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Abstract

In this paper, we propose a novel nonparametric estimator of the correlation coefficient,
obtained as the root of the cubic score equation of a locally weighted Gaussian likelihood.
The estimator is nonparametric in the functional form of the correlation but assumes a
conditional bivariate Gaussian working model with standardised margins: pointwise con-
sistency requires only correctly specified conditional moments, whereas Gaussianity deter-
mines the asymptotic variance. Furthermore, we adopt a local linear smoothing technique
to correct the boundary effects, which are common in nonparametric estimation. We estab-
lish the consistency and asymptotic normality of the proposed estimator and demonstrate
its performance through simulation studies with non-Gaussian data. Additionally, we
apply our method to a single-participant resting-state MEG recording, estimating time-
varying power-envelope correlations in six frequency bands and comparing them with
static and sliding-window correlations.

Keywords: nonparametric estimation; cubic equation; Yeo-7 network; dynamic functional
connectivity; time-varying correlation

1. Introduction

Human brain activity exhibits temporal dynamics, with the coupling between brain
regions changing across multiple timescales in response to cognitive tasks, brain states,
and disease progression [1-3]. Functional connectivity (FC), which characterises the sta-
tistical dependence between regional brain signals, has become an important framework
for investigating the organisation of brain function, disease-related network abnormali-
ties, and potential biomarkers [4-6]. Unlike fMRI, which relies on haemodynamic signals,
MEG directly measures the magnetic fields generated by neuronal currents and provides
millisecond-level temporal resolution for tracking transient changes in oscillatory phase
and amplitude [7-9]. It therefore offers a particularly fine-grained temporal basis for in-
vestigating dynamic functional connectivity (dFC), beyond what can be captured by static
measures based on time-averaged connectivity [8,9]. Consequently, recent research has in-
creasingly shifted from static functional connectivity towards dFC, with growing interest
in characterising time-varying patterns of brain networks, transitions between connectiv-
ity states, and their associations with cognitive processes and clinical phenotypes [1,6,10].

In neuropsychiatric and neurodegenerative disorders, alterations in brain network or-
ganisation may precede or accompany the emergence of clinical symptoms. In Alzheimer’s
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disease (AD), for example, MEG studies have reported detectable alterations in the com- s
plexity of dynamic brain networks, transitions between connectivity states, and frequency-
specific coupling, with some of these features showing potential for distinguishing pa- s
tients from healthy controls [3,11]. These findings suggest that dFC may provide com-
plementary information for early detection, disease stratification, and the assessment of
disease progression. Consequently, current research into dynamic functional connectiv- s
ity is broadly categorised into two complementary strands: fMRI-based approaches and s
MEG-based approaches, which are discussed in the sections that follow. 40

Dynamic functional connectivity based on fMRI. Owing to its relatively high spatial
resolution and the availability of extensive publicly accessible datasets, fMRI has been the  «
predominant data source for dFC research [12,13]. Over the past five years, fMRI-based s
dFC studies have expanded beyond static, time-averaged connectivity towards the char-
acterisation of time-varying organisation and disease-related network abnormalities [14—
16]. Consequently, attention in this field is increasingly shifting away from classification 4
accuracy alone towards the stability, interpretability, and cross-dataset reproducibility of — «
dynamic abnormality patterns. a8

Dynamic functional connectivity based on MEG. With millisecond-level temporal
resolution, MEG is particularly well suited to investigating rapid neuronal oscillations s
and interactions between spatially distributed brain regions [6,8,17]. In recent years, MEG- s
based functional connectivity research has progressed from analyses of single-frequency =
bands or static group differences towards the joint characterisation of multiple frequency s
bands, time-varying connectivity states, and the temporal complexity of network dynam- s
ics [10]. Within the Alzheimer’s disease spectrum, previous studies have reported an over- s
all reduction or reorganisation of MEG-derived dFC, with differences particularly involv- s
ing the « and B bands, frontotemporal regions, and the default mode network, as well s
as associations with cognitive function and structural alterations [11]. Measures of dy- s
namic network complexity, state-transition characteristics, and multi-band deep-learning s
features have also shown potential for patient classification and early prediction of clinical e
progression [3]. 61

Families of electrophysiological connectivity estimators. Connectivity measures for e
source-reconstructed MEG and EEG can be broadly divided into two families [18]. Phase- ¢
based measures estimate the consistency of phase differences between band-limited sig- e
nals, such as the phase-locking value (PLV) [19], the imaginary part of coherency (IC) [20], &
the phase-lag index (PLI) and its weighted version (wPLI) [21,22], and the phase linearity e
measurement (PLM) [23]; PLL, wPLI and PLM discard zero-lag coupling and are therefore &
insensitive to instantaneous source leakage. Amplitude-based measures, in contrast, quan- e
tify the co-fluctuation of band-limited amplitude or power envelopes. The amplitude- or e
power-envelope correlation (AEC/PEC), computed after leakage correction by symmetric 1
orthogonalisation [4,6,24], has been reported as one of the most reproducible MEG connec- =
tivity metrics [25] and is partly dissociated from phase coupling [26]. Time-resolved ver- =
sions of these measures are usually obtained with sliding windows, with hidden Markov 7
models of the envelopes or of the phase coupling [27,28], or with instantaneous Hilbert- 7
based measures [29]. Sliding-window estimates, however, depend strongly on the win-
dow length and can fluctuate even when the underlying process is stationary, which has
motivated surrogate-based tests of dynamic connectivity [30-33]. Table 1 summarises
these families. 78
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Table 1. Families of MEG/EEG functional connectivity estimators.

Typical time-resolved vari-

Measure Family Zero-lag leakage ant
.. sliding window; instanta-

PLV [19] phase sensitive neous phase difference
IC [20] phase insensitive sliding window

. . sliding window; HMM
PLI / wPLI [21,22] phase insensitive phase states [25]
PLM [23] phase insensitive sliding window
AEC / PEC [4,24] amplitude corrected sliding window; HMM on

envelopes [27]
kernel smoothing, pair-

Proposed CL estimator amplitude corrected specific bandwidth

Nevertheless, existing MEG-dFC analyses predominantly rely on sliding-window ap-
proaches, epoch-based aggregation, amplitude-envelope correlations, phase synchronisa-
tion, or adaptive segmentation methods, and the resulting estimates remain sensitive to
choices of window length and time-frequency smoothing [3,10]. To improve the estima-
tion of direct connectivity and the characterisation of information flow, recent work has
incorporated structural connectivity priors, partial coherence analysis, and time-lagged
multidimensional pattern connectivity approaches [34]. Overall, MEG-dFC research is
moving beyond demonstrating the presence of connectivity abnormalities towards the
robust extraction, statistical interpretation, and independent validation of dynamic ab-
normality patterns. However, statistical inference frameworks that fully exploit the high
temporal resolution of MEG data remain underdeveloped.

The estimator proposed here belongs to the amplitude-based family. It can be viewed
as a likelihood-based kernel generalisation of sliding-window PEC, in which the rectan-
gular window is replaced by a smooth kernel whose width is chosen by blocked cross-
validation separately for every pair of regions. The estimate always lies in (—1,1), and it
is corrected for boundary bias at the start and end of the recording, where sliding windows
must be truncated; its bias, variance and convergence rate are known. Existing nonpara-
metric approaches to time-varying correlation, including sliding-window Pearson corre-
lation, Nadaraya—-Watson smoothing and local polynomial likelihood [35-39], either lack
one of these properties or become computationally demanding when applied to all region
pairs of a whole-brain parcellation. We therefore aim to provide a pairwise, data-adaptive
and statistically characterised time-varying PEC estimator that is fast enough for tens of
thousands of region pairs. The estimator does not measure phase coupling, and we do not
propose it as a replacement for phase-based measures.

Concretely, we combine kernel-weighted local maximum likelihood with a cubic esti-
mating equation for the correlation, determine a bandwidth separately for each pair, and
assemble the pairwise estimates into a time-varying correlation matrix. Because indepen-
dently estimated pairwise correlations need not form a valid correlation matrix, the as-
sembled matrix is corrected to be positive definite before network-level summaries are
computed (Section 4).

The proposed estimator retains desirable asymptotic properties, including consis-
tency and asymptotic normality, while allowing the bandwidth to adapt to the local charac-
teristics of each variable pair. This pair-specific bandwidth selection provides greater flex-
ibility than a single globally optimised bandwidth and is particularly advantageous for
high-dimensional applications in which the underlying dependence structure may vary
substantially across variable pairs.
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The rest of this paper is organised as follows. In Section 2, we introduce the pro-
posed nonparametric estimation method for time-varying correlation coefficients. Sec-
tion 3 presents simulation studies to evaluate the performance of the proposed method.
In Section 4, we apply the method to MEG data for dynamic functional connectivity anal-
ysis. Finally, Section 5 concludes the paper and discusses future research directions.

2. Methodology
2.1. Qverview

We begin with a high-level description of the estimation procedure. Section 2.2 in-
troduces the local Gaussian working likelihood, whose score equation is a cubic in the
correlation p with kernel-weighted coefficients A,, and B,,. The assumptions are stated in
Section 2.3, and consistency and asymptotic normality are established in Section 2.4. A
local-linear version of B, removes the first-order boundary bias (Definition 1, Theorem 5).
For multichannel data, the estimator is applied separately to every pair of channels, each
with its own bandwidth, and the pairwise estimates are assembled into a correlation ma-
trix that is corrected to be positive definite. Algorithm 1 outlines the complete procedure
as used for the MEG data in Section 4.

Algorithm 1 (Pairwise time-varying correlation for multichannel series). Input: log-
envelopes yr(ty), v = 1,...,p, k = 1,...,T; Gaussian kernel K truncated at +40; bandwidth
grid H and a constant-correlation option; cross-validation gap g; pilot scale op; truncation con-
stant €.

(1)  Standardise: x, = (y, — m;) /sy, with kernel-weighted local mean m, and standard devia-
tion s, at scale 0.

(2)  Select the bandwidth: for each pair (v, q) and each h € H, compute A, (t) (local constant)
and BSY(t) (local linear) at the validation times with the kernel set to zero on |t — t;| < g,
and evaluate the Gaussian predictive log-likelihood; do the same for the constant-correlation
model; set hyy to the best candidate (coarse grid, then local refinement).

(3)  Estimate: with the full kernel at hy,, compute A, (t) and BS™(t) for all t; if the cubic (13)
has no root in (—1,1), truncate BS™ to £(1 — €) Ay /2; solve for pr(t).

(4)  Assemble: for each t, form R(t); if it is not positive definite, clip its eigenvalues at 10~°
and rescale to unit diagonal.

(5)  Summarise: mean squared correlation r2(t); Yeo-7 network averages of Fisher-z values (10
thresholding).

Output: {prg ()}, {hrq}, {R(H)}.

