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Abstract
This paper investigates how the parameters governing network structure vary over time across a sequence of 
observed dynamic networks. We focus on ensembles of networks that exhibit sudden structural changes at 
certain time points but remain stable or undergo minimal changes in between. Many real-world networks, such 
as international trade networks and political co-voting networks, display this behaviour. Given a sequence of 
observed networks, our objective is to estimate the corresponding time-varying parameters of an exponential 
random graph model (ERGM) and identify periods of parameter stability as well as abrupt changes in the 
underlying network-generating mechanisms. To this end, we introduce a novel fused lasso exponential random 
graph model (FL-ERGM), which encourages similar parameter values across consecutive time points while 
allowing abrupt changes when supported by the data. To address the intractability of the ERGM likelihood, 
we adopt a pseudo-likelihood approximation and optimise the resulting penalised objective using the alternat-
ing direction method of multipliers (ADMM). We prove that the solution obtained by ADMM is equivalent to 
the optimal solution of the original objective function. Monte Carlo simulations demonstrate that FL-ERGM 
outperforms existing methods in estimating time-varying ERGM parameters and detecting structural changes. 
Applications to international trade and political co-voting networks reveal interpretable and contextually rel-
evant patterns of temporal parameter variation.

Keywords  Exponential random graph models · Temporal variations · Fused Lasso · Alternating direction 
method of multipliers
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Introduction

Networks, consisting of nodes and edges, are widely used to describe the interactions among different entities. 
Dynamic networks refer to an ensemble of networks obtained on the same or similar sets of nodes over different 
time points. With the recent development of technology, such data have become commonplace in many fields. 
Examples include trade networks built over different years of product exchange, brain networks constructed at 
different phases of disease, and friendship networks collected over different school years.

The analysis of network data is an emerging area in statistics. Over the last few decades, a significant num-
ber of statistical models have been proposed to infer the underlying structures of network data, including latent 
space models (Hoff et al. 2002; Sewell and Chen 2015), stochastic block models (Holland et al. 1983; Lee and 
Wilkinson 2019), and exponential random graph models (ERGMs) (Frank and Strauss 1986; Schweinberger et 
al. 2020). ERGMs are a class of versatile network models that are often used in single networks to describe the 
observed network structure through various local connectivity patterns and global network features. The abil-
ity to incorporate complex connectivity patterns through summary statistics makes ERGM an attractive model. 
There is a large and growing body of literature on the developments and inference of ERGMs, as reviewed by 
Schweinberger et al. (2020).

Stochastic actor-based models (SABMs) (Snijders et al. 2010) are one of the most well-known models for 
dynamic networks. They are specifically designed for modelling the network evolution using a stochastic process 
driven by nodes. SABMs explicitly simulate network dynamics by taking into account the actions of individual 
nodes and are particularly useful in understanding the network evolution at the node level. Recently, there are 
also several statistical models that utilise ERGMs in the dynamic network setting. Hanneke et al. (2010) proposed 
a temporal ERGM (TERGM) to capture the differences in network features between two consecutive networks 
through exponential family distributions. Krivitsky and Handcock (2014) extended the TERGM to a separable 
TERGM, which considers both the formation and dissolution processes of networks by separately parametrising 
the prevalence and duration of fluctuations. More recently, Lee et al. (2020) developed a model-based cluster-
ing framework based on the TERGMs so that the block structure of networks can be detected simultaneously. 
Through the TERGM framework, the changes between consecutive networks are modelled directly through an 
exponential family distribution, but the characteristics of each network are not captured in the model. Other 
methods, such as the varying coefficient ERGM (VCERGM) (Lee et al. 2020), are capable of modelling both 
the characteristics of individual networks and their evolution over time. The VCERGM is designed for networks 
with smoothly changing patterns.

Inferring the temporal variations of dynamic ensembles is challenging because it is difficult to simultaneously 
estimate both the structure within each network and the changes in the structure over time. Each network can 
display a wide range of dependency structures, and dynamic ensembles may manifest diverse types of changes. 
The range of possibilities includes a sudden shift of the entire network structure, a single node rewiring all of its 
connections, or even just one or two edges changing in the whole network. Therefore, any method should be flex-
ible enough to discover many types of evolutionary patterns, while also be powerful enough to learn this temporal 
structure over a long time period.

In practice, a dynamic ensemble often exhibits a diverse changing pattern. For example, when fitting ERGMs 
to international trade networks, we observed that the ERGM parameters have a different changing trend before 
and after the global financial crisis in 2008. In the political co-voting networks, the affiliation parameters also 
remained stable from Congress 106 (1999–2001) to 109 (2005–2007), when Bush was the president, but then 
there was a sudden change at Congress 110 (2007–2009) due to the global financial crisis. While the VCERGM 
offer a flexible framework for modelling temporal networks, they typically assume that parameter trajectories 
evolve smoothly over time. This smoothness assumption limits their ability to detect important structural phe-
nomena such as abrupt changes or periods of structural stability where the network remains unchanged. Thus, 
VCERGMs (Lee et al. 2020) can not adequately capture the temporal variations in the above examples.
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The parameters of an ERGM quantify the effects of network features and covariates on the probability of 
observing a particular network structure. To account for diverse temporal patterns in network structure, we adopt 
the fused lasso approach by imposing an 𝐿𝐿1 penalty (Tibshirani et al. 2005) on the differences between consecutive 
model parameter vectors. Specifically, we propose a fused lasso exponential random graph model (FL-ERGM) 
to describe the dynamic network evolution process. Unlike methods such as the graphical lasso (Friedman et al. 
2008), which aim to recover the underlying network structure from observed nodal or dyadic data, our objective 
is to estimate the ERGM parameters from a sequence of observed networks. The fused lasso penalty encourages 
similar parameter estimates across consecutive time points while allowing abrupt changes between different 
parameter regimes. This regularisation provides flexibility in representing diverse temporal patterns in the ERGM 
parameters, allowing the FL-ERGM to capture a variety of changing patterns over time. Thus, the proposed 
FL-ERGM characterises within-network dependence through ERGMs and captures temporal evolution through 
changes in the corresponding time-varying ERGM parameters.

Though FL-ERGMs have many advantages over the existing methods as we described above, the estimation of 
the parameters in FL-ERGMs is challenging. First, the likelihood of ERGM is intractable. Second, the use of the 
fused lasso penalty in the dynamic networks also increases the difficulty of estimation as the fused lasso penalty 
is not separable and smooth, and we have to adapt the fused lasso to ERGMs to encourage sparsity on the dif-
ferences of parameters. Third, when the observed dynamic ensemble has a large number of networks and nodes, 
strong computational power is needed due to the large sample size.

To address these challenges, we employed a pseudo-likelihood approximation to the likelihood function for its 
computational tractability (Schmid and Desmarais 2017). We optimised the penalised pseudo-likelihood objec-
tive using an iteratively reweighted least squares (IRLS) scheme, where each quadratic subproblem is efficiently 
solved via the alternating direction method of multipliers (ADMM). The ADMM framework decomposed the 
optimisation problem into several smaller subproblems (Boyd et al. 2010). Applying the ADMM algorithm to our 
problem enables us to leverage the known properties and solution methods to derive closed-form ADMM updates 
for each subproblem. However, obtaining these closed-form solutions involves solving a ridge regression in one 
of the subproblems, which significantly slows down computation due to the required matrix inversion. This issue 
is further exacerbated by the dynamic nature of the networks under consideration. To address this, we incorporate 
a lower-upper (LU) matrix decomposition technique into the ridge regression solution, which substantially accel-
erates our algorithm compared to a naive ADMM implementation.

The rest of this paper is organised as follows. We formulate the FL-ERGM in section “Model formulation”. 
In section “Parameter estimation”, we use the ADMM algorithm to solve the resulting optimisation problem. In 
section “Empirical results”, we numerically evaluate the performance of our proposed method to the counterpart. 
We conclude this paper in section “Discussion”.

Model formulation

In this section, we first briefly review the standard ERGM, which provides the foundation for our proposed FL-
ERGM framework. We then introduce the proposed FL-ERGM, which extends the standard ERGM to a sequence 
of observed networks by allowing the ERGM parameters to vary over time.

Exponential random graph models

ERGMs provide a flexible framework for modelling diverse structural characteristics of networks (Robins et al. 
2007; Schweinberger et al. 2020). The network is typically represented by a random adjacency matrix 𝑌𝑌 ∈ {0, 1}𝑛𝑛𝑛𝑛𝑛
, with 𝑛𝑛 for the number of nodes. We define 𝑌𝑌 𝑖𝑖𝑖𝑖 = 1 if there is an edge from node  to node 𝑗𝑗, and 𝑌𝑌 𝑖𝑖𝑖𝑖 = 0 otherwise. 
The realisation of 𝑌𝑌 is denoted by 𝑦𝑦 and the set of all possible outcomes of 𝑌𝑌 is denoted by 𝒴𝒴. Let 𝑋𝑋 ∈ 𝒳𝒳 denote 
the observed network attributes, including nodal and dyadic attributes that may be associated with the formation 
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of network ties. The ERGM specifies the probability of observing a particular network 𝑦𝑦, conditional on the 
observed covariates 𝑋𝑋, as 

	
𝑃𝑃𝑃𝑃𝑃 𝑃 𝑃𝑃𝑃𝑃𝑃𝑃 𝑃𝑃𝑃 𝑃 exp{𝜃𝜃⊤𝑆𝑆𝑆𝑆𝑆𝑆 𝑆𝑆𝑆}

𝑘𝑘𝑘𝑘𝑘𝑘 ,� (1)

where 𝜃𝜃 ∈ ℝ𝑑𝑑 is the vector of ERGM parameters and 𝑆𝑆𝑆𝑆𝑆𝑆 𝑆𝑆𝑆 is a 𝑑𝑑-dimensional vector of network summary statis-
tics (Morris et al. 2008). These statistics capture structural features of the network and associations with observed 
covariates, such as the number of edges, mutual ties, triangles, stars, or ties between nodes with shared attributes. 
Each parameter in 𝜃𝜃 determines the contribution of its associated statistic to the probability of observing a par-
ticular network, conditional on the other statistics. Thus, a positive parameter indicates that networks with larger 
values of the corresponding statistic are more likely to be observed, whereas a negative parameter indicates the 
opposite. Our objective is to estimate these ERGM parameters, which describe the strength and direction of the 
associations between the specified network statistics and the observed network structure. The normalising con-
stant 𝑘𝑘 (𝜃𝜃) = ∑𝑦𝑦∗∈𝒴𝒴 exp{𝜃𝜃⊤𝑆𝑆 (𝑦𝑦∗, 𝑋𝑋)} is the sum over all potential graphs in the sample space, which is numerically 
intractable, except for very small graphs.

Fused lasso exponential random graph models

To study the changing patterns in network structures over time, we propose a FL-ERGM by adding a fused lasso 
constraint to the ERGM parameters. Specifically, we represent the marginal distribution of network 𝑌𝑌𝑡𝑡 at time 𝑡𝑡 
using an ERGM with parameter 𝜃𝜃𝑡𝑡, and then we include the term of the sum of the absolute values of differences 
between parameters, 𝜃𝜃𝑡𝑡 − 𝜃𝜃𝑡𝑡𝑡𝑡, to encourage similar estimates from neighbouring networks.

Thus, for a sequence of networks {𝑌𝑌1, 𝑌𝑌2, … , 𝑌𝑌 𝑇𝑇} that are collected at 𝑇𝑇 discrete time points with covariate 
{𝑋𝑋1, 𝑋𝑋2, … , 𝑋𝑋𝑇𝑇}, the FL-ERGM is formulated as follows, 

	

𝑃𝑃𝑃𝑃𝑃𝑡𝑡 = 𝑦𝑦𝑡𝑡|𝑋𝑋𝑡𝑡; 𝜃𝜃𝑡𝑡) =
exp{𝜃𝜃⊤

𝑡𝑡 𝑆𝑆𝑆𝑆𝑆𝑡𝑡, 𝑋𝑋𝑡𝑡)}
𝑘𝑘𝑘𝑘𝑘𝑡𝑡)

(𝑡𝑡 𝑡 𝑡𝑡 𝑡 𝑡 𝑡𝑡𝑡

subject to
𝑇𝑇

∑
𝑡𝑡𝑡𝑡

‖𝜃𝜃𝑡𝑡 − 𝜃𝜃𝑡𝑡𝑡𝑡‖1 ≤ 𝑚𝑚𝑚
� (2)

where 𝜃𝜃𝑡𝑡 ∈ ℝ𝑑𝑑 denotes the parameter vector at time 𝑡𝑡, 𝑆𝑆𝑆𝑆𝑆𝑡𝑡, 𝑋𝑋𝑡𝑡) denotes the summary statistics of network 𝑦𝑦𝑡𝑡 with 
covariates 𝑋𝑋𝑡𝑡, 𝑘𝑘𝑘𝑘𝑘𝑡𝑡) denotes the normalising constant, ‖ ⋅ ‖1 denotes the 𝐿𝐿1 norm, and 𝑚𝑚 controls the degree of simi-
larity between 𝜃𝜃𝑡𝑡 and 𝜃𝜃𝑡𝑡𝑡𝑡 for each 2 ≤ 𝑡𝑡 ≤ 𝑇𝑇. In other words, it determines the amount of information to borrow 
from neighbouring networks. A larger value of 𝑚𝑚 indicates less borrowing from adjacent networks, with each 
parameter 𝜃𝜃𝑡𝑡 relying mostly on the current individual network 𝑦𝑦𝑡𝑡. A smaller 𝑚𝑚 results in more borrowing from 
adjacent networks, leading to greater similarity in the parameters across different time points.

In the proposed FL-ERGM framework, temporal structure is incorporated by penalising differences between 
successive parameter vectors, while the network structure at each time point is modelled through its own time-
specific parameters. The 𝐿𝐿1 penalty encourages sparsity in temporal differences, shrinking some differences 
exactly to zero and allowing certain ERGM parameters to remain unchanged over time while others vary. This 
formulation is particularly useful for characterising temporal evolution in which changes may occur abruptly 
and affect only specific aspects of network structure. FL-ERGM jointly estimates the temporal trajectories of the 
ERGM parameters and allows different parameters to have different temporal block structures.

The proposed FL-ERGM differs from existing approaches in several ways. TERGMs (Hanneke et al. 2010) 
provide a framework for modelling network evolution through temporal processes such as tie formation and 
dissolution. Rather than explicitly modelling these temporal processes, FL-ERGM focuses on how the ERGM 
parameters governing network structure evolve across a sequence of observed networks. The Bayesian fused 
lasso regression model by Betancourt et al. (2017) was designed for directed networks based on a model that 
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assumes conditional independence of pairs (Holland and Leinhardt 1981), and therefore cannot capture structures 
involving more than two nodes. In contrast, FL-ERGM can model complex network structures, such as triangles, 
stars, and clusters, in both directed and undirected networks. Moreover, the parameters in Betancourt et al. (2017) 
are edge-specific, whereas FL-ERGM focuses on network-level parameters. VCERGMs (Lee et al. 2020) impose 
smoothness on parameter trajectories, encouraging gradual changes over time, whereas FL-ERGM allows tem-
poral changes to be sparse and potentially abrupt. Finally, the block-structured dynamic ERGMs of Jiang et al. 
(2023) adopt a piecewise polynomial model for structure discovery and trend estimation through a two-step 
procedure, where parameters are first estimated separately for each network and trends are then estimated using 
univariate trend filtering. In contrast, FL-ERGM jointly estimates the temporal trajectories of the ERGM param-
eters and allows different parameters to have different temporal block structures, whereas the block-structured 
dynamic ERGM imposes a common block structure across parameters.

Parameter estimation

Estimating FL-ERGMs is challenging due to the intractability of ERGMs, the specialty of the fused lasso penalty 
and the large scale of network data being collected. In this section, we propose to estimate FL-ERGMs using 
ADMM algorithm based on a pseudo-likelihood approximation. We begin by approximating the FL-ERGM like-
lihood using a pseudo-likelihood function in section “Pseudo-likelihood approximation”. Then we discuss the 
selection of tuning parameters in section “Choice of tuning parameters”. Next, we apply the ADMM algorithm 
to optimise the objective function by decomposing it into several smaller subproblems in section “ADMM algo-
rithm”. To address the computation cost related to matrix inversion in one subproblem, we employ the technique 
of LU decomposition, significantly accelerating the computation compared to a naive ADMM implementation. 
We also establish the convergence of the algorithm in section “Convergence of the ADMM algorithm”.

