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RESEARCH ARTICLE

A novel dynamic observer based decentralised sliding mode
control for nonlinear interconnected systems with uncertainties

Nan Ji*! | De-Zhi Xu? | Xing-Gang Yan® | Sarah Spurgeon* | Lei Wang!
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Wuxi, China Abstract
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o . i In this paper, a variable structure observer based decentralised sliding mode control
University, Nanjing, China

3School of Engineering, Mathematics and is proposed to control a class of nonlinear interconnected systems with matched and
Physics, University of Kent, Canterbury, mismatched uncertainties. A dynamic observer is initially proposed to estimate the
United Kingdom . . . . .

4Department of Electronic and Electrical states of the interconnected system. Then a composite sliding surface is designed,
Engineering, University College London, and the stability of the sliding motion is analysed based on the regular form of the

London, United Kingdom interconnected system. Using the pre-designed observer, a dynamic decentralised
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to the designed sliding surface in finite time, and then the sliding motion is main-
tained thereafter. The interconnections are employed in the control design to reduce
the conservatism of the developed results. The bounds of the uncertainties, which
are nonlinear and take a more general form, are relaxed. Finally, a numerical practi-

cal example is presented to illustrate the advantages of this strategy.

KEYWORDS:
Interconnected systems, decentralised control, dynamic observer, sliding mode control.

1 | INTRODUCTION

From significant advances in science and technology, nonlinear large-scale interconnected systems have been developed such
as smart grids, road monitoring systems, aircraft and intelligent manipulators'. This class of complex systems consists of many
subsystems with different functions and structures. However, it is difficult to analyse and control the interconnected systems
because of the existence of nonlinearity, uncertainties and interconnections between subsystems. Moreover, physical systems
are affected by uncertainty including modelling errors, parameter variation and external disturbances. The study of nonlinear
interconnected systems with uncertainties is thus both challenging and significant.

Centralised control and decentralised control are the two main strategies that may be applied for the control of such inter-
connected systems. Decentralised control only uses local information while centralised control can employ all the information
available across the whole system for control design. Decentralised control does not need data transfer from the other subsys-
tems and can reduce the complexity of calculations in practical applications as well as reduce requirements for data transfer.
The structure of decentralised controllers is usually simpler than that of centralised controllers. In general, decentralised control
is straightforward to implement in complex and harsh industrial environments. The advantages of decentralised control have
resulted in a great deal of research effort that has produced numerous resultsZ3450]

In practical systems, the full state of the dynamic system may sometimes not be available for the controller, and in this case,
state feedback cannot be directly applied. An observer can be used to estimate the states of the dynamic system. Observers, such

OThe original version of this paper was appeared in the Nan Ji’s PhD thesis in University of Kent, United Kingdom, September 2023. The current version is its
modification and extension in which more detailed information, and new discussion/results have been added.
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as unknown input observers, deadbeat observers, and reduced-order observers are useful tools for the control designer when full
system state information is not available”. An observer has been designed for nonlinear systems with delayed disturbances to
facilitate sliding mode control design®, A unified Hoo dynamic observer has been developed for linear systems with unknown
inputs and disturbances”. Andrea LA proposed a variable structure observer-based control system to guarantee asymptotic
convergence in the presence of both matched and mismatched uncertainties'?%. Xu QM designed a linear observer for a multi-link
flexible manipulator to overcome the difficulty of parameter uncertainties, unknown nonlinearities, and exogenous disturbance
inputs'l. Gong LG adopted an extended state observer and adaptive dynamic programming approach to solve the problem of
spacecraft output feedback attitude control'?, Zare K presented four sliding mode observers based on Takagi-Sugeno fuzzy
modelling of multi-input multi-output nonlinear systems with non-differentiable operating points'3, Xu C proposed a strategy
based on observer and dynamic event-triggered for the discrete-time multi-agent systems'#. Tutsoy O presented a robust reduced-
order thau observer with the adaptive fault estimator for the unmanned air vehicles'?. Currently, only limited achievements
regarding observers have been applied in decentralised control for interconnected systems.

Sliding mode control (SMC) is known to have numerous advantages, for example, fast response and insensitivity to variation
of parameters and disturbances in systems'®17, A static output feedback SMC has been designed for time delay systems where
the designed controller was independent of the time delay®. Kao YG focused on designing an Hoo based SMC for neutral-
type stochastic systems with Markovian switching parameters and nonlinear uncertainties'®. Zhu JM used the SMC method for
control of uncertain multi-input multi-output linear Markovian jump systems'®. Incremona GP presented a second-order SMC
to improve the closed-loop performance of nonlinear affine systems with quantized uncertainty?’. Su XJ proposed an SMC
for discrete-time switched systems via an event-triggered strategy”l. Wang XR adopted an incremental nonsingular terminal
SMC for multi-input multi-output nonlinear systems with uncertainties, disturbances, and sudden actuator faults?2, Gao XW
developed a chattering-free model free adaptive SMC for a gas collection process with data dropout23. Dong H proposed a
practical terminal SMC for servo systems<#. Wang B designed an adaptive fault-tolerant based SMC for a quadrotor unmanned
aerial vehicle with actuator faults and model uncertainties®>. Estrada MA adopted a passive fault-tolerant control based on
sliding-mode-based Lyapunov redesign®. Gomez MA presented SMC based robust asymptotic stabilization for the time delay
systems2Z, It should be mentioned that all of the work above relates to centralised systems.