2.2. Model and Estimator

Let (U;, X;), X; = (Xi1, Xpn) ", i =1,...,n,beiid. copies of (U,X), where U € [—1,1]
has density f; and, conditional on U = u, X = (X1, X,)' follows a bivariate normal
distribution with mean zero and covariance matrix X(p(u)):

X= (%1, %) | (U=u) ~ NO, Z(o(u)),  E(p(w) = < ) P(l”)>, () € (~1,1)

The model assumes that, conditionally on U = u, both variables have mean zero and
unit variance, so that X(p(u)) is a correlation matrix. These are local conditions: they hold
after global standardisation only if the marginal means and variances do not vary with
u. In applications we therefore centre and scale each series locally before estimation (Sec-
tion 4.2). The Gaussian form is a working model used to derive the estimating equation;
Remark 2 states which results depend on it. The goal is to estimate the correlation function
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p(u) nonparametrically. Define the negative Gaussian log-likelihood contribution (up to s

irrelevant constants) 160
x% + x% — 20x1%7 5 T 5
L(x;p) = 1= +log(1—p7), x=(x1,x2) €R% pe(-1,1). 101
The kernel-weighted local criterion at ug is 162
1& 1
Qn(p;uo) = o ZKh(Ui—u()) K(Xi,'p), Kh(t) = EK(t/h)’ 163
i=1
where K(+) is the kernel function. Define the local weighted MLE as 164
p(up) € argmin Qy(p; up).- 165
pe(=11)

One can differentiate Q,, with respect to p, set it to zero, and simplify to get the cubic score 166
equation as follows: 167

p3 — Bn(uo)pZ + (An(uo) — 1)p — Bn(u()) = 0, (1) 168

where A, B, are the kernel-weighted quantities below. We write g(0; A, B) = p® — Bp?> + 10
(A —1)p — B, so that (1) reads g(p; An(10), Bu(ug)) = 0: 170

(X3 + X5)Ky (U — o)

_ Lit X XKy (Ui — o)
Y Ky (Ui — ug) ’

i Ky (U — ug)

An(uo) = Bn(uo) 171
Coincidentally, the Nadaraya—Watson estimator of the correlation coefficient is exactly the 1

ratio of these two quantities: 173

2Yi1 X XipKy (Ui —up) 2By (uo)
i1 (X3 + XB)K (Ui — ug)  An(uo)

oY (uo) = 2)

The corresponding population quantities are A(ug) = E[X% + X3 | U = ug], B(up) = s
E[X1X5 | U = ug]. Because X(p(u)) is a correlation matrix for every u, we have 176

A(u)=2 forallu, B(ug) = p(up). (3)

Here ug can be regarded as a fixed point in the design interval while u is a generic s
point in the design interval; we write pg = p(19). The fact that A(-) is exactly constant 17
drives almost everything in the theory of consistency and limit distribution. Especially, 1
if An(ug) = 2, one real root of (1) is equal to B, (ug). For an estimator of the correlation 1a
coefficient, Kendall et al. [40] pointed out that there is at least one real root of equation (1) 1
lying in the interval [—1,1]. Let p(uo) be the real root of cubic equation (1) that minimises s
Qn(p;up); we call it the cubic-equation (CE) estimator. Next, we will develop the theory s
of uniform consistency of the estimator §(uy) over compact subsets of the design interval 1
(—1,1), limit distribution, optimal bandwidth selection and the convergence rate of the 1
estimator p(u). Besides, we also discuss the boundary behaviour of the estimator p(ug) s
and propose a method to correct the boundary effects. 188

2.3. Assumptions 189

(Al) Kernel. K is a symmetric, bounded, and Lipschitz continuous probability density 10
function with compact support [—1,1], K 2 0, y1(K) = [tK(t)dt = 0, pp(K) =
[#2K(t) dt < o0, R(K) = [ K2(t)dt < co. 192

https://doi.org/10.3390/app1010000
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(A2) Design Density. The density f;; of U is bounded away from zero and infinity on
[—1,1], i€, 0 < fmin = fu(#) £ fmax < co. In the interior of [—1,1], fi; is twice
continuously differentiable with bounded second derivative; at +1, f; has finite
one-sided derivatives.

(A3) Smoothness and Range of the Correlation Function. p € C?[-1,1], with
sup, |0’ (u)| < oo, sup, |p”(u)] < oo, and there is y € (0,1) such that
sup,c(_11) lo(u)| =1 — 7. The last condition keeps the true curve a fixed distance
away from the boundary +1 of the parameter space, so that X(p(u)) is uniformly
positive definite and log{1 — p(u)?} = log(2n — %) > —co.

(A4) Kernel Bandwidth. The kernel bandwidth & satisfies h — 0 and nh — oo as
n — oo; for the uniform statements, we require nh/ log(1/h) — co.

(A5) Moment Condition. For k = 1,2 and all u € [-1,1], E[X; | U = u] = 0 and
E[X? | U = u] = 1; moreover supue[flll]E[(X% +X3)* | U = u] < o and the
conditional moments of (X1, X») up to order four are continuous in u.

(A6)  {(U; X;)}!, areii.d. observations.

For moment condition (A5), Under the Gaussian working model the first two conditions
hold by construction, because X(p(u)) is a correlation matrix, and the moment bound
holds because Gaussian moments are polynomials in p(u). Pointwise consistency of p ()
requires only the first two conditions; the uniform statements in Theorems 1 and 2 also use
the sub-exponential conditional tails of X7 and X; X, implied by the Gaussian model, and
the variance formulas in Theorems 3-5 use its fourth moments (Remark 2). Theorems 3-5
assume the conditional Gaussian model of Section 2 in addition to (A1)—(A6). The theory
is developed for a random design. For an equally spaced fixed design with independent
errors the same results hold with fi; = 1/2[41]; for serially dependent data, as in Section 4,
the variance formulas do not apply. These assumptions are standard in the literature of
nonparametric regression and kernel smoothing, ensuring the well-definedness of the es-
timation problem and the validity of asymptotic results; see Fan et al. [35], Fan and Gijbels
[36], Fan et al. [37], Fan and Yao [38], Staniswalis and Lee [39].

2.4. Theory
Theorem 1. Under the assumptions (A1)-(A6), for any § > 0, we have

sup  [Au(uo) =2/ 50, sup  [Bu(uo) — p(uo)| £ 0.
ug€[—1+6,1-0] ug€[—1+6,1-0

Proof. Immediate from Lemma 2 in the online supplementary material together with Equa
tion (3) (A(u) = 2, B(ug) = p(up)), and the assumption (A4) which guarantees

V9og(1/h)/(nh) +h? — 0. O

Theorem 1 upgrades pointwise consistency of the coefficients of the cubic equation to
uniform convergence over compact subsets of the design interval. This stronger form of
convergence ensures that the root-continuity argument holds uniformly rather than just
pointwise, in .

For finite-sample, the cubic equation may have 3 real roots, or 1 real root and 2 com-
plex roots. The following proposition shows that the cubic equation has at least one real
rootin (—1,1) for all 1 in compact subsets of the design interval.

Proposition 1. For every n and every ug with y_; w;(ug) > 0, where w;(ug) = K, (U; — ug), the
empirical cubic g, (p; uo) = g(p; An(1t0), Bn(1t9)) = 0 has at least one real root in [—1,1].

The proof, given in the online supplementary material, uses only the non-negativity
of the weights: averaging (X;; + Xp)? >0 gives | B, (up)| < Ay (u9)/2, so that g,,(1;u9) >
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0 > gn(—1up), and the intermediate value theorem yields a root in [—1,1]. This es- 23
tablishes the empirical, finite-sample analogue of the classical population-level result 2
by Kendall et al. [40]. Crucially, our proof demonstrates that this relationship holds exactly 2«
for any non-negative kernel weights, without relying on asymptotic approximations. 241

Theorem 2. Uniform Consistency of p(ug). Under Assumptions (A1)—(A6), for any 6 > 0 2

and compact set Us = [—1+ 6,1 — 6], we have 243
sup |p(uo) — p(uo)| P, n — oo. 244
ug €Uy

Theorem 2 establishes that the estimator §(u) converges uniformly to the true corre- s
lation function p(u() over compact subsets of the design interval. The main idea of proof s
is to first show that the population cubic equation has a unique simple root pg, then use 2«7
the uniform convergence of the empirical coefficients to the population coefficients (Theo- 2
rem 1) and the continuity of roots of polynomials, i.e., Rouché’s theorem, [42], to conclude 2
that the empirical root §(up) converges uniformly to p(1), the proof details of Theorem 2 20
is in the online supplementary material. Having shown that p(1) is uniformly consistent,
we next examine its limiting distribution. The derivation is carried out separately for in- 2
terior points and for boundary points of the design interval, reflecting the fact that the 2
asymptotic behaviour differs between these two regions. 254

Theorem 3. Interior Asymptotic Normality. Under Assumptions (A1)—(A6), for any fixed 2
interior point uy € (—1,1) with h — 0 and nh — oo, we have 256

2
\/%(PA(MO) - p(uo) — Biasp(u0)> i) N( R(K> (1 _ P(MO)Z) ), (4) 2

0 fu(ug) 1+ p(ug)?

where the bias term is 258

2 /
Biasy (10) = L2 () + 22100 1 ). )
Remark 1. The asymptotic variance in (4) has the form R(K)/ (fu(uo)I(po)), where I(p) = 20
(1+p?)/ (1 — p?)? is the Fisher information for the correlation parameter p in a bivariate normal 2
distribution with known unit marginal variances. This coincides with the general local-likelihood 2
theory for nonparametric varying-coefficient models [35,39], providing an independent verification 26
of the calculations. 264

Remark 2 (Role of the Gaussian working model). The consistency argument does not actually 26
require Gaussianity. Under the moment conditions E[Xy | U = u] = 0, E[X2 | U =u] =1
and E[X1X | U = u] = p(u), the population cubic factorises as (p — po)(0* + 1) for any o
conditional distribution, so p(ug) is pointwise consistent. The uniform consistency result over s
compact sets additionally relies on sub-exponential conditional tails of X2 and X1 Xy, unless a
stronger bandwidth condition is imposed. Gaussianity only affects the asymptotic variance; if the 2w
conditional distribution is not Gaussian, the linearisation used in the proof of Theorem 3 gives the —an

asymptotic variance 272
R(K) 0o 2 2
Var{ X, X; — X2+ X ’ U=ub,
fu(uo) ar{ 14X2 1 er%( 1 2) Ll()} 273
which equals the variance in (4) under normality. For an elliptical distribution with kurtosis pa- 2w
_12)\2
rameter k (EX} = 3(1 + «)), the variance factor (1 — p3)?/ (1 + p3) becomes (1 + K)% +

https://doi.org/10.3390/app1010000
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p5(1-p3)*

(1+05)2
equal s(u) # 1, the root is biased, to first order in s — 1, by —(s — 1)po(1 — p3)/ (1 + p3),
whereas the Nadaraya—Watson ratio 2B, / A, is invariant to a common scale.

K

The unit-variance condition, by contrast, is essential. If both conditional variances

Theorem 4. Boundary Asymptotic Normality. Under Assumptions (A1)—(A6), let ug =
—1 + ch for fixed ¢ € [0,0c0) (left boundary), with h — 0 and nh — oo. Define the truncated

kernel moments .

wi(K,c) = /1 UK(H)dt,  R(Kc) = / K(t)2dt. ©)

—C —C

Then

o a(Ke) a R(Kc)  (1=p(u)?)’?
M('O(%) plio) = hp <u0)ﬂo(K/C)> - N<0' po(K,c)? fu(=17) 1+ p(uo)? >
@)

The corresponding result holds symmetrically for the right boundary ug = 1 — ch.

Remark 3. The qualitative difference between Theorem 3 and Theorem 4 is the order of bias: O(h?)
in the interior versus O(h) at the boundary. This is a first-order boundary effect characteristic of
local-constant (Nadaraya—Watson) type estimators. Higher-order kernels or local-linear modifica-
tions can reduce the boundary bias to O(h?).

The asymptotic bias-variance trade-off in Theorems 3 and 4 determines the optimal
bandwidth selection and the resulting convergence rates. The following corollary charac-
terises these optimal rates.

Corollary 1. Optimal Bandwidth and Convergence Rates. Under Assumptions (A1)—(A6),
the optimal bandwidth and convergence rates differ between interior and boundary points as fol-

lows:
(i) For interior points ug € (—1,1), the asymptotic mean squared error AMSE(h) =
E[(6(uo) — p(uo))?] is minimised at
1/5
pint. — Ca(uo) v ®)
i 4Cy (ug) n
where

2 !
i) = (2280) o) + 22880 ],

At this bandwidth, AMSE(hggt) =< n~45 and p(up) — p(ug) = Op(n=2/5).
(ii) For boundary points uy = —1 + ch with fixed ¢ € [0, c0), the optimal bandwidth is

bd G \'? 1/3
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where

R(K,c) (1- o(u0)?)?
po(K, ) fu(=17) 1+ p(ug)?

