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Design of dual beam Reflectarrays and RIS using a
sawtooth phase variation

Paul R. Young and Peter Callaghan

Abstract— A sawtooth phase function is proposed to assist in the
design of dual beam reflectarray antennas and reconfigurable
intelligent surfaces (RIS). By using Fourier analysis, simple
design equations have been determined for the calculation of
element phases for both wanted beam directions and beam
amplitudes. A reflectarray surface with beams at +20° and -40°
and relative beam amplitudes of 0 dB and -5 dB is investigated.
Measurement and simulations from CST agree well with the
design theory.

Index Terms— Reflectarrays, metasurfaces, passive repeater,
beam steering, reconfigurable intelligent surfaces

I. INTRODUCTION

EFLECTARRAY SURFACES (RAS) form the basis

of reflectarray antennas (RA) [1], replacing a curved

reflector with a simple flat design. One area of
growing interest is in the design of multi-beam antennas
generating more than one beam. Basic design approaches use
‘direct design’ methods of geometrical aperture sharing
(physically separate reflectors) or by superposition (SP) of
aperture fields. Direct design methods have been shown to
have significant limitations [2]. Superposition of fields can be
accurate but requires both magnitude and phase so cannot be
represented by a RAS with phase only, except for in a few
special cases [3]. The usual approach requires ‘indirect’ design
methods based on numerical optimization techniques. These
can provide accurate patterns with an example of a quad beam
pattern in [4] generated by a particle swarm optimizer (PSO).
More recently optimization techniques [S] have been
developed further for contoured beam RA using machine
learning techniques based upon a ‘unit cell’ approximation.
For faster computation the use of ‘digital twins’ has been
proposed [6].

In recent years an emphasis has been placed on increasing
channel capacity for 5G/6G services by use of dual-beam
antenna designs. This may be achieved using physically
separate beams, using frequency [7], hybrid designs
integrating a reflectarray onto the surface of an active array
[8], controlling left-hand and right-hand phases independently
in circularly polarized antennas [9-11], multi-mode
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transmittarray elements
reflectarrays [13].

From a system point of view, channel capacity can also be
increased by the use of RAS [18] acting as a passive ‘smart
skins’ (SS) or, using electronic control, as reconfigurable
intelligent surfaces (RIS) [14][15]. The optimization
techniques of [5, 6] have been used for the design of smart
skins producing dual beam and shaped beams [16-17]. For
real-time operation of an RIS rapid calculation of the element
phases will be needed [18] to achieve switching times below
the transmission time intervals (TTIs) (1 ms for modern
systems but future systems looking for less than 100 ps). As
such a closed form expression (CFE) is needed (e.g. [19] used
to create a flat-topped beam). Current research suggests using
1-bit or 2-bit digital RIS that may not model the CFE and then
a ‘look-up’ table of elements will need to be created [18]. In
this respect, the CFE can provide a better starting point.

Using the optimization approach to synthesize phases for a
dual-beam linear array, the authors noticed the optimized
values closely resembled a sawtooth function impressed on the
nominal linear phase slope. As such, use of a sawtooth
function as a closed form expression to design dual beam RAS
is investigated here. In Section II we demonstrate the potential
of a sawtooth phase function by comparison against the
superposition approach. In section III Fourier analysis is used
to derive some simple design equations that would suit rapid
calculations for RIS. Section IV summarizes with the practical
design of a RAS to evaluate the performance of a dual-beam
pattern generated by this sawtooth phase function.

