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ABSTRACT: To study a nuclear system in the Skyrme model one must first construct a
space of low energy Skyrme configurations. However, there is no mathematical definition
of this configuration space and there is not even consensus on its fundamental properties,
such as its dimension. Here, we propose that the full instanton moduli space can be used
to construct a consistent skyrmion configuration space, provided that the Skyrme model is
coupled to a vector meson which we identify with the p-meson. Each instanton generates
a unique skyrmion and we reinterpret the 8N instanton moduli as physical degrees of
freedom in the Skyrme model. In this picture a single skyrmion has six zero modes and
two non-zero modes: one controls the overall scale of the solution and one the energy of
the p-meson field. We study the N = 1 and N = 2 systems in detail. Two interacting
skyrmions can excite the p through scattering, suggesting that the p and Skyrme fields
are intrinsically linked. Our proposal is the first consistent manifold description of the
two-skyrmion configuration space. The method can also be generalised to higher N and
thus provides a general framework to study any skyrmion configuration space.
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1 Introduction

The Skyrme model is a nonlinear theory of pions, where nuclei are described by skyrmions
— solitons whose existence and stability are due to the topology of the system [1]. Each
field configuration has a topological degree N and this is identified with the baryon number
of the corresponding nucleus. The energy minimising configuration with degree N is called
the N-skyrmion.

Skyrmions have been used with some success to describe light stable nuclei [2], the
nucleon-nucleon interaction [3, 4] and neutron stars [5]. To describe nuclei, one usually
starts with a space of classical Skyrme configurations and then applies a quantisation
method. The simplest method only includes the zero modes of the skyrmion, physically
allowing it to rigidly rotate (and isorotate). In reality, skyrmions can deform: they elon-
gate [6], change from one geometric shape into another [7] and break into clusters [§].
These effects have been included in a few special situations [9, 10], but there is no sys-
tematic framework to model them. To develop such a framework, we must have a good
understanding of the full N-skyrmion configuration space. This should include all low
energy configurations but beyond this, little is known about the space.

In soliton systems, one can use a Bogomolny argument to bound the static energy of
a degree N soliton by a multiple of N. If this bound can be saturated the system is called
BPS, and the second order Euler-Lagrange equations can be reduced to a set of first order
BPS equations. For a given degree N, all solutions of the first order equations have the
same energy, and form the N moduli space. The resulting space is usually a differentiable
manifold and we can ask the important question: what is the dimension of this manifold?
For BPS systems, there is often a simple answer: if the dimension of the 1-moduli space is
k, then the dimension of the N-moduli space is Nk. This result can often be proved using
the index theorem, introduced by Atiyah and Singer [11].



Non-BPS systems, including the Skyrme model, are more complicated. We want to
generate a configuration space of low energy Skyrme fields, but there is no mathematical
criteria for which configurations to include and which to exclude. For BPS systems, we
can use the BPS equations. For skyrmions, we must rely on physical intuition. A sin-
gle skyrmion has six moduli: three translations and three orientations. The 2-skyrmion
configuration space should contain degrees of freedom which describe two well separated
skyrmions, and hence it should be at least 12-dimensional. Recently, it was shown that two
skyrmions with equal initial sizes can change their relative size after scattering [12]. Hence
size fluctuations are low energy excitations and should be included in the configuration
space. These additional degrees of freedom increase the dimension of the configuration
space to 14. This agrees with numerical work by Gudnason-Halcrow, who used numer-
ical techniques to find 14 low energy vibrational modes of the N = 2 skyrmion [8] and
approximately 7N modes of skyrmions up to N = 8.

However, it has long been known that skyrmions are well approximated by holonomies
of instantons, first discovered by Atiyah and Manton [13]. Sutcliffe, inspired by the Sakai-
Sugimoto model [14], showed that instantons generate solutions to the Skyrme model cou-
pled to an infinite tower of vector mesons [15, 16]. The N-instanton moduli space is 8N
dimensional, in disagreement with the 7N modes found numerically. What explains this
discrepancy? Physically, what do the additional modes describe? In this paper we show
that these questions are resolved by the addition of vector mesons to the Skyrme model.
In particular, we will study the Skyrme model coupled to a single vector meson, identified
as the p-meson. The additional degrees of freedom then control the energy of the p-meson
field, relative to the Skyrme field.

Vector mesons play an important role in a wide variety of interacitons in low energy
nuclear physics, including the nucleon-nucleon interaction [17]. As such, mesons were
included in the Skyrme model early in its history. Adkins coupled the p-meson to the
Skyrme model in [18], using a simple minimal coupling. He demonstrated that by including
the p-meson one could neglect the Skyrme term and still acheive a good model of the
nucleon. A key difficulty in this approach is that there are many possible interaction terms
and fixing their coefficients is highly nontrivial. One idea to overcome this problem is
hidden local symmetry [19]. Here, the global symmetry of the pionic Skyrme model is
enhanced to a hidden local gauge symmetry with the gauge bosons of the gauge symmetry
identified with vector mesons. This fixes most of the pion-meson interaction terms in
the Lagrangian. Several papers implemented this idea for the Skyrme model studying
static [20], electromagnetic and axial properties [21] of the nucleon. The holographic models
discussed above naturally embed hidden local symmetry. Recently, multi-skyrmions have
been studied in the presense of vector mesons. First by Sutcliffe-Naya who investigated
the Skyrme model coupled to the p meson [22] and then by Gudnason-Speight who studied
the Skyrme model coupled to a w meson [23].

