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Abstract

In this paper discrete equations are derived from Bécklund transformations of the
fifth Painlevé equation, including a new discrete equation which has ternary sym-
metry. There are two classes of rational solutions of the fifth Painlevé equation, one
expressed in terms of the generalised Laguerre polynomials and the other in terms of
the generalised Umemura polynomials, both of which can be expressed as Wronskians
of Laguerre polynomials. Hierarchies of rational solutions of the discrete equations are
derived in terms of the generalised Laguerre and generalised Umemura polynomials.
It is known that there is non-uniqueness of some rational solutions of the fifth Painlevé
equation. Pairs of non-unique rational solutions are used to derive distinct hierarchies
of rational solutions which satisfy the same discrete equation.

Keywords Discrete Painlevé equations - Bécklund transformations - Fifth Painlevé
equation - Rational solutions

Mathematics Subject Classification 33E17 - 34M55 - 37J70 - 39A10

1 Introduction

In this paper we are concerned with discrete Painlevé equations associated with the
fifth Painlevé equation
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with «, B, y and § constants. We consider the generic case of (1.1) when § # 0, so
we set § = —%, without loss of generality (by rescaling z if necessary) and obtain

2w 1 1 dwV¥ ldw (w-D%2@uw?+B) yw ww+l)
S () SRR T, . (1.2)
dz? 2w w-—1 dz z dz 22w z 2w — 1)

which we will refer to as Py. In the case when § = 0 in (1.1)

dz2

2 2 2 2
d w (i 1 )(d_u)) 1dw+(w D (aw —i—,3)+w’ (13)
2w w—1)\dz z dz 22w z
which is known as the degenerate fifth Painlevé equation (deg-Py).
The six Painlevé equations were discovered by Painlevé, Gambier and their col-
leagues in the late 19th and early 20th centuries whilst studying second order ordinary
differential equations of the form

dZw dw
—=F Z,w, E s (14)

dz2

where F is rational in dw/dz and w and analytic in z. The Painlevé transcendents, i.e.
the solutions of the Painlevé equations, can be thought of as nonlinear analogues of the
classical special functions. The Painlevé equations are regarded as being “completely
integrable” and solvable using Riemann-Hilbert techniques [27]. The general solutions
of the Painlevé equations are transcendental in the sense that they cannot be expressed
in terms of known elementary functions and so require the introduction of a new
transcendental function to describe their solution. However, it is well known that all
the Painlevé equations, except Py, possess rational solutions, algebraic solutions and
solutions expressed in terms of the classical special functions for special values of the
parameters, see, e.g. [15, 39] and the references therein. These hierarchies are usually
generated from “seed solutions” using the associated Bécklund transformations and
frequently can be expressed in the form of determinants.

Discrete Painlevé equations also have a long history. The discrete Painlevé I (dPy)
equation is

An +
K1+ 2 = 14 T L (1.5)
n

with A and p constants. Equation (1.5) was studied in 1939 by Shohat [77], developing
ideas due to Laguerre [49] dating from 1885, in the study of orthogonal polynomials
associated with the quartic weight exp(—%x“) on the real line. Subsequently this
problem was studied by Freud [30], see also [8], though it was not recognised at
the time as a discrete Painlevé equation. Equation (1.5) was then rediscovered in the
1980s in models of gauge field theory by Bessis, Itzykson and Zuber [7] and in quantum
gravity by Brézin and Kazakov [9], who showed that its continuum limit is the first
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Painlevé equation (Pr)

d>w
d_z2 =6w2+Z, (1.6)

see also [26].
The discrete Painlevé II (dPyr) equation is

L4 Wx + p]

Xp4+1 + Xp—1 = s (1.7)

2
1 —x;

with ¢, A and p constants, which was derived by Periwal and Shevitz [70] in a study
of unitary matrix models in a double scaling limit using orthogonal polynomials on
the unit circle. Around the same time, Nijhoff and Papageorgiou [57] independently
derived dPyy (1.7) and showed that its continuum limit is the second Painlevé equation
(Pm)
0wt (1.8)
— =2w’ 4+ zw + «, .
dz?
with « a constant; Periwal and Shevitz [70] gave a continuum limit to Py (1.8) with
a=0.
One method for deriving discrete Painlevé equations is using Bicklund transforma-
tions of (continuous) Painlevé equations. For example, it is well known that Py (1.8)
has the Backlund transformations

(ot 1) =—w(w et (1.92)
; = —w(za) - : 9a
e wiss o 2w2(z; ) + 2w (z; o) + 2

200 — 1
w(z;o—1) = —w(z; o) — (1.9b)

2wl (z; ) = 2w (z; ) + 7

with / = d/dz [24, 32]. Hence letting x, = w(z;n +A — 3)anda =n + 1 — 1,
then by eliminating w’(z; @) we obtain another discrete equation, commonly known
as alt-dPp

n—+Aa n n+i—1
Xn+1 + Xn Xn + Xn—1

+2x24+2=0, (1.10)

which has Py (1.6) as its continuum limit [25]. The alt-dPy equation (1.10) appeared in
1981 in the work of Jimbo and Miwa [43, equation (5.3)], though it was not recognised
to be a discrete Painlevé equation until the work of Fokas, Grammaticos and Ramani
[25].

In some respects the discrete Painlevé equations are much richer than the Painlevé
equations. For example, they can have solutions which have no continuum limit and
other properties which are lost in the continuous limit. Perhaps the most fundamental
difference is that, whilst the Painlevé equations are unique up to a Mobius transfor-
mation, this is not true for the discrete Painlevé equations. For each discrete Painlevé
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35 Page4of81 P. A. Clarkson et al.

equation there exists a number of different forms, as illustrated by dPy (1.5) and alt-dPg
(1.10) which both have Py (1.6) as a continuum limit yet are not equivalent as there is
no transformation relating the solutions (1.5) and (1.10). Further their exact solutions
are quite different since dP; (1.5) arises from Bécklund transformations of the fourth
Painlevé equation (Prv)

d2w B 1 dw
dz2 2w

2
_) B T D S S TR 00
dz w

with @ and B constants [34], whereas alt-dP; (1.10) arises from Bécklund transforma-
tions of Py (1.8), as shown above.

The nomenclature for discrete Painlevé equations can be misleading. The original
naming of discrete Painlevé equations came from their continuum limits but this can
be ambiguous. For example, there are generalisations of dPy (1.5) and dPyy (1.7), see
equations (3.32) and (3.7), respectively, which have continuum limits to other Painlevé
equations, as discussed below. Another approach is to classify the discrete Painlevé
equations by the type of affine Weyl group and associated affine Dynkin diagram
they are derived from, which is now commonly used. Sakai [75], extending the earlier
work of Okamoto [64] for the (continuous) Painlevé equations, approached the discrete
Painlevé equations from the point of view of algebraic geometry. Sakai clarified the
algebraic nature of discrete Painlevé equations and gave a classification scheme. A
comprehensive review of the geometric aspects of the continuous and discrete Painlevé
equations is given by Kajiwara, Noumi and Yamada [46]. There is a recent discussion
of the symmetry group of dPyy (1.7) in [22]. Discrete Painlevé equations arise in various
applications such as random matrix theory and orthogonal polynomials, cf. [82, 83].

There are three distinct types of discrete Painlevé equations: (i), those for which the
discrete variable is additive, which is the case for the discrete equations we discuss;
(ii), the g-discrete Painlevé equations for which the discrete variable is multiplicative;
and (iii), elliptic discrete Painlevé equations whose coefficients are elliptic functions
of the independent variable n.

From the works of Okamoto [65-68], it is known that the parameter spaces of Pyj—
Py all admit the action of an extended affine Weyl group; the group acts as a group of
Bicklund transformations. In a series of papers, Noumi and Yamada [58, 59, 61, 63]
have implemented this idea to derive a hierarchy of dynamical systems associated to
the affine Weyl group of type A , often known as “symmetric forms of the Painlevé
equations”. The behaviour of each dynamical system varies depending on whether N
is even or odd. The first member of the Zgl) 4 hierarchy, i.e. Xgl), usually known as
symmetric-Py (sPy), is equivalent to Py (1.2) and given by

d )

Zd];() = fof2(fi = f3) + (5 = 92) fo + Do fo, (1.122)
d

z—J;l = fifs(fa — fo) + (5 — D) f1 + D1 £, (1.12b)
df 1 2

S fafol(fs — f1) + (5 — Do) f2 + D2 fo, (1.12¢)
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dfs |
ZE—f3f1(f0_f2)+(§—ﬁl)f3+l93fl, (1.12d)

with the normalisations

fo@+ L@ =z,  fild+ f3() =z, (1.12e)

and 9, v, ¥, and 3 are constants such that
Yo+ + 0+ 03 =1. (1.12f)

The symmetric system sPy (1.12) was found by Adler [1] in the context of periodic
chains of Béacklund transformations and has applications in random matrix theory, cf.
[29].

The outline of this paper is as follows. In §2 we describe Biacklund transformations
of Py (1.2). In §3 we derive some discrete Painlevé equations from these Béacklund
transformations, including a new discrete equation which has a ternary symmetry.
There have been earlier studies deriving discrete Painlevé equations from Bédcklund
transformations of Py (1.2), see [25, 80]. Our study explicitly gives the Bicklund
transformations which generate the discrete Painlevé equations. These then can be
used to obtain exact solutions of the discrete equations in terms of known solutions of
Py (1.2). In §4 we describe the rational solutions of Py (1.2) which are expressed in
terms of Wronskians of Laguerre polynomials. In §5 we derive hierarchies of rational
solutions of the discrete Painlevé equations derived in §3 in terms of the rational
solutions of Py (1.2) given in §4. Further pairs of rational solutions which although
different, which satisfy Py (1.2) for the same parameters, are used to derive distinct
hierarchies of rational solutions that satisfy the same discrete equation. Finally in §6
we discuss our results.

2 BackLund Transformations of the Fifth Painlevé Equation

In this section we describe the Backlund transformations of Py (1.2).

Definition 2.1 A Bdicklund transformation maps a solution of a given Painlevé equa-
tion to another solution of the same Painlevé equation, with different values of the
parameters, or another equation.

Definition 2.2 Let w = w(z; «, B, ¥) be a solution of Py (1.2) such that
@ (w; 2) =z((11—l: — graw’ + (e2a — e3b + £12)w + e3b # 0, 2.1
and
®(w; z) —2e1zw # 0, (2.2)

@ Springer



35 Page6of 81 P. A. Clarkson et al.

where a = /2« and b = /—28 and ¢ = y. Then the Bdcklund transformation
T¢\ 65,65 1s defined by

2e1zw

7;“1,82,83 : W(Z1 A1 Ba C) =1- q)(w Z) =

2e1zw
-—— 5 , 2.3)
zw’ — graw* + (epa — e3b + e1z2)w + e3b

with’ =d/dz, ¢ j = %1, j = 1,2, 3, independently, and for the parameters

Tey.69.e5(a, b, c) = (%[c +e1(1 —e3b— ega)], %[C —&1(l —e3b— aza)],e](aﬂ) - aza)),(2.4)

SO

(A,B,C) = (%[c +er(1—e3b—e2a)]* —§[c —e1(1 —e3b — e20)], €1 (e3b — sza)),

cf. [36-38], [39, §39] or [69, §32.7(v)].

Note that we are using the same notation as in [69, §32.7(v)] which slightly differs
from that used in [36-38] or [39, §39].

Remarks 2.3

(i) Since ¢; = %1, j = 1,2, 3, independently, there are eight distinct transfor-
mations 7, ¢, s,. The parameter g reflects that the transformation (z, y) —
(—z, —y) is a discrete symmetry of Py. The parameters e, and 3 reflect that
o= %az and 8 = —%bz, respectively, so a and b can take either sign.

(ii) The Bicklund transformation 7, ¢, ¢, is usually given for the parameters «,
and y, in terms of a, b and c. However in order to apply a sequence of Béacklund
transformations, it’s preferable to define the action of Béicklund transformation
on the parameters a, b and c, rather than «, 8 and y, to avoid any ambiguity in

taking a square root.

(iii) We note that the Hamiltonian for Py (1.2) in [43] is written in terms of the
monodromy parameters 6y, 61 and 6., which are related to the parameters o, 8
and y through

=50 — 01 +00)%  B=—300—601 -0’ y=1-6-6. (2.5

see also [66], as are the Schlesinger transformations, which relate two solutions
of the associated monodromy problem, for Py (1.2), see [28, 56]. Further the
discrete symmetries of Py (1.2), corresponding to the extended affine Weyl group
of type Agl), act naturally on the root variables, see, for example, [18]. Hence
it is natural to define the Backlund transformations for Py (1.2) in terms of the
parameters a = ~/2«, b = «/—2f and ¢ = y, rather than o, 8 and y.

(iv) When applying the Bécklund transformation 7, ¢, ¢, followed by the Bicklund
transformation 7, ,,5; We use the notation 7y, 55,05 © Z¢; 69,63 1.€-

7:7] ,02,03 (7;],62,83 (w; a, b, C)) = 7:7] ,00,03 © 7:91,82,63 (w; a, b, C)-

@ Springer
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Further if
Tey.e9.65(w; a,b,¢) = (W(w, w’,a,b,c); A(a, b, c), B(a,b,c),C(a, b, C)>,

then

T51,09.03 © Tey e,e5(w5 a, b, ¢) = Tgy 5y 03

(W, w' a,b, c); Ala, b, <), Bla,b,0), Cla,b,0)).

3 Deriving discrete Painlevé equations

In this section we derive four discrete Painlevé equations which are associated with
Pv (1.2) using the Bécklund transformations described in Sect. 2.

To derive a discrete Painlevé equation from Bicklund transformations of Py (1.2),
we use the Bécklund transformation R, which relates a solution w(z; a, b, ¢) to
another solution w4 (z; a4+, by, c4+) and its inverse transformation R_ = R;l,
which relates w(z; a, b, ¢) to a third solution w_(z; a—, b_, c_). Eliminating the
derivative between the two Bécklund transformations gives an algebraic relation
between w(z; a, b, ¢), wy(z; a4+, b+, c4) and w_(z; a—, b_, c_), which is the dis-
crete equation. Then setting w(z; a, b, ¢) = wy, w(z; a+, b+, c+) = wysy, with
(a,b,c) = (an, by, cy) and (a+, b+, c+) = (ap+1, by+1, Cy+1), giVCS the chain

R+ R+
N N
{wp—1,an-1,bp—1,cn1} {wy, an, by, cn} {wpit, angt, buyr, cug1}-
R- R_

The parameters satisfy a linear discrete system derived from (2.4). See, for example,
[19, 25] for more details of this procedure.

Remarks 3.1

(i) It is essential that R_ is the inverse transformation of R4, see Example 3.2.
It is possible to create an algebraic relation between three solutions of Py (1.2)
using two Bécklund transformations R and R, when Ry # R ! , but this won’t
necessarily result in a discrete Painlevé equation. For example, in [39, §39], see
also [37, 38], there are algebraic relations of three (and four) solutions of Py,
but these are not discrete Painlevé equations.

(i) The Bessel function J,,(z) satisfies the differential equation

d*J, dJ,
+z
dz? dz

2 + (2 =nHI, =0, 3.1

and the recurrence relations

dJ,
b4 - (2) = zJn—1(2) — nJy(2), (3.2a)

d

@ Springer
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dJ,
4 dz (2) =nJy(2) — 2Jn41(2), (3.2b)
2In+1(@2) = 2nJ,(2) + 2Jy—-1(2) =0, (3.2¢)

dJ,
cf. [69, §10]. Eliminating d—" (z) between (3.2a) and (3.2b) yields the recurrence
z

relation (3.2c). Letting n — n+11in (3.2a) and eliminating J,,+1(z) using (3.2b)
gives the differential equation (3.1). Thus the Bessel function J,, (z) satisfies both
the differential equation (3.1) and the difference equation (3.2c). An analogous
situation occurs for the Painlevé equations, except Py (1.6).

In the next three subsections, we derive discrete equations using the Bécklund
transformations

-1
Ri=Ti,-1.1, Ry =T11,-1,

-1
Ro=T,-1,-107T-11,-1, R, =Ti10Ti-1.1,

|
Ri=T11,-10T1-1,-10T1-11, Ry =T-11.1,

as well as a discrete equation which has a ternary symmetry using the Béacklund
transformation

2 2 -1 2
Ra=Ry=T11-10T 1 0oTi-11, Ry =75,

These Bicklund transformations are the only combinations which we have found that
give rise to a discrete equation.

Example 3.2 Consider the Bicklund transformations 7_; 1,1 and 77, ;. First apply-
ing 7_1 1,1 then 77 _1 1 gives

27w

s =1 ’
1,1,1(w) +Zw/_aw2+(a—b—2)w+b

Ti—1107111(w) =w,

with’ = d/dz, where we have used the fact that w satisfies Py (1.2) with (a, 8, y) =
(3a%, —1b%, c). However applying 7; 1, then 7_; 1 1 gives

2zw
w +aw?—(@a+b—-—2)w+b’
(a—b—c+ Dww — 1)2
w+b+c—Dw2—2b+c—14+2)w+b’

T,-11(w) =1—

Taio0T—11(w) =w+

Hence we conclude that 77 _1 | # T__lll | and so these Bécklund transformations can
not be used to derive a discrete equation. We remark that the parameters transform as
follows

Ti,—1107-11,1(a,b,c) = (a, b, ),
TioTi—ii(ab,e)=(@+b+e—D,da@a+b—c+Da—b+1),

@ Springer
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confirming that 7y —1 1 # 7', .

3.1 First Discrete Equation: Asymmetric Discrete Py

Consider the Bicklund transformation Ry = 7;,_1,; which has an inverse Rl_l =
T—l,l,—l, then

2zw
Wn+1 = Rl (u)ﬂ) =1- / 2 - ’ (333)
Zw, + apw, — (an + by — 2D)wy + by
_ 2zw
wy—1 =Ry (wy) =14 . . (33b)

ZW;I - anwg + (an + bn — Z)wn — bn
with’ = d/dz, where a,, b, and ¢, satisfy

(an+1, bn+ls Cnyl) = Ri(an, by, cn)
= (%(an —bn—i—cn—i—l),%(—an—f—bn—f—cn — 1),a,,—|—bn),
(@n—1. by—1. ca=1) = Ry " (@n. by, cn)

=(%(a,,—bn—l—cn—1),%(—an—i—bn—i—cn—i—l),an—i—b,,),

which have solution

an=g[ntrtp+ Dl ba=—glntr-p— (D] a=p—(D" (G4

with A, p and ¢ arbitrary constants. From (3.3) we obtain

1 1 dw, . anwy — (an + by — 2)wy + by =0, (3.5a)
Wyr1 — 1 2w, dz 27wy,
L L dw @ —@tby—dwntby (3.5b)
wp—1—1 2w, dz 2zwy,
so adding gives
1 1 +anw,2l—(an+bn—Z)wn+bn:O’

+
Wyy1 — 1 w1 — 1 Wy

which is equation (3.14) in [40].
Setting wy, = (gn +1)/(gn — 1) and wy+1 = (gn+1 +1)/(gn+1 — 1) in (3.3) gives

2 dgy 2 (1 +Mgtp+ D'y _

T 0, 3.6
qn+l + 1 _ q% dZ z 1 _ q’% ( a)
2 d 2 (n+Mgn+p+ (=D
1 — g = = TP Yo (3.6b)
1—g; dz  z 1 —gq;

@ Springer



35 Page 10 of 81 P. A. Clarkson et al.

Hence by adding we obtain

4(n+ Mgy +p+ (D"
qn+1 + ‘Infl = - 2
z 1 —q;

which is known as the asymmetric dPy; equation [76] and is a generalisation of dPyy
(1.7). Further g, satisfies the second-order equation

g (%)2_ 1dgn  a(gn+ 1D’ —bi(gn —1*  cu(gy =D
dz2 ¢2—1\dz z dz (g2 - 1) 2z

+1ga(g2 — 1), (3.8)

with a,, b, and ¢, given by (3.4).
In order to consider the alternating term in (3.7), i.e. the binary symmetry, we set
q2n = Xp and g2,41 = Yy, in (3.7) and obtain the discrete system

4C2n+r+Dy+p—9 4Q2n+Nx,+p+0¢
xn+1 +xn = - 2 5 yl’l +)’n—1 = - 2 5
z 1 -y z 1 —x;

(3.9)

which is regarded as a discrete Py equation (dPpyy) since it admits a continuous limit
to the third Painlevé equation (Pry)

2 s
(—) ST N AR R (3.10)
w w

with «, B, y and § constants [33, 74].
We note that

Ri(a,b,c)=(a+1,b—1,0),

and so

@ Springer
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R%"(a, b,c)=m+a,b—n,c).