In recent years, decentralised SMC for interconnected systems has attracted the attention of numerous researchers. An ob-
server based fuzzy neural SMC scheme was designed for interconnected unknown chaotic systems, although the work did not
explicitly consider matched uncertainty282%, Global decentralised SMC for interconnected systems using only output informa-
tion was considered, although again neither matched or mismatched uncertainties were considered“". A decentralised control
was designed to stabilise a class of fully nonlinear time delay interconnected systems, where strong conditions were imposed on
the considered systems and interconnections due to the nature of the static output feedback employed“!. A new decentralised
SMC strategy for complex interconnected systems subject to non-smooth nonlinearities was presented=2. This strategy requires
that the interconnections have a linear structure. A reduced order observer based integral SMC was proposed for interconnected
descriptor systems where the mismatched uncertainty was not considered, and the interconnected system needed to have a spe-
cific structure”3. A decentralised SMC for nonlinear interconnected systems was designed using static state feedback, and thus
all the states of the interconnected system need to be known for use by the controller**3>. Wang T proposed a sliding-mode
surface-based decentralised event-triggered control for partially unknown interconnected nonlinear systems via reinforcement
learning to achieve great results, though reinforcement learning adjusted the system models via trial and error, it greatly in-
creased computational burden, and the unknown part of this system needed to satisfy the harsh structural characteristics®®. Xu H
presented a finite-time decentralised SMC for interconnected electrical power systems based on a GA (genetic algorithm) design
method“”. The number of subsystems in the interconnected system was limited due to algorithm structure, and the initial values
of GA was hard to select during the design process. Although good results in the area of decentralised SMC have been achieved,
many previous strategies related to this field have many limitations and defects, the results for nonlinear interconnected systems
with unknown states together with matched and mismatched uncertainties are lacking.

In this paper, a dynamic observer based decentralised SMC strategy is specifically proposed to stabilise a class of nonlinear
interconnected systems with matched and mismatched uncertainties. A dynamic observer is designed to estimate the states of
the interconnected system. A coordinate transformation is used to transform each isolated subsystem into regular form which
is convenient for the design of SMC. Using the pre-designed observer, a composite sliding surface is designed, and sufficient
conditions are developed to ensure that the sliding motion is uniformly asymptotically stable using the Lyapunov theory. A
dynamic decentralised output feedback SMC law is designed to drive the system to the sliding surface in finite time and maintain
a sliding motion on it thereafter. The impact of matched and mismatched uncertainties is dealt with during the reachability
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analysis under appropriate conditions. The presented results also seek to reduce conservatism. The bounds on the uncertainties
are nonlinear and take a more general form to relax the constraints of previous results. Finally, the results of practical simulation
are used to demonstrate the effectiveness of the presented approach. To put it simply, the main contributions of this paper are
summarized as follows:

1) This dynamic observer based decentralised SMC strategy is applied to complex nonlinear interconnected systems in the
presence of both matched and mismatched uncertainties, when the system states are unknown.

2) The full-order observer is adopted, which can reduce the conservatism of the algorithm compared to some results using
the reduced-order observer. Besides that, the uncertainties of nonlinear interconnected systems considered in this paper
are nonlinear and have general structures, which indicates that the presented strategy can be effectively used in generalised
nonlinear interconnected systems with uncertainties.

3) The proposed strategy adopts decentralised control combined with SMC instead of traditional centralised control to elim-
inate the negative impact of uncertainties, this approach simplifies the complexity of calculations and improve robustness
of interconnected systems.

The remainder of this paper is organized as follows. Section ‘System description and preliminaries’ describes the mathematical
model of nonlinear interconnected systems with uncertainties and gives some assumptions. Likewise, section ‘Dynamic observer
design’ describes the detailed steps to design a novel dynamic observer for nonlinear interconnected systems with uncertainties.
Then, section ‘Sliding motion analysis and control design’ gives the design process of decentralised SMC. After that simulation
results for lateral flight control system demonstrate the effectiveness of the presented strategy in section ‘Simulation results’.
Finally, the section ‘Conclusion’ summarises the whole paper.

2 | SYSTEM DESCRIPTION AND PRELIMINARIES

Consider the system

X; = Aix; + Bi(u; + Gioi(x;, 1)) + E; fi(x;, 1) + 2 H;j(x;,1) @)
i=1
vi=Cx;,  i=1,2.n )

where x; € Q;, C R" (£, is a neighbourhood of the origin), u; € R™ and y; € R% with m; < g; < n; are the state, input
and output of the i-th subsystem, respectively. A;, B;, C;, E; and G, are known constant matrices with appropriate dimensions,
where B, is of full row rank, and C,; is of full column rank. E; f;(x;, ) and G;@;(x;, t) are mismatched uncertainty and matched
uncertainty, respectively, where f;(x;,?) and @;(x;, ) are unknown functions with appropriate dimensions, and the matrices G;
and E; are used to describe the structure of the matched and mismatched uncertainties, respectively. Z;’:l H;;(x;, 1) represents
the known nonlinear interconnections. It is assumed that all the nonlinear terms involved in this paper are continuous in the
considered domain to guarantee the existence of the solutions of system (I)-(2).
Assumption 1: The unknown functions f;(x;,) and @;(x;, t) satisfy

||fi(xi,t)|| < ei(xi7t) 3
lo;Cxis DIl < 8;(x;, 1) (€]

where known €;(x;, 1) and 9,(x;, t) are Lipschitz with respect to x; in the domain Q; C R" and uniformly about 7. The known
nonlinear interconnection H; j(-) is Lipschitz with respect to x ; in the domain Q ; C R" and uniformly about?fori,j = 1,2, -+, n.
From Assumption 1, it follows that for any x;, X;, x ; and X ; in the considered domain,

lle;(x;, 1) — (X, DIl < Eei(t)”xi =%l )
||19i(xia - '9,'(3?,',1‘)” < El()’(t)”xi - 5%,” (6)
1H;jCxjt) = Hy (R, DIl < Ly (D]lx; = Xl (7)

where CEi(t), L 9,(t) and L Hij(t) are nonnegative functions in Rt = {¢|t > 0}.
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Remark 1: The matrices E; and G, are employed to describe the structural characteristics of the nonlinear mismatched and
matched uncertainties, respectively. The functions f;(x;,t) and @;(x;,) are unknown uncertainties with known bounds which
will be used later in the control design. The specific values of uncertainties may be difficultly achieved, but based on practical
experience and data statistics, the approximate bounds of uncertainties can generally be obtained. This situation is very consistent
with the practical application of nonlinear interconnected systems with uncertainties.

Assumption 2: The matrix pairs (4;, B;) and (A;, C,) are controllable and observable, respectively, fori = 1,2, ---, n.

Assumption 2 is a basic limitation for the triple (4;, B;, C;). A dynamic observer is to be designed in the next section. Then,
a decentralised SMC strategy will be proposed.