Cy =

At this bandwidth, AMSE(hggt) =< n~2/3 and p(up) — p(ug) = Op(n~1/3).

-1/3 —-2/5

Remark 4. The boundary convergence rate n is strictly slower than the interior rate n
This is the standard penalty for local-constant smoothing at design boundaries, where the bias is
O(h) rather than O(h?). This penalty can be eliminated by using local-linear likelihood methods,
which achieve O (h?) bias uniformly across the domain, including at boundaries.

Next, we address the boundary rate discrepancy. The suboptimal n~1/3

convergence
rate at boundaries is not inherent to the cubic-equation framework itself, but rather a con-
sequence of using the Nadaraya-Watson estimator for B, (up). We develop a boundary-

corrected variant using a local linear method that restores the faster n~2/°

rate uniformly
across the entire design interval, including boundary points.

The Nadaraya—Watson estimator B, (1) estimates p(ug) = E[X1X, | U = ug| using
a truncated kernel whose first moment y1 (K, c¢) in (6) is nonzero once the window [uy —
h, ug + h] is truncated by the boundary U > —1. In contrast, A, (1) suffers no bias at any
order, because the population function A(u) = 2 is constant; thus A, (1) estimates a zero
derivative, and kernel asymmetry is irrelevant. Consequently, the boundary correction
need only modify By, (up).

This is precisely the situation addressed by local-linear kernel regression [37,38,41,43,
44]. While the Nadaraya—Watson smoother exhibits O(h) design bias at boundaries, the
local-linear smoother achieves O(h?) bias uniformly across the support, including bound-
aries. This automatic boundary correction is a well-known advantage of local polynomial
methods. Because B(uy) = p(up) is the regression function of X; X, on U, we can replace
B, (ug) by its local-linear approximation in the cubic equation without altering the consis-
tency and asymptotic normality arguments previously established.

We define the boundary-corrected estimator by replacing the Nadaraya-Watson com-
ponent B, (ug) with a local-linear fit, while retaining the local-constant estimator for

An(uo).

Definition 1 (Boundary-Corrected Estimator). Foruy € [—1,1], define (a,b) as the minimiser
of the local weighted least squares criterion

~ n 2
(2,6) = argmin ) Ky (U; — o) [Xa X2 —a = b(U; = )|, (10)
7=l

and set BS*(ug) = a.

Explicitly, let
A 1 & ;
Si(uo) = — Y Ky (U; — ug) (U; — ug)/,
i=1
A 1 ¢ ;
Tj(uo) = E ZKh(Ul - ug)(u,- - uo)]XﬂXiz, ] =0,1,2.

Il
—_
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Then
5o (110) To (19) — 51 (o) T 1
BEL (115 = S2 (o) To(119) — 51(0) 1(2140) = 1Y (o) X X, (11)
Sa(u0)So(uo) — S1(uo) ni3
where

Sa(ug) — $1(u) (Ui — up)
S5 (110)So(10) — S1(10)2

are the equivalent kernel weights. Unlike the Nadaraya—Watson weights Kj,(U; — ug) > 0, these

wi(ug) = Ky, (U; — up) (12)

weights can be negative near the boundary, which is the mechanism that eliminates the first-order
bias.

Define the boundary-corrected estimator p<*(ug) as the unique real root in (—1,1) of the
modified cubic equation

0> — By (u0)p* + (Au(uo) —1)p — By (uo) = 0, (13)
where Ay (ug) remains the local-constant estimator defined previously.

The local-linear estimator BS" (1) can equivalently be viewed as a local-constant es-
timator using a boundary-corrected kernel. At the population level, the weights in (11)
correspond to the boundary kernel

Sa(c) = Si(e) t

K*(t;c) = 50050 — i (P K(t), te[—c1], (14)

where, as a shorthand for the truncated moments of (6),
S]-(c) = y]-(K, c), j=01,23, (15)

and ¢ parameterises the distance from the left boundary via uy = —1 + ch. This con-
struction is analogous to the Miiller and Gasser—Miiller boundary kernels [45,46]. The key
property of K*(#; ¢) is that it satisfies the moment conditions

1 1
/K*(t;c)dtzl, / K (£ ¢) dt = 0, (16)
—c —c

which hold exactly for every ¢ > 0. The zero first moment is what eliminates the O(/) bias
term, regardless of the degree of truncation.

Remark 5. As uy moves into the interior, ¢ — oo and the kernel support becomes effectively
symmetric. By Assumption (A1), S1(c) — u1(K) = 0, so K*(t;c) — K(t). The boundary
correction vanishes precisely where it is not needed, ensuring continuity between boundary and
interior behaviour.

We now establish that the local-linear modification eliminates the O(h) boundary bias.
Because Ay (1) and BS™(ug) are built with different effective kernels near the boundary,
namely the normalised truncated kernel K(t;¢) := K(t)/po(K, c) and the boundary ker-
nel K*(¢;¢), the asymptotic variance must account for their joint fluctuation. Combining
Lemmas 4 and 5 in the online supplementary material with a linearisation of the cubic
equation, we obtain the following result.

Theorem 5. Under the Gaussian model of Section 2 and Assumptions (A1)—(A6), let ug = —1 +
ch with ¢ > 0 fixed, h — 0, nh — oo and nh® = O(1). Then

Vil (ﬁCL(uQ) —po — BiasgL(uo)) 2 N(0, Ver (ug,¢)), (17)
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where )
h
BlasCL(uo) = zp "(uo) p2(K*, ), (18)
1 [(-pd)’ 4p3
Ver (ug, c) = R(K*,c) + —= A(c) |, (19)
CL( 0 ) fll(_1+) 1+P% ( ) 1+P% ( )
with uy(K*,¢) = fic t2K*(t;c) dt, R(K*,c) f K*(t;c)?dt and A(c f AK*(t;¢)
K(t;c)}?dt.

Sketch of proof. Write &, = A, (19) —2and B, = BSE (1) — po. Substituting A, = 2+ a,
and BST = pg + By, into (13) gives, for every p, g(0; An, BSY) = (0 — p0)(0? + 1) + anp —
Bu(p? + 1). Hence the root satisfies the exact identity

" (uo)
CL

pCL(uO)_pOZﬁn_ﬁ _'B”_liiop(%“”"'op«”h)il/z),

o€
1+
where the second step uses consistency, a, = O,((nh)~!/2) and the fact that p — p/(1+
p?) is 1-Lipschitz. Since A(u) = 2, E[a,, | Uy,...,Uy] = 0 exactly, so the bias comes
from B, alone (Lemma 4 in the online supplementary material). The stochastic parts of
ay and By are linear smoothers with equivalent kernels K and K*, and they are jointly
asymptotically normal with the covariance given in Lemma 5 in the online supplementary
material, which involves the cross term | ! . KK*. The variance of B, — poa, /(1 + p3) then
simplifies to (19), using (1 + p3)> = (1 — p3)* + 4p3. Existence and uniqueness of the
real root near pg follow from the same Rouché-theorem argument as in Theorem 2, which
requires only (A, BST) 2 (2 po). The full proof is given in the online supplementary
material. [J

Remark 6. The second term in (19) reflects the fact that A, and BS™ use different sets of weights.

Writing K* — K = S1(c){S1(c) — So(c)t}K(t)/[So(c){So(c)S2(c) — S1(c)?}], the difference
simplifies to

S1(c)?
So(c)?{So(c)S2(c) —

which vanishes in the interior, where ¢ > 1, Sg = 1, S = 0and K* = K = K, so that The-
orem 5 reduces to Theorem 3; A(c) also vanishes when py = 0. In the interior, the fluctua-
tions of Ay therefore partly cancel those of By, reducing the variance from (1 + p3)R(K)/ fu
to (1 — p3)?R(K)/{(1+ p3)fu}, whereas at the boundary this cancellation is only partial. The
correction is not negligible when |pg| is large. For the Epanechnikov kernel at ¢ = 0, for example,
Vier exceeds its first term by factors of 1.23, 1.93, 2.84 and 47.9 for pg = 0.3, 0.5, 0.6 and 0.9. A
Monte Carlo check of (19) is reported in the online supplementary material.

Ale) = 51(c)2)2 /_1€1<(t)2{51(c) — So(c)t}2dt >0,

Remark 7. The critical feature of Theorem 5 is that the bias is O(h?) uniformly for all ¢ > 0,
from the extreme boundary (c = 0) through the deep interior (¢ — oo). This stands in contrast
to Theorem 4, where boundary bias was O(h), necessitating a slower optimal bandwidth.

The uniform O(h?) bias in Theorem 5 restores the faster convergence rate at boundary
points. The asymptotic mean squared error is

AMSEcy (5 9) = 1 C (1tg,) + —

o C; (up, c), (20)
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where

Ci(ug,0) = 3 [o" (wo)palK*, )], @

G5 (ug,¢) = Ve (up,c)  as defined in (19). (22)

This has the same h* + 1/ (nh) structure as the interior case in Corollary 1. Minimizing (20)

yields
C; (ug, c) 175 _
hCL _ 2 — 1/5 )
Opf(u()/ C) (4(:; (Uo, C) 71) n ’ ( 3)
with corresponding convergence rate
p (o) — p(ug) = Op (n2'%). (24)

Corollary 2. Under Assumptions (A1)~(A6), the boundary-corrected estimator pC*(ug) achieves

~2/5 yniformly across the entire design interval [—1,1], including boundary

-1/5

the optimal rate n
points. The optimal bandwidth is h%t = n uniformly, eliminating the boundary penalty

present in the local-constant estimator.

To summarise the improvement, the local-linear correction raises the boundary con-

~1/3 4o 5-2/5

vergence rate from n , matching the interior rate. Only the finite-sample
constants Cj (1, c) and C;(ug,c) depend on boundary proximity through p,(K*,c) and
Ver (1o, ¢); the polynomial orders in n and & are uniform across the support.
Finite-sample existence guarantee. The deterministic existence result in Proposi-
tion 1 relied on the nonnegativity of the Nadaraya—Watson weights, which ensured that
|Bu(ug)| < An(ug)/2 because 2| Xy Xp| < X% + X%. The local-linear weights (12) may
be negative, however, so this bound does not necessarily hold in finite samples, and (13)
can then fail to have a root in [—1, 1]. This does not affect the asymptotic theory: by Theo-
rem 5, a unique real root near p(19) € (—1,1) exists with probability approaching one. In
practice, when (13) has no root in (—1,1), we truncate BS* (1) to +(1 — &) A, (ug) /2 with
¢ = 1073, which guarantees a root in (—1,1) and pins the estimate near the truncation
bound. This truncation does not affect the asymptotic theory, since the probability that it is
needed tends to zero. In the rerun simulations the truncation was used in 7.64% of evalua-
tions at n = 100 and 2.89% at n = 3200, decreasing monotonically with n. It was markedly
more frequent under the boundary sampling strategy S2 (12.18% at n = 100, 5.28% at
n = 3200) than under the uniform strategy S1 (3.10% at n = 100, 0.50% at n = 3200); the

full breakdown is given in the online supplementary material.

3. Simulation Study

In this section, we conduct a series of simulation studies to compare the performance
of the estimation method based on solving the cubic equation with the other methods. The
estimators we consider in this section include the Nadaraya-Watson estimator in (2), the
cubic-equation-based estimator established in Section 2, the cubic-equation-based estima-
tor with boundary correction using local linear adjustments, and the direct local linear esti-
mator described in the online supplementary material. We call these four estimators NW,
CE, CL, and LL, respectively. LL denotes the local-linear likelihood estimator in which
tanh ™! p(u) is approximated linearly around 1o and the kernel-weighted Gaussian likeli-
hood is maximised (details in the online supplementary material).

