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The main topic of this thesis centres around the dimension spectrum of contin-
ued fractions expansions and the use of the spectral theory of Perron-Frobenius
operators in this context. The study of the dimension spectrum of iterated
function systems has a long history going back to the famous Texan conjec-
ture, which asserts that the dimension spectrum of the iterated function system
© = {0,: n € N}, where 0,(z) = -, is full, i.e., for each 0 < s < 1, there is

an F' C N such that dimy(Jr) = s. Here Jp is the collection of all irrationals

x € (0,1) whose continued expansion digits belong to F', so

Jp =A{x = [a1,a9,as,...]: a; € F,i € N} C[0,1].

This conjecture was settled by Kessebohmer and Zhu in [30]. Later, other inter-
esting iterated function systems were shown to have a full dimension spectrum,
including, reverse continued fractions expansions [18] and complex continued
fractions expansions [8]. Since then, the structure of the dimension spectrum
DS(0) has been studied for various classes of iterated function systems, see
[7, 8, 10, 19, 29]. Among other results it was shown [8] that, the dimension
spectrum of a conformal iterated function system is a compact and perfect set.

Recently the dimension spectrum of infinite subsystems 04 = {6,: n € A}
of © has been investigated by Chousionis, Leykekhman and Urbanski in |7, 8] for
different subsets A C N. In particular, they considered the set of powers P, =
{¢": n € N}, ¢ > 2 and asked among other questions if it has a full dimension.
We give an affirmative answer to their question in Chapter 4. A significant part
of this thesis is devoted to answering open questions and extending results from
[7].

It is well known that the Hausdorff dimension of the invariant set of a sub-
system of © can be analysed using Perron-Frobenius operators, see |7, 8, 16,
17, 20, 21, 23-25, 28, 39]. Interestingly, some of the properties of the dimension

spectrum such as compactness and perfectness can be studied and analysed at
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a purely operator-theoretical level, by considering the spectrum of a family of
Perron-Frobenius type operators, without having to make a direct reference to
the dimension spectrum of the iterated function. One objective of this thesis is
to establish this observation.

The structure of the thesis will be as follows: In Chapter 1, we recall the rel-
evant theory of general iterated function systems and summarise known results
on the dimension spectrum.

In Chapter 2, we analyse Perron-Frobenius operators and introduce the no-
tion of dimension spectrum of a class of Perron-Frobenius operators. We prove
a new result Theorem 2.30 showing that, in general, the dimension spectrum of
these classes of Perron-Frobenius operators is a compact and perfect set, and we
relate this result to existing results in the literature concerning the dimension
spectrum of iterated function systems.

In Chapter 3, we recall the connection between the Hausdorff dimension of
invariant sets and Perron-Frobeinus operators, and the computational methods
of Falk and Nussbaum [16, 17| to find rigorous estimates for the Hausdorff
dimension of continued fraction expansions. We will also present some new
ways of estimating the Hausdorff dimensions for certain families of continued
fraction expansions, see Theorem 3.6.

Chapter 4 is devoted to the study of concrete infinite subsystems of contin-
ued fraction expansions and extending the results from |7] by using the theory
developed in Chapter 2 to analyse the dimension spectrum. We prove that the
set of powers P, = {¢": n € N} has a full dimension spectrum for ¢ > 2, see
Theorem 4.1, answering a question of Chousionis, Leykekhman and Urbariski
[7]. In contrast, in Theorem 4.3, we show that the dimension spectrum of
Py = {¢":n € N} U {1} has infinitely many gaps and regions where it is
nowhere dense. We also investigate the case where the infinite subsystem is
generated by monomials, M, = {n?: n € N}, see Theorem 4.4. For these sets,

we show that the dimension spectrum of M, is, in general, a finite union of



disjoint closed intervals. In particular, we show that it is full, that is, consists
of a single closed interval, for ¢ € {1,2,3,4,5}. It consists of two intervals for
q € {6,7,8}, three intervals for ¢ € {9,10, 11, 12} and four intervals for ¢ = 19,
see Theorem 4.4. We also study the case where A = {2?": n € N}, and prove
that its dimension spectrum is a nowhere dense set, Theorem 4.6. Most of these
results are written up in [6].

Finally, in Chapter 5, we revisit the set P}, and provide some partial results
towards obtaining a complete understanding of its dimension spectrum. We

also present several open problems that lie beyond the scope of our methods.
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Chapter 1

Iterated Function Systems

The study of iterated function systems gained popularity in the analysis of sets
or solid objects whose shapes are extremely irregular yet exhibit self-similar
patterns at arbitrarily small scales. Such sets are called fractals, a name coined
by Mandelbrot [31]. These sets usually have a non-integral Hausdorff dimension;
see for instance |2, 6-10, 12, 14, 20, 23-25, 28, 29, 32, 33, 39, 41-43].