In this work, we show that the inclusion of the p-meson resolves several longstanding
problems in the Skyrme model. First, we resolve the disagreement in dimension counting
between Sutcliffe and Gudnason-Halcrow. We propose that solutions of the Skyrme model
coupled to the p-meson have 8N low energy modes. If the p is removed, the leftover



skyrmions will only have 7N modes. Most importantly, we show that the Skyrme model
coupled to the p-meson can be understood using the full instanton moduli space. When
the Skyrme model has no vector mesons, the map between instantons and the 2-skyrmion
configuration space is not injective. This issue may appear in different guises. For example,
the 12-dimensional 2-skyrmion space proposed by Atiyah and Manton in [13] is not a
manifold, and is hence difficult to deal with using standard quantisation techniques. Our
construction provides a consistent manifold description of the two-skyrmion configuration
space: the first of its kind.

Our method can be applied more broadly since the N skyrmion configuration space
can be modelled by the N instanton moduli space. Hence our proposal is the first step in
a systematic framework allowing the study of any nuclear system using instanton data.

We will demonstrate the central idea of this paper using the N = 1,2 systems. Specif-
ically we show that a consistent 16-dimensional 2-skyrmion configuration space can be
constructed. This contains the asymptotic region describing well separated skyrmions,
which is required for quantum scattering [12]. To solve the quantum two skyrmion prob-
lem one then needs to construct this space in detail and solve Schrédinger’s equation on
it. While computationally complex, no major theoretical roadblocks remain: there is now
a roadmap for how to study the full nucleon-nucleon problem in the Skyrme model.

The paper is structured as follows. We first introduce the instanton-generated Skyrme
model, coupled to an infinite tower of vector mesons, in section 2. We then truncate the
infinite tower to include only one vector meson, the p. Using the N instanton moduli space,
we generate Skyrme and p-meson fields and interpret their physical degrees of freedom. We
do this for the N = 1 sector in section 3 and the N = 2 sector in section 4. Concluding
remarks and future work is contained in section 5.

2 The model

We study the Skyrme model coupled to a tower of vector mesons, with the interactions fixed
by a holographic construction. We now review this construction, closely following [16]. We
begin with SU(2) Yang-Mills theory in R*. We often single out the holographic direction,
and as such write R* = R2 x R;, to help clarify the calculation. The Yang-Mills energy
functional is

1
EYM = —g/TI“ (F[JF[J) dgil}dh, (2'1)

where I = 1,2,3,4 and (x, h) denote the spatial and holographic directions in R*, Fy; =
OrAy — 05Ar + [Ar, Ay] is the field strength and A € su(2) is the gauge field. We use
upper case latin indices to denote coordinates on R* and lower case latin indices for spatial
coordinates on R3, so that A; = (A;, Ay). This model has solutions called instantons
classified by the degree of the map A, usually called the instanton number N € Z. For
each N, there is a moduli space of 8N instantons, which all have energy Fy s = 272N.
To connect the four-dimensional Yang-Mills theory to the three-dimensional Skyrme
model, we deconstruct the holographic dimension of the theory. To do so, we must switch
to the temporal gauge A, = 0. Provided that A; — 0 as |h| — oo, we can perform this



gauge transformation A; — gA;g~! — 9rgg~ " using g € SU(2) defined by
gAp — Opg = 0. (2.2)

In this gauge, A is related to the Skyrme field U € SU(2)! and the vector meson fields
V"™ € su(2) by a mode decomposition

Ay = —OUT g (B) + 3 VP @) (h) 23)
n=0

There is some freedom in the choice of basis functions 1. Sutcliffe chose a basis to make
the theory with a single meson as close to BPS as possible,

Vo= LU et(hVD), = — Lt (2.0

Jur

Different choices of basis functions will lead to different interactions between the Skyrme

and vector meson fields, and one could try to use nuclear data to help fix these functions.
Our work is qualitative and it is helpful to compare our results to those of [16, 22, 24] so
we simply adopt their choice (2.4). We write the Skyrme and vector meson fields in terms
of the gauge field by inverting equation (2.3):

QUU = —Aj(c0,z), V= / T (Ai(h, @) + Re@)oy (W) om(h) dh. (2.5

—00

Substituting (2.3) into the Yang-Mills energy (2.1) and doing the h-integral gives the
energy functional of our theory. We will now restrict the theory to only include one vector
meson. Since there is a unique vector meson field we write this as V = V°. The energy
can then be written in three parts: the Skyrme energy, the vector meson energy and the
interaction energy. We denote these as

E:E5+EV+E1:/(€S+€V+€I)d3x, (2.6)
where
£s = Tr <C21R¢Ri + %[RZ-, Ri|[R', Rj]) (2.7)
&y =Tr (;Wj — Vi)’ + ﬁmQVf +e3(BiV; = V)V V] + Vi, V;P) (2.8)
&= TY(Cs[szRj](@iVj — 0;Vi) — cs[Ri, Ryl[Vi, Vj] — er[Rs, R[V3, V]
+sealRe RV(R: Vi) = Ry, Vi) = <([R V] = [Ry, VI)(OW; — 0,%3)

2

= peallBa Vil = (R VDIV, (2.9

1Specifically through the right current R; = o;UU .



and the constants are given by?

c1 = 0.141, ca = 0.198, cs = 0.153, cqg = 0.050, (2.10)
cs = 0.038, ce = 0.078, cr = 0.049, m = 0.707 . (2.11)
The instanton-generated fields given by (2.5) provide a good approximation to the low

energy configurations of (2.6). In the rest of the paper, we aim to give a physical under-
standing of the instanton-generated fields in terms of instanton solutions.