Correlation Function In this simulation study, we consider using the underlying
correlation functions as follows: parabolic function p(u) = 1 — 2u?, sinusoidal function
p(u) = sin(ru/2), Cosine function p(u) = cos(7tu/2), cubic function p(u) = u3, linear
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pe(u)

function p(u) = u, exponential function p(u) = (exp(u) —exp(—1))/(exp(1) —exp(—1)),
upper half semi-circle p(u) = /1 — u?, normalised inverse sinusoidal function 2/ x
arcsin(u) and the third Chebyshev polynomial p(u) = 4u3 — 3u. For simplicity, we denote
them in order as F1,F2,F3, F4, F5,F6,F7, F8, F9. These correlation functions represent a
wide range of correlation structures, including monotonic, non-monotonic, and oscilla-
tory behaviours. The choice of these functions allows us to evaluate the performance
of the four estimators under various scenarios that may arise in practical applications,
see Figure 1(a). To satisfy Assumption (A3), every function is used in the rescaled form
pc(u) = 0.999999 p(u), so that sup, [oc(u)| = 0.999999 (7 = 10~°); the rescaling keeps
X (pc(u)) non-singular at every u and leaves shape, monotonicity and turning points un-
changed, but because 7 is small, functions that approach £1 probe the estimators close to
the limit of (A3); throughout this section, the true correlation function p(-) refers to this
rescaled version. F7 and F8 have unbounded first derivatives at u = £1 and therefore
violate the smoothness part of (A3) even after rescaling; we retain them as stress tests of
the estimators outside the conditions of the theory.

Kernel Function We use Gaussian, Epanechnikov, Triangular, Uniform, Quadratic,
and Triweight kernel functions in the simulation study, see Figure 1(b). For simplicity, we
denote them in order as K1, K2, K3, K4, K5, K6 respectively.

=== Gaussian
1.0 === Epanechnikov
== Triangular
== Uniform
— Parabolic 08 —— Quadratic
Sinusoidal — Triweight

Exponential
—— Semi-ircle 0.4

Inverse sinusoidal
0.2 / \

~— Chebyshev polynomial
0.0

-100 -075 -050 -025 000 025 050 075 1.00 -15 -1.0 -05 0.0 0.5 1.0 15

(@) (b)

Figure 1. Correlation and Kernel Functions: (a) The Underlying Correlation Functions (rescaled by
0.999999). (b) The Kernel Functions.

Data generation and parameter settings The sample size # is set to 100, 200, 400,
800, 1600 and 3200. Given the underlying correlation function and kernel function, we
first generate the U;,i = 1,2,...,n from the Uniform distribution ¢/(—1, 1), then for each
U;, randomly generate the X;1, Xj» from the bivariate normal distribution with zero mean
p(U;)

p(U;) 1
we apply the four estimators to estimate the correlation function. The optimal band-

and covariance matrix . Once we obtain the observations (U;, Xi1, Xj),

width is selected via grid search over 100 points spaced logarithmically from 1073 to
100. To evaluate the performance of the four estimators at boundaries, we adopt two
sampling strategies: (i) randomly sample u}eSt, j = 1,2,...,m from the Uniform distri-
bution ¢ (—1,1), and (ii) randomly sample 25%, 50%, 25% of u}eSt, j=1,2,...,m from
the Uniform distributions U/(—1, —0.9], U(—0.9,0.9) and U/[0.9,1) respectively. The first
strategy allows us to evaluate the performance of the four estimators across the entire
support, while the second strategy focuses on the boundary regions. We use the mean
squared error (MSE) to evaluate the performance of the four estimators, which is defined
as MSE = 1 Y (p(u}e“) — p(u}es"))Z, where m is the number of test points. We set
m = 100 in this simulation. The total number of combinations of the sample size, the

correlation functions, kernel functions and sampling strategies is 6*9*6*2=648. For each
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combination, we repeat the simulation 200 times to obtain the MSE for each estimator.
Furthermore, we also record the computation time for each estimator to evaluate their
computational efficiency.

The effect of sample size Figure 2 shows the log-transformed MSEs of four meth-
ods under the two sampling strategies against the different sample size. The “uniform”
and “boundary” sampling strategies are denoted as “S1” and “S2” respectively in the
rest of this section. Given the sample size n, for every combination of methods and sam-
pling strategies, we estimate the kernel density of the log-transformed MSEs by pooling
them from across 9 correlation functions, 6 kernel functions, and 200 replications. The
left dot on the kernel density estimation (KDE) is the corresponding median of the log-
transformed MSEs. The KDE is estimated as follows: we adopt a univariate Gaussian
KDE; the bandwidth is selected according to the normal-reference rule i = 1.060N -1/5,
where N = 9 x 6 x 200 = 10,800 and ¢ is the standard deviation of log-transformed
MSEs [47]. The resulting KDEs are used solely to provide a smoothed visual representa-
tion of the empirical distributions and are not used for formal statistical inference.

Figure 2 highlights several important facts.

¢  For every combination of estimation method and sampling strategy, the MSE de-
creases as the sample size increases, in agreement with the theoretical results estab-
lished in Section 2. For example, under the NW+S1 configuration, the MSE decreases
from approximately 107175 at n = 100 to nearly 1030 at n = 3200 in Figure 2.

¢ When comparing the two sampling strategies, we find that, for every combination
of estimation method and sample size, the uniform sampling strategy (S1) consis-
tently yields a more favourable distribution of the MSE than the boundary sampling
strategy (52). This pattern is consistent across all combinations of methods and sam-
ple sizes. This result is largely attributable to the differences in the design of sam-
pling strategies. S2 draws 50% of the test points from the narrow boundary regions
(—=1,—-0.9] U [0.9,1), which are more challenging for estimation due to the boundary
effects. In contrast, S1 samples across the entire support, leading to a more balanced
representation of the correlation function and thus lower MSEs. The scheme of S2
is introduced specifically to assess the effectiveness of the boundary correction in
LL and CL methods. Figure 2 provide clear evidence that the boundary correction
indeed reduces the estimation error. For instance, when n = 200, the vertical dis-
tance between the median MSEs of LL under S1 and S2 (represented by two green
dots) is substantially smaller than that of NW under S1 and S2 (represented by two
blue dots). Similarly, the vertical distance between the median MSEs of CL under
51 and S2 (represented by two orange dots) is smaller than that of CE under S1 and
52 (represented by two red dots). This indicates that the boundary correction effec-
tively mitigates the additional estimation error induced by boundary sampling. A
more detailed assessment of the boundary effect is provided later, based on the MSE
calculated specifically from test points in the boundary regions.

¢  From a method comparison perspective, NW and CE do not incorporate boundary
correction, while LL and CL do. Consequently, the latter two methods consistently
outperform the former two in terms of MSE, regardless of the sampling strategy
adopted. A more detailed comparison of the four methods is provided later in this
section.
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Method / strategy
= NW cL

m LL —— S1 (solid)
W CE  ---- S2 (dashed)

log1o (MSE)

100 200 400 800
(6.6) (7.6) (8.6) (9.6)

Sample size n (logz (n))

Figure 2. The MSEs of four methods (NW, LL, CE and CL) against the sample size n. Both the x-axis
and y-axis are plotted on logarithmic scales to accommodate the wide range of the data and improve
visual clarity. “S1” and “S2” represent the uniform sampling strategy and boundary strategy, respec-
tively. For each sample size #, the specic method and sampling strategy, the kernel density of the
log-transformed MSEs is estimated from pooled MSE values across 9 correlation functions, 6 kernel
functions, and 200 replications. The dot on the left of each kernel density function represents the
corresponding median value of the log-transformed MSE.

Furthermore, we generate the heatmap of the median logarithmic MSEs across differ-
ent correlation functions and kernel functions for each combination of estimation method,
sampling strategy, and sample size in Figure S3 of the online supplementary material. This
heatmap provides a comprehensive overview of the performance of the four methods un-
der various experimental settings, allowing for a more detailed comparison beyond the
sample size analysis presented earlier.

The boundary correction In order to specifically evaluate the performance of the
four estimators in the boundary regions, we calculate the MSEs based on the test points
sampled from the boundary regions (—1, —0.9] U [0.9,1) under the boundary sampling
strategy. The boundary MSEs for each estimator in the boundary regions are defined as
follows: .

MSEs = - 3 (p(ul™) — p(uf™))?
jeJ

where J = {j |u;‘*‘t € (—=1,-0.9]U[0.9,1)} and mj is the cardinality of set 7. The bound-
ary MSEs of the four methods against the sample size n are shown in Figure 3. Similar
to Figure 2, for each sample size n, the violin boxplot of boundary MSEs is based on the
pooled boundary MSEg values across 9 correlation functions, 6 kernel functions, and 200
replications. From Figure 3, we can observe that the boundary MSEs of LL and CL are
consistently lower than those of NW and CE across all sample sizes. This indicates that
the boundary correction implemented in LL and CL effectively reduces the estimation er-
ror in the boundary regions, confirming the theoretical results established in Section 2. LL
attains the smallest boundary MSE for n < 1600, which is consistent with Theorem 5: the
boundary variance of CL contains the additional term in (19), whereas LL does not suffer
from this mismatch of weights. CL nevertheless improves on CE and NW at every sample
size, because at their optimal bandwidths the O(/) boundary bias of the local-constant
estimators dominates.
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I
-

|
[N}

logi1o (Boundary MSE)
L b

il

100 200
(6.6) (7.6)

400 800
(8.6) (9.6)

Sample size n (logz (n))

Method
 NwW
I CE
3 CL
N L

1600 3200
(10.6) (11.6)

Figure 3. The boundary MSEs of four methods (NW, LL, CE and CL) against the sample size n. Both
the x-axis and y-axis are plotted on logarithmic scales to accommodate the wide range of the data

and improve visual clarity. For each sample size n, the specic method and sampling strategy, the

violin boxplot is based on the pooled MSEg values across 9 correlation functions, 6 kernel functions,

200 replications.

The time consumption Figure 4 presents heatmaps of the time consumption across

different methods, sample sizes, sampling strategies, correlation functions, and kernel

functions. The horizontal axis consists of the 54 combinations of correlation functions

and kernel functions, while the vertical axis represents the 48 combinations of estima-

tion methods, sample sizes, and sampling strategies. Each cell reports the median time

consumption over the 200 simulation replications for a given combination of correlation

function, kernel function, method, sample size, and sampling strategy. Darker shading

indicates a larger median time consumption. Among the four methods, LL consistently

incurs the highest computational cost. For all methods, time consumption increases with

sample size, reflecting the expected decline in computational efficiency as the sample size

increases. In contrast, the choice of correlation function and kernel function has relatively

little effect on the time consumption.
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Method x Sampling Strategy x Sample Size
Median time (s)

Figure 4. Heatmap of the median time consumption (in seconds) for each combination of estima-
tion method, sample size, sampling strategy, correlation function, and kernel function, with darker
shading indicating larger time consumption.

To further examine how time consumption varies with sample size, we take the me-
dian time consumption across the 9 correlation functions, 6 kernel functions, and 200 sim-
ulation replications, and plot time consumption against sample size for the eight combi-
nations of method and sampling strategy. The resulting plots are shown in Figure 5(a).
The solid line with square markers represents the median time consumption under sam-
pling strategy S1 as a function of sample size, whereas the dashed line with star markers
represents the corresponding median under sampling strategy S2. The 95% empirical con-
fidence intervals are also shown using different colours, with their boundaries indicated
by solid and dashed lines for S1 and S2, respectively. As expected, the time consumption
increases with sample size for all methods and under both sampling strategies. Moreover,
52 consistently requires more time consumption than S1 across all sample sizes and meth-
ods. This difference is attributable to the greater number of test points located near the
boundaries under S2, which increases the computational burden associated with estima-
tion in the boundary regions.

