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Abstract10

Quantum entanglement allows for correlations between distant objects that go beyond any11

classical theory. These additional correlations can be exploited to gain practical advantage in certain12

non-local games. In recent years there has been interest in games defined on graph structures and13

involving mobile agents. One of these is the graph domination game, where quantum advantage14

has been discovered recently on some finite graphs by numerical optimization [1]. Here we study15

quantum advantage in the 1-step, 2-player version of this game, focusing on cycle graphs. We16

study it numerically, analytically and through the use of noisy, intermediate scale quantum (NISQ)17

processors. We find explicit strategies and show that they realise the numerical bounds that were18

found recently for the case of small graphs [1]. We then generalise our strategies to cycles of19

arbitrary size. Finally, we run our strategies for 5-, 6-, and 7-site cycles on NISQ hardware and20

find measurable advantage (compared to the optimal classical strategies) in all cases.21

1 Introduction22

Non-locality is a central concept in quantum mechanics. Its origin traces back to the Einstein-23

Podolsky-Rosen (EPR) “paradox” [2]. EPR argued that in order to make quantum mechanics com-24

patible with locality it would have to be completed with the addition of local hidden variables (LHV).25

Bell subsequently proved that some predictions of quantum mechanics are incompatible with LHV26

theories [3]. The experimental verification of Bell’s predictions established the existence of intrinsi-27

cally non-local correlations in quantum systems. The experiments were recognised with the award of28

the Nobel prize for physics to Aspect, Clauser and Zeilinger in 2022 [4]. We now understand non-local29

Bell correlations as a distinctive manifestation of the more general phenomenon of quantum entangle-30

ment: the fact that the state of some quantum systems cannot be described by stating the states of31

its constituent parts individually.32

Quantum game theory considers game-theoretic scenarios where two or more players take individual33

actions and their success depends on the actions of all players. Using entanglement enables outcomes34

not attainable in classical settings. Examples include the quantum prisoner’s dilemma [5] and the35

quantum volunteer’s dilemma [6]. A subset of quantum games are non-local, incomplete-information36

games where spatially separated players try to cooperate without communicating with the other37

players. In this case they can exploit entanglement to generate non-local correlations that they can38

use to improve their coordination. Examples include the odd-cycle game [7] and the magic square39

game [8], both of which have been demonstrated experimentally [9,10]. A recent development in non-40

local games are those concerning mobile agents, specifically rendezvous [1,11] and graph domination [1].41

Here, players attempt to achieve a joint task by coordinating their moves on a graph.42

*Email: j.quintanillakent.ac.uk
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The original domination problem was formulated in the context of pure graph theory [12]. in this43

context, a graph G = (V,E) consists of vertices V and edges joining them, E ⊆ {{u, v} | u, v ∈ V } [13].44

Graphs provide a powerful framework for modelling pairwise interactions and networks. Graph theory45

is the study of such graphs including their properties and structure. The domination problem described46

in Ref. [12] is purely combinatorial and static. A dominating set in a graph is a set of vertices such47

that every vertex in the graph is either in the set or adjacent to a vertex in the set. The classical graph48

domination problem asks for the smallest such set, or more generally, for structural and complexity49

properties of dominating sets. This original version of graph domination has many applications, for50

instance to facility location and coverage problems [14,15].51

Since the early 2000s, there has been interest in dynamic variants of graph domination involving52

mobile agents constrained to move along the edges of the graph [16]. For example, the eternal domi-53

nation problem, introduced in 2005 [17], models guards that must continually relocate in response to54

attacks while ensuring that the occupied vertices remain a dominating set. More recently, in distributed55

computing and mobile robotics, researchers have considered algorithms in which robots collectively56

move so as to form a dominating set, often under additional algorithmic or memory constraints [18].57

Unlike classical domination problems [12], the challenge in these agent-based domination problems58

is not only combinatorial (whether a dominating set exists) but also algorithmic and probabilistic59

(whether a team of moving agents can find one efficiently).160

A recent development is the introduction by Viola and Mironowicz of a graph-domination game61

where players have access to entangled quantum resources [1].2 In the game they considered, two62

players are placed randomly on the nodes of a graph. They are tasked with coordinating their move-63

ments in order to dominate as much of the graph as possible. A node is dominated when there is a64

player on that node or on a node connected to it by an edge, as illustrated in Fig. 1a. The degree of65

success of a given strategy is the number of dominated nodes after the players have moved. Strategies66

can be characterised by their “domination number”: the average number of dominated nodes after67

many runs of the game. It was shown that this increases when quantum resources are available.68