Pseudo-likelihood approximation

Next, we consider inference for the proposed FL-ERGMs. Model parameters can be estimated by maximizing 
the penalised log-likelihood, 

	
argmax

𝜃𝜃𝑡𝑡

𝑇𝑇
∑
𝑡𝑡𝑡𝑡

{𝜃𝜃⊤
𝑡𝑡 𝑆𝑆𝑆𝑆𝑆𝑡𝑡, 𝑋𝑋𝑡𝑡) − log{𝑘𝑘𝑘𝑘𝑘𝑡𝑡)}} − 𝜆𝜆

𝑇𝑇
∑
𝑡𝑡𝑡𝑡

‖𝜃𝜃𝑡𝑡 − 𝜃𝜃𝑡𝑡𝑡𝑡‖1,� (3)

with 𝜆𝜆 being the tuning parameter. The intractability of the normalising constant 𝑘𝑘𝑘𝑘𝑘𝑡𝑡) makes the exact likelihood-
based inference computationally infeasible even for networks of moderate size.

To circumvent this issue, several approximation methods have been developed in the context of a single net-
work (Geyer and Thompson 1992; Snijders 2002; Hunter and Handcock 2006)). One widely used approach is 
the Monte Carlo Maximum Likelihood Estimation (MCMLE) (Hunter and Handcock 2006)). The core idea of 
MCMLE is to approximate the ratio of normalising constants using importance sampling, based on a large sample 
of networks drawn from the ERGM distribution at an initial parameter value 𝜃𝜃0. While MCMLE provides an 
estimation to the exact likelihood, it is computationally intensive and can be sensitive to the choice of the initial 
parameter values and the convergence of the Markov chain. Extending the MCMLE approach to the FL-ERGM 
framework would further exacerbate these computational challenges as it would require approximating 𝑇𝑇 normal-
ising constant ratios at each iteration. Moreover, the included fused lasso penalty is not differentiable, making the 
inference of the exact-likelihood even more challenging.

Alternatively, pseudo-likelihood (Strauss and Ikeda 1990; Schmid and Desmarais 2017; Schmid and Hunter 
2023) is often employed as a computationally efficient approximation to the exact likelihood. This approach 
approximates the likelihood using a product of the conditional probabilities for each edge. It enables efficient 
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parameter estimation without the need to calculate the normalising constant, making it particularly attractive for 
large-scale networks or when repeated estimation is required. Hereafter, we consider the pseudo-likelihood ana-
logue corresponding to model (3).

In the pseudo-likelihood function, the conditional probability of each edge is described using the so-called 
change statistics. The change statistic for edge 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 is defined as Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑆𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 1, 𝑦𝑦−𝑖𝑖𝑖𝑖𝑖𝑖𝑖, 𝑋𝑋𝑡𝑡) − 𝑆𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 0, 𝑦𝑦−𝑖𝑖𝑖𝑖𝑖𝑖𝑖, 𝑋𝑋𝑡𝑡). 
This quantity measures the change in global network structures when the status of one edge is altered from discon-
nected to connected. Here, 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 represents the edge between nodes  and 𝑗𝑗 at time 𝑡𝑡, and 𝑦𝑦−𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = {𝑦𝑦𝑘𝑘𝑘𝑘𝑘𝑘𝑘, (𝑘𝑘𝑘 𝑘𝑘𝑘 ≠ (𝑖𝑖𝑖 𝑖𝑖𝑖} 
denotes the remaining network excluding edge 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖.

Under the ERGM framework, the conditional probability distribution of edge 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 is 

	
𝑃𝑃 (𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑦𝑦−𝑖𝑖𝑖𝑖𝑖𝑖𝑖, 𝑋𝑋𝑡𝑡) =

exp (𝜃𝜃⊤
𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

1 + exp(𝜃𝜃⊤
𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

.

The pseudo-likelihood of network 𝑦𝑦𝑡𝑡 is the joint conditional probability of all edges in the network. For directed 
networks, the pseudo-likelihood is 

	
∏
𝑖𝑖≠𝑗𝑗

𝑃𝑃 (𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖|𝑦𝑦−𝑖𝑖𝑖𝑖𝑖𝑖𝑖, 𝑋𝑋𝑡𝑡) = ∏
𝑖𝑖≠𝑗𝑗

𝑃𝑃 (𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑦𝑦−𝑖𝑖𝑖𝑖𝑖𝑖𝑖, 𝑋𝑋𝑡𝑡)
𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 [1 − 𝑃𝑃 (𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑦𝑦−𝑖𝑖𝑖𝑖𝑖𝑖𝑖, 𝑋𝑋𝑡𝑡)]

1−𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 .

For undirected networks, 𝑦𝑦𝑖𝑖𝑖𝑖 = 𝑦𝑦𝑗𝑗𝑗𝑗, so we only need to consider the cases for 𝑖𝑖 𝑖 𝑖𝑖. To keep the notation simple, 
we focus on the directed networks in the rest of the paper. Using change statistics, the log pseudo-likelihood of 
𝑦𝑦𝑡𝑡 is written as 

	

∑
𝑖𝑖≠𝑗𝑗

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 log [𝑃𝑃 (𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑦𝑦−𝑖𝑖𝑖𝑖𝑖𝑖𝑖, 𝑋𝑋𝑡𝑡)] + (1 − 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖)log [1 − 𝑃𝑃 (𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑦𝑦−𝑖𝑖𝑖𝑖𝑖𝑖𝑖, 𝑋𝑋𝑡𝑡)]

= ∑
𝑖𝑖≠𝑗𝑗

{𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝜃𝜃⊤
𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − log [1 + exp (𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)]} .

Thus, the pseudo-likelihood based estimator for FL-ERGMs can be obtained by 

	
argmax

𝜃𝜃𝑡𝑡

𝑇𝑇
∑
𝑡𝑡𝑡𝑡

∑
𝑖𝑖≠𝑗𝑗

{𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝜃𝜃⊤
𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − log [1 + exp (𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)]} − 𝜆𝜆
𝑇𝑇

∑
𝑡𝑡𝑡𝑡

‖𝜃𝜃𝑡𝑡 − 𝜃𝜃𝑡𝑡𝑡𝑡‖1,� (4)

where 𝜃𝜃𝑡𝑡 is the model parameter, Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 is the change statistic, reflecting the change in a variety of local and global 
connectivity patterns as well as network covariates.

To facilitate model inference and use closed-form updates in the estimation procedure, we use a Taylor expan-
sion to form a quadratic approximation to the first part of formula (4) at current estimates ̃𝜃𝜃𝑡𝑡 (Friedman et al. 
2010), 

	
−12

𝑇𝑇
∑
𝑡𝑡𝑡𝑡

∑
𝑖𝑖≠𝑗𝑗

𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝜃𝜃⊤
𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖𝑖)2 + 𝐶𝐶𝐶 ̃𝜃𝜃𝑡𝑡) (second order Taylor expansion),� (5)

where 
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̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑃𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 1| ̃𝜃𝜃𝑡𝑡, 𝑦𝑦−𝑖𝑖𝑖𝑖𝑖𝑖𝑖, 𝑋𝑋𝑡𝑡) =
exp( ̃𝜃𝜃𝑡𝑡

⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

1 + exp( ̃𝜃𝜃𝑡𝑡
⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

,

𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖(1 − ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖) =
exp( ̃𝜃𝜃𝑡𝑡

⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

(1 + exp( ̃𝜃𝜃𝑡𝑡
⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖))2

,

𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = ̃𝜃𝜃𝑡𝑡
⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 +

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖

,

𝐶𝐶𝐶 ̃𝜃𝜃𝑡𝑡) = −
(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖)2

2𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖
+ 𝑓𝑓𝑓 ̃𝜃𝜃𝑡𝑡).

� (6)

The last term of formula (5), 𝐶𝐶𝐶 ̃𝜃𝜃𝑡𝑡), can be omitted as it does not contain 𝜃𝜃𝑡𝑡. Details of the expansion can be found 
in Appendix A.

With the quadratic approximation, the pseudo-likelihood estimator of FL-ERGMs can be obtained by solving 
the penalised weighted least square problem iteratively, 

	
argmin

𝜃𝜃𝑡𝑡

1
2

𝑇𝑇
∑
𝑡𝑡𝑡𝑡

∑
𝑖𝑖≠𝑗𝑗

𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝜃𝜃⊤
𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖𝑖)2 + 𝜆𝜆

𝑇𝑇
∑
𝑡𝑡𝑡𝑡

‖𝜃𝜃𝑡𝑡 − 𝜃𝜃𝑡𝑡𝑡𝑡‖1.� (7)

Choice of tuning parameters

The tuning parameter 𝜆𝜆 controls the similarity of coefficients at different time points. When 𝜆𝜆 𝜆 𝜆, parameters for 
each network observation are estimated individually. In this case, using FL-ERGMs is the same as estimating 
each network separately with standard ERGMs. The bigger the 𝜆𝜆, the more information we take from neighbour-
ing networks. As 𝜆𝜆 𝜆 ∞, all estimates at different time points tend to be the same. The added fused lasso penalty 
makes it possible to estimate single network parameters while considering information from other networks in 
the meantime.

Including the penalty term with optimal tuning parameters have two advantages. The first advantage is that 
each observed network is a single sample from the real unknown network. Even when the underlying networks at 
different time points come from the same distribution, the network observations at different time points appear to 
be different because of the sampling variability. In this case, borrowing information from other networks provides 
a more accurate estimation. The second advantage is that the evolution of networks is a time-dependent process. 
The networks that are observed at close time points tend to exhibit similar values of network structural statistics, 
which can be incorporated in the model through the use of a penalty term. An optimal 𝜆𝜆 can tell how much infor-
mation to borrow from neighbouring networks.

Generally, cross-validation is one approach to find the optimal tuning parameters. However, the data partition 
of network data in the cross-validation is complicated because edge variables are dependent on each other (Li 
et al. 2020). Splitting network nodes into groups would destroy the network structure. Also, the cross-validation 
method for the proposed model can be very computationally expensive. Therefore, we adopt Bayesian informa-
tion criterion (BIC) to select the tuning parameters. To be specific, we first choose a sequence of different values 
of 𝜆𝜆. Then we perform model estimations at each 𝜆𝜆, and obtain one BIC value for each 𝜆𝜆. The 𝜆𝜆 with the lowest 
BIC value is the optimal tuning parameter. We use the number of distinct parameter groups as an estimator for 
the degrees of freedom (Tibshirani and Taylor 2011, 2012). We use the total number of dyads across the network 
sequence as a practical sample-size term in PBIC, while recognising the dependence among dyads. Thus, the 
pseudo-based BIC (PBIC) for FL-ERGMs is expressed as 
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𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑃 𝑃 𝑃
𝑇𝑇

∑
𝑡𝑡𝑡𝑡

∑
𝑖𝑖≠𝑗𝑗

{𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 ̂𝜃𝜃𝑡𝑡(𝜆𝜆𝜆⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − log [1 + exp ( ̂𝜃𝜃𝑡𝑡(𝜆𝜆𝜆⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)]}

+ 𝐾𝐾𝑢𝑢(𝜆𝜆𝜆 ⋅ log(𝑁𝑁𝑁𝑁

where ̂𝜃𝜃𝑡𝑡(𝜆𝜆𝜆 is the estimation with tuning parameter 𝜆𝜆, 𝐾𝐾𝑢𝑢(𝜆𝜆𝜆 is the number of distinct parameter groups and 𝑁𝑁 is 
the total number of dyads across the 𝑇𝑇 observed networks.

ADMM algorithm

The ADMM algorithm (Boyd et al. 2010) is highly effective for solving large-scale optimisation problems, as 
it decomposes the overall task into several smaller, simpler subproblems. We employ ADMM to estimate the 
proposed FL-ERGMs, leveraging its well-established properties and solution techniques to derive closed-form 
updates for each subproblem in this section.

To begin with, we express the objective function of the quadratic approximation in (7) in a matrix form as 
follows: 

	 min 1
2‖𝐴𝐴𝐴 𝐴 𝐴𝐴𝐴22 + 𝜆𝜆𝜆𝜆𝜆𝜆𝜆1.� (8)

𝐴𝐴 ∈ ℝ𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 is a block diagonal matrix with 𝐴𝐴𝑡𝑡, 𝑡𝑡 𝑡 𝑡𝑡 𝑡𝑡 𝑡 𝑡 𝑡𝑡 as diagonal entries. 𝑁𝑁 𝑁 ∑𝑇𝑇
𝑡𝑡𝑡𝑡 𝑁𝑁𝑡𝑡 is the total number 

of dyads in all networks, with 𝑁𝑁𝑡𝑡 being the number of dyads and 𝑛𝑛𝑡𝑡 being the number of nodes for network 𝑦𝑦𝑡𝑡. 
The diagonal block 𝐴𝐴𝑡𝑡 ∈ ℝ𝑁𝑁𝑡𝑡×𝑑𝑑 including information on the weight and the change statistics, has the following 
specification, 

	

𝐴𝐴𝑡𝑡 =
⎡⎢⎢⎢
⎣

√𝑤𝑤12,𝑡𝑡Δ𝑆𝑆112,𝑡𝑡
√𝑤𝑤12,𝑡𝑡Δ𝑆𝑆212,𝑡𝑡 ⋯ √𝑤𝑤12,𝑡𝑡Δ𝑆𝑆𝑑𝑑12,𝑡𝑡√𝑤𝑤13,𝑡𝑡Δ𝑆𝑆113,𝑡𝑡
√𝑤𝑤13,𝑡𝑡Δ𝑆𝑆213,𝑡𝑡 ⋯ √𝑤𝑤13,𝑡𝑡Δ𝑆𝑆𝑑𝑑13,𝑡𝑡

⋮ ⋮ ⋱ ⋮√𝑤𝑤𝑛𝑛𝑡𝑡(𝑛𝑛𝑡𝑡−1),𝑡𝑡Δ𝑆𝑆1𝑛𝑛𝑡𝑡(𝑛𝑛𝑡𝑡−1),𝑡𝑡
√𝑤𝑤𝑛𝑛𝑡𝑡(𝑛𝑛𝑡𝑡−1),𝑡𝑡Δ𝑆𝑆2𝑛𝑛𝑡𝑡(𝑛𝑛𝑡𝑡−1),𝑡𝑡 ⋯ √𝑤𝑤𝑛𝑛𝑡𝑡(𝑛𝑛𝑡𝑡−1),𝑡𝑡Δ𝑆𝑆𝑑𝑑𝑛𝑛𝑡𝑡(𝑛𝑛𝑡𝑡−1),𝑡𝑡

⎤⎥⎥⎥
⎦

.

Θ is a (𝑑𝑑 𝑑 𝑑𝑑𝑑-dimensional vector 

	 Θ = (𝜃𝜃⊤
𝑡𝑡 )⊤ = (𝜃𝜃1,𝑡𝑡, 𝜃𝜃2,𝑡𝑡, … , 𝜃𝜃𝑑𝑑𝑑𝑑𝑑)⊤, 𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡   𝑡𝑡𝑡

𝑏𝑏 is an 𝑁𝑁-dimensional vector 

	 𝑏𝑏 𝑏 𝑏√𝑤𝑤12,𝑡𝑡𝑧𝑧12,𝑡𝑡,
√𝑤𝑤13,𝑡𝑡𝑧𝑧13,𝑡𝑡, … ,

√𝑤𝑤𝑛𝑛𝑡𝑡(𝑛𝑛𝑡𝑡−1),𝑡𝑡𝑧𝑧𝑛𝑛𝑡𝑡(𝑛𝑛𝑡𝑡−1),𝑡𝑡)⊤, 𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡   𝑡𝑡𝑡

The pairwise difference matrix 𝐹𝐹 indicates the position of the penalty. It has 𝑑𝑑 𝑑 𝑑𝑑𝑑 𝑑 𝑑𝑑 rows and 𝑑𝑑 𝑑 𝑑𝑑 columns, 
with the following form 

	
𝐹𝐹 𝐹

⎡⎢⎢
⎣

−1 0 ⋯ 1 0 ⋯ 0
0 −1 ⋯ 0 1 ⋯ 0
⋮ ⋮ ⋱ ⋮ ⋮ ⋱ ⋮
0 0 ⋯ 0 −1 ⋯ 1

⎤⎥⎥
⎦
.

The first 𝑑𝑑 rows correspond to the difference between 𝜃𝜃1 and 𝜃𝜃2, the next 𝑑𝑑 rows to the difference between 𝜃𝜃2 and 
𝜃𝜃3, and so on. Within each block, the corresponding entries are −1 and 1 for the parameters at the two consecutive 
time points, respectively, with all other entries equal to zero.

We then reformulate the matrix-form quadratic approximation in (8) as a constrained optimisation problem by 
introducing an auxiliary variable 𝑄𝑄: 
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min 1
2‖𝐴𝐴𝐴 𝐴 𝐴𝐴𝐴22 + 𝜆𝜆𝜆𝜆𝜆𝜆1

subject to 𝐹𝐹𝐹𝐹𝐹𝐹   𝐹 𝐹𝐹
� (9)

Here, vectors Θ ∈ ℝ𝑑𝑑𝑑𝑑𝑑  and 𝑄𝑄 ∈ ℝ𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 are two primal variables. This reformulation separates the quadratic loss 
from the fused lasso penalty, making the problem suitable for ADMM.

