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Abstract

We show that the alternative discrete Painlevé I equation has a unique solution
which remains positive for all n > 0. Furthermore, we identify this positive solution in
terms of a special solution of the second Painlevé equation involving Airy functions.

Introduction

We will investigate the system of two nonlinear equations

U + Apyy = b2 — 1, (1.1a)
ap(by 4+ byp1) = n, (1.1b)

which is known as the alternative discrete Painlevé I equation (alt-dPp) [6]. These equations
arise, for example, when one wants to find the recurrence coefficients of orthogonal polyno-
mials with an exponential cubic weight; see, e.g. [2, [14]. They also arise when one wants to



compute the recurrence coefficients of multiple orthogonal polynomials with an exponential
cubic weight [5]. The equations also give relations between solutions of the equation

d?y

—= =2¢% — 2ty — 2q, 1.2

2= 2ty (1.2)
for different values of the parameter « [4, [10, [16]. Equation (1.2)) is equivalent to the second
Painlevé equation (Pyy)

d2
d_q;) = 2w’ + 2w + a, (1.3)
z
through the scaling
w(z) = =2"Y3y(t), 2= -2Y3¢. (1.4)

We note that if we solve (1.1b)) for a,, and substitute this in (1.1a]), then we obtain

n+1 n
+ = b2 —t. 1.5
bn + bn+1 bn + bn—l " ( )

The main result in this paper is the following.

Theorem 1.1. For nonnegative values of t, there exists a unique solution of (1.1) with
ao(t) = 0 for which an41(t) > 0 and b,(t) > 0 for all n > 0. This solution corresponds to
the initial value N
i'(t

bo(t) = —
(0 = S

~—

>

where Ai(t) is the Airy function.
The corresponding result for the nonlinear recurrence ((1.5)) is

Theorem 1.2. For nonnegative values of t, there exists a unique solution of (1.5)) for which
b, (t) > 0 for alln > 0. This solution corresponds to the initial value
Ai'(t)

bolt) = —Z5p

We observe that the value of by(t) is fixed once ag(t) and by(t) are known. Specifically
one has

1
bi(t) = —bo(t) + FOE
Hence the solutions of only depend on one free parameter by(t) even though it is a
recurrence relation of second order. This is reflected in Theorem by the initial value
Qo (t) = 0.
Uniqueness of positive solutions for non-linear recurrence relations was already studied
earlier for the equation

Tn(Tpy1 + Tp + Tp_q) = N, (1.6)

which is known as a discrete Painlevé I equation [7, [13] and which appears naturally when one
wants to find the recurrence coefficients of the orthogonal polynomials with the exponential



weight exp(—z?) on the real line, the so-called Freud weight. Lew and Quarles [12], Nevai
[15], and Bonan and Nevai [3] showed that there exists a unique solution of with xp =0
for which z,, > 0 for all n > 1 and this solution corresponds to z; = 2I'(3)/T'(1). This result
was recently also proved for a family of non-linear recurrence relations generalizing , see
.

The fact that there is a unique solution of , or equivalently for , means that it
is not wise to compute this positive solution starting from the initial values ay(t) = 0 and
bo(t) = —Ai'(t)/Ai(t), because a small error in by means that one will not be generating the
positive solution and after some time there will be negative b, (). In Section 2| we will give
a method to compute the positive solution (b,),>¢ where b, := b,(t) by means of a fixed
point algorithm using a contraction acting on infinite sequences. That method is stable and
is very suitable to compute the positive solution numerically. Further in Section [5, we give
an explicit expression for b, in terms of the Airy function Ai(t).

One can easily obtain the asymptotic behaviour of the positive solution of . This
was already proved in [5], but we repeat the proof here for completeness.

Corollary 1.3. For the positive solution of (1.6 one has

. Qn 1 i b,
R R My
Proof. The positivity of the a, and (1.1a) imply that a,, < b%. The positivity of the b, and
(T.10) imply a,b, < n. Together this implies a,, < n?/a? so that a, < n*3. From (I.1a)) it
then follows that b2 < n?? + (n + 1)%/3. We can then define

n n

B, = ligri}golf i By = liiris;}p L

If we take a subsequence such that b, /n'/3 — By, then from (T.5) one finds

2

B> _ -
1= B, + B,

In a similar way, by taking a subsequence such that b, /n'/3 — B, it follows from (1.5] that

2

B2< ——
2_B1+BQ

Together this implies that B < B2, and since one always has B; < B, it follows that
B, = B, so that b, /n'/? converges. From (I.1b]) it then also follows that a,/n??® converges.
Taking limits in ((1.1a)) and ([L.1b])) then easily gives the values of these limits. ]

This paper is organised as follows. In Section [2] we discuss the uniqueness of b, and
discuss its behaviour in Section [3] In Section [4] we discuss the relationship with solutions of
P . It is well known that Py has special-function solutions expressible in terms
of Wronskians of Airy functions, see [4, 9, [I7]. Using these we give explicit expressions for
the solutions of and in terms of the Airy function Ai(t) in Section [f



2 Proof of the uniqueness

In this section we will prove Theorem . A positive solution (b,),>¢ implies that ag = 0
and a, > 0 for n > 1 by using , so that Theorem follows as well. The idea of the
proof is to construct a mapping T on the space ]RI}Tr of positive sequences (x,,),>0 and to show
that this is a contraction on a complete set in this space. The unique fixed point will be the
desired positive solution of .