Therefore since

then

(@2n+1> ban+1, Cont1) = <

(a0, by, co) = (§(h+p+9), 3 —p — ), p — 9),
@,bi,c)=F0h+p—p+1),~dh—p+o+1),0+09),

(a2n, bon. con) = (1(2n+/\+p+fp),—%(2n+/\—p—¢),p—rp),

2
%(2n+1+k+p7(p),7%(2n+l+)pr+<p),p+ga).

If wo(z) satisfies Py (1.2) witha = §(h+p+¢)%, B = —s(A—p—¢)?andy = p—¢

then

R (wo) + 1 R (wo) + 1

= , - — , 3.11
R%n (U)O) _ 1 Yn q2n+1 R%n_,’_] (wo) _ 1 ( )

Xn = {q2n

satisfy (3.9).

Remarks 3.3

®

(i)

In the case when p = ¢ = 0, equation (3.8) becomes

i 2
- Lon@ = 1), G.12
dz? ¢ —1 dz 72 7 dz T34n(qn = 1. G.12)

dgn _ dn {(dqn )2 (4n +2) } 1 dgn
which is equivalent to Py (1.2) witho = —8 = %(n +2)?%andy = 0. Making
the transformation ¢, = 1/4/1 — u, with z = 2,/x in equation (3.12) gives
deg-Py (1.3) witha =0, 8 = —2(n +2)?%andy = % Solutions of deg-Py (1.3)
are related to those of Py (3.10), cf. [39, Theorem 34.2]. Solutions of equation
(3.12), in terms of Bessel functions, are discussed in [16, 41].

Equation (3.12) arises as a reduction of the two-dimensional complex sine-
Gordon equation, also known as the Pohlmeyer-Lund-Regge model [50, 51,
71], in quantum systems [10-12], in relativity [31] and in coefficients of the
three-term recurrence relation for orthogonal polynomials with respect to the
weight w(#) = exp(z cosf) on the unit circle, see [82, equation (3.13)]. The
orthogonal polynomials for this weight are related to unitary random matrices
[70].

3.2 Second Discrete Equation

Consider the Backlund transformation Ry = 71—y —1 o 7_; 1,1 which has the
inverse Rz_l = 71,11 ©71,-1,1. Then we have
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2zw
T 11— =1 ,
1.1,-1() +zw/—aw2+(a+b—z)w—b
1 (@=b—c—1w-—1)>2
Ti—-10Tp1,-1(w) =— {1 + — 5 .
w zw —aw "+ QRa—c—14+z2w—(@—c—1)
2zw
T.— =1- ,
L-11(w) w +aw?—(@+b—2)w+b
1 (@a=—b—c+Dw—1)>2
7'1,1,107'1,_1,1(w)=—{1— ; 3 ;
w zw +aw” — Ra—c+1+z2)w+@—c+1)

with’ = d/dz, where we have used the fact that w satisfies Py (1.2) with (a, 8, y) =

(%az, —%bz, c) to eliminate w”. Also for the parameters (a, b, ¢) we have

T_i-1-10Ty1,-1(a,b,c) = <§(a+b—c— 1), %(a +b+c+ l), —a+b+ l),
(Ja-b+ctn,~3@-b—c+.a+b),

7(a+b—c+1),%(a+b+c—1),—a+b—1).

. _ 12 1.2 _ 1.2 1,2
Consequently, if w, = w(z; 5a7, —5b3, ¢u) and wy1 = w(z; 5a5,,, —5ba, .

cnil) then

(an — bn — cn — D(wy — 1?2

zw;, —a,,w,%—t—(Zan —cn— 1+ 2w, —(ap —cn — 1)

}, (3.13a)

1
Wy+1 = Ra(wn) = o {1 +
n

_ 1
wy—1 =R, l(wn) = {1

n

_ _ _1)2
_ / 2(“}1 by —cn + D(wy — 1) . (313b)
zwy, +apwy, — 2ap —cn + 1+ 2wy + (ap —cp + 1)

where a,,, b, and ¢, satisfy
(@nt1, but1, cur1) = Ralan, by, cp)
= (%(a,, by —cn— 1), Y(an + by +cn+ 1), —an + by + 1),

(@n—1,bp—1,cn—1) = R;](ana by, cn)

= (%(an +by —cp + 1)5 %(an + by +cp — 1)7 —ay + by — 1)7
which have solution

an=—%n+r+p+(D"¢]. ba=3[n+r—p+(D"¢]
cp=n+xr—(=1D"p, (3.14)
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with A, p and ¢ arbitrary constants. From (3.13) we obtain

an —by, —cp — 1 Z dw, z—cp—1 z
- 27 g, T - 7 =0,
WypWp41 — 1 (w, — 1)* dz w, — 1 (w, = 1)
(3.15a)
a, — b, —c, +1 Z dw, z—cp+1 z
3 +an — - 5 =0,
WpWp—1 — 1 (wy, — 1~ dz w, — 1 (w, — 1)
(3.15b)
Hence adding and using (3.14) gives the difference equation
2n+22+1 2n+2x—1
+n+ri+p+ (D"
Wy Wyt1 — 1 wpwy— — 1
2ln+ A — (=" 2
A CD'e] | 2ewn 0, (3.16)

wy — 1 (wn — 1)2

which is equivalent to equation (2.8) in [73].
Setting w, = (gn+1)/(gn — 1) and wy+1 = (gn+1+1)/(gn+1 — 1) in (3.13) gives

2n + 21+ 1 d n+ir4+ (D" +
nta+l  z zﬂ_%z [ ( )z‘p]q” P —0, (17a)
Gnt1+4qn 1 —g; dz 1 —q;
2n+ 21— 1 d n+i+ (D" +
n+ Lz 2 1, [ ( )2<p]qn o (i)
gn+qn-1 1 —gqy dz 1 —gq;
Hence by adding we obtain
M+20+1  2n+2x—1 2[n+ 1+ (=D)"¢]gn +2p
+ =z 5 ,  (3.18)
qn+1+ 4qn qn + qn-1 1—gq;
and then letting §, = n + A gives
Env1 +&n &+ &1 2[511 + (_1)n€0]Qn +2p
+ =z 5 . (3.19)
dn+1 + qn Ggn + qn-1 1 — 4y

This is equation (2.9) in [73], equation (3.25) in [80] and equation (13) in [35]. Fol-
lowing [73], we introduce a new variable p, through

2 §n+l +En
pp=1— 22 Ton
Z gu+1 + qn
and then (3.19) becomes
4 [& 4+ (=D"lgn +p 2 &1+ 6
Dn+ pn—1 == ! 2411 ) Gn+1 +gn = = M, (3.20)
z 1 —gq; z l=py
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which is system (2.10) in [73]. Ramani, Ohta and Grammaticos [73] state that “the
system (3.20) describes a motion in the same parameter space as asymmetric dPyy
which is associated with the A3 affine Weyl group. While asymmetric dPy; describes
a motion along the axes, the geometry of (3.20) is more complicated: the associated
motion is a ‘staircase’ one”’. To our knowledge1 , there is no discussion in the literature
as to which (continuous) Painlevé equation arises in the continuum limit for either
(3.19) or (3.20).

In order to consider the alternating term in (3.18), i.e. the binary symmetry, setting
q2n = Xp and g2,41 = Yy, yields the discrete system

4n+2A+3+4n+2A+1 2@n4+ A —¢+Dyn+2p
=Z—

. , (3.21a)
Xn+1 7+ Yn Xn =+ Yn L—y;
4 2 +1 4 24 —1 22 A 2
Ry At ot G +¢§X"+ iy (3.21b)
Xn + Yn Xn + Yn—1 1 — Xy
and so if &, = n 4+ A then
w2t St | Eonri 8 21 — @)yt 20
Xn+1+ Yn Xp + Yn 1- y;% ’
Ent1 + & n bon+8m-1 _ 2066+ ¢)xn +2p
Xp & Yn Xp + Yn—1 1 _x% .
Further ¢, satisfies the second-order equation
dz‘]n _qn (dQn )2 _ l% _ arZz((’In + 1)2 - bﬁ(Qn - 1)2
dz2  ¢>—1\ dz 7 dz 2(qz - 1)
2
cnl(gy, — 1)
R LACTE ) (3.22)

with a,, b, and ¢, given by (3.14).
We note that

R3(a,b,c)=(a—1,b+1,¢c+2),
and so

R%"(a,b,c) =(a—n,b+n,c+2n).
Therefore since

(@0, bo.co) = (—5(A+p+¢). 5(L — p+¢). L — ),
(@.bic)=(—3h+p—9+1,3h—p—9+ D, A+¢+1).

then

I This was confirmed in an email communication with Basil Grammaticos.
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(@, bon,con) = (= 5Cn+r+p+¢), 3Qn+1—p+¢),2n+ 1 — @),
(@n+1, bonst, cnp) = (—3Qn+2+p—p+ 1D, 5@n+r—p—9+1),
2n+r+o+1).

If wo(z) satisfies Py (1.2) withe = §(A+p+¢)%, = —§(h—p+@)andy = 1—¢
then

R (wo) + 1 R (wo) + 1

_ =g = 2 WO 353
R¥wo) — 17 " P T R

Xn = {q2n

satisfy (3.21)

Remarks 3.4 Since the Biacklund transformation Ry = 7_1 _1, —j07_1,1,—1 involves a
sequence of two Béacklund transformations then it might be expected that the resulting
transformation is quadratic in dw/dz. Generally if one applies the Bicklund transfor-
mation 7, ¢, ¢, followed by the Bécklund transformation 7y, 4,4, then the resulting
transformation is quadratic in dw/dz, but in some cases there is a simplification, which
happens in this case.

3.3 Third Discrete Equation: Ternary Discrete P

Consider the Bécklund transformation R3 = 7_1,1,—1 0 7y,—1,—1 o 71,—1,1, which has
an inverse R;l =7_11.1, then

2zw
Ti—1i(w)=1-— 3 )
zw +aw*—(a+b—2)w+b
1 (a—b+c+Dw—1)>2
Ti—1—10Tw) = — {1 — —; 3 ’
w w' +aw* — Ra+c—z+DHw+b
T T T (w) =1 il
_ —10 —1.—10© — w) = - )
11,-1071,—1,-1071,-1,1 w +aw—(@+b—2w+b
2zw

T =1 ,
L) = T f @ —b—wtb

with’ = d/dz, where we have used the fact that w satisfies Py (1.2) with (a, 8, y) =
(%az, —%bz, c) to eliminate w”. Also for the parameters (a, b, ¢) we have

Ti—11(a.b,o)=(3@—b+c+1),-3@a—b—c+1),a+b),

Ti—1,—-107-11,1(a,b,c) = (%(a +b+c+1), %(a—i—b —c—1,a—b+ 1),

Tig-10T 110711 bc)=(a@a—b+c+ 1), a—b—c+1,a+b),
T bo)=(@+b+c—1),-3@+b—c—1),a-b),
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Consequently, if w, = w(z; éa b2 cn) and wypt; = w(z; %aﬁil, zbgil,
an:l) then
2
Wat1 = R3(wy) = 1 — n , (3.242)
an + apw;, — (an + by — 2w, + by
_ 2zw
Wt =R3(wy) =1+ d . (3.24b)

2w, — apw? + (ay — by — 2)wn + by

with " = d/dz, where a,, b, and ¢, satisfy

(@n+1, bus1, cny1) = Ralan, by, cn)

= (%(an — b+ + 1)a %(an — by —cn + 1)aan +bn) ,
(3.252)

(@n—1,bn—1,cn—1) = Rgl(am bn, cn)
= (3(an+bn+cn—1), =3(an + by —ca — 1), a5 — by) .

(3.25b)
These have solution
a, = %n + p + Acos (%nn) + %x/g(p sin (%rm), (3.26a)
by = 3 + /3 usin (37n) — g cos (37n), (3.26b)
¢n = n+ p — 2Acos (37m) \/_(p sm( n), (3.26¢)
with A, p and ¢ arbitrary constants (the factor of V/3 is for convenience), i.e.
az =n+xr+p, b =—¢+ 1, can=n—2x+p,
Ayt =n— A+ 30 +p+ 3. bupi=3h+ 30+ 5 Gwa=ntiogtotg,

amiz=n—3rA—30+p+3  bup=-3rA+ie+%  cmp=n+tite+p+i

which have a ternary symmetry in contrast to the binary symmetry for the parameters
discussed in §3.1 and §3.2 above.
Setting w, = 1+ 1/x, and wy+1 = 1 + 1/x,41 in (3.24) gives

1 dx, n a, b, N 1 —0 (3.272)
Xpp] — ————— — - =0, 27a
T G+ D) dz | 2zn 22+ D 2
n 1 dx, n a b, n 1 _0 (3.27b)
Xp— e — — = U. .
e G+ D) dz | 2em, 22+ D) 2
Hence by adding we obtain
a
(et + Xn-1 + D) + = =0, (3.28)
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which is known as the rernary dP; equation [34, 80]. We remark that this derivation of
(3.28) was given by two of us (Clarkson and Mitchell, in collaboration with Dzhamay

and Hone), see [18].

Since equation (3.28) has a ternary symmetry, then it can be written as a system of
three equations. Setting x3, = X,,, x3,41 = Y, and x3,42 = Z, in (3.28) yields the

discrete system

a
X (Yn + Znot + 1) + % =0, (3.292)
Yo (Zn + Xn + 1) + 20+ _ g (3.29b)
a
Zn(Xps1 + Yn + 1) + 222 = 0, (3.29¢)

Further x,, satisfies the second-order equation

d2x, 2x, +1 (dxn )2 1dx, a,zl(xn + 12— bﬁx,% CcnXn(xy +1)

A2~ 2x,(, + 1) \dz
+xn(xn + 1)(2xn + 1)

2

3

with a,, b, and ¢, given by (3.26).
‘We note that

Ri(a,b,c) = (a+1,b,c+1),
and so

Rg"(a, b,¢)=(a+n,b,c+n).
Therefore since

(a0, bo, co) = (A + p, —¢ + % 2%+ p),

Cz dz 2225, (xy + 1)

Z

(3.30)

(@anbi,e)=(—3A+30+p+ 3. 30 +30+ 5 A—9+p+3),
(a2, b2,02) = (= 3h—30+p+3 =32+ 30+ 3. A +9+p+3),

then

(a3pn, b3y, c3,) = (”+}h+,0, —¢ + %,n —2A +p),

(@3n+1, D341, C3p41) = (” - %)‘ + %(/’ +po+ %7

(a3n42. b3p42. c3p42) = (n — %)» - %(0 +p+ %

Sttt tntri—p+po+l),
“rt+te+intrite+o+d).
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If wy satisfies Py (1.2) witha = S (A + )%, B = — (9 —

1

Xp=x3= —4/———,
T RN (wo) — 1

Yy =x3u41 =

%)2 and y = —2A + p then

1
Ry (wo) — 17

1

Zp=Xm+2 = —5 05— >
R§n+2(wo) _ 1

satisfy (3.29).

Remarks 3.5

®

(i)

(iii)

(iv)

In terms of w, the transformation (3.24a) is the same as 77 _; 1(w). However,
the parameters (a, b, ¢) map differently since

Ti—11(a,bo)=(3@a—b+c—1,2(—a+b+c—1),a+b).

It is straightforward to show that 71 _j 1 o 7_1,1,1(w) = w, whereas 7_ || o
Ti.—1.1(w) # w, so 71 _11 is not the inverse of 7_1 1 1.

Itis interesting to note that given a solution wq(z) of Py (1.2) with («o, Bo, Y0) =
(%a%, —%bé, ¢o), the transformation R (3.3a) maps it to the solution w (z) with

(a1, B1, 1) = (%a]z, —%b%, c1) and the transformation R3 (3.24a) maps it to
the solution w3 (z) with (a3, B3, ¥3) = (%a%, —%b%, C3) where

wi(z) =w3(z), ar=a3, bi=-b3y, c1=c3
i.e. both transformations map wg(z) to the same solution of Py. However apply-

ing the transformation a second time gives different solutions since

R (a. bo, co) = (ag + 1, by — 1, cp),
R3(ao, bo. co) = (%(ao + bo +co + 1), —%(ao + by — co — 1), ap — bo + 1),

so the transformations R (3.3) and R3 (3.24) will generate different hierarchies
of solutions.
The symmetric case of equation (3.28), i.e. when A = ¢ =0,

p-i—%n

Xn (X1 + Xp—1 + D + T =0, (3.31)

is a discrete Py [72, equation (3.6)], whilst the full equation, which was derived
from a discrete dressing transformation [34], is a discrete form of Pry (1.11).
The ternary dPy (3.28) is associated with Py (1.2), though the asymmetric gen-
eralisation of dPy (1.5), i.e.

an+p+ (—D"
Xpl +Xp +xp-1 =1+ px( )(p»
n

(3.32)
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with A, p and ¢ constants, is associated with Pry (1.11) cf. [26, 52], and can
be derived from Bicklund transformations of Pry [19, 25]. We remark that the
continuum limit of (3.32) with ¢ # 0 is Py (1.8) rather than P; (1.6), as shown
in [20].

(v) Recently Clarkson et al. [18] studied the special case of the ternary dPy equation
given by

Vi(Up1 + o1+ D =@m+1De, >0, (3.33)

with v_; = 0, which arises in quantum minimal surfaces [5, 42] and found a
unique solution. The expressions for v3,, v3,+1 and v3, 42 were written explicitly
as ratios of Wronskian determinants in terms of the modified Bessel functions
K16(z) and K5/6(z) and were all different showing the three-fold structure of
the solutions.

(vi) Felder and Hoppe [23] show that ternary dP; equation (3.33) also arises in con-
nection with orthogonal polynomials in the complex plane with respect to the
weight

w(z; 1) = exp |—z|z|2 + 1i(2? +Z3)} . 1>0,

with z = x + iy € C, and has the same unique solution as in [18]. Teodorescu
et al. [79], see also [78, equation (26)], show that equation (3.33) arises in the
theory of random normal matrices [86], which motivated the study in [23].

(vii) A study of the asymptotics of solutions of (3.33) is given by Aptekarev and
Novokshenov [2].

3.4 Fourth Discrete Equation: New Equation with Ternary Symmetry

It is possible to derive a discrete equation relating the three solutions x,, x,42 and
Xx,—2 of the ternary dPy equation (3.28) as illustrated in the following Lemma.

Lemma 3.6 Suppose that xp, X2 and x,—3 are solutions of the ternary dPy equation
(3.28), then they satisfy the discrete equation

s bl 2 (3.34)
Xpi2 + X, + 1 Xp +xp2 + 1 Xn

where a, is given by (3.26a), i.e.
a, = %n + p + Acos (%nn) + %\/g(p sin (%nn), (3.35)
with A, p and ¢ arbitrary constants.

Proof Letting n — n — 1 in equation (3.28) gives

an

LI
Z

Xp—1(Xp + X402+ 1) +
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Solving this equation and (3.28) for x,4; and x,_; gives

Xy = L Xy = —— ol
T e+ D) @, 20+ Xpa + 1)

Letting n — n + 2 in the expression for x,_1 gives

X an+1

= .

" Z(Xp42 + x5 + 1)

Equating the two expressions for x,1 gives the result. O

An alternative proof is to consider the Bécklund transformation R4 = R%, with
RZI = T_zl 1.1» then

1 — by +en+1 —1)2
Wnss = Ra(wn) = 4= 11+ {n = bn % D(wn = 1 . (3.36a)
Wy zw;l+anwn—(2an +en+1—2)wy +ay +cp+1

(an + by +cn — D(wy — 1)?