To provide a more direct illustration of the trade-off between estimation accuracy
and computational efficiency, we plot the accuracy-speed trade-off for the four methods,
as shown in Figure 5(b). Each point represents the median time consumption plotted
against the median MSE. From this perspective, a particularly noteworthy result occurs
when n=3200: CL achieves a lower MSE than LL while requiring substantially less time
consumption. Overall, LL provides the highest estimation accuracy but at the greatest
computational cost. In contrast, CL offers a more favourable balance between accuracy
and computational efficiency and, in some settings, even outperforms LL in both respects.
NW and CE are computationally more efficient, but this advantage comes at the cost of
lower estimation accuracy.
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Figure 5. Computational cost of the four estimation methods and their trade-off with estimation
accuracy. (a) Median time consumption as a function of sample size for the four methods under
the sampling strategies S1 and S2, showing that time consumption increases with sample size and
is larger under S2; (b) the accuracy-speed trade-off, where each point plots the median time con-
sumption against the median MSE, illustrating that LL achieves the highest accuracy at the greatest
computational cost while CL offers the most favourable balance.

How to choose the method? In practice, estimation accuracy alone is insufficient;
the associated computational burden imposes a critical constraint, particularly in online
or high-throughput settings. For instance, in typical MEG source reconstruction, the sam-
pling rate is often 1000 Hz, yielding 1000 time points per second, amounting to 600,000
time points over a 10-minute recording. Even when downsampled to 100 Hz, this still
results in 60,000 observation points, and the combinatorial pairing across cortical regions
further inflates the total computational load, making algorithmic efficiency a primary prac-
tical concern.

To balance statistical precision against computational cost, we summarise each
method by rank-based indices computed over the 648 configurations v = (n,F,K,S) €C.
For each configuration v, we take the median MSE and the median runtime of each method
m e {NW, LL,CE, CL} over its 200 replications, and rank the four methods within config-
uration v on each criterion, with rank 1 assigned to the best method. Averaging these
configuration-wise ranks over all configurations gives the mean MSE rank R)SF and the
mean runtime rank R{™¢, and averaging the average of the two ranks within each configu-
ration gives the dual rank R3", which weights accuracy and speed equally. For a weight
w € [0,1] on accuracy, the effective score eff,,(w) averages, over configurations, w times
the min-max normalised log;, median MSE plus 1 — w times the min-max normalised
log,, median runtime, where the normalisation is across the four methods within each
configuration; the four methods are then ranked by this score for each w € {0.1,...,0.9}
to obtain the effective rank Reff(w). For all three indices, a smaller value indicates a bet-
ter method, and their exact definitions are given in the online supplementary material.
The resulting rankings in Table 2 provide a comprehensive picture of how the methods
compare under varying preferences for accuracy versus computational efficiency. We can
observe that CL exhibits the most robust overall performance: it attains the best effective
rank R (w) for all weights w = 0.4 to 0.8 and ranks second at w = 0.3 and w = 0.9, and
it also achieves the smallest dual rank R9"! = 2402, indicating a strong balance between
estimation accuracy and computational cost. LL delivers the highest estimation accuracy,
as reflected by the smallest mean MSE rank RMSE = 1.465, but its dual rank R3va! = 2732
is the least favourable among the four methods owing to its substantially higher computa-
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tional cost; consequently, LL attains the top effective rank only when accuracy is assigned e
the largest weight (w = 0.9). NW is computationally the most efficient (w = 0.1,0.2,0.3), 6
yielding the second-best dual rank R"2! = 2.430, yet it suffers from the worst estimation e
accuracy (RMSE = 3.860), and its effective rank deteriorates as w increases, so that it is
only attractive when computational speed is prioritised over precision. CE performs mod- ez
erately on both dimensions, occupying an intermediate position in the effective ranking s

across all weights. 63

Table 2. The ranking of the four methods in terms of MSE, dual criterion, and effective score rank
under different weights w.

Reff with different weight
01 02 03 04 05 06 07 08 09

Method RMSE ~ Rdual

CL 1.804 2402 3 3 2 1 1 1 1 1 2
LL 1465 2732 4 4 4 4 4 2 2 2 1
CE 2872 2436 2 2 3 3 3 3 3 3 3
NW 3860 2430 1 1 1 2 2 4 4 4 4

Wilcoxon Signed-rank Analysis: CL vs LL In this section, we perform one-sided s
paired Wilcoxon signed-rank tests to compare the performance of the CL and LL methods s
across all simulation cells. The tests are conducted by pairing Monte Carlo replicates via e
the repetition index, with the alternative hypothesis that CL has smaller mean squared s
error (MSE) than LL. To be concrete, let MSErCIV“ and MSE}I; denote the MSEs of the CL and e
LL methods, respectively, for the r-th repetition in the v-th simulation cell. For each cell o«
v € C, we define the paired differences d,, := MSEVCI; — MSEH; The one-sided paired eu
Wilcoxon signed-rank test is then applied to test whether CL is better than LL in terms of e
MSE: 643

Hp : median(d,,) >0 vs Hj: median(d,,) < 0. 644

For each simulation cell v, we report the one-sided p-value (p,), and mean difference s
d, = ﬁ Y29 d,,. A cell is marked as “CL better” if p, < 0.05 and d, < 0. To sum- e
marise the overall performance across all simulation cells, we unify significance and direc- o
tion by the transformed score s, := —log,,(pv) - sign(dy). The resulting scores can then es
be visualised using heatmaps in Figure 6(a). Furthermore, we compute the significance o
win rate, defined as the proportion of cells where CL is significantly better than LL, and e
demonstrate it in Figure 6(b). 651

https://doi.org/10.3390/app1010000


https://doi.org/10.3390/app1010000

Version October 24, 2026 submitted to Appl. Sci. 20 of 37

S1 | Wilcoxon CL vs LL, score=sign(LL-CL)*-log10(p)

1001

400 +
1600

S2 | Wilcoxon CL vs LL, score=sign(LL-CL)*-log10(p)

Sample Size
®
8
8
N
S

=
o

o
)
S
o

|
-
1

positive: CL better, negative: LL better

¥ 3200. . . -20
-
o4
—~
jd

CL vs LL Wilcoxon win rate (alpha=0.05)

=
o

—o— Sl
S2

© o o
IN o ©

©
[N}

Fraction of cells with significant CL better

o
o

100 200 400 800 1600 3200
Sample Size

(b)

Figure 6. Wilcoxon signed-rank test results for CL vs LL across simulation cells. (a) The heatmap of
Wilcoxon signed-rank test transformed scores for CL vs LL across simulation cells. (b) The signifi-
cance win rate of CL over LL across simulation cells.

Across 648 simulation cells, 213 show nominal significance (p, < 0.05), of which 212
favoured CL over LL and 1 favoured LL over CL. The sole case favouring LL over CL
is (F6,K1,52,n = 800), with p = 0.0385 and d = 7.136 x 10~°. Furthermore, we apply
BH-FDR at q = 0.05 over 648 cells and yield 203 discoveries, all of which favour CL over
LL. Results are robust to BH-FDR correction. The proportion of CL-favouring significant
cells increases with sample size (from 12.96% at n = 100 to 60.19% at n = 3200), and is
markedly higher under S1 than S2 (47.53% vs 17.90%).

Robustness to non-Gaussian data To examine Remark 2 in finite samples, we re-
peated the simulation for F1, F2 and F5 with the Epanechnikov kernel, n € {400, 1600}
and both test-point strategies. The data were generated as (X, Xp) = X/2(p.(U)) W,
where W followed either a multivariate t5 distribution scaled to unit variances, which has
heavy tails and does not satisfy the eighth moment condition in (A5), or independent stan-
dardised Gamma(2) components (skewness V2, excess kurtosis 3); in both cases %172 is
the symmetric square root, so the conditional correlation remains p.(U). Compared with
the Gaussian design, the median MSE of every estimator increased under both departures.
For the Gamma(2) design the median ratios were 1.00-1.08 for NW, 1.09-1.18 for CE and
1.21-1.31 for CL, and for the t5 design they were 1.57-1.75 for NW, 1.49-1.91 for CE and
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1.72-2.14 for CL; the heavy-tailed design thus cost all three estimators roughly a factor of
two. The ranking of the estimators changed little: CL kept the smallest median MSE in
20 of the 24 combinations, and the only reorderings occurred under the skewed design,
where NW and CE exchanged places (NW ranking first in one cell), whereas under the 5
design the ranking was unchanged in every cell.

4. Real Data Analysis

Magnetoencephalography (MEG) provides a non-invasive measure of the magnetic
fields generated by neuronal currents in the cerebral cortex, with millisecond-scale tem-
poral resolution, making it particularly well suited for investigating the dynamic organi-
sation of functional brain network [48,49]. In resting-state MEG studies, power envelope
correlation (PEC) has become a widely used approach for quantifying the synchrony of
low-frequency (<1 Hz) fluctuations in the amplitudes of neural oscillations across cortical
regions [4-6,50]. A key finding from this line of research is that the power envelopes of
band-limited neural oscillations exhibit significant and reproducible correlations between
distinct brain regions. These inter-regional correlations are thought to reflect the spatial
organisation of resting-state functional networks, including the default mode and visual
networks [4,6,50].

Traditional PEC estimates functional connectivity by computing the Pearson corre-
lation coefficient between power-envelope time series over the entire recording period,
thereby yielding a static, time-invariant measure of connectivity:

_ Y (e,(t) - ér) (eq(t) - e_‘i) )
\/Zt (er(f) - e_r)z Y (eq(t) - é’i)z

where ¢,(t) denotes the power envelope of the r-th ROI at time t. However, functional

prg = corr(e,(t),eq(t))

connectivity in the resting brain is inherently dynamic, with the strength of inter-regional
coupling varying over time [4,49]. The nonparametric correlation estimator CL proposed
in this study extends the conventional static correlation framework by incorporating time
t into the observation model, thereby representing the correlation as a smooth function
p(t). This formulation allows the strength of functional connectivity to vary continuously
over time, without imposing a specific parametric form on its temporal evolution. In
the MEG application, §(t) provides a nonparametric estimate of time-varying functional
connectivity between pairs of ROls.

In this case study, we use MEG data from the Cam-CAN dataset [51] to demonstrate
the practical utility of the proposed nonparametric correlation estimation method. The
Cam-CAN dataset contains resting-state MEG recordings from healthy adults across a
broad range of ages. The recordings were acquired at a sampling frequency of 1000 Hz
and lasted 8 min 40 s, providing a rich temporal profile of ongoing neural activity. To
provide a clear illustration of the proposed method, we focused on a single participant
(sub-CC110033).

Our analysis has two distinct aims. The first is to show that the estimator can be ap-
plied to whole-brain MEG data and yields interpretable network summaries (Sections 4.1,
4.2 and 4.4). The second is to examine whether its statistical properties (time-varying
estimation, pair-specific bandwidths and boundary correction) make a measurable differ-
ence compared with conventional approaches. To this end, we benchmark the estimator
against static and sliding-window correlation (Section 4.3), run a surrogate test of the es-
timated fluctuations (online supplementary material), and report each network result in
Section 4.4 together with its sliding-window and static counterparts. Since only one par-
ticipant is analysed, the network results should be read as a proof of concept rather than
as population-level findings.
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To keep the computational burden manageable, we restricted the analysis to a mod-
erate number of brain regions. Instead of the commonly used 68-region DesikanKilliany
(DK) atlas [52], we adopted the 200-region Schaefer Local-Global Parcellation rather than
its 1000-region counterpart [13]. Because functional network organisation can vary sub-
stantially across frequency bands [16,53-55], we followed the conventional classification
of neural oscillations and extracted power envelopes separately for six frequency bands:
delta (1-4 Hz), theta (4-8 Hz), alpha (8-12 Hz), beta (12-40 Hz), slow gamma (40-80 Hz),
and fast gamma (80-120 Hz) [56-58]. The extracted power envelopes were subsequently
log-transformed and used as input to the proposed nonparametric correlation estimation
method.