The focus of this thesis is on the Hausdorff dimension of sets of continued
fractions expansions. These sets can be described as invariant sets of iterated
function systems. In this chapter we will recall some of the basic theory of
iterated function systems that is relevant for this thesis. Many of the results
can be found in Falconer’s books [12, 13| and in the works by Mauldin and
Urbanski [32-34].

1.1 Hausdorff Dimension and Hausdorff Measure

Let (X, p) be a compact metric space. A d-cover of A C X is a countable

collection {Ay, C X: k € I'} such that

AC UAk and diam(Ay) < 6 for each k € I,

kel
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where diam(B) denotes the diameter of B, i.e.,
diam(B) = sup{p(z,y): =,y € B}.
For s > 0 and 6 > 0, let

H;(A) = inf {Z(diam(Ak))S: {Ag: k € I} is a d-cover of A} .

kel

If 6; < 9, then every d;-cover is also a dq-cover, so Hj is decreasing in 0. We
define
H*(A) = sup{H5(A): 0 >0} = (lsin(l) Hi(A).
—

This defines an outer measure called the s-dimensional Hausdorff measure of

A.

If {Ag: k € I} is a d-cover of A, then for ¢ > s we have

D (diam(Ag))" < 67 ) “(diam(Ay))*.

kel kel

Taking the infimum gives HEi(A) < 8" *H3;(A), and letting 6 — 0 shows that if
H(A) < oo, then H'(A) = 0.

Thus, there is a critical value of s at which the Hausdorff measure jumps
from oo to 0 which is called the Hausdorff dimension of A, denoted by dimy, (A),

see [12| for more details on the Hausdorff measure. Formally
dimy(A) =inf {s > 0: H*(A) =0} =sup{s > 0: H*(A) = o0}.

Therefore,

oo if s < dimy(A),
H*(A) =
0 if s > dimy(A).
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It is straightforward to verify that dimy () = 0. For s = dimy/(A), the value of
H?*(A) may be infinite, finite and positive, or zero.

Computing the Hausdorff dimension is generally difficult, both theoretically
and computationally. Unlike classical measures, the Hausdorff measure involves
covering a set with arbitrarily small subsets and taking a limit, which rarely
simplifies. Considerable work has been done on computing the Hausdorff di-
mension of various sets; see for instance [5, 13, 17, 20, 24, 25, 28]. For this

thesis [17, 25| are particularly relevant.

1.2 Hausdorff Metric

Let (X, p) be a compact metric space. If A C X is non-empty and compact,

and y € X, define the distance from y to the set A as

ply, A) = inf{p(y, x): x € A}.

If A, B C X are non-empty and compact, the distance from A to B is given by

D(A, B) = sup{p(a, B): a € A}.

Note that D(A, B) and D(B, A) are not necessarily equal. The Hausdorff dis-

tance between A and B is then given by

pu(A, B) = max{D(A, B), D(B, A)}.

This defines a metric on the collection H(X) of all non-empty compact subsets
of X. In fact, (H(X),py) is a complete metric space; see for instance |36,

Chapter 7, Exercise 7].
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1.3 Iterated Function Systems and Invariant Sets

Let (X, p) be a compact metric space. A map 6: X — X is called a contraction

if there exists ¢ € (0,1) such that
p(0(z),0(y)) < cp(x,y) forall v,y € X.

If equality holds for all x,y € X, i.e.,

p(0(x),0(y)) = cp(x,y),

then 6 is called a similarity map or a similitude.
Let £ C N, with |E| > 2 and (X, p) be a compact metric space. Consider a

collection of injective maps
Op={0.: X = X|acE),
and suppose that there exists a ¢ € (0, 1) such that
p(0a(x),0,(y)) <cp(x,y), forall z,y€ X, andalla € FE. (1.1)

Such a collection is called an iterated function system (IFS).
We will simply write O to denote an IFS. If £ is finite i.e., |E| < oo, then
OF is a finite IF'S, otherwise it is an infinite IF'S.

Let O be a finite IFS. Define the Hutchinson map 6 : H(X) — H(X) by

0(A) = ] 0a(4), AcH(X). (1.2)

acl

Hutchinson [25] showed that € is a contraction on (H(X), py) with the same
contraction factor as the one for ©. To see this let A, B € H(X), so 0,(A)

and 0,(B) are compact. Since E is finite, the unions §(A) and 0(B) are also
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compact. Let py(A,B) < . For o« € E and x € A, since py(A,B) < it

follows that there exists a y € B such that p(x,y) < 4. Thus

p(0a(2), 0aly)) < cplz,y) < 6.

