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Same Coeffect, Different Base:
Connecting Two Dominant Approaches to Graded Types

VILEM LIEPELT, University of Kent, UK
DANIELLE MARSHALL, Royal Holloway, University of London, UK
DOMINIC ORCHARD, University of Kent, UK and University of Cambridge, UK

Graded types provide a way to augment a type system with fine-grained information, e.g., to track side effects
or context dependence and resource use (called coeffects). Graded types for coeffects have found their way
into languages such as Haskell, Idris, and Granule, enabling resourceful reasoning via coeffect analysis with
varying levels of generality. Two separate lineages of graded coeffect system have emerged in the last decade:
those in which coeffect annotations are pervasive, requiring annotations on function types (which we call
graded-base) and those in which coeffects are added by way of a graded modal type operator atop linear types
(which we call linear-base). The latter has its origins in Girard’s Linear Logic which has been a rich humus
for programming language research focused on resources, whereas the graded-base approach emerged in
the mid-2010s, seeing rapid adoption in programming language theory and practice, e.g. in QT T and Linear
Haskell. The relationship between these two styles has however remained an open question. We answer this
question by giving translations between pairs of calculi of both lineages that we prove type-, grade- and
operational-semantics preserving. We show that the same notions of context dependence can be expressed
in either style, building a bridge between the two lineages that enables transfer of results and ideas, while
helping language designers to make better informed choices.

CCS Concepts: » Theory of computation — Linear logic; Modal and temporal logics; Program specifica-
tions; Program verification; Functional constructs; Type theory.
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1 Introduction

The behaviour of useful programs often depends on execution context—whether through low-
level factors like hardware capabilities (e.g., the available I/O devices) or higher-level properties
like information flow security. Recent work has explored tracking such coeffects via the type
system [Brunel et al. 2014; Ghica and Smith 2014; Petricek et al. 2014, 2013], providing an analysis
of context dependence, reified into the type system as an intrinsic part of the language’s meaning.

There exist in the literature two parallel threads on coeffect types systems: those which build
atop Linear Logic via the linear A-calculus, which we call linear-base systems, and those which build
atop the simply-typed A-calculus or System F but with pervasive annotations on all assumptions
and function arrows, which we refer to as graded-base systems (for reasons which will become clear
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later). How these two approaches precisely relate is a long-standing open question that this paper
answers, giving type system and language designers a map of the graded type system landscape.

Generalising linearity to graded modal types. Girard [1987] introduced Linear Logic, seeking more
fine-grained control over the structural rules implicitly present in classical and intuitionistic logic.
The relevance to computer science in particular was very much at the forefront of the motivations
for Girard [1987]: “One of the main outputs of Linear Logic seems to be in computer science”.

The more conscious use of structural properties in Linear Logic allows for reasoning about the
cost of computations and other properties, which are referred to under the umbrella term resources.
As predicted by Girard himself, Linear Logic has become the mother to a profusion of type systems
for reasoning about various notions of resource [Walker 2005]. Examples in the literature include
access to hardware devices [Petricek et al. 2013], timing [Ghica and Smith 2014] and differential
privacy [Gaboardi et al. 2013]. These developments stand on the shoulders of a refinement of Linear
Logic, in the form of Bounded Linear Logic (BLL), due to Girard et al. [1992] in the early 1990s.
While Linear Logic delineates the world into ‘use strictly once’ (A) and ‘arbitrary usage’ (!A), i.e.
zero or more times, BLL indexes the of course modality with a polynomial bound, where !,A is
usable up to n times. For example, the following type describes some higher-order function which
takes a function and composes it with itself, thus using it twice: [2(A — A) — (A —o A).

A significant evolution came in 2014, when Brunel et al. [2014] and Ghica and Smith [2014]
independently generalised the natural number indices in BLL to elements of a semiring R to capture
more properties than just variable (re)use, including privacy levels and hardware schedules. This
development then allowed other strands of research on coeffects (general context analysis) to be
expressible in this linear-logic-derived setting.

The generalisation of BLL gave rise to a more general paradigm of graded modal types. Gaboardi
et al. [2016] considered a calculus with a semiring-graded modality 00, A for coeffects alongside a
monoid-graded modality for effects ¢ rA, modelled respectively by graded comonads and graded
monads. Orchard et al. [2019] crystallised the idea of graded modal types as one in which “graded
modal types carry information about semantic structure” where the algebraic structure of the
indices reflects underlying program structure. Others have followed a similar approach [Hughes
and Orchard 2020; Hughes et al. 2020; Wood and Atkey 2020, 2022]. In all these systems, Linear
Logic has been at the core. We thus refer to these as linear-base systems.

Coeffect systems with pervasive grading and without inherent linearity. In parallel, Petricek et al.
[2014, 2013] dualised type-and-effect systems to coeffect systems, capturing how programs depend
on their context. Their approach built on top of the simply-typed rather than the linear A-calculus.
Every assumption has an associated coeffect (grade) and function arrows must also be annotated
with a coeffect describing how the parameter is used. In the case of the ‘apply twice’ higher-

order function, the analogous coeffect type is (A BN A) EA (A BN A). If the parameter function is

generalised from coeffect 1 to some arbitrary use r, then the type would be (A 5 A) X (A = A).

Coeffect systems were noted by Brunel et al. [2014] to relate to a generalised BLL system. Since
then, many other graded systems have taken a similar approach with no base notion of linearity,
but where every assumption has a grade and function arrows are annotated, e.g., Linear Haskell
(GHC/Haskell with the LinearTypes extension) [Bernardy et al. 2018], the general system of Abel
and Bernardy [2020], Quantitative Type Theory, first due to McBride [2016] then refined by Atkey
[2018] and used as the basis for Idris 2 [Brady 2021a], the GRAD calculus of Choudhury et al. [2021],
Graded Modal Type Theory [Moon et al. 2021], and various others [Abel et al. 2023; Hughes and
Orchard 2024; Liepelt et al. 2026b]. This style has even been adapted to an imperative setting in the
coeffectful Multi-Graded Featherweight Java [Bianchini et al. 2023a, 2022]. A similar type system
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Linear Base _ Graded Base
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Fig. 1. Relationship between graded calculi studied in this paper. For each calculus, a selection of representative
papers and programming systems is given (that typically also extend the given calculus with orthogonal
features, such as dependent types, which are not relevant to this paper). A dashed arrow denotes a subset
relationship. A solid arrow denotes a semantics-preserving translation which we define in the present paper.
A crossed-out arrow with a dotted shaft refers to a translation that is not possible.

structuring arose in a separate thread of work from Wright and Baker-Finch [1993] whose lineage
has been recently been traced and summarised [Wright 2026]. In these approaches, grading is
pervasive and there is no inherent notion of linearity as in Linear Logic (although linearity can be
achieved as an emergent phenomenon). We refer to these as graded-base systems.

So what is the relationship? Are graded coeffects with a linear basis equally expressive as those
without an inherent notion of linearity? This is the open question that has become ever more
glaring as these works have developed. We seek a more clear understanding of their relationship
and relative expressivity in order to inform future developments and choices.

Contributions and roadmap. Our aim is to elucidate the connection between the two distinct
strands of coeffect reasoning that have emerged in the literature and in programming language
implementations, which we call linear-base vs. graded-base systems. We show that, depending on
the substrate, both systems can be given mutual translations to each other in a sound way.

Figure 1 gives an overview of these two strands, instantiated as several concrete calculi with
differing features which we summarise here with relevant section numbers:

Linear-base systems are shown on the left. Here Linear Base (2.1) represents a linear A-calculus
extended with graded modal necessity 0,A, corresponding to a generalised of course modality.
Linear Core (5.1) augments this with products and sums (multiplicative conjunction and additive
disjunction). Linear Push Core (5.5) further adds constructs for allowing distributivity of graded
modalities over products and sums, thereby losing the correspondence to Linear Logic, as shown
by Hughes et al. [2021]. This system can model the interaction between grades and products/sums
in Granule as presented by Orchard et al. [2019].

On the right then we have graded-base systems, for all of which Graded Base (2.2) is the
underlying calculus, corresponding to pervasively-graded simply-typed A-calculus in the style
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of Petricek et al. [2014], Ghica and Smith [2014], and Linear Haskell as presented by Bernardy
et al. [2018]. Graded Poly Base (4.1) augments this with System-F-style type abstraction as in
the work of Abel and Bernardy [2020], presenting a substrate modelling more closely the actual
implementation of Linear Haskell, as well as Idris 2 (where the dependent types have no interaction
with grades) [Brady 2021a] and also Granule with the GradedBase language extension [Hughes
and Orchard 2024]. Graded Modal Base (3.1) instead augments Graded Base by adding a graded
modal necessity akin to the one in Linear Base. Graded Modal Core (5.2) augments the latter
system with products and sums and thereby captures the interaction between grades and algebraic
datatypes available e.g. in Granule with the GradedBase extension, and Linear Haskell and Idris 2
(where a modal operator can be encoded via an algebraic datatype).
The paper is then structured as follows:

e Section 2 introduces Linear Base and Graded Base. Section 2.3 introduces syntax for transla-
tion, gives a translation from Graded Base to Linear Base (2.3.1) with soundness results,
and then the converse from Linear Base to Graded Base via a CPS-like translation (2.3.2).

e Section 3 extends Graded Base to Graded Modal Base (3.1), gives a translation from Linear
Base to Graded Modal Base (3.2.1) with soundness results, gives a translation from
Graded Modal Base to Linear Base (3.2.3) with soundness results, investigates the nature
of the relationship between both translations (3.2.4), and gives a possible generalisation of
elimination for the graded modality that appears in the literature, along with tradeoffs (3.3).

e Section 4 gives an alternative strategy for adding a graded modality to Graded Base, via an
encoding inspired by Linear Haskell, extends Graded Base to Graded Poly Base (4.1), and
gives a translation from Linear Base to Graded Poly Base (4.1.1) with soundness results.

e Section 5 adds product and sum types, allowing us to study the interaction of coeffects with
data structures. It extends Linear Base to Linear Core (5.1), extends Graded Modal Base
to Graded Modal Core (5.2), gives a translation from Linear Core to Graded Modal
Core (5.3) with soundness results, shows there is no sound translation from Graded
Modal Core to Linear Core (5.4), extends Linear Core to Linear Push Core (5.5), and gives
a translation from Graded Modal Core to Linear Push Core with soundness results.

o Section 6 asks: is one approach better than the other? (6.1), gives some simple example programs
in languages that implement features from the two lineages studied (6.2, considers some
related ideas (6.3-6.6), and concludes (6.7).