To facilitate the application of ADMM, we incorporate the constraint in (9) into the augmented Lagrangian. 
The augmented Lagrangian is given by 

	 𝐿𝐿𝜌𝜌(Θ,𝑄𝑄𝑄 𝑄𝑄𝑄 𝑄
1
2‖𝐴𝐴𝐴 𝐴 𝐴𝐴𝐴22 + 𝜆𝜆𝜆𝜆𝜆𝜆1 + 𝑦𝑦⊤(𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹    𝜌𝜌

2 ‖𝐹𝐹𝐹𝐹𝐹𝐹𝐹  22,� (10)

where 𝑦𝑦 ∈ ℝ𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 is a dual variable and 𝜌𝜌 𝜌 𝜌 is a penalty parameter.
For convenience, we use the equivalent scaled form of the augmented Lagrangian: 

	

𝐿𝐿𝜌𝜌(Θ,𝑄𝑄𝑄𝑄𝑄𝑄 𝑄
1
2𝐴𝐴𝐴 𝐴 𝐴𝐴22 + 𝜆𝜆𝜆𝜆1 + 𝜌𝜌𝜌𝜌⊤(𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹    𝜌𝜌

2𝐹𝐹𝐹𝐹𝐹𝐹  2
2

= 1
2𝐴𝐴𝐴 𝐴 𝐴𝐴22 + 𝜆𝜆𝜆𝜆1 +

𝜌𝜌
2𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹    2

2 −
𝜌𝜌
2𝑈𝑈

2
2 ,

� (11)

where 𝑈𝑈 𝑈 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 is the scaled dual variable. The scaled form is then used to derive the alternating updates for Θ, 
𝑄𝑄 and 𝑈𝑈 in the ADMM algorithm.

Thus, the ADMM algorithm can be performed by updating variables Θ,𝑄𝑄𝑄𝑄𝑄 in turn until convergence: 

	
Θ𝑘𝑘𝑘𝑘 = argmin

Θ
𝐿𝐿𝜌𝜌(Θ,𝑄𝑄𝑘𝑘,𝑈𝑈𝑘𝑘),� (12)

	
𝑄𝑄𝑘𝑘𝑘𝑘 = argmin

𝑄𝑄
𝐿𝐿𝜌𝜌(Θ𝑘𝑘, 𝑄𝑄𝑄𝑄𝑄𝑘𝑘),� (13)

	 𝑈𝑈𝑘𝑘𝑘𝑘 = 𝑈𝑈𝑘𝑘 + 𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘.� (14)

Specifically, the ADMM algorithm consists of the following steps:
(1) Θ updates, 

	

Θ𝑘𝑘𝑘𝑘 = argmin
Θ

1
2‖𝐴𝐴𝐴 𝐴 𝐴𝐴𝐴22 +

𝜌𝜌
2 ‖𝐹𝐹𝐹𝐹  𝐹𝐹𝑘𝑘 + 𝑈𝑈𝑘𝑘‖22

= (𝐴𝐴⊤𝐴𝐴 𝐴𝐴𝐴𝐴𝐴 ⊤𝐹𝐹𝐹−1[𝐴𝐴⊤𝑏𝑏𝑏𝑏𝑏𝑏𝑏  ⊤(𝑄𝑄𝑘𝑘 − 𝑈𝑈𝑘𝑘)].
� (15)

(2) 𝑄𝑄 updates, 

	

𝑄𝑄𝑘𝑘𝑘𝑘 = argmin
𝑄𝑄

𝜆𝜆𝜆𝜆𝜆𝜆1 +
𝜌𝜌
2 ‖𝐹𝐹𝐹

𝑘𝑘𝑘𝑘 − 𝑄𝑄 𝑄 𝑄𝑄𝑘𝑘‖22

= 𝑆𝑆𝜆𝜆𝜆𝜆𝜆(𝐹𝐹𝐹𝑘𝑘𝑘𝑘 + 𝑈𝑈𝑘𝑘).
� (16)

(3) 𝑈𝑈 updates, 

	 𝑈𝑈𝑘𝑘𝑘𝑘 = 𝑈𝑈𝑘𝑘 + 𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘.� (17)

Here, 𝑘𝑘 is the iteration number and 𝑆𝑆𝛿𝛿(𝑧𝑧𝑧 denote the soft-thresholding operator with value 

	
𝑆𝑆𝛿𝛿(𝑧𝑧𝑧 𝑧

⎧{
⎨{⎩

𝑧𝑧 𝑧 𝑧𝑧 if 𝑧𝑧 𝑧 𝑧 and 𝑧𝑧 𝑧 𝑧𝑧
𝑧𝑧 𝑧 𝑧𝑧 if 𝑧𝑧 𝑧 𝑧 and 𝑧𝑧 𝑧 𝑧𝑧𝑧
0 |𝑧𝑧| ≤ 𝛿𝛿𝛿

The termination criterion is that the primal and dual residuals must be smaller than the thresholds 𝜀𝜀pri and 𝜀𝜀dual, 
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	 ‖𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘‖2 ≤ 𝜀𝜀pri and ‖ − 𝜌𝜌𝜌𝜌⊤(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)‖2 ≤ 𝜀𝜀dual,

where 

	

𝜀𝜀pri = √(𝑑𝑑 𝑑 𝑑𝑑 𝑑 𝑑𝑑𝑑𝑑abs + 𝜀𝜀rel max{‖𝐹𝐹𝐹𝑘𝑘‖2, ‖ − 𝑄𝑄𝑘𝑘‖2},
𝜀𝜀dual =

√
𝑑𝑑 𝑑 𝑑𝑑𝑑𝑑abs + 𝜌𝜌𝜌𝜌rel‖𝐹𝐹⊤𝑈𝑈𝑘𝑘‖2.

We note that in the first step of ADMM algorithm (15), the calculation of (𝐴𝐴⊤𝐴𝐴 𝐴 𝐴𝐴𝐴𝐴⊤𝐹𝐹𝐹−1 is challenging as 𝑇𝑇 
becomes large. We propose to calculate the matrix inverse of 𝑋𝑋 𝑋 𝑋𝑋⊤𝐴𝐴 𝐴 𝐴𝐴𝐴𝐴⊤𝐹𝐹 by using the LU decomposition 
technique. We show that X is a block tridiagonal matrix and the inverse of 𝑋𝑋, a square matrix with dimension 
𝑑𝑑𝑑𝑑 𝑑 𝑑𝑑𝑑𝑑, can be solved by calculating the inverse of 𝑇𝑇 smaller matrices of dimension 𝑑𝑑 in Appendix B. The use of 
LU decomposition reduce the computational burden to a large extent.

In summary, we estimated the proposed FL-ERGM using an IRLS–ADMM algorithm. The estimation pro-
cedure consists of an outer IRLS loop that updates working responses and weights, combined with an inner 
ADMM routine that solves the resulting quadratic optimisation problem. The algorithm iterated until changes in 
the parameter estimates fell below a specified tolerance, with recommended initializations, maximum iterations, 
and typical runtimes provided for practical guidance. The corresponding pseudo-code is presented in Algorithm 
1, ensuring reproducibility and clarity of the computational procedure.

Convergence of the ADMM algorithm

Next, we demonstrate that the solution found by the ADMM algorithm converges to the optimal solution of (4), 
the FL-ERGM optimisation problem. We first show that the optimal solution of the quadratic approximation in 
(7) converges to that of the objective function in (4). Define 
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𝑙𝑙𝑙𝑙𝑙1, … , 𝜃𝜃𝑇𝑇) =
𝑇𝑇

∑
𝑡𝑡𝑡𝑡

∑
𝑖𝑖≠𝑗𝑗

−𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝜃𝜃⊤
𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 + log{1 + exp (𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)} ,

̃𝑙𝑙 ̃𝜃𝜃1,…, ̃𝜃𝜃𝑇𝑇 (𝜃𝜃1, … , 𝜃𝜃𝑇𝑇) =
1
2

𝑇𝑇
∑
𝑡𝑡𝑡𝑡

∑
𝑖𝑖≠𝑗𝑗

𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝜃𝜃⊤
𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖𝑖)2 − 𝐶𝐶𝐶 ̃𝜃𝜃𝑡𝑡).

Lemma 1  𝑙𝑙𝑙𝑙𝑙1, … , 𝜃𝜃𝑇𝑇) and ̃𝑙𝑙 ̃𝜃𝜃1,…, ̃𝜃𝜃𝑇𝑇 (𝜃𝜃1, … , 𝜃𝜃𝑇𝑇) are strictly convex.

We prove Lemma 1 by showing that the Hessian matrices of 𝑙𝑙𝑙𝑙𝑙1, … , 𝜃𝜃𝑇𝑇) and ̃𝑙𝑙 ̃𝜃𝜃1,…, ̃𝜃𝜃𝑇𝑇 (𝜃𝜃1, … , 𝜃𝜃𝑇𝑇) are positive definite. 
The proof details can be found in Appendix C The strict convexity established here ensures that any local mini-
mum discovered by our numerical solver is globally optimal and unique. Consequently, it guarantees that the 
tracking framework is structurally stable and free from deceptive local traps or saddle points during optimisation.

Lemma 2  For any 𝑡𝑡 ∈ {1, … , 𝑇𝑇}, as ̃𝜃𝜃𝑡𝑡 → 𝜃𝜃𝑡𝑡, the surrogate objective function ̃𝑙𝑙 ̃𝜃𝜃1,…, ̃𝜃𝜃𝑇𝑇 (𝜃𝜃1, … , 𝜃𝜃𝑇𝑇) converges to the 
original loss function 𝑙𝑙𝑙𝑙𝑙1, … , 𝜃𝜃𝑇𝑇): 

	
lim
̃𝜃𝜃𝑡𝑡→𝜃𝜃𝑡𝑡

̃𝑙𝑙 ̃𝜃𝜃1,…, ̃𝜃𝜃𝑇𝑇 (𝜃𝜃1, … , 𝜃𝜃𝑇𝑇) = 𝑙𝑙𝑙𝑙𝑙1, … , 𝜃𝜃𝑇𝑇).

The pointwise convergence in Lemma 2 supports the use of the computationally efficient quadratic surrogate 
as a local proxy for the non-linear logistic loss. It ensures that as the reference parameter ̃𝜃𝜃𝑡𝑡 iteratively updates, 
the approximation error diminishes, so the surrogate function increasingly approximates the behaviour of the 
original loss.

Next, define 

	 ( ̂𝜃𝜃1, … , ̂𝜃𝜃𝑇𝑇) = argmin 𝑙𝑙𝑙𝑙𝑙1, … , 𝜃𝜃𝑇𝑇),� (18)

	 ( ̂̃𝜃𝜃1, … , ̂̃𝜃𝜃𝑇𝑇) = argmin ̃𝑙𝑙 ̃𝜃𝜃1,…, ̃𝜃𝜃𝑇𝑇 (𝜃𝜃1, … , 𝜃𝜃𝑇𝑇).� (19)

Then we have the following proposition:

Proposition 1  ( ̂𝜃𝜃1, … , ̂𝜃𝜃𝑇𝑇) and ( ̂̃𝜃𝜃1, … , ̂̃𝜃𝜃𝑇𝑇) defined in Eqs. (18) and (19) exist and are unique. Furthermore, as ̃𝜃𝜃𝑡𝑡 → 𝜃𝜃𝑡𝑡
, we have ( ̂̃𝜃𝜃1, … , ̂̃𝜃𝜃𝑇𝑇) → ( ̂𝜃𝜃1, … , ̂𝜃𝜃𝑇𝑇).

The strict convexity in Lemma 1 ensures uniqueness of the minimisers, while Lemma 2 establishes conver-
gence of the surrogate to the original loss. Together, these results support the convergence of the corresponding 
minimisers stated in Proposition 1.

In the next proposition, we show that the ADMM solution converges to the optimal solution of quadratic 
approximation (8) under the following assumptions.

Assumption 1  The (extended-value-real) functions 1/2‖𝐴𝐴𝐴 𝐴 𝐴𝐴𝐴22 ∶ ℝ𝑑𝑑𝑑𝑑𝑑 → ℝ ∪ {+∞} and 
𝜆𝜆𝜆𝜆𝜆𝜆1 ∶ ℝ𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 → ℝ ∪ {+∞} are closed, proper and convex.

Assumption 2  The unaugmented Lagrangian 1/2‖𝐴𝐴𝐴 𝐴 𝐴𝐴𝐴22 + 𝜆𝜆𝜆𝜆𝜆𝜆1 + 𝜌𝜌𝜌𝜌⊤(𝐹𝐹𝐹𝐹𝐹𝐹  𝐹 has a saddle point, which 
means there exists a point (Θ∗, 𝑄𝑄∗, 𝑈𝑈∗) (not necessarily unique), for which 

	

1/2‖𝐴𝐴𝐴∗ − 𝑏𝑏𝑏22 + 𝜆𝜆𝜆𝜆𝜆∗‖1 + 𝜌𝜌𝜌𝜌⊤(𝐹𝐹𝐹∗ − 𝑄𝑄∗)
≤ 1/2‖𝐴𝐴𝐴∗ − 𝑏𝑏𝑏22 + 𝜆𝜆𝜆𝜆𝜆∗‖1 + 𝜌𝜌𝜌𝜌∗⊤(𝐹𝐹𝐹∗ − 𝑄𝑄∗)
≤ 1/2‖𝐴𝐴𝐴 𝐴𝐴𝐴𝐴 22 + 𝜆𝜆𝜆𝜆𝜆𝜆1 + 𝜌𝜌𝜌𝜌∗⊤(𝐹𝐹𝐹𝐹𝐹𝐹𝐹 

holds for all (Θ, 𝑄𝑄𝑄𝑄𝑄𝑄.
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Assumption 3  The matrix 𝐹𝐹 has a full row rank.

Assumption 1 holds by construction, since the quadratic loss and ℓ1-norm are continuous, proper, and convex. 
Assumption 2 specifies the existence of a saddle point required for the standard ADMM convergence result, while 
Assumption 3 provides the additional condition for convergence of the primal sequence.

Proposition 2  (Convergence of the ADMM algorithm) Suppose that Assumptions 1 and 2 hold. Then as 𝑘𝑘 𝑘 ∞
, 1/2‖𝐴𝐴𝐴𝑘𝑘 − 𝑏𝑏𝑏22 + 𝜆𝜆𝜆𝜆𝜆𝑘𝑘‖1 converges to the optimal value of the ADMM reformulation (9). If assumption 3 also 
holds, Θ𝑘𝑘 converges to a solution of the quadratic approximation (8).

Proposition 2 provides a theoretical guarantee for the proposed computational procedure. Under Assumptions 
1 and 2, the objective values generated by ADMM converge to the optimal value of the reformulation. When 
Assumption 3 additionally holds, the primal sequence Θ𝑘𝑘 converges to a solution of (8). The proof details of 
Proposition 2 can be found in Appendix D.

Empirical results

In this section, we show the performance of the proposed FL-ERGM using both simulation studies and real-world 
case studies. We first apply FL-ERGM to simulated networks in section “Simulated networks” so that we can 
compare the model results with the true parameter values under various specifications. Then we demonstrate its 
ability in identifying real-world change patterns using international trade networks in section “International trade 
networks”. At the same time, the comparison of FL-ERGM with other competing methods are also presented in 
this section. Finally, an application of FL-ERGM to political co-voting networks can be found in Appendix F.

Simulated networks

We assess the performance of FL-ERGM in identifying various patterns of parameter changes using simulated 
networks. To examine its ability to estimate both structural network effects and covariate effects, we consider 
categorical and continuous nodal covariates. Specifically, 𝑋𝑋1 denotes a categorical nodal covariate representing 
group membership, while 𝑋𝑋2 denotes a continuous nodal covariate. These covariates allow us to evaluate the esti-
mation of parameter changes associated with categorical homophily and continuous covariate effects.

First, we specify three models with different combinations of network summary statistics. The commonly used 
ERGM summary statistics are defined as follows (Morris et al. 2008; Schweinberger et al. 2020):

	● 𝑆𝑆1(𝑦𝑦𝑖𝑖) = ∑𝑟𝑟≠𝑠𝑠 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑟, the number of edges in network 𝑦𝑦𝑖𝑖.
	● 𝑆𝑆2(𝑦𝑦𝑖𝑖) = ∑𝑟𝑟≠𝑠𝑠 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑦𝑦𝑠𝑠𝑠𝑠𝑠𝑠𝑠, the number of mutual connections in network 𝑦𝑦𝑖𝑖.
	● 𝑆𝑆3(𝑦𝑦𝑖𝑖) = 𝑒𝑒𝜙𝜙 ∑𝑛𝑛𝑛𝑛

𝑘𝑘𝑘𝑘{1 − (1 − 𝑒𝑒−𝜙𝜙)𝑘𝑘}𝐷𝐷𝐷𝐷𝑘𝑘(𝑦𝑦𝑖𝑖), 𝜙𝜙 𝜙 𝜙𝜙𝜙𝜙, geometrically weighted dyad-wise shared partners (gwdsp), 
a representation for local clustering, where 𝐷𝐷𝐷𝐷𝑘𝑘(𝑦𝑦𝑖𝑖) is the number of dyads that have 𝑘𝑘 common neighbors in 
network 𝑦𝑦𝑖𝑖.