[12] and hybrid transmittarray/

II. DUAL BEAMS GENERATED BY A SAWTOOTH PHASE

It is well known [20] that the co-polarized far field pattern,
in the x-z plane, from a linearly polarized aperture in the x-y
plane is given by

F(u)= [ f(X)e" ™ dx (1)

where f(X) is the field in the aperture, assumed to vary only in
the x-direction. The normalized distance is X =x/A and u is
related to the angle in the x-z plane, 0, by u = sin(0). For the
superposition (SP) approach [1] two waves, travelling at
angles 0y and 0, are assumed, resulting in a magnitude and
phase variation f{X) across the aperture with the far field
pattern determined from equation (1). An example of this is
shown in Fig. 1 where a 99 mm wide aperture operating at 28
GHz is shown generating dual beams at 6p= 30° and 0; = -55°
with the beam at 0; being 5 dB lower than that at 6o, with the
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total energy normalized to unity. The beams are formed in the
same plane as the aperture, i.e. beam steering in a single plane
(linear array). (Note this can readily be transformed to beams
in arbitrary directions by applying suitable geometric
transformations, that is tilt the plane containing the beams
with respect to the XOZ and then rotate around the z-axis).
Since different amplitudes are required for the two beams both
magnitude and phase variation are needed across the aperture,
SP(¢) and SP(mag) in Fig 1(a). For reflectarray antennas and
RIS only phase variation can be used and therefore this
approach is not valid. If only the phase of the SP approach is
used, with the magnitude set to 1, then the beam directions are
maintained but there is a significant difference in the relative
lobe amplitudes, see Fig 1(b). Phases can be found using
numerical optimization that compensate for the lack of field
magnitude variation required by a reflectarray design. Such
optimized phases can be approximated as a linear phase slope
(i.e. main beam at 30°) with a secondary sawtooth function
imposed (i.e. second beam at -55°). This sawtooth phase
function (Saw(¢)) is plotted in Fig. 1(a) - together with the
nominal linear phase slope. The resulting pattern agrees well
with the wanted patterns. For interest, the sawtooth phase is
also plotted for a phase range of -180° to 180° to compare to
the SP phase, illustrating the non-linearity in the SP phase to
compensate for the magnitude variation.

III. FOURIER ANALYSIS FOR A SAWTOOTH PHASE FUNCTION

In this section the analytical solution of equation (1) is
given for the sawtooth phase function resulting in simple
design formula for both the amplitude and direction of both
beams. The analysis begins by finding the Fourier series
representation of a continuously periodic sawtooth phase
function, ¢(X), as illustrated in Fig. 2(a). Here the phase has a
peak variation, @, and a normalized period, X;. From Fig 2(a),
the periodic phase function is ¢p(X) = (Oy/X5)X for | X |<X,/2,
and hence the field in the aperture is

f(X+nX)=f(X)=e*" 2
for integer n. The complex Fourier series of (2) is given by
f(X) — Z Cnej2m'cX/X‘ (3)
where
C, =sinc (—(D“' —22nnj @)

By adding a continuous linear phase of slope -kosin0y to the
periodic phase function, equations (1), (3) and (4) yield

Fu) = Z jc em{u bm%*i]xdx
= ©

= Z C,8(u—sin®, +n/ Xs)
where 0y is the required direction of the main beam and d(x) is
the Dirac delta function. Use of the shift property of the
Fourier transform [21] has been used in deriving (5).

Equation (5) represents waves of amplitude C, in directions
u =sin 0 - n/X; (where only values for |u|<1 are in real
space). We see from (5) that the direction of the beams are
controlled by the period, X;, of the sawtooth phase function
(together with the continuous linear phase slope) and from (4)
the amplitude is controlled by the maximum phase variation,
@,. The values of C, are plotted as a function of @y, in Fig.
2(b). As @y, increases, the amplitude of Cy decreases, with the
other Fourier harmonics increasing. These Fourier harmonics
relate to beams in different directions. For 0 < ®; < 2w, only
the first Fourier harmonic, Ci, has a magnitude comparable to
Co. Therefore, by carefully choosing @, the relative
magnitude of this first harmonic can be controlled, resulting in
a second beam. If we define 4; as the ratio of the first to main
beam amplitude, 4, = Ci/Cy, then using (4) gives:

_ ZTCAS
o1+ 4,

This allows the relative amplitude of the secondary to the
main beam to be set by calculating @;, for a required A,. The
other Fourier harmonics will also contribute to the pattern but
are mostly much lower amplitudes and/or not in real space.
However, as is seen in section IV these harmonics may end up
as unwanted sidelobes when the surface is implemented as a
periodic array of elements. The directions of the two beams
are at O (main beam) for » = 0 and at 0; (secondary beam), for
sin Op -1/X;. Hence, X; can be

(6)

n=1 where u=sin6; =
calculated from:
X, =(sin@, —sin®,)" (7)

Equations (6) and (7), together with the linear phase, give
control over the directions and relative magnitudes of the two
beams, allowing a very simple design procedure to be
followed. In a practical implementation, the surface will be
finite, with a normalized width D. Including this with the
phase function of (1) (i.e. limiting the integral to + D/2) and
using [21] leads to:

Fy(u)=D)_ C,sinc(nD(u—sin6,+n/Xs))  (8)

F>(u) is the pattern for an aperture with a continuous phase
variation. For implementation by a reflectarray surface the
phase is synthesized by an array of N elements spaced by a
normalized distance d/A where D= Nd/A. This can be
modelled using a sampling function represented by a Dirac
comb with spacings of X = md/k This has a Fourier transform:

Fyw == Z s ( ”jj ©)
where
_{—1 for N even

1 for N odd

The A™ term is required since for even N the array elements
are offset by d/(2A). Convolving equation (8) and (9) gives the
field for a finite sized reflectarray having a sawtooth phase
function:

ﬂ(u)—%i Zw: CA'”smc[ [ —sin6, +?+—D (10)

—0 -0 K
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IV. APPLICATION OF SAWTOOTH PHASE IN REFLECTARRAY
SURFACE DESIGN

The applicability of this sawtooth phase function is
investigated by a practical design. A 99 mm by 99 mm RAS is
to provide dual beams at 6p=20° and 6;=-40° at 28 GHz,
assuming a normally incident plane wave. For illustration, two
designs are considered with the beam amplitude ratios, 4, at
0 dB and -5 dB. An element spacing of 4.5 mm was chosen, to
be less than A/2. The nominal phase slope is 51.7° per element
(for 6p=20°), with a sawtooth period, x, = AX;, of 10.84 mm
from (7) to achieve the second beam angle. From (6) the
sawtooth peak phases, @, are m for 4,=0 dB and 0.83n for
Ag=-5dB. For illustration these values are highlighted in
Fig. 2(b), indicating the actual values for C;and C).

The resulting pattern for this sawtooth function design is
complex, but as F3(u) is equivalent to calculating (1) using
phases from (6) and (7), essentially the ‘Array Factor’ (AF), it
is informative to plot (10) in stages as shown in Fig. 3.
Inspection of (10) shows F3(u) is constructed by a set of
continuous phase spectra, i.e. F»>(u) of equation (8) offset by
the ‘sampling’ period mA/d. In Fig. 3 the terms in the series
over m, for values of m =-1, 0 and +1, have been plotted in
conjunction with the combined spectrum, Fi(u). Fig. 3(b),
where m = 0, is in fact the pattern that would be generated if
there was a continuous phase variation across the aperture.
From the Fourier series, a number of ‘harmonics’ generate
beams at corresponding directions in u. Only two of these
appear in visible space (ju[<l), the two desired beams at
00=20° and 0;=-40°. From equation (10) it is possible for
other harmonics to fall inside visible space depending upon
the value of ®;. Although the amplitude of these terms (from
equation 4) will be low, and may be acceptable. However, for
the RAS design, formed from an array of elements, additional
terms are generated by the ‘sampling’ process, such that
higher order lobes can now be shifted into real-space as
indicated in Fig. 3. The arrows trace lobes in m =-1 and m =1
that contribute to the complete pattern F3(u). These shifted
lobes may or may not increase the sidelobe levels, depending
on how they combine.