Zw;l —anw,% + Qap +cn—1—2)wy —ap —cp +1

wy—2 = Ry (wn) = wi {1 + } . (3.36b)

with " = d/dz and a,, b, and ¢, are given by (3.26). Letting w, = 1 + 1/x, and
wpt2 = 1+ 1/x,12 gives

—bp+cn+1 Z dxp (an — bu)xn + an
_ =7z — , (3.37a)
Xn42 + Xy + 1 Xp(x, +1) dz Xn(x, +1)
Gtbuten=l_ 2 %, Gntb)tntan (3.37b)
Xp+xp2+1 Xp(xy + 1) dz Xp (X + 1)

and so by adding we obtain

an+1 an—1 an
=z+ —,
Xp2 +xp +1 Xn +xp—2+1 Xn

since from (3.25), ap41 = %(an — by +c, + 1) and ay—1 = 3(an + by +cy — 1). The
parameters dy, b, and ¢, satisfy

aInJr] = %(5n +Zn +en+ 1), an-1 = %(an _En +cn— 1),
En+l Z_%(Zin +En_gn_1)s En—lz%(an_gn_gn+l):
’En+1=an_gn+1a Cn—1 = dyn +gn_1’

which have solution

Gy = 2n+p+rcos (3mn) + 13 gsin (37n),
bnz——\/_ksm( nn)+<pcos(3nn)
¢ =32n+p —2xcos (3mn) — 33 ¢sin (37n),
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with A, p and ¢ arbitrary constants. We remark that the Bécklund transforma-
tion (3.36) has similar structure to the Béacklund transformation R; (3.13), except
the parameters have a ternary symmetry rather than a binary symmetry. We note that
since R3 = 7_1’1’_1 o /Tl,_11_1 o ,TI,—I,I’ then
Ra=Ri=T11-10Ti-1-10T 1107111011071 1,
=T q1-10T-1,—10T1 1107111,

as 7y _1.1 071,11 = Z, the identity.

Corollary 3.7 If x,, satisfies ternary dPy equation (3.28) and ay, is given by (3.35), then
qn = Xon and py = Xopy1 satisfy

azp+1 an—1 azn

=7+ —, (3.38a)
Gn+1 +qn +1 qn +qn-1+1 qn
azn+2 azn — 74 a2n+1 ’ (3.38b)
Pyt + pn+1 Pn+ pn-1+1 Pn

respectively. Further X, = x3, Yy, = X3,41 and Z,, = x3,42 satisfy the system

a3n+1 asp—1 — aﬁ’ (3.392)
Xn+7Z,+1 Xn+ Y1 +1 Xn
azp42 asp a3n+1
+ =z+4+ , 3.39b
Xn+1 +Y, +1 Yn+Zp1+1 Y, ( )
a3n+3 A3n+1 a3n+2 ' (3.39)

=2z
Yn+1+Zn+1 Xn+Zy+1 Zy

Proof Letting n — 2n and n — 2n + 1 in (3.34) and then setting g, = x2, and
Pn = Xon41, respectively, gives (3.38). Similarly for the system (3.39), which is
equivalent to the system (3.29). O

3.5 Differential-Difference Equations

In the previous subsections, we have obtained discrete equations by eliminating
the derivative between two equations, i.e. by adding the equations in (3.5), (3.15)
and (3.27). If instead we subtract the equations then we obtain differential-difference
equations.

(i) Subtracting the equations in (3.6) gives the modified Volterra lattice [84]
dgn 1

5 @g = D@41 — qn-1)-

which is a special case of equation (3.40) below.
(ii) Subtracting the equations in (3.17) gives

dg, Ly ) (2n+2k+1 2n+2k—1>
z =5~ - .
dz . " qn+1 + qn qn + qn-1
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which is a non-autonomous special case of equation (3.41) below.
(iii) Subtracting the equations in (3.27) gives

dx,
ZE = z2x (X + D1 — xp—1) — buxy,
with b, given by (3.26b).
(iv) Subtracting the equations in (3.37) gives

dx, an+1 an—1 )
Z = —x,(x, +1 — — bpxy,
dz o )<xn+2+xn+1 Xp + Xp—a + 1 e

with a, and b, given by (3.26). Consequently setting x», = %(qn — 1) and
Xon4+1 = %(Pn — 1) gives

dgn ) Aon+1 axn—1

b4 =U-gq,) - — b (gn — 1),
dz ! n+1 + Gn qn + qn-1 i
dpn 2 ( azn+42 azn )

z =(-=p;) - —boyy1(pn — 1),
dz Pn Pn+1+ Pn DPn + Pn—1 nH P

which are non-autonomous special cases of equation (3.41) below.

Remarks 3.8 Yamilov [88] gives a classification of (autonomous) Volterra-type equa-
tions. The first two are:

du,

dz = P(up)@nt1 — un—1), (3.40)
d 1 1

Un — P(lfii) ( — ), (3.41)
dz Up41 + Up Up + Un—1

where P(u) = au® + bu + ¢, with a, b and ¢ constants.

4 Rational Solutions of Py

In this section we describe the rational solutions of Py (1.2), which are classified in
the following theorem.

Theorem 4.1 Equation (1.2) has a rational solution if and only if one of the following
holds:

(i) a = %mz, B = —%(m +2n+14k)2y =« form=>1;
(ii) o = %(m +x)% B = —%(n + k)%, y = m + en, with e = 1, provided that
m#=Qorn #0;
(iii) a = %(m + %)2, B = —%(n + %)2, y =k, provided thatm # 0 orn # 0,
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where m,n € 7 and k is an arbitrary constant, together with the solutions obtained
through the symmetries

Sit wi@en . -3 =wze By, —3). @By —3) =@ B —y.—3). (4.1)
1
S waze, B vy —y) = ————, (@, B2, 13, —3) = (=B, —a, —y, =),
w(zie, By, —7)
(4.2)

where w(z; «, B, ¥, —%) is a solution of Py (1.2).
Proof See Kitaev, Law and McLeod [48, Theorem 1.1]; also [39, Theorem 40.3]. O

Remarks 4.2

(i) Kitaev, Law and McLeod [48, Theorem 1.1] give four cases, though their cases
(D and (II) are related by the symmetry (4.2). Further Kitaev, Law and McLeod
[48, Theorem 1.2] prove that if y ¢ Z in case (i), then the rational solution is
unique and if y € Z then there are at most two rational solutions, as illustrated
in [17]; see also [3, 4].

(i) Rational solutions in case (i) are expressed in terms of generalised Laguerre
polynomials, which are discussed in §5.1, and in cases (ii) and (iii) in terms of
generalised Umemura polynomials, discussed in §5.2.

4.1 Generalised Laguerre Polynomials

Rational solutions in case (i) of Theorem 4.1 are expressed in terms of generalised
Laguerre polynomials, which are written in terms of a determinant of Laguerre poly-
nomials, or equivalently as a Wronskian, see [17, §3]. These rational solutions are
special cases of the solutions of Py (1.2) expressible in terms of the Kummer func-
tions M (a, b, z) and U (a, b, 7) discussed in [53, 66] since

U(—n,a+1,2) = (=D"(@+ DpM(—n,a +1,2) = (=1)"n! L (z), (4.3)
with Lﬁf") (z) the Laguerre polynomial

z7%e* d"
n! dz"

LW(z) = (""" e™%), n=>0, (4.4)
see [69, equation (13.6.19)]. First we define the generalised Laguerre polynomial
Tn(f ,2 (z); properties of it are discussed in [6, 17].

Definition 4.3 The generalised Laguerre polynomial T\')(z), which is a polynomial

of degree (m + 1)n, is defined by

dj+k : n—1
T () = det[ Ly )(z)] ., m=>0, n>1, (4.5)
Jj.k=0

dzi Tk m+n
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with T(“ ) (z) = 1, where L(M ) (z) is the Laguerre polynomial (4.4).

For case (i) in Theorem 4.1, Kitaev, Law and McLeod [48] state that rational
solutions arise when

a=10  p=-Ltk+ey)? e=+£l,

where ¢ > 0 and k + € is odd, with k, £ € Z, and B # 0 when |k| < £. Since the
sign of y can be changed by letting z — —z, we set ¢ = 1, without loss of generality.
There are three cases (a), k > £, (b), |k| < £ and (c), —k > £, which are given in the
following theorem.

Theorem 4.4 Suppose that Tn(1“ ,2 (z) is the generalised Laguerre polynomial given by

4.5) and Lf,a) (z) is the Laguerre polynomial, then Py (1.2) has the following three
sets of rational solutions.

(a) ft =mandk =m+2n+ 1, withm > 1, sok + £ = 2m + 2n + 1, then for
n>1

() ()
(,L) ) (2) = T 1, T, ln—H(Z)

T(l‘«)( ) T(l/v)z el (Z)
(@ B.y) = (3m* —L(m +2n+ 1+ )2, pn). (4.6a)

In the case when n = 0, then for m > 1

L(H"l‘])( )

wl't (@) = L0 ) (@, B.y) = (3m* —3(m + 1+ 1), 11). (4.6b)

(b) Ift =m+n+1andk =m —n, withm >0, s0k+ £ =2m+ 1, then form > 1

-2 2n—2
—ntu Tl @O T @)

(M) ) (2) = ,
m-4+n+1 T(M 2”)( ) n(j‘nfl” 2)(2)
@B, y)=(Lm+n+ D% -Lm—n+ % ). (4.7a)

In the case when m = 0 and n > 1 then

—pu—1
wk)_n—uLé“)em

- ) s Mo = l + 1 2’ —l — 2’ s
R I S @ foy) =00+ 1% =501 =07 )
(4.7b)
( 1—p)
n (=2)
U(()Mn)(z) #)(_; (a,B,y) = (%(n +1)%, —%(n — ) u+ 2).

4.7¢)
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In the case when n = 0 and m > 0 then

-1
w)( ) = m—+ [ L¥ V()

= (@ By) = (Am+ D —5m+ )% ),

(4.7d)
(u) irl:—&-ll)(z) 1 2 1 2
0(@) = L(“—l)() (a, B.y) = (3(m + 1), =5(m + p)*, n—2).
m Z

(4.7¢)

(c) Ifﬁ_mandk_—m 2n— 1, withm > landn > 0,s0k + € = —2m — 1,
then u(”) (2) = wm #)( 2), Le.

(;1.—2m—2n)( ) (;1,—2m—2n—2) (Z)

(M) n(2) = n(_l’;nm o) ( m—2n=2), .’
L@ T T @

(@B, y)=(Am* —fm+2n+1— )% n). (4.8
In the case when n = 0, then form > 1

(1_M)(_ )

L(”‘—)(Z)’ (. B.y) = (zm*, —30m+1— ) pn).(4.8)

(M) 0@ =
Proof For cases (a) and (c) see Clarkson and Dunning [17, Theorem 3] and [17,
Corollary 1], respectively. Case (b) follows in a similar way from the special function
solutions of Py (1.2) given by Masuda [53, Theorem 2.2]. The solutions when either
m = 0 or n = 0 follow from recurrence relations for the Laguerre polynomial, cf.
[69, §18.9]. O

It is known that rational solutions of Py can be expressed either in terms of four
special polynomials or in terms of the logarithmic derivative of the ratio of two special
polynomials, cf. [13, Theorem 2.4]. Hence it might be expected that the rational
solutions discussed in Theorem 4.4 can also be written in terms of the logarithmic
derivative of the ratio of two generalised Laguerre polynomials. We note that Masuda
[53, Remark 2.3] has written the special function solutions of sPv (1.12) as logarithmic
derivatives.

Remarks 4.5

(i) The rational solutions in Theorem 4.4 can also be written as logarithmic deriva-
tives

()
d Tmliz’n_;,_l(Z) _ z—m—2n—1—pn (4.92)

w
m n(Z) dZ Tyg[l/}z(z) m

@ Springer



35  Page 26 of 81 P. A. Clarkson et al.

;4. T

m—1,n

() —
v (z) = n 2= (4.9b)

@ = e N g

(u—2m—2n)
d _ Z+m+2n+1—

(1) _ i n,m—1 1<

Uy (2) = s In e ) - . (4.9¢)
n—1,m+1

Using computer algebra we have verified these alternative forms of the ratio-
nal solutions in Theorem 4.4 given by (4.9) for several small values of m and
n. Comparing these expressions with those in Theorem 4.4 gives the relations
(A.3). We envisage these relations can be proved using the Jacobi identity [21],
sometimes known as the Lewis Carroll formula, for the determinant D

oofi)-o[Jof] ofpl] e

where D[;] is the determinant with the i row and the j column removed
from D, though we don’t pursue this further here.
(ii) From the definition of T,) () (4.5)

-1

() 7t !
T " (z) =det [—L 7 (z)j| ,
m—1,n dZ]+k m+n—1 k=0

w0 &y T
Tm—Z,n—H(Z) = det I:WLm-HZ_l(Z):L,k:O ’

which are well-defined form > 1 andn > 1.

Recall that solutions of the discrete equations (3.7) and (3.18) also satisfy the
second-order equation

29 g <d7q>2 _ldg  2a(g+D?+28@ -1 y@* -1

1,2
1 —D,
dz2  ¢2—1\dz zdz 2% -1 27 e )

A.11)

see equations (3.8) and (3.22), and solutions of the ternary dPy (3.28) also satisfy the
second-order equation

zdz 2x(x + 1) z 2

2x  2x4+1 (dx\? ldx a@+D24Bx2  yx(x4+1) xGx+DRx+1)
— = — - + .
dz2  2x(x+ 1) \dz

4.12)

see equation (3.30). In the following Lemma we derive the solutions of equations
(4.11) and (4.12) in terms of generalised Laguerre polynomials.
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Lemma 4.6 If w,(nuzl (2), v,(nuzz (z) and uﬁ,f)n (z) are rational solutions of Py defined in

Theorem 4.4 and T,,(,” ,2 (z) is the generalised Laguerre polynomial given by (4.5), then

() (n+1)
1 d T, @
Wiy = Lo OF Ly 5 Ly ot (4.130)
Wi (2) — 1 dz (@)
(1) (u—2n—1)
1 2 d T,- (2)
VI (2) = —”f(m;’(Z) R b = R PR ML ER E Y
Umu,n z2)—1 z dz Tmﬁfn (2)
() (n—2m—2n—1)
u (Z) +1 d Tn m
UMW () =22 — 42— In 22 (4.13¢)
m,n uﬁ,ﬁ,(z) 1 dz Tn(ﬁl—jnm—Zn—l)
are solutions of equation (4.11) and
(n+1)
PU) (2) = ; — i n M (4.14a)
m,n () -1 dz T(l‘«*l) ’ ’
Wiy, n (2) m—l,n+l(Z)

(n=2n—1)
d TW (@)
ST P e A B (4.14b)

1
() _
Vi) = 0oy 2z dz gy’

vm,n(z) -1
1 d T(u72m72n71)
ZW(y=—— = 2 (4.14c)
m,n uﬁ,’lf),,(z) _ dz Tn(gl—jnm—bl—l)

are solutions of equation (4.12).

Proof Since

1 2
wHl gy = (4.15)
w—1 w—1

then we prove (4.14a) first. By definition

() ()
w(u) _ Tm—l,n Tm—l,n+1
mn — )
T,,(,”,f Trfz'u—)2,n+l
and so
(W) ()
1 _ Tm,n Tm—2,n+l
(w) ) () (W) ()
Wm,n — 1 Tm—l,n Tm—l,n+1 - Tm»” Tm—2,n+1
Also
(n+1) (n+1) (n—1) (1) ()
iln Tmfl,n o DZ(Tmfl,n : Tmfl,n+]) . va” Tm72‘n+l
(=1 (uA1) p(pn—1) = aw () (W) () ’
dz Tmfl,n+] Tmfl,n Tmfl,nJrl Tmfl,n Tmfl,n+l - Tms" Tm72,n+l
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since from the identity (A.1c)

DZ(T(M+1) . T(M_l) ) — T(M) T(ﬂ)

m—1,n m—1,n+1 m,n “m—2,n+1°

where D, (f - g) is the Hirota operator defined by

df dg
D(f-8)=——8—f—+—. (4.16)
dz dz
and from the identity (A.2c)
(n+D) (=1 _ () () ) (1)
Tm—l,n Tm—l,n+1 - Tm—l,n Tm—l,n+1 - Tnglfn Tm—2,n+1’

which completes the proof of (4.14a). The identity (4.13a) follows from equation
(4.15).

By definition
(n+1) (u—1)
S L +n+u+1 Ton " Ty s
m,n - _ )
, man-+1 (u+1) p(p—=1)
tnt Tm—l,n Tm,n—H
and so
1 ~1
L m+n+p+ 0LV TN
2+l = 1 -1 1 -
ot - (m+n+p+ DL TIED o T T
From (4.7a) and (4.9b) it follows
1 ~1 1 -1 -1 1
ZDZ(TrEIIﬁ,;i : Trff,tn+f) = (m+n+p+ DT Tn(1M—l,r)L+l —(m+n+ I)Trgfn+f Trf,"fl,,i»

and since from (A.1b)

DZ(T(/L-H) . T(M—l)) — 7w W

m—1,n m,n+1 m,n “m—1,n+1"

then we have

—1 —1 +1
T = A+ DT T o+ DT T,
Therefore
1 —1
1 +1_m+n+u+1T,§’ff)Tn(jﬁL,2+1
Ufnlf;:_2n+l) —1 z T(,u) T(M) ’

m—1,n+1 “m,n
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and

m+n+,u+1+ d lnT'E’li)l’”H _mAn4p+1

(u+1) n(n—=1)
Tms” Tm—l,n+1

z dz Tn(zﬂlg N Z W W

m—1,n+1 “m,n

Hence we obtain (4.14b). The identity (4.13b) follows from equation (4.15).
By definition

(ut1) p(pu=1)
ut2mt k) oy n=lm TR
m,n 7t pp=1 7
nm—1 “n—1,m+1

SO
(u+1) - (p—1)
1 _ Tn,m—l Tn—l,m+l
+2m+2n+1 - +1 -1 +1 -1
“%n e )(Z) —1 Tn(ﬁl,nz Tn(lfn ' Tn(,lfn—l) Tn(ﬁl,m)+l
Also
() (1) (u+1) p(p—1)
i n Tn(,ung _ DZ(T”"" : Tn—l,m) _ Tn,m—l Tn—l,m—i—l
w (W) () T p(pAD p(n=1) (u+1) p(u=1)
dz Tn—l,m Tn,m T, 1,m T, —1,m T”»m - Tn,m—l Tn—l,m—H

since from the identity (A.1f)

DT T, = T T

n,m—1 "n—1,m+1°
and from the identity (A.2b)

() (n+1) -1 (u+1) = (n—1)
Tn(,unz Tn—l,m =T, T(M ) — Tn,m—l T,

n—1,m “n,m n—1,m+1°

which completes the proof of (4.14c). The identity (4.13c) follows from equation
(4.15). O

4.2 Generalised Umemura Polynomials

Rational solutions in cases (ii) and (iii) of Theorem 4.1 are expressed in terms of
generalised Umemura polynomials. Umemura [81] defined some polynomials through
a differential-difference equation to describe rational solutions of Py (1.2); see also
[14, 60, 87]. Subsequently these were generalised by Masuda, Ohta and Kajiwara
[55], who defined the generalised Umemura polynomial R,(,f, )n (z) through coupled
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differential-difference equations and gave a representation as the determinant

() ) ©) ©)

q .. q_ q_ P q_ _
CIC AT AT/ S
q3 qd_m+4 9—m+3 d_m—n+4
%) T S ()
e q _ o e q q - P q .
Ron@ = | "2 © o o | (4.17)
Pn—m n+1 Pn Pon—1
@) @@
pn7m72 n—1 pn72 p2n73
© @ © . ®
Poymi2 " Popyt Popyo " Py

where pg)(z) = L,(f_l)(%z) and q,ﬁl) (z) = L,(f_l)(—%z), with pg) = q,iz) = 0 for
k < 0, and L,((a)(z) is the Laguerre polynomial (4.4). Recently Masuda [54] studied
properties of zeros of the polynomial R,gf )n (2)-

Rather than use (4.17) for the generalised Umemura polynomial, we prefer to use
an equivalent representation given in Definition 4.7, which we find simpler to compute
and useful to prove algebraic and combinatorial properties of the polynomial, though
we do not pursue this further here.

