define X° := X \ D. The restriction of our rational function W to
X° is regular, and is again denoted W.

We would like to compare W; : X° — C with the known super-potential
of X = LG(m) defined as a special case of (2)). Explicitly recall that
LG(m) = GY/PY for G¥ = PSp(2m) with PV the parabolic correspond-
ing to the m-th node of the Dynkin diagram C,,. The function Fj, for
h € B"P is therefore defined on the open Richardson variety R = BywpB_N
B_wyB_/B_ inside the full flag variety of G = Spin(V'), where P is the
parabolic corresponding to the m-th node of B,,. So we would like to re-
late our variety X = P\G = OG®(m 4 1,V*), or rather its open part X°,
with this open Richardson variety. The parameter ¢ in W; and the h € h"V7
appearing in Fj should be thought of as equivalent, by the relation h = tw,”,.

For fixed parameter ¢t we define the following maps

0G®(m +1,V*) = P\G <X B_ignUsenipl_ 5 R,

Pg +— g —gB_.
given by taking left and right cosets, respectively. Note that g = b_wy in
our previous notation and factorizes as

g = uretmaipiy,
Moreover Vg is an isomorphism, so we have ¥ := \I’Lo\I’;%l : R — OG®(m+
1,V*). Our main goal here is to prove the theorem.

Theorem 3.1. Let X = LG(m) and t € C. The rational function W,
on OG®(m + 1,V*) defined in (@) pulls back under ¥ = ¥y o U, to the
Landau-Ginzburg model Fy, from Theorem [2.4), where h and t are related by
h = tw),.

The theorem implies that ¥ maps R to X°. We also expect the following
Claim which we aim to prove in a future version of this paper.

Claim 1. U defines an isomorphism from R to X°.

Let h = tw,)’, as in the theorem, and define Z}, := B_woN U+ehu')pu')0_1U_.
The super-potential F, pulls back under Z, — G/B_ to Fy : Z;, — C where

m m

Fin(ureiptis) = ‘ e (uy) +Z £ ().



To prove the theorem we need to show that W, pulls back to F, under
Zp L, P\G = OG®(m + 1,2m + 1). We will do this in two steps.

We consider two related projective embeddings of X = OG®(m+1,V*),
the standard one corresponding to A" V* = V5, » and the minimal one
corresponding to the (right) representation Vg, = V. of G = Spin(V)
composed with its Veronese embedding. So

m: P\G < P(/\m+1 V),

Pg = (U1 AUpyg Ao AUs L g)
2 P\G — P(Sme(Vgpin))7
Pg — <(w6 “wy) - g> .

The interesting numerators and denominators in W; are made up of sec-
tions in F[OP(Sme(VSN @] = Sym?(Vspin). However the pullback of Fj,
pin

to X is not easy to reformulate directly in those terms. It can be more
easily expressed in terms of sections in F[(’)P( A V*)(l)] = A"V, which
correspond to (m + 1) x (m + 1)-minors. The two embeddings are however
related by an embedding of projective spaces coming from the inclusion of
representations

/\ ml V* — Sym2(VS*pin)a

Therefore dually we have a surjection of representations
Sym2(VSpin) - /\mHV, (8)

which is the restriction map F[OP(Sme(VS*pm))(l)] = L[Op pAm+1 4y (D]

The first step of the proof of the theorem is to express Fj, in terms of
(m+1) x (m+1)-minors. The second step involves the explicit construction
of the above restriction map, and showing that the degree 2 numerators and
denominators in our formula for Wy go to the minors appearing in the first
step. From this we go on to deduce that 17 W; agrees with Fh.