To confirm the results experimental RAS were
manufactured using a ‘Phoenix’ printed element [22] as
illustrated in Fig. 4. For this arrangement the pattern is formed
in the x-z plane. For a low-cost design a sandwich structure,
Fig. 4(c), has been used. This has, potentially, half the cost of
a solid PTFE based microwave substrate as in [19]. Here the
elements were etched onto dielectric D1 (0.125 mm GTS5500
polyester film with &= 2.8 and tand = 0.008), spaced from a
metallic ground plane by spacer D3 (3 mm Rohacell 51HF
Foam with & =1.067 and tand=0.0041). To bond the
structure, two layers of 3M 9088-200 0.2 mm thickness double
coated acrylic tape (&~ 3.0 and tan & ~ 0.02) were used (D2 &
D4). Fig. 4(a) illustrates the complete RAS, with the details of
the Phoenix element in Fig. 4(b). The element length L, is
adjusted to give the required phase with the two different
designs compared in Fig. 4(d). It is seen only very subtle
differences lead to the 5 dB difference in the relative beam
amplitudes.

The designs were simulated in CST MWS and prototypes
measured in the lab (using the same method as in [19,23]).
The pattern, F3(u), does not include the effect of the element
factor. By multiplying equation (10) by an element factor (EF)
of cos™® (suggested by [24]) close agreement between
equation (10) and CST is seen in Fig. 5 for the 4~-5dB
design. For comparison the bistatic radar cross section (BRCS)
pattern achieved using MATLAB’s PSO is included in Fig. 5,
demonstrating that the sidelobes may be reduced further,
although not meeting the design template (spec) 100%.
However, the PSO calculation of the phases took 58 s
compared to 16 ps using (2), demonstrating the potential for
real-time calculation in RIS applications. The measured
patterns compare well to CST in Fig. 5. Overall, there is good
agreement, even with much of the sidelobe details.

The element factor impacts the amplitudes of each peak
separately such that, for a desired beam ratio, A, the design
value in (6) has to be corrected. To illustrate, simulations are
presented in Fig. 6 for a design having 4,=-3dB, 0o=30°
with varying 0, from -70° to +70°. Using CST and the AF, the
calculated peak values for the fixed beam, 6o=30°, and the
ratio of the two beam amplitudes, 4, are plotted against 0.
Note for 8;=30° there is a single beam having a peak of -
1.3 dBm?, not 0 dB, due to the EF. As 0, increases in value the
peak of the 6y beam needs to be reduced to compensate for the
EF effect. This indicates limited applicability for 8, > 60°, as
expected for broadside arrays. However, this maintains the As,
plotted in Fig. 6, to within 1 dB. Again, simulations from CST
agree well with the AF.

V. CONCLUSION

Use of a sawtooth phase function has provided simple
closed form expressions for the design of a dual-beam
reflectarray surfaces. Such calculations may lead to real-time
beam steering desired in systems such as RIS. Fourier analysis
also explains the generation of unwanted sidelobes that may
be a limitation in this approach.
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Fig. 4: Details of Prototype RAS
(a) Overall view (b) Details of Phoenix element d = 4.5mm,
Wo =0.2 mm, Wr=0.2 mm, Wi= 0.8 (c) Profile of structure
(d) comparison of designs for A;=0 dB and -5 dB
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Fig. 5. Normalized (BRCS) patterns in the x-z plane for
‘prototype’ at 28 GHz, Ex with 0= 20°, 0, =-40°, 4,=-5dB.
Comparing CST simulation to measurement, AF (plus element
Factor using equation (10) with n=m=-6...6) and AF further
optimised using a PSO. Shaded areas indicate the template
used for the PSO (desired pattern).
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Fig. 6. Beam magnitudes in the x-z plane at 28 GHz, Ex.
0o fixed at 30° with a design target of A;=-3 dB. Second
beam, 0,, varied -70° to +70°.



