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Abstract: The incubation period (/) for bird eggs varies among species and is used in establishing allometric
relationships. Research on variations in / shed light on the evolutionary mechanisms that gave rise to the
differentiation of embryonic development in distinct taxa of birds. Here, using a sampling of 444 images
from 444 avian species, 89 families and 30 orders, we calculated their major geometric dimensions: volume
(V) and surface area (S). An assessment of the relationship between / and the measured and calculated egg
parameters demonstrated the closest and most significant correlation (R = —0.760) between / and the S/V
ratio that was adopted as a conditional indicator and reflects the embryo’s metabolic rate. Approximation of
the values of these parameters made it possible to derive a power-law dependence for the prediction of /
depending on the S/V value of a particular egg (R? = 0.757). The prediction accuracy was higher (R* = 0.783)
if the eggs of the family Procellariiformes (petrels), whose / value is characterized by a longer time, were
removed from the general sampling computation. We conclude that the value of the S/ ratio can
characterize both the metabolism of an embryo and the conditional thermal conductivity of an egg, which

aids in ensuring the temperature regime of egg incubation.

Key words: Avian eggs, Incubation period, Allometric relationships, Egg surface area (S) and

volume (V), Metabolic rate, S-to-J ratio, Thermal conductivity



1. Introduction

The duration of egg incubation (usually denoted by the letter “/”) varies among birds and is a
reproductive trait unique to each species. It is also the topic of numerous studies establishing the
allometric relationships that can be derived from certain physical characteristics of eggs pertaining
to weight or size (Deeming et al., 2006; Atanasov, 2019). Although predicted (calculated) / values
can serve as a certain standard for any given species, these do not always correspond to ones
observed in nature. Indeed, comparing a species standard / value with an observed one in an
individual bird or population may help assess the impact, for example, of environmental factors that
may be compromising (or possibly even improving) reproductive performance. Interspecific
comparisons indicate that different species of birds that have comparable egg weight (W) and size
parameters such as volume (V) and/or surface area (S) can have quite different / values. Studies of
such 7 differences help provide insight into the evolutionary processes that led to the differentiation
of embryonic development in varying taxonomic groups. Doing this is not a straightforward task,
however, as the predictive equations for species standard / obtained by different authors (Rahn and
Ar, 1974; Ar and Rahn, 1978; Deeming et al., 2006) are usually based on W alone. In this regard,
the standard / values for eggs of similar ¥ should be consistent for all species. In practice, however,
this rule is not always observed, and the practical application of such formulae is thus extremely
problematic due to the significant errors that are introduced as a result. Without a doubt, / is also
essentially affected by the belonging of a bird to the group of different patterns of development,
altricial vs. precocial. In this respect, along with a single allometric dependence uniting both groups
of birds, researchers have proposed a few separate equations derived relative to these developmental

features (Rahn and Ar, 1974; Ar and Rahn, 1978; Deeming et al., 2006).



In addition to the difficulties in establishing a standard species-specific / value, there are a number
of limitations that hinder the practical application of establishing allometric dependencies. The main
issue here is the need for an accurate and timely measurement of #, which can be an extremely
difficult procedure to carry out in field studies while ensuring minimal disturbance to the hatching
process (e.g., Grant et al., 1982). Moreover, the egg is subject to weight reduction (so called
“shrinkage”) during incubation (Shomina et al., 2009; Narushin et al., 2024a; Chekh et al., 2025)
and thus the weight of a freshly laid egg is somewhat different, even the next day after laying. For
this reason, often the # value given by various authors does not always correspond to the # of a
freshly laid egg. Indeed, W is often calculated using approximate methods based on its volume (V),
which remains unchanged throughout the entire incubation period. In preliminary recent studies, we
used calculations based on ¥ to establish why some eggs are pyriform (Narushin et al., 2025) and
this served as a prerequisite for the current investigation where we considered possible calculation

errors in more detail (see subsection Prediction of /' Based on V below).