2 The Two Calculi: Linear and Graded Base

We present in turn two representative calculi for the two dominant styles of graded coeffects: Linear
Base (Section 2.1) and Graded Base (Section 2.2).

2.1 Linear Base

As discussed in the introduction, linear-base systems take linear A-calculus as their core. Such
systems include the core quantitative coeffect calculus of Brunel et al. [2014], the combined graded
system for effects and coeffects of Gaboardi et al. [2016], AR of Wood and Atkey [2020], the core of
Granule by Orchard et al. [2019], and associated work [Hughes et al. 2020].

The term syntax of our idealised system, Linear Base, is as follows:

tu=x|tit | Ax.t| [t] |let[x] =t inty (terms)

Terms comprise variables, applications, and abstraction as standard. Graded modal introduction
(formally promotion, informally boxing) is via [¢], which for now we can think of as wrapping
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a term in a constructor. Graded modal elimination eliminates this constructor via a let binding,
unwrapping the boxed value, which we refer to as unboxing.

Linear Base types include a linear function space, a graded modality which can be understood as
generalising Linear Logic’s exponential modality !, and a base type K so that types are well-founded:

A:=A—-oB|O0A|K (types)

Here r is drawn from a pre-ordered semiring (R, -, 1, +, 0, E) (where addition + and multiplication -
must be monotonic wrt. to C) parameterising the calculus.

An intuition for 0O, A is that it describes some capability r with which terms of type A contained
inside can be used. For example, for the natural numbers semiring N then 0,A denotes two copies
of an A, or in essence that its contents can be used twice.

Typing judgments are of the form I' +-, t : A, relating a context I', term ¢, and type A. Contexts
comprise linear assumptions x : A and graded assumptions x : [A], with grade r € R, of the form:

Fa=0|T,x:A|T,x:[A], (contexts)
Contexts can be added if they are disjoint in their linear assumptions and using semiring addition

to combine grades of any graded assumptions shared between two contexts:

Definition 2.1 (Context addition). For contexts I', I';, then I'y + I}, is a partial operation computing
the combined context providing contraction on graded assumptions. Context addition is specified:

F+0=T (I, x:[A]l,)+ (I, x: [Aly) = (T1+ 1), x: [A] s
0+T =T (T, x: [A])+L = (I + 1), x: [A], if x ¢ dom(I3)
TL,x:A+L =M +1),x: A if x ¢ dom(I})
That is, we union the disjoint parts of the contexts, and for the non-disjoint parts of the contexts we
merge with semiring addition. If the two contexts share linear assumptions or if the two contexts

share graded assumptions that do not agree on the type, then the addition is undefined (in practical
terms, this amounts to a linearity error). Contexts are unordered, i.e., exchange is permitted.

We define two predicates for denoting contexts containing only graded assumptions and those
containing graded assumptions all with the same grade:

Definition 2.2 (Graded contexts). A context I' has property graded(T') if it contains only graded
assumptions, and graded(T, r) if it contains only graded assumptions which are of grade r. These
predicates are defined inductively:

graded(T") graded(T’, r)
graded(0) graded((T,x: [A],)) graded(0,r)  graded((T,x: [A],), 1)

Lastly, contexts which contain only graded assumptions can be scaled by a grade:

Definition 2.3 (Scalar multiplication). A context I' where graded(T') can be scaled r-T', defined:
rg=0 r(I,x: [A]ly) £ (rT’),x: [A],s

Figure 2 defines typing rules. The variable (var,) and abstraction (ABs|) rules are standard
for the linear A-calculus. The application (app,) rule is close to that of the A-calculus, but the
separate contexts of the premises are added in the conclusion. Weakening (WeAK| ) allows unused
assumptions to be added, as long as they are graded at the zero of the semiring. Dereliction (DER|)
treats a linear assumption as a graded assumption at the one element of the semiring, which
connects the linear and non-linear worlds. Promotion (pRr.) introduces grading to terms, making use
of scalar context multiplication to propagate the resource requirements to the assumptions. The let
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Typing rules

ILx:Ar t:B Ht1:A—oB Ik th:A
—————— VAR_ ABS| APP|
x:Ak x: A M+, Ax.t:A—B L+t 8 B
T t: A graded(I’,0) Ix:Ar t:B Tr t: A graded(T)
WEAK| DER_ PR
LIk t: A T,x:[A]l; . t:B rTr [t]:0A

It :0A  Toyx: Al t: B T,x:[B],+,t:A rCs

- LET| APPROX|
N+ k let[x] =tink: B [,x:[B]sk t: A

Fig. 2. Linear Base typing.

or unboxing rule (LET_) eliminates an r-graded modality, making the unboxed value of #; available in
the body of #, according to the capabilities afforded by r. Approximation (ApPrROX| ) allows treating
an r-graded assumption as s-graded if r C s. Note the direction of the graded inequality in the
premise is according to Petricek et al. [2014]. The opposite polarity is also used in the literature, for
example by Brunel et al. [2014], without any semantic difference.

Example 2.4. The natural numbers semiring (N, %, 1, +, 0, =) whose ordering is equality (i.e., a
discrete ordering) captures a notion of exact usage. For example, the following captures the typing
of a linear function f that takes two inputs of type A. The inputs are provided by first eliminating
an assumption x : O, A into a graded assumption y : [A], which is then used twice to apply f:

APP ——————— VAR
f:AoA—-By:Arfy:A—B = VA y A "
DER| DER|
f:A—-oA—-oBy:[Al1rfy:A—-B y:[Al1 Ly A
f:A—oA—-oBy:[Al,r fyy:B

f:A—oA—oBx:0Ak let[y]=xinfyy:B

APP|

LET_

Example 2.5 (None-one-tons [Atkey 2018; McBride 2016], a.k.a. the Linearity Semiring). Linearity
can be captured with the semiring R = {0, 1, }, with the required laws for0 and 1,and 1+ 1 = w
andw+r=w=r+wand w-w = w, and ordering 0 C w and 1 C w. This captures linear reasoning
in a graded modal setting [Abel and Bernardy 2020; Abel et al. 2023], with 1 denoting linearity and
w for non-linearity, and 0 providing a slightly finer-grained view when non-linearly discarding.

Example 2.6 (Security [Abel and Bernardy 2020; Gaboardi et al. 2016; Liepelt et al. 2026b]). Consider
a semi-lattice of security levels £ = {Lo, Hi} with ordering such that Hi > Lo. This forms a semiring
with multiplication as join - = V with unit 1 = Lo, and addition as meet + = A with unit 0 = Hi. We
can type a function which maps low-security to high-security values, using approximation where
we set C = >:

—————— VAR
x:AF x: A

x:[AlloFLx: A
P
x: [Alpi by [x] : ORlA Hi > Lo
x: [Alo by [x] :OgA

A function mapping from Hi to Lo values is derivable but cannot use its input. This non-interference
property is proved by Abel and Bernardy [2020] and Liepelt et al. [2026b].

DER|

RL

APPROX|

Proc. ACM Program. Lang., Vol. 10, No. ICFP, Article 299. Publication date: August 2026.



Same Coeffect, Different Base: Connecting Two Dominant Approaches to Graded Types 299:7

t ~»; t|  Operational semantics (Call-By-Name)
IB I v t{
L
(Ax.ty) ty ~oy [1/x]t tity o ] by

1 v 4
EIIBL

CONGAPPL

1

CONGLET
let [x] = tyinty sy let [x] = £ int t

let [x] = [t1]intz oy [t/ x]t2

Equational theory (congruence rules omitted).

x#t
Oxt)t = [6/xlte " P Axtx =t "7 let|x] = [t]int = [a/x]tz "~ P

=i-op Sr-letyo

let [x] =tin[x] =, ¢ let [x] = [#1]in[&] =, [let [x] = [t1]in ]
X # 1y 3 X # 1o
to (let [x] = tiinty) =, let [x] = t;in (t t3) Tiletn (let [x] = tyink) ty = let[x] =t in (L 1)

Si-lety,

Fig. 3. Linear Base - Operational semantics and equations

Example 2.7 (Product). Given two pre-ordered semirings R and S, their product R X S is a
semiring, with zero element (0,0) € (R X S), one element (1,1) € (R X §), and operations and
ordering acting pointwise. This is a standard algebraic construction which has been used in graded
systems to combine analyses (e.g. [Orchard et al. 2019]).

Section 3.2.2 uses this construction to compose the linearity semiring (Example 2.5) with some
other given semiring, thereby making explicit the linearity analysis inherent to Linear Base.

Bianchini et al. [2023b] present the smash product construction as a variation on the product
construction which has some preconditions and filters out the elements of the product that have
either the left or the right = 0, instead providing a single canonical 0 element.