3 | DYNAMIC OBSERVER DESIGN

In view of the observability of the pair (4;, C;) in Assumption 2, there exists a matrix L; such that (4; — L;C,) is stable and thus
for any Q; > 0 the following Lyapunov equation has a unique solution P, > 0,

(4, = L)' P+ P(4, - L,C) = -0, ®)

Assumption 3: There exist known matrices F,, J; and P, such that [E; B,G;]" P, = [F, J;]C, holds, where P, satisfies ,
and the matrices B;, C;, E; and G; are given in equations (I)) and (2).

This class of the structure of F; and J; exists in systems that possess measurable scheduling parameters, decomposable in-
put—output channels or affine parameter dependency. Typical examples include mechanical systems with separable dynamics,
power-electronic converters with piecewise-linear operating modes, and aircraft or robotic systems whose dynamics can be ex-
pressed in a polytopic form. For such systems, the matrices F; and J; can be obtained via standard factorization or through
solving linear matrix equalities derived from the system representation.

Consider the following dynamic system

n
X =A%+ B, + YRy, 1)+ L,(y; — C&) +¥,(%,, y;, 1) + 2 H;;(%;,1) 9)
j=1
where X; € R", L, € R"*%, and

DGR 5. - G #0 (102)

A i = CilXi 1), O = Gixg a
‘{‘i(xi,yi,t) = 3 ”F,(yl - C,-x,.)ll ’

0, F(y-Cx)=0 (10b)

i = €% 9.(%.1, J(y,—Cx)#0 (11a)

N it A vilX,l), O = Gix; a
Y[(x[s Vi) = 9 ”Ji(yi - Cixi)” ’

0, J(y,—Cx)=0 (11b)

\

where E;, F;, G; and J; satisfy Assumption 3 and the known functions ¢;(-) and 9;(-) are given in Assumption 1.
Define the state estimation error by e; = x; — %;. It follows from (1) and (9) that the error dynamic is given by

é; =(A,‘ - LiCi)ei + (E,‘fi(x,w - Ti(fci, Vis n) + Bi(G,‘(Pi(xi, ) — Yi(j%ia Vis 1)

n 12
+Z(HIJ(XJ,t)—H,J()%J7t)) ( )
Jj=1

The following results are presented to underpin subsequent analysis.

Lemma 1: Suppose that Assumptions 1-3 are satisfied, A(P,) is the maximum eigenvalue of the matrix P,. Then, the following
results hold:

() eiTPi(Eifi(xi’ =¥ (%, y,0)) < Egl(t)llEClll ||€i||2

(if) € P.B,(G,0,(x,, 1) = Y, (51 v D) < Ly OI,C e, I

(iii) ef P, X (H,;(x;.0) = Hy(R, 1) < X0 APILy, Olle; el
where L (1), Ly (1) and L (1) satisfy , @ and H respectively.
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Proof. From Assumptions 1 and 3, combining with equations (I0a) and (I0D), if F,Ce; # 0,
el P(E fi(x;;1) = ¥i(%;, ;1))
(F.C.e;))T F,.Ce;

= (F.Ce)" fi(x; 1) — — IIIF;C,-e,-II €(%;,1)
< IFCeille(x;, 1) = [ FCeeyll€,(%;, 1)
<L OIFClell? (13)
Otherwise if F,C;e; = 0, then from E] P, = F,C; in Assumption 3, it follows that
el P.E, = (E! Pe)" = (FCe)" =0 (14)
Therefore, from the analysis above,
el P(E, fi(x,)) = ¥R, 1) = 0 < L, OIEC eI (15

Hence conclusion (i) follows.
According to (ITa)) and , conclusion (ii) can be obtained following a similar analysis as for conclusion (i).
Based on (7) and the fact that the upper-bound for the norm of matrix P, is the maximum eigenvalue of P.=%, it follows that

n
ef P, Y\ (Hyy(x;,0) — Hyy(%,,1)
j=1

< llellAP) YLy, lix; = %1
=1

J

n
= X ABILy, lle; e (16)
j=1
Hence conclusion (iii) follows. O

Theorem 1: Suppose that Assumptions 1-3 are satisfied, A(Q;) is the minimum eigenvalue of the matrix Q,, E(Pi) is the
maximum eigenvalue of the matrix P,. Then, there exist positive constants «; and a, such that

lle;ll < ayexp{—ay1} a7
if (M + M) is positive definite with M = (m,;),,, defined by
MO = 2L MIIEC = 2L OI,C/ll = 2A(P)Ly (1), i = (18a)
—2A(P)L y, (1), i# (18b)

my;
where Q; satisfies equation (8) and F; and J; are defined in Assumption 3.

Proof. For the system , consider a Lyapunov function candidate ¥, = Y."_, e Pe;. Then, the time derivative of V| along
the trajectories of system (I2) is given by

n

Vv, = Z < —e! Qie; +2e! P(E,; fi(x;,1) = ¥;(%;,y;,1) + 2] P,B,(G,,(x;,1)

i=1

=Y, XLy, D)+ 2e,TP, Z(Hij(xf’ - Hij(ﬁj’ t)))
j=1

J
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where equation (8) is used above. From conclusions (i)-(iii) of Lemma 1, it follows that

Vi < (=M lle; I + 2L, ONEC e
i=1
n
+2L, OIC el +2 Y ALy Dlle;llle; 1)
j=1
= - Y (AQ) = 2L, OIFCl = 2L, OII,C/ll = 2A(P)L g, ()lle,II
i=1

+Z Z ZE(P,')EH”U)”Q””%”

i=1 j=1j#i

1
=- E[Ilelllllezll o le, M + M) ley el - lle, 1T
1 N 2
<= MM+ M ),Zf”e"” (19)
Given that ; ;
Y el Pe; < max, {A(P)} Y lle;lI? (20)
i=1 i=1
then according to equations (T9) and (20), it follows that
) MM+ MT) 2
ne- 2NN 5 orp,,
2max; {A(P)} i=1
AM +MT)
=V
2max; { A(P))}
=-aV
where
MM + MT)
@ = —— " >0 @1

" 2max, {A(P)}
Based on the analysis above, it follows that
Vi(t) < V,(0)exp{—ay1)

Since min, {A(P)}|le;||* < e] Pe; < X", el Pe; =V, the conclusion ||¢;|| < a,exp{—a,t} follows by letting

@ > \/74(0)/min, (4(P)} @2)

Hence, the result is obtained. O

Remark 2: Theorem 1 shows that the dynamic observer in (9) is an exponential observer for the system (I)-(Z). This can be
seen from the inequality (I7). The proof is also constructive and provides a method to determine the values of a; and a,. The
inequality will be used in the reachability analysis.