Importantly, the qubits can be entangled before the players learn which vertices have been assigned69

to them. Afterwards, no further interaction or communication is required. The obtained quantum70

advantage is therefore not purely formal: it represents a real advantage that could be gained in real-life71

situations where such games need to be played, without the need to change the nature of the game;72

only the resources available to each player locally need to be modified. These games thus offer a form73

of ’quantum operational advantage’, in which quantum resources allow access to an improved result74

that is unobtainable using classical means.75

In Ref. [1] semi-definite programming was used to find bounds on the maximum domination ob-76

tainable in a single step by two players on various graphs, including cycle graphs with up to 13 vertices77

(C13). However, explicit protocols were not reported - though in the case of C5 the probabilities of all78

possible moves were provided. Here we build upon this work by finding explicit strategies that realise79

these bounds. Moreover, we generalise our single-step domination strategies to cycles of arbitrary size.80

We use these strategies to run experiments using NISQ hardware, finding that present-day qubits are81

of a high enough quality to realise most of the predicted advantage for small cycle graphs.82

2 Theory83

We start by defining the rules of the game. The graphs the players will move on are unweighted84

and undirected. Each player will be allowed one move from their random starting positions (1-step85

game). These initial positions are taken from a uniform probability distribution (in particular, it is86

possible that the players start on the same location, though even then they do not know the location87

of the other player). Waiting is not an allowable action. After all players have moved, their collective88

domination of the graph is checked. The nodes of the graph are labelled and the graph topology is89

known to all players. The players have access to the label of the site they are on and can use that label90

1Mobile-agent graph domination games can be regarded as a sub-class of turn games based on graph domination -
for another recent example see [19].

2A quantum-assisted graph domination is not to be confused with domination of so-called “quantum graphs” [20].
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to determine their actions. Finally, the players do not have to follow the same rules when making91

their decisions (player-asymmetric game).392

93

Quantum advantage emerges when the players share an entangled quantum system [1]. Specifically,94

each player holds an n-level system, where n is the number of edges for each node of the graph. After95

a player measures their qudit they use the result to decide which of the n edges to travel along. Before96

measurement, each player is allowed to perform an arbitrary rotation on their qudit which may depend97

on their identity and the site they are on. If the two qudits are entangled, this crucial step allows98

players to encode information about their location in the shared quantum state – the underlying source99

of the quantum advantage.100

In this paper, we will consider cycle graphs only, so the players will share a pair of qubits (n = 2).101

The players always start by initialising their qubits in the Bell state102

|ψ〉 =
1√
2

(|00〉+ |11〉) . (1)

They then get separated and each player carries out a local unitary operation on their qubit. We take103

these to consist of rotations around the y measurement axis.104

Let us first consider the 5-vertex cycle graph C5. This is the simplest non-trivial graph for the105

domination game.106

The classical version of the game is illustrated in Fig. 1a.The optimal classical strategy (shown in107

Fig. 4 of Ref. [1]) yields an average domination of 4.6 nodes. The quantum approach for all cycles is108

illustrated in Fig. 1b. For C5, it achieves a domination number D ≈ 4.67 [1].109

1 2

3

4

5

A

B

(a)

|0〉 H • Ry(θ
A
i )

|0〉 Ry(θ
B
j )

(b)

Figure 1: Classical and quantum-assisted approaches to the graph domination game. (1a) shows a
play-through of the classical domination game. The players Alice (A) and Bob (B) are randomly
placed (on sites 1 and 5, in this example). They then use a pre-agreed strategy to decide their moves.
In our example, A moves from 1 to 2 and B moves from 5 to 4, which corresponds to the optimal
classical strategy shown in Fig. 4 of Ref. [1]. They then check how much of the graph is dominated
between them (shaded area). In this case, they dominate all 5 nodes of the graph. (1b) shows the
quantum circuit A and B can use to gain quantum advantage. Before A and B get separated (left of
the dashed line) they perform a joint operation on their two qubits that places them in the entangled
state of Eq. (1). Afterwards the players get assigned their starting nodes and A(B) rotate their qubit
around the y axis by an angle θAi (θBj ) that depends on the index i (j) of the site they are in. They
then measure their qubit in the computational basis and use the result to decide whether to move
clockwise (1) or anti-clockwise (0).

