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Quantum revivals are now a well-known phenomena within nonrelativistic quantum theory. In this
Letter we display the effects of relativity on revivals and quantum carpets. It is generally believed that
revivals do not occur within a relativistic regime. Here we show that while this is generally true, it is

possible, in principle, to set up wave packets with specific mathematical properties that do exhibit exact

revivals within a fully relativistic theory.
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L. Introduction.—A fundamental feature of the physics
of waves is interference. It is manifest in all areas of
physics. The formation of highly regular spatiotemporal
patterns in the quantum mechanical probability density of
confined particles is a striking example. The density dis-
tributions have been termed “‘quantum carpets” and have
been studied extensively in a number of scalar potential
models [1-4]. A much studied model is the particle in a
box. Berry [5-8] has used this system to demonstrate full
and fractional quantum revivals (the Talbot effect), quan-
tum carpets, and to exhibit fractal behavior of a
Schrédinger wave function [9,10]. A number of mathe-
matical descriptions of the patterning of quantum carpets
have been developed. It can be described in terms of
Wigner functions [2], Green’s functions [11], or probabil-
ity averaging [12]. The mathematical complexity in these
cases can obscure the essentially simple pattern formation
mechanism which is pairwise interference between par-
ticular eigenstates of the system. An excellent review has
been provided by Robinett [13]. Practical applications of
the Talbot effect are in light [14] and Bose-Einstein con-
densates [15]. Surprisingly, most systems describing quan-
tum carpets to date have been based on the Schrodinger
equation and its solutions. There has been no generaliza-
tion to the relativistic Dirac equation, although a good
approximate treatment of relativistic effects has been ex-
amined [16]. It is generally believed that relativity destroys
the coherence that leads to the Talbot effect. Here we
demonstrate that this is not necessarily true by setting up
a simple model for which the Dirac equation has exact
analytic solutions and investigating their coherence. We
examine the nonrelativistic limit and observe the expected
quantum carpet behavior. We then show how this is modi-
fied when relativity plays a significant role.

1I. Theory.—The Dirac equation in the standard repre-
sentation [17] describing a particle of mass M is

ih%‘l’(r, 0 = ca.pV¥(r, ) + BMAV(E, . (1)

Here « and B are the usual relativistic matrices in the
standard representation [17] and all other symbols have
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their usual meaning. Difficulties with the boundary con-
ditions for the four component wave function of relativistic
quantum theory mean that a “particle in a box™ is not an
appropriate system in which to discuss revivals. Instead we
have chosen a one-dimensional Dirac equation in which
the particle is confined to move in a circle of radius R. Then
the Dirac equation in circular coordinates has ¢ as the only
space variable which varies between 0 and 27r. This is
nonphysical, but it is exactly soluble and enables us to
examine relativistic effects in quantum carpets in a simple
system. The positive energy solution for one spin direction

is
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Ve =v7 Z( Yho, ) m
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Here ko = Mc/h is the Compton wave vector. The positive
square root is taken to determine the frequency. The sum
over m = *occ is over all occupied eigenstates and the
quantum number m is a nonzero integer. The normalization
constant is found numerically from

1 1 (_1)2m
e Z 7 )

™ m==xocc m

This is the wave function we use in what follows. The
opposite spin and negative energy states behave similarly.

III. Results.—We examine the evolution of the wave
function on a circular orbit in a number of limits.
Throughout the results were generated in relativistic units
m = ¢ = h = 1 unless otherwise stated.

© 2010 The American Physical Society
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A. Nonrelativistic limit. To take the nonrelativistic
limit of these equations we let ¢ — oo and require that
the values of m that contribute to the summations are
such that |hmc/R| << Mc*. The summation is over the
lowest m,, values of m. In this limit the square root
quantity in Eq. (2) becomes unity and the frequency be-
comes

m? 2aMc? Tm? m2h
== + k2 — + (1 - ) 5
wn = gz T ke h T arne) ©

where we have defined the unit of time

ML
h

and L is the length of the orbit. 27 is the revival time. The
first term here originates from the rest mass energy. It
cancels when we evaluate densities. The second term is
identical to that obtained from the Schrodinger equation.
Finally the third term is the relativistic correction to order
1/c? which will be discussed later.