3.3 A formula for j:"h in terms of minors

Definition 3.1. If g € Spin(V') we consider it as acting from the right on
A" V* and from the left on A"V for any n =1,...,2m+ 1. The bases {v}}
and {v;} give rise to bases of A" V* and A"V, and we use the following
notation for the matrix coefficients (minors of g acting in the representation
V). Let I ={i; < ... <.} be a set indexing rows, and J = {j; < --- < j,}
a set indexing columns, then

Al(g) 1= (o}, Ao A0

Tr

g, Vi A A,
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We begin by arguing that @, appearing in ujewpis € Zj, can be as-

sumed to lie in U_ N B, ()" B,. This is because we have two birational
maps

U, :U_NBy(w")'By - P\G: Uy — P,
Uy : B_NU e "wPU_ - P\G: b_ =ueMipiy — Pb_,

which compose to give \Ill_l oWy : b_ — uo. This gives a birational map
UloW,y: 2, - U Pyt
1 94y — UL N B+(’LU ) B+.

Now a generic element %y in U_ N By ()" B, can be assumed to have a
particular factorisation. Let N := (m;r 1). The smallest representative w’
in W of [wy] € W/Wp has the following reduced expression :

wf = (Sm)(Sm—15m) - -- (8152 ... Sm) = Si; -+ - Sins

It follows that as a generic element of U_ N By (w?)"'B,, the element s
can be assumed to be written as:

(ym(am,m)ym—l(am—l,m) cee yl(al,m)) cee (ym(am,Z)ym—l(am—l,Z))ym(am,l)-

where a; ; # 0, or equivalently as

Uy = Ym(ON) - - y2(bN—m+2)Y1 ON—mt1) - - - Ym (03)Ym—1(b2)ym (b1).  (9)

with nonzero b;. Note that the k-th factor here is y;_, ., (bN_k41)
We may think of the Pliicker coordinate p) as a function on GG. Then we
have the following standard expression for the py) on factorized elements.

Lemma 3.2. Fiz \ a strict partition in an m x m square, and w € WP
the corresponding Weyl group element. Note that the length ¢(w) equals |A|.
Then if uy is of the form (@) we have

palli) =Y bj, ... bj,,.
J

where the sum is over subsets J = {j1 < jo < ... < jm} of {1,...,N} for
which Sij -+ Sij, is a reduced expression of w.

Proof. Recall that by definition py(u2) = <w6 Flg,wy ) = wy (g - wy) and
Wx = €y .- €y - WY if w= Sij - Sij, is a reduced expression. So in an
expansion for ug the coeflicients of f;; ... f;; will contribute a summand
of bj, ...bj,, to pa(t2). U

13



Proposition 3.3. If u; and ty are as above then we have the following
identities

=\ ppo,-q—(a?)
fm(UQ) - ppo(az) ’ (10)
ej(u1) =0 foralll <i<m-—1, (11)
* _ me—l(QZ)
ek (ur) = etippm(%) : (12)

where pg =0 and po 4 =no.

Proof. For (I0) notice that in fact py(ug) = 1 and

o(ta) = <w6 'ﬂz,wu> = wy (tz - wp).
Then (I0) is apparent since f, - wg = wy. In fact [I0) does not depend on
the special form of u; and 3. The equations (I]) and (I2]) are consequences
of the Lemmas [A.2] and [A.3], respectively, as well as the Lemma O

Proposition 3.4.

e IR (7P
i (tg) = LIl =L for 11 < j<m—1 (13)
G rm (82

Proof. The result is a consequence of the vanishing of the following minor

of ug :
J+1m+1,...2m+1 /-
Aj,j+17...,j+m+1 (t2),

which is equal to

* * *
(Uj+1 NUpy1 NVgpy1 -9, Vi AVjp1--- A Vjpm1)-

Define an element in the enveloping algebra
e:= <e£§1’m)egzi'1”_1) ... e§a1’1)> <e,(ﬁm_l’m)ef§fl_l’m_l)> e,(ﬁm’m),

where a; ; € {0,1,2} if j = m and a;; € {0,1} otherwise. Here ega) = Leg.

Due to the shape of ug, the minor is zero if for any such e, v7  Avg, g+ A
V341 € has zero v AvZL -+ -Avj,,, j-component. Assume by contradiction
that there exists an € such that this component is nonzero.