Definition 4.7 The generalised Umemura polynomial U,E,K?1 (z) is given by the Wron-
skian

Ustn(@ = emmexp(ma) Wr(of 0§ o oB) v opd g ) om0,

(4.18)
where
m—1 . n—1
ety 17 Qi+ DU @k 41!
Cn = (= 1ym 2Umtmmtnt D2 T - I P (4.19)
j=1 k=1

on(2) = e L (32) and v (2) = L (—12), with « a parameter, and L} (2)
is the Laguerre polynomial (4.4) and Uéfo) (z) = 1.

Remarks 4.8

(i) The generalised Laguerre polynomial Tn%) (z) is a Wronskian involving one

sequence of Laguerre polynomials, whereas the generalised Umemura polyno-
mial U,Ef)l (z) involves two sequences of Laguerre polynomials, unless either
m = 0 or n = 0. This is analogous to the situation for rational solutions of Pry
(1.11), where one family of rational solutions involves one sequence of Hermite
polynomials and a second family involves two sequences of Hermite polynomi-
als, cf. [15, 62].
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(i) The generalised Umemura polynomial U,E,Kl, (z) given by (4.18) is a monic poly-
nomial of degree %m(m +1)+ %n(n + 1) and has the symmetry

U (2) = UL e2m=20 (), (4.20)

(iii) The polynomials R,(,f ,),, (z) and U,gf},(z) given by (4.17) and (4.18) respectively,
are equivalent, which can be shown using matrix row and column operations.
Further the two polynomials are related as follows

—1)/2 —m—
U'gl'le(z) = cm,n(—l)m+"(n+l)/2 (%)(m+n)(m+n )/ Rr(n;z{ m n)(z)7
with ¢, , given by (4.19).

(iv) When m = 0, the polynomial Uéf{n) (z) is equivalent to the polynomial defined

)

by Umemura [81] through a differential-difference equation. Also Uéfn (z) is
(n)

equivalent to the determinant t,, " (z) defined in Theorem 5.1 below; see also
[60]. Due to the symmetry (4.20), the same is true for the polynomial U,(n'fg)(z).

Theorem 4.9 Suppose that U,£,K), (z) is the generalised Umemura polynomial given by
(4.18).

(a) In case (ii) of Theorem 4.1, Py (1.2) has the rational solutions for m > 1 and
n>1

(2x) (2k+2)
1’1\1,(1;(’),1 (Z) _ Um,n—l (Z) Um—l,n (Z)

U(2K+2) 2) U(2K) 2) ’

m,n—1 m—1,n
(@ B.y) = (3m+1)* =3+ )% m+n), (4.21a)

U(2K—2n+3) (Z) Urf12,’;l_2”_l) (Z)

~(k) o m—1,n—1
Vit () = 2k —2n+1) 2k —2n+1)

_Um—l,n—l (2) Un.n (Z)’
@ B, y)=(Am+10)% =L —)*,m —n), (4.21b)

In the case when n = 0, then for m > 1

Q1) (2Kk+2)
) () = 9% (2) = — Upo "@U,~Z10 @)
, ’ s 2k+1 2 ’
" " U @ U o)
(@, B,y) = (A0m + )% —1?, m), (4.21¢)

and in the case when m = 0 then forn > 1
2k+1 2
Us (2) Ugn1(2)
T (2k—1 2k+2 ’
Usy @ U (2)

(@, B.y) = (3%, —5(n + )%, n). 4.21d)

Byrz) =06, @) =
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(b) In case (iii) of Theorem 4.1, Py (1.2) has the rational solution for m > 1 and
n>1

Upiat @ Uy @)

), (2) = 2
m,n +1 1
U U@
(@ B,y) = (§(m+§) ,(n+§)2,m+n+k>. (4.22)

In the case when n = 0, then form > 1

Upo@ Up (@)
Us @ Unilh @
@ B.y)=(3m+D% -t m+«), (4.22b)

A(K)()_

and in the case when m = 0 then forn > 1

Uy @ Ughi @

~(x) n+1
ug ,(2) = ,
o U@ UE (@)
(@B, y)= (3. -3+ H*n+x). (4.22¢)
Proof See Masuda, Ohta and Kajiwara [55, Theorem 1.1]. O

Remarks 4.10 The rational solutions in Theorem 4.9 can also be written as logarithmic
derivatives

(2c)
Q) (z) = 2z i n Um 1 n(Z) _n + K (4.232)
Wiy n m + k dz U(2K+2)() m—i-K’ .
(2k+1)
d U, (2)
W@ = —————1In (Ml)l - (4.23b)
m+n+kdz Uy (2) Cm+n+k
(K+])
2z d 1 (2)
uy) (2) = U1 (4.23¢)

2m+1dz gD

" ¢ m+1,n (Z)
Using computer algebra we have verified these alternative forms of the rational solu-
tions in Theorem 4.9 given by (4.9) for several small values of m and n. Comparing
these expressions with those in Theorem 4.9 gives the relations (A1.2), which we
expect can be proved using the Jacobi identity (4.10). We note that Masuda [54,
Appendix A] has written the rational solutions expressed in terms of generalised
Umemura polynomials of sPy (1.12) as logarithmic derivatives.

In the following Lemma we derive the solutions of equations (4.11) and (4.12) in
terms of generalised Umemura polynomials.
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Lemma4.11 If @,(,'f)n (2), '17,(,',()" (z) and Zt\f,'f,)n (z) are rational solutions of Py defined in

Theorem 4.9 and Un(f ,), (2) is the generalised Umemura polynomial given by (4.18),
then

(k) 26)
— 1 d U
W @) = f(m)& 9 % (4.242)
() —1  dz U (o)
2k —2n+1
S0 D@1 d Ut
Vm,n(z) = ~(k) = d_ ln 2k —2n+1) ’ (424b)
vm,n(Z) -1 < Um—l,n (2)
~(k) (k+1)
~ u 2)+1 2m+n+« d U, z
A, = @1 _ X Dot G e
”m,n(z) -1 Z Z Um,n (2)
are solutions of (4.11) and
(2)
~ 1 1 d Unn (2)
Xo(2) = o - St PG TEE (4.252)
wm,n(z) -1 < Um—l,n—l(z)
2k —2n+1)
~ 1 1 d U -1 (2)
Y ()= ——— =~ p —n (4.25b)
m,n ,l.)}(r,l()n(z) ) 2 " dz UrElZfl—jrwl)(z)
R 1 1 d U(K-H)
Zr(n’(,)n(z) — ST = —— + M —1n rg(*’i—l)(z) (425(;)
imn()—1 2 z dz = U (@)

are solutions of (4.12).

Proof We note that (4.25) follow from (4.24) using (4.15). By definition

U(ZK) l(z) U(2K+2) 2)

~(k _ m,n— m—1,n
Tin @ = - U U @)
so that we have
2@ +1 Ui (@UTT @ - U5 @U@
B@ -1 U,(nz,';),l(z) U,(,lszfi)(z) + U,i’;ﬁ)(z) Ufff)l’n(z)’
4 U@ DU @ UL @)
dz P (o) U @U@

where D, (f - g) is the Hirota operator (4.16). From the identities (A.9b) and (A.10b)

4DZ(Ursl%’;l)(Z) . U(2K+2) (Z)) _ U(ZK) (Z) U,ElZK-i_Z)(Z) _ U(2K+2)(Z) U(ZK) (Z),

m—1,n—1 m,n—1 —1,n m,n—1 m—1,n
2k+2 2 2k+2 2k+2 2,
QU () =U) @U@+ USSP Ul L@,
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respectively, therefore

2DZ(UIE12,’:l) () - U(2K+2) (Z)) U(ZK) 1(Z) U(2K+2) (2) — U(2K+2) 2) U(ZK) )

m—1,n—1 _ “mun— m—1,n m,n—1 m—1,n
2 2k+2 - 2 2k+2 2k+2 2 ’
U@ U (o) U @U@+ U @U@
which proves (4.24a).
By definition
2k+2) (2k—2)
~(c+n—1/2) Upn—10—1@) Unn ~(2)
Um,n (z) =— 20 20 ,
Umfl)nfl (@) U (2)
so that we have
_ 2k—2 2+2 2 2
ﬁsﬁn Y2 +1 _ Ur(n»’;z ) UrElfl,n)—l - Ur(n,ft) UrElf)l,n—l
—-1/2 - 26—2 2+2 2 2 ’
P o-1 s ur v ul u
(2x) (2x) (2x)
i n Um,n—l . DZ(Um,n—l ’ m—l,n)
2«) 2K) 2K)
dZ Um—l,n Um,n—l Um—l,n
From the identities (A.9a) and (A.10a)
(2k) (2k) 2k —2) 77 (2k+2) 2 (2K)
4DZ(Um,n—l : Um—l,n) = UrEl,lr(l )Um—l -1 Ur(n,lﬁl) Um—l,n—l’
(2k) 2k)  _ pr(k=2) 77(2c+2) 2 (2k)
2Um,n—l Um—l,n - Um,'li ) Um—l,n—l + Un(1,I;t) Um—l,n—l’

respectively, therefore

2DZ (U(2K) . (2) ) Urf12,’:l_2) U(2K+2) _ Ur(nz,I;L) U(ZK)

m,n—1 m—1,n

m—1,n—1 m—1,n—1
(2k) (2k) - 2k=2) ;,;(2K+2) 2k) 7,Qx) ’
Um,nfl Umfl,n Umv" Umfl,nfl + Um’" Umfl,nfl
which proves (4.24b).
By definition
(k+1) (k—1)
»u\(,() (Z) _ Um,n—l(Z) Um,n+1(Z)
mon\&) = 1 1 )
Uplin @ Uy @)
and so
(k+1) 77(=1) (k+1) 77=1)
ﬁg;c’)n +1 — Um,n—l Um,n—H - Um—l,n Um+l,n
2w D =D GFD D

m,n—1 ~m,n+ m—1,n “m+1,n
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Also

d U mantie D (USH" UNY)  mAnti
—_— n =
dz gD p pUHD 6D p

D (U U D)+ m+n U Y U
ZU(K+1) U(K—l)

m,n m,n

It can be shown that

(+1) 7re=1) (+1) prc=1) 1 -1
UmK.n—I UmK,n+l + Um’(—],n UmK+],n = ZZUlizK,nJr ) UrE;(,n )> (426)
+1 -1 +1 -1 1 — —
Ur(n)(,n—)l UrilK,)H»)l - Ur(nK—l,ZI Urfz’:»l,?z = 4ZDZ (UI’(nKrT ) Ur(nKn I)) +4(m+n+ K)Urgf,zl) Ur(r;(,n ])s (4'27)

which proves (4.24c). Equation (4.26) is the identity (A.13) and using computer alge-
bra, we have verified equation (4.27) for several small values of m and n. O

5 Rational Solutions of the Discrete Equations

In this section we discuss rational solutions of the discrete equations derived in §3. It
is known that there are rational solutions of the dPy equation (1.7), see [44, 45, 47,
60]. This is illustrated in the following theorem.

Theorem 5.1 Define 1,51") (2) to be the m x m determinant given by

(n) (n) (n)
p p o Do
o
@ =" T T (5.1
(n.) (n.) ' (’")
Pomiy2 Pemy3 = P

where P/(cn)(Z) = L,(Cn)(%z), with L,((n) (2) the Laguerre polynomial, for k > 0 and
P/En) (z) =0 fork <O, then

AR 9 AL e\

. m+1
g (z:m) = O e (5.2)
satisfies
i+ apoy = 3 D e L (5.3)
which is dPy (1.7) with¢ =4/z, A =1and p = —m — 1.
Proof See Kajiwara, Yamamoto and Ohta [47]. ]
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Table 1 The effect on the parameters of applying the transformations R (3.3) and R% on a solution w(z)
of Py with (@, B, y) = (a?. = 1b%,¢)

ag B1 1
Ri(a,b,c) fa—b+c+1)? —ta—b—c+1)? a+b
Ri(=a,b,c) ta+b—c—17? —ta+b+c—12 —a+b
Ri(a, —b,c) gatb+c+1)? —t@+b—c+1)? a—b
Ri(=a,—b,c) fa—b—c—17? —$a—b+c—1)7? —a—b
R3(a.b.c) Sa+1)? —5b-1)? ¢
R3(—a.b, ) $a—1? -to-1? c
R3(a, —b, c) 3+ 1)? —3(b+1)? c
R} (~a,—b, ) Ya—1? —5(b+1)? c

Remarks 5.2

(i) The determinant I,Sl") (z) can be written as the Wronskian

T,gln) (Z) — (_l)m(m—l)/2 Wr (p§n7m+l)’ p§ﬂ7m+1) p(nferl))’ (54)

vee Pom—1

with p]E") () = LIE")(%Z), and is related to the generalised Umemura polynomial
by

_ —n—m— -1/2
Ur(n”,()m+l)(z) _ U(g’mn m 1)(1) _ CO,m(_l)m(m+1)/2 (%)m(m )/ Tn(1n)(Z)-

(i) The function g, (z; m) satisfies equation (4.11) with
(@ B, y) = (50m —n)*, —g(m +n +2)%, —m — 1).
5.1 Rational Solutions in Terms of Generalised Laguerre Polynomials
Each of the transformations R (3.3), R> (3.13) and R3 (3.24) is actually four trans-
formations since there are two independent choices of sign for a = ++/2« and
b = +./28. This can lead to four different solutions from applying the transfor-
mation to a given solution. This is illustrated in Table 1 which shows the effect on the

parameters of applying the transformations R (3.3) and R% on a solution w(z) of Py
(1.2) with (a, B, ¥) = (3a% —3b%, c); see also Example 5.3.

5.1.1 First discrete equation: asymmetric discrete Py

For the Bicklund transformation Ry = 77 _1,1, we know that R% (a,b,c) = (a +
1,b— 1, ¢), so that

R%(w,(n’ffi; m,m+2n+1+pu, M) = (wr(;ﬁl,nfl; m+1,m-+2n+ u, u), (5.5a)

@ Springer



Discrete equations from BackLund Transformations of the... Page 37 of 81 35

Rz( f#L‘—m,m—l—Zn—l—l—l—/L,p,):( f:)ln L—m,m+2n+u,p), (5.5b)

Rz( () . m,—m—2n—1-—p,pu)=(w fnﬂlln m41,—m—2n—2—p,p), (5.5¢)

ﬂ‘l n’

’R%(w("“) s—m,—m—=2n—1—p,p) = (wfnll,n+l; L—m,—m—2n—2—p,pu). (5.5d)

m,n>

From (5.5) we see that except in the case (5.5¢), the Backlund transformation R (3.3)
can only be applied a finite number of times before the sequence terminates as either
m or n becomes zero, as illustrated in the following example.

Example 5.3 Consider the rational solution

3 ) _@—p+ D[22 - 2pz+pu+ D)
o7 22 —=2uz 4 p(pn—1)

which satisfies Py (1.2) with (&, B, ) = (3. — (1t + D2, u — 3), so that

wi Y (@)+1 - 4(z — ut1)
(M V-1 z—p 22=2u—Dz+upm—1"

(5.6)

qo(z) =

To derive a sequence of solutions we define the Bicklund transformation

Ql(QQa»b’C)=<#{ da —(@a—byg—a—>b };%(a—b+c+1),

2(g*>—1)
%(—a+b+c—1),a+b>, (5.7
since
Rl(%)—i-l 2 dg
- - 4 _(a-byg—a—b}.
Qi(g) Rl(%)—l Z(qz—l){zdz (a—b)q—a }

Applying the Bicklund transformation Q1 (5.7), with (a, b, ¢) = (1, u+1, u—3),
gives the sequence of rational solutions

4(z —p)
[a]
72)=1- + ,
e z—p+1 22 —2uz+puu-—1
4z—pn+1)
@) = '@ =1.

—2(n—Dz+ (u—D(—2)

Applying 9Oy (5.7), with (a, b, ¢) = (—1, u+1, u—3), gives the sequence of rational
solutions

2

[b] [b]

g, @Q)=—1+—-— q, () =1,
1() 1 2()
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and applying Q; (5.7), with (a, b, ¢) = (=1, —u — 1, u — 3), gives the sequence of
rational solutions

4z — )

[d]
, 7)=1.
2 ziuutn 2®

") =—-1-

In each case the Béicklund transformation only produces a finite number of solutions.
Applying Q; (5.7), with (a, b, ¢) = (1, — — 1, u — 3), gives an infinite sequence
of solutions. The next few are

2 d 22 -1
g =1 By d g ]

z dz 22 —2pz+p(u+1)
112(2)=1+2£ln & =2t Dzt put

dz 2% —4pzd +6u222 —4p(u? — Dz + p2u2 -1’

2
p@=1-"1
Z
d 2 =3+ D22 +3u(n+ Dz —pw? -1
+2—1In

dz =4+ DB +6(u+ D222 —4p(u+ D+ 2Dz +pn(m+ )2 +2)°

Generally forn > 0

(=2 (=3
d T 1 (Z) 2,[,L d T 1 (Z)
gn(@)=14+2—In——70—. gy =1-—+2—In —"(:_’3) ,
dz Tm2 (2) Z dz Tn,2 (2)

satisfy

4 (n+p+2)gn =35 = (= HED"
z 1 —gq;

which is asymmetric dPy (3.7) with A = jt +2, p = —3 and ¢ = —u + 3, whilst
Xn = qon and y, = qop41 satisfy

4 2n+pu+3)y,+un—3 4 2n+pu+2)x, —
xn+1+xn:2 E .

l_yrzl 9 yn+yn—l: l—x}%

Also, applying the inverse transformation Ql_l we obtain

2

E— _2(z) = 1.
P q-2(2)

2p
g-1x)=1-——+
z
We note that for the solution gq (5.6)

Qo lp+lu=3)=1 Qfgo:~lp+lu=3)=1
Q% (qo; —1,—pu—1L,u—3)=1.
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where Q) is the Béicklund transformation (5.7). Further if R (3.3) is the Bicklund
transformation given by (5.5¢) then

w-3 R 1 Ri L w-» R 1 Ri (1—3)

w — w
L1 W 21— —— T3
1,1 2,1

or equivalently

w ™V +1 g, 1+ o w¥ V41 g 1+
WD ] —— 1 u}“f —— QI —— [_ Uéul)
(1=3)
Qo wiy t1
— T

More generally, using the solution w(” ) (z), for fixed m and n, then we have the
following Lemma.

Lemma 5.4 Consider the rational functions

O @+ 1 Lo @
0@ = Xn@) = I 0y () = () = ——
wN+m n(z) - 1= UN+m,n (2)

with w(“) (z) and v(”) (2) as given in Theorem 4.4, then Q y (z) satisfies

4(N+2m+2n+u+l)QN—n———(n+,u+2)( nHY
Ony1 +ON-1 = 5 .

z - 0%
which is asymmetric dPy B 7 with . =2m+2n+u+1, p = —n — % and
¢ = —n — u — 5, whilst Xy (z) and Yy (z) satisfy the discrete system

4(2N+2m+2n+u+2)YN+M

X + Xy = 5.8a
N+ XN =2 =7 (5.8a)
42N +2m+2n+pu+ D)Xy —2n—pu—1
Yo + Yy g = 24 e 2) N k= (5.8b)

z 1-Xy

Proof From the transformations

Rl(w,(n‘f;;m,—m—Zn—l—u,u)
—(l/v(”“”"“)'m—i—n-i—l+u,—m—n—1,—pL—2n—1),
Rl( (") im+n+1,—-m+n—pu, u)
:(1/wff+,2; Vimt 41, —m—1,—p+2n+1),
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we obtain the sequence of solutions

0 R 1 Ri1 (W) R 1 R (1)
wk _ w _ w
m,n v(,H_zn_H) R m+1.n 5 (u+2n+1) 5 m+2.n
m,n m+1,n

from which the result follows. We note that

2 () ()
7?’1 (wr(nple) = wmu+1,n’ (1/v(ﬂ-)) = 1/va+l,n'

Remarks 5.5

®

(i)

(iii)

An equivalent result can be obtained using the inverse transformation Rl_l =
T_1.1,—1 since

Ry (Wi —m,m +2n + 1+ p, p)
= (D —n— Lm+n 4+ 141,20 + 14 1),
Ry (v(“)'—m—n—l,m—n—f-ﬂ,ﬂ)

m,n’

- (wr(n”_ﬁz’zfl); —m—-1m+1+u —2n—1+ u).
We note that if u = —n — % then

(=n—1/2) (n+1/2)

WN4m,n (2) +1 1+vN+mn()
Qv (2) = W’ Qan+1(2) = 1("—+1/2)
N+mn ( ) N+mn ( )

are solutions to

4(N+2m+n+Hoy-—n-1
Ony1 +ON-1=— = s
z 1-0%

which is dPyy (1.7) with ¢ = 4/z, A =2m +n+ 1 and p = —n — 1. Hence,
although there is no alternating term, the structure of the even and odd terms is
different.