Let (z,)n>0 be an infinite sequence with x,, > 0 for all n > 0. We define a new sequence
((Tx)y)n>0 implicitly by

n-+1 n

= (Tx)2 —t > 1 2.1
(Tx)p + Tnia - (Tx)p + 2p (Lo =t m2 1)
and )
Observe that (Txz), is a solution of
1
I (2.3)

Yy + Tn+1 Yy + Tp—1

If v,41 > 0 and z,_; > 0, then the left hand side of (2.3 is a positive and decreasing
function of y € (0,00) and the right hand side of (2.3)) is obviously increasing on [0, c0) so
that (2.3) has a unique positive solution and therefore for n > 0 we set

(Tz),, = positive solution of (2.3)).

Note that the left hand side requires z,,, and x,,_; for n > 1 but only requires x; for n = 0.
Equation ({2.3) corresponds to a quartic equation in y for n > 1 and a cubic equation if
n = 0. There is a negative solution between —z,,+; and —z,_; when n > 1 and two complex
conjugate solutions or two real negative solutions which will not be used in the remainder
of this paper.

We will now give some properties of this mapping T.

Lemma 2.1. Ifx,, > 0 for alln >0, then 0 < (Tx), < B,(t) with
B DB 1= /1 r 1+ ,/1 r
(1) = 1 SIS N v
(8)=(n+3) 27(n+%)2 + 27(71%—%)2

for alln > 0.
Proof. Since z, 41 > 0 and x,_1 > 0, it follows from ([2.1)

n—+1 n 2n+1
n=(Ta)n = 4/t <[t
o = (T2) \/ T Tt e (To)m+ 20 —\/ T

and therefore

1/3
_'_

1/3
}, (2.4)

(Tx), { (Ta),]” — t} <on+1.

4



The roots of the equation
y(y’ —t) =2n+1

—1
2n+1+\/(2n+1)2—27t3] }

1/3

can be written as:

!
Y+ = 91/3
(2n 4+ 1)/3 , 4¢3
= R [ —
Yy gy | L H1V3) 27(2n + 1)
1 + 1 i
27(2n + 1)2

. s 1/3
Yo = —M{(l—i\/g) [1_ \/1_27(1“3

22/33 2n +1)2

14+4/1— L
27(2n + 1)2

1/3}
In fact y; = (n+ 2)"2Q(w), with w = 1t(n+ 1)7*/3, where

1/3
+

4
2n—|—1—\/(2n+1)2—27t3

+(1—iv3)

+(1+iv3)

1/3}
2

Qw) = (1 . m) Yy <1 + m) v (2.5)

Notice that for w > 1 it follows that Q(w) = 2y/w cos [ arccos(w™*?)]. Hence, Q(w) is
always positive for any real value of w, in fact it is the unique positive solution of the equation

Q(w) [Q*(w) — 3w] = 2. (2.6)

As a consequence, y, is positive for any real value of ¢ (and any integer n). The roots y;-
and y,- are either a pair of complex conjugate numbers, when (2n + 1)? > Q%t3, or two
negative numbers, when (2n 4 1)? < 5+t*. The case where eventually (2n+1)? = 2t% would
produce a positive single root y, and a double negative root y;-. Hence, no matter the value
of t, there will be a unique positive root, which is y, = B, (t). Now the positivity of (Tz),
yields the required bounds. O

w

Let us write B,(t) = R (n + 1,t) with

t
— ,1/3
R(z,t) = 27°Q <322/3)
where Q(w) is the function given by ({2.5)).
Lemma 2.2. The function

S 1/3 . 1/3
t t
_ /3 1 N L
R(z,t) =z 1 1 (322/3) + |144/1 (322/3)

is increasing and concave in z on (0,00) and increasing in t on R.

b}



Proof. Since the function Q(w) is the unique positive root of the equation (2.6]) it follows
that Q%(w) > 3w and therefore Q*(w) > w for any w > 0. Now, by differentiating ([2.6))
once we obtain

Q'(w) [Q*(w) — w] = Q(w) >0,

and consequently Q'(w) > 0 and also

Qw) —2wQ'(w) = % [Q*(w) — 3w] > 0.
A second differentiation of gives

Q"(w) [Q*(w) —w] = 2[1 = Q(w)Q'(w)] Q' (w),
which can be written as ,
Q" (w) [Q*(w) —w]” = —2wQ(w),

and therefore we conclude that Q" (w) < 0 for any w > 0, and naturally Q" (w) > 0if w < 0.
Now, from the definition of the function R(z,t), observe that