First suppose j = m — 1. Then since vy, Avy, - Av5,, 1 €n =0, the
exponent ai,, in e has to be zero. Now the v3,, | has to be moved to v3,,,
which means that v}, needs to be moved before to v;,_; by an e,,_;. Since
only one e; appears in the expression of e, it means that ay,,,—1 = 1. Hence
Uy AUy g0 A g, - € s equal to

*

al,m—2 ai,l Am—1,m am—1,m—1 Am,m
m—1 (& .

* *
(Y /\vm+1/\---/\1)2m+1-(em72 ... € em 1 m

14



Since vy, 1 Avp, g A Ay, -6 = 0for all 1 < <m — 2, it follows that
a1,m—2 = -+ = a12 = ay,1 = 0, which means that the v3,, ; can never be
moved to v3,,. Hence there exists no e such that vz Avg, g A5, €
has nonzero v; Avj -+ AV, -component.

Now suppose j < m — 1. v3,, ., has to be moved to v3,, by the only e;
in the expression of e, hence a1 ; = 1. But v}, 4,...,v3,, need to be moved
before, hence a1; = 1 for 1 < i < m —1 and a1, = 2. It follows that
Vi AUpyq o AUgp,0q - € 18 equal to

* * * * * * * * /
(vj+1/\vm---/\1)2m+v1 /\vm---/\vm_j/\vm+2_j/\---/\v2m+1)-g,

where

/. ( az2m Qa2 m-—1 602,2) (eamfl,m amfl,mfl) eam,m
m m—1 ... €y e m m—1 m .

Then
* * * * * /
V1 AUy Ny j AUy Ao AUy - €

has clearly no non-zero v; Avj -+ Avi,,, ;-component, hence we focus on
Vi AU A, el

If j = m — 2, then v}, has to be moved to v3,,_; by the only e in €.
Hence az2 = 1. But v}, _; Avj, ---Av3,, -ep = 0, which means that as ,,, = 0.
It follows that v}, . cannot be moved to vy, before having to move the v3,,,
and hence that a suitable e does not exist.

Finally if j <m—3, then v;  Avy, -+ A5, -e; = 0forall j+1 <i <m,
hence ag j11 =+ = az;,» = 0. It follows that the U;Hl—j cannot be moved
before the v3,, has to be by the only remaining ey in ¢’. This concludes the
proof of the minor vanishing.

To prove the proposition, we only need to expand this vanishing minor
with respect to the (j + 1)-st row. Indeed, due to 1y being lower triangular,
this row has only two non-zero entries : 1 on the (j + 1)-st column and
fi(u2) on the j-th column. O

3.4 The Clifford Algebra and homogeneous coordinates
3.4.1 Setting

In this section we study the surjection of representations from (§]), that is
7+ Sym?(Vepin) — /\mHV,
which is also interpreted as the restriction map of homogeneous coordinates

POpsym2 vy, ) (D] = TOp(pm1 ey (1)]-

15



Of course in representation-theoretic terms the map 7 exists just because
A"V is irreducible with highest weight 2w, and this highest weight also
occurs in Sme(Vspin) with multiplicity one. But in order to compute with
this map we will need to use a more intrinsic construction. We first note
the following auxiliary lemma, whose proof is straightforward.

Lemma 3.5. The isomorphism

0: VSpin —
V) IZ)PD()\

is so(V')-equivariant.

For the construction of the map 7 first we define an equivariant embed-
ding

o®i dVSpm

WVepin Sme(VSpin) — VSpin ® VSpin VSpm ® VSpln = End(VSpln)

Then there are two subtly different cases to distinguish.

Case 1: If m is odd then we construct 7 as follows. Applying the con-
structions from Section B.I] we have an isomorphism of representations (@),

~: End(Vapin) — CI7(V) = P A\ V.

Because m is odd we have a projection onto the summand with k = mTfl,

PIpm : énB/\Qk‘H V—>/\m V.
k=0

. . m(m+1) . .
By contracting with (—=1)" 2 vf A--- Awj,, | we get an equivariant iso-

morphism
/\m vV — /\m+1 V*

Finally, we have an equivariant isomorphism

/\m+1 vV /\erl 174

defined using the isomorphism V' = V* given by the quadratic form and
made explicit in the end of Subsection 3.1l Composing ty; ;. with these four
maps gives us our homomorphism of representations

m + Sym®(Vipin) — \ ™ V.