We first describe the procedure for extracting power envelopes from the raw MEG
recordings and then demonstrate how the proposed method can be applied to these real-
world data.

4.1. Power Envelope Extraction

We first prepare the raw data required for the analysis. Specifically, we utilize the
resting-state MEG recording, which has been preprocessed using MaxFilter to implement
the Signal Space Separation (SSS), alongside the corresponding empty-room recording for
environmental noise estimation. The spatial alignment between the MEG sensor space and
the structural MRI space is achieved using a pre-calculated MEGMRI coregistration trans-
formation matrix. Because the experimental recordings have already undergone the SSS
procedure [59,60], Maxwell filtering is not repeated in the subsequent analysis pipeline.

Data preprocessing The preprocessing pipeline consists of the following steps. (1)
Channel selection and bad-channel handling. For both the experimental and empty-room
recordings, we retained only MEG channels and excluded channels marked as “bads”.
We then restricted both datasets to their common set of channels to ensure consistency
in the subsequent noise covariance estimation. The empty-room data were reordered to
match the channel ordering of the experimental recording. (2) Band-pass filtering. To re-
move very slow drifts while retaining the lowest frequency range of interest (14 Hz), both
recordings were high-pass filtered at 0.5 Hz using a zero-phase FIR filter designed with
‘firwin’ [8,61]. This cutoff preserves the lowest frequencies of the delta band without intro-
ducing substantial attenuation. (3) Power line noise removal. Notch filters were applied
at 50, 100, and 150 Hz to suppress power-line interference and its harmonics.

Source Reconstruction and Atlas Mapping. It consists of four main steps:

1.  Anatomical processing and source space. The T1-weighted structural MRI was pro-
cessed with FreeSurfer [12] to reconstruct the cortical surfaces. An “oct6” source-
space discretisation was then used to generate a cortical source grid containing ap-
proximately 8,196 vertices, with 4,098 vertices per hemisphere.

2.  Boundary element model and forward solution. The geometry of the volume con-
ductor was encapsulated by a single-layer Boundary Element Method (BEM) model.
The inner skull surface boundary was automatically segmented from structural T1-
weighted MRI data utilising the watershed algorithm [62] via FreeSurfer. Inside
this bounding surface, the brain tissue compartment was treated as a homogeneous
and isotropic volume conductor with a standard consensus conductivity assigned at
0.3 S/m [63,64]. To establish the forward solution, the MEG sensor locations were
aligned with the structural MRI coordinate space via an MEG-MRI coregistration
transform based on anatomical fiducials and digitised headshape points. Subse-
quently, the source-to-sensor gain matrix (lead-field matrix) was computed using
the single-layer BEM framework [7]. To prevent mathematical singularity and nu-
merical instability in closer sensors, a minimum source-to-sensor distance boundary
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of 5 mm was enforced during the forward field calculation [65]. Both the forward
solution and the source space were cached to avoid unnecessary recomputation.

3. Noise covariance and inverse operator. The noise covariance matrix, %, was esti-
mated from the empty-room recording. A minimum-norm inverse operator was then
constructed using a loose orientation constraint of 0.2, depth weighting of 0.8, and
an assumed signal-to-noise ratio (SNR) of 3 [17,66]. The inverse solution was com-
puted using dynamic statistical parametric mapping (dSPM) [67-69]. The regulari-
sation parameter was determined from the assumed SNR as A2 = L, = %. After

SNR*
whitening the sensor-space data, dSPM obtains cortical current estimates through the

minimum-norm solution and subsequently normalises them by their estimated noise

sensitivity. The resulting estimates therefore have an approximately unit-variance t-

statistic interpretation [68,69].

4. Broadband Source Reconstruction and ROI Time Series. The inverse operator
was applied to the broadband MEG data following 0.5 Hz high-pass filtering. To
constrain the inverse solution to the physiologically relevant anatomy, a cortical
surface normal constraint was employed to project the estimated current vectors
exclusively onto the local surface normals, reflecting the anatomical alignment of
macroscopically oriented cortical pyramidal cells [66,70]. This produced continu-
ous cortical source estimates S(r,t). The source estimates were then parcellated
according to the Schaefer-200 cortical atlas [13]. To extract a single representative
time course for each region of interest (ROI), we applied an orientation-aligned sign-
flipping averaging procedure [1]. Specifically, the ROI-level time series was defined
as x,(t) = n% Yicrol, 0’j.§ (rj,t), where n, denotes the number of vertices in ROI 7,
and 0; € {—1,+1} is a sign-flip factor determined by the orientation of the surface
normal at vertex j. This procedure addresses the complex folding geometry of the
cortex; it mathematically flips the sign of time series from vertices whose local sur-
face normals oppose the dominant orientation of the ROI, thereby preventing phase
cancellation and ensuring an accurate, robust representation of regional population
activity [1,71].

Source Leakage Correction Because the forward-model point-spread functions of
neighbouring sources overlap on the cortex, the time course reconstructed for a given
parcel contains contributions from the surrounding tissue, an effect known as spatial leak-
age. Leakage inflates and distorts inter-regional correlation estimates, and a standard rem-
edy in MEG connectomics is to whiten the parcel-level signals by symmetric orthogonal-
ization [24]. Let X denote the R x T matrix of band-limited ROI time courses, with the
R = 200 rows corresponding to the Schaefer parcels and each row centred over time. The
symmetric orthogonalisation applies the inverse matrix square root of the row covariance,

Xorth = (xxT)’%x, (25)

which, for full-rank X, decorrelates the ROI signals while rotating them as little as possible,
in a least-squares sense, from the original time courses.

The full-rank construction does not apply to the present data. The 200 parcels are re-
constructed from MEG measurements of limited effective rank, and the row-standardised
band-limited ROI matrices show a pronounced singular-value gap: in the delta band, for
instance, the relative spectrum falls from 3.7 x 1072 to 2.0 x 10~7 between the 70th and
71st singular values. The row covariance XX is therefore numerically singular, and the
inverse square root in (25) is unstable. We instead used a rank-aware, rank-truncated
Lowdin orthogonalisation. Truncating the eigenvalue spectrum to the band-specific ranks
selected below redistributes the variance associated with the discarded dimensions among
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the retained components, thereby inflating the retained eigenvalues and potentially alter-
ing the magnitude of the leakage correction [24]. Writing the singular value decomposition
of the row-centred, row-standardised ROI matrix as X = USV " withs; > s, > --- > sp,
and denoting by U,, S, and V, the leading r singular vectors and values, the leakage-
corrected signals are

_1
Xorth = UV, = (U,S2U/ ) 72X, (26)

the Moore-Penrose analogue of (25) restricted to the retained subspace. All 200 rows are

kept; the truncation confines the corrected signals to an r-dimensional subspace in which

T
ort

rather than the identity. The correction is therefore best described as a rank-deficient modi-

they are mutually uncorrelated, so that the row Gram matrix Xoh X4, is @ rank-r projector
fication of the standard symmetric orthogonalization, not as an ordinary 200-dimensional
orthogonalization. Because the truncation does not preserve row norms, each corrected
row was rescaled to restore the root-mean-square amplitude of the original ROI signal, so
that the envelopes computed below retain the between-region amplitude structure of the
source estimates.

The effective rank was selected separately for each frequency band from the archived
rank diagnostics and took the values 154 (delta), 165 (theta), 162 (alpha), 166 (beta) and 170
(slow and fast gamma). The full singular spectrum, the selected rank, the explained vari-
ance and the gap ratio were saved for every band as diagnostics alongside the envelope
data.

Power envelopes were derived from the leakage-corrected, band-limited signals
by the Hilbert transform: for a band-limited signal x(t) the instantaneous power is
|x(t) 4+ i H[x(t)]]? [9]. To retain the slow amplitude modulations that carry resting-state
network structure [4], the power was smoothed with a Gaussian kernel of standard devi-
ation 132.5ms. The smoother has gain 0.71 at 1Hz, 0.25 at 2Hz and 1.7 x 10~% at 5Hz,
so that fluctuations faster than about 1 Hz are progressively attenuated, and those above
3Hz are essentially removed. Because the kernel is non-negative, the smoothed power
cannot become negative, unlike a finite-impulse-response low-pass filter, which can un-
dershoot zero where the power is small. The smoothed power was decimated to 10 Hz,
which shortens each series from 574,000 to 5,740 samples, and log-transformed. Because
the envelopes were derived from dSPM estimates, they represent noise-normalised rather
than absolute source power. For the delta band (1-4 Hz) the envelope bandwidth is com-
parable to the carrier frequency, so delta envelopes should be interpreted with caution.
The log-envelopes remain moderately non-Gaussian (skewness from —0.42 to 4.02, excess
kurtosis from —0.14 to 28.16 across regions, with per-band medians of 0.29-5.28 for the
excess kurtosis; Q-Q plots in the online supplementary material).

4.2. Pairwise Correlation Estimation

Standardisation and estimand. Let y,(f) = loge,(t) be the log-envelope of region
r at the sampling times t; = k/10s. Because the estimator assumes zero conditional
mean and unit conditional variance (Section 2), each series was centred and scaled locally,
xr(t) = {y,(t) — my(t)}/sr(t), where m, and s, are the Gaussian-kernel weighted mean
and standard deviation with pilot scale 0, = 60s, normalised at the edges. This removes
slow drifts (periods longer than about seven minutes) and slow changes in variance, but
leaves the local means at the much shorter time scales of the correlation bandwidths intact.
The methods compared below therefore target related but distinct quantities. For a pair of
regions (r,q), write A(t) = E[x? + x% | t], B(t) = E[x,x; | t] and p,(t) = E[x, | t] at the
scale of the bandwidth. Then CL and CE estimate the root of the population cubic with co-
efficients A(t) and B(t), which equals B(t) when A(t) = 2; NW estimates 2B(t)/ A(t); and
the kernel local Pearson correlation (KLP) and the sliding-window correlation estimate
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{B(t) — ur()pq(t)} /{vs(t)vq(t) }1/2, where v, and v, are the local variances. All coincide
with p(t) when the local means vanish and the local variances equal one; otherwise CL
measures the local second-moment association of the standardised series. Sensitivity anal-
yses with global standardisation, with 0, = 30s and with a rank-based inverse-normal
transformation are summarised in the online supplementary material.

Pairwise estimation and bandwidth selection. For each of the 19,900 region pairs we
computed the boundary-corrected estimator of Definition 1: A,(t) is the local-constant
average of x? + xg, BSE(t) the local-linear estimate of x,x, (Eq. (11)), and p(t) the root
of (13). All kernel sums were computed by fast Fourier transforms with zero padding,
so the estimates at the start and end of the recording use the truncated kernel, as in the
theory. The bandwidth h,, of each pair was chosen by blocked cross-validation [72]: at
every fifth sample (1,148 validation times, including the edges) the Gaussian predictive
log-likelihood was evaluated with the kernel set to zero within £1.0s of the validation
time, so that the prediction does not use the serially dependent neighbouring samples (the
autocorrelation of the envelope products falls below 0.1 within 0.5-0.8s). The candidate
set consisted of twelve logarithmically spaced bandwidths from 1.5x1.0 to 60s, followed
by a local refinement, together with a constant-correlation model. The constant-correlation
option is a model-selection device that compares a constant p with a smooth p(-) by the
same criterion; it is not a bandwidth covered by Theorems 3-5. Bandwidths smaller than
about 1.5x1.0 cannot be assessed by this criterion.