OR 1 ,

92 3.2 [Q(w) —2w@ (w)} ‘w:#
1 Qw) [@%(w) — 3w
©322/3 Q*(w) —w w:3+/3 ’

and also that

aZR 2 ! 2
T = g |~ QW +3uQ ) 2|,
2Qll(w) '
SwB | if t>0,
— Ww=37373
24/3 )
—W, lf t=0.
Consequently,
OR O’R OR
E>O, W<O’ and §>O

]

Lemma 2.3. Ifz, < B,(t) for alln > 0, then (Tz),, > c1B,(t) for alln > 1 and (Tx)y > co,
where ¢g = 0.68554389 and ¢; = 0.6379714.
Proof. Equation (2.1) easily gives

n+1 n
Txi—tz + for n > 0. 2.7
o =2 T T B W+ B 20
With Lemma [2.2] we readily observe that for z € [0, 00) the function f(z) = 1/[y + R(z,1)]

is such that
of __ 1 9R _,
0z [y+R(zt]0oz ~ 7
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whilst

> 0.
vt REOR 02 =

*f 1 OR\* 1 O*R
022 [y + R(z,1)]3 (8z> B [

Hence f(z) is convex on (0, 00), so that

M)+ (1 =N f(z) = fOa + (1= Nz),  Aeo,1],

whenever 0 < z; < z3 < c0. For n > 1 we choose z; :n+g, @zn—%and)\: %,
this gives for y = (Tx),

1 + 1 > 2 f >1

or n ,

(Tz), +R(n+3,t) (Tz),+R(n—3.t)  (Tz),+R(n+ 3,1 -
which easily leads to
1 2
nt i n for n > 1.

>
— (

(To)n + R(n13,8)  (Ta)y T R(n—L.0) = (Ta)u t R(n 1 L0)

Combined with (2.7)), and also because B, (t) = R(n + 3,t)), this gives

2
(Tz)2 —t > n

for n > 1.
= T+ Bot) 0 "7

and therefore
[(Tz); —t] [(Tz), + B,(t)] > 2n, for n>1.

(Tz),

With ¢ = Bot)

, the latter inequality becomes

(c+1) {02 (Bo(1))* — t} B.(t)>2n,  for n>1,
which can be expressed as
(c+1) [(02 —1)B3(t) + (2n + 1)} > 2n, for n>1,

because
tB,(t) = B3(t) — (2n + 1).

Now, considering that
B.(t) = (n+ )"’ Qwa(t)), n>0,

t
with w,(t) = ———=, it follows
3+
(c+1)<(c*=1) [Q(w (zf))}3 +2p > in for any n>1.
" “n+1 -

For ¢t > 0, the sequence

<wn(t) = 3(n+%)2/3>n21 7

7

then

(2.8)



is monotonically decreasing so that 0 < w,(t) < wy(t), n > 1. Since Q(z) is a positive,
increasing function (with lim Q(z) =0, hT Q(z) = +00,), it follows that
Z—>—00 Z—+00

Q(0) < Qwa (1)) < Qwi(t)),

for any t > 0 and n > 1, where Q(0) = 2/ and

Qui(0) = (1-y/1- w%<t>)1/3 # (141 w%<t>)1/3.

Since 0 < (Tx),, < B,(t) implies 0 < ¢ < 1 and therefore (¢ + 1)(¢* — 1) < 0, then

22 (c+1) > (c+ 1) {( - 1) [Q(w, ()] +2} > 2:1 12 %.

Hence, ¢ is such that ¢*(c+1) > 2. The function 2¢?(c + 1) is monotone increasing on [0, 1],
and this implies ¢ > ¢;, where ¢; is the positive root of ¢*(c+1) = %, which is approximately
¢ = 0.6379714.

For n = 0 we use to obtain

9 1
[(Tz)o)” —t > m>

so that [(Tz)o + Bi(t)] {[(Tx)o)> — ¢} > 1. With d = (Bzfﬂ(fgoj then we have

(d+1) [@®B(t) — tBi(t)] > 1.

~—

With the identity ¢R (2,¢) = Bj(t) — 3, the latter inequality becomes
(d+1)[(d®—1)B}(t) +3] > 1.
which, because of the fact that B;(t) > 3'/3 and 0 < d < 1, implies
(d+1)[(d*=1)3+3] > (d+1) [(®—1)B{(t) + 3] > 1.

The function d?(d + 1) is monotone increasing on [0, 1], and this implies d > ¢, where
o is the positive root of d?(d + 1) = %, which is approximately ¢y = 0.47533, so that

(Tz)g > 0.47533 By(t) > 0.47533 - 31/3 = (0.685544. O]
If we use the norm |
T,
el =5 5 &

with B, () as given in (2.4, then Lemma implies that |Tz|| < 1 whenever (x,,),>0 is a
positive sequence. Lemma [2.3 implies that | T2z > ¢;. We are interested in the iterations
T*2 for k — oo, so without loss of generality we may assume that c;B,(t) < z, < By(t).
The mapping T is then a mapping from positive sequences in the unit ball By = {(z,)n>0 :
|z|| < 1} to positive sequences in the unit ball By.