This shows that U,cpf.(A) = 6(A) is contained in a cd-neighbourhood of
0(B). Using a similar argument one deduces that §(B) is contained in a cd-
neighbourhood of §(A). This implies that py(0(A),0(B)) < ¢d. Since this holds
for all §, we have that py(0(A),0(B)) < cpu(A, B). Thus, 0 is a contraction
map on a complete metric space H(X).
By Banach’s contraction mapping theorem, 6 has a unique fixed point C' €
H(X), which satisfies
C=0(C) = 6a(0). (1.3)

acl

Moreover, for any A € H(X)

im ¢"(4) = C. (1.4)

This set C' is called the invariant set or attractor of the IFS Of.

If ©F is an infinite IFS, define 6: H(X) — H(X) by

0(A) = | 0a(4), AcH(X).
ack
Then 6 is still a contraction and there exist a unique set C' such that
C =[] 6.(C)
ackE
There exists an alternative way to define the invariant set. Let

Ey=E" E.=|JBE and E,=E"

keN
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For w = (wy,ws,...,wn) € E,, the length of w is denoted by |w| = m. If
w € Fy, then |w| = o00. Let k € Nand w € E, U Ey. If |w| > k, w|x denotes

the prefix consisting of the first k& terms of w. Define

Using (1.1) we have that,
diam (6, (X)) < ¢ diam(X). (1.5)
Observe that if w € F, then

Oulr (X) C O, (X) for each k € N,

W\k+1

80 (0, (X))ren is a decreasing sequence of subsets of X. Since X is non-
empty and compact, (6, (X))ren is a sequence of non-empty compact sets
with diameters tending to zero by (1.5). Hence the intersection of the collection
{0, (X): k € N} consists of a single point. Thus we can define the coding map

as follows. For w € F,, define

m(w) = ()0 (X) (1.6)
keN
so m: Fo — X is a well-defined map. The main set of interest is defined as
Je=m(Ex) = |J [)0u.(X). (1.7)

w€E~ keEN

For w,7 € E, let |w A 7| denote the length of the initial segment common
to both w and 7. If w; # 7, then |w A 7| = 0, otherwise w; = 7; for all

0 <i < |wAT|. Define dp(w,7) = ™I, Then (E,dg) is a metric space.

Lemma 1.1. If E is finite, then (Ew,dg) is a compact metric space.
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Proof. Let (w®)) _ be a sequence in E, where w*) = (wik), wgk), ...). We wish

keN
to show that (w(k)) rey D1as a convergent subsequence.

Since |F| is finite, we know there exists a; € E such that w§’“i) = ay for

P : (k)Y (k) (k) _
infinitely many . Extract a subsequence (w;"’);en of (w )iGN such that w, "’ =

1
aq for all 7 € N. Next we know that there exists as € E such that w;ki) = ay

for infinitely many 7. Extract a subsequence (w(kiz )> of (w(kil )> such that
ieN ieN

2
wéki) = ay for all i. Repeating this process gives for eachm € Nan a,, € F and a

))ien such that (wf“m, o 7%(7’;{”))

m—1

subsequence (w*")._ of (w®i =(ay...an).

iEN
Let @ be a word in E., such that @|,, = (a1, as, ..., a,) for all m. The sequence

(w*));en is a subsequence of (w™)zen by construction and for all i we have

that w®)|, = (ay,as, ..., a;). It follows that w®) — @ as i — oco. Indeed, given

e > 0, choose N € N such that e™ < e. If i > N, then |w(k3) ANw|>1i> N so

dg(w*) @) <e N <. O

By using (1.5), 7 is a continuous map from (E,dg) to (X,p). Now let

0: Esc — E be a shift map defined by
o(w) = wows ... for each w € E,.

We write aw = awqws . . ., i.e. it is the word formed by concatenating o € E' to

w. Note that 0,(7(w)) = m(aw), and 7(w) = 0, (7(c(w))).
Lemma 1.2. Let E be finite and Jg be as defined in (1.7). Then Jg satisfies,
JE - U Ha(JE)
acl

Proof. Let x € Jg. Then by definition of Jg in (1.7), there exists w € E4 such
that m(w) = z. So,

r=m(w) = b, (1(0(w))).
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Thus, z € 6,,(Jg) and hence x € |J 0,(Jg). For the reverse inclusion, if
acFE

x € J0.(Jg), then z € 0,(Jg) for some a € E, so there exists y € Jg such
aclE

that z = 0,(y). Since y € Jg, there exists an w € F, such that 7(w) = y. Now

T =0,(y) =b,(r(w)) = 7(aw) € Jg,

therefore x € Jg, proving the result. n

Remark 1.3. Observe that Jg coincides with the unique invariant set C' from

(1.3) of the IFS Op.

It suffices to show that Jg € H(X) as C' is the unique fixed point in (1.3).
Indeed, (Fw,ds) is a compact metric space using Lemma 1.1, and the map
7 By — X is continuous so it follows that 7(E.,) = Jg is compact.