3This implies no loss of generality as player-symmetric strategies are a subset of player-asymmetric ones.
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1 2 3 4 5
0 1 0 1 0 1 0 1 0 1

1
0 3 5 4 4 3 5 5 4 4 5
1 5 3 4 5 5 4 3 5 4 4

2
0 4 4 3 5 4 5 4 5 3 5
1 4 5 5 3 4 4 5 3 5 4

3
0 3 5 4 4 3 5 5 4 4 5
1 5 4 5 4 5 3 4 4 5 3

4
0 5 3 4 5 5 4 3 5 4 4
1 4 5 5 3 4 4 5 3 5 4

5
0 4 4 3 5 4 5 4 5 3 5
1 5 4 5 4 5 3 4 4 5 3

Table 1: The domination table for the C5 graph where players independently decide whether to move
clockwise or anti-clockwise by flipping a coin (or examining a qubit). The number at the top of each
column represents Alice’s site, and the number at the front of each row represents Bob’s site. 0 and
1 correspond to clockwise and anti-clockwise moves, respectively.

The average domination for any two-player, single-step strategy on a cycle graph is given by110

D =
1

N2

N∑
a,b=1

1∑
n,m=0

Ca,b,n,mPa,b(n,m) (2)

where N is the number of sites on the graph, Ca,b,n,m is the domination achieved when players on sites111

a and b make moves n and m respectively, and Pa,b(n,m) is the probability that the collective move112

indexed by n,m is made when the players are initially at a, b.113

In order to find the explicit strategy that realises the optimal bounds found by Viola and Miri-114

onowicz, we can employ a similar heuristics to that used for the rendezvous problem in Ref. [11]. We115

start by creating the “domination table”, Tab. 1, which shows the domination number depending on116

the sites Alice and Bob land on and on whether they move clockwise (1) or counter-clockwise (0).4117

A random coin-flip leads to an unweighted average of all the numbers on the table (D = 4.2). The118

optimal classical strategy shown in Fig. 4 of Ref. [1] corresponds to picking a specific row (column) for119

each of Alice’s (Bob’s) possible starting sites. For instance, for the case where Alice starts on Site 1120

we pick 0 (counter-clockwise motion) and for the case where Bob starts on Site 5 we pick 1 (clockwise121

motion). This is the situation illustrated in Fig. 1a and leads to a higher average domination number122

D = 4.6. Note, however, that this means Alice’s and Bob’s moves are uncorrelated: Bob will move123

clockwise whenever he starts the game at Site 5, independently of Alice’s location. In the quantum124

game all combinations of starting sites and measurement outcomes are possible but they have different125

probabilities given by126 (
Pi,j(00) Pi,j(01)
Pi,j(10) Pi,j(11)

)
=

1

2

(
cos2

θBj −θAi
2 sin2 θ

B
j −θAi
2

sin2 θ
B
j −‘θAi

2 cos2
θBj −θAi

2

)
. (3)

Here, Pi,j(σAσB) denotes the probability of Alice’s reading being σA and Bob’s being σB (σA, σB =127

0, 1). It depends on the angles θAi and θBj which are functions of the indices i, j of their respective128

landing sites.129

Any given quantum-assisted graph-domination strategy is completely specified by the functions

θA : i 7→ θAi (4)

θB : j 7→ θBj (5)

4A similar table for a larger graph (C10) has been provided in the Appendix for illustration purposes.
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These in turn determine the probabilities in Eq. (3). With this, we can straight-forwardly obtain the130

average domination number by substituting the probabilities into Eq. (2) alongside each corresponding131

square from Tab. 1. Simplifying this equation yields:132

D5 =
1

25

{
3

5∑
i=1

cos2
(
θBi − θAi

2

)
+ 4

5∑
i=1

[
cos2

(
θBi − θA(i+1)

2

)
+ cos2

(
θBi − θA(i−1)

2

)]

+5

5∑
i=1

[
cos2

(
θBi − θA(i+2)

2

)
+ cos2

(
θBi − θA(i−2)

2

)
+ sin2

(
θAi − θBi

2

)]

+
9

2

5∑
i=1

[
cos2

(
θAi − θB(i+1)

2

)
+ cos2

(
θAi − θB(i−1)

2

)]

+
7

2

5∑
i=1

[
cos2

(
θAi − θB(i+2)

2

)
+ cos2

(
θAi − θB(i−2)

2

)]}
.