The density plotted as a continuous function of space
and time in the nonrelativistic limit is shown in Fig. 1. This
is an example of a quantum carpet. The diagonal lines
can be understood in terms of simple interference phe-
nomena as follows. Putting all the constants together in
A,, in Eq. (2) the density can be written as

P(, 1) = V() W(b, 1)
Z ALAnei(n—m)qbein'(mz—nz)t/T_ (7)

m,n==*occ

T

(6)

We observe that if n = m there is no wavelike behavior,
and if n = —m we have stationary wave solutions. Now we
can select, arbitrarily, pairs of n and m to examine how they
contribute to the total interference pattern. For example, if

Time
Time

Angle

FIG. 1 (color online). Contour maps of the density associated
with the wave function of Eq. (2) as a function of time and space.
The length of the orbit is chosen as one unit and m,,, = 1000.
This is an example of a quantum carpet. Left: The nonrelativistic
limit ¢ = 3 X 10°. For later times the pattern repeats. The nature
and fractality of such figures have been discussed in detail
[5,9,20,21]. Right: ¢ = 30; the pattern does not exactly repeat
for later times. Note the diagonal lines that appear and which are
described in the text. It can easily be seen that these are well
defined in the nonrelativistic limit, but more “washed out” as
relativity becomes more important.

we select m,n = p + 1, —p, we find
Pp(¢’ [) = |14p+1|2 + |14—p|2
+2A,.A_,cos2p + 1)(¢p — 7t/T), (8)

which has lines of constant phase when

Tt

10} T const. ©))
It is a key point that this condition is independent of p. In
Fig. 2 we show the contribution to the total interference
pattern in Fig. 1 from the m = p + 1 and — p terms in the
summation in Eq. (2) for p = 2 and p = 6. The gradient of
these lines is the same. In particular, note the minimum line
from (¢, 1) = (77, 0) to (27, 1) occurs for both (and indeed
all) values of p and leads to the corresponding diagonal
line in Fig. 1. All the diagonal lines in the quantum carpet
are due to pairwise interference between terms in the sum
of Eq. (7).

B. Ultrarelativistic limit. The limit when the quan-
tum numbers are so large that Aimc/R > Mc? can be
interpreted simply provided we retain the single-particle
interpretation of the Dirac equation. In this limit

2 3
w, = M¢ MRe (10)
™ R 2mh?
and
1
3 A (=D"f o] .
— ,__ im(¢—ct/R)
W(eh, 1) 47T7Tm:§m e . (D
i

The probability density associated with these states is
remarkably classical. At t = 0 it is localized at ¢ = .
For # > 0 it splits into two peaks which travel around the
path in opposite directions according to the sign of m. Here
all components of the wave function are moving at very
close to the speed of light and the wave function does
indeed reappear in its original form. In some sense the
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FIG. 2 (color online). The density associated with just two
terms in the summation of the wave function of Eq. (2). The
terms chosen are m = p + 1 and —p for (left) p =2 and
(right) p = 6. The length of the orbit is chosen as one unit
and ¢ = 3 X 10°. The lines in the interference patterns with p =
2 and p = 6 are parallel and will undergo coherent interference
when included in the full summation in Eq. (2).
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Talbot effect survives in this limit. Figure 3 is the ultra-
relativistic analogue of Fig. 1 and simply represents parti-
cles starting from ¢ = 7r and moving at close to the speed
of light (and independently of |m|) in both directions
around the orbit. This can be shown mathematically very
easily. At ¢t = 2T the probability density returns to its
original form. At t = T there is a mirror image revival,
which is identical to the original probability density be-
cause of its symmetry at t = 0.

C. Relativistic case. Here we examine the case where
relativistic effects on coherence cannot be ignored, but are
not necessarily dominant. Equation (2) can be simplified
by measuring lengths in units of the Compton wavelength
and rescaling the time variable 7 = Mc?t/h to yield

\I’((ﬁ, t) = Z Ameim¢e_27ri(m2/q2+])1/27, (12)

m==*occ

where ¢ is the number of Compton wavelengths in the
orbit. Every term here has a different value of A,,.
Furthermore, the square root in the exponent can be ra-
tional or irrational, and so there is no analytic method for
performing the summations here. There is no time 7 for
which the exponent in Eq. (12) is an integer for all values of
m. Therefore, quantum revivals do not occur in general. We
can examine relativistic corrections to the nonrelativistic
limit by including the final term in the binomial expansion
in Eq. (5). The general form of the density then becomes

P(p,t) =

m,n==>*occ

13)

This is a complicated expression, but insight can be gained
from it. To exhibit the effect of relativity we return to the
earlier example of pairs of terms m,n = p + 1, —p. Now
the lines of constant phase are given by

t
-l - 2p* +2 +1>—=c0nst. 14
¢ 7T< 4TMcz(p p )T (14)
Equation (9) is the nonrelativistic limit of Eq. (14). The
critical difference between the two equations is that in the
relativistic case the lines of constant phase depend on the

quantum number p. This shows up in the gradient of the

Angle

FIG. 3 (color online). The probability density contour map as a
function of time and space. This was calculated with m,,;, =
950, m . = 1000, and ¢ = 1.