	● 𝑆𝑆4(𝑦𝑦𝑖𝑖) = ∑𝑟𝑟≠𝑠𝑠 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝟏𝟏𝟏𝟏𝟏1
𝑟𝑟 = 𝑋𝑋1

𝑠𝑠 ), the number of connections between individuals with the same categorical covari-
ate 𝑋𝑋1.

	● 𝑆𝑆5(𝑦𝑦𝑖𝑖) = ∑𝑟𝑟≠𝑠𝑠 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑋𝑋2
𝑟𝑟 + 𝑋𝑋2

𝑠𝑠 ), a measurement associated with the continuous covariate 𝑋𝑋2.

For model 1, three summary statistics are chosen, including the number of edges 𝑆𝑆1(𝑦𝑦𝑖𝑖), the number of mutual 
edges 𝑆𝑆2(𝑦𝑦𝑖𝑖) and the categorical covariate term 𝑆𝑆4(𝑦𝑦𝑖𝑖), to represent the network density, the reciprocity feature and 
the covariate effect. For model 2, we replace the number of mutual edges 𝑆𝑆2(𝑦𝑦𝑖𝑖) with gwdsp 𝑆𝑆3(𝑦𝑦𝑖𝑖) to reflect the 
local clustering feature. For model 3, we include the number of edges 𝑆𝑆1(𝑦𝑦𝑖𝑖), the categorical covariate term 𝑆𝑆4(𝑦𝑦𝑖𝑖) 
and the continuous covariate term 𝑆𝑆5(𝑦𝑦𝑖𝑖) to focus on the covariate effects.
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Then, for each model, we generate dynamic network sequences under five different scenarios. These scenarios 
are designed to represent a range of temporal patterns in the underlying model parameters and to assess the ability 
of FL-ERGM to identify different types of parameter changes. In the first scenario, we generate 𝑇𝑇 𝑇 𝑇𝑇 networks 
with constant underlying model parameters. In the second scenario, we generate 𝑇𝑇 𝑇 𝑇𝑇 networks with spike-like 
change patterns in model parameters. In the third scenario, we generate 𝑇𝑇 𝑇 𝑇𝑇 networks with piecewise constant 
parameters. In the fourth scenario, we generate 𝑇𝑇 𝑇 𝑇𝑇 networks with smoothly varying parameters. In the last 
scenario, we generate 𝑇𝑇 𝑇 𝑇𝑇 networks with sudden changes in parameters. The binary covariate 𝑋𝑋1 is sampled 
from a Bernoulli distribution with probability 𝑝𝑝 𝑝 𝑝𝑝𝑝 to provide balanced representation of the two categorical 
groups and the continuous covariate 𝑋𝑋2 is sampled from a standard normal distribution to provide a continuous 
covariate centred at zero with unit variance. The number of nodes in each network is set as 30. Network samples 
are simulated using R package ergm (Hunter et al. 2008).

After the network ensembles are generated, we apply the proposed FL-ERGM to the simulated networks, with 
the tuning parameter selected using PBIC, and compare the resulting estimates and change points with the true 
parameters and change points under various settings. For comparison purpose, we also fit the competing method 
VCERGM (Lee et al. 2020) to the same simulated networks, as well as a separate ERGM to each individual net-
work. Model estimates and true parameter values are shown in Figs. 1,2,3,4 and 5 for each scenario separately. 
The R code used for the simulation study is available on GitHub (https://github.com/SRenStats/FL-ERGMs).

To assess method performance, we compute the integrated absolute error (IAE) to measure the total deviation 
between estimated and true coefficients across all ERGM parameters and time points, defined as 

Fig. 1  Estimates for scenario 
1 with constant underly-
ing parameters. Black lines 
indicate the true parameters. 
Green lines show FL-ERGM 
estimates, blue lines stand for 
VCERGM estimates and red 
lines represent ERGM esti-
mates. for each method, solid 
lines indicate the average of 
50 estimated curves and the 
shaded bands illustrate the 
0.025 and 0.975 quantiles

 

https://github.com/SRenStats/FL-ERGMs
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IAE =

𝑇𝑇
∑
𝑡𝑡𝑡𝑡

‖ ̂𝜃𝜃𝑡𝑡 − 𝜃𝜃𝑡𝑡‖1,

where ‖ ⋅ ‖1 denotes the 𝐿𝐿1 norm.
A time point 𝑡𝑡 is defined as an abrupt change point if the absolute first-order difference exceeds a fixed thresh-

old, |Δ𝜃𝜃𝑡𝑡| > 𝛿𝛿𝑎𝑎𝑎𝑎𝑎𝑎, and the change at time 𝑡𝑡 is substantially larger than the preceding change, |Δ𝜃𝜃𝑡𝑡| > 𝛿𝛿𝑟𝑟𝑟𝑟𝑟𝑟 ⋅ |Δ𝜃𝜃𝑡𝑡𝑡𝑡|, 
where Δ𝜃𝜃𝑡𝑡 = 𝜃𝜃𝑡𝑡 − 𝜃𝜃𝑡𝑡𝑡𝑡. Change point detection performance is evaluated using sensitivity, specificity, and localisa-
tion error, defined as 

	

Sensitivity = TP
TP + FN ,

Specificity = TN
TN + FP ,

Localisation error = 1
𝐷𝐷TP

𝐷𝐷TP

∑
𝑖𝑖𝑖𝑖

||𝑡𝑡detected,𝑖𝑖 − 𝑡𝑡true,𝑖𝑖 ||,

where 𝑇𝑇𝑇𝑇, 𝑇𝑇𝑇𝑇, 𝐹𝐹𝐹𝐹 and 𝐹𝐹𝐹𝐹 are the numbers of true positives, true negatives, false positives, and false negatives, 
respectively, and 𝐷𝐷𝑇𝑇𝑇𝑇 is the number of correctly detected change points.

The mean and standard deviation of IAE across 50 replicates are presented in Table 1 for FL-ERGM, VCERGM 
and ERGM separately, with smaller values indicating higher accuracy. The results show that FL-ERGM achieves 

Fig. 2  Estimates for scenario 
2 with spike-like change 
patterns in model parameters. 
Black lines indicate the true 
parameters. Green lines show 
FL-ERGM estimates, blue 
lines stand for VCERGM esti-
mates and red lines represent 
ERGM estimates. for each 
method, solid lines indicate 
the average of 50 estimated 
curves and the shaded bands 
illustrate the 0.025 and 0.975 
quantiles

 



Article in Press

Applied Network Science

https://doi.org/10.1007/s41109-026-00846-8

the lowest IAE in the constant, spike-like, piecewise-constant and sudden-change settings, whereas VCERGM 
performs better in the smoothly varying setting. Figures 1, 2, 3, 4 and 5 provide a visual comparison of the esti-
mated parameter trajectories and help explain these differences in estimation accuracy.

When 𝑇𝑇 𝑇 𝑇𝑇, the underlying parameters remain constant over time. FL-ERGM achieves the lowest IAE in 
Table 1. Estimates from FL-ERGM also stay constant, as demonstrated by the green, flat-shaded bands repre-
senting the 0.025 and 0.975 quantiles of the FL-ERGM estimates in Fig. 1. This behaviour is expected because 
the fused lasso penalty encourages consecutive parameter estimates to be identical when there is no evidence of 
temporal change. In contrast, the shaded bands for VCERGM and ERGM are not flat, indicating greater variation 
in their estimates across time.

When 𝑇𝑇 𝑇 𝑇𝑇, the underlying parameters fluctuate over time, exhibiting a spike-like pattern, as shown in Fig. 
2. FL-ERGM has the lowest IAE in Table 1 and successfully captures the spike-like pattern, whereas VCERGM 
produces a smoother trajectory with substantially less variation. This reflects the ability of the fused lasso pen-
alty to preserve local changes when supported by the data, while the smoothness imposed by VCERGM tends to 
attenuate short-lived changes.

When 𝑇𝑇 𝑇 𝑇𝑇, the underlying parameters are piecewise constant. Again, FL-ERGM achieves the lowest IAE 
and closely captures both the piecewise constant pattern and the turning points in Fig. 3, although some devia-
tions from the true parameters are observed at certain time points. This performance reflects the sparsity induced 
in the temporal parameter differences, which allows changes to be concentrated around a small number of time 
points while maintaining stable estimates within each regime.

Fig. 3  Estimates for scenario 
3 with piecewise constant 
underlying parameters. Black 
lines indicate the true param-
eters. Green lines show FL-
ERGM estimates, blue lines 
stand for VCERGM esti-
mates and red lines represent 
ERGM estimates. for each 
method, solid lines indicate 
the average of 50 estimated 
curves and the shaded bands 
illustrate the 0.025 and 0.975 
quantiles
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When 𝑇𝑇 𝑇 𝑇𝑇, the underlying parameters vary smoothly with time. In this setting, VCERGM achieves a lower 
IAE than FL-ERGM, consistent with the trajectories shown in Fig. 4. The smoother parameter estimates pro-
duced by VCERGM are better aligned with the gradual evolution of the underlying parameters. Although FL-
ERGM does not reproduce the smooth turning points as accurately, it still captures the overall increasing and 
decreasing trends. This illustrates that the fused lasso approach is more suited to sparse temporal changes than to 
continuously varying parameter trajectories.

When 𝑇𝑇 𝑇 𝑇𝑇, the underlying parameters exhibit sudden changes, as shown in Fig. 5. FL-ERGM again achieves 
the lowest IAE and successfully detects the changes in the underlying parameters, whereas VCERGM smooths 
over the abrupt shifts. This highlights the advantage of the fused lasso penalty in settings where parameter 
changes are concentrated around a small number of time points. Overall, the results demonstrate that FL-ERGM 
is particularly effective when the underlying parameter trajectories contain stable periods interspersed with local 
or abrupt changes, while VCERGM is better suited to smoothly evolving parameters.

The accuracy of change point detection are presented in Table 2 for FL-ERGM, VCERGM and ERGM sepa-
rately. Results suggest that the proposed FL-ERGM has higher accuracy and smaller localisation error for detect-
ing abrupt changes compared to VCERGM and separate ERGM fitting. Full results can be found in Appendix E. 
To compare the computational performance with and without LU decomposition, we record the total run time of 
each repetition for Model 3 at Table 3. Results suggest that the LU decomposition provides increasing efficiency 
gains as the time horizon grows.

Fig. 4  Estimates for scenario 
4 with smoothly varying 
parameters. Black lines 
indicate the true parameters. 
Green lines show FL-ERGM 
estimates, blue lines stand for 
VCERGM estimates and red 
lines represent ERGM esti-
mates. For each method, solid 
lines indicate the average of 
50 estimated curves and the 
shaded bands illustrate the 
0.025 and 0.975 quantiles
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𝐓𝐓 FL-ERGM VCERGM ERGM
10 2.14(1.19) 3.18(1.16) 7.22(1.40)
20 7.36(0.89) 20.60(1.40) 8.71(1.11)

Model 1: 𝑆𝑆1(𝑦𝑦𝑖𝑖) + 𝑆𝑆2(𝑦𝑦𝑖𝑖) + 𝑆𝑆4(𝑦𝑦𝑖𝑖) 30 5.39(1.82) 7.62(1.46) 18.30(1.90)
40 7.44(1.20) 6.73(1.01) 17.11(1.41)
50 10.53(2.78) 23.00(2.07) 34.46(2.84)
10 1.99(1.20) 4.01(1.35) 6.03(1.06)
20 6.54(1.10) 16.23(0.70) 9.65(3.39)

Model 2: 𝑆𝑆1(𝑦𝑦𝑖𝑖) + 𝑆𝑆3(𝑦𝑦𝑖𝑖) + 𝑆𝑆4(𝑦𝑦𝑖𝑖) 30 5.92(2.00) 10.61(2.53) 18.24(1.97)
40 9.27(1.91) 6.10(0.99) 15.59(1.40)
50 11.09(2.40) 22.26(2.76) 29.25(2.56)
10 1.20(0.74) 1.73(0.69) 3.90(0.69)
20 4.95(0.73) 14.85(0.51) 5.66(0.64)

Model 3: 𝑆𝑆1(𝑦𝑦𝑖𝑖) + 𝑆𝑆4(𝑦𝑦𝑖𝑖) + 𝑆𝑆5(𝑦𝑦𝑖𝑖) 30 4.71(1.08) 5.58(0.79) 11.56(1.33)
40 7.22(1.44) 4.67(0.81) 10.75(1.08)
50 9.15(2.04) 15.22(1.05) 20.43(1.64)

Table 1  Simulation results 
with 50 replicates: mean 
(standard deviation) of IAE 
for each method

 

Fig. 5  Estimates for sce-
nario 5 with sudden changes 
in parameters. Black lines 
indicate the true parameters. 
Green lines show FL-ERGM 
estimates, blue lines stand for 
VCERGM estimates and red 
lines represent ERGM esti-
mates. for each method, solid 
lines indicate the average of 
50 estimated curves and the 
shaded bands illustrate the 
0.025 and 0.975 quantiles
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To further investigate the comparison of FL-ERGM and VCERGM, we also conduct simulation studies using 
the same settings as in Lee et al. (2020). In Lee et al. (2020), two network statistics, the number of edges, 𝑆𝑆1(𝑦𝑦𝑖𝑖), 
and the number of mutual edges, 𝑆𝑆2(𝑦𝑦𝑖𝑖), were included at four different scenarios. The four settings are (1) sinusoi-
dal curves; (2) quadratic curves; (3) Erdős–Rényi graphs with constant parameters; (4) non-smooth curves with 
parameters sampled randomly from normal distributions 𝑁𝑁𝑁𝑁𝑁 𝑁𝑁 and 𝑁𝑁𝑁𝑁𝑁𝑁𝑁 𝑁𝑁𝑁𝑁 respectively. The true parameter 
values are presented in Fig. 6 along with the estimated coefficients from FL-ERGM and VCERGM. Mean and 
standard deviation of IAE across 50 replicates are presented in Table 4.

Results suggest that the proposed FL-ERGM performs the best in the constant Erdős-Rényi setting (3) and the 
non-smooth setting (4), as indicated by the smallest IAE values. This is consistent with the 𝐿𝐿1 fused lasso penalty, 
which encourages temporal parameter differences to be zero while allowing abrupt changes when supported 
by the data. In contrast, the smoothness assumption of VCERGM is well suited to the sinusoidal and quadratic 
settings (1) and (2), where VCERGM provides more accurate estimates than FL-ERGM. Although FL-ERGM 

Table 2  Simulation results for change point detection for 𝑘𝑘 𝑘 𝑘 over 50 replicates for model 3: mean (standard deviation)
Method Metric 𝐓𝐓 𝐓 𝐓𝐓𝐓𝐓 𝐓𝐓 𝐓 𝐓𝐓𝐓𝐓 𝐓𝐓 𝐓 𝐓𝐓𝐓𝐓 𝐓𝐓 𝐓 𝐓𝐓𝐓𝐓 𝐓𝐓 𝐓 𝐓𝐓𝐓𝐓
FL-ERGM Sensitivity 1.00 (0.00) 0.92 (0.27) 0.81 (0.30) 0.72 (0.45) 0.97 (0.10)

Specificity 1.00 (0.00) 0.97 (0.04) 1.00 (0.01) 0.99 (0.01) 1.00 (0.00)
Localisation error 0.00 (0.00) 0.07 (0.33) 0.04 (0.18) 0.03 (0.17) 0.00 (0.00)

VCERGM Sensitivity 1.00 (0.00) 0.52 (0.50) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00)
Specificity 1.00 (0.00) 0.96 (0.04) 0.96 (0.00) 0.97 (0.00) 0.98 (0.00)
Localisation error 0.00 (0.00) 0.00 (0.00) — — —

ERGM Sensitivity 0.02 (0.14) 0.94 (0.24) 1.00 (0.00) 0.84 (0.37) 0.99 (0.05)
Specificity 0.65 (0.18) 0.86 (0.08) 0.69 (0.07) 0.84 (0.06) 0.85 (0.06)
Localisation error — 0.21 (0.51) 0.27 (0.41) 0.26 (0.54) 0.10 (0.17)

Fig. 6  Parameter estimates for simulated networks with same settings as Lee et al. (2020a). The four columns represent set-
tings with (1) sinusoidal curves; (2) quadratic curves; (3) Erd”os-R’enyi graphs with constant parameters; (4) non-smooth 
curves respectively. Black lines indicate the true parameters. Green lines represent FL-ERGM estimates, and blue lines stand 
for VCERGM estimates. For each method, solid lines indicate the average of 100 estimated curves and the shaded bands 
illustrate the first and third quantiles

 

𝐓𝐓 without LU decomposition with LU decomposition iteration numbers
10 4.41 (0.24) 4.06 (0.25) 5
20 8.39 (0.80) 5.40 (0.24) 4
30 17.78 (3.34) 14.43 (0.98) 5
40 20.75 (3.63) 18.22 (3.75) 4
50 36.47 (3.02) 25.37 (3.27) 5

Table 3  Computational 
performance comparison: 
mean (standard deviation, 
in seconds) of runtime with 
and without LU decomposi-
tion and iteration count
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does not estimate the smooth parameter trajectories as accurately, it can still capture their overall trends. In the 
non-smooth settings, however, the smoothness imposed by VCERGM can smooth over abrupt changes and con-
sequently provide misleading change patterns. These results indicate that FL-ERGM is not expected to outper-
form VCERGM in all settings; rather, its main advantage lies in scenarios with sparse temporal changes, locally 
invariant structures, or abrupt parameter shifts.