8



We will show that whenever ¢ > 0, T is a contraction on the positive sequences for which
cp < |lz]| £ 1. Let =,y be positive sequences with ¢; < ||z, ||y|| < 1, then from (2.2))

1 1
|(Tx)0 - (Ty)o‘ = ‘\/—(TIE)O—I—xl +t— \/—(Ty)o+y1 +t
1 1 1

(T2)o+ (Tyo | (T2)o + 21 (Ty)o + 1
From Lemma [2.3|it follows that (Txz)y > coB1(t) and (Ty)g > coBi(t), hence
1 T — (T —
(Ty)o\g [(Ty)o — (Tz)o +y1 9€1|‘
2c0B1(t) [(Tz)o + z1][(Ty)o + w1
Lemma also gives x1 > ¢ By (t) and y; > ¢;B1(t) so that

1
[(T2)o = (Tyho] < 5y [[(T2)o = (Tdo| + ey =l

|(Tl’)0 —

From this we find

Bo(t) 1 } |(Tz)o — (Ty)o| 1 |1 — 1]

1— <

200(00 + 01)23%(15) Bo(t) B 260(60 + 01)23%(25) B1 (t)
For t > 0, the function
1

{“‘%a%+aVBﬂw}>Q

so that we can write

‘(Tx)o - (T?J)0| < By (t) |z1 — 11
Bg(t) - Bo(t) [201(00 + Cl)ZB%(t) — 1] Bl(t)

The function on the right is a decreasing function on ¢ > 0, so that

Bi(t) B1(0)

> = (0.568967,
Bo(t) [200(00 + Cl)zB?(t) — 1] - Bo(O) [200(60 + Cl)QBg(t) — 1]

approximately. For this reason, we have

Tx)y— (T —

[(T2)o = (Ty)o| _ |21 — il ¢y = 0.568967 .. .. (2.9)

Bolt) =27

A similar calculation holds for n > 1: from ([2.1)) we find

[(Tz) — (Ty)n| =

ntl M
(Tx)p + 2ps1 (T2)y + 201

n+1 . n 4t
(T?/)n + Yni1 (Ty)n + Yn—1

B 1 {‘ n+1 n+1
(Tx)n + (Ty)n (Tx)n + Tp+1 (Ty)n + Yn+1

b

n n

+
‘ (T$>n + Tno1 (Ty)n + Yn—1




Lemma [2.3] gives (Tx), > ¢1B,(t) and (Ty), > ¢1B,(t) so that

< 1 (n+ D [[(Ty)n = (T2)n| + [Ynt1 — Tpi]
= 201 By (1) [(T2)n + Znsa] [(TY)n + Yo

n[|(Ty)n — (T2)u| + [yn—1 — xn—lu } .

|(T2)n = (Ty)n

[(T2)n + @0 ] [(TY)n + Yn-]

Since Tpi1, Ynr1 > 1 Bpya(t) and z,_1,y,—1 > c1B,_1(t) we have (together with the lower
bound from Lemma [2.3))

[(Tz)n — (Ty)n|
[(T2)n = (Ty)| n+1 n
= 2B {[Bn<t)+Bn+1<>] " p <>+Bn_1<t>12}
|z — gl { (n+D)Bua(t) |, nBua(t) }
2 Bu(t) [Bu(t) + Busa ()] [Ba(t) + Baa (0]

which can be rearranged so that

B 1 n+1 n |(Tx), — (Ty),|
{1 2¢{ By (1) {[Bn(t) + Boya (1)) i [Bn(t) + Bn—l(t)]Z}} B, (1)
|z —yll { (n+1)Bui(t) N nB,_(t) }
2¢{B,(t)* [Bu(t) + Busa(1)]*  [Bu(t) + Buoa ()] )

The function on the left

L 1 n+1 n
fn,t) =1 2c1 B, (t) { [B.(t) + Buy1 ()] ! [Bn(t) + B"_l(t)]2}

is bounded from below by f(n,0) since B,(t) > (2n + 1)!/3 for any n > 0. In addition,
f(n,0) is an increasing function of n and therefore f(n,0) is bounded from below by its
value at n = 1, which is approximately f(1,0) = 0.507422. Since f(n,t) > 0.507422 > 0, we
can write

1 { (n+1)Bny1(t) N nB, 1(t)? }
(T2)n = (Ty)al _ _26Ba(t)* U[Bu(t) + Busa ()] (Bu(t) + Bua(t))’

< |z — yl|-
Ba(t) 1 n+1 n
L= 2¢3 B, (1) {[B (t) + Bns1(t)]? * [Bn(t) + Bn—l(t)]Q}

We observe that for each ¢ > 0, the expression on the right is an increasing sequence for

n > 1, therefore it is bounded from above by the values as n — oo, which is approximately
11

2c; 4
1— L

3
2¢y

c3 = = 0.928273. Consequently, we obtain for any n > 1

=

[(T2)n — (Ty)ul

B.®) < csl|lz — v, c3 =0.928273. ... (2.10)

10



Combining (2.9) and (2.10]) then gives
Tz — Tyl < 0.928273|z — y]|,

which shows that T is a contraction. Since the unit ball with the norm | - || is complete,
one can use Banach’s fixed point theorem to conclude that T has a unique fixed point b for
which Tb = b. The sequence b = (by,)n>0 is positive and it is a solution of the alternative
discrete Painlevé equation (|1.5)).