A second limitation in conducting reliable analyses pertaining to / and interspecific allometric
studies of bird eggs is the availability of samples; in this case, images of bird eggs to carry out the
required measurements. A third is that, according to the results of many studies (e.g., Petersen,
1992; Barta and Székely, 1997; Monus and Barta, 2005; Duursma et al., 2018; Hays et al., 2020;
Liu et al., 2023), intraspecific variability of the geometric parameters of avian eggs is not large, but

1t does exist and needs to be taken into account.

With the above caveats for practical purposes, the variation in / within one species can be
considered negligible unless external factors change it. In other words, / will not vary between
individuals of the same species, when incubated in the same environment. For this reason, to predict

I through mathematical calculation a standard reference characteristic of a given bird species is



essential if allometric relationships are to be generated accurately. Research in this direction has
been carried out for decades but, thus far, only for domestic species. For example, Romanoff and
Romanoff (1949) reported the standard parameters of chicken eggs; however, such studies for the

diversity of wild bird species existing in nature are yet to be established.

1.1. Prediction of W based on V'

In principle, a possible approach is to determine the volume of an egg and then convert it into
weight using the same allometric relationships. A group of researchers led by Hermann Rahn (as
reviewed by Pappenheimer, 1996) published a number of results based on several studies aimed at
the development of allometric relationships that mathematically describe the relationships between
various parameters of bird eggs. Unfortunately, some fairly popular equations were not taken into
account. For example, we (Narushin et al., 2025) recently examined the relationship between eggs
laid by birds of the Alcidae family (auks, guillemots, puffins and related species), their /¥ and their
metabolic status expressed by the ratio of their surface area (S) to V' (i.e., S/V). In this study, we
faced the need to recalculate the value of W depending on V. Despite the apparent simplicity of such
a recalculation (because for this, it would be enough to have at our disposal only the corresponding
dependence for egg density, D), such a functional relationship has not been described. Paganelli et
al. (1974), however, demonstrated several mathematical formulae that could be transformed into the
needed relationship between W and V. For instance, these authors presented two relationships for

calculating S:

S =4.835W%%% (1)
and
S =4.9511%%, ()



By equating Eqns1 and 2, we can obtain the following relationship to describe egg weight:

W =1.036)" (3)

where W is measured in g and ¥ in cm?.

In addition to Eqns 1 and 2, Paganelli et al. (1974) also presented a formula for calculating D:

D =1.038W%% 4)

where D is measured in g/cm® and W in g.

Multiplying Eqn4 by V and equating it to ¥, we obtain:

W =1.038)10 ®)

Some disagreement between Eqns 3 and 5 forced us to carry out another test using the following

formulae from Paganelli et al. (1974) for the weight (W) and volume (V5) of the shell:

W =0.04820"" (6)

V. =0.0248%""" (7)

where V; is measured in cm?, and W, and Win g.

In our previous work (Narushin et al., 2023a), we showed a theoretical relationship between W and

other egg parameters:



W=W. +(V-V.)D,, ®)

where D; is the density of the egg contents (in g/cm?).

Based on their own and others’ data, Rahn and Paganelli (1989) provided D; values for the eggs of
both domestic and wild avian species. The authors suggested employing the value 1.031 for D; as a
significant constant because the average value of this indicator, which ranged from 1.027 to 1.038
g/cm’, was the same for subgroups of domestic and wild species. Substituting this value, along with

Eqns 6 and 7 into Eqn8, we can rewrite it in the following form:

V =0.97W —0.04675W""** +0.0248W "% . 9)

Substituting W values from 0.5 to 1000 g, approximately corresponding to the entire range of eggs
existing in nature, into Eqn8, calculating /" and approximating the obtained data with the function W

= f(V), we obtained the following equation:

W =1.0448V"7 (10)