An important class of IFS which was studied by Hutchinson [25] and Falconer

[15], and many others are affine IFS.

Example 1.4 (Affinities). Consider maps of the form

Oi(x) =Rix+b, v€ X, i€k (1.8)

Here X C R", and R; is an n X n non-singular transformation matrix and
r(RTR;) < 1, where r(A) denotes the spectral radius of A. Then Of is an
affine IF'S.

If in addition, R; = a;T; for an n x n orthogonal transformation matrix T;
so T7T; = I,,, the n x n identity matrix, then ©f is an affine IF'S consisting of
similitudes. If X C R, then R; = +1 and q; is the similitude ratio. Note that
the assumption that 7(RY R;) < 1 ensures that ©p consist of contraction maps.

An interesting example in R is given by
ozt

0;(x) o rel0,1] fori=0,...m—1.
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Note that a; = m™" for all : € E. If we take E C {1,...m — 1}, then the
invariant set of this IFS is the collection of all number x € [0, 1] whose base m

expansion only contains digits in E.

The analysis of the Hausdorff dimension of an invariant set of an IFS O is
often complicated if the components {6,(C): o € E} overlap. As a result, one
often makes assumptions on separation conditions.

An IFS O with invariant set C is said to satisfy the open set condition

(OSC) if there exists an open set U C X such that

U QQ(U) g U7

acl

and 0, (U)NOs(U) = 0 for o, B € E with o # (. In addition, if CNU # (), then
Op satisfies the strong open set condition (SOSC).
In Example 1.4, the translation b; can be chosen such that the IFS satisfies

the OSC. For example

0;(x) = x+ - rel0,1] ieN.

If U = (0,1), then

11
6:(U) = <i+1’§) cv

and these sets are disjoint. Therefore {;: ¢ € N} is an IFS consisting of simil-
itudes that satisfies the OSC. In fact it satisfies the SOSC as C' = [0,1] so
cCnNnU=U.

Methods for computing the Hausdorff dimension of invariant sets of IFS
go back to Moran [35], who showed that if X C R" and © = {6;: X — X |

i =1,...,k} is an IFS consisting of similitudes satisfying the OSC, then the
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Hausdorff dimension of the invariant set is the unique value of s such that

k

 ap=1. (1.9)

=1

See also |25] for the same result. Using this result, we can compute the Hausdorff
dimension of the two famous sets, Cantor’s middle third set and the Sierpiriski
triangle.

In the case of the Cantor set, the similitudes are

91<£L'):§ and92(:c):2—gx, x € [0,1].

Both have contraction ratio 37!. Clearly 6; is an injective map for 7 = 1,2 and
if we take U = (0, 1), then 6;(U)U0,(U) C U and 6,(U)N6,(U) = 0, so the IFS
satisfies the OSC. It follows that the Hausdorff dimension of the Cantor set is

the unique value of s satisfying

__In2

S0 5§ = o3
For the Sierpinski triangle, let X C R? be the triangle with vertices (0, 0),
(0,1) and (1,0). Then the Sierpinski triangle is the invariant set of the following

IFS © = {6;: i = 1,2,3} where;

T z 1 T 1
91(x,y) = (5’ g) ) 92(x7y) = (5 + §a g) and 93(1’7y) = (57 % + 5) )

This IFS consists of three similitudes with same contraction constant 27*. The
map 6; is an injective map for ¢ = 1,2,3. For U = X°, the interior of the
triangle, we have that 0;(U) C U and 6,(U) NO;(U) = 0 for 4,5 € {1,2,3} and

1 # J. Hence the IFS satisfies the OSC is satisfied so the Hausdorff dimension
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is determined by

which yields s = iﬁ—g

Moran’s result gives a formula for computing the Hausdorff dimension of an
IFS consisting of similitudes on R" satisfying the OSC; Schief [41] also showed
that if X is a complete metric space, then the OSC is not sufficient and has to
be replaced with the SOSC. In that case, the Hausdorff dimension is still given
by the equation 3% af = 1.

The results of Moran, Hutchinson and Schief have been extended in various
directions. In particular, they have been generalised to settings where there
are infinitely many 6; making up the IFS, see Mauldin and Urbaniski [32-34].

Further extensions, incorporating so called infinitesimal similitudes, have been

obtained in [16, 17, 39, 43|, which will be the main setting of this thesis.

1.4 Infinitesimal Similitudes

Let (X, p) be a perfect, compact metric space. If §: X — X, we shall say that
0 is an infinitesimal similitude at = € X if for any sequences (z,,) and (y,,) with

T, # Yy, for all n € N and z,,,y, — x, the limit

2O 00)) _
A PO

exists and is independent of the particular sequence (z,) and (y,). If 6 is an
infinitesimal similitude at every point, we say that € is an infinitesimal similitude
on X.