International trade networks

The international trade networks describe the trade relationships among 60 countries from 2001 to 2016. We 
apply the proposed FL-ERGM to international trade networks with the aim of analysing the dynamic evolution 
of trade relationships. The trade networks are built based on the annual import data between every two countries 
from the United Nations Commodity Trade Statistics Database1. A directed edge exists from node 𝑟𝑟 to 𝑠𝑠, 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑟 = 1, 
if the import amount from country 𝑟𝑟 to 𝑠𝑠 is more than 3 billion dollars at year . For each trade network, we choose 
the following statistics:

	● 𝑆𝑆1(𝑦𝑦𝑖𝑖) = ∑𝑟𝑟≠𝑠𝑠 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑟, the total number of edges in trade network 𝑦𝑦𝑖𝑖, reflecting on the density of trade relationship.
	● 𝑆𝑆2(𝑦𝑦𝑖𝑖) = 𝑒𝑒𝜙𝜙 ∑𝑛𝑛𝑛𝑛

𝑘𝑘𝑘𝑘{1 − (1 − 𝑒𝑒−𝜙𝜙)𝑘𝑘}𝐷𝐷𝐷𝐷𝑘𝑘(𝑦𝑦𝑖𝑖), 𝜙𝜙 𝜙 𝜙𝜙𝜙𝜙, geometrically weighted dyad-wise shared partners (GWDSP), 
a representation for local clustering phenomenon, measuring the extent to which the trade relationship local-
ises. 𝐷𝐷𝐷𝐷𝑘𝑘(𝑦𝑦𝑖𝑖) is the number of dyads that have 𝑘𝑘 common neighbors.

	● 𝑆𝑆3(𝑦𝑦𝑖𝑖) = ∑𝑟𝑟≠𝑠𝑠 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑋𝑋𝑟𝑟𝑟𝑟, measuring the effect of distance for the trade relationship. 𝑋𝑋𝑟𝑟𝑟𝑟 stands for the geographic 
distance between countries 𝑟𝑟 and 𝑠𝑠, downloaded from CEPII database2.

Next, we fit the FL-ERGM to the dynamic trade networks. The PBIC values of the FL-ERGM are shown in Fig. 
7 for selecting the tuning parameter. The figure illustrates the PBIC values across candidate tuning parameters, 
with the value minimising the PBIC selected for the analysis. Parameter estimates of the FL-ERGM are presented 
in Fig. 8. In addition to the point estimates, we also presented the confidence intervals for each coefficient, which 
is estimated using the parametric bootstrap method (Schmid and Desmarais 2017). The parameter estimates in 
Fig. 8 reveal that the trade evolution has two phases, the increasing period before 2008 and the steady phase after 
2008. This matches the fact of global financial crisis in 2008. Before 2008, the coefficient of edges keeps increas-
ing, meaning that the trade relationship was expanding continuously. At the same time, the coefficient of gwdsp 
is decreasing, which implies that the local clustering phenomenon is slowly disappearing, and the trade relation-
ships are becoming more universal. The distance has a negative and steady effect on trading during this period. 
After 2008, the coefficients of edges and distance effects are relatively stable over time. We also notice that the 
gwdsp coefficient has a slight increase from 2012, but we could still claim that the second phase is steady, as the 
value of gwdsp coefficient is relatively small. Moreover, comparing two phases, the second one has bigger edge 
coefficients but smaller distance effects, suggesting that the trade is more frequent and the reason might be the 
increased convenience of global transportation.

1  https://comtrade.un.org/
2  http://www.cepii.fr.

FL-ERGM VCERGM ERGM
Sinusoidal 8.31(1.47) 4.78(1.01) 18.07(9.76

Edges Quadratic 7.18(2.12) 2.31(0.57) 6.34(0.71)
Erdős-Rényi 1.89(1.38) 4.20(1.27) 14.58(2.51)
Non-smooth 9.54(1.13) 33.63(0.47) 18.69(10.64)
Sinusoidal 10.28(1.96) 6.67(1.15) 20.18(9.87)

Reciprocity Quadratic 8.53(2.61) 3.04(0.82) 8.63(0.96)
Erdős-Rényi 2.07(1.66) 4.73(1.40) 16.40(2.58)
Non-smooth 12.68(1.42) 28.63(1.06) 22.24(10.75)

Table 4  Simulation results 
with 50 replicates: mean 
(standard deviation) of IAE 
for each method under same 
settings as in Lee et al. 
(2020)

 

https://comtrade.un.org/
http://www.cepii.fr
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We also apply VCERGM and ERGM to the dynamic trade networks. A comparison of the model results is 
shown in Fig. 9 and Table 5. The three models provide similar parameter estimates for the edges and gwdsp coef-
ficients, apart from the large spikes observed for ERGM. VCERGM does not identify any abrupt changes accord-
ing to our definition, whereas FL-ERGM and ERGM identify similar change points. For the distance effect, 
VCERGM suggests a continuously increasing trend, whereas FL-ERGM suggests two relatively stable phases. In 
the changepoint analysis, FL-ERGM also identifies additional changepoints around 2003 for the edges parameter, 
partly because the fused lasso regularisation shrinks the difference at 2002 towards zero.

FL-ERGM VCERGM ERGM
Edges 2003, 2004, 2011, 2015 NULL 2009, 2010, 2012, 2015
GWDSP NULL NULL NULL
Distance 2010 NULL 2004, 2009

Table 5  Results of abrupt 
change point detection

 

Fig. 9  Parameter estimates of 
different methods for dynamic 
trade networks. Red lines 
represent the results from 
the ERGM, blue lines stand 
for the VCERGM, and green 
lines show results from the 
proposed FL-ERGM

 

Fig. 8  Parameter estimates of 
the FL-ERGM for dynamic 
trade networks

 

Fig. 7  PBIC of the FL-ERGM for dynamic trade networks 
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The differences in the results are driven by the different model assumptions underlying the two approaches. In 
particular, VCERGMs assume that network parameters evolve smoothly over time, whereas FL-ERGMs encour-
age piecewise constant parameter trajectories through fused lasso regularisation. As illustrated in the simulation 
study, the suitability of these assumptions depends on the underlying temporal pattern of the parameters. In 
simulation scenario 3, where the underlying parameter structure is piecewise constant, FL-ERGMs capture this 
structure well, whereas VCERGM suggests a continuously increasing trend that differs from the known underly-
ing pattern. For the real-data analysis, however, there is no ground truth and therefore no evidence to determine 
which method provides the correct temporal pattern. In the case of the 2008 global financial crisis, it is reasonable 
to consider the effect of geographic distance underwent an abrupt change at that time.

We also perform model assessments for FL-ERGMs and VCERGMs using simulated networks. Specifically, 
at each time point, we simulate 100 networks from the ERGM distribution with parameter estimate ̂𝜃𝜃𝑡𝑡. We pres-
ent the summary statistics of the simulated networks using box plots in Fig. 10. As is shown, the observed net-
work statistics are close to the simulated network statistics, indicating both the FL-ERGM and VCERGM fit the 
dynamic trade networks well.

Discussion

In this paper, we propose to model a sequence of network samples observed at multiple time points using a fused 
lasso ERGM. This framework allows us to capture the contribution of each covariate or structural pattern to the 
creation of networks and network evolution through a piecewise constant function, enabling the identification 
of diverse and complex changing patterns. The model retains flexibility of ERGMs, meaning that the effects of 
network covariates and various connectivity patterns on the construction of the whole network are accounted for. 
Moreover, the use of ADMM algorithm with the theoretical guarantee ensures robust computational efficiency, 
making it suitable for estimating large-scale networks over extended observation periods. The comprehensive 
simulation studies and the applications to the real-world dataset demonstrate that the FL-ERGM is capable of 
providing interpretable changing patterns that are not discovered by the existing methods.

A well-known challenge in ERGMs is model degeneracy, whereby the model assigns a substantial propor-
tion of its probability mass to a small number of unrealistic network configurations. In our framework, the fused 
lasso regularisation is introduced to control parameter complexity by shrinking differences between successive 
parameter vectors and limiting excessive temporal variation in the estimated coefficients. Although this regulari-
sation does not eliminate or guarantee against model degeneracy, it can improve estimation stability and reduce 
the occurrence of extreme parameter estimates. We therefore recommend assessing the fitted model through 
simulation-based diagnostics, including generating networks from the estimated parameters and comparing their 
structural characteristics with those of the observed networks. While the current formulation assumes regularly 
spaced networks, the framework can be extended to irregularly spaced observations by incorporating temporal 
gaps into the weighting of the penalty.

Fig. 10  Model assessments 
on dynamic trade networks. 
The solid line indicates the 
observed network statistics 
and the box plots represent 
the statistics of networks 
simulated from the estimated 
model
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Several other potential directions for future work also remain. First, we have developed an efficient algorithm 
for the pseudo-likelihood-based estimator. However, developing an efficient algorithm for estimating FL-ERGMs 
based on the exact likelihood remains an important area for future research, whether within a frequentist or 
Bayesian framework. Further discussion on likelihood-based inference can be found in section “Pseudo-likeli-
hood approximation”. Obtaining a solution to the exact likelihood function in a dynamic setting is both a chal-
lenging and intriguing task. While progress has been made in approximating intractable likelihoods for a single 
network (Hunter and Handcock 2006; Caimo and Friel 2011; Bouranis et al. 2018; Tan and Friel 2020) or for 
a sequence of independent networks (Ren et al. 2023), solutions for dynamic network settings remain largely 
unknown. Second, we have included the fused lasso penalty in this paper for the purpose of trend estimation but 
there are also other types of penalty terms existing (Hallac et al. 2017). It would be interesting to extend the cur-
rent framework to a more general setting to utilise the strength of different penalty terms. Given the of versatility 
of ADMM algorithm, the estimation of ERGMs with different penalty terms should be straightforward. Third, 
we have proved the convergence of the ADMM algorithm, but the theoretical property of the penalised pseudo-
likelihood estimators remains unknown.

Supplementary materials

A Taylor expansion

The function to expand is 

	 𝑓𝑓𝑓𝑓𝑓𝑡𝑡) = 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝜃𝜃⊤
𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − log{1 + exp (𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)} ,

with first and second derivatives as follows, 

	

∂𝑓𝑓𝑓𝑓𝑓𝑡𝑡)
∂𝜃𝜃𝑡𝑡

= 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 −
exp(𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)
1 + exp(𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)
Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖,

∂2𝑓𝑓𝑓𝑓𝑓𝑡𝑡)
∂𝜃𝜃2𝑡𝑡

= −
exp(𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)
(1 + exp(𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖))2
Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖Δ𝑆𝑆⊤

𝑖𝑖𝑖𝑖𝑖𝑖𝑖.

The second Taylor expansion at ̃𝜃𝜃𝑡𝑡 is 
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𝑓𝑓𝑓 ̃𝜃𝜃𝑡𝑡) + (𝜃𝜃𝑡𝑡 − ̃𝜃𝜃𝑡𝑡)⊤𝑓𝑓𝑓𝑓 ̃𝜃𝜃𝑡𝑡) +
1
2 (𝜃𝜃𝑡𝑡 −

̃𝜃𝜃𝑡𝑡)⊤𝑓𝑓𝑓𝑓𝑓 ̃𝜃𝜃𝑡𝑡)(𝜃𝜃𝑡𝑡 − ̃𝜃𝜃𝑡𝑡)

=𝑓𝑓𝑓 ̃𝜃𝜃𝑡𝑡) + (𝜃𝜃𝑡𝑡 − ̃𝜃𝜃𝑡𝑡)⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 −
exp( ̃𝜃𝜃𝑡𝑡

⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

1 + exp( ̃𝜃𝜃𝑡𝑡
⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

)

−
exp( ̃𝜃𝜃𝑡𝑡

⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

2(1 + exp( ̃𝜃𝜃𝑡𝑡
⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖))2

(𝜃𝜃𝑡𝑡 − ̃𝜃𝜃𝑡𝑡)⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖Δ𝑆𝑆⊤
𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝜃𝜃𝑡𝑡 − ̃𝜃𝜃𝑡𝑡)

= − 1
2𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖[(𝜃𝜃𝑡𝑡 − ̃𝜃𝜃𝑡𝑡)⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖]2 + (𝜃𝜃𝑡𝑡 − ̃𝜃𝜃𝑡𝑡)⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖) + 𝑓𝑓𝑓 ̃𝜃𝜃𝑡𝑡)

= − 1
2𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖 {[(𝜃𝜃𝑡𝑡 − ̃𝜃𝜃𝑡𝑡)⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖]2 −

2(𝜃𝜃𝑡𝑡 − ̃𝜃𝜃𝑡𝑡)⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖)
𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖

} + 𝑓𝑓𝑓 ̃𝜃𝜃𝑡𝑡)

= − 1
2𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖 {[(𝜃𝜃𝑡𝑡 − ̃𝜃𝜃𝑡𝑡)⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖]2 −

2(𝜃𝜃𝑡𝑡 − ̃𝜃𝜃𝑡𝑡)⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖)
𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖

+ (
𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖
)2}

−
(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖)2

2𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖
+ 𝑓𝑓𝑓 ̃𝜃𝜃𝑡𝑡)

= − 1
2𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖 {(𝜃𝜃𝑡𝑡 − ̃𝜃𝜃𝑡𝑡)⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 −

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖

}
2

−
(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖)2

2𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖
+ 𝑓𝑓𝑓 ̃𝜃𝜃𝑡𝑡)

= − 1
2𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖 {𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − ̃𝜃𝜃𝑡𝑡
⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 −

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖

}
2

−
(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖)2

2𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖
+ 𝑓𝑓𝑓 ̃𝜃𝜃𝑡𝑡)

= − 1
2𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖 {𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖𝑖}
2 + 𝐶𝐶𝐶 ̃𝜃𝜃𝑡𝑡),

where 

	

̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖 =
exp( ̃𝜃𝜃𝑡𝑡

⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

1 + exp( ̃𝜃𝜃𝑡𝑡
⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

,

𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖(1 − ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖) =
exp( ̃𝜃𝜃𝑡𝑡

⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

(1 + exp( ̃𝜃𝜃𝑡𝑡
⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖))2

,

𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = ̃𝜃𝜃𝑡𝑡
⊤Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 +

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖

,

𝐶𝐶𝐶 ̃𝜃𝜃𝑡𝑡) = −
(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − ̃𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖)2

2𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖
+ 𝑓𝑓𝑓 ̃𝜃𝜃𝑡𝑡).

B LU decomposition

We note that 𝐹𝐹 is a banded matrix with 𝑑𝑑 𝑑 𝑑𝑑𝑑 𝑑 𝑑𝑑 rows and 𝑑𝑑 𝑑 𝑑𝑑 columns, 

	
𝐹𝐹 𝐹

⎡⎢⎢
⎣

−𝐼𝐼𝑑𝑑 𝐼𝐼𝑑𝑑
−𝐼𝐼𝑑𝑑 𝐼𝐼𝑑𝑑⋱⋱

−𝐼𝐼𝑑𝑑 𝐼𝐼𝑑𝑑

⎤⎥⎥
⎦
,

where 𝐼𝐼𝑑𝑑 denotes the diagonal matrix of order 𝑑𝑑. Then 𝐹𝐹⊤𝐹𝐹 is a block tridiagonal matrix, 

	

𝐹𝐹⊤𝐹𝐹 𝐹
⎡
⎢
⎢
⎢
⎣

𝐼𝐼𝑑𝑑 −𝐼𝐼𝑑𝑑
−𝐼𝐼𝑑𝑑 2𝐼𝐼𝑑𝑑 −𝐼𝐼𝑑𝑑⋱⋱ ⋱

−𝐼𝐼𝑑𝑑 2𝐼𝐼𝑑𝑑 −𝐼𝐼𝑑𝑑
−𝐼𝐼𝑑𝑑 𝐼𝐼𝑑𝑑

⎤
⎥
⎥
⎥
⎦

.
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𝑋𝑋 𝑋 𝑋𝑋⊤𝐴𝐴 𝐴 𝐴𝐴𝐴𝐴⊤𝐹𝐹 is also a block tridiagonal matrix, as X can be written as 

	

𝑋𝑋 𝑋
⎡⎢
⎢⎢⎢
⎣

𝐴𝐴⊤
1 (𝐴𝐴1) + 𝜌𝜌𝜌𝜌𝑑𝑑 −𝜌𝜌𝜌𝜌𝑑𝑑
−𝜌𝜌𝜌𝜌𝑑𝑑 𝐴𝐴⊤

2 (𝐴𝐴2) + 2𝜌𝜌𝜌𝜌𝑑𝑑 −𝜌𝜌𝜌𝜌𝑑𝑑⋱⋱ ⋱
−𝜌𝜌𝜌𝜌𝑑𝑑 𝐴𝐴⊤

𝑇𝑇𝑇𝑇(𝐴𝐴𝑇𝑇𝑇𝑇) + 2𝜌𝜌𝜌𝜌𝑑𝑑 −𝜌𝜌𝜌𝜌𝑑𝑑
−𝜌𝜌𝜌𝜌𝑑𝑑 𝐴𝐴⊤

𝑇𝑇 (𝐴𝐴𝑇𝑇) + 𝜌𝜌𝜌𝜌𝑑𝑑

⎤⎥⎥⎥⎥
⎦

.