As remarked above, Kitaev, Law and McLeod [48, Theorem 1.2] proved that
rational solutions expressed in terms of generalised Laguerre polynomials are
unique if 4 ¢ Z. Consequently the hierarchies can be determined through the

parameters using induction. To obtain the rational solution w,(,f )n, with £ € Z,

then we use w,(,f,)n = lim,_ w(“ ) and similarly for v,% ),, and u(e) In fact it is

necessary to do this in order to evaluate the rational solution when W € Z using
Maple.

Alternatively, using the solution vm n (z) for fixed m and n, then we have the
following Lemma.
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Lemma 5.6 Consider the rational functions

() (u+2m+1)

o . U, N+n + _ _ UNtn+1,m +1
Quv(@) =Xn(@) = G5, Qav1(@) = Y@ = G
Uu,Ntn — UNtn+1,m —

with v,(,,” ,)1 (z) and u,(”“l, (z) as given in Theorem 4.4, then QN (z) satisfies

4(N+2n+1- + o+ + 514 (=N
ON+1+ ON-1 ZZ( " M)QN] MQZ (m+ [+ (D7)
XN

’

which is asymmetric dPyy 3. 7)withh =2n+1—u, p =m+ % +upandp =m+ %
whilst X n(2) and Y (z) satisfy the discrete system

402N +2042— WYy + 1

X + Xy =- , 5.9a
N+1 N= —v2 (5.9a)
42N +2n+1— WXy +pn+2m+1
Yy + Yy = 4 W MR . (5.9b)

Z 1—XN

Proof From the transformations

Rl(v,(n’f,)l; m+n+1,m—n+u, y,) =(u,g’fr—q?nrf+l); n+l,—n—14+up,2m+1+ M),

Ri(ulm, —m —2n — 1+ p, 1) =(v,%;z"_l);m—i—n—l-l,—m—n—l+,u,

m,n>
—2n—1+ /1,),
we obtain the sequence of solutions
() R (e 2mED) Ri1 ) Ry (ut2m+D) Ri1 o)
m,n N n+1,m 5 m,n+1 N n+2,m > m,n+2

from which the result follows. We note that

2 2
Ry (Umuzz) = vr(qf,iwrl’ Ri (”fzﬂm = ”E;li)lm

5.1.2 Second Discrete Equation

The effect on the parameters of applying the transformations (3.13) R, and R% on a
solution w(z) of Py with (a, 8, y) = (%az, —%bz, c) is given in Table 2.

In the following example, we illustrate how using the Bécklund transformation
R> (3.13) gives rise to a hierarchy of solutions of (3.18) in terms of generalised
Laguerre polynomials.
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Table2 The effect on the parameters of applying the transformations R (3.13) and R% on a solution w(z)
of Py with (@, B, y) = (a?. =162, ¢)

o B1 Y1

Ro(a, b, c) fa+b—c—1)7> —fa+b+c+1)? —a+b+1
Ra(—a,b,c) ta—b+c+1)? —ta—b—c—1)7 a+b+1
Ra(a, —b. c) ta-b—c-1? —t@—b+c+1)? —a—b+1
Ra(—a, b, c) ga+b+c+1)? —a+b—c—1)7? a-b+1
R3(a. b, c) fa—1? 5 +1)? c+2
R3(—a, b, c) $a+1)? o +1? c+2
R3(a, —b, c) $a—1? -to-1? c+2
R3(~a, —b, c) (a+1)? 5 —1)? c+2

Example 5.7 Applying the Backlund transformation R, (3.13), with (a,b,c) =
(=3, i, ), to the solution

z[2* = 2uz 4+ pn(n + 1)][z —2uz+ppn— D]
(z — w[z* —4uz’ + 6p222 —4pu(u? — Dz + p2(u? = D]’

@ =1-

we obtain the sequence of rational solutions of Py (1.2)

w R w4 Ra w2 R2 wre) Rz (u+4)
UL Uy Vin Uz Vi3

Hence we obtain the solutions of equation (3.18)

of) +1 w d . 2 —2utupu+D

q0(2) = =—1+=—+—I —,
() 2 dz Z2-2u4pup-1

. ug{41+4)+1 1

q1z =

g
PP At 0 D +6(M+1)2 2= At D@+ 224 pe+ D2 +2)

dz 22 —2u+u(u+1)

Consequently, if we define the rational functions

2t (1—3)
@) = x(z) = k] @+1_ 2w+ d o To
Bon2) = Xnle) = " ) z dz 7=y
U agr (@) — Ty (@
Qn+p+4) (1—3)
Dn1(2) = ya(2) = MI—()“_I o4 T
n = Jn ) - =3, y’
Uit () = dz 7y h @
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then g, (z) satisfies

{n+u+301+ D" g +3—p

n+u+2 n+p+l
+ 2
1 —g;

dn+1 + qn qn + qn—-1

-1, _
=5z

El

which is equation (3.18) with A = u + %, p=3—pand ¢ = %, whilst x, (z) and
yn(z) satisfy the discrete system

2n+u+3+2n+u+2_1 _ @n+p+Dym+3-—n

EZ 2 El
Xn+1 + Yn Xn + Yn -y
2n+u+2+2n+u+l 1 Cn+pu+3)x,+3—n
Xn + Yn Xn + Yn—1 2 l_x;% ’
()

More generally, using the solution vy ,(z), for fixed m and n, then we have the
following Lemma.

Lemma 5.8 Consider the rational functions

e N @1 o M@ 4
Oon(2) = N(Z)_W()—l’ Q2N+1(Z)— N () = (2N+p.+2m+2)( )_1,
vm,N+n z uN+n+l,m z

with v,(n“ 2, (z) and uf,f 21 (z) as given in Theorem 4.4, then QN (z) satisfies

Nam+p+l Namt+p | AN+O+EDNIm+ D +p)on+2n+1—pu
+ =37~ 5
On+1+ ON ON + OnN-1 1-03%

s

which is equation (3.18) withA = m + u — % p=2n—pu+landp =m+ % whilst
Xn(2) and YN (z) satisfy the discrete system

2N+m+u+2 2N+m+pu+1 1 CN4+pu+DYy+2n+1—pn
. t , (5.10a)
XNyl + Yy Xy +Yy 1-Yy
2N +m+p+1 2N +m+pn 1 RCN+2m+pu+ DXy +2n+1—pn
— - : . (5.10b)
XN+ 7Yy XN+ YN-1 1—Xy

Proof From the transformations

Ra(vig; —m —n—1,m—n+p, p)

= (ufi’ﬁifﬂ); —n— 1, —n 4, 2m+2+ p),

R (2D —p —p 1+ o, 2m + 2+ pa)

n,m

:(v("“+2>;m+n+l,—m—n—1+M,2m—1+u),

m,n
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we obtain the sequence of solutions

w R wrmty Ra w2 Ra ptamtd R (utd)
Vm,n 5 Tntlm [N Vinn+1 — 5 "nt2m 5 “mni2

from which the result follows. We note that

R3 (vmﬁ‘i) =D RS (u“‘)) =yt

n,m n+l,m*

O

Alternatively, using the solution w(“ ) (z), for fixed m and n, then we have the
following Lemma.

Lemma 5.9 Consider the rational functions

(1—2N) (u+2n—2N)

Wi )+ 1 Wimn @+
QZN(Z) = XN(Z) W, Q2N+I(Z) = YN(Z) = (“+2n_2N)(Z) -1
WN 4m,n Ntm,n

with w,(# 2, (z) and v,(n” ,)1 (z) as given in Theorem 4.4, then Q y(z) satisfies

N—n—pun N—-n—-—pn—-1

+ 52

OnN+1+ 0N ON + On-1
+{N—u—(n+%)[l+(—1)N]}QN+2m+2n+l+,u

1- 0%

=0,

which is equation (3.18) withA = —n—ju — %, p=2m+2n+u+landep = —n— %,
whilst Xy (z) and Yy (2) satisfy the discrete system

2N—-n—u+1 2N —n— 2N —pu+ DYy +2m+2n+ 1+

ptl Moy lpy GNopt DYv 2 ~_o, (5.11a)
XN1+ Yy XN+ YN 1-v3
2N—n—pu 2N—-n—pn—1 Q2N -2n—p—-—DXy+2m+2n+1+4+pn

+5z+ =0. (5.11b
Xy + YN Xy +Yyn_1 2 1-X3% ( )

Proof From the transformations

Ry (w,(nu,%,m,m-‘r2n+l+//v,u) (v,(,,u,jzn) m+n+1, m+n+,u,2n+u)

Ry Yot om0 41, mA4n+u,2n+p)=(w m”+1231,m,m+2n+l+u,u)

we obtain the sequence of solutions

-1 -1 -1 -1
w®) R, (2 R, w2 R, p(ut2n=2) R, w4
m,n m n N m+l n N m n N m+2 n
from which the result follows. |
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Table 3 The effect on the parameters of applying the transformation R3 (3.24), R% and Rg on a solution
w(z) of Py with (&, B, y) = (1a2, —1b%.¢)

o] Bi 71
Ri(a, b, c) fa—b+c+1)? —ga—b—c+1)7? a+b
R3(—a, b, c) ta+b—c—1? —ta+b+c—1)7 —a+b
R3(a, —b, c) ta+b+c+1)? —ta+b—c+1)? a—b
R3(—a, —b, c) fa—b—c—17? —ga—b+c—1)7? —a—b
R3(a.b.c) f@+b+c+1)? —ga+b—c—17? a-b+1
R3(-a.b, ) ta—b—c—1? —ta—b+c+1)? —a—b+1
R3(a, —b, c) gla—b+c+1)? —ta—b—c—1)7 a+b+1
R3(~a, b, c) fa+b—c—1? —§@+b+c+1)? —a+b+1
R3(a.b.¢) Ja+1)? — 562 c+1
R3(—a.b,c) $la—1)? —p? c+1
R3(a, —b, c) Ja+1)? —$p? c+1
R3(—a, b, c) Ta—1? -1p? c+1

Remarks 5.10 From the transformations

R;l(w(“)'m,—m —2n—1 —,u,u)

m,n’

- (l/u’(jﬂ’z;lnﬂnﬂ); —n—pu,—n—1,-2m—2n—-2— /L),
Rz_l(l/u;‘fgl; 2m+n-+1—pu, —n, —/,L)

(n—2m—2n-2)

=(wm+1!n ,m+1,m—u,—2m—2n—2+,u),

we obtain the sequence of solutions

-1 —1 -1
ww R R w2 R, b
mn (;L-|1-2m+2n+2) - m+ln+l u(u—52m+12n+4)
n+1,m n+2,m+
-1
R, (n—4)

s wm+2,n+2

5.1.3 Third Discrete Equation: Ternary Discrete P;

The effect on the parameters of applying the transformations R3 (3.24), R% and R%
on a solution w(z) of Py with (a, 8, y) = (%az, —%bz, c) is given in Table 3.

In the following example, we illustrate how using the Bécklund transformation
R3 (3.24) gives rise to a hierarchy of solutions of ternary dPy (3.28) in terms of
generalised Laguerre polynomials.
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Example 5.11 Applying the Bécklund transformation R3 (3.24), with (a, b, ¢) = (u+
1, —1, —u + 3), to the solution

[ 22 —2uz+pp—1
w @) @-u+ D[ = 2uz+pe+ D]

we obtain the sequence of rational solutions of Py (1.2)

1 Ry w Rz ) R3 1 Ry wth Rz (utd)
o (n=3) L1 10 Tah —— Y2 13
Wy L)

so that the effect of applying R3 three times is

3 (n—=3) (n—4) 3(, (1) (u+1 +3 +4
Rl ) = 1w RI(ef)) = o™ RIS =l

Hence we obtain the rational solutions of the ternary dPy (3.28)

(=3
e @22 Db pe = )
0(z) = =) 3 — ,
—w/; () ¢ St
0@ = ——1+ +il 2 —2uz+puu—1
v @) — 1 dz =z 72uz+u(u+1)’
22(@) = 1 :gln & —4p’ +6M —4puu? — Dz + u2(u? -z
W@ -1 22 =2(u+ Dz +p(u—1)

Consequently, if we define the rational functions

w7V @) d T
- n+ n+t
(@) =X (@) = Gy — =1+ s
—wi,y @) ontl (@ )
-3)
1 ptn d T
X3p41(2) = Yo (2) = S o =-1+ tg (,:Hn 3)
1n+l()_1 < N Tln+l ()
(n—n—4)
1 d Ty '@
X3n42(2) = Zp(2) = w4z In H,
i@ -1 e

then x,(z) satisfies ternary dPj
an
Xp(Xn41 F X011+ 1D + ? =0,
with
an =1+ pu+5 + 3(u— 1) cos(37n) + §+/3 sin(37n),
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whilst X, (z), Y, (z) and Z,,(z) satisfy the discrete system

n+u+1
XMH+Zwr+D+——%——=Q
3
Yo (Zy+ X, + 1)+ 2 — o,
Z
n+2

Zn(Xnt1+ Y+ D+ — = 0.

More generally, using the solution w(“) (z), for fixed m and n, as the initial solution
then we have the following Lemma.

Lemma 5.12 Consider the rational functions

(,uNN) (Z) 1
XN () = m*u s W@ =
w1 @) ur @) -1
1
N Q) = T Ty | (5.12)
N+n+1,m (2) —

with w(M) (2), v,(nuzz (z) and u(M) (z) as given in Theorem 4.4, then Xn(2), Yn(z) and
Z N (2) satisfy the discrete system

N+m+2n+p+1

XNYN+Zn-1+ 1)+ ; =0, (5.13a)
N+m+n+1
YN(Zn+ Xy + D+ —————— =0, (5.13b)
N+n+1
ZN(XN+1 +YN+1)+f =0, (5.13¢)

which is the system (3.29) withazy = N+m+2n+u+1,a3y+1 = N+m+n+1and
asn+2 = N+n+1,ie (3.26a) withh = Y (m+2n+2pu+1), p = $@m+dn+pu+2)
and o =m + %

Proof From the transformations

R3(l/w,(,ffz,; m+2n+1+pwpn, —m, —/L)
- (vfn‘f:2”+1);m+n+ I,m4+n+u+1,2n+1 —i—u),

Ra(wi ™ im+n+ Lm+n+p+1,2n+1+4p)

( (u+2m+2n+2)
n+1l,m

Rg( gf{%:l+2n+2) +1,—n—pwu,2m+2n+2+ u)

= (l/w,(nﬁf;i)l;m+2n+u+2, —m,,u—]),

n+1, —n—,u,2m+2n+2+,u,)
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we obtain the sequence of solutions

1 Rs ity R3 (u+2m+2m+2)  R3 1 Ry (ur2nt2)

(1) m n 5 n+l,m > (nu—1) 5 m,n+1
Wm,n wm,n+1

from which the result follows. We note that

3 (n—=1) (n+1) 3 (u+1)
R?’(l/wr(rlll:?l) = 1/wmu,n—&-l’ R3( (M)) = vmlj:lz+l’ R3 (M,SM,)") = unljrl,m

O
Lemma 5.13 Consider the rational functions
1
AN@) =—F—7—— YW@=
LN+ (N+p+2m+1)
U, N+n( ) -1 N+n+1,m (2) =
(=N+pn—2n-2)
m,N+n+1 ()
Zn0) = (5.14)
~ Wy Ntn+l (@)

with w(ﬂ) (2), v(“) () and uﬁ,’ﬁ, (z) as given in Theorem 4.4, then X n(z), YN (2) and
Z N (2) satisfy the discrete system

N+m+n+1
Xy(Yy +Zn-1+ 1)+ — = 0, (5.15a)
N+n+1
YNnZn+ XN+ 1)+ f =0, (5.15b)
N4+m+u+1
Zn(Xni1+ Yy + 1) + + —0, (5.15¢)

which is the system (3.29) withazy = N +m+n+ 1, aayy+1 = N +n+ 1 and
asn+2 = N+m+p+1,ie (326 withh = Y(m+n—p+1), p = 12m+2n+p+2)
andgo:—m—f—n—u—i—%.

Proof From the transformations

Ra(oism+n+Lm—n+pp)= @52+ Ln+1—pw2m+ 1+ p),

R3(u(“) smom+2n+1—p, /L) = (l/w,(,fb,,fz"’_z”_l); —n+pu,—n,2m+2n+1-— /L),

m,n’

R3(1/w(“)'m+2n+l+;L,fm,fp¢) =(v,(,ﬁf,':'zn+l);m+n+l,m+n+u+l,2n+l+/L),

m,n’

we obtain the sequence of solutions

ym Ra (u+2m+1)  R3 1 R3 w+)  R3 (u+2m+2)
m n un+l,m (n—2n-2) vm,n+l un+2,m
? > w ? ?
m,n+1

from which the result follows. We note that
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3 (n—1) 3 (u+1) 3 (u+1)
R3<1/wr(nl}:21) = l/wmu:n—i-l’ R3 (Ur(nV:21) = vml}:n+l’ R3 (”%L) = unlfl—l,m'

Remarks 5.14

(i) There are no solutions in terms of generalised Laguerre polynomials in the sym-
metric case when A = ¢ = 0.

(i) Lemmas 5.12 and 5.13 imply that there are hierarchies of rational solutions of
the fourth discrete equation (3.34) in terms of generalised Laguerre polynomials.

5.1.4 Partial Difference Systems

In this subsection we derive some partial difference systems which have solutions in
terms of generalised Laguerre polynomials.