16



Case 2: Suppose m is even. In this case we use the even part of the
Clifford algebra of V', namely we use the inverse of the isomorphism from

(E) m
k3 End(Vgpin) = CIY (V) = P A\ * V.
k=0

Since m is even we have a projection onto the middle summand, k = 7,

m

perm:GB/\ZI~C V*—>/\mV.

k=0
Finally we use the isomorphism of representations ¢ as in Case 1,
c:/\mVL>/\m+1 v*

as well as the map

d: \N™ve—s ATV

Composing tyg,;, with these four maps gives us our homomorphism of

representations

7 Sym? (Vepin) — /\mle 14

in the case where m is even.

3.4.2 Statement

Definition 3.2. Corresponding to the quadratic denominators in W; we
define elements of Sym?(Vspin) by

L s(I
D(]) T Z(_l) ( )wpfn+1_jwﬂgn+1—j

I
and
- _1)s(D)
N(]) o 2( 1) Cphirjs Vhthirj
where the sums are over all subsets I C {1,...,m+1—j}and j=2,...,m.

We will prove that for all j =2,...,m:
Proposition 3.6.

D0 Wpy - (az)p

(az) _ Am+1,...,2m+1 (az)

- 1 st j m+2—j,...2m+2—j
and
S0 Dpy o (ep () = An ()
1
where the sums are over all subsets I C {1,...,m+1—j}.

Remark. Note that this proposition gives us an alternative definition of X°
in terms of non-vanishing of minors.
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3.4.3 Proof

To prove Proposition [3.6] we will need to compare D(j),./\/(j) S Sme(VSpin)
to the elements of /\erl V' defined below.

Definition 3.3. Inside the exterior power /\m+1 V,if 2 < j < m we consider
the elements

’U(/\j) =U;A A Vjpm

A R ) . .
V()4 = Vj-1 ANvjr1 A A Vjtm

of A"V
We will show :

Proposition 3.7. The projection map 7 : Sym?(Vspin) — A™ ! V takes
Dy to UG) and Nj) to vé})+.

We will in fact prove this proposition only for the denominators Dy;),
the case of the numerators ./\/(j) being extremely similar.

Definition 3.4. If ] = {1 <y < -+ <14, < 2m+ 1}, we define vy to be the
product vj, - - - - v, in CI(V). For I = {j,j+1,...,j+m} we also denote vy
by v(j), S0 V(j) = VjVj41 - Vjrm. Moreover, if L is a subset of {j,...,m},
we write v%, for the Clifford algebra element obtained from the product V()

by removing all of the factors v; and v; = vgy, 49— for which I/ € L.

Lemma 3.8. The map tyg,,, : Sym?(Vspin) — End(Vspin) maps D to

Brmj - Z |:w*1 ® wﬂfnﬂ_j + (_1)(m+17j)(j71)w;1 Qw1 ] (14)
1

Hi—1 i1 Pmt1—j

where
(m+1—j)(m+2—3)
2

(=1

5m7j = 2
and the sum is over all subsets I of {1,...,m+1— j}.

Proof. First w o maps to

w, 1
+1—j Hmt1—j
1( ® +
—(Ww 1 w, 1

2% Pmt1—j Hom+1—5

Then according to Lemma :

wugn-kl—j ® wp£n+1—j) € VSpin & VSpin-

(m+1—j)2(m+2—j) —s(I)

w — (=1 w* .
pfn+17j ( ) “§71 € VSpm
m(m+1)  j(i—1)
1\ == 4s(I), % *
w“£n+1—j = ( 1) 2 2 wp§71 € VSpln’
hence the result. O
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We now need to map the element (I4]) to the Clifford algebra of V.

Proposition 3.9.