Next, we use the LU factorization to decompose the block tridiagonal matrix 𝑋𝑋 as follows, 

	 𝑋𝑋 𝑋 𝑋𝑋 𝑋 𝑋𝑋𝑋𝑋−1(Δ+𝐿𝐿  ⊤).

𝐿𝐿 is the lower part of 𝑋𝑋, 

	

𝐿𝐿 𝐿
⎡
⎢
⎢
⎢
⎣

0
−𝜌𝜌𝜌𝜌𝑑𝑑 0

⋱ ⋱
−𝜌𝜌𝜌𝜌𝑑𝑑 0

−𝜌𝜌𝜌𝜌𝑑𝑑 0

⎤
⎥
⎥
⎥
⎦

.

Δ is a block diagonal matrix with Δ𝑖𝑖 as diagonal blocks, 

	

Δ1 = 𝑋𝑋11 = 𝐴𝐴⊤
1 (𝐴𝐴1) + 𝜌𝜌𝜌𝜌𝑑𝑑,

Δ𝑖𝑖 = 𝑋𝑋𝑖𝑖𝑖𝑖 − 𝜌𝜌2(Δ𝑖𝑖𝑖𝑖)−1 = 𝐴𝐴⊤
𝑖𝑖 (𝐴𝐴𝑖𝑖) + 2𝜌𝜌𝜌𝜌𝑑𝑑 − 𝜌𝜌2(Δ𝑖𝑖𝑖𝑖)−1 (𝑖𝑖 𝑖𝑖𝑖  𝑖 𝑖 𝑖𝑖 𝑖 𝑖𝑖𝑖

Δ𝑇𝑇 = 𝐴𝐴⊤
𝑇𝑇 (𝐴𝐴𝑇𝑇) + 𝜌𝜌𝜌𝜌𝑑𝑑 − 𝜌𝜌2(Δ𝑇𝑇𝑇𝑇)−1.

As Δ = Δ⊤, then Δ + 𝐿𝐿 𝐿 𝐿𝐿𝐿  𝐿𝐿⊤)⊤, and 

	 𝑋𝑋−1 = (Δ + 𝐿𝐿⊤)−1Δ(Δ + 𝐿𝐿𝐿−1 = (Δ + 𝐿𝐿⊤)−1Δ((Δ + 𝐿𝐿⊤)−1)⊤.

Let 𝐷𝐷 𝐷 𝐷𝐷 𝐷 𝐷𝐷⊤)−1, and we then have 𝑋𝑋−1 = 𝐷𝐷𝐷𝐷𝐷⊤. If we solve 𝐷𝐷, we solve 𝑋𝑋−1. Since Δ + 𝐿𝐿⊤ is a upper triangu-
lar matrix, 𝐷𝐷 can be expressed in the following, 

	

𝐷𝐷 𝐷 𝐷𝐷 𝐷 𝐷𝐷⊤)−1 =
⎡
⎢
⎢
⎢
⎣

Δ1 −𝜌𝜌𝜌𝜌𝑑𝑑
Δ2 − 𝜌𝜌𝜌𝜌𝑑𝑑⋱

Δ𝑇𝑇𝑇𝑇 −𝜌𝜌𝜌𝜌𝑑𝑑
Δ𝑇𝑇

⎤
⎥
⎥
⎥
⎦

−1

=
⎡⎢⎢⎢⎢
⎣

𝐷𝐷11 =Δ −11 𝐷𝐷12 = 𝜌𝜌𝜌−11 𝐷𝐷22 𝐷𝐷13 = 𝜌𝜌𝜌−11 𝐷𝐷23 ⋯ 𝐷𝐷1𝑇𝑇 = 𝜌𝜌𝜌−11 𝐷𝐷2𝑇𝑇
𝐷𝐷22 =Δ −12 𝐷𝐷23 = 𝜌𝜌𝜌−12 𝐷𝐷33 ⋯𝐷𝐷2𝑇𝑇 = 𝜌𝜌𝜌−12 𝐷𝐷3𝑇𝑇
𝐷𝐷33 =Δ −13 ⋯ 𝐷𝐷3𝑇𝑇 = 𝜌𝜌𝜌−13 𝐷𝐷4𝑇𝑇⋱ ⋮

𝐷𝐷𝑇𝑇𝑇𝑇 =Δ −1𝑇𝑇

⎤⎥⎥⎥⎥
⎦

.

Then we have 

	

𝐷𝐷𝐷 𝐷 (Δ + 𝐿𝐿𝑇𝑇)−1Δ=
⎡
⎢
⎢
⎢
⎢
⎣

Δ1−1Δ1 𝜌𝜌𝜌1−1𝐷𝐷22Δ2 𝜌𝜌𝜌1−1𝐷𝐷23Δ3 ⋯ 𝜌𝜌𝜌1−1𝐷𝐷2𝑇𝑇Δ𝑇𝑇
Δ2−1Δ2 𝜌𝜌𝜌2−1𝐷𝐷33Δ3 ⋯ 𝜌𝜌𝜌2−1𝐷𝐷3𝑇𝑇Δ𝑇𝑇

Δ3−1Δ3 ⋯ 𝜌𝜌𝜌3−1𝐷𝐷4𝑇𝑇Δ𝑇𝑇⋱ ⋮
Δ𝑇𝑇−1Δ𝑇𝑇

⎤
⎥
⎥
⎥
⎥
⎦

,

𝑋𝑋−1 = 𝐷𝐷𝐷𝐷𝐷𝑇𝑇 =
⎡
⎢
⎢
⎢
⎣

𝐼𝐼𝑑𝑑 𝐷𝐷12Δ2 𝐷𝐷13Δ3 ⋯ 𝐷𝐷1𝑇𝑇Δ𝑇𝑇
𝐼𝐼𝑑𝑑 𝐷𝐷23Δ3 ⋯ 𝐷𝐷2𝑇𝑇Δ𝑇𝑇

𝐼𝐼𝑑𝑑 ⋯ 𝐷𝐷3𝑇𝑇Δ𝑇𝑇⋱ ⋮
𝐼𝐼𝑑𝑑

⎤
⎥
⎥
⎥
⎦

⋅
⎡
⎢
⎢
⎢
⎣

𝐷𝐷11
𝐷𝐷12 𝐷𝐷22
𝐷𝐷13 𝐷𝐷23 𝐷𝐷33⋮ ⋱
𝐷𝐷1𝑇𝑇 𝐷𝐷2𝑇𝑇 𝐷𝐷3𝑇𝑇 ⋯ 𝐷𝐷𝑇𝑇𝑇𝑇

⎤
⎥
⎥
⎥
⎦

.
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Therefore, the inverse of 𝑋𝑋 𝑋 𝑋𝑋⊤𝐴𝐴 𝐴 𝐴𝐴𝐴𝐴⊤𝐹𝐹, a square matrix with dimension 𝑑𝑑𝑑𝑑 𝑑 𝑑𝑑𝑑𝑑, can be solved by calculat-
ing the inverse of 𝑇𝑇 small matrices Δ𝑖𝑖 of dimension 𝑑𝑑.

C Proof of lemma 1 and 2

To prove Lemma 1, we only need to show that the Hessian matrix for 𝑙𝑙𝑙𝑙𝑙1, … , 𝜃𝜃𝑇𝑇) and ̃𝑙𝑙 ̃𝜃𝜃1,…, ̃𝜃𝜃𝑇𝑇 (𝜃𝜃1, … , 𝜃𝜃𝑇𝑇) are positive 
definite.

For any 𝑡𝑡 ∈ {1, … , 𝑇𝑇}, we have 

	

∂2𝑙𝑙𝑙𝑙𝑙1, … , 𝜃𝜃𝑇𝑇)
∂𝜃𝜃2𝑡𝑡

= ∑
𝑖𝑖≠𝑗𝑗

Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖Δ𝑆𝑆⊤
𝑖𝑖𝑖𝑖𝑖𝑖𝑖 exp(𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)
(1 + exp(𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖))2
.

∂2 ̃𝑙𝑙 ̃𝜃𝜃1,…, ̃𝜃𝜃𝑇𝑇 (𝜃𝜃1, … , 𝜃𝜃𝑇𝑇)
∂𝜃𝜃2𝑡𝑡

= ∑
𝑖𝑖≠𝑗𝑗

𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖Δ𝑆𝑆⊤
𝑖𝑖𝑖𝑖𝑖𝑖𝑖.

In addition, for 𝑡𝑡 ≠ 𝑠𝑠𝑠 𝑠𝑠 ∈ {1, … , 𝑇𝑇}, we have 

	

∂2𝑙𝑙𝑙𝑙𝑙1, … , 𝜃𝜃𝑇𝑇)
∂𝜃𝜃𝑡𝑡∂𝜃𝜃𝑠𝑠

= 0,

∂2 ̃𝑙𝑙 ̃𝜃𝜃1,…, ̃𝜃𝜃𝑇𝑇 (𝜃𝜃1, … , 𝜃𝜃𝑇𝑇)
∂𝜃𝜃𝑡𝑡∂𝜃𝜃𝑠𝑠

= 0.

Thus the Hessian matrix for 𝑙𝑙𝑙𝑙𝑙1, … , 𝜃𝜃𝑇𝑇) is 

	

⎡
⎢
⎢
⎢
⎢
⎢
⎣

∂2𝑙𝑙
∂𝜃𝜃21

∂2𝑙𝑙
∂𝜃𝜃1∂𝜃𝜃2

⋯ ∂2𝑙𝑙
∂𝜃𝜃1∂𝜃𝜃𝑇𝑇

∂2𝑙𝑙
∂𝜃𝜃2∂𝜃𝜃1

∂2𝑙𝑙
∂𝜃𝜃22

⋯ ∂2𝑙𝑙
∂𝜃𝜃2∂𝜃𝜃𝑇𝑇⋮ ⋮ ⋱ ⋮

∂2𝑙𝑙
∂𝜃𝜃𝑇𝑇∂𝜃𝜃1

∂2𝑙𝑙
∂𝜃𝜃𝑇𝑇∂𝜃𝜃2

⋯ ∂2𝑙𝑙
∂𝜃𝜃2𝑇𝑇

⎤
⎥
⎥
⎥
⎥
⎥
⎦

= ∑
𝑖𝑖≠𝑗𝑗

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖Δ𝑆𝑆⊤
𝑖𝑖𝑖𝑖𝑖 exp(𝜃𝜃⊤

1 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖)
(1+exp(𝜃𝜃⊤

1 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖))2
0 ⋯ 0

0 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖Δ𝑆𝑆⊤
𝑖𝑖𝑖𝑖𝑖 exp(𝜃𝜃⊤

2 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖)
(1+exp(𝜃𝜃⊤

2 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖))2
⋯ 0

⋮ ⋮ ⋱ ⋮
0 0 ⋯ Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖Δ𝑆𝑆⊤

𝑖𝑖𝑖𝑖𝑖𝑖𝑖 exp(𝜃𝜃⊤
𝑇𝑇Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

(1+exp(𝜃𝜃⊤
𝑇𝑇Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖))2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

and the Hessian matrix of ̃𝑙𝑙 ̃𝜃𝜃1,…, ̃𝜃𝜃𝑇𝑇 (𝜃𝜃1, … , 𝜃𝜃𝑇𝑇) is 

	

⎡
⎢
⎢
⎢
⎢
⎢
⎣

∂2 ̃𝑙𝑙
∂𝜃𝜃21

∂2 ̃𝑙𝑙
∂𝜃𝜃1∂𝜃𝜃2

⋯ ∂2 ̃𝑙𝑙
∂𝜃𝜃1∂𝜃𝜃𝑇𝑇

∂2 ̃𝑙𝑙
∂𝜃𝜃2∂𝜃𝜃1

∂2 ̃𝑙𝑙
∂𝜃𝜃22

⋯ ∂2 ̃𝑙𝑙
∂𝜃𝜃2∂𝜃𝜃𝑇𝑇⋮ ⋮ ⋱ ⋮

∂2 ̃𝑙𝑙
∂𝜃𝜃𝑇𝑇∂𝜃𝜃1

∂2 ̃𝑙𝑙
∂𝜃𝜃𝑇𝑇∂𝜃𝜃2

⋯ ∂2 ̃𝑙𝑙
∂𝜃𝜃2𝑇𝑇

⎤
⎥
⎥
⎥
⎥
⎥
⎦

= ∑
𝑖𝑖≠𝑗𝑗

⎡⎢⎢⎢
⎣

𝑤𝑤𝑖𝑖𝑖𝑖𝑖Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖Δ𝑆𝑆⊤
𝑖𝑖𝑖𝑖𝑖 0 ⋯ 0

0 𝑤𝑤𝑖𝑖𝑖𝑖𝑖Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖Δ𝑆𝑆⊤
𝑖𝑖𝑖𝑖𝑖 ⋯ 0

⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖Δ𝑆𝑆⊤

𝑖𝑖𝑖𝑖𝑖𝑖𝑖

⎤⎥⎥⎥
⎦

.

It is clear to see that the Hessian matrices for 𝑙𝑙𝑙𝑙𝑙1, … , 𝜃𝜃𝑇𝑇) and ̃𝑙𝑙 ̃𝜃𝜃1,…, ̃𝜃𝜃𝑇𝑇 (𝜃𝜃1, … , 𝜃𝜃𝑇𝑇) are positive definite, so 𝑙𝑙𝑙𝑙𝑙1, … , 𝜃𝜃𝑇𝑇) 
and ̃𝑙𝑙 ̃𝜃𝜃1,…, ̃𝜃𝜃𝑇𝑇 (𝜃𝜃1, … , 𝜃𝜃𝑇𝑇) are convex.
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To establish the limit in Lemma 2, we analyse the structural relationship between the original loss func-
tion 𝑙𝑙𝑙⋅) and the surrogate function ̃𝑙𝑙𝑙⋅) by focusing on the individual pair components. Let 𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 and 
̃𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = ̃𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖. The component scalar loss function for a given pair (𝑖𝑖𝑖 𝑖𝑖𝑖 at time index 𝑡𝑡 in the original objective 
function is defined via the logistic relationship: 

	 𝑓𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖𝑖) = −𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖 + log (1 + exp(𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖))

Thus, the aggregate original loss function across all time horizons is written as: 

	
𝑙𝑙𝑙𝑙𝑙1, … , 𝜃𝜃𝑇𝑇) =

𝑇𝑇
∑
𝑡𝑡𝑡𝑡

∑
𝑖𝑖≠𝑗𝑗

𝑓𝑓𝑓𝑓𝑓⊤
𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

The surrogate function ̃𝑙𝑙𝑙⋅) is designed as a second-order localised Taylor expansion (quadratic approximation) 
of 𝑙𝑙𝑙⋅) constructed around the parameter anchor point ̃𝜃𝜃𝑡𝑡. By expanding 𝑓𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖𝑖) around the localised evaluation 
point ̃𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = ̃𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖, Taylor’s theorem states: 

	 𝑓𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖𝑖) = 𝑓𝑓𝑓 𝑓𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖𝑖) + 𝑓𝑓𝑓𝑓 𝑓𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖𝑖)(𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − ̃𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖) +
1
2𝑓𝑓𝑓𝑓𝑓 𝑓𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖𝑖)(𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − ̃𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖)2 + 𝑅𝑅2(𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖; ̃𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

where 𝑅𝑅2(𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖; ̃𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖) denotes the Lagrange form of the higher-order residual error. By matching the coefficients 
to the defined variables within the surrogate function framework, the tracking weights and localised parameters 
are explicitly designated as: 

	 𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑓𝑓𝑓𝑓𝑓 𝑓𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

	
𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = ̃𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖 −

𝑓𝑓𝑓𝑓 𝑓𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖𝑖)
𝑓𝑓𝑓𝑓𝑓 𝑓𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

Completing the square with respect to these terms permits the localised objective function to be structurally 
represented without the remainder term as: 