3 The N=1 instanton-generated skyrmion

The N = 1 instanton has spherical symmetry in R* which we can exploit to study the
solution in detail, closely following [15]. To begin, consider the centred BPST instanton
given by [25]

. TpTp €bij L . h )
Agpst = (- _ Syt 3.1
BPST ( T Ryt T ) (8:1)

where r = |z| and 7, are the Pauli matrices. To use the expressions from section 2, we
must first apply a gauge transformation A — A to enter the temporal gauge A = 0. The
solution of (2.2) is given by

h
g =Pexp </ Ap (z, 1) dh’)
= ex (_mm <7r + 2tan™? (h)>)
P 2v7r2 + )2 VT2 4+ \2
= expiF(r, h)T;2; . (3.2)

Applying this gauge transformation to Agpst we find the centred N = 1 instanton in the
temporal gauge

Ai(x,h) = gAig™ "t — (8;9)g7"

= ((5111 — Biq) (n cos 2F — <C + 21> sin 2F> + 2% (n — OpF)
T

. . 1 1
+ €ijal; (n sin2F + (C + 27“) cos2F — 27") >Ta, (3.3)
where h
r
- d = 3.4
= hrye e M CT Tere (3:4)

This solution contains a single moduli: the size A € Ryg. The remaining seven moduli of
the instanton are generated by acting on A with translational and global gauge symmetries.
Doing so, we find the family of solutions

A(X,H,G;z,h) = GA(x — X,h— H)G™!, (3.5)

2These have analytic expressions in terms of integrals of the basis functions t,. See [16] for details.



where (X, H) € R2 xR, give the position of the instanton and G € SU(2) the global gauge
orientation. Overall the eight-dimensional moduli space is isomorphic to Rsg x SU(2) x R%.
Substituting (3.3) into (2.6) we find that the instanton-generated Skyrme field is given by

r
U=g(x,00) =exp itf(r)r2; = exp | “l—==2;75 | , 3.6
ol 00) = exp i (1)t = exp (~i——t— (3.6

where f(r) = F(r,c0) is the profile function of the N = 1 skyrmion with spherical symme-
try. The vector mesons are given by

Vi) = ((6ia — Bidia) k() + Bidaka(r) + ciagiiks(r)) 7a, (3.7)
where
ky = /_O:o (n cos 2F — (4 + 21T) sin 2F + (sin 2f/2r)zp+) Yo dh (3.8)
ko= [ = 0F +@f)0:) vodn (3.9)
kg = /_O:O (nsin?F + (g + 21T> cos 2F — % - (Cogff - 21T> ¢+) dodh.  (3.10)

Note that the k; depend on H through n(h — H), ((h— H) and F'(h — H). This is a small
generalisation of the results in [15]. There, the gauge field itself has definite parity whereas
ours does not. It was noted in [15] that an additional gauge transformation does give fields
with definite parity.® In this gauge it is easy to see that the first (n = 0) vector meson has
negative parity and is thus identified with least massive vector meson with negative parity:
the p-meson.

We can use the fields (3.6) and (3.7) to study the energy of the instanton-generated
Skyrme and p-meson configurations as a function of the moduli space parameters. There
are two parameters which affect the energy: A\ and H. The energy is even in H, which can
be understood in the definite parity basis. Here, the forumla for V;* (2.5) is modified so
that the integral is over functions with definite parity in h. Then we can use the fact that
the instanton field (3.3) satisfies A(—x, —h) = —A(x, h) and reverse the direction of the
holomny to show that

Vi'(a, —H) = (=1)""V"(~a, H) = (-1)"V"(z, H). (3.11)

That is, changing the sign of H is equivalent to a parity transformation which in turn does
not change the energy. Since the argument depends on the instanton itself, other instantons
may give energies which are not even in translations in the holographic direciton. The JNR
data considered in the next section will always have a similar symmetry (due to always
having at least one reflection symmetry). More complicated data, without any reflection
symmetry, will be needed to see a difference in the holographic direciton.

3We use the indefinite parity gauge as it is more convenient numerically. Although the vector meson fields
are different in the different gauges, any gauge-invariant quantity such as the total energy will be the same.



H
0.0 0.2 0.4 0.6 0.8 1.0

0.8 1.20176 1.20167 1.21298 1.26394 1.38399 1.5884
1.0 1.09693 1.10212 1.12397 1.17798 1.28065 1.44099
1.2 1.07114 1.07863 1.10459 1.15772 1.24744 1.37901
1.4 1.08809 1.09645 1.12349 1.17417 1.25383 1.36544
1.6 1.13023 1.13876 1.16545 1.2131  1.2847  1.3818

Table 1. Energies of (2.6) for a variety of H and \. Energies are in units of 22, In these units, a
solution which saturates the BPS bound has E = 1.

We list the energy (2.6) for a variety of A and H in table 1. As the energy is even in H
we take H > 0. The minimum of the energy is at A = 1.2 and H = 0, confirming the result
of Sutcliffe [15]. Using a least squares fit, we can model this potential as the simple function

E(H,\) = 1.06 — 0.04(A — 1.2) + 0.59(A — 1.2)% + H?(0.32 — 0.17(A — 1.2) — 0.03(A — 1.2)?)..

We see that the cross term between H? and A\ — 1.2 is rather large, meaning that the
potential cannot be treated as a simple harmonic oscillator.

We would like to examine how the Skyrme and p fields change as A and H are varied.
However, it is not obvious how to seperate the Skyrme and p contributions as the fields
are strongly coupled. This is related to the issue of gauge invariance. Applying a gauge
transformation to the instanton gauge field A modifies the Skyrme-meson Lagrangian (2.6)
and the solutions (3.7). This can be seen explicitly in [15] and [16], where the N = 1 calcu-
lation is done in the definite-parity and a no-parity gauge. The calculation there suggests
that the Skyrme energy &g and the remaining energy £ + & are both gauge invariant,
while &y is not. Hence we will use £g and &y + &7 as proxies for how each field changes.