Lemma 5.15 If we define

(D] () ()
wo — Wmnt Lo gy  vmat D gy  Mma t ]
n.n () ’ m,n () ’ m,n () ’
Wm,n — 1 Unm,n — 1 Unm,n — 1

(5.16)

with w,(,,“L (2), v,(,,” ZL (z) and u;# ),, (z) as given in Theorem 4.4, then they satisfy the partial

difference systems

(u+2n+1)
4Q2m+2n+pn+2)V — i
(1) (w 4 = m,n _
Wit ¥ Wi + - - (V(u+2n+1))2 =0, (5.17a)
m,n

Gznsty 4 QM A+ DWWl —2n—p =1 _

Put2n+1) +V ) =0
: -1, 2 ’
(5.17b)
and
_ (u+2m+1)
V(M)+1 + V'(nlil?’ — E(Q,I’l +2 ’LL) un;—l,m . w (5 183)
m,n : (u+2m+1) ’ ‘
¢ =UT)
()
pHH2mED | g et amt) 4Cn+1- 1) Vnon +2m +p + 1 (5.18b)
n+1,m n,m z | (Vr(n'“%)z . .
Proof These follow from setting N = 0 in (5.8) and (5.9), respectively. O
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Lemma 5.16 IfW,E,”,)z, V,(,,"Sl and Z/l,(nu,)l are given by (5.16), then they satisfy the partial
difference systems

4@ntpt DV

() (1) —
W + Wy + =0, (5.19a)
+1, , 3
e g 1 — (VU2 Dy
P20+ | (t204D) 4Cm+2n+pn+ DWW —@n+p+1) _o
m,n + m—1,n +z 1— ()2 =V,
(Wm,n)
(5.19b)
and
w 4 2n+ W M}§¢T2m+2n+l) —n
Wl WY+ PR T -0, (5.20a)

4.Qn+p+ DWW — @m+ 20+ + 1)
(4 2m20+1) 241 o
uni],n'l{l n + L{éf‘r"f m—+2n+1) + ; ’ ( w )2 =0. (520b)

m,n

Proof From the transformations

Rl(w(“)‘—m,m+2n+,u+ 1,/1,)

m,n>

= (vf'fljz’zﬂ); —m—n,m+n+pu, u+2n+ 1),

Rl(v(")'—m—n—l,m—n—i—u,u)

m,n>

= (w2 —m,m A+, —2n — 1),

m,n

we obtain the sequence

w R (ut2n+1) Ry () R (wt2n+)  Ra ()
wm,n 5 Um—l,n 5 wm—l,n > vm—2,n > wm—Z,n

from which the system (5.19) follows.
From the transformations

Ry (i hs mom +2n + 4+ 1, 1) = (@220 n o, 4 2m 420 4 1),
(u—2m—2n-1)

R](uﬁyﬁ%;—m,—m—Zn—l-i-u,u):(w n+1l,—n—1+p, pn—2m—2n-1),

n+l1,m—1 ’

we obtain the sequence

w) Ri o (2m+2n+1) Ry w Ri u(u+2m+2n+l)
mmn _____ y “nm N m—+1,n—1 > n—1,m+1

Ri )
5 TmH2n-2

from which the system (5.20) follows. O
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Lemma 5.17 IfW,E,”,)z, V,Eﬂ and Z/l,(nu,), are given by (5.16), then they satisfy the partial
difference systems

m+p+1 m+ 1, “Mr(zl,iy-:_zm“)'i‘Z”—M (521a)
1 2m+1 —1 2m+1) — 2% 2m+1)2 :
VT PV T T2 )
—1
m+ u l’l’l+/J,—1 1 (2m+M)VV(ﬂﬂjn7)l+2n_M (521b)
(=1 (u+2m+1) (u—1) (uom—1) 2% 7 (u=1)\2 ’ :
v n—1 +u"’m v n—1 +un—l,m - (Vm,n—l)
and
s S o R DO VAt V) ¥ S R U R
-2 2 n) 2% 2n)\2 ’
WU VIS Wit Vs 1= V™)
(5.22a)
ntu . a1 1, (w+2n+ DWW — @m+ 20+ 1+ p)
2 2n+2) — 2% 2 :
Wit + Va2 Watin + Vo2 ®? 1= (W)
(5.22b)
Proof These follow from setting N = 0 in (5.10) and (5.11), respectively. O

Lemma 5.18 Consider the rational functions

(W)
) _ _Wmn oo — | Zoy _ 1
N R N X N
1 Wim,n m.,n 1 Um,n 1

with wf,,“ 31 (2), v,(n“ ,)1 (z) and u ,(ff l, (z) as given in Theorem 4.4, then they satisfy the partial

difference system

X (P2t 4 Z0ek2mi2nt) gy 4 w =0, (5.23a)
VST g )+ T o 5230
Z,Elﬂ,z,,zlﬁnﬂ)(%gf;% + YD ) n —zi— I _ 0. (5.23¢)
Proof This follows from setting N = 0 in (5.13). O

5.2 Rational Solutions in Terms of Generalised Umemura Polynomials
5.2.1 First Discrete Equation: Asymmetric Discrete Py

In the following example, we illustrate how using the Bicklund transformation
R1 (3.3) gives rise to a hierarchy of solutions of asymmetric dPy (3.7) in terms of
generalised Umemura polynomials. We remark that Kitaev, Law and McLeod [48, The-
orem 1.2] proved that rational solutions expressed in terms of generalised Umemura
polynomials are unique.
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Example 5.19 Applying the Bicklund transformation R with (a,b,c) = (k +
%, —K + %, 2) to the solution

[22 — 16k (k + D][z3 — 62k — 1)z? + 48k (k — 1)z — 326 (k — (2 — 1)]
[22 — 16K (k — D][23 — 6(2c + Dz? + 48k (i + Dz — 32k + D2k + D]’

A(K 3/2)

(z)=—

gives the sequence of rational solutions

5.=3/2) Ri  ~w)  Ri H0=1/2) Ri SUetD) Ri ole1/2)
Wy V1 Wy 1 . V2.1 , W

Hence we obtain solutions of asymmetric dPyy (3.7)

~(k—=3/2

wéﬂ P +1 d 2% —8kz3 + 128k (k2 — 1)z — 256K 2 (k2 =)
qo0(z) = W = Zd—l 2

w (Z)—l V4 7 —4aK

A(”l)(z)+1 d 2 16k + 1)
A(x>(z)_1 dz 23— 62k + 1Dz2 +48k(k + Dz — 32k (k + D2k + 1)

q1(2) =

B ) 41

0@ =
YOS

_ 2iln 4 =8k + 1) + 128k (i + 1) (k + 2) — 256K (i + 1)2(k +2)
N z—4k +1) ’

v*ﬁ @

B@R)= 05—
ey

o4 22 —16(k + 1k +2)
T Tz 23— 62 +3)22 +48(k + Dk +2)z — 32(c + Dk +2)(2k +3)

If we define the rational functions

qon(2) = x,(2) = @%'_(,”73/2) @+ = 4 n U2(.2;(+2”_3>(Z)
wz'fr'l_3/2>(2) 1 dz U1<?S+2n+1>(z)
4 80402 + 1280+ [0 +6)? — 1]z = 256(n +)*[(n + 1) — 1] ’
dz z—4(n+«)
A(K+n) (Z) +1 d U2(2(t)(+2n+]/2) (Z)
@n+1(2) = yu(2) = W =24 n U(ZKT-H/Z)()
_ ziln 22— 6(2n + 2k + 1)z +48(n +/<)(n +x+1)=32n+x)n+k+1)2n+ 2« + 1)
dz 22— 16(n +x)(n +x + 1)

then g, (z) satisfies

4(n+26)gy +2— (="
dn+1 +4qn-1 = — 5
Z 1 —gqg;

)
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which is asymmetric dPy (3.7) with A = 2k, p = 2 and ¢ = —1, whilst x,(z) and
yn(2) satisfy the discrete system

42n+2k+ )y, +3 42(n +k)x, + 1
Xntl +Xp = — B s Yn+Yn—1= I S
z I —y; z I —x;

More generally, using the solution wm w, for fixed m and n, then we have the
following Lemma.

Lemma 5.20 Consider the rational functions

| 1/2
¥ Byn () + 1 _y Ty @)+ 1
Oon(z) = Xn(2) = Ws Qon+1(2) = Yn(2) = A(N+K+n+1/2)( 1
mn

with w,(,'f),, (2) and o m n (z) as given in Theorem 4.9, then Q n(2) satisfies

4(N+m+n+2)0y+m—n(—DV
OnNy1+ON-1== 3
Z 1 — 0y

)

which is asymmetric dPy (3.7) with A = m +n + 2«, p = m and ¢ = —n, whilst
Xn(2) and YN (z) satisfy the discrete system

4(2N+m+n+2/c+1)YN+m+n

X + Xy =— 5.24a
N+1 N= 2 —v2 ( )
402N +m+n—+2k)X +m—n
Yy + Yyog = 24 2) N (5.24b)
Z 1—-Xy
Proof From the transformations
RI(A,(:)n m4 K, —n—Kk,m+n)= (A(KHJrI/z> m+n+k+3 —k—4%,m—n),
Rl('ﬁ,(,’f’)n;m+/<,n—lc,m—n):(@,(,',(,n"+1/2);m—n+l<+§,—/<—%,m—l—n),

we obtain the sequence of solutions

) Ri A(K+n+l/2) Ri Sk+D R1 i)\(,<_t,_,,_:,_3/2) R H(c+2)
m,n

Um,n
Wiy 'n 5 5 m,n 5 Wiy n

from which the result follows. We note that
R(a,) = a1V, RY(SW,) =0,

so that only the parameter changes. O
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(k)

Alternatively, using the solution vy, 5, for fixed m and n, then we have the following

Lemma.

Lemma 5.21 Consider the rational functions

2k—2N -2
A(I\l/(Jﬂn N+n(z) +1 A(Nim }1:/]+nn)( )+1
Qo) = Xn@) = ===~ Qawn(@d = W@ = 55555 ——
UNm, N+n(Z) - UNtm N+n (z) =1

with D U, n(z) and i um 0w (2) as given in Theorem 4.9, then Q N (2) satisfies

4(N - 14 (=N
QN+1+QN—1_Z( —i—m—i—n)QN-li-iann-i-K[ +(=1) ]

which is asymmetric dPyy (3.7) with A = m +n, p = m —n + k and ¢ = k, whilst
Xn(2) and Y (2) satisfy the discrete system

4(2N+m+n+1)YN+m—n

Xyp1+Xy = - 12 (5.252)
4 2N +m +n)X +2/c+m—n
Yy + Yy g = 44 )Xw . (5.25b)
1— Xy
Proof From the transformations
Ri T)‘f,'ﬁ{l,m+K —n+«k, m—n) (/\(2"" 2")m—i- %,m—n—i—ZK),

’Rl(ﬁ(%'()'m %,—n 2,m—i—n—|—21c) (A)(:r{on“,m—i—n—i—/c—kI,K—l,m—n),

we obtain the sequence of solutions

S0 Ri sy R s Ri see-m-2 Ri w0
Un,n R Um.n N Um+1,n+1 -y "m+ln+l m+2n+2

from which the result follows. We note that

2 (oK) () 2 (~(2k—2n) A(zx —2n—2)
Rl (wrrllc,n) - wm+l n+1° Rl (um,Kn 8 ) m+l n+1 *

Remarks 5.22 From the transformations

(/\(2K+1) 1

Rl( m m+k,n+k, m—l—n) iy 1,m+§,n—%,m+n+2k), (5.26a)

Ri(u f,f'(,,ﬂl),er %n —LmAn+2) = @8, _imtk+Lntk—1m+n),
(5.26b)
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we obtain the sequence

S0 Ri soern R o0 Rt ~ac+y  Ri =
mn 5 Mm,n—l 5 m+1,n—1 > Mm,n—Z N m+2,n—2"

It might be expected that the sequence would terminate when the second index becomes
zero. However it can be shown that

~w) R D) Ri w0 Ri (20
wm,l N m 0 N wm+l,0 N m+1 0

and

~(2) R 500) Ri (2=2) Ri 500
Uimt1,0 s Um42,1 s Hmyot s Um432°

This is illustrated in the following example.

Example 5.23 Consider the rational solution

(=4 =2)(z+4+6)

By (2) =
(z+4;c +2)(z — 4k —6)’

which satisfies Py with (¢, 8, y) = (%(K + 1)2, %(K + 1)2, 2), and so using (5.26)
we obtain the sequence

~w) Ri 2+ Ri ~x) R e R~ R 42D
Wy . U0 W0 Ur0 V31 U3z

The first few solutions are

o D) + 1 4z
TR —1 T oA D)’
4k + 1) z—4Kk —6
uCRED NP )

q1(z) = - P

6[z2 — 8(k + Dz + 42« + 12k +3)]

2@ = T T D2 £ 1202 - D2k + 3z — 160 + D% + D2k £3)
2
oz —dk—4
Ak + 1 d
:3(2) = M+2d—
Z
In 23— 62k +3)z2 + 48(k + Dk +2)z —32(k + 1) (k +2)(2x + 3)

22— 62k + 1)z2 + 48k (k + )z — 32k (k + 1)(2k + 1)
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and satisfy

dng, +2+[14+ (=)'l
Gni1 +qno1 = —— 5 ; (5.27)
z 1 —gq;

which is asymmetric dPy (3.7) with A = 0, p =2 + k and ¢ = «. In general

(2 —2n+3) (26 —2n+3)
v — 5 =23 g Utz ot — gy =MD d U
o an s S Qk—2n+3) ntl = Jn = PP P, paw y
dz Unr’z( 1” < dz Un—:lnnl
satisfy (5.27) and
4 2n+ Dy, +2 4 2nx, + 2k + 2
xn+l+xn=_—27 Yn + Yn—1 =" 5 2
z I —y; z I —x;

Symmetric case. In the symmetric case when ¢ = 0 in (3.7), then

A(K+n/2)( )+] A(K "/2)(z)+1
qn(z) = W, pn(z) = —A(K n/2)( y_

where 0 w (z) and W), wO () (z) are given by (4.21c) and (4.21d) respectively, which satisfy

4 (n+m+2k)q, +m 4(n—m— 2/c)pn+m
Gn+1+ Gn-1 = = 3 s Pntlt pa-1 =
Z l—q,, < l_pn

5.2.2 Second Discrete Equation

In the following example, we illustrate how using the Bicklund transformation
R> (3.13) gives rise to a hierarchy of solutions of (3.18) in terms of generalised
Umemura polynomials.

Example 5.24 Applying the Bicklund transformation R, (3.13), with (a,b,c) =
(—x — 1, —k — m, m + 1) to the solution @i'ﬂi’ (z) gives the sequence

~(K) Ro A(K+m 1/2) Ra A(K 1) Ro ~(k+m—3/2)
wl,m N 2 m N 3 m N v4,m
Hence if we define the rational functions

A(K n) (2/< 2n)

Wy +1  d Usiim (2)
qon(2) = xp(2) = —/—F—— —In ——"—"=—
~(k—n) (26 —2n+2)
Woy41, m(Z) - 1 dz U2n m—1 (z )
I R BN e s
q2n+1(2) = yn(2) = Tm—n—1/2 =7 2k —2n—2m+2
s, P@—1d T e
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then g, (z) satisfies

2n+3 N 2n+1 2[n+ 1 —m(=1)"]|qn + 4K +2m +2
7 —

- 9

qn+1+ 4qn qn + qn—-1 1- q,%

which is equation (3.18) with A = m, ¢ = —n and p = m + n + 2k, whilst x,,(z) and
yn(z) satisfy the discrete system

4n 4+ 5 4n +3 2(2n+m+1)yn+4x~|—2m+2
=7

Xn+1+ Yn Xn + Yn B 1_yn
4n+3+ n+1 2(2n—m+1)xn+4/c+2m+2
Xn + Yn Xn + Yn—1 1—x

More generally, using the solution ), wm n, for fixed m and n, then we have the
following Lemma.

Lemma 5.25 Consider the rational functions

DYy (D) + 1 Wtmtin @1
Oon(2) = Xn(2) = PPy — Qon+1(2) =YN(2) = edn—N=1/2)

WoN 4+m, n(Z) - VoN+m+1.n (@) =

with w,(,'f),, (2) and o Upn, n(z) as given in Theorem 4.9, then Q n(2) satisfies

2N +2m+1 2N +2m—1
On+1+ ON ON + OnN-1
4N+m—n(nﬂQN+ﬂm+n+M)
1-0%

=2

which is equation (3.18) with A = m, ¢ = —n and p = m + n + 2k, whilst Xy (z)
and Yy (z) satisfy the discrete system

4N+2m+3+4N+2m+1
XNyl + YN XN+ Yy
2[(2N+m+n+1)YN +m+n+2/c]

= 5.28a
-2 ( )
AN +2m+1 4N +2m—1
XN+ YN XN+ Ynv_1
2[2N —nX 2
. [N +m ;1) ;v(z—l—m—l—n—i- /c] (5.28)

Proof From the transformations
Ro (D) —m — k, —n — i, m +n)

m,n’
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+n—1/2
S ]
R(A,(,’,‘)n,—m—/c,n—/(,m—n)
~ 172
=(w,(1f+]nn/) —m — K—%,n—/c—l—%,m—l-n-i-l)

we obtain the sequence of solutions

7500 R2 Slctn=1/2) Ra =1 Ra Slctn=3/2) Ry ~-2)
m n 5 m+l n 5 wm+2,n > m+3 n N m+4,n
from which the result follows. We note that
2(~ ~(k—1) 2 =D
RZ(wr(tf)n) - wm+2 n’ RZ (ﬁr(n,n) - m+2 n
[m}
When n = 0 there is no alternating term and so
k=N) ~(k—=N~—1/2)
WyN4m,0(2) +1 UyNgmt1,0 @) +1
Oan(z) = W Qonv+1(2) = A(K “N=1/2)
WoN+m,02

VN +mt1,0 (@) — 1
satisfy

2N+2m+1+2N+2m—1 _
On+1+ On OnN+On-1

2(N +m)Qn +2m + 4k
1- 0%

It is also possible to obtain a sequence of solutions involving the solutions w(K)
~(2ic+1)
and

Um.n  asillustrated in the following Lemma

Lemma 5.26 Consider the rational functions

A(K)

2k+1
N+m N+n (2)+1 #Nijz,z\lJrn @+1
0an(@) = Xn(@) = (IR Qo (@) = V() = G ——
wN+m N+n(z)

UN+m,N+n (-1

with w(K) (2) and it} Up! n(z) as given in Theorem 4.9, then Qn(2) satisfies

2N +2m +2n+ 2k + 1

2N +2m +2n+ 2k — 1 _
ON+1+ OnN On+On-1
2[IN+m+n+r{l+ (DN} On +2(m —n)
-

1- 0%

which is equation (3.18) with . = m +n 4k, ¢ = k and p = m — n, whilst X ny(2)
and Yy (z) satisfy the discrete system
AN +2m +2n+ 2k +3

AN +2m +2n + 2k + 1
XN+1+ YN

Xy +Yn
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[(2N+m+n+1)YN+m—n]
1-Y}
4N +2m+2n+2c+1 4N +2m+2n+2k — 1
XN+ Yy Xy + Yy
[(2N+m+n~|—2K)XN+m—n]
1- X%

=z— (5.292)

(5.29b)

Proof From the transformations

Ra (33 —m — k.n+1e,m + )
= @2 —m =L on+ Som 40+ 20+ 1),
Ro (@2t —m — Lon+ L om+n+2c+1)

=(I’Er(ﬁ_ln_’_l,—m—K—l,n+K+1,m+n+2).

we obtain the sequence of solutions

~ (k) R> AQK_H) R> ~(K) Ra ~(2k+1) R2 A(K)
wm,n - mn - wm+1,n+1 — 5 Tmtln+l m+2n+2

from which the result follows. We note that

2 ) = (k) 2 (~(2+1) 7&+D
RZ(wnll(,n) - wm—H n+1° RZ (”m,’% ) m+1 n+1-

When « = 0 then there is no alternating term and so

A(O) A(l)
WNm, N+n(z) +1 UNLm, N+n(Z) +1
Oon(z) = ~0 o Q1) = 3
Wy, N4 (2) — 1 UN Y, N4n (D) =1
satisfy
2N +2m + 2041 | 2N +2m + 20— | 2[(N+m+n)Qy +m—n]
= Z —_— R
On+1+ 0N On + On-1 1- 0%

whichisequation (3.18) withA = m+n, p = m—nand ¢ = 0. As previously, although
there is no alternating term, the structure of the even and odd terms is different.

Symmetric case. In the symmetric case when ¢ = 0 in (3.19), from the transforma-
tions
~ ~(k—1/2
Rz( () . —-m — K, —/cm):(wr(r'fﬂ’{));—m—/c—%,—K+%,m+l),

mO’
~ ~(k—1/2
Ra(@0mn -+ hon ) = (5 5 = don e+ Lon 1),
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recall (4.21c) and (4.21d), we obtain the respective sequences

~w)  R2  ~wk-12 R2 ~w-D
Whpo o W10 _ , Wnpoo

~x) R2  ~w-1/20 Ra  ~x-D
Won _—y Wonrr _, Wony2

If we define
o Dy @A B, @+
qn(Z 7Y ) Pn(Z Y
A(K n/2) A(K n/2)
m+n0()_1 On+m()_1

then g, (z) and p,(z) satisfy

2n+2m+1 2n+2m—1 2(n +m)gn + 2m + 4k
=Z— k]
Gn+1 + Gn Gn + Gn-1 1—gq?
2n+2m+1+2n+2m—1 2(n +m)p, —2m — 4k
=2 ’
Pn+1+ Pn Pn + Pn—1 1_17;%

which are the discrete equation (3.19) with A =m, p =2k +m, ¢ = 0and A = m,
p = —2k —m, ¢ = 0, respectively.

