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Abstract 
Many data sets are visualized effectively with area 

proportional Venn diagrams, where the area of the 
regions is in proportion to a defined specification. In 
particular, Venn diagrams with three intersecting curves 
are considered useful for visualizing data in many 
applications, including bioscience, ecology and 
medicine. To ease the understanding of such diagrams, 
using restricted ‘nice’ shapes for the curves is 
considered beneficial. Many research questions on the 
use of such diagrams are still open. For instance, a 
general solution to the question of when given area 
specifications can be represented by Venn3 using convex 
curves is still unknown. 

In this paper we study symmetric Venn3 drawn with 
convex curves and show that there is a symmetric area 
specification that cannot be represented with such a 
diagram. In addition, by using symmetric diagrams 
drawn with polygons, we show that, if area specifications 
are restricted so that the double intersection areas are 
no greater than the triple intersection area then the 
specification can be drawn with convex curves. We also 
propose a construction that allows the representation of 
some area specifications when the double intersection 
areas are greater than the triple intersection area. 
Finally, we present some open questions on the topic. 
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1. Introduction 

Venn diagrams [10] are a widely used method for 
visualizing intersecting data sets. Often, the data comes 
with cardinality information and so might best be 
visualized using area proportional Venn diagrams. Here, 
the data set forms an area specification, as the areas of 
the regions of the diagram are proportional to the 
relevant numerical set cardinalities. In figures 1 and 2, 
area proportional Venn3 diagram are shown, with the 
data values written inside the regions. Applications 
where such diagrams are used include: bioscience, for 
example when visualizing lists of intersecting biological 
identifiers [6]; ecology, for example when visualizing 

species distribution [5] and medicine, for example when 
visualizing the results of online medical surveys [7]. 
Well known shapes, such as triangles [1] and rectilinear 
curves [4] have been used to draw Venn diagrams. In 
particular, circles are considered an effective way to 
visualize area proportional Venn and Venn-like diagrams 
[1][3][6][8]. However, it is known that circles cannot 
always be used to achieve exact proportions for the 
regions of a Venn3 diagram [4]. In general, it would be 
useful to know which area specifications can be 
represented by diagrams with particular shapes. 

In this paper, we take some steps in exploring which 
shapes can used to draw area proportional Venn3 
diagrams. In particular, we look at convex curves. This is 
motivated by, firstly, the observation that Venn diagrams 
are often more usable if they are drawn with convex 
curves. Secondly, we note that many (if not all) of the 
desirable shapes for curves are convex, so that if a non-
convex curve is needed for a data set, then the diagram 
cannot be drawn with such a desirable shape. 

 

 
Figure 1: Convex, symmetric Venn3 

 
Venn3 diagrams are surprisingly complex to reason 

about, so we restrict the problem to manageable size by 
considering symmetric Venn3 diagrams with rotational 
symmetry of order 3 and reflection symmetry of 3 axes, 
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for example as seen in Figure 1. Conversely, a non-
convex, non-symmetric diagram is shown in Figure 2. 

 

 
Figure 2: Non-convex, non-symmetric Venn3 

 
After defining our terms in Section 2, we go on in 

Section 3 to outline a proof that some symmetric area 
specifications cannot be drawn with any convex 
symmetric Venn3 diagram. In sections 4, 5 and 6, we 
state some conditions relating diagram areas which can 
be realised with convex Venn 3, and we describe how to 
construct a suitable diagram from an area specification. 
In Section 6 we introduce a third diagram type that 
extends the conditions found in Section 4. Section 7 
gives some open questions, and finally Section 8 gives 
our conclusions and further work. 

2. Definitions 

Here we define some of the concepts that will be 
used throughout this paper. 

Venn diagrams are collections of simple closed 
curves where every possible intersection between curves 
is a non-empty, connected region. Venn3 is a Venn 
diagram with exactly three curves. A Venn diagram is 
simple if, at most, only two curves meet at a particular 
point. We deal only with simple Venn diagrams in this 
paper. A Venn diagram is convex if all of its curves are 
convex. 

For simple Venn3, there is only one topologically 
distinct embedding [9], as shown in Figure 1. In fact this 
figure shows a symmetric, convex Venn3 diagram. In 
this paper we will label the curves with a fixed set of 
labels: A, B and C. Regions of a Venn diagram are 
described by exactly the labels of the curves that contain 
them. For instance, the region inside all three curves is 
described by ሼܣ, ,ܤ  ሽ. This region is called a tripleܥ
intersection, since it is the intersection of three curves. 
Similarly, the three regions that are each contained by 
two curves, such as ሼܣ,  ሽ, are called doubleܤ
intersections and the three regions that are each 
contained by one curve, such as ሼܣሽ are called single 
intersections. 