It is known that A controls the size of the Skyrme field. This can be seen in a variety of
ways. For instance, the profile function satisfies F(r, 0o) & F;(ur, 00) for some A, u € R.
We can also examine the radial energy density Eg(r), defined as Eg = [ Eg(r) dr. We plot
this quantity for a variety of A in figure 1, and see that as A grows the energy density
becomes concentrated at larger values of r. We also plot &y (r) + £1(r) for a variety of A
and see that a similar phenomena occurs. From this we deduce that A\ controls the size of
both the Skyrme and p-meson fields.

Now consider varying H. Since the Skyrme profile function F' is independent of H, the
Skyrme energy Eg(r) does not change. In contrast the meson profiles k; do depend on H
and so the energy density &y (r)+E&7(r) does change. We plot this density for a variety of H
and a fixed A = 1.2 in figure 2. The energy density is even in H and so we fix H > 0. As H
increases, the meson energy density grows at every point. Hence this mode simply injects
energy into the meson field. The minimal energy configuration occursat A = 1.2 and H = 0.

In summary, a skyrmion coupled to a meson field has eight degrees of freedom repre-
sented by the instanton moduli. There are six zero modes: translations (controlled by X)
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Figure 1. A plot of the Skyrme energy density £s(r) and remaining energy density Ey (r) + E7(r)
for A =0.8 = 1.6.
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Figure 2. The energy density Ey (r) + Er(r) for A =1.2 and H € [0, 2].

and rotations (G). There are two non-zero modes: the overall size (A) and the energy of
the meson field (H).

3.1 Mode analysis

The newly discovered mode, modelled by changing H, is a zero mode of the instanton.
As such, it should correspond to a zero mode of the Skyrme model coupled to the infinite
tower of vector mesons. Let us briefly reintroduce the infinite tower of mesons. The zero
mode (at H = 0) is given by

oV (x)

8H’HO = /O:o O (As(h — H))|=0tn(h) dh (3.12)

— /_ " Ai(a, ) —oOhtbn(h) dh. (3.13)

where we have swapped the H derivative for an h derivative, then integrated by parts. We
can calculate these in the spherically symmetric case, finding

vy
oH

:/m&@@m%mmh (3.14)
0 —00

= (0ia — Zia)RY (1) + TiZoky (1) + €iajTjR5(T), (3.15)

H=



where

KD () = /_ O:o (n cos(2F) — (g + 217~> sin 2F> O d (3.16)
)= [~ -0, o) dn (3.17)
W)= [ : (n sin 2F + (g + 217«) cos 2F — 21T> | own(nyan. (319)

This zero mode allows the infinite tower of mesons to exchange matter with no cost. The
transformation is likely related to the enhanced local hidden symmetry present in the
holographic model. When there is only one vector meson the mode does cost significant
energy, as can be seen in table 1.

3.2 Numerical method

Generally, there is no spherical symmetry when N > 1 and we cannot generate analytic
expressions for the fields. Instead we must generate the skyrmions numerically. Given
an instanton configuration we first discretise R3 evenly. We must then apply a gauge
1 _ o -1

199
we seek a local gauge transformation g(x, h) at each spatial point which satisfies (2.2). We
follow [26] and write

transform A; — A; = gA;g~ which takes A into the temporal gauge. Hence,

g =go+igiTi Ap =i, (3.19)
which reduces (2.2) to

Ongo = —0igi  Ongi = 9oy + €iji0igr, g(x, —00) =1. (3.20)

To find g we must numerically solve the initial value problem in (3.20) on the interval
h € [—o00,¢]. To simplify this, we introduce the coordinate h = arctan(h) and discretise
the interval [—7/2,7/2] evenly. This generates A at each point which is then used to
calculate the Skyrme and meson fields using (2.5).

Once we have the Skyrme field U and meson fields V' we can then calculate the energy
densities, baryon density and plot the configuration. We plot an energy isosurface and
colour it depending on the value of the Skyrme field at each point on the surface. If we
write U = ug + tu,7, then we colour the density using the Runge colour sphere applied to
ug. This means the surface is white/black when uz = +1, and red, blue and green when
u1 + tug has argument 0, 27/3 and 47/3 respectively. The N = 1 instanton-generated
skyrmion is plotted in figure 3. To ensure our numerical code is accurate, we generated
this solution using BPST, t’Hooft and JNR data. As JNR data decays slowly, the skyrmion
generated from an N-instanton has charge —N. To remedy this, one can simply multiply
the final Skyrme field U by —1 [26].

To ensure that we can trust our numerical techniques, we reproduced the N = 1
results from table 1 with an accuracy of two decimal places. To achieve this, we used a
three-dimensional spatial grid of volume 10® with 903 lattice points and 500 time points
for the holographic coordinate h. We also extracted the Skyrme and vector meson profile
functions and compared them to the analytical expressions (3.2) and (3.8).



Figure 3. An energy density isosurface of a B = 1 skyrmion, coloured as described at the start of
section 4.1.

4 The N=2 instanton-generated skyrmions
All N = 2 instantons are described by the JNR ansatz [27]. The gauge field is given by
i
A = 500,108 (7). (@1)
where 0, is antisymmetric and defined by
Oi4 = T; O = €i5kTk (4.2)

and the density p is given by

B A1 n A2 i A3
o |$—X1’2 ‘$—X2|2 ’x—X3‘27

p (4.3)
where X; € R* and \; € R define the JNR data. The vectors X1, Xo, X3 form a triangle.
Hartshorne simplified the geometry of the data using Poncelet’s porism [28]. Consider a
triangle inscribed by an ellipse and circumscribed by a circle. Poncelet showed that this is
just one of a one-dimensional family of triangles, which are similarly related to the ellipse
and circle — an example is shown in figure 4. Hartshorne showed that JNR data related
by Poncelet’s condition gives rise to instantons which are equivalent up to a global gauge
transform. Hence, to describe instantons up to gauge equivalence, one can specify the JNR
data by specifying a circle and an ellipse. The common symmetries of the circle and ellipse
are inherited by the corresponding instanton. The \; are fixed by considering the points
on the triangle tangent to the ellipse. Denote the point opposite X; as Y;, then

A XY A (XN A (X3 - Y (4.4)

Ao | Xo—=Y3]7 A3 | Xs—-YiT AN | Xq—Yao| '
Only ratios of the A; are physically relevant, so we can fix A\; to any non-zero constant,
such as A\1 = 1.