(6)

A cycle graph is periodic with a finite number of equivalent sites. To take account of this all site labels133

are written modulo nv. For example for nv = 5 if i = 4, then i− 2 = 2 and i+ 2 = 1.134

Note that, as a result of the symmetry of the graph, the graph domination number depends only135

on the differences between the measurement angles. However, Alice and Bob do not get to pick that136

difference because they do not know the site at which the other player is located. They can only pick137

their own angle using a previously-agreed strategy that is optimal on average. Therefore, an absolute138

angle has to be associated with each site, not just angle differences. From that point of view, the C5139

symmetry means there are many degenerate strategies, all of them equally successful: a constant angle140

could be added to the angle associated with every site and the resulting strategy would be equivalent.141

However, the strategies (choices of angles) used by Alice and Bob cannot be altered independently:142

the same constant angle must be added by both players.143

We have optimised numerically Eq. (6) with respect to the 10 angles θA1 , . . . θ
A
5 , θ

B
1 , . . . , θ

B
5 using

the Broyden–Fletcher–Goldfarb–Shanno algorithm [21]. The results suggest that the optimal angles
are given by

θAi = (i− 1) θ5 (7)

θBi = π + θAi (8)

where144

θ5 =
2π

5
(9)

is a fixed angle increment. We have confirmed analytically that this is indeed a maximum, and145

it coincides numerically with the previously discovered [1] bound, D ≈ 4.67361. The difference of146

π between the angles used by Bob and Alice ensures that the players spread out when they start147

together, which is desirable for graph domination. Moreover, the probabilities obtained by substituting148

Eqs. (7,8) into (3) are those given in Ref. [1] for this game.149

We now generalise (7,8) to

θAi = (i− 1) θn (10)

θBi = π + θAi . (11)

Recognizing that the structure of the domination table is invariant as a function of number of vertices150

when the players are close to each other enables us to derive a generalization of equation (6) for151

any cycle graph (nv > 3). The average domination number can be rewritten as a Fourier series by152

application of basic trigonometric identities:153

D = 6 +
1

n

(
−8 + cos(θ)− 1

2
cos(2θ)− cos(3θ)− 1

2
cos(4θ)

)

5
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+
1

n2
(− cos(θ) + cos(2θ) + 3 cos(3θ) + 2 cos(4θ)

− 2 cos((n− 4)θ)− 3 cos((n− 3)θ)− cos((n− 2)θ) + cos((n− 1)θ)) . (12)

Here, θ ≡ θA/Bi+1 − θ
A/B
i is the constant difference between the angle set by Alice/Bob when they land154

on site i+ 1 and at site i. The above expression can be written more compactly as155

Dn(θ) = λn +
n−1∑
l=1

µl cos(lθ). (13)

The constant λn and the coefficients µn can be deduced from the longer form. For convenience, they156

are given in Table 2 for the first 7 values of n. We have verified numerically that the above equation157

gives an optimal strategy for every value of n for which the bounds are known [1] i.e. 5 ≤ n ≤ 13.158

Interestingly, the angle increment is not always given by the straight-forward generalisation of (9),159

θn =
2π

n
. (14)

That expression is valid for n ≤ 10 only. For n = 11, 12, 13 we find instead160

θn =
4π

n
. (15)

The transition is illustrated in Fig. 2a which shows the optimization for n = 9, 10, 11 (for n = 10,161

both choices of the angle optimize the domination number). Beyond n = 13 the optimal domination162

numbers are not known [1]. We can, however, hypothesize that the optimal strategy is still consistent163

with Eqs. (10,11) and determine numerically the value of θ that optimizes (12). This value, multiplied164

by the number of sites on the graph, is displayed in Fig. 2b for cycles with n ≤ 37, displaying an165

interesting stepped behaviour. Analysis of equation (12) shows that the value of n at which the steps166

in nθ occur is determined by the relative phase of the terms in 1/n and those in 1/n2. n does not167

occur in the argument of the cosines in the terms in 1/n. These terms interfere, but the resulting168

wave, to a good approximation, does not change as a function of n. n does occur in some of the terms169

of order 1/n2. The wave that results from the interference of these terms does change with n. In fact170

the peaks in these terms increase in number and the lower peaks move to lower angles as a function171

of n. Each time a minimum in the 1/n2 terms passes the peak in the 1/n terms a step in the value172

of nθ at which dominance is a maximum occurs. We see that the steps will occur when n changes by173

about 6.67 and that if a step occurs at a particular value of n one will also occur at n+ 20. This can174

be thought of as the players more strongly correlating their decisions by shortening the distance the175

correlations span. This is beneficial as past a certain distance, there is no advantage in correlating176

their actions, as any combination of moves would result in maximum domination.177