 
 
 
 
 

ܴ ൌ Զሺሼܣ, ,ܤ ሽሻܥ െ ሼØሽ is the set of all region 
descriptions for any Venn3 diagram and ݓ:ܴ→Թା ׫
ሼ0ሽ is an area specification. If  

 
ሻܣሺݓ ൌ ሻܤሺݓ ൌ   ሻܥሺݓ
ሻܤܣሺݓ ൌ ሻܥܣሺݓ ൌ   ሻܥܤሺݓ
 
then w is a symmetric area specification. In this 

paper we use ܽଵ, ܽଶ and ܽଷ to be the three data values for 
a symmetric area specification where: 

 
ܽଵ ൌ ሻܣሺݓ ൌ ሻܤሺݓ ൌ  ሻܥሺݓ
ܽଶ ൌ ሻܤܣሺݓ ൌ ሻܥܣሺݓ ൌ  ሻܥܤሺݓ
ܽଷ ൌ  ሻܥܤܣሺݓ
 
Given an area specification, w, we say that a Venn 

diagram, ݀, represents w if, for each region, r, the area 
of r is ݓሺ݀݁ݏሺݎሻሻ, where ݀݁ݏሺݎሻ is the description of r.  
Venn3 diagrams are dimensionless, which implies that 
there is relative size for each region of ݀. 

If a Venn3 diagram, ݀, has rotational symmetry of 
order 3, and reflection symmetry with 3 axes, then ݀ is 
symmetric. It is trivial to show that a symmetric Venn3 
diagram has a symmetric area specification. 

A convex symmetric area proportional Venn3 is 
shown in Figure 1 where the area specification is 
ܽଵ ൌ 100, ܽଶ ൌ 74 and ܽଷ ൌ 196. 

3. Some area proportions cannot be 
represented by symmetric convex diagrams 

In this section, we are concerned with the non-
representability of certain area proportions. In particular, 
we will show that some area proportions are not 
representable by a symmetric, convex Venn3 diagrams. 
We are not the first to investigate non-representability, 
and we first discuss a previous attempt at proving certain 
area proportions could not be represented by a convex 
Venn3 diagram. 

3.1. Previous proof attempts 

A significant study of area proportional Venn 
diagrams was conducted by Chow, and a large number of 
results can be found in [2]. Chow was interested in 
whether there existed an area specification that could not 
be represented by a convex Venn3 diagram. He 
attempted to prove that this was indeed the case but, 
unfortunately, his proof contains a flaw. In particular, he 
sets up a symmetric area specification with the double 
intersections having twice the area of the triple 
intersection, thus making ܽଶ 'large' with respect to ܽଷ. 

 Then, he supposes that there is a Venn3 diagram 
that represents this specification for any ܽଵ, thus treating 
ܽଵ as a variable. He then considers the core of the 
diagram; the core is the region (including its boundary) 
consisting of the three double intersections and the triple 
intersection. The argument then proceeds to suppose that 
for each given value of ܽଵ, the core is not convex and, 
therefore, the area of the convex hull of the core, less the 
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area of the core, is positive. He then incorrectly deduces 
that the set of all such area differences (recall that ܽଵ is a 
variable, so there is one such area difference for each ܽଵ) 
has an infimum that is strictly positive. This is a key step 
in his proof, since he uses the positivity of the infimum 
to derive a contradiction. Chow’s insight, however, about 
the relationship between the area proportions (making ܽଶ 
large and ܽଷ small to force ܽଵ to have a positive lower 
bound on its area) was correct, and is exemplified by our 
result below. We note, though, that our proof that 
follows relies on symmetry whereas Chow's proof was 
aiming for a general non-representability result. 