We can now describe any N = 2 instanton by specifying a circle and an ellipse embed-
ded on a 2-plane in R%. To describe how these parameters translate to the Skyrme model,
we begin with a well understood configuration and consider deformations around it. The
centre of the ellipse takes a value in R, The position and embedding of the 2-plane in R3
determines the centre of mass and global rotational orientation of the skyrmions. Wlog we
place the ellipse at the origin of R* and place the 2-plane in the z = 0 hyperplane. We then

~10 -



Figure 4. Two triangles related by the Poncelet condition.
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Figure 5. A configuration with (e1,es) = (1,3), (c1,c2) = (=3/2,—1) and n = (1,0,1)/+/2. The
circle and ellipse lie in the 2-plane with normal n. The coordinate x1,zo form a basis for the
embedded two-plane.

fix the JNR triangle by choosing X3 parallel with the minor axis of the ellipse, like the
blue triangle in figure 4. The remaining coordinates are the axes of the ellipse (ej, e2), the
centre of the circle (c1,c2), and the normal of the plane n € R, x R, x Rj. The radius of
the circle is fixed by the Poncelet condition. An example of a configuration labelled using
our coordinates is displayed in figure 5.

We begin by setting e; = 1,e3 = 3 and ¢; = c¢3 = 0 and placing the 2-plane in the xy-
plane. The JNR data and the corresponding skyrmion are plotted in figure 6. The centre of
each skyrmion is located at approximately the vertices of the ellipse and are orientated in
the attractive channel (since their colours of closest contact match). This is the orientation
where the skyrmions are maximally attractive. The JNR data from figure 6 has a reflection
symmetry in each coordinate of R*. Consider the symmetry group G of the instanton
generated skyrmion, which is the subgroup of the instanton symmetry group restricted to
R2. The symmetry group is generated by three reflection symmetries x; — —x;. Skyrmion
deformations can then be classified by the irreducible representations (irreps) of G. Since
each generator has order two, we can classify these as (n1, no,ng) where n; = {+, —}.

There are two perturbations transforming as (++4) which correspond to deformations
of the ellipse. The first is an overall scaling which controls the size of the skyrmion. The
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Figure 6. The energy density and JNR data for (e1, e, c1,¢2) = (1,3,0,0). The a-axis is horizontal,
while the y-axis is vertical. The centre of the energy density for each skyrmion is approximately
positioned on the vertex of the ellipse.

1SS0 ldviloc
0 e~ el el el —

Figure 7. Attractive channel scattering for the family F'1 (4.5). We plot the energy density of the
configuration, alongside the corresponding JNR data. The path is described in the text, and these
plots correspond to t; = {0,37/8,7/2,57/8,7}.

second modifies the shape of the ellipse. Consider the one-parameter family

Fl:e; =2—cos(t1), ez =2+ cos(t1). (4.5)

The skyrmions from the family of configurations F'1 are plotted for ¢; € [0, 7] in figure 7.
We see that the skyrmions’ positions are approximated by the vertices of the major axis of
the ellipse. When e; = ey the ellipse becomes a circle and there is no unique major axis.
As such, the energy density is concentrated on a ring. This toroidal skyrmion is the global
energy minimiser of the N = 2 sector [22]. The meson and Skyrme fields are concentrated
in the same region of space for each t;. We will often discuss scattering skyrmions. By this
we mean generating a path where the skyrmions pass through one another through a con-
figuration where the ellipse becomes a circle, as is seen in figure 7. We generate scatterings
by continuously changing the major axis of the ellipse from lying on the y-axis to the z-axis.

Next, consider changing the centre of the circle. If we fix the circle center w.r.t. the
minor axis of the ellipse (¢; # 0, ca = 0) but modify w.r.t. to the major axis of the ellipse
(c1 =0, c2 # 0), the Skyrme field retains a reflection symmetry in the z-axis. This pertur-
bation transforms as (+—+). Physically, the skyrmion moves out of the attractive channel,
as seen in figure 8A. This is a zero mode when the skyrmions are infinitely separated but
costs energy when they are close. Now allow ¢ to change but fix ¢; = 0. This perturbation
transforms as (—++) and corresponds to a relative size fluctuation of the skyrmions. This
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Figure 8. Moving the centre of the circle in the JNR data. In figure 8A, we plot configurations
F2 (4.6) with ¢t = {—3,-1.5,0,1.5,3}. In figure 8B, we plot configurations F'3 (4.7) with ¢35 =
{~1,-3/4,0,3/4,1}.

can be seen in figure 8B. In detail these two families are given by

F2: e1 =1, e = 3, cp = —1+19, co =10 (4.6)
F3: e =1, e = 3, c1 =0, co=—1+413. (47)

The (+ — +) and (— 4 +) perturbations are related. If we begin by moving the
skyrmions out of the attractive channel (by applying the (+ — +) perturbation) and then
scatter them, the outgoing skyrmions have different sizes (the physical consequence of the
(— + +) perturbation). This type of scattering is demonstrated by the family

F4:e; =2—cos(ty), e2=2+cos(ts), c1=1/2, c2=0. (4.8)

As discussed with F'1, we have chosen a path where the ellipse at t4 = 0 is a circle. We
plot the configurations from F'4 in figure 9. Physically, a relative orientation can become a
relative size fluctuation and vice versa. This suggests that size fluctuations are low energy
excitations and should be included in any two-skyrmion configuration space. An analogous
mode can be seen in the baby Skyrme model, where it can be understood in terms of
rational map solutions of the nonlinear sigma model [12].