The predicted performance for these optimized values of θ is shown in Fig. 3. We cannot discard178

that better strategies might be available for n > 13. The steps observed in Fig. 2b have a visible179

effect on domination. This is further illustrated by comparing the optimal quantum strategy to the180

dashed line, which shows the performance of the quantum strategy that is optimal before the first181

jump (θ = 2π
n ) when applied to larger graph sizes. Clearly, the successive shifts in player strategies as182

the number of sites increases plays a crucial role in maximising the amount of quantum advantage.183

3 Simulations184

In this section we will describe simulations of our graph-domination strategies using both classical185

and quantum processors. The former allow us to confirm convergence under ideal conditions. The186

latter allow us to verify that the predicted quantum advantages can be realised using current qubit187

technology. The modus operandi for these simulations is analogous to that used for quantum-assisted188

rendezvous in Ref. [11].189

Our simulations of graph domination strategies on the simplest non-trivial cycle graph, C5, are190

shown in Fig. 4. We observe clear convergence of the classical simulations towards the predicted191

6
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0 1 2 3 4 5
nθ
π

5.0

5.1

5.2

5.3

5.4

5.5

D

C9

C10

C11

(a)

10 20 30
n

0

2π

4π

6π

8π

10π

12π

14π

n
θ n

(b)

Figure 2: Optimization of the angle increment θ for maximising the domination number D(n, θ). (a)
Domination number as a function of the angle for n = 9, 10, 11, showing a shift in the optimal value
of θ from the one given in Eq. (9) (n = 9) to the one given in Eq. (15) (n = 11). (b) Optimal value
of θ as a function of n.

n 5 6 7 8 9 10 11

λn 85 138 203 280 369 470 583

µ1 2 5 6 7 8 9 10

µ2 −9
2 -4 −5

2 -3 −7
2 -4 −9

2

µ3 -3 -6 -6 -5 -6 -7 -8

µ4
1
2 -2 −9

2 -4 −5
2 -3 −7

2

µ5 1 -1 -3 -2 0 0

µ6 1 -1 -3 -2 0

µ7 1 -1 -3 -2

µ8 1 -1 -3

µ9 1 -1

µ10 1

Table 2: Coefficients in Eq. (13) for cycle graphs with 5 ≤ n ≤ 11.
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Best Quantum Strategy

Random Choice Strategy

Quantum Using θ = 2π
n

Figure 3: Theoretical prediction of the average domination number achieved by our optimised quantum
strategy for cycle graphs compared to a coin-tossing strategy (random choice) and to the optimal
classical strategy, when known. In each case, the domination number is given as a function of the
number n of vertices in the graph. The dashed line has been obtained by substituting (14) into (12)
and it illustrates the performance of the quantum strategy that is optimal for small graphs (n ≤ 10)
when deployed on larger graphs.
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Optimal Classical Strategy

Figure 4: Performance of optimal strategies for the graph domination game on a 5-site cycle. The
dashed lines indicate the predicted averages over many runs for the optimal classical and quantum
strategies, as indicated. The solid lines show: simulations of the optimal classical and quantum
strategies using a classical computer; and a simulation of the optimal quantum strategy using the
best found superconducting quantum processor, IBM Kyiv. The difference between the simulated and
hardware results is chiefly accounted for by gate and measurement errors, with decoherence playing a
minimal role, as discussed in Section 4.

average domination numbers, with the performance of the classical and quantum strategies clearly192

differentiated after averaging over > 1000 runs. Similar convergence behaviour was obtained for193

C6 and C7, albeit somewhat slower for larger graphs (see Figs. 6,7 in Appendix B). For the quan-194

tum simulations we used four different superconducting quantum processors, namely ibm_kyiv [22],195

ibm_marrakesh [23], ibm_brisbane [24] and ibm_fez [25], as well as, in the case of C5, one trapped-196

ions quantum processor, IONQ Aria1 [26]. The converged results for the graphs C5, C6, and C7 after197

averaging over 1020 ≈ 106 runs are shown in Fig. 5. ibm_marrakesh, ibm_brisbane, and ibm_fez198

show similar performance, with ibm_kyiv outperforming the other three. IONQ Aria1, used for C5,199

shows performance below all three superconducting quantum processors. In all cases, the experi-200

mentally obtained domination numbers are closer to the optimal quantum strategy than the classical201

one.202

To quantify the observed quantum advantage A we use the following formula [1]:203

A =
Q− C
C −R

(16)