LEMMA 2.8 (ADMISSIBILITY OF SUBSTITUTION). There are two admissible substitutions:
(1) (Linear) If Ty v, t; : Aand Ty, x : Avp ty : Bthen Ty + I+, [#1/x]1t, : B;
(2) (Graded) IfTy v, t; : A and graded(I7) and I, x : [A], v, t; : Bthen r-I1 + I, [t1/x]t; : B.

Remark 2.9. In the literature (e.g. Brunel et al. [2014]; Gaboardi et al. [2016]; Orchard et al. [2019]),
the graded context predicates (2.2) are often presented instead as partial identity functions on
contexts: written [I'], the function is identity when the context contains only graded assumptions
and is undefined otherwise, preventing a rule from being applied (and similarly [I'], for contexts
containing only assumptions graded by r). We chose to make the predicates explicit for clarity.

Operational Semantics. Figure 3 (first group) gives the operational semantics, which is that of
the call-by-name A-calculus with an additional congruence rule for graded modal elimination and
p-reduction of graded modal introduction followed by elimination.

Note that the operational semantics we consider for each calculus in this paper represents the
standard models given in the literature in question, with progress and preservation theorems, but
these do not track specific resource behaviour operationally (see discussion of resource-aware
operational models in Section 6.6).

Appendix A [Liepelt et al. 2026a] gives the definition of syntactic substitution which is standard.

Equational theory. Figure 3 (second group) defines an equational theory, giving the key rules.
For brevity, we omit the congruence rules which apply to all sub-term positions. Note that ~» C=;.
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Typing rules

Argt: A Ax: Brgt:A rCs
—  _ VARg ———————— WEAKG APPROXG
X1 Argx: A ANON gt A A x:sBrgt: A
Ax: Arg t:B Abroth:AD B  Aprety: A
= ABSG APPG
Avrg Ax.t: A—> B Ar+1rAybg ity i B

t w5 /| Operational semantics

I g t{

Bc
(Ax.ty) t wog [1/x]t t by g 1 b

CONGAPPG

t =¢ t'| Equational theory (congruence rules omitted)
x#t

Oxt) b= [1/x1ts 7 Jdxix=et 7

Fig. 4. Graded Base system

Definition 2.10 (Freshness). We make use of freshness here and throughout. It is defined as follows:
X1y Xp#t = {xg, ..., xn NEV(E) =0

2.2 Graded Base

The next calculus, Graded Base, is representative of the coeffect systems of Petricek et al. [2014,
2013], the generalised bounded linear type system of Ghica and Smith [2014], the simply-typed core
of work by Abel and Bernardy [2020], Choudhury et al. [2021], and Abel et al. [2023], the OO-based
approach of Bianchini et al. [2022], and others. The syntax of terms is that of the A-calculus:

tuo=x|t | Ax.t (terms)

We use t to also range over Graded Base terms but disambiguate which calculus terms belong to via
the context of their later use (in translations). Type comprise graded functions and a base type K:

A:=AS5 B|K (types)
A=0|Ax: A (contexts)

Instead of a linear function type and graded modality, Graded Base has just a graded function type,
where r € R. Contexts contain only graded assumptions which we instead denote as x :, A.

Figure 4 (first group) gives the typing with judgments of the form A ¢ t : A. Note the singleton
context graded at 1 in the variable rule. The abstraction rule introduces its binding into the context
graded at r, per the graded function arrow. In the application rule, the function arrow propagates
the function’s resource requirements onto its argument #, via scalar multiplication on A; (i.e., the
context of t;). Weakening scales by 0 all the grades in an additional context A’.

Graded substitution is admissible, akin to the second clause of Linear Base substitution (Lemma 2.8):

LEMMA 2.11 (ADMISSIBILITY OF SUBSTITUTION). IfAy kg t; : Aand Ay, x : At ty : B then
r-A1 +A2 ko [tl/x]tz : B.

Example 2.12. The simply-typed A-calculus is recovered by instantiating Graded Base with the
single-point semiring R = {e}.
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Example 2.13. The higher-order function h = Af.Ax.f (f x) mentioned in the introduction,
composing a function with itself twice, has the following derivation for its body:

; r VARG —————— vaRrg
fa(A> Ao f:A> A x4 Argx: A
- —— VARG - APPG
fa(A>A)rf:AD A fa(A> A, x Argfx: A

fisn) (AD A x:p Are f(fx): A

All the semirings mentioned in Section 2.1 (Linear Base) can also be used with Graded Base.

APPG

Operational Semantics and Equational theory. Figure 4 (second group) gives the operational
semantics, which is that of the CBN A-calculus. Appendix A [Liepelt et al. 2026a] gives the definition
of syntactic substitution which is standard.

Figure 4 (third group) defines an equational theory for the calculus, giving the key rules but
omitting the congruence rules which apply to all sub-term positions. Note v C =;

2.3 Translation

In the course of the paper, we define translations between several calculi of the Linear and Graded
strands, according to the overview in Figure 1. As for the term and type syntax of the different
calculi, we use the same interpretation brackets across different variations of linear- and graded-base
calculi respectively, making clear from the context which interpretation we are referring to.

The interpretation [ — || takes graded-base terms to linear-base terms and (| — ) takes linear-base
terms to graded-base terms. The following mnemonics have proven useful to the authors:

o Given a graded term ¢, [¢] is its translation, into a Linear term, with the square Lilac brackets
mirroring the shape of the letter L.

e Given a linear term ¢, (t|) is its translation into a Graded term, with the rounded Green
parentheses mirroring the shape of the letter G.

The same notation is used for type and context translations.

2.3.1 Graded Base to Linear Base translation.

[x] £ x

[Ax.t] £ Aylet[x] = yin[t] y#t

[t 8] 2 [u] [[t]] (Term translation)
[[Kﬂ £ K

[A5 B] 2 o,[A] — [B] (Type translation)
[0] =0

[Ax: A] 2 [A], x: [[A]], (Context translation)

The key idea is to use the graded modality to capture the grading of assumptions and functions. The
graded function type translates to the Linear Base function type —o, with its left-hand side under O,
This translation leads to the insight that Graded Base effectively wraps a graded modality around
function inputs, capturing the usage of the parameter in the body. Since every term in Graded Base
has an associated grading in the context, every abstraction in the translation from Graded to Linear
needs to do an unboxing (let) and every application needs to do a boxing (promotion).

Contexts are translated straightforwardly. The translation can never produce a linear assumption.
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Example 2.14. The judgment f :(111) (A—r> A), X :(r.r) Arg f (f x) : Ain Graded Base translates
to f : [O,[A] — [A]](141), x : [[A]]l(rr) ko f [f [x]] : [A] in Linear Base. Note the right-hand sides
of an application find themselves under a promotion.

Remark 2.15. We do not translate A — B to a linear function [A] — [B]; this is because A - B
does not necessarily mean that the function uses its argument linearly. Some choices of semiring
mean that 1 does not mean ‘used exactly once’, the simplest example being the single-point (trivial)
semiring in which 0 = 1 and so 1 would mean any usage.

We now establish key soundness results. Firstly, that the translation is type preserving, i.e.,
translation of terms, contexts, and types is such that a well-typed derivation in Graded Base is well-
typed under its translation to Linear Base. This requires various small lemmas that the translation
is a homomorphism between graded-base contexts and linear-base contexts which we elide here.
Secondly, the translation preserves the operational semantics, and lastly it preserves the equational
theory. Appendix B.1 [Liepelt et al. 2026a] provides the full proofs and supporting lemmas.

Theorem 1. [Soundness of the Graded Base to Linear Base translation]
e Type preservation: A+ t: A = [A] F, ] : [A]
e Operational correspondence: t wig ' = [t] wo} [¢']

e Equation preservation: t =, ' = [t] =, [¢']

2.3.2 Linear Base to Graded Base translation. A type-preserving translation from Linear Base to
Graded Base is however more difficult since we need to find some encoding of the graded modal
type (O,A). From the introduction rule of the graded modality (promotion), such a translation
on terms should incur a multiplication of the context by r which in Graded Base is only provided

through application of a A— B function. Thus a translation must have such a function in a negative
position, suggesting a continuation-passing style (CPS) or Church-encoding-like form.

Taking inspiration from Lindley [2025] on encoding products, we extend Plotkin’s CPS translation
of the call-by-name A-calculus [Plotkin 1975] with a CPS encoding of the graded modalities of
Linear Base into Graded Base:

(4B £ (((4)= (B) > K) = K

(o,4) £ ((A) 5K ->K

(K) z (K—1> K) LK (Type translation)
(x) £ Akxk

(Ax.t) 2 Ak.k (Ax.(t))

(t: t2) = Mk.(t) (Af-f (2] )

(21 = Ak (t)

(let [x] =t1int) £ Ak.(#) (Ax.(2) k) (Term translation)
(o) 20

(T, x: A) £ (T),x 1 (A)

(T, x: [Al) 2 (T),x: (A) (Context translation)

1
The key point is to (recursively) encode 0,A as (A 5 K) — K so that in the case of promotion [¢]
we can use application to scale the grades of ¢. Note that linear assumptions get mapped to graded
assumptions with grade 1, though this may not mean ‘linear use’ (see Section 3.2.2 for a solution).
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Theorem 2. [Soundness of the Linear Base to Graded Base translation (proofs in Appendix B.2 [Lie-
pelt et al. 2026a]).]

e Type preservation: T+ t: A = (T)) +¢ (1) : (A)

e Operational correspondence: ¢ ws; ' = (¢ s (')

e Equation preservation: ¢ E{Lﬁ"“ ¢V = (t) = ()
As we use Plotkin’s CBN CPS translation, there are two notable implications: Firstly, regarding
operational correspondence, our source uses CBN but we need full f-reduction (via the CONGABSG
rule) in the target to prove simulation. Computational adequacy then follows from the A-calculus
standardisation theorem. Secondly, regarding equation preservation: we preserve only fS-equality

for functions and not y-equality—a well-known limitation of Plotkin’s translation. However, we
preserve both f- and n-equality for the graded modality, hence we label the equational theory here

as Efﬁﬁ 2 Section 4 considers an alternate encoding in a polymorphic Graded Base setting.