4 | SLIDING MOTION ANALYSIS AND CONTROL DESIGN

In this section, the dynamic observer (9) is used to form a dynamic feedback control to stabilise the system (I)-(2). The stability
of the sliding motion is analysed first. Then a controller is designed to satisfy the reachability condition.

4.1 | System transformation

Consider the system -. Since B; is full row rank, there exist a coordinate transformation T;1%? such that

T,B = [0] (23)
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where Ei € R™>™: is a nonsingular matrix fori = 1,2, ---, n.
For systems (T), () and (9), consider a transformation

z; T, 0] [x;
Hoe= 1! ! 24
=Ll o
where T} is the nonsingular matrix satisfying (23). Using (24), let &, = z, — 2, and ¢; = x; — %;. It follows that
¢, =Tx;,—T;x;,=Te, (25)

In the new coordinates, the systems (I), (Z) and (I2) can be rewritten as

n
zy = Ayzy + Apzp + [z, 20,0 + Z Hijl(zjh Zjp, 1) (26)
=1
e; = ( ~i - i’iéi)éi + (fi(zil’ Zpp, 1) — lpi(ﬁil’ 22, ¥in 1)

n
+ Bi((i’i(z,-p Zin, ) — Y,—(ﬁil, 2,-2’ Yis 1)+ Z(ﬁij(zjl’ Zj2, 1) — Nij(ﬁjl, 2}.2, 1) 27
j=1
n
f = Apzy + Az + B + 921, 20, 0) + iz 2 ) + Y Hipp(20,201) (28)
=1
yi=Cyz (29)

where z;; € Q, C R"™, 2z, €Q, CR", z =col(z;,z,) € Qp CR", and
Qp =Q, xQ. = {(z;:2)|(zi13 2p) = T;x;, x; € Q; C R}
2, €Q, CR"™, 2,€Q, CR™, Z =col(Z,2,) € Q CR", and

Qp =Q; xQ: ={(Z;2)I(Z;;2) =T, %; € R"}

and
G =CT; ! (30)
L =TI, (1)
~j(2iay,"t) = T}lpi(’]—;'_lﬁjs Vist) (32)
(bi(zi’t) = Gi(Pi(T;-_lzi’ 1)) (33)
Y2y t) = Y (T7 "2, ,,0) (34)
E, =T, (35)
fizit) = f(T ' z,,0) (36)
A Ail AiZ _ -1
A= |3 3] =mam o7
fizi,t) = [;;8] = E fi(z;,1) (38)

where 4, € R=mxo-m) £, & Ro-mosm, £, € Rnxom) &, & Rmm, f () € RV, fo() € R™, H, () € R
and H,,,(-) € R™.
In the subsequent section, the interconnected system (26)-(29) will be considered from the perspective of sliding mode control.

4.2 | Stability of sliding motion

From Assumption 2, the matrix pair (4;, B;) is controllable. Therefore, from the results 40 the matrix pair (ff” s I‘Iiz) is control-
lable. Then, there exist a matrix K; such that (4;, — A, K,) is stable, and thus for any O, > 0, the following Lyapunov equation
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has a unique solution P, > 0,

(A = ApK)" P, + P(A;) - ApK) = -0, (40)
Based on the specific structure of system (26)-(29), the switching function for the system (26)-(29) can be selected as
6i(8) = Syt + Sptn,  i=1,2-.n @1)

where S;; € R™*"=m) and S, € R™*™ are design parameters with S, being nonsingular. The matrix .S}, is selected as

Si = SpKi (42)
where S, is a nonsingular matrix to be designed later, and K; satisfies . Then, from and ,
(Ail - AiZS[_ZISiI)TPi + Pi(Atl - AiZSi_zlsil) = _Q_i (43)

Then, the composite sliding function for the interconnected system (26)-(29) is given as
0(2) = col(o,(2,),05(25), -+, 6,(2,)) 44)
where o,(-) fori = 1,2,3, ---, n are defined in @ Thus the composite sliding surface may be written as
{col(2y, 2y, -+, 2,)|0y(2) = iy 2y + Sip2iy = 0, i=12,-,n} (45)

Leté;, = z;; — 2, and é, = z;,, — Z,,, where ¢;; € R"™™, é, € R™, & = col(é;,é,) € R". The sliding surface can be
rewritten as
0,(2) = S Zi + SpZip = Sizp + Sz — Si€ — Siplps i=12.n (46)

When the system is limited to the sliding surface @3} it follows that ¢,(2;) = 0. Thus, from ({#6),

Zip = _Si_ZISilzil + Si_ZIS‘Iéil + e i=12n (47)

1

Therefore, the sliding mode dynamics of the system (26)-(29) corresponding to the sliding surface {#5)) can be described by
Zj) =(Ail - Aizsi_zlsil)zil + A~i25i_2]Sile~il + AiZéiZ

n

+ sz @)+ Y Hyy (21, 8,,1) (48)

j=1
éi Z(Ai - i’iéi)éi + (fis(zih ¢, 1) — \iji(ﬁil’ 2, Vi 1) + éi((bis(zil’éi’t)

n
= Y2, 2, ¥ ) + Z(Hijs(zjl’ éjs - Hij(ﬁjp 2]2, 1) (49)

=

where
JiisC) = fi(ziy, 20, t)|z.2=—s-‘s.lz.1+s-‘s.lé1+é2 (50)
2 i2 Tl i2 “il%i i

H;; () = H;j; (21, 2js, ’)|zﬂ:_s;zls/lzj1+s;zlsjle~jl+e~j2 Gbh
?is() = 02315 20, Dl 5 =515, 2,457 5,842, (52)
JisC) = [zt Zi2s Dz =515, 2, 4551 5,0, 4+, (53)
H,-js(-) = H,-j(zjl, Zj, t)Iz,2=-s;21sjlz,.,+s;zlsjle~jl+e~,2 54