5.2.3 Third Discrete Equation: Ternary Discrete P;

In the following example, we illustrate how using the Bicklund transformation
Rz (3.24) gives rise to a hierarchy of solutions of ternary dP; (3.28) in terms of
generalised Umemura polynomials.

Example 5.27 Applying the Biacklund transformation R3 (3.24), with (a, b, ¢) = (k +

1, —k — m, m + 1) to the solution wg'(,)n gives the sequence of rational solutions

~w) R3 Sletm+1/2) R3 S2utD) Rs ~w) Rz Slctmt1/2)
wl,m N lm > lm w2,m 2m

R3 St
> 2 m

so that

3 () ~(k) 3 (~lk+tm+1/2)\ _ ~k+m+1/2) 3 (~(2c+1) /\(2K+1)
R ( 1m) - w2 m? R?a(vl,m ) - U2,m ’ R?ﬁ(”l,m ) 2m .

Hence if we define the rational functions

(21)
| o U
3, =Xn@)=———— =2+ —In—"F—,
A(K) 2 (2K+2)
n+1m(z)_] dz nm l()
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(2K +2)

1 1 d n+1m l(z)
x3n+l(Z)=Yn(Z) W=*§+& DW
Vnt1,m @ - @
2k+2
@) = Zn(x) = 1 1+n+m+2x+2 d U,Effrm)()
2@ =Z)= 57— =-"+—"""-"——+ —In———
~(2k+1) (2)
un+1 m( 2) — 2 < dz Un+] m(z)

then x,(z) satisfies ternary dPy
Qn
xn(xn—i-l + X1+ 1)+ ? =0,
with
a, = %(n +m+2c)+1+ %(K —m) cos(%nn) + %(3m + 3k + 1)\/§sin(%nn),
o)
azm=n+k+1, amp=nt+mtc+3,  azio=n+3,

whilst X,,(z), Y,,(z) and Z, (z) satisfy

n+x+1

Xn(Yn+Zn71+1)+T:Os
3
Va(Za+ Xo 1)+ IR 2 2
L3
Zn(Xn+l+Yn+1)+nZ 2 =0.

More generally, using the solution wm w, for fixed m and n, then we have the
following Lemma.

Lemma 5.28 Consider the rational functions

1 1
WO=—m———7 WO=gmrm o Wv@= :2&16““{530)
wNer,n(Z) -1 UNtm,n () —1 N+m n

with w(K) (2), vm n(z) and i um n(z) as given in Theorem 4.9, then X n(2), Yn(2) and
Zn(2) satzsfy

N+m+4«
XN (Yn+ Zy1 +1) + ——— =0, (5.31a)
N+m+n+x+1
Yn(Zy + Xy +1) + - Z =0, (5.31b)
N+m+1

Zn(Xn41+Yv + 1)+ =0, (5.31¢)

Z
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which is the system (3.29) with A = %(K —n),¢=n+k+ % and p = m + %n + %K.

Proof From the transformations

R3(ﬁ,(,f)n,m+/c —n—k,m+n)= (A,(,fﬁ"+l/2)m+n+/(+2,lf+2, —n),
R3(ﬁ,(n)n;m+lc —n+k,m—n)= (AS,%';Z) m—i—n-i—2 2,m—n-‘,—Z/{)

—(k—1/2).

R;(ﬁ(,,%'(n),m+2 n—i—2 m+n+2k) (wm+1n m+/c+— —n—/c+2 m+n+1)

we obtain the sequence of solutions

~w) Rs Slc+nt1/2) R3 SCx+) R3 =)

wm,n N Um,n 5 mn 5 m+1,n

R3  ~wintl)  R3 Preresy
- vm—i—l,n - Upi1n

from which the result follows. We note that

R3 (13,5’{)”) =% ’ R3(% (’*(K) ) —3® R3(a (A(2K+l)> St

m+1 n’ m,n m+1 n-*
O

Remarks 5.29 1Itis interesting to note that X 5 (z), Yy (z) and Zy (z) arise from the three
different sets of rational solutions of Py that are expressed in terms of the generalised
Umemura polynomials.

As was the case for Ry, it is also possible to obtain another sequence of solutions
as illustrated in the following Lemma.

Lemma 5.30 Consider the rational functions

1 1
Xn(z) = ,\(,()71» Yn(z) = Wl’ Zn(2) = W€5 32)
WNIm, n( ) — UN+mn— l( - UNtm+1,n ()

with w(K) (2), '17,(,',6),1 (2) and it U, n(z) as given in Theorem 4.9, then X n(2), Yn(2) and
Z N (2) satisfy

N+m+«

XN(YN+ZN—1+1)+f:0a (5.33a)
N+m+3
YN(Zn + XN+ 1)+ — = 0, (5.33b)
N+m+n+x+i
Zn(Xnp + Yy + 1)+ - Z =0, (5.33¢)

which is the system (3.29) with A = %(K —n), ¢ =—n—«Kk+ % and p = m+ %n—i— %K.

@ Springer



Discrete equations from BackLund Transformations of the... Page 63 of 81 35

Proof From the transformations

~(2k+1)

Ra (D m+k.n+km+n) = @es™im+ 4 —n+ §om+n+2),

R3 (ii,(,%';),m—i-?,—n—— m4n+2) = (A’(;:l")wrl m4n+k+1,—k+1,m—n),

Ra(Onim+ue,n—ic,m+n) = (@wn" T2 im e+ 4, —ntie+ L m+n),
we obtain the sequence of solutions

a0 R e Rz et Ra oo R3  ~@c+D)
wm,n - um,n—l - m+1n - m+ln o “m+ln-1

from which the result follows. We note that

R3 (@,(,’l‘)n) =" R3 (ﬁiﬁ) —5® RA(a (A<2K+1)> ~Qic+1)

m+1,n° m—+1,n° m,n m+1 n-

Remarks 5.31

(i) There are no solutions in terms of generalised Umemura polynomials in the
symmetric case when A = ¢ = 0.

(i) Lemmas 5.28 and 5.30 imply that there are hierarchies rational solutions of the
fourth discrete equation (3.34) in terms of generalised Umemura polynomials.

5.2.4 Partial difference systems

In this subsection we derive some partial difference systems which have solutions in
terms of generalised Umemura polynomials.

Lemma 5.32 [f we define

W () — By (2) + 1 P (5 = Ty (@) + 1 49 ) = T (2) + 1
m,n A(K) _ A(K) . A(K) _
n(2) l Z) 1 n(2) 1

(5.34)

with w(K) (2), '175,',()” (2) and i’ um w(2) as given in Theorem 4.9, then they satisfy the partial
dzﬁerence systems

(k+n+l/2)
4(m+n+2+1 +m +

WD Ly, = 2t nt 2t DV Am A (5.352)

Z Dk4n+1/2)

1—(vm,,, )

A ()

—~ 4 2K)W, —

'(';c,jl»n+l/2)+v(l(+n 1) _ A Gm+n+2)Wnn +m " (5.35b)

~ 2
S ()
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and
~ ~ 4(m+n+1)1:{\(2k)+m—n
Pk | Vy(nkjln:wl - e , (5.36a)
’ ’ z 1— (753’2)
(k+n)
o +ﬁ;2£;i)+l _4 (m+n+2)V, 50+ "; +n+ 2’<. (5.36b)
! ’ 4 1 k+n)
- (Vm+l,n+l)
Proof These follow from setting N = 0 in (5.24) and (5.25), respectively. m]
Lemma 5.33 UVT/,;KL (z) and Z:?,(,,K,)1 (z) are given by (5.34),
~(2+1)
. Am-—mUX™ +mt+n+1
W W= i 5 : (5.37a)
’ ’ z ~(2K+1)
|- (um,,, )
()
~ ~ 4d(m—n)Wpyu+m+n+2k
a2 2= me L : (5.37b)
z - (W,ﬁf})
Proof From the transformations (5.26) we obtain the sequences
~(Kk R ~(2k+1 R ~(k
Dt T,
2kc+1 R ~(k R ~(2K+1
D A+ A i
from which the result follows. We note that
3~ ~(k) 3 ) 3 (~(2k+1 ~(2k+1)
Rl (wr(i;(,)n> = wn;(—&-l,n’ Rl (ﬁfrll(,)n> = vnf+1,n’ 7?’1 (ﬁ(m,l{n )) = umil,n .
[}

Lemma 5.34 IfV’\\/,S,K),, (2), ]7,(,['(21 (z) and Z:{\,Efz, (z) are given by (5.34), then they satisfy
the partial difference systems

2m + 1 2m — 1 2[(m+n))7,('f;”71/2)+m+n+21(— 1]
+ =z—
k=1 | 5k+n—1/2) () Dk+n—1/2) —~ _ 2 >
WmK+1,n + Vm,n Wn:(—l,n + m,n 1— (Vr(nK::n ]/2))
2m+ 1 m—1 2[(m—n)l/’\\),(,ﬁ,+m+n+2k]
+ =z-
) k+n—1/2) () Dk+n+1/2) ~ 2 ’
W’"K-” + Vrr:(+lrfn W’"Kﬁ + vmkflrfn 1-— (W},{L)
and
~(2k+1)
2m +2n + 2k + 3 +2m+2n+2/<+1 2[(m+n+1)l/lm,,, —l—m—n]
=~ 2 = wr) %7 2 J
Wr(nkll,nJr] +Z/7(m,’:1+1) Wl(n’(,)n +Z;I\r(n,,;:+ ) 1— (Z;{\’fn%l;l+|))
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NG)
2m +2n + 2k + 1 2m +2n + 2k — 1 2[(m—|—n+2/<)WmK_,,+m—n]
=7z —
() (2 1) ) 72k N2
WmKH +u n an,n +umljl‘nfl 11— (W}51K31>
Proof These follow from setting N = 0 in (5.28) and (5.29), respectively. O

Lemma 5.35 If we define

~ 1 1
(1) Ze)
o1 @S EmoTr mOT T

(5.38)

X% (2) =

with w(K) (2), '175,',(),1 (2) and i’ um 1 (2) as given in Theorem 4.9, then they satisfy the partial
difference system

> Dk+n+1/2) | ZQk+1) m+ Kk
T (TP 1 2 1) + == =0, (5.39)
33 % % m+n—+r+3
P (Z0 B 1) § 2 =0, (5.39)
1
~ o~ m + =
EO (B 4 TP 1)+ =2 =0, (5.390)
Proof This follows from setting N = 0 in (5.30) and (5.8). O

5.3 Non-Unique Solutions of the Discrete Equations

Kitaev, Law and McLeod [48, Theorem 1.2] prove that if y ¢ Z in case (i), then the
rational solution of Py is unique and if y € Z then there are at most two rational
solutions. Clarkson and Dunning [17] gave examples of non-unique rational solutions
which arise for solutions expressed in terms of generalised Laguerre polynomials
discussed in §5.1. This is illustrated in the following example.

Example 5.36 The rational solutions

w® () = (- 3)(z — 82 +20) WD) = (2% + 42+ 6)(2> + 922 + 362 + 60) (5.40)
W e=26-6 M2 A 128 45424960 +72

both satisfy Py (1.2) for the parameters («, 8, ) = (%, —%, 1). Hence the solutions

wl@+1 312245772
(1)(2) =42 -6z +12)

@ +1 25+ 1424 4+ 902% + 31222 + 5522 + 432

W@ -1 @462+ 12 + 622 + 182+ 24)

q1(2) = (5.41a)

p1(z) = . (5.41b)
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both satisfy equation (4.11) for the parameters («, 8, y) = (%, —275, 1).

Remarks 5.37

(i) The rational solutions (5.41) are special cases of the solution of equation (4.11)

for the parameters (o, 8, y) = (%, —%, 1) given by
f(z; Cy, Cy)
(z) = —, (5.42a)
i g(z; Cy, Cy)

where

f(z: C1, Cy) = 2CH(Z> — 1222 4 522 — 72)e* — C1Ca (2 — 22* + 3627

+ 4822 — 2407 — 864)e” — 3C3 (2> + 14z* 49073

+ 31272 + 5527 + 432), (5.42b)
2(z; C1, C2) = 2C3(z — (22 — 6z + 12)e% 4 C1Ca(2° — 1223 — 2477

+ 144z + 576)e° — 3C3 (2> 4 62 + 12)(2> + 62% + 182 + 24),
(5.42¢)

with C1 and C; arbitrary constants.

(i) Special function solutions of Py (1.2) are known to be expressible in terms of
Kummer functions M (a, b, 7) and U (a, b, 7), or equivalently Whittaker functions
M, . (z) and W, ,(2), see, e.g. [53, 66, 85], also [39, §40] and [69, §32.10(v)].
Special cases of the Kummer functions M (a, b, z) and U (a, b, z), are expressed
in terms of modified Bessel functions I,,(z) and K, (z), see [69, §13.6(iii)]. Fur-
ther, when v = n + %, with n € 7Z, then modified Bessel functions become
spherical Bessel functions 1+, 11/2)(z), with n € N, which have the form

1 . (n+k)!
I =
+(n+1/2)(2) V212 1; 22)*k!(n — k)!

{(—l)kez + (_1)n+le—z } ,
(5.43)
see [69, §10.49(ii)]. The solution

@+, + G4+ 2, (302,52 +222(32)

7 Z G+ 1+22,,,(3) — 22,32} '
(5.44)
where
Z,) = {cll”@ e, o (5.45)
c11,(z) +ca(=1D)"K,(z), if v=nelZ,

with ¢ and ¢; arbitrary constants, satisfies (4.11) for the parameters («, 8, y) =
(3, =2 + 1)%, 1). Setting v = 3 in (5.44) gives (5.42), with C; and C,
expressed in terms of ¢1 and c».
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In this subsection, we use pairs of solutions such as (5.41) to derive examples of
distinct hierarchies of rational solutions which satisfy the same discrete equation.

5.3.1 First Discrete Equation: Asymmetric Discrete Py,

Applying the Bicklund transformation R (3.3), with (a, b, c) = (1, =5, 1), to the
solutions (5.40) gives the sequences of rational solutions

1 1
w® Ri Ri wh Ri Ri )

L N ) 2.1 @ — "1
Vi Uy 1

o R @ R o R @ R )
1,2 s U2l U ) V2 Uz )

Hence we obtain the hierarchies

o) 7
1+v,1(2) 8 d (z)
qon(2) = —(4) =1--42—1n ()1— (5.462)
1@ 2 dzo1T ()
(1) (2)
(z) +1 d (2)
Gont1(2) = % 1+2-In ”(01) (5.46b)
w112 —1 2 190
and
—4) ( 2n—>5)
WY@ +1 8 d (2)
Pon(@) = f4)— =—1—--+2—1n % (5.47)
(2)—1 z dz T, (2)
(1) ( 2n— 6)
1 2(Z) +1 d 2 1 (2)
Pant1 () = %%———— L2 In 200 (5.47b)
Upt, Z(Z) -1 T1 n+1 (2)

where ¢», and p», both satisfy equation (4.11) for the parameters («, 8, y) = (%(n +
3)2, —1(n + 2)?, —4) whilst g2,41 and pa,41 both satisfy equation (4.11) for the
parameters («, 8, y) = (%(n +1)2, —%(n +5)2, 1). We note that there is a difference
in the structure of the solutions in the hierarchies (5.46) and (5.47). The solutions
qn (5.46) are expressed in terms of the generalised Laguerre polynomials T(“ )(z)

and T(M ) (z) which are determinants of fixed size, whereas the solutions p; (5.47)

are expressed in terms of the generalised Laguerre polynomials Tl(’fl) (z) and Tz(b:l) ()
which are determinants that increase in size as n increases.
Both g, and p, satisfy the discrete equation

4 +5)gn =5 +3(=D"
n+1 tqn-1=— 3
z 1 —gqj;

, (5.48)
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which is asymmetric dPyy (3.7) with A = 5, p = —% and ¢ = % Further, if either

(Xn,» yn) = (G2n> @2n+1) OF (Xn, Yu) = (P2n, P2n+1) then we obtain solutions to the
discrete system

4(2n+6)y, —4 4 (2n+5)x, + 1
Xn1 +Xp = I B Yn+ Yn—1= B R
z l_yn z l_xn

The first few solutions in the hierarchies (5.46) and (5.47) are given by

8 d
qg=1—-4+2—1In(z—-3),
z dz

q2_1,§+211 ﬂ,
z dz  72-8z+20
d 22 — 1522 + 60z — 60
az "7 - 202 + 15022 — 4807 + 600

7% — 2423 + 18022 — 480z + 360

8
q4=177+2
Z

=1-=+42—1 ,
o z + dz " 26— 3625 + 52224 — 384023 + 1512022 — 30240z + 25200
d z—4
=14+2—In———,
€ + dznzzfﬁz+]2

]+2dl 722 — 10z +20
= — 1n B
a dz 7% — 1623 + 9622 — 240z + 240

d 73 — 1822 + 90z — 120
gs=1+2—1In s
dz - 26 — 3025 + 360z% — 216023 + 684022 — 10800z + 7200
g1 =1
i d 7% — 2823 + 25272 — 840z + 840

—1
dz " Z8 — 4877 +960z° — 10320z + 64800z% — 24192073 + 52416022 — 604800z + 302400

and

8 d
po=—1——-4+2—In(z"+4z+6),
z dz

8 d 4123 +5422 + 962+ 72
pp=—1—-+2—1In s
z dz 73 4+ 922 4 36z + 60
8 d 2042475 +228z% + 105623 + 252022 + 2880z + 1440
psp=—1——-4+2—1In R
z dz 20 42475 + 25274 + 144023 4 468022 + 8640z + 7200
d 24624+ 187+24
42— > = ~ > 27
dz 2 4+6z7+12
d 204 182% + 144z% + 62423 + 151222 + 2160z + 1440

1429
et 11623 + 9622 + 240z 1 240

pP1

p3

s

ps =1
‘2 d n 27 + 3628 + 57677 + 5280z° + 302402° + 112320z* + 27072023 + 414720z% + 388800z + 172800
dz 20 +302° +360z* + 216023 + 6840z% + 10800z + 7200

withg—1(z) = p-1(2) = 1.

Remarks 5.38 The solutions g and pg are special cases of the solution

c1(z%2 — 9z 4 24)e? — (2 + 822 + 30z + 48)
c12(z — 3)e? + c2z(z2 + 4z + 6)

k]

q(z) =
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which satisfies equation (4.11) for the parameters («, 8, y) =

obtained by setting v = % is the solution

(3, -2, —4) and is

() = dv+2+ Z)ZV_H(%Z) —22,(%2)
{2,410 = 2,39}

which satisfies equation (4.11) for the parameters (o, 8, y) = (%(v + %)2, —%(u +
2 —ov—1
)% =20 —1).
5.3.2 Second discrete equation
The rational solutions

(m+n+1)( ) 1™ +1 O('z "D () 1 o " +1 ZL]"I_"_S)(Z)

nt 1 T(m =Dy’ U'(ngz T T Ty’

both satisfy Py (1.2) for the parameters (¢, 8, y) = (%(n+1)2, —%(m+1)2, m+n+l).

In the case when m = n — 1, applying the Bicklund transformation R, (3.13) gives

the hierarchy of solutions

(— 2n)
1 =+ U (Z) 4 d
gn()= —0 = 1+ 2T (o),
I- U( 2") () z dz
L+ T 2")(z) a
(—2n-3)
2@ = ol o = T 2 e,
and
(2n)
v (Z) +1 4n d
pan(2) = % =1+ = - 2—1n To(ln) (@
Vo,n—1%) —
)
(2) d
Pan41(2) = % =12 Ty (2,
() n— I(Z) +1
where
2 (n—=1)
w,_ntu n11(Z) _ntpu L@
U0 @)= +1 (M 2) +1 (—1) s
n T (2) n Ln+] ()
ﬂ 2 (n—1
'17(“3( )— @) LnlfH (2)
" T(" Yo L

(5.492)

(5.49b)

(5.50a)

(5.50b)
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(M—Zn)
W@ = it Ton O
n (M 2n =2)
n+ 1 TO n+1
Ty @
T (2) = (=1 ’Z,f )

—pu Ly V(=)

@) "+1 LA V(2
L M)
LT ()

The solutions q>n and py, both satisfy equation (4.11) for the parameters («, 8, y) =

(377 =

parameters (¢, B, y) =

(n + 1)2 2n) whilst qzn 1 and py,41 both satisfy equation (4.11) for the
+ +
(1 2 ——(n + 12, 2n+ 2) Again there is a difference in the

structure of the solutions in the hlerarchles (5.49) and (5.50).