The pairing of perturbations can be understood by considering the symmetry of the
torus.? Consider attractive channel scattering, as seen in figure 7. The reflection group
G is a symmetry group along the entire path, and in particular it is a subgroup of Dy,
the symmetry group of the torus. Hence a perturbation which transforms as an irrep of
G transforms as a restricted representation of Doop. Consider the perturbation (+ — +).
There are no one-dimensional irreps of D, which transform like this, meaning that the
perturbation must be part of a larger irrep. There are four 2-dimensional irreps of Dyop;

4We thank Jonathan Rawlinson for showing us this observation and calculation, and for generously
allowing us to reproduce our own version of it here.
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Figure 9. A scattering with ingoing skyrmions out of phase. The skyrmions perform 90° scat-
tering, briefly merging into a deformed torus. The outgoing skyrmions have different sizes. The
configurations are taken from F4 (4.8) with ¢4 = {0,37/8,7/2,57/8,7}.

under restriction to G' they decompose as®
By = (—+—-)®(H—-) (4.9)
Eyy = (+++) @ (——+) (4.10)
Eiw—(—++)®(H+-—+) (4.11)
By = (4 -) & (- - -). (4.12)

This suggests that the (+ — +) perturbation could be part of the Fy, irrep. If true, there
would be a partner perturbation which transforms as (— + +): exactly how the relative
size fluctuation transforms. This suggests that the two modes are part of the same repre-
sentation, explaining why they are linked through scattering. The E7,, perturbation is also
seen in numerical analyses of the Skyrme torus [8, 32], matching the physical interpreta-
tion here. It is also geometrically natural that changing the centre of the circle should be
thought of as a single deformation.

We now consider transformations which alter how the 2-plane is embedded in R*. The
embedding in R3 simply determines the overall rotational and isorotational orientation of
the skyrmions. Hence why we chose our initial 2-plane to lie in the z = 0 hyperplane,
with normal vector n = (0,0,1) € R, x Ry, x R;. Rotations about this normal give
rise to physical rotations around the z-axis. The remaining nontrivial transformation is
to rotate n in the 3D space parametrised by (z,y,h). This is a two-dimensional set of
perturbations, generated by rotations about the z- and y-axes. These motions physically
affect the Skyrme and p-meson fields in different ways; in contrast to the modes discussed
above. We will attempt to separate these effects by first only plotting the Skyrme energy
density £g. Consider a rotation about the major axis of the ellipse, which coincides with
the line joining the skyrmions. We take the family

F5:e1=3, ex=1, c¢1=c2=0, m=(sin(ts),0,cos(ts)) . (4.13)

We plot the corresponding Skyrme energy densities in figure 10A. The skyrmions change
their relative phase and move out of the attractive channel while retaining a reflection
symmetry r — —z. By studying the Skyrme energy density, we find that this perturbation

5We use the notation of [31] when discussing irreps of Doop.
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Figure 10. Rotating the 2-plane into the holographic direction. Here, we plot only the
Skyrme energy density isosurface £s. In figure 10A, we plot configurations from F5 (4.13)
with t5 = {—7/3,—-7/6,0,7/6,7/3}. In figure 10B, we plot configurations from F6 (4.14) with
te ={-m/3,—m/6,0,7/6,7/3}.

transforms as (+ — —). Now consider a rotation about the minor axis of the ellipse. This
moves the major axis of the ellipse into the yh-plane. The position of the skyrmions are
given by the projection of the vertices of the ellipse onto the y-axis. Hence we modify the
length of the major axis to keep the skyrmion positions fixed. In detail the family is given by

F6:e; =3/cos(ts), ea=1, c¢1=c2=0, m=(0,sin(ts),cos(ts)). (4.14)

We plot the corresponding Skyrme energy densities in figure 10B, and again the skyrmions
change phase. The perturbation transforms as (—+ —). However, the skyrmions remain in
the attractive channel. When only looking at the Skyrme energy density, this transforma-
tion looks like a zero mode: an isorotation about the ug-isoaxis. We can already describe
this mode using a global gauge transformation. Hence, it appears that the map from in-
stantons to skyrmions is not injective. To reintroduce injectivity, we must reintroduce the
p-meson.

Let us reconsider the families F'5 and F'6, now including the p-meson energy densities
Ev + &r. In the F6 family the JNR data rotates around the z-axis, moving the major
axis of the ellipse into the yh-plane. Each instanton is approximately positioned on the
major axes of the ellipse, so the perturbation moves the instantons away from A = 0.
Intuition from the N = 1 sector suggests that the corresponding p field’s energy should
increase. In contrast, the instantons in the family F'5 stay near h = 0, and hence the p field
should not significantly change. We can test this hypothesis by considering the Skyrme and
meson energy densities, £g and &y + &, seperately. We find that &y + &1 is approximately
invariant for mode F'5 but changes significantly for mode F'6. To see this, we plot the full
energy densities £g + & + & for families F'5 and F6 in figures 11A and B. We also plot
an isosurface of & + £rin 11B’. Here we see that the p-meson energy grows as the mode
is excited, confirming our hypothesis. Of course, any separation of the Skyrme and meson
densities is somewhat arbitrary, since the fields are strongly coupled.
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Figure 11. Rotating the 2-plane into the holographic direction. In contrast to figure 10, we now
plot an isosurface of the entire energy density, £ + &y + £;. In the bottom row, we plot two
isosurfaces: one of the Skyrme energy density £g and one of remaining energy density &y + £r. In
figure 12A, we plot configurations from F'5 (4.13) with t5 = {—n/3,—7/6,0,7/6,7/3}. In figure
11B and 11B’, we plot configurations F'6 (4.14) with tg = {—n/3,—7/6,0,7/6,7/3}.