3.2. A non-representability result 

Theorem There exists an area specification which 
cannot be represented by a convex symmetric Venn 3 
diagram. 
Proof (Sketch) The idea of the proof is to show that, by 
deriving some conditions on the triple intersection, we 
sometimes have a non-zero lower bound on the area ܽଶ. 
First, we define notation for points, angles and lengths as 
illustrated in Figure 3: 

 
Figure 3 

 
The idea of the proof is to show that if ܾଶ is large, 

then ݔ ൅  is large compared to y.  Convexity then means ݖ
that  ܾଵ is bound below, so choosing a large enough ܾଶ 
and a small enough ܾଵ gives an unrepresentable area 
specification. Using convexity at the points P, Q and R, 
we can derive constraints on the angles, for example 
ߟ ൑ గ

ଶ
. From these, we can derive constraints on the 

relationships between the lengths x, y and z in terms of 
the areas: 
 

ݔ ൅ ݖ ൑ ଶ√ଶ
√ଷర ඥ1 ൅ ܾଵ ൅ ܾଶ  

ݔ ൅ ݖ ൒ ଶ
√ଷ
ሺ1 ൅ ܾଶሻ ൅

ଵ
ଶ√ଶ

  

Combining these two bounds: 
 

2
√3

ሺ1 ൅ ܾଶሻ ൅
1
2√2

൑
2√2
√3ర ඥ1 ൅ ܾଵ ൅ ܾଶ 

 
Taking ܾଶ ൌ 10 shows that there is a lower bound 

on ܾଵ and we conclude that there are area specifications 
that cannot be represented by any convex symmetric 
Venn3 diagram. 

Note that our proof gives some conditions that allow 
us to determine a area proportions that cannot be 
represented by any symmetric, convex Venn3 diagram 
(i.e. those for which the above inequality fails). Our 
attention now turns to identifying area proportions that 
can be represented. 

4. A class of diagrams with ૚૜ࢇ૜ ൑ ૛ࢇ ൑  ૜ࢇ

In the following three sections we discuss classes of 
diagrams formed from three regular polygons. Firstly we 
find some results for a limited set of values of ܽଶ. 

4.1. When ࢇ૛ ൌ  ૜ࢇ

Figure 4 depicts a class of diagrams with ܽଶ ൌ ܽଷ. 
Here, the triple intersection and double intersection 
regions are equilateral triangles. We can choose x to be 
any positive real number, moving the point P along the 
axis of symmetry. As we change the value of x, we can 
increase the area ܽଵ from zero to any value, and the 
diagram remains convex throughout. 

 
Figure 4: Diagrams with ࢇ૛ ൌ  ૜ࢇ

 
We conclude that any area specifications with 

ܽଶ ൌ ܽଷ can be drawn with a convex symmetric Venn 
diagram. We now generalise this class of diagrams to 
include some cases where ܽଶ ൏ ܽଷ. 
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4.2. When ૚
૜
૜ࢇ ൑ ૛ࢇ ൑  .૜ࢇ

Figure 5 depicts a class of diagrams, where the 
marked distances are constrained by the inequalities 

ݔ ൒ 0 and 1 3ൗ ൑ ݕ ൑ 1 
 

 

Figure 5: Diagrams with ૚
૜
૜ࢇ ൑ ૛ࢇ ൑  ૜ࢇ

 
 

 

Figure 6: ࢇ૛ ൌ
૚
૜
 ૜ࢇ

 
The condition that ݕ ൑ 1 ensures that, for a fixed y, 

we can decrease x to zero without violating convexity of 
the contours. 

The condition that ݕ ൒ ଵ
ଷ
 ensures that, for a fixed 

value of y, x can be increased arbitrarily without 
violating convexity of the contours. When ݕ ൌ ଵ

ଷ
, we 

obtain the family shown in Figure 6. Any smaller value 
of y would allow the lines shown with a shaded 

background to intersect above the diagram and convexity 
would impose an upper limit on x. 

Hence, using the class of diagrams shown in Figure 
5, we can provide a convex diagram for any area 
constraint that satisfies 13ࢇ૜ ൑ ૛ࢇ ൑  .૜ࢇ

5. When ࢇ૛ ൐  ૜ࢇ

As shown in Section 2, there are some area 
specifications that cannot be drawn with a convex 
symmetric Venn3 diagram. The undrawable cases have 
large values of ܽଶ and small values of ܽଷ. The classes of 
diagrams we have provided in Section 4 have ܽଶ ൑ ܽଷ. 
In this section, we describe a class for drawing some 
cases where ܽଶ ൐ ܽଷ. In these cases, ܽଵ has a non-zero 
lower bound. 

 

 
Figure 7: Diagrams with ࢇ૛ ൐  ૜ࢇ

 
Figure 7 shows a class of diagrams similar to that of 

Figure 5, but the points of the polygons that border the 
triple intersection region are now free to be placed away 
from the intersection (shown with a grey background in 
Figure 7). We also impose the limits ݔ ൐ 1 and ݕ ൐ 0 on 
this diagram class. 