From Assumption 2 and equations (30), (31), (35) and (37), it is straightforward to obtain
(TVAT, - T LET) P+ P AT, - T LET) = -0,

i~iti

A‘;I‘(Ti—l)TPiTi—l _ éiriiT(Ti—l)TPi];—l + (Ti—l)TPiTi—lA’i _ (Ti—l)TPl_Ti—lil_Cwi

=-aH o (53)

Let
(T H'PT ' =P, (56)
(T;-T)_lQiTi_l = Qi (57)

Then, equations - imply that for any Qi > 0, the Lyapunov equation
(Ai - Ziéi)T[)i + E(Ai - i’iéi) = _Q'

1

(58)
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has a unique solution P, > 0.
Assumption 4. It is assumed that

I f[]s(zils el < xn(zi, €0 |l zjy Il +xin(zi1,. 8,0 || € | (59)
n n
Z ”gijls(zjl’éj’t)” < Z(@ijl(zjlséjat) [ Zj1 Il +0[j2(zj1’éj’t) I é; I (60)
j=1 j=1

where y;;(-), xi2(), 0;;1(-) and g, ,(-) are known functions.
Theorem 2: Suppose Assumptions 1-4 are satisfied. Then, the sliding motion dynamics [@8)-({@9) are asymptotically stable if
W + WT is positive definite with W defined by

W = |fU§lJ wfj] 61)

w?. we,

ij ij
wa: {i(Q_,—)—21(13,-);(,»1(-)—271(13,-)0,-,-1(-), i= (62)
Yo =24B)ey; (), i#j (62b)
A {—(2||RDi||+2E(R>xi2(-)+2E(P,->o,,2(->), i=j (63a)

Wi = 5 .

—24(P)0;j5(), i#j (63b)
. [0 =2L OIECI = 2L5 OI,Cill = 2AP)L g (1), i= (64a)
T\ 2AB)L g, (). i# ) (64b)

where &(z;.1) = (T 'z,.1), 9)(z;.1) = 9,(T'z..1) and D; = [A,,S,'S,;. Ap). P, and O, are defined in . P and O,
satisfy . A(Q,) and i(Qi) are the minimum eigenvalues of the matrices O, and Qi, respectively. E(Pi) and /1(131-) are the
maximum eigenvalues of the matrices P, and P, respectively. y;,(-), x»n(-), o; ,1( ) and g; 12( ) are given in Assumption 4. £, (t) =
L OIT M, L5 = Ly OIT ]| and Ly, (t) = ITNLy, OIT 1|| are nonnegative continuous Lipschitz functions, where
L. (t) Ly (1), and £ H, (¢) are given in (E]) respectlvely

Proof. For the system (48 -49, consider the Lyapunov function candidate ¥, = Y (z! Pz, + & P¢)). Then, the time
derivative of V, along the trajectories of the dynamic system (8)-(@9) is given as
n
; T Ths 4+ AT hs 4 5T B
Vv, = Z(ZHPI-Z“ +z,Pz; +¢ Pe +é Peé,)

i=1

= Z ( 11lell + 2Z11 I(AIZS Sllell + A12€12 + fllS( )+ Z szls( )
i=1

j=1
0,428 P, + wr + w3)> (65)
where

fzs(z 1» ,’t) Ti(ﬁihﬁiz, y,»,t) (66)

wy = Bi((pis(zil’ 1) — Yi(ﬁil’ 2, Vis 1)) (67)

w; = Z(H,,su,l, &) = Hyj(20,20.1) (68)

From é; = col[¢;, é;,]
2 P(A, S5, S8, + Apéy) = 2! PD,¢; (69)

where D; = [A,5,'S,;, A»]. Then,
P(ApSy,' Sy + Apep) < IB DIz 12| (70)

111

According to equation (59), it follows that
z B fas () S AP £ Ollza 12 + AP 2 ONIE N1z, | an



10| Nan Ji ET AL
From (60),
Z ;1) < M1z [1ACP) Z 01 Ollzpll + N1z, 1A(P) Zo,,2< )IEA (72)
where H,J“( ) is the first n; — m; rows of Hij(zj, Dlz,= 882+ 8,18+
Based on equations (I0a)), (I0b) and (32),
qli(ﬁils Zips Y1) = liJi(ﬁis Yis)
LG o, RCE %0 (73a)
S (5 iCiéi a
V.2, y1) = ||F |
0, FCé =0 (73b)
where €,(2,,1) = (T '2,.,1).
From equations (TTa), (ITb) and (34),
G J’C"~’,§(A N, JCé& #0 (74a)
AP i = vilzpl),  JiGe; a
Yi(Z,y0) = /Gl
0, JCé =0 (74b)
where §,(2,,1) = 9,(T"'2,,1).
According to Assumption 3, and equations (30), (33) and (56),
(I EY'TT BT, = FCTT,
E'P = FC, (75)
By the similar reasoning as (73],
G'B' P, =J,C, (76)
From (73a) and (75), if F,C.¢; # 0,
s gl = = 3 . FCpg,
¢, Pw =¢ P, E fi(z;,€,1) — E; ﬁe (2, 1)
l 1
(F i I)TECIel
(Ft i t)Tfts(le’ € )_ ~ ~( Zi, )
||FC, &ll
< NFECéE N fis(zi1. €0l = |1 F;Ciéll€:(2;, 1)
< FECElNiz 0l = IF,Celle 2, 1)
< ECéE gz, 0 - | FCE &1
< L OIECIE (7
where f(2;1,€,1) = (2,1, 2o, Dzp=-s75, 2,455,840, 1 FCge =0,
& Pw, = (F,Cé) fi(z), 8,0 =0 < L. OIFC g (78)
So, from (77) and (78),
& Pw < L. OIFCIe | (79)
By using similar reasoning as used to obtain (79), it follows from (74a)), (74b) and (76) that
el Pw, < £; 0IJ,C el (80)
According to (7), (39) and (68), in a similar way as used to obtain (80),
& Py < ) AB)Ly, 0111111 81)

j=1
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Substituting — and — into , V2 can be described as