Z AJ'nAnei(n*m)(d)*(nﬁ»m)ﬂ'{l —[h(n? +m2)/4TMc2]})I/T'

phase lines and is illustrated clearly in Fig. 4. Evidently
there will no longer be the coherent interference leading to
the diagonal lines that appear in the nonrelativistic quan-
tum carpet of Fig. 1. There are an infinite number of
possible relativistic quantum carpets (an example is shown
on the left of Fig. 5). In this figure we extend the carpet
over two revival times to illustrate the fact that revivals do
not, in general, occur within a relativistic framework. An
average value of the square of the angular momentum for
each pair of states is J> = (n> + m?)h?/2. Then the rela-
tivistic correction in Eq. (13) is

h(n? + m?) . VA ! v?

4TMc? 2M?R? 2c¢%
We made a binomial expansion in Eq. (13), and on the
right-hand side here are the first two terms in the binomial
expansion of (1 — v2/¢2)!/2. This line of reasoning yields
insight into the breakdown of revivals within relativistic
theory. In the nonrelativistic case all components of the
wave move along a path that allows them to re-form the
original wave function at integer multiples of the revival
time. In the relativistic case this is disrupted because the
time taken by each component (value of m) of the wave
differs from the nonrelativistic case due to time dilation.
Hence the constructive interference necessary for the origi-
nal wave function to be re-formed cannot occur.

D. Exact relativistic revivals. It is possible to con-
struct wave packets that do exhibit full quantum revivals in
a fully relativistic theory. Considering Eq. (12), we can set
0 = 7/q and then

1 (15)

V(g 1) = D Aemde 2mm )0 (1)

m==occ

Here A,, is a four component column matrix. Now whether
or not a revival occurs depends on whether we can con-
struct a wave packet and orbit such that m and ¢ are the
lower two elements of Pythagorean triples and such that g,
which represents the size of the orbit, is common to all of

Time
Time

FIG. 4 (color online). The density associated with just two
terms in the summation of the wave function (2). The terms
chosen are m=p+1 and —p for (left)y p=2 and
(right) p = 6. The length of the orbit is chosen as one unit
and ¢ = 1. The lines in the interference patterns with p = 2 and
p = 6 are not parallel as they are in the nonrelativistic case and
will not undergo the coherent interference when included in the
full summation in Eq. (2).
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Time

FIG. 5 (color online). The probability density contour map as a
function of time and space with ¢ =5 and 2 revival times.
Left: ny. = 1000. The upper half of the figure does not repeat
the lower half. The parameter values were chosen to emphasize
that exact revivals do not, in general, occur within a relativistic
regime. Right: Calculated for an orbit of length 60 Compton
wavelengths. The wave packet was composed only of eigenstates
with quantum numbers that form a Pythagorean triple with 60:
ie., m = *11, 25, 32, 45, 63, 80, 91, 144, 175, 221, 297, 448,
and 899. This probability density repeats exactly each relativistic
revival time hg/Mc?.

the Pythagorean triples in our summation. Formulating the
problem in this way removes all dependence of the phase
of the wave packet on the speed of light. The speed of light
only appears in the units and in the coefficients A,, which
govern the amplitude of the wave and so becomes a scale
factor that allows us to determine the absolute size of the
orbit. Any Pythagorean triple (a, b, ¢) can be composed
from three integers k, m, and n using Euclid’s formulas
a = k(n®> — m?), b = 2knm, ¢ = k(n> + m?). By choos-
ing k, n, and m to be all possible permutations of triplets
that multiply together to form ¢/2 and for which n?> — m?
is positive, we generate many (but not necessarily all)
acceptable Pythagorean triples. In the right-hand picture
in Fig. 5 we present a quantum carpet calculated in this
way for ¢ = 60. This figure repeats exactly after each
relativistic revival time hg/Mc>.

1V. Conclusions.—In this Letter we have developed a
theory of relativistic quantum revivals and shown that
exact revivals can occur within a relativistic framework.
This can occur in two ways: (i) the physically trivial case
where all components of the wave essentially travel at the
speed of light and so reproduce themselves exactly after
some time and (ii) the case where (in suitably scaled units)
the wave packet is formed of eigenstates whose quantum
numbers form a Pythagorean triple with the length of the
orbit measured in Compton wavelengths. While setting up
such a well-defined wave packet would be extremely chal-
lenging, one can conceive of observing such behavior in

the charge-carrying quasiparticles in graphene [18] or in a
strongly confined pulse of light [19]
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