3 Extending Graded Base with a Graded Modality

We now add a graded modality to Graded Base thereby arriving at Graded Modal Base. This
captures the type system features of calculi like GRAD [Choudhury et al. 2021] and a monomorphic
subset of Abel and Bernardy [2020], and permits a simple translation to Linear Base.

3.1 Graded Modal Base
Graded Modal Base can now share the syntax (and operational semantics) of Linear Base:
tu=x|ti b | Ax.t| [t] |let[x] =t int, (shared terms)
A=A B |O,A| K (extended types)
Typing judgments in Graded Modal Base are of the form A F¢_ t : A. The typing rules are the same
as Graded Base with addition of typing for graded modal introduction and elimination:
Arg, t: A Abg, t1:0A  Agx: Abg, B
————————— PRG -
rArg, [t] :O0A A+ Dy ke, let[x] =tinty : B

The equational theory extends to include fy-equality on graded modalities (see Appendix A.5 [Lie-
pelt et al. 2026a]).

LETG

3.2 Translation

3.2.1 Linear Base to Graded Modal Base translation. We can now translate Linear Base to Graded
Modal Base as a homomorphism on terms, rather than the CPS encoding of Section 2.3:

(Ix) £ x

(Ax.t) £ Ax.(t)

(1 t5) 2 (u) (&)

([21) = [(#)]

(let[x] =t1ink) £ let [x] = (t]) in (&) (Term translation)
(4~ B) £ (4) > (B)

(,4) = 5,(4)

(K) £ K (Type translation)
(o) =0

(T, x: A) 2 (I), x4 (A)

(T, x: [A]) 2 (T),x: (A) (Context translation)
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For types, we translate O, in the straightforward way, directly to the Graded Modal Base graded
modality. To translate the linear function space we grade the resulting function arrow in Graded
Modal Base at 1 € R and similarly for linear assumptions.

Example 3.1. The following Linear Base judgment types a K-combinator-like expression:
x:Br, Aylet[z] = yinx:00A — B
The parameter y is used by eliminating the graded modality, binding to z but then discarding the
term. Its translation to Graded Modal Base results in an identical term but with translated types:
x 1 (B) ko Aylet[z] = yinx:Oy(A) N (B

Theorem 3. [Soundness of the Linear Base to Graded Modal Base translation]

e Type preservation: T+, t: A = (T) ko, (2)) : (A)

e Operational correspondence: t s ' = (t) iy (¢)

e Equation preservation: t =, ' = (t) =¢, (')
Appendix B.3 [Liepelt et al. 2026a] provides the proof along with its supporting lemmas.

Remark 3.2. We might consider whether there is a dual to the above, a kind of completeness
result, i.e., that given A + ¢ : A there exists T, #/, A’ such thatT +; t' : A" and () +¢ (¢') : (A’) and
A= (T) and t = (') and A = (A’). However, an easy counterexample is the following judgment:

x:lBI—G/ly.x:AiB.

0
There is no type in Linear Base which translates to A — Bas we always translate the linear function
1
type to A — B.Indeed, the analogous term in Linear Base was already shown in Example 3.1, where

we see that the result of the translation has type 0O, (A) N (B].

Thus, the translation from Linear Base to Graded Modal Base is not surjective. Neither is it
injective: both the linear assumption x : A and the graded assumption x : [A]; are translated to
x 11 (A). For those semirings in which 1 does not capture linearity (e.g., the singleton semiring,
any semiring where 0 < 1, and others), linear and non-linear use is conflated by this translation.

3.2.2 A Linearity-Preserving Linear Base to Graded Modal Base Translation. Instead, we can give an
alternate translation which is injective and linearity preserving: keeping the translation of terms as
above, we can translate types and grades from Linear Base with semiring R into types and grades
in Graded Modal Base with semiring (R X {0, 1, w}), i.e., the product semiring (Example 2.7) of R
with the linearity-capturing semiring (Example 2.5).

(A B 2 (A) < (B

quAD’ = D(r,m)qAD,

(K)” £ K (Type translation)
(C,x:A) = (T),x 1y (A)

(T, x: [AL)" = (T), % :rey (A (Context translation)

Thus, the translation is now injective in the types since we translate a linear assumption x : A to
have grade (1, 1) but a graded assumption x : [A], to (r, ) which is a different grade even if r = 1.
By taking the pairing with the linearity semiring, we can capture the combination of linearity and
grading that occurs in Linear Base, but now in the Graded Modal Base setting.

Operational correspondence and equation preservation hold as before in Theorem 3 since the
term translation is unchanged. We then re-restablish type preservation of the translation:
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Theorem 4. [Soundness of the Linearity-Preserving Linear Base to Graded Modal Base translation]
e Type preservation: T+, t: A = (T)) o, (2) : (A)’
Appendix B.4 [Liepelt et al. 2026a] provides the proof.

The key insight in this translation is that Linear Base essentially comprises two parallel forms of
analysis: a graded analysis and a latent linear analysis witnessed by the corresponding two forms
of typing assumption in Linear Base contexts. Our translation here captures these two aspects
systematically, by taking the product of the same grading semiring and the linearity semiring.

A question may arise here: What is the meaning of a grade such as (2, 1), where the first component
looks non-linear in R but the second represents linearity? Such a grade is not in the image of our
translation but we may still consider what it is like to type terms in Graded (Modal) Base with
R % {0,1, w}. First, let us decompose (2, 1) into (1 + 1, 1) for clarity, i.e., for any semiring R in
the first component. Such grades could be formed via approximation if R permits 1C 1+ 1 and
thus (1,1) £ (1 + 1,1) is an over-approximation of grades, e.g., useful for when calculating the
grade across multiple program branches. Without such an approximation, (1 + 1, 1) cannot be
derived from variable use and contraction of variables alone since in (R X {0,1,w}) we have
(1,1) +(1,1) = (1+1, w). Such a grade could only arise from an open term applying a function, e.g.,

(1+1,1)
fa1A——>Bx:qa1) At fx: B
However there is no well-typed closed term that can be formed to substitute into f since we cannot
form (1 + 1, 1) without use of such an open term. Consequently, for closed terms, we cannot form
(1+1,1) unless it is permitted by approximation in R. In the approximation case, it is up to the
choice (or design) of semiring to permit approximation via the definition of C.

More generally, we may consider the advantage of pairing semirings with the linearity semiring.
Consider a semiring such as the security lattice semiring (Example 2.6) where 1 = Lo. Since
Lo+ Lo = Lo and 0 C Lo then a Lo-graded variable can represent both linear or non-linear usage.
The pairing (Lo, 1) then distinguishes a linear low-security variable from (Lo, w) which instead
represents a non-linear low-security variable. Conversely, recall that 0 = Hi, giving the translation
(OHiA)”" = Omiw) A, which allows unlimited usage, but limited to Hi security contexts.

Our approach here is not necessarily the only sound and injective translation; however, it seems
particularly illuminating, in that the product construction clearly demarcates and represents the
two analyses present within Linear Base: the explicit coeffect in the grades on the one hand and
the latent linearity coeffect of the system (not present in Graded Base) on the other.

3.2.3 Graded Modal Base to Linear Base Translation. We can now extend the previous translation
from Graded Base to Linear Base (Section 2.3) to translate from Graded Modal Base to Linear Base:

[x] £ x

[Ax.t] £ Aylet[x] = yin[t] y#¢

[t t2] = [u] [[z]]

[[#]] = [[#]

[let [x] = t1intz]] £ let[x] = [#]in[&] (Term translation)
[AS B] £ 0,[A] — [B]

[0,4] = 0,[4]

[K] £ K (Type translation)
[0] 0

1> 1>
=

>

=

=

—
—
2,
—

<

[A x: A] (Context translation)
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The only new parts are the translation of the graded modality which maps directly onto the graded
modality in Linear Base. We then (re)establish soundness. Appendix B.5 [Liepelt et al. 2026a]
provides the proofs.

Theorem 5. [Soundness of the Graded Modal Base to Linear Base translation]
e Type preservation: A k¢ t: A = [A] +; [t] : [A]
e Operational correspondence: t wign t' = [t] ~f [t']
e Equation preservation: t =¢, ' = [t] =, [¢'].

3.24 Mutual relationship. Given the pair of translations here, we might wonder: what is the rela-
tionship between the translations? Are they mutually inverse? By considering just the translation
of function types we can quickly see that the translations are not inverse:

[(A — B)] = [A= B] = oy[(A)] — [(B)]
([A5 B) = (0,4 — B) = o,([A]) = ([B])

Similarly, given x : A +, x : A in Linear Base then its translation to Graded Modal Base is
X 51 A kg, x : A which is translated back to Linear Base as x : [A]; +, x : A.

However, by composing operational correspondence theorems, then round-tripping the transla-
tions yields a term that corresponds operationally to the original, in both directions:

*

COROLLARY 3.3 (OBSERVATIONAL ISOMORPHISM). If t ~, " then [(t)] ~} [(#')] and if t ~ws o
then (|[t]) ~5 (1£'])-

We might also wonder if there is an adjoint relationship between the translations. If [ -] 4 ( =)
then we would expect to be able to construct a mapping in the category of types (whose morphisms
are derivations of judgments with source as inputs and the target as the result):

na:A—[(A)]

However, there is no such mapping for A — Bto [(A — B)] = 0;[(A)] — [(B)] in general since
this is undefined for a higher-order type.