229 ( — 2Ozt 1P + 218D, 12,1 IIE I + 24(P) 21 Ol 2 I
i=1

+ 24P 2Oz 11+ 20120 1P Y 01 2l

j=1

+201z4 1B Y, 0,00l | = AG el + 22 OIEC eI

Jj=1

+2L5 OILCINEN +2 ) E(é)ﬁﬁi,.<r>||é,.||||é,||>
=1

J
== (4@,») —2A(P) i () - 2E<E>oi,»1<~>> [Ek
i=1
- 3 (#0022, ONEC - 22, 011N = 2P, 0 ) e
i=1
+ 2 (2UPD, 1|+ 22(P) xin () + 24P o)) g1 |

i=1

+ )Y 2APosOllzalllzll + Y, Y, 24P Gllz g

i=1 j=1,j#i i=1 j=1,j#i
+0 Y 2UB)Ly el |
i=1 j=1,j#i
=- %[”211 Nzo0 1= zag IS HIE - 11, 11w + W)
[z iz -z, € NN - 1le, " (82)
Hence, the conclusion follows from W + W7 > 0. ]

Theorem 2 shows that the sliding motion of system (26))-(29) relating to the sliding surface (@3) is asymptotically stable. In
the next section, a sliding mode controller will be designed to drive the system to the sliding surface @3]

Remark 3: Theorem 2 provides a set of sufficient conditions under which the sliding mode is asymptotically stable. The
function matrix W in Theorem 2 only depends on the known coefficient matrices and related parameters of the bounds of
uncertainties and interconnections. The coefficient matrices are determined by the given system. The condition that W+W7T > 0
with W defined in (61)-(64b) implies the limitation to the uncertainties and interconnections. Theorem 1 also follows the similar
situation.

4.3 | Reachability analysis

The objective now is to design a control law such that the reachability condition'}
TiaNe (2
- o; (Zl-)CTi(Z,-)

—_— <0 83
2 o S 3

i=1
is satisfied where ¢,(2;) is the composite sliding function given in (45). If condition (83) is satisfied by some controllers, the
system (26)-(29) will be driven to the sliding surface and maintain a slding motion on it thereafter.
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Based on the estimated state 2, = col(Z;, £,) and &; = col(é;, &,,) given by (26)-(29), the following decentralised sliding
mode control is proposed

u=—(SyB)™! <(Si1’ii1 + SpAi)2i + (S Ap + SpAi)2,

61'(') CT CT . ~ N
+ 0Ol (1S3 1151 Zis v DI+ 1S (20 v DI + Z 1S IH1H i1 (23, Dl
i j=1
n
+ 1S BillllY (2, v, DIl + Z I1S2 H1H jio (23, DI + ki(ﬁi’t))> (84)

j=1
where k;(Z;, 1) is the control gain to be determined later. ‘i‘il(ﬁi, ¥;, 1) denotes the first n; —m; rows of ‘i’i(éi, ¥;, 1), and ‘i‘iz(éi, Vi, 1)
represents the last m, rows of ¥,(2;, y,, 1).

Theorem 3: Suppose that Assumptions 1-4 are satisfied. The control law in (84) drives the system (26)-(Z9) to the sliding
surface (#3) and maintains a sliding motion on it thereafter if

ki(2;, 1) >||IT;||ayexp{—a1} <||Silfii1 + SpAsll+ 1S, Ap + SpAyll

+ (ISl + 1S IDIA; = L, ”,-||> (85)
where a; and @, are given in (I)) and (22)), respectively.

Proof. From the definition of o;(2,) in @I} and system (26)-(28), it follows that

n TiaNe /s
o; (Zl-)O'i(Zi)

Z llo; (2)l

i=1

S ol () . . ~ o
ZZ <Si1(Ai1Zil +Apzp + fu()+ ZHijl('))

= o Ol =

+ S (Apz + Ayzp + Biu; + §,()) + fp(-) + Z I:IijZ('))
=1

=831 (D + (i () = ¥y iy 20, i 1)
+ Z(gijl(') - gijl(éjl’ Zj2» t)))
=1
= Sp(Dpé; + (fo() = Yo (Zirs 212 v 1)
+Bi(@,() = Yi(2i1, 20, yi D) + Z(ﬁzjz(‘) - Hip(2), 2j29t)))>
=1

" oT() _ - - -
= 2 — <(Si1Ail +SnAR)z) + (SiAn + SpAy)zp
= o Ol

n
+ Silqlil(ﬁi’ Vi 1) + Sy Z I:Iijl(ﬁj’ N+ Si21§iui + SiZli’iZ(éi’ Vis 1))
j=1

+SpB Y2y )+ Sp Y Hipp(2,,1) = (Sp Dy + S”Dil)e”i> (86)
j=1
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where D,; represents the first n; — m; rows of (A, — L,C,). D,, denotes the last m; rows of (A, — L,

law (&4)) into (86),
" 6T (2,)6,(2,)

Z IIIGi(ﬁi)II

i=1
& o () . - . -
= <(Si1Ai1 + SnAp)e + (S An + SpAué,
~ o, ()l
+@&u@no||owﬁw%@wmm
H&})m@m (m2u|mﬂ@mm
4 A ,() ~ N
+ (Sizlpiz(zi» Yis 1) — o ( o ”Sﬂ” ||‘Pi2(zi, Yis 31))
S Q)
+(SpB Y, (2, ;1) — o0l ||SlzB ||||Y 2,y

+®b2 21 — (me%wmd%m>

— (S Dy +SpDp)e; - o) —=ki(2;, 1)>
llo, Il
where é;) = z;; — 2;; and é,, = z;, — 2.
From equation (24)
1Tz = 201l = 11T &1 = lley|
Then, from equations and (88),

el < WTNT; &l < IIT; llapexp{—a 1}

In the equation (§7),
O ~ .
D i (S Ay + SpA)E + (S A + SpAw)ey)
= o, ()l
< Z(”SilAil + SpAill + 151 Ap + SpAulDIIE
i=1
From equations (73a) and (73b),
) - o,(-)
: 0 PGy ) = —— 1S, 1Y, (Z,,Y,,I)H)
MHMN<1 : llo, Gyl