This abstract definition becomes concrete through differentiability. In fact,
if X CRand #: X — X is a differentiable function, then the infinitesimal

similitude can be identified with the absolute value of its derivative. Note that
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in [39, Lemma 4.1], it was shown that if D exists at z, then it is continuous at

x. Moreover, [43] established the following result.

Theorem 1.5. Let 8: R — R be a differentiable function. Then D@ exists
at = if and only if the function |0'|: R — R is continuous at x. Moreover,

(DO)(z) = 10'(z)]-

Proof. Assume D6 exists at x. Let x, — x and x,, # x for all n € N. Let
yn = x for all n € N. Since (D0)(z) exists, it follows that (D6) is continuous at

x and

(DO)(z) = lim

n—r00 |xn - yn|
106~ 6()
nooo [Ty — 2|
n—o00 Ty, — X
= [0'(z)].

Thus, (DO)(z) = |¢'(x)| and |¢’| is continuous at x.

On the other hand, assume that |¢'|: R — R is continuous at z. Let z,, # y,
be such that z,, — = and y,, — x. Suppose that z,, < y,. Since 6 is continuous
on [z,,y,], the mean value theorem implies that there exists a z, € (x,,y,)
such that

‘e(yn) — 6(zn) = 10/(2,)]. (1.10)

Yn — Tn

Like wise if y, < x,, there exists z, € [yn,x,] for which the equality (1.10)
holds. Since z, < z, < Yy, or y, < z, < z, for all n € N and z,,y, — =
we have that z, — x. The continuity of ¢’ implies that the limit exists and is

|0’ (z)|. Therefore, D exists at x. O

This characterisation provides a practical criterion to check whether D6
exists: one simply needs to verify the continuity of [¢'|. In particular, the

maps involved in the IFS for continued fraction expansions satisfy this property,
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allowing us to apply the general theory of infinitesimal similitudes developed in

[39].

Remark 1.6. In general, affine maps of Example 1.4 are not infinitesimal simil-

itudes.

Indeed, let X = [0,1]%, and 6 : X — X be such that 6(z) = Rx with

a 0
0 8

for some 0 < @ < f < 1. Then 0 is not an infinitesimal similitude. If we let

r,=0,y,=(n"10) and 2, = (0,n71), then

pOn).0n)) _ g PO@)0G)) _ gy
(T, Yn) P(Tn, 2n) .

So (D#)(0) does not exist.

1.5 Continued Fractions

As mentioned earlier, the sets of continued fraction expansions can be studied
using the theory of IF'S. In fact, the maps involved are infinitesimal similitudes.

Every irrational number x in the unit interval has a unique representation

of the form
1
x:[alya%a?n"']: )
1
@+ ————
@+
with a; € N for ©+ € N. For example
1
V2-1=1[2,2,2,.. ] = ———
1
2
Py

2+...
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Note that /2 — 1 is also a fixed point in [0, 1] of the map x Cxed

For each a € N, let

1
Ou(x) = . UE [0, 1].

Clearly 6, is injective. We have that |0/ (z)] = (a + x)~? which is continu-

ous, hence 0, is an infinitesimal similitude by Theorem 1.5 and ||0.||.c = a2

Therefore

ap {2) =00

LT,y € [0,1],967%} <a”?
|z —y|

Thus 6, is a strict contraction for all a > 2. For a = 1, the derivative satisfies
167(0)| = 1, hence 6, is not strictly contracting. The issue can be resolved by

considering compositions 0, = 0,00, for a,b € N, which are strict contractions,

as
1 1

e;,b(x) = (0a00p) (x) = (a(b+z) + 1) = (ab+ 1)2

<

!
n
Thus, © = {0,4: [0,1] — [0,1] | a,b € N} is an IFS for which the general
theory applies and the invariant set of ©’ coincides with the invariant set of
© = {0:[0,1] — [0,1] | a € N}. So, to analyse the Hausdorff dimension of
this invariant set we can, and will, simply work with the IFS © = {6,: [0,1] —

[0,1] | a € N} even though 6, is not a strict contraction.

For a € N and U = (0,1), we have that

1 1
ea(U) = (Cl—{—l’a) - Uv

and these sets are disjoint. Thus, © = {6,: [0,1] — [0,1]: @ € N} is an IFS

consisting of infinitesimal similitudes which satisfies the OSC.
We are particularly interested in invariant sets of subsystems of the IFS
© = {0,: n € N}. Given F C N, we work with O = {0,: a € E}. There

exists a non-empty compact set, which is the invariant set of IFS ©p, which
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we denote by Jg and Jg is the collection of all irrationals z € (0,1) whose

continued expansion digits belong to F, so
Jg ={x =[ay,a9,as,...]: a; € E,;i € N} C[0,1].