Here Q,C, and R are the average domination numbers with the optimal quantum strategy, the op-204

timal classical strategy, and random choice, respectively. This equation can be rewritten as A =205

(Q−R)/(C −R) − 1. Thus, both strategies (classical and quantum) are compared to a random206

choice. If A = 0, both fare equally and there is no quantum advantage. More generally, if the optimal207

classical strategy represents an M -fold improvement over random choice the optimal quantum strategy208

represents and [M +A(M − 1)]-fold improvement. The achieved quantum advantages are summarised209

in Table 3. Our explorations on cloud-based quantum hardware show that most of the available quan-210

tum advantage can be realised. This is auspicious both for the possibility of realising the advantage211

in real-life scenarios and using quantum processors to simulate complex graph-domination strategies212

beyond the reach of classical computers (i.e., those involving large numbers of entangled qubits). Al-213

though the limited gate fidelities and finite qubit coherence times of the NISQ devices used here are214

sufficient to demonstrate the quantum advantage conceptually on small graphs, experimental errors are215

9

Page 9 of 19 AUTHOR SUBMITTED MANUSCRIPT - NJP-119521.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60 A

cc
ep

te
d 

M
an

us
cr

ip
t



C5 C6 C7

4.6

4.7

4.8

4.9

5.0

5.1

5.2

5.3

5.4
A

ve
ra

ge
D

om
in

at
io

n
N

u
m

b
er

C5

4.656

4.659
Quantum

Classical

Kyiv

Marrakesh

Brisbane

Fez

Aria1

Figure 5: Performance of optimal strategies for the graph domination game on 5, 6 and 7 cycle
graphs simulated on different quantum processors. The dashed line indicates the predicted average
for the optimal classical strategy and the solid line indicates the optimal quantum strategy. Coloured
bars show the average domination number obtained from 1020 ≈ 106 runs. Error bars represent one
standard deviation (see inset for scale).

C5 C6 C7

Predicted 18% 11% 20%

IBM Marrakesh 14% 7% 16%

IBM Brisbane 14% - -

IBM Fez - 5% 15%

IBM Kyiv 15% 9% 16%

IONQ Aria1 12% - -

Table 3: Predicted values of the quantum advantage A for graph domination on 5-, 6-, and 7-site
cycles compared to the values achieved after averaging over 1020 ≈ 106 runs of the simulated game
using different quantum processors.
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the limiting factor for practical applications. Moreover, current hardware is not yet field-deployable;216

quantum networking, i.e., the ability to entangle qubits in different processors, will become an essential217

capability. To this end, significant progress is underway to create room-temperature optical interfaces218

between remote trapped ions [27,28], neutral atoms [29], and color centres in diamond [30], as well as219

cryogenic links between superconducting qubits [31]. As the number of available high-quality qubits220

grows and quantum networks become more powerful, the simulation of more complex strategies will221

come within reach for experimentation.222

4 Discussion223

It is worth trying to develop an intuitive understanding of the origin of quantum advantage in our224

2-player, mobile-agent games. Since the players only learn their starting locations after they get sepa-225

rated, and at that point they can no longer communicate, it is counter-intuitive that, by manipulating226

entangled qubits, they are able to improve their level of coordination, compared to a pre-shared deter-227

ministic strategy. One way to understand this is to regard the local rotated qubit measurement as a228

way to encode local information in the shared system. This introduces correlations between the moves229

made by the each player that are informed by the local information provided by both players, even230

though the players themselves cannot retrieve that information. Ultimately, what makes this possible231

is the fact that although the maximally entangled 2-qubit state has zero global entropy, the entropy232

of each qubit, considered separately, is maximal – a property of quantum systems with no classical233

analogue.234

The gap between the predicted quantum advantage and the realised quantum advantage can be235

explained in a depolarising model, where an error would result in the execution of the random strategy,236

whereas no error would execute the optimal quantum strategy. In the case of C5, the random strategy237

and the optimal quantum strategy realise D = 4.2 and D = 4.67361, respectively. Using IBM238

Marrakesh as the middling performer from Figs. 4,5 for example, the observed domination number239

of D ≈ 4.658 is reproduced by a depolarising probability pdepol ≈ 3.3 %. The dominant mechanisms240

responsible for the suboptimal performance of the hardware are241

� decoherence due to unwanted interaction of the qubits with the environment;242

� gate errors due to imperfect implementation of quantum operations;243

� and state preparation and measurement (SPAM) errors.244

The extent of decoherence can be estimated by comparing the execution time of the quantum circuit to245

the decoherence timescales (i.e. the relaxation time T1 and dephasing time T2). Focusing again on IBM246