Consider (K — K) —o K for the base type K whose translation between the systems is the
identity, and thus [(K)] = K. Then n would need to provide a derivation of the judgment:

(K—oK) oKt oO;(O;K—-K) oK

Such a derivation would require us to map a value of type 0O;(0;K — K) to one of type K —o K.
We can certainly derive 0; (0;K —o K) + 0;K —o K by elimination and dereliction, but 0;K — K ¥
K —o K. To see why, consider the single-point semiring 0 = 1 and thus a function typed 0;K — K
may not use its argument at all, whereas K —o K must use its argument exactly once.

Given the above negative result, we could then consider the opposite adjoint relationship, i.e.,
perhaps ( — ) 4 [ = ]? In which case, we would require the counit operation:

ea:[(A)] - A

However, there is no such mapping, even in a first-order case: for [[(K — K))] = o [(K)] — [(K)]
we need to map to K —o K but as described above, no such derivation is possible.

Thus the translations are neither inverses nor adjoint. We leave it as future work to consider
whether more complex invertible translations are possible.
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3.3 Generalised O-elimination
Elimination of graded modalities in both linear- and graded-base systems looks almost identical,
eliminating a graded modality at grade r by a kind of ‘cut’ (substitution) against a variable with
matching grade r:
i t:0A I, x: [A]r o b B Ay Fog Bt 0,A Ao, x i A Fog B2t B
T,+T, r, let [x] = finf : B LETL A+ Dz b, let [x] = fint; - B

LETG

Some graded-base systems in the literature however have a more general elimination rule [Abel
and Bernardy 2020; Moon et al. 2021], of the form:

Ap ke, 1 :0,A A xi(sy) Abgy tr: B
(sA1) +Ag ke, let [x] =t inty : B

’
LETg

The generalised rule allows an additional scaling of the resources for #; due to additional use of x
in f,. Such a rule has not appeared in any Linear Base system, but could easily be added to both
systems to provide equivalent power across both flavours of coeffect types.

This generalised typing enables the derivation of a function O,(0,A) — O,.5) A, akin to the
multiplication (join) of a graded monad (the dual to comultiplication of a graded comonad structure):

————————————— VARG
21 Abg, 2z A
VARG PRG
Vi OA kg, y:OA Zis Abg, [2] 00 A ,
VARG - LET
x 11 O,(04) Fe, x : 0,(0:4) Vi OA kg, let[z] = yin[z] : O, A ,
LET
G

x 1 0,(04) kg, let [y] = xinlet [z] = yin[z] : O, A

Indeed, the generalised O-elimination can be modelled in a categorical semantics by a graded
comonad along with an additional graded multiplication operation i, 54 : O,(0;A) — O(y.5)A
(as one might find in a graded monad structure). However, not all graded comonads modelling
0,A admit such an operation and so having the generalised O-elimination may not be desirable in
general graded comonadic calculi. We thus omitted this generalised rule from the main part of our
results, considering the simpler LET| and LETG rules.

4 Deriving a Graded Modality with a Polymorphic Graded Base

Bernardy et al. [2018] develop an extension to GHC/Haskell that provides a notion of linear typing
by using a graded type system. The core calculus is akin to that of Graded Base, but specialised to
the {0, 1, 0} semiring (Example 2.5). Their calculus has no graded modality, but the implementation
as part of GHC/Haskell can encode the unrestricted modality Ur via an algebraic datatype:!

1 data Ur a where
2 Ur :: a > Ur a

where the arrow — denotes an w-graded arrow for the two-point semiring {1, w} (0 is not available

in the implementation) and thus this constructor is essentially of type A 2, Ur A in the Graded
Base syntax. Hughes et al. [2020] give a generalisation of this definition to a graded modality:

1 data Box r a where
2 Box :: a %r — Box r a

https://hackage.haskell.org/package/linear-base-0.4.0/docs/Data-Unrestricted- Linear. html#t:Ur
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This suggests an alternate Graded Base calculus in relation to Linear Base. We previously showed
(Section 2.3.2) that a type-preserving translation of Linear Base terms into Graded Base requires a
CPS encoding. By changing the substrate of Graded Base to System F, we have Graded Poly Base,
unlocking the ability for a direct-style polymorphic Church encoding of this Box data type:
0,A=VB.(AD B) > B (1)

This enables a less intrusive translation, without the need to CPS translate all terms.
4.1 Graded Poly Base
We thus extend Graded Base with polymorphic typing, the syntax and typing of which is standard:
t:
A

... | t@A | Aa.t (Terms)
...|a|Ya.B (Types)

where «, ff range over type variables, with a corresponding standard substitution at the type-level
written [A/a]B. Typing judgments are of the form A I, t : A extending the previous typing with:

Abg, t: A  a#t Arg, t:Va.A
TYABSG
Atvg, Aa.t:Va.A A v, t@B: [B/a]A

TYAPPG

The operational semantics has the standard S rule for type abstraction/application and congruence:

twog, t
(Aa.t)@B g, [B/alt p @A ~wg, V@A coNG

Introduction and elimination for the derived O, (from (1)) can therefore be derived respectively as
follows (with their typing derivations shown):

- —— VARG
Abgy t:A fyA>f re, fiADf
— - APPG
rAfiy A= ke, ft: P
p ] ABSG
rAve, Af ft:(A- p)—>f
- n TYABSG
rA bo, ABALFEVR(AD )5 B @)
r 1
Ay kg, 1 :VB.(A— B)— B Np,x: Abg, ty: B
- —— TYAPPG —— ABSG
Al Fay tl@B(A—) B)—)B Az Fay /".X.tz:A—)B
APPG
Al + Ag Fay (tl@B) (Ax.tz) : B (De)

4.1.1 Linear Base to Graded Poly Base Translation. We thus adapt the translation of types to:

(0,4) 2 VA.(|A) S B) EN B (Type translation)

We might expect that we can interpret the syntax of terms then directly as in the above derivations,
ie, ([t]) £ ABAS.f (t) and (let [x] = fint;) £ ((#) @B) (Ax.(t:))). However, note the presence
of B on the right-hand side of O-elimination, which has now appeared out of nowhere. Instead
the translation must ingest the entire typing derivation, not merely the syntax of terms and types
separately. We can however translate the types separately.
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Thus, we define the translation as mapping from typing derivations to terms, where we denote
derivation trees by II:

Tr i A graded(T")
Lr-l".h (1] :0,A PRU|| = ABASf.f (T (Term translation)
I_Il H2
ikt :0A Tox:[Al,F f:B .
= ((II B)) (Ax.(II
I +I; kp let [x] =tint; : B LETL (ML)@(B)) (Ax.(II2))

The rest of the translation follows the structure of the previous term translation.
In the following, we write IT : " -, t : A to mean that II is the derivation of a judgment I' + ¢ : A.

Theorem 6. [Soundness of the Linear Base to Graded Poly Base translation]

e Type preservation: IT: '+, t: A = ([)) kg, () : (A)

e Operational correspondence: (IT: T+ t: A)A(IT" : Tk /2 A)A(t v ) = () w7, (IT)
e Equation preservation: (I1: T+, t: A)A(IU : Tk ¢/ A) A (t =" ) = (1) =, (1)

Appendix B.6 [Liepelt et al. 2026a] provides the proofs.

Note the operational correspondence needs to have typing derivations of the source term and
target term. Furthermore, the translation does not preserve n-equality for the graded modality;
only the f-equality rules, commuting conversions, and congruence rules are preserved; we thus
denote the subset of the preserved equational theory here as =, "". This is because the translation
of a term t of type O0,A may not be of the form AS.Af.f t’ for some ¢’ (e.g., it could be just a free
variable), which is required for n-equality to apply. Instead, parametricity reasoning (based on the
polymorphic typing) would provide that t is observationally equivalent to AB.Af.f t’ for some ¢/,
and thus the translation preserves n-equality up to observational equivalence, though not up to
syntactic equality; we leave the details for further work.

Remark 4.1. (Ur is not the !-modality) Bernardy et al. [2018] suggest Ur as an encoding of Linear
Logic’s !-modality, although Hughes et al. [2021] later show that this encoding in Linear Haskell
and similarly in Idris 2, as well as the graded modality in Granule, do not exactly correspond to
Linear Logic’s !-modality. Once (multiplicative) products are included, Linear Logic does not admit
distributing ! over products, i.e., !(A ® B) —o !A® !B is not derivable. However the aforementioned
systems permit its derivation due to the interaction between graded modalities and products (and
similarly sums). We consider calculi with products and sums next as this takes us closer towards
practical programming and it allows us to uncover other expressivity differences in the literature.