Thus, based on the results of Rahn and colleagues, three different approaches led to three different
outcomes (Eqns 3, 5 and 10). Some of these were quite close to one another, some were not;
however, it was not possible to obtain a single calculated relationship, perhaps because of
discrepancies associated with the approximate values of the initial data. For instance, the authors
took the entire array of initial data from the Schonwetter oological reference book (1960-1992) and,
according to Maurer et al. (2010), a number of inaccuracies and assumptions were made in its

compilation. It should also be noted that, in similar studies, Worth (1940) expressed the feasibility,
7



and demonstrated the effectiveness, of using V" for a mathematical prediction of /. It is achievable
that, for most studies, any of the obtained relationships (Eqns 3, 5, and 10) may be sufficient to
produce relatively accurate data on egg mass from its volume. With the above theoretical overview,
we merely wanted to demonstrate the feasibility and research validity of using 7 as a fundamental
and more adequate parameter in deriving and evaluating allometric relationships for calculating

various parameters (both physical and biological) of bird eggs.

Considering the above, we hypothesized that using V" values when obtaining allometric and/or other
empirical dependencies instead of  values might be more expedient. Such advantages are that: (i)
¥V, in contrast to W, does not change over time due to shrinkage; (ii) the value of V is quite simple to
calculate, having images of eggs with their geometric dimensions linked to actual metric units; (iii)
the use of V" will allow us to move away from the indices of the egg’s structural components (e.g.,
shell thickness, shell density and/or weight of the contents), all these factors that may cause errors

in calculations.

Another approach to increasing the accuracy of I value prediction is to make use of other egg
parameters. In our previous work (Narushin et al., 2025), we suggested that, in addition to W, S/V
can directly affect I and that the S/V value can indirectly characterize the metabolic level of the
developing embryo. For more suitable use of this indicator and in order to make it universal for
eggs of any size and geometric shape nuances, we developed a mathematical index that we named
the egg metabolic rate (EMR; Narushin et al., 2024b, 2025). This hypothesis was tested on eggs of

the Alcidae family birds, as a result of which, its adequacy was confirmed.



Taking into account the above premise and assumptions, and using V" and egg images, the goal of
the present study was to explore, and expand as much as possible, the relationship between 7 and

various geometric and physical parameters of the entire diversity of bird eggs existing in nature.

2. Materials and methods

2.1.  Study species

One of the most suitable resources for working with images of bird eggs is the digitized collection
of the Natural History Museum of Wiesbaden, Germany (Wikimedia Commons, 2014a). The
collection includes a total of 615 images, each of which is equipped with a metric scale, allowing
for accurate geometric measurements. Since, among the presented images, a number of them belong
to the same species, and some were not linked to real metric sizes, as a result, we selected 442 eggs
plus photographs of the eggs of the common ostrich (Struthio camelus) and antillean crested
hummingbird (Orthorhyncus cristatus) from the collection of the Muséum de Toulouse, France
(Wikimedia Commons, 2019) to represent upper and lower extremes of size. As a result, we had at
our disposal the geometric parameters of 444 eggs belonging to 444 avian species, 89 families and
30 orders, respectively representing approximately 4%, 36% and 73% of the entire biodiversity of

species, families and orders worldwide.

2.2. Eggimage analyses and traits measured and calculated

Each egg image selected for subsequent analysis was analysed as follows: Measurements of
geometric parameters were carried out in pixels using the Microsoft Office Picture Manager
program. We measured the breadth (B) and length (L) of the egg, the diameter of the egg (D)) at the

point corresponding to the L/4 distance from the pointed end, as well as the distance (w) by which



10
the B axis is shifted from the centre of the egg corresponding to the point L/2 (Narushin et al., 2021,
2023b). Using the ruler with metric units presented next to the image, we made the appropriate

conversion of pixels to centimetres for all measured geometric parameters.