Correlation matrices and network summaries. For each band and time point the
19,900 estimates were assembled into a 200 x 200 matrix. Where this matrix was not
positive definite (97-100% of time points, 99.5% overall), its eigenvalues were clipped
at 107® and the matrix was rescaled to unit diagonal. This is a fast approximation of
the nearest-correlation-matrix projection of Higham [73], not an implementation of it; it
changed the off-diagonal entries by 0.0019-0.0114 on average across bands (overall mean
0.0056). As a summary of overall coupling we report the mean squared off-diagonal cor-
relation ri(t) ; for a correlation matrix, the eigenvalue variance reported in the original
submission equals (p — 1) 72(t). Yeo-7 network-level values were obtained by averag-
ing Fisher-z-transformed correlations over all region pairs of each network pair, without
thresholding.

4.3. Comparison with Static and Sliding-Window Correlation

We compared CL with the following established alternatives, all computed from the
same envelopes: (i) static power-envelope correlation (PEC), the Pearson correlation of the
log-envelopes over the whole recording; (ii) static amplitude-envelope correlation (AEC)
of the untransformed amplitude envelopes; (iii) sliding-window Pearson correlation (SW)
with windows of 10, 30 and 60s and (iv) with a window w™* tuned for each pair; (v) the
kernel local Pearson correlation (KLP), which uses the same Gaussian kernel as CL but
centres and scales the series locally at the bandwidth; (vi) CL with a single bandwidth for
all pairs (the median of h,); and (vii) CE, i.e. CL without boundary correction. Compar-
isons (v)—(vii) isolate, respectively, the effects of local centring, of pair-specific bandwidths
and of the boundary correction. Near the edges of the recording the sliding windows are
truncated.

To compare methods without favouring the one whose tuning criterion is used for
evaluation, we split the recording into alternating 30 s blocks A and B. All tuning parame-
ters (hy4 including the constant-correlation option, the global bandwidth, w*, and the KLP
bandwidth) were selected on A by the blocked criterion of Section 4.2, and the Gaussian
predictive log-likelihood was evaluated on B; the roles of A and B were then swapped and
the two folds averaged. Table 3 reports, for each band, the median over pairs of the paired
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difference in held-out log-likelihood and the agreement of the time-averaged CL estimate
with static PEC. Across bands, the time-averaged CL estimate agreed closely with static
PEC (r = 0.978-0.994, Table 3), so the time-varying estimator reproduces the static con-
nectivity when averaged over time. The constant-correlation model was preferred over
a time-varying fit for 79.7-89.1% of region pairs. Selecting a separate bandwidth for each
pair improved the held-out likelihood relative to a single global bandwidth in all six bands,
by a small amount in the delta, theta and alpha bands (median difference 0.0028-0.0042)
and more substantially in the gamma bands (0.0644 in slow gamma and 0.2594 in fast
gamma). Compared with the tuned sliding window, KLP and the static model, CL per-
formed comparably in the delta, theta, alpha and beta bands, whereas in the two gamma
bands the alternatives attained somewhat better held-out likelihoods (median differences
—0.03 to —0.12), indicating that for these bands the pair-specific smooth fits do not im-
prove out-of-sample prediction. Because the region pairs share regions, the Wilcoxon tests
over pairs are descriptive. The remaining comparisons—the agreement with static AEC,
the correlation between the CL trajectory and fixed sliding windows of 10, 30 and 60 s, and
the boundary-correction ablation CE—are reported in the online supplementary material.

Table 3. Benchmark of CL against alternatives. Columns 2-5 report, for each band, the median
over 19,900 region pairs of the held-out negative log-likelihood difference NLL(other) — NLL(CL),
evaluated on a nested 30s block split, so positive values favour CL; “global” denotes CL with a
single bandwidth for all pairs. Column 6 reports the correlation between the time-averaged CL
estimate and static PEC, and column 7 the percentage of pairs for which the constant-correlation
model was selected.

Band global SW(w*) KLP static r(CL,PEC) % const.
Delta +0.0042 +0.0000 +0.0000 +0.0000 0.992 85.3
Theta +0.0028 +0.0000 +0.0000 +0.0000 0.978 79.7
Alpha +0.0029 +0.0001 +0.0000 +0.0000 0.994 81.2
Beta +0.0067 +0.0003 +0.0002 -0.0008 0.994 89.1
Slow gamma  +0.0644 -0.0328 -0.0331 -0.0360 0.990 86.1
Fast gamma  +0.2594 -0.1148 -0.1172 -0.1173 0.989 86.6
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4.4. Dynamic Network Organisation

Delta band - eigenvalue variance & Yeo-7 network connectivity

@ Visual @ Somatomotor @ Dorsal Attention @ Ventral Attention Limbic @ Frontoparietal @ Default

Variance of eigenvalues

Figure 7. Eigenvalue variance of the dynamic correlation matrices in the delta band, which equals
(r-1) 72(t), for CL (solid), the tuned sliding window (dashed) and the static PEC matrix (dotted).
Chord diagrams show the CL Yeo-7 network matrices at 10, 110, 210, 310, 410 and 510s; for display
only, links below the median of each matrix are hidden. Networks: Visual, Somatomotor (Som-
Mot), Dorsal Attention (DAN), Ventral Attention (VAN), Limbic, Frontoparietal (FPN) and Default
(DMN).
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Fast gamma band - eigenvalue variance & Yeo-7 network connectivity

@ Visual @ Somatomotor @ Dorsal Attention @ Ventral Attention Limbic Frontoparietal @ Default
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Variance of eigenvalues
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Figure 8. Eigenvalue variance of the dynamic correlation matrices in the fast gamma band, which
equals (p — 1) r2(t), for CL (solid), the tuned sliding window (dashed) and the static PEC matrix
(dotted). Chord diagrams show the CL Yeo-7 network matrices at 10, 110, 210, 310, 410 and 510's;
for display only, links below the median of each matrix are hidden. Networks: Visual, Somatomo-
tor (SomMot), Dorsal Attention (DAN), Ventral Attention (VAN), Limbic, Frontoparietal (FPN) and
Default (DMN).

Figures 7 and 8 show, for the delta and fast-gamma bands, the eigenvalue variance
of the CL correlation matrices over time. For a correlation matrix this equals (p — 1) r2(t)
and thus summarises the overall strength of coupling; the beta, alpha, theta and slow-
gamma bands are shown in Figures 54-57 of the online supplementary material. In the
delta band the eigenvalue variance ranged from 1.91 to 2.89, and in the fast-gamma band
from 29.60 to 52.33; for theta, alpha, beta and slow gamma the ranges were 2.46-3.75, 3.84—
4.89, 20.77-27.45 and 25.20-44.34. Overall coupling therefore increased from the slow to
the fast bands, and the temporal fluctuations were largest in the two gamma bands. Each
figure also shows the conventional counterparts. The CL trajectory fluctuates around the
static PEC value (time average 2.14 versus static 2.14 in delta and 49.35 versus 52.86 in fast
gamma), and its course over time agrees with that of the tuned sliding window (correla-
tion between the two trajectories 0.87 in delta and 0.61 in fast gamma; the sliding window
shows larger excursions). The overall coupling identified by CL is therefore consistent
with that of conventional approaches; the differences that are specific to CL concern the
pair-specific smoothing and the estimates at the edges of the recording, which are quanti-
fied in Section 4.3.
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The chord diagrams show the CL Yeo-7 network matrices at six time points. In
the delta band the strongest couplings involved the limbic network—with the default-
mode, ventral-attention and frontoparietal networks—and the weakest involved the vi-
sual network with the somatomotor and dorsal-attention networks, a pattern that was sta-
ble across the six time points. In the fast-gamma band the same hierarchy reappeared at
much higher coupling strengths and with larger temporal variation, whereas in the alpha
band the strongest couplings involved the somatomotor network and the visual network
showed the weakest coupling; Figure S5 of the online supplementary material shows the
slow-gamma band. Averaged over time, the CL network matrix agrees with the static PEC
network matrix (correlation over the 28 network pairs 0.86 to 1.00 across bands). The dif-
ferences between bands are therefore already present in static connectivity; what CL adds
is how these network patterns vary within the recording.

Periodicity Analysis To assess whether the observed temporal variations in func-
tional connectivity exhibited significant periodicity, we applied an autoregressive (AR)-
based global periodicity test to each network-pair connectivity time series. This procedure
was designed to account for the substantial temporal dependence expected in dynamic
functional connectivity [33,74-77]. For each frequency band and each pair of Yeo-7 func-
tional networks, the resulting connectivity time series was first centred and standardised.
An AR(p) model was then fitted to the standardised series y;,

P
ye=c+ Y dyio+e
=1

where the autoregressive order p was selected by minimising the Akaike information cri-
terion (AIC) over p = 1,...,20. The fitted autoregressive coefficients were subsequently
used to whiten both the observed connectivity series and the design matrices.

To test for periodic components over a prespecified range of connectivity fluctuation
frequencies, we considered a grid of 500 equally spaced frequencies within the interval
corresponding to periods of 5-300s, i.e. f € [1/300,1/5] Hz. For each candidate frequency
f, we compared a null model containing only an intercept with a harmonic model,

X1(f) = {1 cos(27tft) sin(ant)}, Xo=1

Let L € R"/7*T denote the whitening matrix, where 1, 7 is the effective number of obser-
vations after accounting for the AR model and T is the total number of time points. Hence,
the whitened response and design matrix are:

J=Ly e R, X (f) =LXy(f) e R™F"3, Xy =LXy e R"r

After AR whitening, the two nested models 7 ~ X;(f) and § ~ X, were fitted by least
squares and compared using the statistic

[RSSo(f) = RSS1(f)]/2

P = T RSS, () (e —3)

which, under the corresponding model assumptions, was evaluated against an F .3
distribution. The frequency providing the strongest evidence for a periodic component
was defined as far = arg min p(f), par = ming p(f), where p(f) is the p-value corre-
sponding to the F-statistic F(f). The corresponding dominant period was calculated as
Tag = 1/ ]?AR- Finally, the resulting par values were adjusted for multiple comparisons
across all frequency-band and network-pair combinations using the Benjamini-Hochberg

https://doi.org/10.3390/app1010000

944

945

946

947

948

949

950

951

952

953

954

955

956

957

958

959

960

961

962

963

964

965

966

967

968

969

970

971

972

973

974

975

976

977

978

979

980

981

982

983

984


https://doi.org/10.3390/app1010000

Version October 24, 2026 submitted to Appl. Sci.

30 of 37

false discovery rate (FDR) procedure, yielding gar values. Connectivity fluctuations were
considered statistically significant when gar < 0.005.

Kernel smoothing and AR whitening can make a smooth stationary series appear
periodic, so the nominal gar values are not directly interpretable. To calibrate the test, we
applied the same pipeline (CL at the bandwidths selected on the observed data, network
averaging, the AR test and the Benjamini-Hochberg adjustment over the 168 band-pair
combinations) to 19 stationary surrogates of the log-envelopes, generated by multivariate
phase randomisation, which preserves all auto- and cross-spectra and hence the static
correlations [78]. A band is taken to show evidence of periodic coupling only if its number
of significant network pairs exceeds that of the surrogates, and we report the Monte Carlo
p-value pye = (1+#{s : ns > ngps})/20. For comparison, the same test was also applied
to the network series of the tuned sliding window.

n (a) Periodic network pairs " (b) Dominant periods
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Figure 9. Periodicity analysis of the Yeo-7 network time series. An autoregressive (AR) global peri-
odicity test over periods of 5-300s is applied to each of the 168 frequency-band-network-pair time
series, and the resulting par values are adjusted by the Benjamini-Hochberg procedure over the
168 combinations; a network pair is declared significant when gar < 0.005. (a) Number of network
pairs (out of 28) with a significant periodic component in each frequency band, for CL and the tuned
sliding window (SW), together with the median and range over 19 stationary phase-randomised
surrogates, which preserve all auto- and cross-spectra and hence the static correlations and are used
to calibrate the test. (b) Dominant periods TAR of the significant CL network pairs.