5 Extending Linear Base and Graded Modal Base with Products and Sums

Thus far the calculi studied have only covered the implicational fragments of the two approaches,
i.e., just function types and variables. Adding product and sum types to the calculi brings the
theory closer to a useful basis for understanding actual programming languages such as the linear-
types extension to Haskell (graded-base) or Granule (linear-base). We thus now add products
and sums to Linear Base and Graded Modal Base following standard approaches in the literature
for both flavours of linear-base and graded-base systems. This raises interesting questions that
delineate the expressive power of linear- vs. graded-base calculi. From linear-base to graded-base, a
straightforward homomorphic translation is possible. However, for the opposite direction we will
see a difference in expressivity that needs handling by extending the linear-base system.
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t > t| Standard operational semantics (Call-By-Name) for products, units, and sums

’

t wop tl

CONGPROD
let (x, y) = ty in fy ~oy let (x, y) = £] infy et (x, y) = (. ) in 1~y [1/x] [/ Y] 13 b
I v t{ U U
CONGUNIT NIT
let () = tyin ty o, let ) = 2] in fy L Q= Oing oy gy PO
b
— — — — CONGCASEL
case tof {inj1x — t; inj2y — B} ~» case ¢’ of {injl1x — t1; inj2y — b}
— — — CASEINJ1
caseinj; tof {injlx — t;; inj2y — t} ~p [t/x]1

CASEINJ2|

caseinj, tof {injl1x — t;; inj2y — t} ~o [t/ y]E

Typing rules

Lt A I B IHt:AQ®B FZ,XZA,yZBFLtzlc

®-1 ®-E
DL+Dh (tf) : A®B - L +D b let(x,y) = tiint,: C t
Iy £ unit Lk t:A FI—Lt:A

— 11 - EL o ®-In

0 Fy () : unit N+Lr let)=tint: A Troinj,t: A®B

't t:B IiHt:A®B ox:Ar t1:C L,y:Br tp: C
_— ®-I D-E
FFoinj,t: A®B 2 I+ 15 by casetof {injlx — t; inj2y — t,}: C -

Fig. 5. Linear Core semantics and typing

Syntax. We extend Linear Base and Graded Modal Base (which already share the same syntax)
to Linear Core and Graded Modal Core respectively, with the same extended syntax:

tu= | (k) | let (o yy=tiinty | ) |let ) =t int
| inj; t | inj, t | casetof {inj1x — f1; inj2y — f} (terms)

These additional term formers provide product introduction and elimination, unit introduction and
elimination, and sum (coproduct) introductions and elimination respectively.

The operational semantics are the standard call-by-name operational semantics for products and
sums given in Figure 5 for Linear Core, with the same added to operational semantics of Graded
Modal Core. We elide the fn-equational theory which is standard (see Appendices A.2 [Liepelt
et al. 2026a] and A.7 [Liepelt et al. 2026a]).

To type the new syntax, we extend the type system of Linear Base to Linear Core (Section 5.1),
and extend Graded Modal Base to Graded Modal Core (Section 5.2). Section 5.3 then gives the
translation from Linear Core to Graded Modal Core which is straightforwardly homomorphic.
Section 5.4 then shows that the opposite direction is not possible, requiring an extension of Linear
Core to Linear Push Core in Section 5.5, at the cost of weakening the correspondence between
our O-modality and Linear Logic’s !-modality. We then give the translation from Graded Modal
Core to Linear Push Core (Section 5.6) and the translation from Linear Push Core to Graded Modal
Core (Section 5.7).
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Typing rules

AMrgh: A Asy kg ta: B Airgtij : AXB Az,XCrA,yerl—Gtzic

AMAD, o () AxB G P+ A bo let(x,y) = hinty : C EG
) A kg i iunit  Ajgbkg i A ) Argt: A
O Orunit "M TIATE A e let O =ning A VMRS AroingiiA+B O
Avrgt:B Argt:A+B Apx:; Abgti:C Ay, ¥y Brgtp: C 1Cr
-I2G +-EG

—_— ¢
Atvginj,t: A+ B r-A1+ Ay kg case tof {injlx — t1;inj2y — b} : C

Fig. 6. Graded Modal Core additional typing rules.

5.1 Linear Core

Linear Base augmented with products and sums becomes what we call Linear Core. Linear Core
features the following new type constructors for products, units, and sums:

Auz=..|A®B|unit| A® B (types)

Typing. Linear Core extends Linear Base typing (given in Figure 2) with the judgments for
multiplicative products and their unit, along with additive disjunction, in Figure 5, which are
standard from Linear Logic [Girard 1987]. This is the same typing as in linear-base systems such as
Granule [Hughes et al. 2020; Orchard et al. 2019], the synthesis calculus of Hughes et al. [2021],
and that of Brunel et al. [2014] (although their system has a less general natural numbers data type
instead of products and sums, but the same insights apply).

As in Linear Base, any terms comprising multiple sub-terms have their contexts combined using
context addition + which adds together the grades of graded assumptions using semiring addition.

5.2 Graded Modal Core

Graded Modal Base augmented with products and sums becomes Graded Modal Core. Graded
Modal Core features the following new type constructors for products, units, and sums:

Aux=..|AXB|unit| A+B (types)

Typing. Graded Modal Core extends Graded Modal Base typing (given in Section 3.1) by the
judgments given in Figure 6. The typing is akin to that shown by Abel and Bernardy [2020], in
Linear Haskell [Bernardy et al. 2018], and by Choudhury et al. [2021] (although they restrict their
products initially to » = 1).

In the elimination of the products we may use each variable according to grade r and thus the
context A; for the eliminated product is multiplied by r in the conclusion. Thus, the usage of the
components is propagated to demands on the dependencies for the product. The elimination of
sums has a similar idea, propagating demands on the variables x and y through to the dependencies
of the eliminated sum term t. There is an additional side condition here too (1 C r) accounting for
usage incurred by the inspection of the sum constructor, and thus some information gained. This
side condition is key to applications of graded coeffect types for information-flow control (2.6) [Abel
and Bernardy 2020; Liepelt et al. 2026b]: if the grade here is r = Hi, representing a high-security
value, then the side condition fails as 1 = Lo and thus Lo # Hi. This prevents pattern matching on a
high-security value as a control-flow attack to leak information. Lastly note the elimination of the
unit type similarly allows (an arbitrary) scaling of the scrutinee’s context, in line with presentations
in the literature (e.g., [Abel and Bernardy 2020]).
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5.3 Translation from Linear Core to Graded Modal Core

We extend the translation from Section 3.2.1 via a homomorphism on the additional syntax:

({1, 22)) = ((a), ()

(let (x, y) = t1intz) = let(x,y) = (a)in(z)

(O =0

(let () = tint) = let() = (tn)in (&)

(injy 2) = injy ()

(inj, ) = inj, (t) (Term translation)
(case tof {inj1x — t1; inj2y — t,}) = case (t) of {injlx — (t1); inj2y — (&)}

lAeB) 2 (4) % (B)

(A® B) = (A)+(B)

(junit) £ unit (Type translation)

We can then re-establish the two key results about the translation (proofs in Appendix B.8 [Liepelt
et al. 2026a]):

Theorem 7. [Soundness of the Linear Core to Graded Modal Core translation]

e Type preservation: T+ t: A = (T)) ¢ () : (A]);
e Operational correspondence: t w», I/ = ([t) ~og (t);
e Equation preservation: t =, ' = (t)) = ().

A notable point of the type preservation proof is that when translating sum elimination from
Linear Core to Graded Modal Core, we pick the grade r = 1 which satisfies the side condition that
1LC 1 trivially by reflexivity of the pre-order.

5.4 No Type-Sound Translation from Graded Modal Core to Linear Core

We now attempt a similar homomorphic translation (| — | o) back from Graded Modal Core to Linear
Core, focusing on just products and sums:

[t t2)]o = ([t1]os [22]0) (Term translation)
[let (x,y) = tiin [0 = let (x, ) = [t1]o in [22]

linj; t]o = inj; [¢]o

linj, t]o = inj, [t]o

[case tof {inj1x — t1; inj2y — t2}]o = case [t]o of {inj1x — [#1]o; inj2y — [t2]o}

%ﬁ_): g}}]] : A [%:]]}} : g [[[[ﬁ]}]} : (Type translation)

11> 11

However, this translation is unsound: consider the following Graded Modal Core terms, f and g,
which manifest a distributivity of grading over products and sums:

f - (A><B)—r> (0,Ax0,B) g : (A+B)—r> (0,A+0,B) (where1LCr)
f =Ap.(let{x,y) = pin{[x], [y])) g = Aecaseeof{inj1x — inj; [x]; inj2y — inj, [y]}

Thus f is a function that distributes the resource requirements on a pair onto its components, and
similarly, g distributes the resource requirements on a sum onto the components of its injections.
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Applying the above translation to f and g yields the following ill-typed terms (to avoid clutter,
we consider [A], interchangeable with A):

[f]o : O0,(A® B) — (0,A ® O, B) (il-typed)
[flo = Ab.(let [p] = binlet (x, y) = pin{[x], [y]))
Iglo: O, (A®B) — (0,A®0,B)

[g]o = Ab.(let [e] = bincase eof {inj1x — inj, [x]; inj2 y — inj, [y]})

To see why these are ill-typed, the following gives a partial derivation for the body of [f].:

VAR, e Es—d
p:A®Br p: A®B t r=1 x: Ak [x]:O0A y:Br [y] : OB
DER|* ®-1
p:|A®B|, Fp:A®B t x:0,A+y:0,Br (x|, [y]):0,A®C,B  ©

p:[A®B], k. let({x, y) = pin{[x], [y]) : O,A®DO,B
b:0,(A®B) F, let[p] =binlet(x,y) =pin{([x],[y]) : O, A®O,B

®-EL

LET|

At the points marked with question marks (?), we cannot apply promotion (Pr| ) to x and y, because
the graded predicate in the antecedent does not hold; they are linear variables. Further, to apply
DER| at the point marked with an asterisk (*), we would have to restrict to r = 1. A similar attempted
derivation for [g]o, commuting the graded modality and sum types, encounters the same issues.