A schematic representation of the measured geometric parameters using the example of an image of

a song thrush (Turdus philomelos) egg is shown in Fig. 1.
(Position of Fig. 1)

For each egg, its ¥ (in cm?), S (in cm?), their ratio, S/V (in cm?*/cm?), and EMR (in %) were

calculated. The following corresponding formula from Narushin et al. (2024b, 2025) were used:

2
D D
V= 8.917-29.998— j 2o | 4] 2.459+88.647Y | =2 —36.26 2 +12.453 |LB> (11)
128 B L) B L

D, w D,
S= ﬁBL[O389+0188——0063 +0365?+01147_0168_Z +0.462. ?+048

DT] (12)

hl%

w D,
0362+0175——0059 Y1034 ”+0106— B 0. 156— —+0428— “ry045™.
EMR = L B L L B L

D,Y w\D B
0.716— 2409 +10.197+7.119% |72 —2914% 1|2
B L)B L L

D, B
2.2 (13
B L.loo( )

Data on / values were obtained from open ornithological resources available on the Internet
elsewhere (e.g., Avibase, 2003; Celebrate Urban Birds, 2016; Animal Diversity Web, Project
FeederWatch, 2021; eBird, 2023; Bird Academy, 2024; Birds of the World, 2024; Great Backyard
Bird Count, 2024; Macaulay Library, 2024; NestWatch, 2024). Unfortunately, there is no single
methodological approach to determining the incubation time (Nice, 1954). In addition, the value of

1 is directly dependent on weather conditions. Therefore, the above reference databases provide a

10
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range of parameters from their minimum to maximum values. In this regard, for our further

calculations we used average values of /.

2.3.  Statistical analyses

The strength of the relationship between the parameters was assessed using the value of the Pearson
correlation coefficient R, with confirmation of their significance at the level of p < 0.05. The
experimental data were approximated by regression equations using the ‘Non-linear estimation’
subfunction in STATISTICA 5.5 program (StatSoft, Inc./TIBCO, Palo Alto, CA, USA) The validity
of the obtained regression models was estimated using the coefficient of determination (R?), with

confirmation of their significance at the level of p < 0.05.

3. Results

Correlation analysis of the obtained data demonstrated the following results: The highest value of R
=—-0.760 (p < 0.05) was observed between the / value and the S/V ratio. A negative correlation
confirmed our hypothesis that an increase in S/V, which indirectly indicates an increase in the level
of embryonic metabolism, would lead to a decrease in incubation time. At the same time, the values
of V'and S, included in this ratio, showed a slightly lower and, quite logically, positive correlation
with the duration of incubation: R = 0.585 (p < 0.05) for V, and R = 0.728 (p < 0.05) for S,

respectively. Visualization of the marked correlation dependencies is presented in Fig. 2.

(Position of Fig. 2)

The dependencies presented in Fig. 2 were approximated by power equations:

11
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S -0.635
1:32.638(;j , (14)

with R* = 0.757 (p < 0.05);

1=11.839y%" (15)

with R? =0.755 (p < 0.05);

1=7.1538%9, (16)

with R2 = 0.755 (p < 0.05).
In Eqns 14 to 16, the value of I is expressed in days, ¥ in cm®, and S in cm?.

Despite the sufficiently similar coefficients of determination in all three approximated equations
(Eqns 14 to 16), data visualization indicated a more uniform distribution along the S/V axis (Fig. 2a)
than in the case of using the values of individual components, V' (Fig. 2b) or S (Fig. 2¢). This fact
suggested that S/V was a more accurate and, therefore, appropriate parameter for predicting the

value of 1.

Despite the uniform distribution of S/V values obtained as a result of our calculations along the
trend line expressed by Eqnl4, such uniformity was violated by a number of data points that did not
fit into the general array and were located slightly above the trend line. Analysis of these data that
did not fit into the general outline made it possible to identify their belonging to the order
Procellariiformes (albatrosses, petrels etc.). Visually, the selection of data for Procellariiformes will
look as shown in Fig. 3.

12
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(Position of Fig. 3)

The dependence between the incubation period of Procellariiformes eggs and the S/V ratio (Eqn14)

was defined as follows:

S -0.319
Ip:55.821(;j : (17)

with R? = 0.796 (p < 0.05).
In Eqnl7, I, is the incubation period of Procellariiformes eggs in days.