These sets typically have a non-integral Hausdorff dimension, which we denote
by dimy(Jg). They have been studied extensively; see for instance [4, 5, 13, 16,
17,20, 23, 24, 28, 32, 33, 37, 39]. In particular, the Hausdorff dimension of Jg 2
was studied extensively. Good [20] showed that 0.5306 < dimy(Jp123) < 0.5320.
Falk and Nussbaum [16], also provided an approach to numerical computation
of Hausdorff dimension improving the bounds to 8 decimal places. Finally, Jen-
kinson and Pollicott [28] computed the Hausdorff dimension of Jg, accurately

to over 100 decimal.

1.6 The Dimension Spectrum of an Infinite IFS

A central theme of this thesis is the notion of the dimension spectrum of an
infinite IFS. Let © be an infinite IFS. For each FF C N, O is a subsystem of ©. It
follows that ©p has an invariant set Jr given by (1.7) with Hausdorff dimension
dimy(JF). One can then collect the Hausdorff dimensions of the invariant sets

of all subsystems of © into a set and define the dimension spectrum of ©,

The structure of DS(O) has been studied recently for a variety of IF'S; see for
instance [7-10, 19, 29, 30].
Given A C N infinite, and ©4 = {0,: a € A} with 0,: v — (a + x)7},

x € [0,1]. We denote the dimension spectrum of © 4 by
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If Fis a singleton, then dimy(Jr) = 0, hence 0 € DS(A). Also dimy(J4) €
DS(A), so
DS(A) € [0, dimy(Ja)].

A priori, there are no other elements of DS(A) which are known explicitly. For

the case when A = N, Hensley [23]| conjectured that

FDS(N) = {dimy(Jp): F C N with |F| < oo}

is dense in [0, 1]. Independently, Mauldin and Urbanski [32] made the same con-
jecture; this is known as the Tezan Conjecture. Jenkinson proved that FDS(N)
intersect |0, %] densely, see |27, Theorem, 1], and he provided additional evid-
ence for the Texan conjecture. Kessebohmer and Zhu [30] showed that DS(N)

has full dimension spectrum, i.e.,

[0,1] = DS(N),

and confirmed the Texan conjecture.

Recently, dimension spectrum of A has been investigated by Chousionis,
Leykekhman and Urbaniski in [7, 8] for different infinite subsets A of N, see also
[10, 29]. In |7] the dimension spectrum of the set of powers of integers ¢ > 2 and
the set of squares were analysed among other sets, which motivate the results
in Chapter 3, 4 and 5 in this thesis.

Although our primary focus is on IF'S associated with continued fraction ex-
pansions, it is useful to briefly mention results of the structure of the dimension
spectrum for other IF'S.

In [30] Kessebohmer and Zhu also investigated the dimension spectrum of
1-dim affine IFS © = {0;: X — X | i € N} with X C R where 6;(x) = a;z + b;.

In particular, for X = [0,1], a; = ¢ (i +1)"" and b; = (: + 1)~ for i > 1.

They showed [30, Example 3.1] that the dimension spectrum DS(0) = [0, 1],
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so that structure is a closed unit interval.
They further demonstrated in |30, Example 3.3] that if we take a; = 237",

b, = Z;;ll aj for © > 1 and X = [0, 1], then the dimension spectrum DS(O)

contains a closed interval [0, 2] and it is a nowhere dense set in ({22, 1). So it
contains a closed interval followed by a nowhere dense part.

Another interesting example they considered |30, Example 3.4], where a; =
272 b = Z;;ll aj, i > 1 and X = [0,1]. In this case the dimension spectrum
is a nowhere dense set, which is a Cantor set.

The parabolic backward continued fraction system © = {6,: b € N and b >
2} where 6,(z) = ;= for z € [0,1] was also studied [18]. Every irrational

number in [0, 1] has a unique representation of the form

x:[blab%b?ﬂ"']: )
1

-
by by—...

by

with b; € N and b; > 2. It was shown [18] that DS(©) = [0, 1].
A further example of interest is the complex continued fractions, which can

be represented as an infinite IFS O = {6,: a € E'}, where
E={m-+mni: (m,n) € Z x N}
and X C C is the closed disc centred at % with radius % and
Op(z) = L, ze€ X, and b€ FE.
b+ z

In this case, O has a full dimension spectrum [8, Theorem 1.4], i.e.,

DS(Op) = [0, dimy, (Jg)]-
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There also exist some general results describing the topological structures of
the dimension spectrum covering a variety of these settings:

Let X be a compact and connected subset of R”. Following [9, p.§8|, a C*
diffeomorphism 6: X — X is called conformal if its derivative at every point of
X is a similitude.

AnIFS © = {0,: X - X | @ € N} with X a compact connected subset of

R™, is conformal, if it satisfies the following conditions:

(i) X =Int(X), i.e., X is regular.
(ii) © satisfies the OSC with U, the interior of X.