It is clear that ܽଵ can be increased arbitrarily. For a 
fixed value of ܽଶ there is a lower bound on ܽଵ and the 
diagram which achieves this lower bound is shown in 
Figure 8. The ratios of areas in these lower bound 
diagrams, In fact, utilizing, geometry, we find that, when 
ܽଶ ൐ ܽଷ the ratio ܽଵ: ܽଶ: ܽଷ is ݐଶ: ଶݐ ൅ ݐ4 ൅ 1: 1. For 
example, if we set ݐ ൌ 1 and then scale the diagram so 
that ܽଷ ൌ 1 then ܽଵ ൌ 1 and ܽଶ ൌ 7. 
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Figure 8: Minimal ࢇ૚ when ࢇ૛ ൐  ૜ࢇ

 
We note that if this diagram presents a minimal  

ܽଵ with fixed ܽଶ and ܽଷ, then the formulae give a 
decision procedure for indicating whether a symmetric 
area specification can be drawn with convex curves 
when ܽଶ ൐ ܽଷ. 

6. When ࢇ૛ ൏ ૚
૜ࢇ૜ 

In Sections 4 and 5 the diagrams were restricted to 
ܽଶ ൒ 1

3ܽଷ. Now we address the remaining cases, 
where ܽ2 ൏ భ

యܽ3. Figure 9 shows a diagram class, similar 
to that of Figure  3, however each curve has an extra 
point, so that the triple intersection region forms a 
regular hexagon. 

 

 

Figure 9: Diagram class for ࢇ૛ ൏ ૚
૜ࢇ૜ 

 
Here ݔ ൑ 1 and ݕ ൐ 0 and we have diagrams where 

ܽଶ ൏ భ
యܽଷ. Any area specification with ܽଶ ൏ భ

యܽଷ can be 
drawn using a diagram from this class. 

7. Open Questions 

In this Section we pose some questions that arise 
from this work and examine the consequences of 
answering them. 

 
1. Does there exist a symmetric area 

specification that can be represented by a non-
symmetric Venn3 that cannot be represented by 
a symmetric Venn3? 
 

If the answer to this is no, then the result in Section 3 
implies that there are area specifications that cannot be 
represented with a convex Venn3 diagram. 
 
2. Does there exist a symmetric area specification 

that can be represented by a convex Venn3 
diagram that cannot be represented by the 
classes shown in this paper. 
 

The diagram class in Figure 8 is the best we have 
formulated so far in terms of being able to find the 
lowest value for the ratio ܽଵ: ܽଶ when ܽଶ ൐ ܽଷ. 
However, it needs to be shown that there is no better 
diagram. If this can be shown, then the formulae that 
results from the version of this diagram with lowest ܽଵ 
(in Section 5) does not just indicate which diagrams can 
be represented with convex curves, but becomes a 
decision procedure for deciding whether an area 
specification can be drawn with convex curves. 

8. Conclusions 

In this paper we have shown that there are some 
symmetric area specifications that cannot be drawn with 
area proportional symmetric Venn3 diagrams. We have 
also found some results towards finding out which area 
specifications can be drawn, and have provided 
constructions for drawing the diagrams. We have also 
posed two open questions. The first, if answered in the 
negative means that, from the theorem in Section 3.2, we 
could deduce that there are area specifications that 
cannot be represented by convex Venn3 diagrams. If 
both questions are answered in the negative, would mean 
our techniques form a decision procedure for deciding 
whether an area specification has a convex drawing, and 
providing a construction for a such a area proportional 
convex Venn3 diagram. 

Further work clearly includes addressing the 
questions we pose. However, this paper is limited to 
symmetric diagrams, and to be of practical significance 
we also need to investigate the non-symmetric 
implications. We believe that the techniques in this paper 
are easily applied to some non-symmetric are 
specifications, and we will explore this issue in detail. 
However, a longer term goal is to find an approach to the 
problem of: given any area specification, is there a 
convex Venn3 diagram with which it can be represented? 

More generally, further work will look at Venn-like 
diagrams, as diagrams that have regions with zero area 
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(commonly called ‘Euler diagrams’) can have radically 
different embeddings than the familiar Venn3 
embedding. In addition, work on area proportional 
diagrams with more curves would be another important 
avenue to explore. 
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