We also recalculated the value of / for the entire array of bird eggs available to us, excluding those
from the order Procellariiformes. As a result, Eqn14 was slightly modified and was expressed as

follows:

S —0.627
1=32.154(;j : (18)

with R? = 0.783 (p < 0.05).

Relationship of the EMR magnitude, which value corresponds to the percentage of the actual S/V
value in the structure of its maximum possible value for a given egg, relative to the incubation

period (/) is shown in Fig. 4.

(Position of Fig. 4)

13
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The correlation between / and EMR demonstrated an extremely weak and insignificant relationship

(R=0.112).

In their work, Deeming et al. (2006) examined a number of scientific premises to refine the possible
allometric prediction of incubation time. In their opinion, the bird taxon has a special influence on
the / value. In this respect, they presented graphical dependences of / on ¥ in various avian

families. We used a similar approach when assessing the influence of the EMR value on the value of
1, which implied dividing the parameters of interest into certain intervals and analysing each of

them accordingly.

Considering that the intraspecific structure of eggs practically does not differ depending on the
species of birds, we evaluated the possibility of a more accurate prediction of / when distributing
eggs into groups according to different / values. Thus, all eggs involved in our studies were
conditionally divided into the following categories: (1) / < 20 days, (2) /=20 ... 40 days, and (3) />
40 days of incubation. Analysis of these subgroups demonstrated the results presented in Figs. 5 and

6.

Previously, we also demonstrated (Narushin et al., 2025) that the best prediction of incubation time
was noted when using two parameters, i.e., W and the value of egg’s EMR. Since the W was
obtained by recalculation using Eqn5 from the V' value, we carried out a similar recalculation of the
results of our measurements for the entire variety of bird eggs in order to obtain the mathematical
relationship /= f{V,EMR). The result of this approximation was expressed by the following

dependence:

14
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VO.214
1=200.863——— (19)

MRO.664 ?

with B2 =0.707 (p < 0.05),

where / is measured in days, ¥ in cm?, and EMR in %.

4. Discussion

Previously, Atanasov (2012) demonstrated a close relationship (with R* = 0.931) of the inversed V/S
ratio with the lifespan of many organisms (unicellular organisms, poikilotherms, mammals, and
birds). Similar studies conducted by him as a result of the analysis of published data on eggs of
various avian species, Atanasov (2019) found a similar relationship between V/S and the duration of
egg incubation. However, the correlation coefficient, in this case, was much lower (R = 0.561) than
in his previous studies for other living organisms (2012). Also, the R value in the Atanasov (2019)
studies was lower than in our studies here for S/V. It is possible that the reason for a lower accuracy
lies in the insufficiently accurate method for calculating the values of V" and S, the data of which
were taken by Atanasov (2019) from the work of Hoyt (1976) and/or due to the limited

experimental sampling that consisted of 28 eggs.

The phenomenon of extended incubation period in Procellariiformes has been studied by many
authors (e.g., Wilbur, 1969; Ricklefs and Rahn, 1979; Boersma, 1982; Rahn and Huntington, 1988;
Minguez, 1998; Borg and Sultana, 2010). Incubation temperature, egg-nest water vapor pressure
differences, relative yolk weight, oxygen uptake, and behavioural factors were discussed as possible
reasons. For example, nesting in predator-free places contributes to the safety of eggs, allowing

parents to leave the nest for a longer time, thereby increasing /.

15
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Regardless of the possible reasons, if we consider the eggs of Procellariiformes birds separately
(Fig. 3), the pattern of changes in the timing of their incubation was the same as for the eggs of all
other species. That is, an increase in the level of egg metabolism expressed by the S/V ratio led to a
decrease in their incubation time. The only thing was that this dependence had a slightly different

mathematical expression that distinguished it from the equation for the entire array of bird eggs

(Eqn14).