One may wonder if any sound translation is possible at all. Hughes et al. [2021] have explored
precisely this point and show that linear-base and graded-base systems exhibit a fundamental
difference in expressivity. Linear Core is akin to Linear Logic, in that it does not admit derivation
of the distributive law !(A ® B) —o !A®!B as the semantics of multiplicative tensor ® is that each
component must be used equally; such a distributive law would allow A and B to be decoupled
and used differently. On the other hand, Graded Base and the graded-base systems in the literature
cited above admit such a distributive law as seen with f. Thus Graded Base cannot model Linear
Logic’s !-modality exactly through any choice of semiring for the graded modality.

Hughes et al. [2021] propose extensions to graded systems to bring back the restrictions of Linear
Logic. Here we explore a different route, namely we extend Linear Core by further constructs which
admit the augmented expressivity of Graded Modal Core, giving the system Linear Push Core.

5.5 Linear Push Core

We extend Linear Core to Linear Push Core with new syntax, heaving it to a level of expressivity

on par with Graded Modal Core, leaving behind the restrictions of Linear Logic discussed in 5.4.
Since the essential missing piece is the distributive laws between the graded modality and

products and sums, we complete the syntax of Linear Push Core with the following two constructs:

t:= ... | pushgt | pushgt | push (terms)

umt

The syntax is non-standard but isomorphic to other approaches; Granule achieves the same ex-
pressivity implicitly via pattern matching [Orchard et al. 2019], but we prefer to introduce explicit
syntax here. These two constructs provide exactly the distributive behaviour captured in product
and sum elimination in Graded Modal Core. Figure 7 gives the typing and operational model.
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Typing rules

I+ t:0,(A® B) 1Cr T+ t:0(A®B) T+ t:0O,unit

PUSH PUSH PUSHnj
T, pushyt:0,A®0,B ® T, pushgt:0,A®0,B ®T r, push,,f : unit unit
t ~»; 1’| Operational semantics for push constructors
PUSHgL ————————— PPUSHj; PUSHg,
pushy iz, )] = (L1 1D) PO pushy (0T wr 0 7 ush ing 1] o gy [1] P00

’ ’ ’

[ p t v 1 p [ p
——————————— CONGPUSHgp —————————— CONGPUSHg_ CONGPUSH pjtL
pushgt ~»; pushgt’ ® pushgt ~; pushgt/ @ push; t ~, push .t/ unit

tvop t o tvop 5 tvo tf a
CONGPUSHg, CONGPUSHg CONGPuUsH

push,i [¢] ~y push, [#] unitL

pushg [t] 3, pushg[t'] pushg [t] v, pushg[#']

Fig. 7. Linear Push Core

5.6 Translation from Graded Modal Core to Linear Push Core

We define the translation from Graded Modal Core into Linear Push Core as follows (fixing the
unsound translation to Linear Core from Section 5.4 in the product and sum elimination):

[(t1, t2) ] = ([t], [])

[let{x, y) = t1in &] £let (x,y') = pushg[[t:]] inlet [x] = x"inlet [y] = " in [#,]
[inj; t] = injy [1]

[inj, t] = inj, [1]

[case tof {inj1x — t1; inj2y — B}
£ case pushg[[t]] of {inj1x" — let [x] = x"in[#]; inj2y” — let [y] =y in [t}

[O] = (

[let () = t;int;] 2 let () = pushy, [[t:]] in %] (Term translation)
[AxB] = (4] 5]

[A+B] = [A] e [B]

[unit] £ unit (Type translation)

Translation of a product elimination on #; first promotes the product to a graded modality which
is then ‘pushed into’ each component of the product via pushg. The resulting graded modal
components x” and y’ are then eliminated in the scope of f,. A similar idea is applied for sum
elimination. Thus this translation gets at the heart of what is happening inside Graded Modal Core
(and why it differs from Linear Core): its eliminators distribute the coeffect analysis inside products
and sums, which we now capture explicitly here in Linear Push Core.

We now re-establish the core results (proofs for which are in Appendix B.7 [Liepelt et al. 2026a]):

Theorem 8. [Soundness of the Graded Modal Core to Linear Push Core translation]
e Type preservation: A+ t: A = [A] v, [#] : [A];
e Operational correspondence: t wg t' = [t] i [¢].
e Equation preservation: (¢ =, 7Eeunt It] =, [¥].

Our translation does not, in general, preserve n-equalities for products, sums, and unit (it can only
preserve n on these types for closed terms); i.e., our translation is not extensional due to additional
‘push’-structure for handling nesting of graded modalities and products, sums, and units.
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Given that we have changed Linear Core to Linear Push Core by adding two new constructs, we
now re-establish that we can translate Linear Push Core back into Graded Modal Core.

5.7 Translation from Linear Push Core to Graded Modal Core

We extend the Linear Core to Graded Modal Core translation with the following additional cases to
handle the extra constructs of Linear Push Core:

(pushgt) = let[x] = (t)inlet(y, z) = xin{[y], [z]) (Term translation)

(pushgt) let [x] = (t]) in case x of {inj1y — inj; [y]; inj2z — inj, [z]}
(push,,, ) = let[x] = (t)inlet () =xin()

Note that (for pushg and pushg) these are essentially the programs f and g shown in Section 5.4

which are the derivation of push combinators in Graded Modal Core.
We thus (re)establish the key results (proofs in Appendix B.8 [Liepelt et al. 2026a]):

A
A

Theorem 9. [Soundness of the Linear Push Core to Graded Modal Core translation]
e Type preservation: T+, t: A = (T)) ¢ () : (A]);
e Operational correspondence: t ws; ' = (t) ~of (t');
e Equation preservation: t =, ' = (t)) = ().

Note that whilst the operational correspondence from Linear Base to Graded Modal Base mapped
a single reduction t ~»; ' to a single graded-base reduction () ~»¢ (#') this is now not possible
for Linear Push Core. Instead, a single reduction in Linear Push Core for the push combinators
corresponds to several reductions in Graded Modal Core.

Remark 5.1. Graded Modal Core extends Graded Modal Base rather than Graded Base. If Graded
Modal Core did not have a graded modality it could not give a precise type to projection on products:

0 rs (Azlet{x,y) = zinx) : (AxB)—r> A

where 1C r due to the use of x and 0C r due to the absence of y. For the exact-usage natural
numbers semiring this would not be typeable as there is no such r satisfying both constraints. For
a semiring of intervals denoting lower-bound and upper-bound usage [Orchard et al. 2019], the
constraints would be satisfied by r = [0, 1].

We instead opted to include the graded modality in Graded Modal Core as in the work of Abel
and Bernardy [2020], Moon et al. [2021], and others [Hughes and Orchard 2024; Liepelt et al. 2026b].
Thus we can specify for this example a more fine-grained type via the graded modality, where the
B component of the product is unused:

0 +g Azlet{x,y) = zinlet [y'] = yinx : (AX OyB) LA

Without the inclusion of graded modalities, Graded Modal Core is less expressive than Linear Core.

Note that some dependently-typed graded-base systems such as GRAD [Choudhury et al. 2021]
and QTT [Atkey 2018] omit the graded modality but include a graded dependent ¥ type which can
be used to encode the graded modality.

6 Discussion and Conclusion
6.1 Is One Approach Better than the Other?

A natural question at this point from the language designer’s perspective is: which approach to
linearity should I use in my language? We do not try to offer an authoritative answer, but instead
give some observations and points to consider.
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Clearly, graded-base style approaches afford a simpler system for the end-user with less syntactic
overhead. The pervasive grading obviates the need for most promotions and let-unboxings. But
while having explicit push syntax is an additional burden to the user of a linear-base system, in prac-
tice this is not necessary. For example, Granule handles this implicitly via pattern matching [Hughes
et al. 2021; Orchard et al. 2019].

On the flip-side, it may be desirable to disallow push for reasoning about certain domains,
where a coeffect should not distribute over the components of a pair. An example for this might
be for reasoning about interdependent threads that need to run in parallel. Given what we have
shown in this paper, linear base systems would seem better equipped to offer this more restrictive
modality, however Hughes et al. [2021] have shown that it is possible to recover the non-distributive
behaviour of the O-modality with respect to products in a graded-base setting. They argue that any
useful language implementation would reasonably have to offer both flavours of the modality.

What about the burden for the language designer? Empirically, the authors have found that proofs
for graded-base systems are significantly shorter, due, in part, to the homogeneous treatment of
assumptions, i.e. the lack of split between linear and non-linear free variables. Especially when
retrofitting linear or coeffect types to an existing language, only Graded Base seems to offer a
backwards-compatible way and in such settings this is the only practical option (see, e.g., the
addition of graded types to Haskell for linearity [Bernardy et al. 2018]).

6.2 Graded Type Systems in Practice

The LinearTypes language extension available since GHC 9.0.1 [The GHC Developers 2020] enables
Linear Haskell in the context of an industrial-strength programming language. As discussed in this
paper, Linear Haskell is a graded-base system, which is currently semiring-monomorphic: in the
theory of Bernardy et al. [2018] the none-one-tons semiring is used, {0, 1, w}. However, as of the
time of writing, the implementation in GHC offers no 0, and thus the grades range over {1, 0},
written in Haskell as One and Many, respectively. Consider the following Linear Haskell program:

1 {-# LANGUAGE LinearTypes #-}

2 {-# LANGUAGE DataKinds #-}

5 import GHC.Types

4+ const :: a %0One — b %Many — a
5 const x y =X

By default arrows are Many graded, thus the above can also be written as:

1 const' :: a %0ne - b — a
2 const' Xy =X

Notably, Linear Haskell supports multiplicity polymorphism, however the multiplicities are inhabited
by a single semiring. Future work would be a GradedTypes extension to generalise Haskell to be
polymorphic over semirings, a feature supported by Granule, where Orchard et al. [2019] use an
SMT-solver to discharge constraints over the grades. It is not yet clear how this could be practically
integrated with GHC, perhaps as a compiler plugin akin to Liquid Haskell [Vazou et al. 2020].