(iii) 6, is a conformal map for each «, and there exists V' C R™ open connected
such that X € V C R" such that 6, extends to a C'*¢ diffeomorphism

and is conformal on V'

(iv) Bounded Distortion Property. There exists M > 1 such that for w €
ZozlEka

165, < M6, ()|

for all x,y € X, where ||¢/,(2)|| denotes the Euclidean norm of the deriv-

ative.

Chousionis, Leykekhman and Urbanski proved that if © is a conformal IFS,
then DS(O) is compact and perfect set, see [8, Theorem 1.2].

In the same paper, they conjectured that every compact subset of R con-
taining 0 can be realised as a dimension spectrum of some conformal IFS |8,
Conjecture 1.3]. However Das and Simmons [10, Theorem 2.7| showed that this
is not the case. In the same paper [10, Theorem 2.7|, they showed that DS(O)
is not necessarily a uniformly perfect set.

Jurga [29] investigated a different class of infinite non-conformal IFS. We

say O is an affine IFS if for each o € F, the map 6, is a affine map defined
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by (1.8). Jurga [29, Theorem 1.4] showed that the dimension spectrum is not
necessarily compact. In particular, there exists © an affine IF'S satisfying the
SOSC such that DS(©) is not compact. In the same paper, it was also shown
that there exists an affine IFS © such that DS(Of) contains isolated points
hence DS(Og) is not necessarily perfect.

The Hausdorff dimension of invariant sets of [F'S with infinitesimal similit-
udes can be analysed by using so called Perron-Frobenius or transfer operators.

These operators are discussed in Chapter 2.
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Chapter 2

Perron-Frobenius Operators

It is well known that the Hausdorff dimension and the dimension spectrum of
IFSs with infinitesimal similitudes can be studied by analysing the spectrum of
Perron-Frobenius operators; see for instance [4, 710, 17, 21, 23, 24, 28 29, 33,
39]. Many of the proofs of results concerning such IFSs play out at the level
of the spectral theory of these Perron-Frobenius operators and do not rely on
their connection with the Hausdorff dimension. In particular the compactness
and perfectness of the dimension spectrum for certain IFSs can be viewed as
purely operator-theoretical results, without making any link to the Hausdorff
dimension of the underlying IF'S. The main goal of this chapter is to discuss this
fact. We analyse a subclass of Perron-Frobenius operators and introduce the
dimension spectrum of this class of operators. We show that it is, in general, a
compact and perfect set.

At the end of the chapter we compare our results to known results from the

literature [8, 29] on the compactness and perfectness of infinite IFSs.

2.1 Introduction

Throughout this chapter we shall assume that (X, p) is a compact metric space

with diameter

d = diam(X) = sup{p(z,y): =,y € X},
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and that C'(X) denotes the space of all real-valued continuous functions on X.
We will start by recalling some properties of the space of continuous functions
which we will use in our arguments.

Equip C(X) with the || - ||oc norm so,

1/ lloe = sup{[f(z)[: © € X},

together with the pointwise ordering, i.e., for f, g € C(X),
f<g <= f(x)<g(z)foralxeX.

In this setup, the Banach space (C(X), || - ||) is a complete order-unit space
with cone

CX)y ={feC(X): f(z) >0forall z € X}

of all positive continuous functions on X, and order-unit u: x + 1 for all z. We
shall consistently use the notation u to denote this constant function.

We say a function f € C(X) is strictly positive if f(x) > 0 for all x € X.

Lemma 2.1. Let f,g € C(X) be strictly positive. For each 0 < A < 1, there
exists a p € [\, 1) such that f + Ag < u(f + g). Likewise for each A\ > 1, there

exists a pu € (1, A] such that u(f +g) < f+ Ag.

f(@)+Ag(x)

Proof. Since f and g are strictly positive on X, the function h(x) = OO

is well defined, positive and continuous. So, by the Extreme Value Theorem h

attains a maximum, say at zo € X. Set u = h(xg). Then, for 0 < XA < 1,

f(xo) + Ag(zo) _ f(z0) + g(wo)

o) T 9lw) ~ flao) +g(mo)

= h(zo) =

Thus p < Land f+XAg < u(f+9). AsANf+9g) < f+rg < ulf+g), we
also have that A < u. The second assertion can be derived in the same way by

considering the minimum of h. ]
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Let X be a compact metric space, a map T: C(X) — C(X) is a positive
operator if for every f > 0 it follows that T'f > 0. The operator norm of T is
defined by

1T/ ]oc
[1y]oo

Tl = Sup{ [ e C(X), [lyllee # 0} = sup{||Tfllo: [ € C(X), [lyllc = 1},

and finally we define the spectral radius of T as
P(T) = lim (||7]])".

We will consistently use r(7") to denote the spectral radius of 7.