In our previous studies (Narushin et al., 2025) conducted on eggs of the Alcidae family, we
demonstrated that a methodologically more adequate criterion for assessing the level of metabolism
can be not so much the S/V ratio, but its derivative, EMR. The EMR value corresponds to the
percentage of the actual S/V value in the structure of its maximum possible value for a given egg
under study. However, analysis of this parameter (EMR) for the entire avian egg data set did not
demonstrate the same predictive potential that we obtained from our analysis of Alcidae eggs (Fig.
4). The weak relationship and the fact that, if anything, a rise in EMR had a slight tendency to
increase, and not to decrease, the incubation time / (as was noted in Alcidae by Narushin et al.,

2025) prompted us to carry out a more thorough investigation of EMR and 1.

The resultant trend lines (Fig. 5) suggested that the trend of the relationship between 7 and EMR
depended on groups of eggs with different / values. Of the / values we identified, an increase in
EMR led to a slight decline in 7 only for a group of eggs whose / ranged from 20 to 40 days. It was
to this period that the eggs of the Alcidae family belong, which explained and confirmed our
previously obtained results (Narushin et al., 2025). For eggs with a period of embryonic
development of up to 20 days, the EMR value was stable and did not have any effect on /. On the
other hand, for the group of eggs whose incubation time exceeds 40 days, an inverse relationship

was observed, according to which an increase in EMR led to a longer incubation time.

16
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(Position of Fig. 5)

Thus, a more preferable factor for predicting the value of 7 and an indirect indicator of the metabolic
level was the S/V ratio, with the nature of its change being not affected by the duration of the egg

incubation (Fig. 6).

(Position of Fig. 6)

Analysis of the multiparameter equation (19), which uses V and EMR values to predict the
incubation time, showed that the interaction of these two parameters did not lead to an increase in

the accuracy of the prediction of the / value in comparison with the use of the S/V ratio (Eqn14).

The objective of this study was to establish interspecific patterns in incubation time and predict
them based on other egg parameters. The sample size used is sufficient to identify and describe
large-scale interspecific patterns, although it does not allow for the assessment of intraspecific
variability or conclusions about the variability of / within each individual species. In this regard, the
lack of repeated measurements within each species limits intraspecific conclusions, although it does
not make it impossible to analyze interspecific patterns. Therefore, intraspecific analysis of the
relationship between 7 and the S/V ratio could be the focus of further, more extensive research in

this area.

5. Conclusions

17
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As an output of this computational investigation, we can categorically state that / of bird eggs is
directly influenced by the S/V value. This ratio can have a direct impact on the incubation
temperature due to a direct effect on thermal conductivity (e.g., Planinsi¢ and Vollmer, 2008). If we
accept the validity of the statement that this ratio is an indirect indicator of metabolism (e.g., Cohen
et al., 1999; Cragg, 2016; Harris and Theriot, 2018; Lewis, 2023), we may conclude that the S/
value also affects the physiological characteristics of the developing embryo. Namely, these two
factors named in the comprehensive paper by Martin et al. (2018) as ‘intrinsic (physiological) and

extrinsic (e.g., temperature)’ are fundamental causes of the difference in / among species.
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Figure captions

Fig. 1. Schematic representation of the measured geometric parameters using the example of the
song thrush egg image (Turdus philomelos; CC-BY-SA-3.0; Wikimedia Commons, 2014b).
Fig. 2. Graphical visualization of the correlations between the incubation period (/) and the S/V
ratio (a), egg volume, V' (b), and its surface area, S (c).

Fig. 3. Graphical visualization of the correlations between the incubation period (/) and the S/V
ratio, highlighting data for species from the order Procellariiformes (pink dots and trend line).
Fig. 4. Graphical visualization of the correlations between the incubation period (/) and the egg
metabolic rate (EMR) value.

Fig. 5. Graphical visualization of correlations between different incubation period (/) and EMR
values.

Fig. 6. Graphical visualization of correlations between various incubation periods (/) and the S/V

ratio.
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