The results are illustrated in Figure 9. For CL, 80 of the 168 band—pair combinations
showed a nominally significant periodic component (delta 11/28, theta 7/28, alpha 4/28,
beta 24/28, slow gamma 10/28 and fast gamma 24/28), compared with a median of 5-21
significant pairs per band (range 0-28) in the stationary surrogates and all 28 pairs in every
band for the tuned sliding window. The Monte Carlo p-values were pyic = 0.90 (delta),
1.00 (theta), 1.00 (alpha), 0.35 (beta), 0.90 (slow gamma) and 0.20 (fast gamma). In no band
did the number of periodic network pairs exceed that obtained from stationary surrogates.
The nominal periodicity of the network series is therefore explained by the smoothing and
the autocorrelation of the series, and we do not interpret the dominant periods.

5. Conclusion and Discussion

In this paper, we proposed a nonparametric correlation estimator via solving a cubic
equation (CE) to carry out the time-varying correlation analysis in MEG power envelope.
Furthermore, we also corrected the boundary effects by implementation of the local linear
regression (CL) method. The proposed estimator is nonparametric with respect to the
temporal evolution of the correlation, imposing no parametric form on p(-); it is, however,
derived from a conditional bivariate Gaussian working model with zero means and unit
variances, so the data must be centred and scaled before use, and its variance formulae rely
on normality (Remark 2). We not only provided the theoretical properties of the proposed

https://doi.org/10.3390/app1010000

985

986

987

988

989

990

991

992

993

994

995

996

997

998

999

1000

1001

1002

1003

1004

1005

1006

1007

1008

1009

1010

1011

1012

1013

1014


https://doi.org/10.3390/app1010000

Version October 24, 2026 submitted to Appl. Sci. 310f37

estimators (CE and CL), but also conducted extensive simulation studies to demonstrate s
their superior performance over the existing methods. Considering the trade-off between 106
MSE and computational cost, we recommend using the CL method for large-scale time- 1o
varying correlation analysis, as the CL method reduces computational cost relative to the 101
LL method, while simultaneously preserving a similar level of MSE. 1010

We applied the CL method to one subject’s real MEG scan from the Cam-CAN dataset. 1020
Following a series of preprocessing steps, including channel selection, band-pass filter- 1
ing, power-line noise removal, anatomical processing, boundary element modelling, and 10
computation of the forward solution, we obtained the source-space time series for the 1o
entire recording. These source estimates were subsequently parcellated according to the 10
Schaefer-200 cortical atlas to obtain regional time series for the 200 cortical ROIs. Before ex- 10
tracting the power envelopes, we applied source leakage correction following established 10
procedures in the literature. 1027

Once the power envelopes had been obtained, we applied CL to all 19,900 region 102
pairs in six frequency bands to construct dynamic correlation matrices, and compared 102
them with static and sliding-window correlations. Overall coupling was weakest in the 100
delta, theta and alpha bands and strongest in the beta and gamma bands, with the time- 10
averaged (p — 1) r2(t) rising from 2.14 (delta), 2.97 (theta) and 4.27 (alpha) to 26.34 (beta), 10
41.60 (slow gamma) and 49.35 (fast gamma). The Yeo-7 network summaries varied within 103
the recording in each band, and their strength increased from the slower to the faster 1
bands. These results show that the approach can be applied to whole-brain MEG data. 103
More broadly, the proposed framework offers a flexible nonparametric way of characteris- 1o
ing temporally evolving dependence structures, without imposing a restrictive parametric o7
form on the underlying correlation dynamics. 1038

From statistical properties to the MEG results. The MEG analysis served two pur- 1o
poses, which we kept separate: showing that the estimator can be applied to whole-brain 10
resting-state MEG (Section 4.4), and examining whether its statistical properties make a 1u
measurable difference relative to conventional approaches (Section 4.3 and the online sup- 104
plementary material). Each property maps onto a specific comparison. (i) Time-varying 1o
estimation. A smooth p(t) was compared with a constant correlation selected by the same 104
criterion: 79.7-89.1% of region pairs preferred a constant correlation, and among the re- s
maining pairs the smooth fit did not improve the held-out likelihood relative to the con- 1
stant model (median difference —0.0013 to —0.0228, Table 3); the estimated fluctuations 1o
exceeded those of stationary surrogates in the delta, theta, alpha and slow-gamma bands 10
(p = 0.01-0.03) but not in the beta and fast-gamma bands (p = 0.06-0.08; online supple- 1o
mentary material), and the periodicity of the network series did not exceed its surrogate 1o
calibration. (ii) Pair-specific bandwidths. The selected bandwidths ranged from 19.7 to 60s 105
(10th-90th percentiles) and differed between within- and between-network pairs only in 10
the beta band (Kruskal-Wallis p < 10~°); relative to a single bandwidth for all pairs, held- 105
out prediction improved in all six bands. (iii) Boundary correction. CL provides estimates 105
within the first and last 30s of the recording, where the sliding window must be trun- 1oss
cated; the price is a larger variance at the edges (Theorem 5, Remark 6 and the MEG-like 1056
simulation in the online supplementary material), so estimates near the edges should be 1057
read with this in mind. Where CL and the conventional approaches agree—for the time- 105
averaged connectivity and the overall course of coupling—the MEG results corroborate 105
known resting-state structure rather than reveal new phenomena; where they differ, the 10
comparisons above indicate which property of the estimator is responsible. Because only 16
one participant was analysed, none of these results is a population-level finding. 1062

Limitations The proposed methodology also has several limitations that should be ac- 1063
knowledged. First, the proposed framework is derived under a conditional bivariate Gaus- 16
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sian working model with zero conditional means and unit conditional variances. The zero- 106
mean and unit-variance conditions are required for identification and must be enforced by 106
standardisation; Gaussianity itself is used for the stated asymptotic variances and for the 106
uniform consistency argument, whereas pointwise consistency holds under the moment 106
conditions alone (Remark 2). Although a logarithmic transformation and local standardi- s
sation are applied before correlation estimation, we do not perform an additional formal 107
assessment of normality. In practical applications, we recommend that the distributional 10
assumptions be carefully assessed, and the normality of the transformed data be examined 107
where appropriate, before applying the proposed method. If the normality test fails on the 1073
transformed data, a further discussion on transformation for heavy tailed data should be 107
considered. We also acknowledge that the current theoretical analysis is developed un- 1o
der an ii.d. framework with unit marginal variances. These assumptions are primarily 1o
adopted to make the asymptotic analysis of the cubic estimating equation tractable and 107
to isolate the statistical properties of the proposed nonparametric correlation estimator. 1o
Some non-i.i.d cases were fully discussed in Zhang and Li [79], Li [80]. The theoretical 1o
results are based on an i.i.d. unit variance setting and do not fully account for temporal 100
dependence, bandwidth estimation, and multiple pairwise estimation effects, which we 10
leave as important extensions for future work. 1082

Second, because the proposed correlation estimator is constructed independently for 108
each pair of variables, the resulting correlation matrix is not guaranteed to be positive 1o
definite. Enforcing positive definiteness at the estimation stage would require the same 108
bandwidth to be used across all matrix entries. Although such a strategy could preserve 1o
the positive-definite structure of the estimated correlation matrix, it would introduce other 17
important drawbacks. In particular, the computational cost would increase substantially s
because the bandwidth would need to be jointly selected across all variable pairs, and 1
the resulting bandwidth could be dominated by the sparsest or most difficult-to-estimate 100
pairs [80]. We therefore adopt a compromise in which the correlations are estimated in- 1om
dependently for each pair, allowing the pairwise estimation problems to be readily par- 1o
allelised, and the resulting matrix is subsequently projected onto the nearest correlation 100
matrix. While this strategy provides a practical balance between computational efficiency 10
and matrix validity, the projection step inevitably introduces some distortion to the esti- 1005
mated pairwise correlations [73]. The extent to which this projection affects downstream 100
statistical inference and the preservation of the underlying dependence structure has not
been fully investigated in the present study and warrants further investigation. 1098

Third, the proposed nonparametric correlation estimator is based on a local smooth- 10
ing framework and may therefore become less stable when the sample size is small. This 1100
limitation is less consequential for high-frequency data, where numerous observations are 1
typically available, such as financial transaction data, MEG, and EEG recordings. 1102

Fourth, the bandwidth selection procedure employed in this study is based on cross- 1.
validation. Although we have introduced several computational optimisations to improve 1
its efficiency, bandwidth selection may still impose a considerable computational burden, 10
particularly for large-scale datasets involving numerous variable pairs or observations. 1106

Fifth, in terms of estimation accuracy, the CL method remains slightly less accurate 1.7
than the LL method in some settings. This represents a trade-off between computational 10
efficiency and statistical accuracy that should be considered when selecting an estimator 100
for a particular application. 1110

Finally, the proposed nonparametric correlation estimator was developed for con- un
tinuously distributed data. Its direct application to discrete-valued data is therefore not
currently supported and would require appropriate modifications to the estimation proce- 1us
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dure. This limitation is inherent to the current formulation of the estimator and represents 114
an important direction for future methodological development. 1115

Scope, Generalisability, and Future Directions In this study, we focused on time- 1
varying correlation analysis based on power envelopes, as this framework has been widely 117
used in neuroscience and provides a useful measure of functional interactions between s
brain regions. Nevertheless, the proposed nonparametric correlation estimation method 1o
is not restricted to power envelope connectivity and can, in principle, be extended to 1120
other forms of time-varying dependence analysis. For example, it could be applied to ux
time-varying measures of phase synchronisation, coherence, phase-locking value (PLV), u2
weighted phase-lag index (WPLI), imaginary coherence, and other measures of frequency- 1
specific functional connectivity [81]. It could also be adapted to time-varying amplitude- 12
envelope connectivity and cross-frequency coupling measures. Future work could inves- 11s
tigate these extensions to assess the general applicability and robustness of the proposed 1126
methodology across different representations of dynamic functional connectivity. 127

We used the variance of the eigenvalues as a summary measure because it provides 12
a compact characterisation of the overall connectivity strength of a time-varying correla- 12
tion matrix. Other graph-theoretic and matrix-based measures, such as mean connectivity 1
strength, mean clustering coefficient, average path length, network density, and global ef- 1
ficiency, could also be used to provide a more comprehensive characterisation of the tem- 1
poral evolution of functional connectivity. Owing to space limitations, we do not report 1
these additional analyses in detail here. They nevertheless provide natural extensions for 1
future analyses and could offer complementary perspectives on the temporal organisation s
of the estimated correlation matrices. 1136

The analysis of the time-varying correlation matrices across the six frequency bands s
revealed clear frequency-dependent differences in the overall connectivity structure. At 1
the same time, some similarities in connectivity patterns were also observed across differ- 1
ent frequency bands, suggesting that frequency-specific network organisation may coexist 140
with common features of large-scale functional architecture. These observations are con- 1
sistent with the view that functional brain networks exhibit both frequency-specific and 1.
frequency-general characteristics. However, the present analysis was based on MEG data 14
from a single participant, and the observed patterns should therefore not be interpreted 11
as representative of the general population. Analyses based on a substantially larger co- 1
hort will be required to assess the robustness, reproducibility, and generalisability of these 11
findings, as well as to determine whether the observed frequency-specific patterns are 1.
consistent across individuals. 1148

Finally, the MEG data analysed in this study were acquired during the resting state. 1us
An important direction for future research would therefore be to apply the proposed uso
methodology to task-based MEG or EEG recordings. Such analyses could provide an us
opportunity to investigate how functional connectivity between brain regions changes dy- us2
namically in response to different cognitive demands and whether the proposed nonpara- s
metric framework can capture task-related transitions in functional network organisation. s
Extending the methodology to task-evoked and other experimentally controlled settings s
would also provide a further test of its ability to characterise dynamic dependence struc- s
tures under different neural and behavioural conditions. 1157
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