A O o
=) Sy t) = IS0,y DI ) <0
<\ Tio,0l

Based on equation (39) and from the fact that

ZZSIIHIJI(ZJ’t)_ ZZ ~ji1(2[7t)7

i=1 j= i=1 j=
it follows that

1

T() n
=1< ou”zHﬁ@” Zn MJJ%MOSO

i=

s I

O] "
Z; le;: Ol < Z Hipz.0 ()” Z IS, AINH (2 t)||>

C,). Substituting the control

87)

(88)

(89)

(90)

oD

92)

93)
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Taking into consideration and (73b),

"oty [
2” (sfzqfﬂ(z,-,y,-,z» %) ||S,2||||T,2<z,,y,,r>||)

o, Ol (LAQL
SO o
= 2 <—Si2\Pi2(Zi’yi’t)) - ”Si2“”lPi2(zi’y[’t)”> <0 (94)
perlN CAQT
Following similar reasoning as used to obtain (94), it follows that
no T
; () < .
SnpBY(2.y1.0) — =115 B; ||||Y(Z,,y,,t)||> <0 93)
,1||o<>|| || <>|| 2
i %0 (Si2iﬁij2(2j’ Z”Sﬂ le(Zi’t)”> <0 (96)
oI\ & <>||
" 6T () L
2 o ()”(S,ID,1+S,2D,2)6 LSi I+ 1S DIA; = LGl o7

Based on the equations @I)-@I) and (93)-(©7),
L o] (2)6,(2)
iz llo; (2)l
n
< 2 <(||Si1Ail +SpAill + 1S Ap + S Ay DlE
i=1

+ (IS 1l + ||S,2||)||A, - i’iéi””éi” - ki(zi’t)>

= Z <(||Si1Ail + Si2/ii3” + ”Silf{iz + SiZAi4”

FASI+IS2DIA, = LEI el - kG ) ©8)
Hence, from equations (83), (89) and (98),
" 6T (5)6,(2,)
D o <0 (99)
o1 llo; ZDII
Thus, the composite reachability condition is satisfied. O

Remark 4: In this section, a dynamic decentralised output feedback SMC is presented to drive an interconnected system to
the designed sliding surface in finite time using a pre-designed observer. A sliding motion is then maintained thereafter. The
interconnections are employed in the control design to reduce the conservatism of the developed results. The bounds on the
uncertainties, which are nonlinear and take more general forms, are relaxed. This strategy improves the robustness of the whole
system and manages the impact of matched and mismatched uncertainties by appropriate reachability analysis. It should be
noted that the effect of the mismatched uncertainty can not be rejected by designing controller. Actually the limitation to the
mismatched uncertainty is necessary for sliding phase.
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S | SIMULATION RESULTS

Consider the following lateral flight control system composed of two subsystems, the generalised lateral mode at the cruising
flight condition for civil airliners can be described as*!:

[-7 0 1] [x,

X;=10 —=61]-]xp,
| 1 0 0f [x3
[0 0.9126 1.1776 0.14(|| x5 || + sin(x;3))

+of@ +o,t.x))+| 1 12 | fi(x. 0+ 0 (100)

1 0.5 1 0.07(sin(x5,) + [1x1, 1D
- X
110 1

yl - O 0 1] : x12 (101)
) X13

. (-2 1 X
2= [ 1 0] [xzz]

0 4.5 225 0.05(l1x,, Il + %22 1)
" .1] " [ 1 0-5] 202D+ 17 dsinga) (102)
v=[11]- [iz] (103)

where x; = col(x;;, x;,, x;3) and x, = col(x,;, x,,) represent bank angle, sideslip angle, washout filter output, roll rate, yaw
rate, respectively. It is assumed that flight attitude angle, washout filter output and flight attitude rate are available as the out-
puts of the system (TOO{I03). Input signals u; and u, are the perturbed aileron deflection command and the perturbed rudder
deflection command, respectively. The dynamic coefficients denote the Boeing 707 aircraft cruising at the specific speed!. The
uncertainties are assumed to satisfy

/1N < €,(¢) = 0.2(sin(x5) + [[x3]]) (104)
12O < €,(-) = 0.02 x|l (105)
loiON < 9,() = 0.13sin(x,,) (106)
L, ()=04 107)
L, ()=002 (108)
Ly ()=013 (109)
and

£HU(-) =0.313 (110)
Esz(')=0~108 (111)

where

0.14(|| x5, | + sin(xy3))
H, = 0 (112)
0.07(sin(x5,) + |1x1, 1D

_ [0:05C11xy I + [1x2211)

S 0.04sin(x,,) (113)
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By direct verification and using the matrices below, (A, B;) and (A,, B,) are controllable, (4,,C,) and (4,,C,) are

observable. Thus Assumption 2 is satisfied.

[—7 0 1
A =0 61

|1 00

-2 1
A, =
=[]

[0
B, =|0

1

0
.=}

110
Cl‘[om]

A
I

[11]

Choose

—3.5979 5.3943
L, = 0.2988 —1.7078
1.3056 2.2992

-0.5
L= [1.0000]

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

By calculation, (A; — L,C,) and (A, — L,C,) are stable. For Q, = I; and O, = I, the solutions of Lyapunov equation (8] are

0.1497 0.0668 —0.0960
0.0668 0.1339 —0.0789
—0.0960 —0.0789 0.3081

0.3333 0.2000
0.2000 0.8000

Py

P, =

Let
0.9126 1.1776
1 1.2
0.5 1

Foo [0.1554 —0.0125
"7 [0.1604 0.1004

E,

45 2.25
E= | 1 0.5]

1.7
k= _0.85]
[-0.0875 0.3081]
G, =1,

~
I

According to (18a)-(T8Db),

(M + MT) = [ 1.0658 —0.3111]

-0.3111 1.4084

(122)

(123)

(124)

(125)

(126)

127)

(128)
(129)

(130)

where (M + MT) is positive definite, thus Theorem 1 is satisfied. Based on the equations and , a; = 1.1 and a, = 0.15.
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The system (T00)-(T03) satisfies equation (23). Consider the transformation matrices 7 and T, given by

T =1, (131)
T,=1, (132)
Then,
zi| . |17 0] |x
AN a
| . _ |12 O] |x
2[5 2l ] a2

where z; = 001(271’1?1’%) = col(xy, X9, X13), Zy = c0l(2y}, Z5p) = COl(Xy ), Xy5), 2] = 001(2‘]’1,2’1’1,212) = col(Xy;, X2, X3)

and 2, = col(Z,, £5,) = col(X,, Xp,). From (T31)-(134), it is straightforward to determine that, for i = 1,2,