Marrakesh, the average qubit has T1 ∼ 179 µs and T2 ∼ 89 µs [23] setting a much longer decoherence247

timescale than the average 0.18 µs each circuit took to run. This strongly suggests that the effect of248

decoherence is negligible. To measure gate error, we model the circuit as a sequence of independent249

noisy gates with single qubit fidelities of 0.9997 [23] and two-qubit fidelity of 0.997 [23]. This results in250

approximately a 0.65 % chance for there to be a gate-induced error, thus contributing significantly to251

the overall decrease in performance on NISQ hardware. The largest contributing factor however, are252

SPAM errors. Assuming 1.337 % failure probability per qubit, [32] this leads to ≈ 2.7 % error chance,253

which represents the largest contribution to the suboptimal performance. We therefore estimate the254

total error at probability at perr ≈ 3.4 %, which is in excellent agreement with pdepol ≈ 3.3 % obtained255

above.256

In the context of quantum computing [33], the term “quantum advantage” usually refers to the time257

complexity of a problem, when compared to the best known classical algorithms. Examples of this are258

Shor’s algorithm [34] for factorisation and Grover’s algorithm [35] for searching unstructured databases.259

The quantum advantage we have found in this work is not of that type – in fact, since playing our260

game requires only two qubits, it is perfectly possible to simulate the whole game on a classical261

machine (the blue line in Fig. 4). Instead, it is an example of a different type of advantage enabled by262

entanglement; its non-local nature provides advantage in situations where communication is limited263

and correlated outcomes are targeted. The paradigmatic example is quantum cryptography [36].264
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We could call such advantages “quantum operational advantages” to distinguish them for those of265

the purely computational kind. The use of entanglement to improve the probability of success of266

coordinated moves by distant parties without exchange of signals [1,11,37,38] falls under that category.267

Non-local games provide a natural framework for modelling performance improvements in dis-268

tributed computing tasks, where players receive a local input and must produce a global output [39].269

More generally, graph theoretical frameworks are uniquely suited to analyse interconnected systems270

in a wide range of fields due to their ability to capture complex relationships. Graph domination271

problems often arise in the context of resource allocation tasks [14,15], where external factors can be272

dynamically changing. For instance, collision avoidance problems [40, 41], can be re-cast as a graph273

domination game (the problem we have tackled here is indeed closely related to collision avoidance274

on a cycle). In general, the optimal outcome cannot be achieved if real-time communication between275

the resources is impossible, restricted, unreliable, or unsafe. This issue can arise in critical infras-276

tructure networks, such as ambulances, military units, and electrical power distribution grids. Using277

quantum resources, the communication requirements can be reduced [42,43] and, on graphs, nonlocal278

correlations appear to create the ‘telepathic’ ability that coordinates movements, improving the aver-279

age payoff. Recently, the theory of quantum non-local games has been generalised to the case where280

communication is not impossible but suffers from high latency which is relevant to real-world applica-281

tions including high frequency trading, distributed computing, computer architecture, and distributed282

control systems [44].283

Our work connects to a broader line of results on coordinating mobile agents [11,37,38], including284

rendezvous games where a quantum advantage was first identified by Mironowicz [38] and demon-285

strated on real NISQ hardware in Ref. [11]. These belong to the family of cooperative non-local games286

(players receive private inputs and cannot communicate) in which entanglement improves perfor-287

mance [7]. By contrast, quantum strategic-form games consider complete-information, simultaneous-288

move settings [45], with the classic quantum Prisoner’s Dilemma [5] and, more recently, the quantum289

Volunteer’s Dilemma [6] providing canonical examples featuring a tension between cooperative and290

selfish incentives. Some games are cooperative in objective yet strategic-form in structure—such as291

the Kolkata Restaurant Problem [46]—and thus bridge these two perspectives.292

5 Conclusions and outlook293

In conclusion, we have identified explicit strategies that realise a quantum operational advantage294

for mobile agents attempting to dominate circular graphs of arbitrary size, and reproduced them295

successfully on NISQ hardware.296

There is a rich outlook for the further development of this topic from the point of view of possible297

applications. In networked settings, quantum strategies can often be embedded into existing classical298

protocols to yield measurable advantages in situations where communication is constrained. Entan-299

glement distribution is a key network resource [47–49]; the non-local, cooperative games studied here300

provide primitives for leveraging that resource under minimal signalling. More broadly, the operational301

research literature [50] offers real-world problems amenable to game-theoretic treatments, including302