Idris 2 also implements a graded-base system, based on Quantitative Type Theory (due initially
to McBride [2016] and later adapted slightly by Atkey [2018]), also providing grades in the none-
one-tons semiring [Brady 2021a,b]. For example, const can be rendered in Idris 2:

1 const : {0 a: Type} — {0 b : Type} » a —» (0 x : b) — a
2 const x y = X
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Granule is a research language serving as a test bed for ideas in graded types [Orchard et al.
2019]. In our classification, Granule is a linear-base system by default.

Semiring-graded modalities written here as 0,A in the core calculi are written as ‘a [r]’ in
Granule. While Granule uses — for the function arrow (-> in ASCII), as in Haskell or ML, it is
really a linear arrow. Our running example looks as follows in Granule:

1 const : V {a : Type, b : Type, s : Semiring} . a —» b [0 : s] — a
2 const x y = let [_L] =y in x

Granule also includes a language extension that changes its semantics to Graded Base and whose
syntax for graded arrows is borrowed from Linear Haskell, but supporting semiring polymorphism:

1 language GradedBase
2 const' : V {a: Type, b : Type, s : Semiring} . a > b % (0 : s) — a
3 const' xy = x

6.3 Comparison with Effects

Here we have considered the relationship between Linear Base with linear function spaces and
linear assumptions as well as graded, and Graded Base where grades are pervasive. This situation
is somewhat analogous to the relationship between effect systems and monads.

The type-and-effect systems of Gifford and Lucassen [1986; 1988] provide a technique for aug-
menting a type system with information about the side effects a program may perform whilst
computing a result. Judgments and function arrows carry effect information:

TeM:rF M o220

i.e., the program M computes a result of type 7 and may perform side effects described by F.
Traditionally F is a set of effect ‘labels’, describing operations that have been performed. This was
later generalised to semilattices and ordered monoids [Mycroft et al. 2016; Nielson et al. 1999],
enabling other kinds of analysis. On the right, the function term encapsulates side effects F” and
is itself pure, marked with . This is analogous to Graded Base, where coeffect grades annotate
function types (instead representing usage of the parameter).

Monads on the other hand provide a semantic technique for giving a denotational model of
various kinds of effect [Moggi 1989, 1991]. The monadic meta language provides a type constructor
T where Tt captures the type of computations performing some side effects in order to compute a
7 value [Moggi 1991]. Thus, terms of the monadic meta language have types of the form:

r'+-M:Tr T+ AxM:0->T1r

On the right is an example of a function that encapsulates side effects in its result, but the function
itself does not need wrapping in the monadic T constructor since abstraction is pure (side-effect
free). This is analogous to Linear Base if we had only a single comonadic modality.

Wadler and Thiemann [2003] observed that the structure of effect systems and the structure of
the monadic meta language are the same. They thus married the two by annotating the monadic
constructor with effect information, i.e.,

T'vM:Trt I''t Ax.M' : Ty(oc — Tp7)

Later, this indexed structure was captured generally by the notion of graded monads [Katsumata
2014; Orchard et al. 2014]. Graded monads generalise monads to a family of constructors indexed by
the elements of a monoid, and whose operations are stratified and accounted for by the monoidal
structure. Graded monads thus unify the semantics of effects with a syntactic analysis in the types.
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Linear Base with graded modality 0,A is thus a dual notion to the graded monadic calculus,
unifying the semantics of coeffects with a static analysis in the types, but with linearity as its base
typing system. We could thus see Linear Base as a graded comonadic meta language. In contrast,
Graded Base is analogous to effect systems. Indeed the early work on coeffect systems (captured here
as Graded Base) has no graded modality and was motivated by dualising effect systems [Petricek
et al. 2014, 2013]. As seen, without this graded modality, Graded Base cannot localise information
to sub-parts of complex types as discussed in Section 5.

6.4 Adjoint Relationship

Vollmer et al. [2025] follow the Mixed Linear and Non-Linear logic approach of Benton [1994] to
provide a pair of graded calculi with an adjunction mediating between them. One calculus is a
linear-base system with linear functions and a mixed context of linear and graded assumptions. The
other calculus is a graded-base system but with no graded function arrow. A modality Lin embeds
formulae from the linear-base system into the graded-base. Conversely, a graded modality Grd,
embeds formulae from the graded-base system into the linear-base system, capturing their grade r
and incurring a promotion (scaling of the graded context). From Lin and Grd, a graded comonadic
modality is derived following the adjoint resolution of graded comonads [Fujii et al. 2016].

The work seems related but on a more semantic level. Whilst we showed that our translation is
not adjoint in Section 2.3, our two calculi have function types on both sides which seemed to be
the main blocker to forming an adjunction. Further work is to ascertain whether our translation
could be restricted to the systems considered by Vollmer et al. [2025] and then used as a model of
the adjunction by using our translations as the semantics of the modalities operating on syntactic
categories of terms. Another avenue would be to explore whether generalising function spaces on
the graded-base side would undermine their adjunction construction in general.

6.5 Filling Out the Design Space: Cartesian Base

A central idea in this work has been to consider the ‘base’ notion of usage in graded systems:
linear-base systems have linear propositions, with a linear axiom rule, and linear function type;
graded-base systems have graded propositions, with a graded axiom rule, and a graded function
type. This framing suggest an unexplored point in the design space: what about a graded system
with a cartesian base, i.e., with a cartesian axiom rule and standard cartesian function (type), with
contexts comprising both cartesian and graded assumptions?

Crucially we must then consider how the cartesian part interacts with the graded part. On the
left, we have the rules for dereliction and application in Linear Base, on the right have the potential
rules for a Cartesian Base. Since cartesian propositions can be used arbitrarily we now require
an element w € R of the semiring which behaves in an absorbing fashion for both addition +
and multiplication -. Dereliction in Cartesian Base can then mark a cartesian assumption with .
Application must also scale the argument context I, by o since the function arrow is cartesian and
s0 may use its argument arbitrarily:

(Linear Base) (Cartesian Base)
I''x:A+ t:B I''x:A+t:B
X - (der) x—(der)
I,x:[A]li . t:B Ix:[Alo+t:B
I t1:A—B I th:A Iirt1:A—>B Lhtrty: A
(app) (app)

I+t ty: B INN+wxIh -t ty: B

Proc. ACM Program. Lang., Vol. 10, No. ICFP, Article 299. Publication date: August 2026.



Same Coeffect, Different Base: Connecting Two Dominant Approaches to Graded Types 299:27

The above seems a reasonable approach to building a Cartesian Base system. However, this system
provides little benefit as the grading quickly degenerates to being always w in derivations. Consider
below the derivation of the ‘copy’ operation on an axiom to produce a pair:

XA x: A Xx:Ar x: A x:Arx:A x:Arx:A
x:[AliFrx: A x:[A]l1kix: A x:[Alobx:A x:[AlpoFx:A
x:[Alig1 F (6,x) A A x:[AlpF (x,x):AQA

In Linear Base, there is a precise account of the non-linearity incurred: the term uses x with
graded 1 + 1. However, in Cartesian Base we can only say w due to the dereliction rule. In the end,
the Cartesian Base system is ultimately no more informative as a graded system than standard
intuitionistic, cartesian systems.

6.6 Resource-Aware Operational Semantics

The operational semantics presented here leverage standard A-calculus CBN operational semantics,
which are typical for the literature studied. More recent work has developed resource-aware op-
erational semantics [Bianchini et al. 2023a,b; Choudhury et al. 2021; Torczon et al. 2023]. These
approaches are based on an abstract machine approach with a variable environment, rather than a
substitution-based model. Conceptually, a resource-aware semantics keeps track not just of variable
mappings in the evaluation environment, but more broadly tracks resource supplies, which are
consumed by variable use, thereby making the connection between static and dynamic resource
guarantees: A resource-sound type system only accepts well-resourced programs, whose evaluation
under the resource-aware operational semantics respects the static resource bounds, meaning (1)
evaluation does not get stuck due to depletion (resource progress); and (2) every evaluation step
leads to a program with comparable resource requirements under the (transitive) approximation
relation (E) of the resource algebra (resource conservation).

Most recently, Bianchini et al. [2025] extend these guarantees to the converse property, ensuring
both upper and lower resource bounds, thereby also preventing unused resources (wastefulness).

Extending the various flavours of linear- and graded-base calculi and their translations, which
form the substrate of this paper, to such resource-aware operational semantics goes beyond the
scope of what we are able to investigate here. Instead, we leave this as future work.

6.7 Conclusion

Our goal here has been to serve as a bridge between two different approaches in the literature
for constructing graded type systems that capture coeffects (context dependence). We answer the
long open question about the relationship between the linear-base and graded-base styles and
give a detailed analysis and metatheoretic results. Overall we see that we can translate between
the two flavours: with Linear Base and Graded Base having mutual embeddings (but requiring
a global CPS encoding for the Linear Base into Graded Base direction); Linear Base and Graded
Modal Base having (more straightforward) mutual embeddings; and Linear Push Core and Graded
Modal Core having mutual embeddings: these are the points where the two styles of calculi can be
inter-translated (see Figure 1).

Now that graded types for tracking various kinds of program property are moving from the
laboratory to the field, with Haskell [Bernardy et al. 2018], Idris [Brady 2021a], Granule [Orchard
et al. 2019], and lately OCaml with its moding system [Georges et al. 2025; Lorenzen et al. 2024],
our hope is that this study can serve as a design guide for further theoretical work and for language
designers wishing to integrate graded types in some way, drawing from a wider arsenal of techniques
and metatheoretic results.
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