Both g, and p, satisfy the discrete equation

2n +2 2n
Gn+1 + qn qn + qn-1

which is equation (3.18) with A = %, p=—2andgp =

(@21, q2n41) Or (X4, yp) =

2n+2 2n +1 _
Xn+1+ Yn Xn + Yn
2n + 1 2n
+ =
Xn + Yn Xn + Yn—1

~ [2n+1+ (=1)"]g, —2

D=
[l

1—q2

1. Further, if either (x,, y,) =

(pan, Pan+1) then we obtain solutions of the discrete system

2n+ Dy, —1
I

@n+x, —1
a 1—x2

The first few solutions in the hierarchies (5.49) and (5.50) are given by

4 2
= z z+ 1
.8 42+
qs =1+ Z1416
gl 6(z2 + 62+ 12)
do = T T 392 1 36: 160
. 168G 41227 + 602+ 120)
a8 = +7 74 + 1623 + 12072 + 480z + 840
and
p2:_l+_9
z
1—|—8 2
g = — -— —,
P z z—3
12 4(z—4)
6 =—1+—— ,
P 7z z2—8z+20
16 6(z2 — 10z + 30)
pg=—1+—-

7 23 —15z2 490z — 210’

@ Springer

=1+ 2
q1 = Z+1'
4(z+2)
=04
o Z+4z16
6(z2 + 6z + 12
g5 —14 S )

23+ 922 436z +60°
q7 = —1+
8(z3 + 1222 + 60z + 120)
74 4+ 1623 + 12022 + 480z + 840~

p1 =1,
:1 —_—,
P3 +z—3
4(z—4)
=14 —-—
S T
6(z2 — 10z + 30
14 )

23 — 1522 4907 — 210°
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5.3.3 Third discrete equation: ternary discrete P,
The rational solutions
5@ = @ 7(z3)—(;)(72 % ? 20)° 12 @ = (ZZi Iz lji) (Jgsfz; T;; 1260) SEL

both satisfy Py (1.2) for the parameters (a, 8, y) = (%, —%, —1) and so

NEp— 1 _ G - 3)(zz - 82 +20) (5.52)

v3p () — 1 (z—=4(zc—6z+12)
@) = (22 4 4z 4 6)(z* + 927 + 362 + 60) 5.525)

) — 1 T (@462 +12)(23 + 622+ 187+ 24)

both satisfy equation (4.12) for the parameters (o, 8, y) = (%, —%, —1). We note
that

'@ =1/wh@., v @ = .

Applying the Bicklund transformation R3 (3.24), with (a, b,c) = (5, 1, —1), to
the solutions (5.51) gives the sequences of rational solutions
-n Rz © Rz 1 Rz o Rs @ Rs 1
Y31 U3 ) — . V32 U333 6
W3 5 W3 3
Rz 0
. V33
-) Rsa 1 R3 65 R3 O Rs3 1
Y22 6 “32 23 D)
W3 W3 3
Rs  © Rz
Uy Uy g

Hence we obtain the solution hierarchies

v @) =14+ 4y, T35 @) = N e (5.53a)

z dz b4 dz
(1 —n) ( n—4)
_ d  Top1@ d L, (=2
x3n+1(Z)—71+Eln T(3n oy 71+£ nm, (5.53b)
d d

2@ = I Tg @ = L (5.53¢)

and
n+3 d e n+3 d e
yan(2) = —— 7" Y@ =—"-—mL5" V@, (554

dz

dz
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(=n—5) (—n—4)
d T (z d L
Y3n+1(Z)=—1+—1n1(;1T5))=—1+—1H%7T4)(Z), (5.54b)
dz T, @) dz L )
d —n— d e
yn2@ = =1+ -n " %@ =-1+ o L"), (5.54¢)

where x, and y, both satisfy equation (4.12) for the parameters («, 8, y) = (%(n +
1)2, —%, n+3),x3,41and y3,4 for the parameters (e, B, y) = (3 (n+4)?, —3,n—2)
and x3,47 and y3,4> for the parameters (¢, 8, y) = (%(n + 1)2, —%, n+ 5). We
remark that whilst x,, is only defined for n > —1, y, is defined for all n € Z.
Also the solutions x; only involve the generalised Laguerre polynomials T()(”Z) () =
(=1)m/21 LSL*” —2n=1) (—z), whereas the solutions y, only involve the generalised
Laguerre polynomials Tl(ﬁ) () = Lé“ H)(z) and Tz(ﬁ) () = Lg“ H)(z). Both x,, and
v, satisfy the ternary dPy equation

an
Xp (X1 + X1+ 1) + ? =0,

and the equation

Ap+1 ap—1 _ dn
Xpg2 + X, + 1 Xp+xp2+1 Xn

with

a, = %n + % — %cos(%nn) + % 3 sin(%yrn).

Further if (X, Yn, Zy) = (X3n, X3n41, X3n42) o (X, Yy, Zp) = (Y30, Y3n+1, Y3n42),
then we obtain solutions of the discrete system

Xa(Ya + Zn-1 +1) + —— =0, Ya(Zy+ Xu+ 1)+ —— =0,
n—+1
Zn(Xns1 + Y, + 1) + p =0.
The first few solutions in the hierarchies (5.53) and (5.54) are given by
3 1
xo=71+;, X1=*1+Z73, n=_——7
T I N S )
X3 =— +;_z—3’ X4 = — +E niz_4 N 57Z2—8Z+20’
R B k) _ d1z3—9z2+36z—60 _ 3(z>—8z+20)
6 : P2—6r120 TTT +En 28420 0 0T B _1222+460z— 1200
and
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3 27+ 1) d 2 4+47+6 3(z2 + 4z 4 6)
YO= "~ " "3 5.1~ YI:—1+*1H#, y2 == +#,
7z 242742 dz 2432246246 75 4+ 6z + 18z 4+ 24
) 4 242 - d, 22467412 - 3(2 + 62+ 12)
===, = — — N =———F— s = ’
S T A Az "Pr62 18124 7 23 + 922 + 362 + 60
5 243 d 2 482 +20 3(z2 + 8z 4 20)
Y6 = 216 2’ vi=—Il4+—Ih4F7F—"—"— n=—I+—FF"5"—"—"".
z " +6z+ dz 22 +9z2 4+ 362+ 60 23 + 1272 + 60z + 120

6 Discussion

In this paper we have derived discrete equations from the Bécklund transformations of
Py (1.2) and obtained hierarchies of rational solutions of the discrete equations. Whilst
the asymmetric dPyy (3.7), the discrete equation (3.18) and the ternary dPy (3.28) were
derived by Tokihiro, Grammaticos and Ramani [80] from Bécklund transformations of
Py (1.2), our approach gives the explicit relationship between solutions of the discrete
equations and solutions of Py. This enabled us to derive the hierarchies of rational
solutions of the discrete equations.
Tokihiro, Grammaticos and Ramani [80] also derive the discrete system

PR S e P ok A 6.1)

Yn I — yn Xy — @
with A, u and ¢ constants, which was derived earlier by Fokas, Grammaticos and
Ramani [25] from the Schlesinger transformations of Py (1.2). Tokihiro, Grammati-
cos and Ramani [80] state that whilst y, satisfies an equation which is equivalent
to Py, x, satisfies a second-order, fourth-degree equation. Schlesinger transforma-
tions of Py (1.2) are transformations which are quadratic in dw/dz. For example,
consider the Schlesinger transformations R; and Ry of Py in [28, 56], which Fokas,
Grammaticos and Ramani [25] use to derive the discrete system (6.1). Suppose that
wo = w(z; ap, bo, co) satisfies Py for the parameters («, B, y) = (%aé, —%b(z), co),
then the Schlesinger transformations R and R, are given by

wy = Ry(wo) =

{zwf + aowd — (ao + bo + 2)wo + bo} {zwf + aowd — (a0 — bo + 2)wo — bo}

2(wh)’ — 2apzwo(wo — Dw) + (@2w — b3)(wo — 1)? — 2z(ag — co + Dwo(wy — 1) — 22w?

wy = Ry(wo) =

{zwfy — aow3 + (ao + bo + 2)wo — bo }{zw(y — apw3 + (ap — by + 2)wo + by}
>

12(w6)2 + 2apzwo(wo — Dw) + (afwg — b3 (wo — 1)? — 2z(ap — co — Dwo(wo — 1) — 22w}
with’ = d/dz, and the effect on the parameters is

R (a(), bo, Co) = (a() + 1, by, co — 1), Rz(ao, bo, C()) = (a() — 1, bg, co + 1).
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Hence w1 and w, respectively satisfy Py (1.2) for the parameters («, 8, y) = (%(ao +
)2, =13, co — 1) and (@, B, y) = (3(ao — D2, —%b3, co + 1), so that R R, =
RoR; = Z, the identity transformation. In terms of the Bécklund transformations
T¢,.e5.6; defined in §2, it is straightforward to show that

— 72 _ 72
Ri=T 0T 111, R=T5 4 yoTi

All the Schlesinger transformations of Py (1.2) given in [28, 56] can be written as a
sequence of the Bicklund transformations 7g, ¢, ;. The Schlesinger transformations
in [28, 56] are written in terms of the monodromy parameters 6y, 61 and 6+, which are
related to the parameters ag, bg and cg through (2.5), i.e.

f=3%@+bo—co—1), O =—3@+bo+co—1), o =ao—bo,
so that
ao=30 — 0 +0x). bo=1300—601—0x)., co=1—0)—06.
Exact solutions of the discrete equations (3.7), (3.18) and (3.28) in terms of Kum-
mer functions and modified Bessel functions, which are a special case of Kummer
functions, cf. [69, §13.6(iii)], using the explicit relationship between these discrete

equations and Py (1.2), is currently under investigation, and we do not pursue this
further here.

A Properties of the Generalised Laguerre Polynomials and the
Generalised Umemura Polynomials

For convenience, in this appendix we list various differential-difference equations and
discrete equations satisfied by the generalised Laguerre polynomials T,,(l’L ,2 (z) and the
generalised Umemura polynomials U,s,'f,)l (2).

A.1 Properties of the Generalised Laguerre Polynomials

Clarkson and Dunning [17, §3] prove the following differential-difference equations
for the generalised Laguerre polynomials

D (T, ) = 1), T (A.la)
D (T T = T, T, (A.1b)
D (T4 - T D) = 1), T (Alc)
D(T, , - TY) = T80 Tl (A.1d)
Dz(Tlﬁ’fZ : Tnyjl)) = Ti;tli—il_,lrzfl Trflli)l,n+l’ (A.le)
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DZ(T(M) . T(M)) — T(M+1) T(M_l) (Alf)

m+1,n m,n m+1,n—1 "m,n+1°

where D, (f - g) is the Hirota operator (4.16), and the discrete equations

(u=1) m(pu+1) _ p(u=1) n(u+) 2
Tm,n+l Tm,nfl - Tm+l,nTm71,n - (Trgllfrz) ’ (A.2a)
() W — =D p(ut1) (n=1) 7 (nt1)
Tm+l,n Tmlfn - Tm+l,n Tmlfn - Tm,n+1 Tm+1,n71’ (A.2b)
-1 put+l) _ () () ()
TI‘SEIILIZ ) Tm,n—l - Tr% Tm,n—l - Tm—l,n Tm+l,n—l' (AZC)
The following differential-difference equations arise from the definitions of w,(,l“ 21

v,(n“ ,)1 and u,(,‘,‘L in Theorem 4.4 and Remarks 4.5

() () () () () ()
zD (Tmfl,n ’ Tm+1,n—l) =(m+ 1)Tm.nfl Tm»" +(@—m—=2n— /“L)Tmfl,n Tm+1,n71’ (A3a)
+1 —1 +1 —1 -1 +1
D (T DY = o+ wr S T — eV T (A3b)
(n+1) 4 (n—=1) _ pptD) n(p—1) (n+1) - (n—1)
ZDZ(Tm,n—l : Tm—l,n—H) = nTm—l,n Tm»” —(z—n- M)Tm,n—l Tm—l,n+1’ (A3C)

and so from (A.1b) and (A.3b)

TV T = o+ T T — T TR (A)

m—1,n m,n—1 "m—1,n m,n n

The generalised Laguerre polynomials T,,(l” ,2 (z) satisfy the differential-difference
equations

(1)
d7, 1 -1
D? (T,,(jf,l : T,Sff,),) +o1) =2 m et nrah b (A.5a)
(1)
dr, _ 2
(Tl - Tal ) + 2Tl = = 2w m 4 n+ 1) {Tff,’,ﬁ.+ DTt = (1) } . (A5b)
where
d’f _dfdg dg
2
DI(f-g)=g—5 —2 +f=

d2  Tdzdz 7 dz

from which we obtain the identity

m+1,n—1"m—1,n+ m,n

T T = T (1) (A6)

A.2 Properties of Generalised Umemura Polynomials

Masuda, Ohta and Kajiwara [55], see also [54], prove the following discrete equations
for the generalised Umemura polynomials

(k=1) 77(+1) (k—1) (kc+1) (k—1) 1
UmKJr],n Umkfl,nJr] = mKJr],nJr] Umkfl,n +2(2m + 1) UmK,nJr] Ur(nK,;'z_ )’ (A‘7a)
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Ul’E’lK,;-:—)l Ufg‘lK':—ll,Zl—l = UfflK-‘r_ll,Zl-i-l Ur&l’(,jz_—l)l —2@2n+1) UrElK—&-_ll,il Ur(nK,;zH)7 (A.7b)
Ur;’:)l,n UritKJ)rl,nfl =20 U»(n'iﬁ)l —20m + ) Uy, Un(f,lw (A.7c)
U;ff,lq Urfle,nJrl =20 U,ffffi +2Qn+ ) US), U;qull,nv (A.7d)
U U = 2US D U =20 = DU, U, (A7)
Ui Un i = 2 U2 US4+ 26 = U, U, (A.Tf)
Up S Una B = 20D Ul 4 20m + e =y U VUit (A7)
U U =20 D Ul =20+ - DUV U (AT
vs Dot = v D uEEY —20m 20+ 0 UKD UKD (AT
US hUSD  = 20D U +20m + 20+ 0 UKD USED (AT)

where D, (f - g) is the Hirota operator (4.16), see equation (4.16) and Proposition 4.1
in [55]. From equations (A.12) and (A.13) in [54, Appendix A] one can derive the
following differential-difference equations for the generalised Umemura polynomials

ZDZ(U;;K,L—I : Ur(nK—)l,n) = Uzil’(,iz—l UrElK—)l,n - Uzgle UrEzK—)l,n—l’ (A.8a)
2D, (Uy) - U, ) = USSP UNED = U UL (A8D)
2D (U UsH D ) = v o —use okl (Ao
(U ustD ) =g ot h oot o Asd)

By adding and subtracting these equations we obtain the differential-difference equa-
tions

() —2) 77 (k+2) ()
4DZ(UmK,n—1 : Ulg(—)l,n) = Urff,n ) UmK—l,n—l - Ul’ElK,z’l UmK—l,n—l’ (A.9a)
-1 +1 -1 +1 +1 -1
4D (U, V- Ur(nK—l,iz—l) = Ur(nK,n—)l Urfzk—l,i - Ur:(,n—)l Ur(nK—l,iz’ (A.9b)
and the discrete equations
() (1) (1) —2) 77 (k+2)
2Um’(,n—l UmK—l,n = Urff,il UmK—l,n—l + UrElK,n ) UmK—l,n—l’ (Aloa)
—1) p7k+1) (k+1) 77k—=1) (kk=1) 77(+1)
2Ur<nK,n ) UmK—l,n—l = UmK,n—l UmK—l,n + UmK,n—l UmK—l,n‘ (AIOb)
Further differential-difference equations are given by
-1 1 _
D:(Upi, - Uplin) = @m o+ DUV UG, (A11a)
-1 1 _
D.(UY - US)s = @n+ DUL D Ui, (A.11b)
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The following differential-difference equations arise from the definitions of @,(,f)n,

'ﬁ,(,'f)n and i?ﬁ,',()n in Theorem 4.9 and Remark 4.10

ZDZ(U(zk) (2x+2)) — o +K)U,fff) @+ _ (m +K)U(2K) 1 U 2x+2)

m—1,n " “mn—1 1,nYm,n—1 mun—1"m—1,n"
(A.12a)
(2x) (2c+2)\ _ (2¢) (2c+2) (2x) (2k+2)
ZDZ(Um,n—l "Ym—1,n ) = (m+ K)Um,n—lUm—l,n —(n+ K)Um—l,n Um,n—l ’
(A.12b)
2k+1 2k+1 2k+3 —
ZDZ(UrELfl,n)—l ' UI‘E‘IZ,”(ZJFI)) = KUrilf?:n)—l U;Z;:ﬁl) - (m +n+ K)Urizfl,n)—l Uislz/lfl 1)’
(A.12¢)
(k—1) (k+1) (k+1) (k—1) (k+1) (k—1)
2ZDZ(Um+l,n ’ Um—l,n) = (2m + 1) {Um—l,n Um-i—l,n + Um,n—l Um,n—i—l ’
(A.12d)
(k—1) (k+1)y _ (k+1) 77(—1) (k+1) 77(—1)
2ZDZ(Um,n—i-l ’ m,n—l) =@n+1) {Um—l,n Um+1,n + Um,n—l Um,n+l } .
(A.12e)

Consequently from (A.11a) and (A.12d), or from (A.11b) and (A.12e), we obtain

UKV Ul = vt v L ush oD (A.13)

m—1,n “m+1,n m,n+1°

The generalised Umemura polynomials U,Ef;l (z) satisfy the differential-difference
equations

duy) 2
Upthin Uy = 4D2(US0 - U ) +8US =2+ —6m =2 =2 =) (U5 ). (A14a)
© 20160 1 w0 40, w Y
Unar Upiny = 4D2 (USRS U6, ) 48U, =2 4 e+ 2m - on 2 +2) (U5 ). (A.14b)
and
*=2) 1/6c4+2) 2 (1760 (0 QUi w Y
Um+1,n Umfl,n = 4ZD: (Um,n : Um,n) + 8Um,n dz’ + (Z + 2m —2n — 2k + 2) (Um.n) ) (Alsa)
*=2) 7, (k+2) Y PR w0 4Uph @\
UM T USS) = 4D (U, U, ) + 38U T G 2m = 2n 42 =) (uw) . (A.15b)

with Ui(f’)ll(z) = Ui(f)o) (z) = Ué’('i)l) (z) = Ué,(g))(z) = 1. Eliminating the derivative
terms in (A.14) and (A.15) gives

2
) (k) ()
Ui Usoroy = UL U =4@m 204+ D (US) . (Al6a)

m
2
(k=2) 77(k+2) (k=2) 7;(k+2)
UmK,n+1 UmK,nfl - mK+1,n Umkfl‘n =4k =1 (UYEiKgl) : (A.16b)

Also from (A.14) and (A.15) we obtain the difference equations

2
U2 U U, U, = sem 0 (US) (A.17a)

m,n—1
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2
- 2
U,E,K,fm UIEEK,f’l—l - ;;K+1,Zz UrElKjl,ZL =4Q2n +«) (U:;KL) ; (A.17b)
2
- 2
U U = U, U, =4+ 1) (U, ) (A.17¢)
2
- 2
UrE;K,?«H U}’ElK,f’l—l - ;;K,n+)1 U,Ez’(,:—)l =4@2n+1) (UVSLKL) . (A.17d)
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