The perturbations described by F'5 and F'6 are linked through scattering. To show this,
we start with a configuration out of the attractive channel (by exciting F'5) and perform a
scattering. Such a path is given by

F7: e1 =5/2—3/2cos(t7), es =5/2 4 3/2cos(ty),

¢ =cy =0, n = (0.7, V1o 0.72,0) . (4.15)

The corresponding energy densities are plotted in figure 12. Note that the outgoing
skyrmions are in the attractive channel. Physically, the initial configuration has a high
potential energy due to skyrmion orientation. After scattering the skyrmions enter the at-
tractive channel, so the orientational potential energy is transferred to the meson field. This
observation should have significant consequences for nucleon scattering. Certain nucleon-
nucleon polarisations, which excite this orientational mode, will be more likely to produce
excited vector mesons. At infinite separation the orientational mode is a zero mode, while
the meson-size mode is not. The E1, mode decomposes as (—+ —) ® (+ — —) under restric-
tion to G. Hence the modes are part of a 2-dimensional family which transform as E,.
Finally, we consider how to generate a configuration where the p-mesons attached to
each skyrmion can have different energies. Suppose that the instantons are positioned on
the vertices of the major axis of the ellipse. Then in the data we’ve studied so far, the
instantons have equal positions (up to a sign) on the h-axis. This retains a symmetry in
the p-meson field. To break the symmetry we excite the meson size mode (as in F'6) while
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Figure 12. A scattering path which exchanges orientational energy for meson size. The configura-
tions are given by the family (4.15), with ¢tz = {#/4,57/12,7/2,7n /12,37 /4}. We plot surfaces of
constant energy density £g + &y + &7 in the top row. We plot the same family in the bottom row,
but plot two surfaces of constant density: the Skyrme energy density £s and the remaining energy
density &y + &;.

moving the 2-plane in the h-direction. Doing either motion individually retains an even
symmetry in the p fields but the combination does not. Consider the family

F8:e1=3,e9=1, ¢1=c2=0, n=(0.7,—v1-0.72,0), (4.16)

where the 2-plane is then shifted in the h-direction by tg. The corresponding family is
plotted in figure 13, and the relative energy of the meson fields surrounding each skyrmion
change with tg. We also plot the Skyrme energy density £s and the remaining energy
density & + £r. Here, it is clear that the Skyrme energy does not noticeably change size
while the meson field does. Note that the JNR data with parameters tg and —tg are related
by (x,h) — (—x, —h). Hence, like in the N =1 case, a translation of the JNR data in the
holographic direction can be related to a physical parity transformation (plus an isorotation,
corresponding to a gauge transformation of the JNR data). Asin the N = 1 case, the total
energy of these configurations is symmetric in the direction of translation in h.

We have now interpreted the N = 2 instanton moduli as physical degrees of freedom
of the two skyrmion system coupled to a p-meson. We now summarise the results. The
instanton data is given by an ellipse and circle embedded on a 2-plane in R*. The axes of
the ellipse (e1,e2) control the overall size and separation of the skyrmions. The centre of
the circle (¢1, c2) control one relative orientation and the relative size of the skyrmions, as
demonstrated by the families F'2 and F'3 displayed in figure 8. The meson field becomes
relevant when we consider the embedding of the 2-plane in R*. By rotating the 2-plane away
from the h = 0 hyperplane we can excite two more modes: another relative orientational
mode and the meson energy mode. These modes are captured by families £'5 and F'6 and
are displayed in figure 11. Finally, the relative meson energy fluctuation can be generated
by also translating the 2-plane in the h-direction.

We have presented an analysis of perturbations around a simple initial configuration
of two separated skyrmions in the attractive channel. However our physical interpretation
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Figure 13. The fluctuation where the relative meson field size changes. The configurations are
given by the family (4.16), with tg = {—2.5,-1.0,0,1,2.5}. We plot surfaces of constant energy
density £g 4+ v + &7 in the top row. We plot the same family in the bottom row, but plot two
surfaces of constant density: the Skyrme energy £g and the remaining energy density &y + &;.

should apply more globally, though this requires a more thorough analysis. One immediate
consequence is a mode analysis around the toroidal skyrmion. We predict that the non-zero
modes decompose as

Arg + Eog + Ery + Erg, (4.17)

where the modes physically correspond to: an overall size fluctuation (Aq4); 90° scattering
(Esgq); relative orientation/size fluctuations (E1,) and relative orientation/meson-energy
fluctuations (E14). Note that this decomposition was not seen in the pure Skyrme theory [8,
32]. Hence we must study a model which includes p-mesons to have a chance of reproducing
the result (4.17). Houghton has performed a mode analysis of the N = 3 tetrahedral
instanton-generated skyrmion [33]. The predicted mode decomposition is

Al +2E + Fy + 25, (4.18)

giving another non-trivial check of the model. To reemphasise: the result (4.18) is not seen
for pure Skyrme theory, it should only appear in a theory with mesons.

We finish this section by considering the global picture. The 16-dimensional N = 2
instanton moduli space is isomorphic to [13]

Cs x R x Rog x SU(2),

where R*, R~ and SU(2) represent the translations, scaling and global gauge transforma-
tions respectively. The remaining 8-dimensional space Cy is the manifold of Hartshorne
ellipses. The space is isomorphic to CP* with real points removed and conjugate points
identified. This space still contains two zero modes; the remaining rotations. There then
remains a six-dimensional non-trivial space of configurations with different energies. On Cy,
transformations which are important for quantum mechanics (such as the interchange of two
particles) have simple realisations and hence it is a nice space to quantise on. Atiyah and
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Manton constructed a six-dimensional subspace of Cg as part of a 12-dimensional skyrmion
configuration space which included well-separated skyrmions. Our analysis shows that this
cannot model low energy dynamics as it does not contain enough degrees of freedom to de-
scribe the full scattering paths shown in figures 9 and 12. To include these paths, we should
consider the entire space Cg. This is mathematically simpler than constructing a subspace,
but leads to a higher-dimensional model which will be challenging to study computationally.