. =C, (135)
L=1L, (136)
E =E, (137)
() = E f,() (138)
A, = A, (139)
B, =B, (140)
H;;()= H;;(") (141)
L()=L() (142)
L5() =Ly, () (143)
Ly, ()=Ly, () (144)
Based on the equations (73a)-(74D)),

- FCeé 5
‘i‘]() _ ) lmel(-), F Cé #0 (145a)
o, F,G,é, =0 (145b)
; Ezﬂéz(')’ F,G8, #0 (146a)

F.00=9 TIEGS

o, F,6ye, =0 (146b)

r JiCie, - 5 .
1.0 = lmﬂl(-), J,Cié #0 (147a)
0, J,G,&, =0 (147b)

Consider the equations (59)-(60), )
2110) = xp() = 0.4444 (148)
1o1() = 0.1006 (149)
In() = 02012 (150)
01j1(') = 01]2(') =0.14 (151)
02j1(1) = 03;5(1) = 0.1 (152)
Choose O, =L, and 0, =1, S}, =0, S}, = 1, S,; = 2 and S,, = 2. According to equation (#3)

= [o.og N 0.0(5)433] (153)
P, = 0.1667 (154)

Based on equations and (57), it can be seen that P, = P, P, = P,, 0, = 0, and 0, = O,.
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Figure 1 Time responses of states.
5r 30r I
i 40¢
| T % B i T
ol —— 20f |- bare12 | [-—=-—--- bare13
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Figure 2 Time responses of observation errors.
Based on the equations (61)-(64D), it follows that
1.8052 —0.0567 —0.6659 —0.0567
—0.0567 1.8662 —0.0567 —1.1436
w+wT = (155)

—0.6659 —0.0567 0.8201
—0.0567 —1.1436 —0.4339 1.4084

—0.4339
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[} -2"\/ T o 0f .~
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§ - breve u, E -2 baru,
° -6 4 breve u,
G 8 5
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0 5 10 15 20 -80 5 10 15 20
time/s time/s
6 5
c 4l | c ]
-% 4 bar o, % bar LA
S o2 breve o, e breve o,
2 4 2 ks
(o)} il o))
Sof £
L ©
52 5
4 S5
0 5 10 15 20 0 5 10 15 20
time/s time/s
Figure 3 The control laws (Upper); the switching functions (Bottom).
where W + W is positive definite. Then, Theorem 2 is satisfied. From , k,(:) and k,(-) are selected as
ki(-) = 1.97952¢7 1" + b, (156)
ky(-) = 2.59864¢ 11 4 b, (157)
where b, and b, are selected as 0.1 and 0.1, respectively. Then, the control law can be described as
sa o) ;= - o .
u =- <Z” + “O_IT)”(HIPQ(')” + 1Y, O + 110.07(sin(2,,) + (125, IDII + k1(~))> (158)
1
. . o,(") = = ra .
U, =— O.5< =22y + 225 + m (20%5, Ol + 2P Ol + 0125 N+ 1251
2
+ 0.08||sin(2] )l + kz(-))> (159)

where 6,(-) = 2,5, 0,(-) = 225, +22,,, ¥1,(-) is the last row of ¥, (-), ¥, () is the first row of P, (-), ¥, (-) is the last row of ¥, (-).

For simulation, the initial conditions are selected as z; = col(2,4,2), z, = co0l(3,0), 2, = co0l(0,4,0) and 2, =
col(1,0). Figure |1| shows the time responses of the states of the lateral flight control system, it should be mentioned that
X = col(Xy;, X2, X3, X5, Xpp) and X = col(X,, X,, X3, X5, X,,) denote the estimated states of the lateral flight control system
using the strategies®“#Z, respectively. Compared to the methods=**2, it can be found that the estimated states in the presented
method have the greater tracking ability for the states of this kind of interconnected systems with uncertainties. Figure [2] shows
the time responses of observation errors. Especially, & = col(é},, €,,, &3, &5, &,;) and é = col(€,;, €5, €3, €5, €5,) denote the
observation errors related to states of the lateral flight control system using the approaches?342, respectively. From figure
compared to the existing methods®34Z, the observation errors in this paper are smaller and adjusted to O faster. Figurepresents
the control laws and sliding functions, i = col(if,, ii,) and 6 = col(5,, 5,) present the control laws and sliding functions via the
method=?, respectively. i = col(i,, it,) and & = col(&,, &,) are the control laws and sliding functions in the approach®2, respec-
tively. According to figure[3] it is easily found that this lateral flight control system can be driven to the designed sliding surface
in finite time, and the stable sliding motion is maintained thereafter. According to figures [T}j3] another noteworthy issue is that,
compared with the approach proposed in this paper, the existing strategy®? exhibits the pronounced chattering in this lateral
flight control system. The results of this practical simulation show the effectiveness of the presented strategy.
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6 | CONCLUSIONS

A dynamic observer based decentralised SMC strategy is proposed to stabilise a class of nonlinear interconnected systems in the
presence of matched and mismatched uncertainties. The dynamic observer is designed to estimate the states of the interconnected
system. A coordinate transformation is used to transform each isolated subsystem into regular form which is convenient for
SMC design. Then, a composite sliding surface is designed incorporating the states from the dynamic observer. A decentralised
feedback SMC law based on the estimated states and outputs of the system is designed to drive the system to the sliding surface
in finite time and maintain a sliding motion on it thereafter. The interconnections are employed in the control design to reduce
the conservatism of the developed results. The bounds of the uncertainties, which are nonlinear and take more general forms,
are relaxed. The presented method improves the robustness of nonlinear interconnected systems in the presence of uncertainties.
However, this paper ignores the problems of chattering and time-delay, and the uncertainties of interconnected systems must
be bounded, while the interconnections are known. In the future, this method will be modified to deal with the problems of
chattering and time-delay for practical interconnected systems. Besides that, future work will also focus on studying cases that
the bounds of the uncertainties and the interconnections are themselves unknown, the proposed method will be improved to
enhance its generality.
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