The contraction factor can be improved by improving the upper and the lower bounds
in Lemmas [2.1] and The lower bound in Lemma [2.3] can be used to get a better upper
bound in Lemma [2.1 which in turn can be used to improve the lower bound in Lemma [2.3]

We have not yet shown that by(t) = — Ai'(t)/ Ai(t); this will be done in 5] see Corollary
b2

3 Behaviour of the unique positive solution

The unique positive solution of (1.5 necessarily satisfies b, () > v/¢, which is an immediate
consequence of (L.5). Furthermore, Lemma [2.1] implies

Vt < by(t) < Bu(t), forany n>0, and t>0.
This is illustrated in Figure [3.1] for n = 5 and n = 10.

67 67

0 5 10 15 20 25 0 5 10 15 20 25
t t

Bs(t), bs(t), V1 Bio(t), bio(t), V'

Figure 3.1: Plots of B, (t) (dot-dash line), b,(t) (solid line) and /¢ (dashed line) for n = 5
and n = 10.

Moreover, recalling the definition of B, (t) in (2.4]), we observe that

lim Bu(t) =1,
t—o00 \/g

11



and consequently,

by (t
lim () =

t—o0 \/g
Remark 3.1. Observe that for any ¢ > 0 and any integer n > 0, the upper bound B, (t) for
b,(t) given in Lemma [2.1] satisfies

1. (3.1)

VE< Bu(t) < ([t + (204 1)23

For values of t > 3 (n + %)2/3, B, (t) can be written as

332 (n+ 1
B, (t) = 2V/3t cos {% arccos [%

3

for any n > 0. Since 0 < L arccos [3%%(n + 1) /t32] < Ixfort >3 (n+ l)2/3, it follows that

Vit < B,(t) < 2V3t.

Remark 3.2. The Backlund transformations pair

bult) + b (6) = 1 (;(f:jz, ot (3.2a)
b (t) + by (2) 2n (3.2b)

TRt — b (t)

relate solutions of the equation (1.5). In fact, (1.5) can be obtained by eliminating ¥/ (¢)
between (3.2a)) and (3.2b)). Hence,

n+1 n

b, (t) = :
alt) b (t) + bpir(t)  bu(t) + b1 (1)
which, recalling ([1.1b]), corresponds to

b, (t) = any1(t) — an(t). (3.3)
Moreover, and the latter equality yield
D1 () = U5(8) = Uy (£) + 1), (8). (3.4)

The identities (3.3)) and (3.4) allow us to conclude the following result.

Lemma 3.1. For each integer n > 0, b, (t) > 0 for all t > 0 if and only if an1(t) > a,(t),
and this implies by,41(t) > b, (t) and also a),(t) < 0.

Numerically it is evident that b,(t) is a strictly increasing function of t. However, it
remains an open problem to prove this (analytically).

Conjecture 3.2. For anyt >0, 0 <V, (t) < 1/(2V1).

12



Notwithstanding this, we can still prove the result for values of ¢ larger than 2-2/3n%/3,

(271—&-3)713 )2/3
) .

Lemma 3.3. For each integer n > 0, we have bl,(t) > 0 for any t > (m

Proof. Since ay = 0, then (3.3)) readily implies
bo(t) = a1 (t) > 0,
for any ¢ > 0. Based on (3.3]) together with the inequalities

n n
NG B,(t) + Bua(l)’
which are valid for any n > 1 and ¢t > 0, it follows that

b (t) >

< ap <

n+1 n
Boa(t) + Ba(t) 2Vt

Since B,(t) is an increasing function of both n and ¢, bounded from below by v/t and

th+m B\"/(Zt) = 1, it follows that for each n > 1 there exists ¢; such that for any ¢t > t;, we
—+00
have

By(t) 4+ By (t) < (1 + %) 21,

which implies b/,(t) > 0.
Indeed, let ¢} be such that

. n+1
Bn+1 (tn) = \/E

n

As B,(t) is by definition the positive solution of y(y* —t) = 2n + 1, it readily follows that

tr must be such that

n+1[ ](t:)3/2:2n+3,

(2n + 3)n
2n+1 n+1

and hence ¢, = [ ( } . Then for ¢ > ¢

) + Buyi(t) < 2By (1),
for each n > 0. O

In the same manner we can show the existence of ¢ such that for any ¢ > ¢, we have

b (t) < —=.
<3
Remark 3.3. The asymptotic behaviour of b, for large ¢ in (3.1)) allows us to conclude from

[TTD) that
lim (an(t) M) =1

n?

whilst (3.3]) implies



Remark 3.4. As b, (t) > +/t for any n > 0, then (3.2a)) implies

B 2(n+1)
- bA() — b (1)

0 < bu(t) + by (t)

whereas Equation (3.2b)) implies that

B 2n
CBA(t) —t b (t)

0 < by(t) + by1()
Hence, we have

B2 — e+ v [20) - = 0,0 >0,

1.€.,

—(bn () — 1) < b, (t) < b(t) — .