( 1)m(m+l)
— 2
Dy = 2 (201, m+1—j,2m+3—j,....2m+1 +
l
Z H (-1) Vruf2m43—j,...m Ul | € CI(V).
(15)
Proof. We assume j > mT'H, the other case being symmetric. For conve-

nience, let us denote the right-hand side as Ay € CI(V). Because of the
definition of the Clifford algebra :

m(m+1—j)

UL, mt 15 2mA 3=, 2mt1 = (—1) Vi, m+1—§ UL, omt 1=} t)

where t(j) = V2m+3—j - - - Um+j- Similarly

I
Viogamis— g mepot = (D™ vrtgy.
We will use two lemmas :

Lemma 3.10. Let I be a subset of {1,...,m}. Then

Vot (H EU)) Z wy, @ wy, € End(Vspin),

i€l L
where the sum is over all subsets L of {1,...,m} containing I.
Proof of lemma[3.10. First notice that

0 ifigL
SN {(—1)#{l€L|l<i}e(i)wL\{i} otherwise,

and

{0 ifig L
Viv; s wp, =

e(i)wy, otherwise.

Hence v 7 is zero unless L D I. Now assume L D I and write I = {i; <
i9 < -+- < i,}. From the definition of the Clifford algebra, it follows that
v = 1= vi, vy, Hence :

T

Vpur WL = H e(ip) | wr.
p=1

The claim follows. O
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Lemma 3.11. The element t(jy = vam+3—j - - - Um+j of CL(V) maps to

7—1

H e(p) Z (_1)m‘K1lw;(lu{m-i—Q—j,...,j—l}UKg®wK1UK2 € End(Vspin),
p=m+2—j Ki,K2

where Ky is any subset of {1,...,m + 1 — j} and Ky is any subset of
Goooom).

Proof of lemma[Z11. As in the proof of Lemma [B.10, we notice that ¢; -
wrp,=0if L {m+2—j,...,7—1}. Now write L =L U{m+2—j,...,j—
1} U Lo, where Ly C {1,...,m+1—j} and Ly C {j,...,m}. We have

Um4j - WL = (—1)m|L1|€(m +2— j)leU{er?)*j,...,j*l}ULQ'

Recursively, we obtain :

j—1
by -wr = (1) H e(p) | wr,uL,,
p=m+2—j
hence the lemma. O

Now to prove Proposition 8.9, first assume L = {1,...,j—1}U L9, where
Ly C {j,...,m}. Then

j—1
U1,...,m+1—52m+3—j,....2m+1 - WL = 6(29) WL1ULy s
p=1
and
l
H (-1) Vro{2m+3—j,...m+530I * WL
is equal to
j—1
[Tew) | D7 (=1 g,
p=1
Hence
j—1
A rwe={[Te@ | |2+ Dm0 S (0 wron,
p=1 IC{1,..,m+1—j}
j—1
= G(p) leLJLQ-
p=1
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Now assume L = LyU{m+2—j,...,j—1}UL9, where L; C {1,...,m+1—j}
and Lo C {j,...,m}. Then

-1
Agy-wp = | [T el) | (=nymal(=nmanms =03 = (1), o,
p=1 ICLy

Finally :

M 0 if Ly #0
() " WL = <Hi>; e(p)) (=1)(mADm+1=0)qy;  otherwise.

Looking precisely at the expression of D(;) in End(Vspin), this concludes the

proof of the proposition. O

Corollary 3.12. We have :

_ m(m+1)
pram OliiloLvspin('D(j)) =(-1)" 2 VLA AUpmt1—j AV2mt3—5 A - - AV2mt1

where k1 is K— if m is odd and k4 otherwise.