	
̃𝑙𝑙 ̃𝜃𝜃1,…, ̃𝜃𝜃𝑇𝑇 (𝜃𝜃1, … , 𝜃𝜃𝑇𝑇) =

1
2

𝑇𝑇
∑
𝑡𝑡𝑡𝑡

∑
𝑖𝑖≠𝑗𝑗

𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝜃𝜃⊤
𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖𝑖)2 − 𝐶𝐶𝐶 ̃𝜃𝜃𝑡𝑡)

where 𝐶𝐶𝐶 ̃𝜃𝜃𝑡𝑡) accumulates the remaining parameter-independent constants. Consequently, the discrepancy 
between the exact objective landscape and its tracking approximation is exactly equal to the total summation of 
the Taylor remainder residuals: 

	
𝑙𝑙𝑙𝑙𝑙1, … , 𝜃𝜃𝑇𝑇) − ̃𝑙𝑙 ̃𝜃𝜃1,…, ̃𝜃𝜃𝑇𝑇 (𝜃𝜃1, … , 𝜃𝜃𝑇𝑇) =

𝑇𝑇
∑
𝑡𝑡𝑡𝑡

∑
𝑖𝑖≠𝑗𝑗

𝑅𝑅2(𝜃𝜃⊤
𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖; ̃𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖)

Applying real analysis limit theorems, Taylor’s theorem guarantees that the residual vanishes as the evaluation 
point matches the anchor centre: 

	
lim

𝑥̃𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖→𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑅𝑅2(𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖; ̃𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖) = 0

Given that the projection mapping ̃𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = ̃𝜃𝜃⊤
𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖 depends continuously on ̃𝜃𝜃𝑡𝑡, the parameter limit condition 

̃𝜃𝜃𝑡𝑡 → 𝜃𝜃𝑡𝑡 strictly implies ̃𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖 → 𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖𝑖. Distributed across the finite sums, this yields: 
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lim
̃𝜃𝜃𝑡𝑡→𝜃𝜃𝑡𝑡

[𝑙𝑙𝑙𝑙𝑙1, … , 𝜃𝜃𝑇𝑇) − ̃𝑙𝑙 ̃𝜃𝜃1,…, ̃𝜃𝜃𝑇𝑇 (𝜃𝜃1, … , 𝜃𝜃𝑇𝑇)] =
𝑇𝑇

∑
𝑡𝑡𝑡𝑡

∑
𝑖𝑖≠𝑗𝑗

lim
̃𝜃𝜃𝑡𝑡→𝜃𝜃𝑡𝑡

𝑅𝑅2(𝜃𝜃⊤
𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖; ̃𝜃𝜃⊤

𝑡𝑡 Δ𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖) = 0

Hence, the localised surrogate function converges pointwise to the original objective function: 

	
lim
̃𝜃𝜃𝑡𝑡→𝜃𝜃𝑡𝑡

̃𝑙𝑙 ̃𝜃𝜃1,…, ̃𝜃𝜃𝑇𝑇 (𝜃𝜃1, … , 𝜃𝜃𝑇𝑇) = 𝑙𝑙𝑙𝑙𝑙1, … , 𝜃𝜃𝑇𝑇)

D Proof of proposition 2

To rigorously establish algorithmic stability, we construct a Lyapunov function 𝑉𝑉𝑘𝑘, which acts as a mathematical 
metric of the total tracking error. Structurally, 𝑉𝑉𝑘𝑘 measures the combined distance between the current iteration’s 
states and the true global optimum (𝑈𝑈∗, 𝑄𝑄∗). Proving convergence requires demonstrating that this overall energy 
distance steadily shrinks to zero as iterations progress. 

	 𝑉𝑉𝑘𝑘 = 𝜌𝜌𝜌𝜌𝜌𝑘𝑘 − 𝑈𝑈∗‖22 + 𝜌𝜌𝜌 𝜌 𝜌𝜌𝜌𝑘𝑘 − 𝑄𝑄∗)‖22.

The first inequality is 

	 𝑉𝑉𝑘𝑘𝑘𝑘 ≤ 𝑉𝑉𝑘𝑘 − 𝜌𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘‖22 − 𝜌𝜌𝜌 𝜌 𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)‖22,� (20)

which proves that the total error energy 𝑉𝑉𝑘𝑘 is monotonically non-increasing. In addition, the amount of decrease 
depends on the norm of the prime residual 𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘 (how well the structural constraints are satisfied) and on 
the change of dual variables 𝑄𝑄 over one iteration. Since 𝑉𝑉𝑘𝑘 ≤ 𝑉𝑉0, thus 𝑈𝑈𝑘𝑘 and −𝑄𝑄𝑘𝑘 are bounded.

This guarantees that the algorithm can never oscillate wildly or diverge; instead, every single iteration is guar-
anteed to push the parameters closer to the optimal solution.

From inequality A(20, we have 

	
𝜌𝜌

∞
∑
𝑘𝑘𝑘𝑘

(‖𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘‖22 + ‖ − (𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)‖22) ≤ 𝑉𝑉0,� (21)

which implies that 𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘 → 0 and −(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘) → 0 as 𝑘𝑘 𝑘 ∞. Practically, this guarantees that as the 
algorithm runs longer (𝑘𝑘 𝑘 ∞), the primal residual 𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘 and the dual residual contract to absolute zero.

The second inequality is 

	
1
2‖𝐴𝐴

∗Θ∗ − 𝑏𝑏∗‖22 + 𝜆𝜆𝜆𝜆𝜆∗‖1 −
1
2‖𝐴𝐴

𝑘𝑘𝑘𝑘Θ𝑘𝑘𝑘𝑘 − 𝑏𝑏𝑘𝑘𝑘𝑘‖22 − 𝜆𝜆𝜆𝜆𝜆𝑘𝑘𝑘𝑘‖1 ≤ 𝜌𝜌𝜌𝜌∗⊤(𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘),� (22)

which mathematically formalises the exact net change in the total error tracking energy across a single iteration 
by decomposing it into the dynamic shifts of the dual variables, auxiliary variables, and core state parameters. 
This expansion serves as the structural foundation for the stability analysis, allowing us to explicitly track how 
the algorithm systematically reduces parameter discrepancy as it approaches the global equilibrium. The third 
inequality we are going to prove is 

	

1
2‖𝐴𝐴

𝑘𝑘𝑘𝑘Θ𝑘𝑘𝑘𝑘 − 𝑏𝑏𝑘𝑘𝑘𝑘‖22 + 𝜆𝜆𝜆𝜆𝜆𝑘𝑘𝑘𝑘‖1 −
1
2‖𝐴𝐴

∗Θ∗ − 𝑏𝑏∗‖22 − 𝜆𝜆𝜆𝜆𝜆∗‖1
≤ −(𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘)⊤(𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘) − 𝜌𝜌{(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)}⊤{(𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘) + (𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄∗)},

� (23)

this invokes the standard first-order optimality conditions for the true global minimisers, which serves as a 
fixed baseline to assess our algorithmic progress. By combining these saddle-point characterisations with the 
objective’s convexity, we establish the necessary geometric inequality to bound our step-by-step updates against 
the ideal target state.
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Using the results of inequality (21), we see that the righthand side of (22) also converges to 0 when 
𝑘𝑘 𝑘 ∞, since the prime residual 𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘 converges to 0. The righthand side in (23) converges to 0 
when 𝑘𝑘 𝑘 ∞, since −(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄∗) is bounded and 𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘 and −(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘) converge to 0. Thus we have 
lim𝑘𝑘𝑘∞{(1/2)‖𝐴𝐴𝑘𝑘𝑘𝑘Θ𝑘𝑘𝑘𝑘 − 𝑏𝑏𝑘𝑘𝑘𝑘‖22 + 𝜆𝜆𝜆𝜆𝜆𝑘𝑘𝑘𝑘‖1} = (1/2)‖𝐴𝐴∗Θ∗ − 𝑏𝑏∗‖22 + 𝜆𝜆𝜆𝜆𝜆∗‖1, which is the objective convergence. If 
assumption (3) holds, Θ𝑘𝑘 converges to a solution of (8).

Next, we prove the three inequalities. We first prove inequality (22). Since (Θ∗, 𝑄𝑄∗, 𝑈𝑈∗) is a saddle point for 
(1/2)‖𝐴𝐴𝐴 𝐴 𝐴𝐴𝐴22 + 𝜆𝜆𝜆𝜆𝜆𝜆1 + 𝜌𝜌𝜌𝜌⊤(𝐹𝐹𝐹𝐹𝐹𝐹𝐹  , we have 

	
(1/2)‖𝐴𝐴∗Θ∗ − 𝑏𝑏∗‖22 + 𝜆𝜆𝜆𝜆𝜆∗‖1 + 𝜌𝜌𝜌𝜌∗⊤(𝐹𝐹𝐹∗ − 𝑄𝑄∗)
≤ (1/2)‖𝐴𝐴𝑘𝑘𝑘𝑘Θ𝑘𝑘𝑘𝑘 − 𝑏𝑏𝑘𝑘𝑘𝑘‖22 + 𝜆𝜆𝜆𝜆𝜆𝑘𝑘𝑘𝑘‖1 + 𝜌𝜌𝜌𝜌∗⊤(𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘).

As 𝐹𝐹𝐹∗ − 𝑄𝑄∗ = 0, the lefthand side of the above inequality equals to (1/2)‖𝐴𝐴∗Θ∗ − 𝑏𝑏∗‖22 + 𝜆𝜆𝜆𝜆𝜆∗‖1. Subtracting both 
parts with (1/2)‖𝐴𝐴𝑘𝑘𝑘𝑘Θ𝑘𝑘𝑘𝑘 − 𝑏𝑏𝑘𝑘𝑘𝑘‖22 + 𝜆𝜆𝜆𝜆𝜆𝑘𝑘𝑘𝑘‖1, then we have proved inequality (22).

Second, we prove inequality (23). Θ𝑘𝑘𝑘𝑘 minimises the augmented Lagrangian 
(1/2)‖𝐴𝐴𝐴 𝐴 𝐴𝐴𝐴22 + 𝜆𝜆𝜆𝜆𝜆𝑘𝑘‖1 + 𝜌𝜌𝜌𝜌𝑘𝑘⊤(𝐹𝐹𝐹𝐹𝐹𝐹  𝑘𝑘) + (𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌  𝑘𝑘‖22. Because (1/2)‖𝐴𝐴𝐴 𝐴 𝐴𝐴𝐴22 is closed, proper, and convex, it 
is subdifferentiable, and so is the augmented Lagrangian (1/2)‖𝐴𝐴𝐴 𝐴 𝐴𝐴𝐴22 + 𝜆𝜆𝜆𝜆𝜆𝑘𝑘‖1 + 𝜌𝜌𝜌𝜌𝑘𝑘⊤(𝐹𝐹𝐹𝐹𝐹𝐹  𝑘𝑘) + (𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌  𝑘𝑘‖22
. The (necessary and sufficient) optimality condition is 

	 0 ∈ ∂{(1/2)‖𝐴𝐴𝑘𝑘𝑘𝑘Θ𝑘𝑘𝑘𝑘 − 𝑏𝑏𝑘𝑘𝑘𝑘‖22} + 𝜌𝜌𝜌𝜌⊤𝑈𝑈𝑘𝑘 + 𝜌𝜌𝜌𝜌⊤(𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘).� (24)

Since 𝑈𝑈𝑘𝑘𝑘𝑘 = 𝑈𝑈𝑘𝑘 + 𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘, we plug in 𝑈𝑈𝑘𝑘 = 𝑈𝑈𝑘𝑘𝑘𝑘 − (𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘) and rearrange (24): 

	 0 ∈ ∂{(1/2)‖𝐴𝐴𝑘𝑘𝑘𝑘Θ𝑘𝑘𝑘𝑘 − 𝑏𝑏𝑘𝑘𝑘𝑘‖22} + 𝐹𝐹⊤{𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 + 𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)}.� (25)

(25) shows that Θ𝑘𝑘𝑘𝑘 minimises 

	 {(1/2)‖𝐴𝐴𝐴 𝐴 𝐴𝐴𝐴22} + {𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 + 𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 −𝑄𝑄 𝑘𝑘)}⊤𝐹𝐹𝐹𝐹

Thus we have 

	
(1/2)‖𝐴𝐴𝑘𝑘𝑘𝑘Θ𝑘𝑘𝑘𝑘 − 𝑏𝑏𝑘𝑘𝑘𝑘‖22 + {𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 + 𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)}⊤𝐹𝐹𝐹𝑘𝑘𝑘𝑘

≤ (1/2)‖𝐴𝐴∗Θ∗ − 𝑏𝑏∗‖22 + {𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 + 𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)}⊤𝐹𝐹𝐹∗. � (26)

A similar argument implies that 𝑄𝑄𝑘𝑘𝑘𝑘 minimizes 𝜆𝜆𝜆𝜆𝜆𝜆1 − 𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘)⊤𝑄𝑄, and we have 

	 𝜆𝜆𝜆𝜆𝜆𝑘𝑘𝑘𝑘‖1 − 𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘)⊤𝑄𝑄𝑘𝑘𝑘𝑘 ≤ 𝜆𝜆𝜆𝜆𝜆∗‖1 − 𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘)⊤𝑄𝑄∗.� (27)

Adding inequalities (26) and (27), we obtain 

	

1
2‖𝐴𝐴

𝑘𝑘𝑘𝑘Θ𝑘𝑘𝑘𝑘 − 𝑏𝑏𝑘𝑘𝑘𝑘‖22 −
1
2‖𝐴𝐴

∗Θ∗ − 𝑏𝑏∗‖22 + 𝜆𝜆𝜆𝜆𝜆𝑘𝑘𝑘𝑘‖1 − 𝜆𝜆𝜆𝜆𝜆∗‖1
≤ {𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 + 𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)}⊤𝐹𝐹𝐹∗ − {𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 + 𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)}⊤𝐹𝐹𝐹𝑘𝑘𝑘𝑘

− (𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘)⊤𝑄𝑄∗ + (𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘)⊤𝑄𝑄𝑘𝑘𝑘𝑘.

Then we plug in 𝐹𝐹𝐹∗ − 𝑄𝑄∗ = 0 to the righthand side of the above inequality, and we obtain the righthand side 
of the (23)

	

{𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 + 𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)}⊤𝐹𝐹𝐹𝐹∗ − Θ𝑘𝑘𝑘𝑘) + (𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘)⊤(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄∗)
={𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘}⊤𝐹𝐹𝐹𝐹∗ − Θ𝑘𝑘𝑘𝑘) + {𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)}⊤𝐹𝐹𝐹𝐹∗ − Θ𝑘𝑘𝑘𝑘) + (𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘)⊤(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄∗)
={𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘}⊤(𝑄𝑄∗ − 𝐹𝐹𝐹𝑘𝑘𝑘𝑘) + (𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘)⊤(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄∗) + {𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)}⊤(𝑄𝑄∗ − 𝐹𝐹𝐹𝑘𝑘𝑘𝑘)
=(𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘)⊤(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝐹𝐹𝐹𝑘𝑘𝑘𝑘) + 𝜌𝜌{(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)}⊤{𝑄𝑄∗ − 𝐹𝐹𝐹𝑘𝑘𝑘𝑘)}
= − (𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘)⊤(𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘) − 𝜌𝜌{(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)}⊤{(𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘) + (𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄∗).}
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Thus (23) is proved.
The third inequality to prove is (20). To achieve this, we first add (22) and (23), and multiply the sum by 2, 

	
2(𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝜌𝜌𝜌𝜌∗)⊤(𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘) + 2𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)⊤(𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘)
+ 2𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)⊤(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄∗) ≤ 0. � (28)

Then inequality (20) can be obtained from (28) after some manipulation and rewriting.
Substituting 𝑈𝑈𝑘𝑘𝑘𝑘 = 𝑈𝑈𝑘𝑘 + (𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘) in the first term of inequality (28) gives 

	 2𝜌𝜌𝜌𝜌𝜌𝑘𝑘 − 𝑈𝑈∗)⊤(𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘) + 𝜌𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘‖22 + 𝜌𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘‖22.� (29)

Replacing 𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘 = (𝑈𝑈𝑘𝑘𝑘𝑘 − 𝑈𝑈𝑘𝑘) in the first two terms of (29) gives 

	 2𝜌𝜌𝜌𝜌𝜌𝑘𝑘 − 𝑈𝑈∗)⊤(𝑈𝑈𝑘𝑘𝑘𝑘 − 𝑈𝑈𝑘𝑘) + 𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑈𝑈𝑘𝑘‖22 + 𝜌𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘‖22.� (30)

Since 𝑈𝑈𝑘𝑘𝑘𝑘 − 𝑈𝑈𝑘𝑘 = (𝑈𝑈𝑘𝑘𝑘𝑘 − 𝑈𝑈∗) − (𝑈𝑈𝑘𝑘 − 𝑈𝑈∗), (30) can be written as 

	 𝜌𝜌 (‖𝑈𝑈𝑘𝑘𝑘𝑘 − 𝑈𝑈∗‖22 − ‖𝑈𝑈𝑘𝑘 − 𝑈𝑈∗‖22) + 𝜌𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘‖22.� (31)

Substituting (31) in the first term of (28) we obtain: 

	
𝜌𝜌 (‖𝑈𝑈𝑘𝑘𝑘𝑘 − 𝑈𝑈∗‖22 − ‖𝑈𝑈𝑘𝑘 − 𝑈𝑈∗‖22) + 𝜌𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘‖22
+ 2𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)⊤(𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘) + 2𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)⊤(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄∗) ≤ 0.� (32)

Physically, this step implies that the interaction between primal tracking errors and dual price adjustments can 
be geometrically decomposed. This decomposition lets us isolate the algorithm’s step-by-step progress within a 
single iteration.