5 Further work and conclusion

We have given the first construction of a manifold of low energy 2-skyrmions which includes
enough degrees of freedom to describe well separated solutions, and their scatterings. This
means our space is a Quantum Soliton Scattering Manifold (as defined in [12]) and can be
used to describe nucleon-nucleon scattering. To proceed further, one must calculate the
potential and metric on our proposed manifold. Although the metric on the 2-instanton
moduli space is understood analytically [34, 35], the metric induced on the 2-skyrmion space
is difficult to calcuate. It has only been studied in the spherically symmetric case [16]. One
may be able to use the instanton metric to model the skyrmion metric. However, it is not
obvious how the two are related since we must take a holonomy to find the skyrmion. The
systems are quite different: for instance Yang-Mills theory is conformally invariant while
the Skyrme theory is not.

To do the full numerical problem, one needs to calculate derivatives of the Skyrme
and p fields with respect to the moduli space parameters discussed earlier. However, there
are numerical issues with the JNR approximation used in this paper. The gauge field
contains singularities at the poles of the JNR data (X, X3 and X3 defined in (4.3)) which
makes it difficult to calculate the Skyrme field accurately near those points. As such, the
JNR data is useful for a qualitative summary but less useful for a quantative analysis. An
alternative numerical method was proposed in [36], which avoids the singular data problem
and simplifies the numerical calculation of the holonomy. To progress, the method must
be generalised to include vector mesons, which is non-trivial, and tested for systems with
N > 1. Both require further analysis. Even if the method was highly efficient and worked
well, generating a potential and metric on a multidimension space is difficult. This problem
is particularly daunting as the configuration space is 16-dimensional. However, the metric
and potential only vary in the centre of the manifold. One may be able to consistently
fix an optimal size for the p-meson and Skyrme fields at each point, leaving only a five-
dimensional non-trivial subspace. We interpret the non-trivial modes as controlling the
relative separation, orientation, size and p-energy of the configuration. If this manifold can
be constructed, one could study nucleon-nucleon scattering within the Skyrme model: an
open problem since Skyrme wrote down the model in 1961 [1].

Past attempts to construct a two-skyrmion configuration space have run into problems.
Our work suggests that the inclusion of a single vector meson resolves these issues, since
the instanton moduli space generates a consistent skyrmion configuration space. Without
the p-mesons, the degrees of freedom in the instanton model do not uniquely translate to
those in the Skyrme model. Recently Komargodski [37] proposed a new way of under-
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standing baryons in Ny =1 QCD. Karasik then showed that the 7’ mesons are the key to
understanding the transition between baryons as skyrmions when Ny = 2 and baryons as
described by Komargodski when Ny =1 [38, 39]. Although the 7 is a scalar meson, this
work adds to the growing evidence that the pure Skyrme model is somehow insufficient;
but that this is remedied by the inclusion of mesons.

Our configuration space is in some sense minimal. To describe well separated skyrmions
and their zero modes, one must include fluctuations which change the relative orientations
of the skyrmions. But these fluctuations are intrinsically linked to the relative size and
meson-energy fluctuations, due to the mode-pairing discussed in section 4. Hence one must
include these degrees of freedom to have a complete picture of the two-skyrmion space.

A key advantage of our construction is that it should generalise to any baryon number.
The low-energy N-skyrmion configuration space, when coupled to a vector meson should
be described by the N-instanton moduli space. Although this map from instantons to
skyrmions is not well studied for N > 2, it provides a systematic framework for the study
of skyrmions. To proceed for higher N it is important to understand how common ideas in
instanton theory, such as ADHM data [40], translate to the Skyrme model. This has been
only studied in highly symmetric cases [26, 41].

We have analysed the instanton approximation of the model (2.6). While there is good
evidence to trust this approximation, it would be good to test the results numerically. There
are several checks to do. One could excite an orientational mode of the skyrmions when
well separated and boost them towards one another. This would test to see if the scattering
paths 9 and 12 are a genuine feature of the Skyrme model defined by (2.7), rather than
an artefact of the instanton approximation. Omne could also calculate the normal mode
spectrum around the toroidal skyrmion and compare it to (4.17).

One key remaining problem is the pion mass. Instanton-generated skyrmions have
an energy density which falls off polynomially in . This matches the polynomial decay
of skyrmions with massless pions. However, pions do have mass and physically realistic
Skyrme fields must decay exponentially. Hence, to make a connection with nuclear physics,
one must somehow include this fact. It has been demonstrated that one can generate spher-
ical skyrmions with exponential decay from skyrmions in hyperbolic space [42]. However,
it is not clear how to generalise this work to separated skyrmions.

The model (2.7) as derived directly from Yang-Mills theory is rather complicated, with
six interaction terms. The model is chosen to have a low classical binding energy, although
we note that this is not directly comparable with the quantum binding energy as measured
in nuclear physics. We have demonstrated that a mathematically consistent 2-skyrmion
space requires the inclusion of a p-meson. One may ask: what is the simplest way to
couple a p-meson to the Skyrme model? And, can we modify the interaction to better
match meson physics? To help answer these questions, one could include the p-meson in a
nucleon-nucleon interaction calculation, adapting the formalism developed in [4]. One could
then constrain the parameters by comparing the skyrmion interaction to phenomenological
nucleon-nucleon interactions.
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