Proof. The result is a simple consequence of Proposition 3.9 and of the
definition of the antisymmetrisation maps ([B) and (@). O

We can now prove Proposition B.7] :

Proof of Proposition [3.7. From Corollary [3.12, we know that D(;) maps to
m(m+1) .
(=1)7 2 0 A AUmt1—j AV2mt3— A+ - - AV2ma1 in A™ V. Now the latter

element is mapped by the contraction ¢ to

(_1)(m+1)(j—1)v*

*
m+2—j N AN Vo po e

Then we map this to /\erl V' using the isomorphism d. We have

m m
* * .
Uyt N AN Voo > H €(4) H €(k) | Vjgm AVjpme1 A=+ Aj
i=m+2—j k=j

9 2
— (_1)j +m m]+1v6)‘

Now

D(]) —> U@»),

which concludes the proof. O
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4 Some relations in the quantum cohomology

In [Rie08], the second author proved an isomorphism between the quan-
tum cohomology ring of X = GY/P" and the Jacobi ring of the LG-model
(R, Fp) (either at fixed quantum parameter ¢ = e as in Corollary 4] or
over the ring C[g,¢q~']). By Theorem [B.1] together with Claim [ our LG-
model (X, W) should be isomorphic to this one, and therefore related to
the quantum cohomology ring of LG(m) in the same way. Therefore we ex-
pect the denominators appearing in the expression of Wy, once written with
Schubert classes replacing the Pliicker coordinates, to represent invertible
elements in this quantum cohomology ring. We have a precise conjecture
for which elements these are.

Conjecture 4.1. The following relation holds in the quantum cohomology
of LG(m) for all1<l<m—1:

> (—1)8(J>ale %00 =4 (16)
Remark. If | = 1, the relation (I8 is a consequence of the quantum Chevalley
formula Indeed, this formula implies that

O1%Om = Om,1+ 4,

which, rewritten as
01 % Om _J@*Um,l =4q,

is exactly the relation (I6]) with [ = 1. For [ > 1 however, to the best of the
authors’ knowledge, the relations (I6]) are new.

5 The B-model connection

In this section we briefly state an explicit mirror symmetry conjecture for
our superpotential W;. Namely the conjecture asserts that a Gauss-Manin
connection associated to W should recover connections defined on the A-
model side by Dubrovin and Givental, see [Dub96 [Giv96, [(CK99].

Let X = LG(m). Consider H*(X,C[h,e!]) as space of sections on a
trivial bundle with fiber H*(X) and let

A I =
VoS = - 0TS (17)
oS 1
AVﬁaFLS = h% + ﬁCl(TX) ket S (18)

define a meromorphic flat connection on this bundlel] This is our A-model
side.

! We are using the convenient notation e' for ¢ and 8; for ¢d,. Also, for simplicity
of the statement of the conjecture, we have removed the grading operator contained in
Dubrovin’s original definition of AVﬁah.
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For the B-model let N = @ denote the dimension of X. Recall that
X°is OG®(m+1,2m+1) with an anti-canonical divisor removed. Therefore
there is an up to scalar unique non-vanishing holomorphic N-form on X°
which we will fix and call w. Let 2¥(X°) denote the space of all holomorphic
k-forms.

Definition 5.1. Define the C[A, ¢']-module
Gy = ON(X)[h, et/ (hd + dW; A —)QN L X)[h, €]

It has a meromorphic (Gauss-Manin) connection given by

"Yala] = ol - 1[0 a], (19)
PV, %[a] + %[Wt al. (20)

We conjecture that the function W; is cohomologically tame [Sab99]
and the elements [pyw] freely generate va ¢ where the py’s are the Pliicker
coordinate on OG®(m + 1,V*) and A runs through the strict partitions
inside an m x m box.

Independently of this we conjecture the following.

Conjecture 5.1. The differential operators hBV a5 and hBV oy preserve
the Clh, e']-submodule vat of vat generated by the [pyw]. Moreover the
assignment o v+ [paw] defines an isomorphism of H*(X,C[h, e']) with Gyt
under which AV is identified with BV .