Replacing 𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄∗ = (𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘) + (𝑄𝑄𝑘𝑘 − 𝑄𝑄∗) in the last term of (32), we obtain 

	
𝜌𝜌 (‖𝑈𝑈𝑘𝑘𝑘𝑘 − 𝑈𝑈∗‖22 − ‖𝑈𝑈𝑘𝑘 − 𝑈𝑈∗‖22)
+ 𝜌𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘 + (𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)‖22 + 𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘‖22 + 2𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)⊤(𝑄𝑄𝑘𝑘 − 𝑄𝑄∗) ≤ 0.� (33)

Substituting 𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘 = (𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄∗) − (𝑄𝑄𝑘𝑘 − 𝑄𝑄∗) in the last two terms of (33), we obtain 

	
𝜌𝜌 (‖𝑈𝑈𝑘𝑘𝑘𝑘 − 𝑈𝑈∗‖22 − ‖𝑈𝑈𝑘𝑘 − 𝑈𝑈∗‖22) + 𝜌𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘 + (𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)‖22
+ 𝜌𝜌 (‖𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄∗‖22 − ‖𝑄𝑄𝑘𝑘 − 𝑄𝑄∗‖22) ≤ 0. � (34)

Then we can rewrite (34) as 

	 𝑉𝑉𝑘𝑘 − 𝑉𝑉𝑘𝑘𝑘𝑘 ≥ 𝜌𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘 + (𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)‖22.� (35)

(35) is equivalent to 

	 𝑉𝑉𝑘𝑘𝑘𝑘 ≤ 𝑉𝑉𝑘𝑘 − 𝜌𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘‖22 − 𝜌𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)‖22 − 2𝜌𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘)(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘).� (36)

Next, we show that 2𝜌𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘)(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘) is nonnegative. Note that 𝑄𝑄𝑘𝑘𝑘𝑘 minimises 𝜆𝜆𝜆𝜆𝜆𝜆1 − (𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘)⊤𝑄𝑄 
and 𝑄𝑄𝑘𝑘 minimises 𝜆𝜆𝜆𝜆𝜆𝜆1 − (𝜌𝜌𝜌𝜌𝑘𝑘)⊤𝑄𝑄. Thus we have 

	 𝜆𝜆𝜆𝜆𝜆𝑘𝑘𝑘𝑘‖1 − (𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘)⊤𝑄𝑄𝑘𝑘𝑘𝑘 ≤ 𝜆𝜆𝜆𝜆𝜆𝑘𝑘‖1 − (𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘)⊤𝑄𝑄𝑘𝑘,� (37)

and 

	 𝜆𝜆𝜆𝜆𝜆𝑘𝑘‖1 − (𝜌𝜌𝜌𝜌𝑘𝑘)⊤𝑄𝑄𝑘𝑘 ≤ 𝜆𝜆𝜆𝜆𝜆𝑘𝑘𝑘𝑘‖1 − (𝜌𝜌𝜌𝜌𝑘𝑘)⊤𝑄𝑄𝑘𝑘𝑘𝑘,� (38)
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From (37) and (38), we have 

	 (𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘)⊤𝑄𝑄𝑘𝑘 − (𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘)⊤𝑄𝑄𝑘𝑘𝑘𝑘 ≤ 𝜆𝜆𝜆𝜆𝜆𝑘𝑘‖1 − 𝜆𝜆𝜆𝜆𝜆𝑘𝑘𝑘𝑘‖1 ≤ (𝜌𝜌𝜌𝜌𝑘𝑘)⊤𝑄𝑄𝑘𝑘 − (𝜌𝜌𝜌𝜌𝑘𝑘)⊤𝑄𝑄𝑘𝑘𝑘𝑘.� (39)

From (39) we will have 

	 𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑈𝑈𝑘𝑘)⊤(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘) ≥ 0.

Since 𝑈𝑈𝑘𝑘𝑘𝑘 − 𝑈𝑈𝑘𝑘 = 𝐹𝐹𝐹𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘, thus we have proved that 2𝜌𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘)(𝑄𝑄𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘) is nonnegative.
Thus, (36) leads to 

	 𝑉𝑉𝑘𝑘𝑘𝑘 ≤ 𝑉𝑉𝑘𝑘 − 𝜌𝜌𝜌𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘𝑘𝑘‖22 − 𝜌𝜌𝜌 𝜌 𝜌𝜌𝜌𝑘𝑘𝑘𝑘 − 𝑄𝑄𝑘𝑘)‖22.� (40)

With the non-negativity of the cross term verified, the negative sign in front of the final terms in (40) is pre-
served, thereby concluding the proof of the monotonic decay inequality (20). From a practitioner’s standpoint, 
this complete derivation provides a rigorous guarantee that 𝑉𝑉𝑘𝑘 strictly decreases at every iteration.

E Additional simulation results

F Application with political Co-voting networks

We also apply the FL-ERGM to the political co-voting networks to study the co-voting patterns of senators. The 
co-voting networks consist of a dynamic sequence of networks from Congress 40 (1867–1869) to Congress 113 
(2013–2015). In each network, nodes represent senators, and edges indicate that the corresponding senators vote 
concurringly (both yay or both nay) on at least 80% of the bills. This dataset has been studied by Lee et al. (2020) 
using the VCERGM method. In this paper, we apply the FL-ERGM to the co-voting networks with the same 
statistics listed as follows:

	● 𝑆𝑆1(𝑦𝑦𝑖𝑖) = 𝑒𝑒𝜙𝜙 ∑𝑛𝑛𝑛𝑛
𝑘𝑘𝑘𝑘{1 − (1 − 𝑒𝑒−𝜙𝜙)𝑘𝑘}𝐸𝐸𝐸𝐸𝑘𝑘(𝑦𝑦𝑖𝑖), 𝜙𝜙 𝜙 𝜙, geometrically weighted edgewise shared partners (gwesp), repre-

senting transitivity. It measures the extent to which the decisions of two senators are the same as their shared 
co-voters. 𝐸𝐸𝐸𝐸𝑘𝑘(𝑦𝑦𝑖𝑖) is the number of connected pairs that have 𝑘𝑘 common neighbours.

Table 6  Simulation results for change point detection over 50 replicates for model 3: mean (standard deviation)
FL-ERGM VCERGM ERGM

T k Sens. Spec. Loc. Sens. Spec. Loc. Sens. Spec. Loc.
10 1 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 0.08 (0.27) 0.76 (0.17) 0.00 (0.00)

2 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 0.02 (0.14) 0.65 (0.18) —
3 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 0.78 (0.42) 0.97 (0.06) 0.00 (0.00)

20 1 0.00 (0.00) 0.05 (0.00) — 0.00 (0.00) 0.83 (0.03) — 0.00 (0.00) 0.05 (0.00) —
2 0.92 (0.27) 0.97 (0.04) 0.07 (0.33) 0.52 (0.50) 0.96 (0.04) 0.00 (0.00) 0.94 (0.24) 0.86 (0.08) 0.21 (0.51)
3 0.00 (0.00) 0.29 (0.16) — 0.04 (0.20) 0.90 (0.04) 0.00 (0.00) 0.00 (0.00) 0.07 (0.03) —

30 1 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.60 (0.10) —
2 0.81 (0.30) 1.00 (0.01) 0.04 (0.18) 0.00 (0.00) 0.96 (0.00) — 1.00 (0.00) 0.69 (0.07) 0.27 (0.41)
3 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 0.08 (0.27) 0.88 (0.06) 0.00 (0.00)

40 1 0.92 (0.27) 1.00 (0.01) 0.00 (0.00) 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 0.04 (0.20) 0.93 (0.04) 0.00 (0.00)
2 0.72 (0.45) 0.99 (0.01) 0.03 (0.17) 0.00 (0.00) 0.97 (0.00) — 0.84 (0.37) 0.84 (0.06) 0.26 (0.54)
3 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 0.84 (0.37) 1.00 (0.01) 0.00 (0.00)

50 1 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.86 (0.05) —
2 0.97 (0.10) 1.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.98 (0.00) — 0.99 (0.05) 0.85 (0.06) 0.10 (0.17)
3 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 1.00 (0.00) 1.00 (0.00) 0.00 (0.00) 0.84 (0.37) 1.00 (0.01) 0.00 (0.00)
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	● 𝑆𝑆2(𝑦𝑦𝑖𝑖) = 𝑒𝑒𝜙𝜙 ∑𝑛𝑛𝑛𝑛
𝑘𝑘𝑘𝑘{1 − (1 − 𝑒𝑒−𝜙𝜙)𝑘𝑘}𝐷𝐷𝐷𝐷𝑘𝑘(𝑦𝑦𝑖𝑖), 𝜙𝜙 𝜙 𝜙, geometrically weighted dyad-wise shared partners (gwdsp), rep-

resenting local clustering phenomenon. It measures the extent to which the senators agree on each other. 
𝐷𝐷𝐷𝐷𝑘𝑘(𝑦𝑦𝑖𝑖) is the number of dyads that have 𝑘𝑘 common neighbours.

	● 𝑆𝑆3(𝑦𝑦𝑖𝑖) = ∑𝑟𝑟≠𝑠𝑠 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝟏𝟏𝟏𝟏𝟏𝑟𝑟 = 𝑋𝑋𝑠𝑠 = 𝐷𝐷𝐷, the number of connections within Democratic senators.
	● 𝑆𝑆4(𝑦𝑦𝑖𝑖) = ∑𝑟𝑟≠𝑠𝑠 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝟏𝟏𝟏𝟏𝟏𝑟𝑟 ≠ 𝑋𝑋𝑠𝑠), the number of connections between Democratic and Republican senators.
	● 𝑆𝑆5(𝑦𝑦𝑖𝑖) = ∑𝑟𝑟≠𝑠𝑠 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝟏𝟏𝟏𝟏𝟏𝑟𝑟 = 𝑋𝑋𝑠𝑠 = 𝑅𝑅𝑅, the number of connections within Republican senators.

Next, we investigate the results of the FL-ERGM. PBIC is shown in Fig. 11 and parameter estimates of the 
FL-ERGM are presented in Fig. 12. The coefficient estimates from the FL-ERGM are functions over time. 𝜃𝜃1 and 
𝜃𝜃2, representatives of the local clustering property, change irregularly with time. 𝜃𝜃3, 𝜃𝜃4, 𝜃𝜃5, the effects of affilia-
tion, exhibit piecewise constant changing patterns. The big positive gwesp coefficient and small negative gwdsp 
coefficient suggest high transitivity of co-voting networks, meaning that there exist groups of senators that agree 
with each other on many bills. The negative coefficients of affiliation terms indicate the amount of decrease in 
the log odds of two senators being connected. In other words, senators being in different parties are most likely 
disconnected since 𝜃𝜃4 has the biggest absolute value of the three coefficients most time. The effects of Democrats 
and Republicans are close, and we also notice that the comparison of 𝜃𝜃3 and 𝜃𝜃5 is closely related to the majority 
party in the Senate. In order to show this relationship more clearly, we indicate the majority party of the Senate 
through the background colour of the top panel, and the party of the US president through the background colour 
of the bottom panel. Between Congress 47 and 72, Republican is the majority party in Congress for 22 times (out 
of 27 times) and the coefficient of Republicans, 𝜃𝜃5, is bigger than the coefficient of Democrats, 𝜃𝜃3, for 24 times. 
Between Congress 78 and 102, the coefficient of Democrats, 𝜃𝜃3, is bigger than the coefficient of Republicans, 𝜃𝜃5, 
for 23 times (out of 25 times), and Democrat is also the majority party in Congress for 20 times.

Our model found that the sequence of co-voting networks can be divided into 9 periods. We have been 
able to identify each of these periods with events in American history. Networks at each period have different 

Fig. 12  Parameter estimates of the FL-ERGM for co-voting networks. in all three plots, the background colour of the top 
panel indicates the majority party of the Senate, and the background colour of the bottom panel represents the party of the 
US president. in the third plot, blue lines stand for the effects of Democrats-Democrats, green lines stand for the effects of 
Democrats-Republicans, and red lines show the effects of Republicans-Republicans

 

Fig. 11  PBIC of the FL-ERGM for dynamic co-voting 
networks
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characteristics represented by distinct coefficients of each period. The first period starts from Congress 40 (1867–
1869) to 45 (1877–1879), when the US went through the Reconstruction period after the Civil War. The Congress 
is gradually dominated by Republican, indicated by the increasing coefficient of 𝜃𝜃5(R-R), while 𝜃𝜃3(D-D) and 𝜃𝜃4
(D-R) remain constant during this time. We also notice that there is an abrupt change from Congress 45 to 46, 
suggested by the sharp increase on 𝜃𝜃1(gwesp) and decrease on 𝜃𝜃2(gwdsp), meaning that new connections are built 
because of transitivity. The second phase, form Congress 46 (1879–1881) to 63 (1913–1915), started with the 
Gilded Age. During this period, US finished the Second Industrial Revolution and became a world economic 
and military power. The Congress was dominated by Republicans and more agreement is reached inside the 
Republican party than the Democratic party. There is also an abrupt change on 𝜃𝜃3 and 𝜃𝜃5, at around Congress 50 
(1887–1889) and 51 (1889–1891), which matches the fact of the change in the affiliation of the president after a 
long time.

The third period, from Congress 64 (1915–1917) to 66 (1919–1921), corresponds to time of the World War I. 
𝜃𝜃3, 𝜃𝜃4, 𝜃𝜃5 all decrease compared with the last period, meaning that the effect of affiliation increases during wartime. 
Also, 𝜃𝜃1 reaches the minimum and 𝜃𝜃2 reaches its maximum at Congress 65. The 4th period, Congress 67 (1921–
1923) to 71 (1929–1931), matches the Roaring Twenties when US had the great economic prosperity after World 
War I. 𝜃𝜃3 and 𝜃𝜃5 decrease but 𝜃𝜃4 increases compared with the last period. The 5th period is between Congress 72 

Fig. 14  Parameter estimates 
of different methods for co-
voting networks. Red lines 
represent the estimates from 
the ERGM, blue lines stand 
for the estimates from the 
VCERGM, and green lines 
show results from the pro-
posed FL-ERGM

 

Fig. 13  Model assessments 
of the FL-ERGM on dynamic 
co-voting networks. The solid 
lines indicate the observed 
network statistics and the box 
plots represent the statistics of 
networks simulated from the 
estimated model
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(1931–1933) and 81 (1949–1951), when US experienced the Great Depression and World War II. We notice that 
the coefficient of Democrats increases dramatically and becomes bigger than the coefficient of Republicans. The 
position of Democrats is gained during the Great Depression and kept during the World War II.

The 6th period, from Congress 82 (1951–1953) to 99 (1985–1987), is related to the Cold War. The coefficient 
of Democrats is bigger than the coefficient of Republicans most of the time. We also notice that 𝜃𝜃3 has a dip at 
Congress 83 (1953–1955), which matches the time that the famous president Eisenhower was elected as the first 
Republican president since 1932. The 7th period, from Congress 100 (1987–1989) to 105 (1998–1999) is the post-
Cold War era. 𝜃𝜃3, 𝜃𝜃4, 𝜃𝜃5 all increase compared with the last period, indicating that affiliation plays a less important 
role in the decision of senators. 𝜃𝜃4 increases sharply at Congress 106, meaning that there is a lot of agreement 
between Democrats and Republicans. The 8th period, from Congress 106 (1999–2001) to 109 (2005–2007), lasts 
for 8 years. 𝜃𝜃3, 𝜃𝜃4, 𝜃𝜃5 all remained stable during this time when Bush was the president. The change from phase 
8 to 9 is marked by the financial crisis and at the same time, Democrats became the Senate majority again from 
Congress 110. During the 9th phase, from Congress 110 (2007–2009) to 115 (2013–2015), when Obama was the 
president, the coefficient of Democrats increased but the coefficient of Republicans decreased.

The model assessment is shown in Fig. 13, suggesting that the FL-ERGM fits the networks well. The results 
of the VCERGM and ERGM are also presented in Fig. 14. Similar to what we found in the simulation studies, 
ERGM estimates are spiky and VCERGM estimates are smooth. In comparing the FL-ERGM with competing 
methods, we see that the coefficient estimates from the FL-ERGM can account for the characteristics of each 
network as well as show the abrupt change points on the network structure.
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