4 Relation with the second Painlevé equation

Suppose we denote solutions of Py ([1.3) by w(z;a), then the three solutions w(z;a) and
w(z;a £ 1) are related by

o+ N a—1
w(z;a+ 1) +w(z;a)  wza)+w(z;a—1)

+2uw?(z;a) + 2 = 0, (4.1)

see [18, Eq. 32.7.5 on p. 730] and [6l Eq. (1.21)]. The latter is equivalent to the difference
equation ([1.5)). If we take o = n + % and y,(t) = cw(ct;n + %) then
n+1 n
+
Yn+1 + Yn Yn + Yn—1
hence the choice ¢ = —2'/% gives (L.5) so that b,(t) = —22w(—2"3t;n + 1). It is known

that for & = n + 3 then Py (1.3)) has solutions in terms of Airy functions (see [18, 32.10(ii)
on p. 735] or [4, §7.1 on p. 373]). The simplest “Airy solution” is

+2¢3y2 +t =0, (4.2)

1y d 0 o(x :_¢/(2)
w(zig) = —7-Ing(z) o)
where
d(2) = Oy Ai(—27132) + Cy Bi(—27132), (4.3)

with Ai(¢) and Bi(¢) the Airy functions and C; and Cy arbitrary constants. Observe that
the solution w(z; 3) only depends on the ratio Cy/C5. We now have that

1739/ (=2%1)

_ _o=1/3, (_ol/3;. 1\ _ o—
Yo(t) 27w (=277 5) =2 =271

and since
B(—2713t) = Oy Ai(t) + Cy Bi(t),
¢/ (=273 = —2M3[Cy AY'(t) + Co B (1)),

14



then we find
C1 Ai'(t) + Cy Bi'(t)

~CLAI(t) + Gy Bi(t)

Yo(t) = (4.4)

For t = 0 this gives

Cy AT'(0) + C, Bi'(0) ﬂH@P(Q—v§@>

by(0) = — - - =
o(0) C1 Ai(0) + Cy Bi(0) 27 Cy + V30,

where we used the initial values

1 1 31/50(2)

=———, Bi(0)= =y, AI(0)=-—-25 Bi(0)
3237 (2) 31/6T(2) 21

_#irg)

Ai(0
i(0) 2r

see [18, 9.2(ii) on p. 194]. Thus choosing Cy = 0 gives the initial value mentioned in Theorems
[ and 1.2 for ¢ = 0.

More generally, we have the solution

d O,(2)
. 1y _ —1 n
w(z;n + 3) o 6.1(2)"

where for n > 1
= [ L]
0,(z) = det | —— (2 } ;
A7t 4,k=0

with ¢(z) as given by (4.3).

Counsider the Backlund transformations

2(n+1)

1 = —Yp + ————— 4.5

Yt = Ut o (4.5a)
2n

el = —Yp + ——, 4.5b

Yn—1 Yn + R — ( )
where ' = d/dt. Eliminating y/, yields the recurrence relation
1

s Lyt (46)

+
Yn+l T Yn  Yn T Yn—1

which is alt-dPy (|1.5)), whilst letting n — n + 1 in (4.5b)) and then substituting (4.5a]) yields

d2y,
d—t% =2 — 2y, — 2n — 1, (4.7)

which is (1.2) with « =n + %, and so is equivalent to Py (1.3) with « = n + %
Lemma 4.1. Suppose x,, and vy, satisfy the discrete system
Tp+ Tpyr = yo —t, (4.8a)

xn(yn + yn—l) =n, (48b)

15



and y, satisfies (4.5)). Then x, and y, satisfy the system

dx,,

- = —2%,Yn + N, (4.9a)
dy, 5
=2 — 22, —t, 4.9b
and x,, satisfies
d?z 1 (da,\? n?
- = - 4ol + 2tw, — —. 4.10
a4t 2xn(dt>+x"+x 2, (4.10)
Proof. From (4.8b]) and (4.5b]) we have
2 dy,
PR 'S
Yn + Yn—1 dt

from which we obtain equation (4.9bf). Then differentiating (4.9b)) gives

d?y, dy, _d=z,
= 2y, —2% — 2
dt? In~qt dt

Substituting for the derivatives of y, using (4.9b)) and (4.7) yields equation (4.9al). Finally
solving (4.9al) for y,, and substituting in (4.9b)) shows that z,, satisfies equation (4.10), as

— 1.