collision avoidance [40, 41, 51], facility location [14], and related coverage tasks [15], all of which map303

naturally to domination on graphs.304

The techniques presented here invite extensions to non-circular graphs (including mixed degree)305

and to games involving more than two players.306

The extension to higher-degree (including mixed-degree) graphs is a fertile area for further devel-307

opment. For a graph consisting of only degree D vertices, each player will need log2(D) qubits. For308

mixed degree graphs, in order to split options evenly regardless of the degree of the vertex the player309

is on, log2 [LCM (D1, D2, · · · , Dn)] qubits will be needed per player, where n is the total number of310

vertices, Dj is the degree of the jth vertex, and LCM stands for the least common multiple (LCM).311

Another way to generalise our approach, in the case of more than two players, is to use a multi-312

partite state, such as a Greenberger-Horne-Zeilinger (GHZ) state [52] or W state [53]. In this arrange-313

ment, each player still controls only one qubit. Alternatively, players could hold more than one qubit,314

each providing pairwise entanglement with one of the qubits held by another player. This approach315
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would require more qubits and necessitate novel strategies to be developed, but would maximise the316

correlations between any pair of players due to monogamy of entanglement [54].317
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A C10 Domination Table469

1 2 3 4 5 6 7 8 9 10
0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

1
0 3 5 4 6 5 6 6 6 6 6 6 6 6 5 6 4 5 3 4 4
1 5 3 4 4 3 5 4 6 5 6 6 6 6 6 6 6 6 5 6 4

2
0 4 4 3 5 4 6 5 6 6 6 6 6 6 6 6 5 6 4 5 3
1 6 4 5 3 4 4 3 5 4 6 5 6 6 6 6 6 6 6 6 5

3
0 5 3 4 4 3 5 4 6 5 6 6 6 6 6 6 6 6 5 6 4
1 6 5 6 4 5 3 4 4 3 5 4 6 5 6 6 6 6 6 6 6

4
0 6 4 5 3 4 4 3 5 4 6 5 6 6 6 6 6 6 6 6 5
1 6 6 6 5 6 4 5 3 4 4 3 5 4 6 5 6 6 6 6 6

5
0 6 5 6 4 5 3 4 4 3 5 4 6 5 6 6 6 6 6 6 6
1 6 6 6 6 6 5 6 4 5 3 4 4 3 5 4 6 5 6 6 6

6
0 6 6 6 5 6 4 5 3 4 4 3 5 4 6 5 6 6 6 6 6
1 6 6 6 6 6 6 6 5 6 4 5 3 4 4 3 5 4 6 5 6

7
0 6 6 6 6 6 5 6 4 5 3 4 4 3 5 4 6 5 6 6 6
1 5 6 6 6 6 6 6 6 6 5 6 4 5 3 4 4 3 5 4 6

8
0 6 6 6 6 6 6 6 5 6 4 5 3 4 4 3 5 4 6 5 6
1 4 6 5 6 6 6 6 6 6 6 6 5 6 4 5 3 4 4 3 5

9
0 5 6 6 6 6 6 6 6 6 5 6 4 5 3 4 4 3 5 4 6
1 3 5 4 6 5 6 6 6 6 6 6 6 6 5 6 4 5 3 4 4

10
0 4 6 5 6 6 6 6 6 6 6 6 5 6 4 5 3 4 4 3 5
1 4 4 3 5 4 6 5 6 6 6 6 6 6 6 6 5 6 4 5 3

Table 4: The domination table for the cycle 10 graph where players independently decide whether to
move clockwise or anti-clockwise by flipping a coin (or examining a qubit). The number at the top of
each column represents Alice’s site, and the number at the front of each row represents Bob’s site

B C6 and C7 convergence plots470
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Figure 6: Performance of optimal strategies for the graph domination game on a 6-site cycle. The
dashed lines indicate the predicted averages over many runs for the optimal classical and quantum
strategies, as indicated. The solid lines show: simulations of the optimal classical and quantum
strategies using a classical computer; and a simulation of the optimal quantum strategy using the best
found superconducting quantum processor, IBM Kyiv.
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Figure 7: Performance of optimal strategies for the graph domination game on a 7-site cycle. The
dashed lines indicate the predicted averages over many runs for the optimal classical and quantum
strategies, as indicated. The solid lines show: simulations of the optimal classical and quantum
strategies using a classical computer; and a simulation of the optimal quantum strategy using the best
found superconducting quantum processor, IBM Kyiv.
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