A  Appendix

We may give also a Laurent polynomial expression for Wy restricted to a
particular torus. Namely let us pull back W; to the open subset of X defined
as the image of the map (C*) < P\G which sends (by,...,byx) to Pig,
where as in Section B3]

U2 = Ym(bN) - - Y2 (bN—m+2)Y1 (ON—m+1) - - - Y (03)Ym—1(b2)ym (b1).  (21)

Proposition A.1 (Laurent polynomial restriction of W;). The Landau-
Ginzburg model W; of X = LG(m) defined in Theorem restricts to the

open torus defined above to give

N
. N(bi,....b
Wi(br,...,by) =D bj+e N, -, by) e N),
j=1 Hj:lbj

where
Ny, by) =) by by

and the sum is over all subsets {iy < --- < in_m} of {1,..., N} such that
(8ji, -+ Sjip )81+ Sm 15 a reduced expression for w?.
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Proof. We will rename the coordinates b; when convenient by a; ;, in terms
of which w9 is given by

(ym(am,m)ymfl(amfl,m) ce yl(al,m)) cee (ym(am,2)ymfl(amfl,Q))ym(am,l)-

As a consequence of the shape of 4y and the definition of the y;, we
immediately obtain :

fra) =Y (22)
j=m+1—i

We now need to compute the e’ (uj), where u; is such that ureuipts €
B_y.
Lemma A.2.

ej(u) =0 foralll<i<m-—1 (23)

Proof of Lemma[A 3. From [Rie08], we know that

<uflvwi7 e'i : U(ZZ>

(uy ', vi,)

e; (ur) =

hos — o1 — —
(e"uiptiguio vy, , € - v,)

(ehMuipuguo~ g, v2,)

<ehw'pﬂgvj}‘i ;€ Uy

<eh?1}'pﬂ2v:,ri, Ves;)

Now ef(uy) = 0 if and only if (wpvf, wpte; - vy,) = 0. The vector wpte; - Vg,
is in the p-weight space of the i-th fundamental representation, where 1 :=
wp'si(—w;). Moreover, Uz € By (w!)™' B, , hence it can only have non-zero
components down to the weight space of weight (w?)™!(w;) = wp'(—w;).
However, 4 is lower than wp'(—w;) when i # m. O

We are left with computing e, (u1) :

Lemma A.3.

N(bla"',bN)
N
Hj:l b
Proof of Lemma[A.3. As in the proof of Lemma [A2] we have

er (uy) = et

(24)

<6hwpﬂ21):’;m, em -V, )

el (uy) =
mU) = iy, v )

o (WPTU2VY em - vy )

<wP,l—1’2v:’;m ) v;m >

= (Wm + m —wp) (e

AwWptigv} em - v, )

(Wpligvd,, , Vo)
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Indeed, ay,(e™) = e'. Moreover, (wpliavy vy, ) = (Uov ,uip~lvg, ) =
(wpvf v, ). Now the only way to go from the lowest weight vector v
of the m-th fundamental representation to the highest vjm is to apply wy.
Since Ty € B(w?)~1B, it follows that we need to take all factors of 7z, hence
. _ N
(Wptiavy vy ) = 112 b)
Now we prove that (wWptiav] ,em - v, ) =N(b1,...,by). Indeed :
(WpTiv ,em - vy, ) = (Uav, ,uip em - v, ),

and the weight of the vector wp~le,, - v, s p = %(61 — € — r — €p).
Now consider the Weyl group element

w = $m(Sm_15m) - (82 Sm—15m)-
We have
, 1
w Wy, = 5(61—62—"'—6m).
Hence the way to the p/-weight space is through one of the reduced expres-
sion for w’, which concludes the proof of the claim. ]

Now the proof of Proposition [A ] follows immediately from Theorem 2.4]

and the equations (22)), (23] and (24]). O

The expression for the Landau-Ginzburg model in Proposition [A1] is
quite close to the usual expression for the Landau-Ginzburg model of pro-
jective space P", which looks like :

t
n (&
W =m oot b, ————.
12 ...Tp
Indeed, It is the sum of as many parameters as the dimension of the variety,
plus a more complicated e’-term depending on those parameters. To the best
of our knowledge, this expression is new for LG(m) with m > 2. However,
for the three-dimensional quadric LG(2), we obtain :
LG(2 a1 + a2
W, @ = as1 + aip +agg + el ——2=,
G2,101,202,2
which, up to a toric change of coordinates, corresponds to one of the expres-
sions of [Prz07].
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