required. O
We remark that making the transformation z,(t) = —273v(z), with z = —2'/3¢, in
equation (4.10)) yields
2o 1 (dv\? o2 n? (4.11)
—=—(=—) —20*—2v— — :
dz? 20 \dz 20’

which is known as Py, as it’s equivalent to equation XXXIV of Chapter 14 in [I1].
The “Airy-type” solutions of (4.7)) and (4.10) respectively have the form

d  T(t;0)
0) = —In ——— 4.12
d2
Tp(t;0) = —— InT,(; 6), (4.13)
dt
where
0)=d L 0 " 4.14
n(t;0) = det A t; , .
SCURE = (414
with 79(¢;0) = 1, and
©(t;0) = cos(9) Ai(t) + sin(0) Bi(t), (4.15)

with Ai(t) and Bi(¢) the Airy functions and 6 € [0, 7) a parameter; we have set C = cos(6)
and Cy = sin(#) to reflect that the solution only depends on the ratio of the constants. The
“Airy-type” solutions (4.12)) and (4.13)) are derived from the “Airy-type” solutions of Py

(1.3) given in [4] @, [17].

16



The simplest non-trivial “Airy-type” solutions of (4.7) and (4.10]) respectively have the

form

o d v cos(f) Ai'(t) + sin(0) Bi'(t)

Yot 0) = — g mel:0) = =y Ai(e) + sin(8) Bi(t) (4.16)
L d? v [cos(0) Ai'(t) + sin(0) Bi'(t) 2

n(td) = —gplnet0) = | A ram@ By | " (4.16b)

recall that z((t;0) = 0.

The structure of the solutions and depends critically on whether the
parameter ¢ is zero or not which is shown in Lemmas and below. This is not
surprising since Ai(t) decays exponentially as ¢ — oo, whereas Bi(t) increases exponentially
as t — 0o. So if 6 # 0 then Bi(¢) will dominate for large positive t.

If we seek a solution of with y,(t) ~ ct'/2, as t — oo, then necessarily ¢ = +1.
Hence the following asymptotic series are easily derived

2n + 1 12n2+12n+5
() = /2 — ot 4.17

2n + 1 n 12n2+12n+5
4t 325/2

Yo (t) = —t'/? + +0(t™). (4.17b)

It should be noted that there are no arbitrary constants in these asymptotic expansions,
they occur in exponentially small terms.

Lemma 4.2. If yo(t;0) is given by (4.16a]), then

2+ 0t if =0
t:0) = ’ ’ 4.18
bo(f:6) {—t1/2 +0O(tY), if 6#0. (4.18)

Proof. Using the known asymptotics of Ai(t) and Bi(t)

Ai(t) = 2\/6%_ ;/4 {1 N 48?3/2 * 463()885 3 665?25?9/2 " O(t_ﬁ)}
Ai'(t) = _1512/4—;%C { 48:3/2 + 45055 B 66???23?9/2 O(t_6)}
Bi(t) = \/%6;/4 {1 i 48?3/2 * 463(?85 e 66?%;?;?9/2 i O(tﬁ)}
Bi'(t) = tl\/;%eg {1 N 48:3/2 N 46?85 B 66;)?(5)3?9/2 * O(t_ﬁ)}

17



with ¢ = 2¢%2, see [I8] 9.7(ii) on p. 198], then if § = 0, as t — oo

LT 45 95095 (o)
0y = ATO _p L 48872 7 4608+ 663552672
T TR R T
481312 T 46083 66355219/
1 5 15
_ 41/2 B _6
- {1+4t3/2 26t gaen T O )}
1 5 15
S V0 O(1-11/2
+4t 32155/2+64154Jr ( )

whilst if 8 # 0, as t — oo

o cos(6) Ai'(t) + sin(0) Bi'(t)
bo(t:0) = = cos(f) Ai(t) + sin(0) Bi(t)
1cos(f) e {1 + 48—;/2 + O(t?’)} +sin(f) e {1 — 48—:3/2 + O(tg)}

_41/2

_ b : 3
l(:0:3(9)6<{1 48t3/2+0( )}—i—sm(@)eC 1+W+O(t )}

{
{
1 455 95095 O(t_G) }
|

48 t3/2 460813 66355219/2

il
{ 385 85085
{

1
+ 48 t3/2 160885 T 6635520972
5 15
1— — — Ot
4753/2 328 647 ( )}
5 15

— _41/2 O(t—11/2
+4 METTE RN ( )

/2

]

Plots of yo(t; 0) and x1(¢; 0) for various values of the parameter 6 are given in Figures
and [1.2] respectively. We note that

cos(6) Ai'(0) +sin(9) Bi'(0)  3%¢ [1— /3 tan® T
cos(f) Ai(0) +sin(f) Bi(0) 27 \ 1+ /3 tand

Y0(0;0) = —

which is a decreasing function for 0 < 0 < %7‘(‘.
An analogous situation arises for the solution y,(t;0) given by (4.12)), i.e.

2+ o(th), if =0,
t;0) =
yn(t:) {—t1/2+(9(t1), if 9#£0

(see Lemma [5.1] E below). We remark that Fornberg and Weideman [8, Fig. 3 on p. 991]
plot the locations of the poles for the solution w(z; 2) of Py (L.3), which is equivalent to
ya(t; ), for various choices of §. These plots show that the pole structure of the solutions is
significantly different in the case when # = 0 compared to the case when 6 # 0.

18



Figure 4.1: Plots of yo(t;6) for § = 0 (upper curve), 6 = 7, 57, g7, 57, 57 (lower curves,

with § = 57 the highest and 6 = 7 the lowest), and the curves y = j:\/_ t (dashed lines).

Lemma 4.3. If x1(t;0) is given by (4.16Db)), then

124+ 0(t7?), if 6=0,
n(t:6) = {1t1/2+(9( ), i 6#0. (4.19)

Proof. The proof is very similar to that for Lemma so is left to the reader. O

5 Airy solutions of alternative discrete Painlevé 1

Now we consider the case when 6 = 0, i.e.

an(t) = x,(t;0) = —:j—lnA (1), (5.1a)
by (t) = yn(t;0) = T l An+§ &) (5.1b)

where - -
A, (t) = 7,(t;0) = det Lclltﬁk Ai(t)} - (5.2)

with Ag(t) = 1. We remark that A, () given by (5.2) arises in random matrix theory, in
connection with the Gaussian Unitary Ensemble (GUE) in the soft-edge scaling limit, see
e.g. [9 p. 393|. Further, for n > 1, A,(¢) has the multiple integral representation

_1)71

(55 — tay) H (z) — x0)*day ... dzy,

1<k<t<n
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Figure 4.2: Plots of x;(¢; ) for 6 = 0 (upper curve), 0 = %ﬂ', 1—107r, %71’, %71’, %7? (lower curves,

with = -7 the lowest and § = i the highest), and the curves z = +1/(2v/f) (dashed
lines).

in which C is the standard Airy contour from coe™™/3 to coe™/3 [J, p. 393].
Lemma 5.1. If a,(t) and b,(t) satisfies the recurrence relation (1.1]) with
Ai'(¢)

where Ai(t) is the Airy function, then ast — oo
n _
an(t) = 5712 + O(t 2), for n>1, (5.4a)
bo(t) =2+ O(t™), for n>0. (5.4Db)

Proof. We shall first prove (5.4b]) by induction. If b,(t) = y,(¢; 0) satisfies the recurrence re-
lation (4.6]), which is a consequence of (|1.1]), then b,(t) also satisfies the differential-difference
system (4.5)) and the differential equation (4.7). We shall use the Béacklund transformation
(4.5al).

Clearly (5.4D)) is satisfied for n = 0 from Lemma [4.2] Now we assume as the inductive
hypothesis b, (t) = t'/2 + O(t7'), so we know from ([4.17a]) that

2n+1 120° +12n45  (2n+1)(160* + 16n + 15)

b, (1) = t'/? O (1-11/2
(t) T 32¢5/2 64 ¢4 + 0 )
and hence it is easily shown that
2n+1 2n?+4+2n+1  5(2n+1)(4n?+4n +5) _
2 _ _ 5
bn(t> =t+ 2¢1/2 A¢2 6417/2 + O(t )
1 2n+1  5(12n*+12n +5) _
") — _ 5
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Therefore

n+1 (n+1)? 5(n+1)4n*+8n+5)

2 ! o o -5
n+1 n+1 5(4n*+8n+5) o/2
T2 {1_ 9 43/2 + 393 +O(t ) )
then
2(n+1) . n+1 5(4n®+ 8n+5) o
=221~ Ot
T e A
2
o2, nt1l 1207 4240+ 17 4
=207+ — T +0(t™),
and so from (4.5al)
2(n+1)

bn+1(t) = _bn(t) +

bL(8) + by, () — t

2n+1 12n*+12n+5
= — 12 — ot
(e S - o
+1  12n%+24n+17
202+ LT ot
+ + t 16 5/2 + ( )
2n+3  12n% + 36n + 29
= 1/ - ot
Y s o)
which is (4.17a)) with n — n + 1. Hence the result (5.4b)) follows by induction. The result
(5.4a)) then follows immediately from (|1.1b)). O

Corollary 5.2. The positive solution b, (t) in Theorems|1.1) and[1.9 corresponds to the initial
value by(t) = — Ai'(t)/ Ai(t).

Plots of b,(t) = y,(t;0), forn = 0,1, ...,6, are given in Figure [5.1|and plots of a,(t)/n =
z,(t;0)/n, for n = 1,2,...,6, are given in Figure These plots suggest the following
conjecture, which corroborate Conjecture [3.2) and Lemma (3.3

Conjecture 5.3. If 0 < t; <ty then

bn(t1> < bn(tg), an(t1> > (ln(tg), (55)

i.e. by(t) is monotonically increasing and a,(t) is monotonically decreasing for t > 0. For
fixed t with t > 0 then

VE < by(t) < bpsa (1), (5.62)

1 W) anga(t
S @l @) (5.6b)
24/t n n+1
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Figure 5.1: Plots of b,(t) = y,(¢;0) forn = 0,1,...,6, and the curve y = v/t (dashed line).
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