If K C C(X) is a cone, we define the cone operator norm of T as

1T/ loc
[1F1loo

= sup{|[Tyllo: f € C(X) N K, || flloc = 1},

Hﬂmzmm{ :feKMﬂh#O}

and we define the cone spectral radius of T" as
. il 2L
ri(T) = lim ([7"][)"
It follows that rx (T") < r(T).

The following result gives bounds on the spectral radius of an operator.

Lemma 2.2. Let (X, p) be a compact metric space and T: C(X) — C(X) a
positive bounded linear operator. If w € C(X) is strictly positive and there

exists p, A > 0 such that pw < Tw < \w, then

p<r(T) <A
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Proof. Assume Tw > pw. Then
T*w =T(Tw) > pTw > p*w.

For each k € N, it can be shown that T%w > p*w. The norm is monotone,
so ||T*w||eo > pF||w||e. Let u: z +— 1 be an order unit on C(X). Then
w < ||wl||eow and

Tk
1) = il > e s

[[w]]oo
It follows that

H(T) = Jim [TV >

For the other inequality, using arguments as in the first case, we can establish

Tk w < XNw. So
T 0l < Mllull and (T) = im [T < A
—00

]

Note that this result holds for any positive linear operator on a complete
normed space.

If (Y,]|.|ly) is a complete normed space, an operator 7': Y — Y is compact
if, for every bounded set A C Y, the set m is compact in Y. Furthermore,
we say that an operator T: Y, — Y, is compact in the sense of Bonsall [3] if
the sequence (T'y,) has a convergent subsequence whenever (y,,) is a bounded
sequence in Y, .

There exist examples of linear operators 7': Y, — Y, that are compact in
the sense of Bonsall, but do not admit a compact extension on the whole of Y

see |3, Section 4].

In [3], the following result was proved.
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Theorem 2.3. Let Y be a complete normed space. If T: Y, — Y, is compact
in the sense of Bonsall and has a non-zero cone spectral radius p, then there

exrists a non-zero vector v in Y, such that Tv = pv.

2.2 The Cone K (M, \)

Recall that a function f: X — R is said to be Hélder continuous if there exist

C, XA > 0 such that
f(x) = f(y)| < Cpla, y)*.

The subset C(X); = {f € C(X): f(z) > 0, for all x € X} of C(X) is the
standard cone of C(X). In the analysis, the following sub-cone will play an

important role.

Fix M > 0 and A > 0. Define
K(M,)) = {f € C(X): 0 < f(z) < fly)eM?” forz,y e X} :

Remark 2.4. If f € K(M,\), then f =0 or f(x) > 0 for all z € X. Indeed, if
f e K(M,\) and f(y) = 0 for some y € X, then for z € X we have

Thus f(z) =0 for all z € X, so f = 0. If f(y) > 0 for some y € X then
f(x) > f(y)e ™M@ > 0, where d = diam(X). Thus, f € K(M,\), implies f = 0
or f(z) >0 for all z € X.

For a fixed A > 0, let My > M; > 0, if f € K(M;,\), then for z,y € X we
have that

0< f(z) < f(y)eMlp(x,z,/)A < f'(y)eMQ/)(x,y)A.

Thus K (M, \) C K(Ms, A). We shall always think of A as fixed in our argu-

ments.
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Remark 2.5. f € K(M,\) \ {0} if and only if In(f) is Holder continuous with

parameters M and \.

Indeed if f € K(M,\) and f > 0 then by Remark 2.4. It follows that

0< J(0) S S s 0 < L < e

= |In(f(2)) —In(f(¥)] < Mp(z,y)*.

This implies that

@) < fy)e" 0" = I (f(y)) = In(f(2) | < Mp(z,p)*.  (2.1)

Thus In(f) is Holder continuous. The following lemma can be found in [39,
Lemma 3.2|. It shows that every bounded subset of K (M, \) is an equicontinu-

ous family.

Lemma 2.6. Let M, X\ > 0. Then K(M,\) is a closed cone in (C(X),||.||o0)

and for any R > 0, the set
{f € K(M,\): [|fllee < R}

15 an equicontinuous famaily.

Proof. It f,g € K(M,\) and p > 0, then for x,y € X we have that

0< (f + ,ug)(x) = f(:v) + ,ug(x) < f(y)eMp(z,y)A n Mg(y)eMp(a:,y)x

= (f + pg)(y)er=’”,

Thus, f+ pug € K(M, ), hence it is a cone.
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For closedness, let (f,) be a sequence in K (M, \) such that f, — f uni-

formly. Then f is continuous and for z,y € X we have that

0 < lim <fn(y)6Mp(:v,y)A _fn(x)> _ f(y)eMp(m,y)A —f(:L“)

n—o0

Hence, K(M,\) is closed in C(X). It remains to show equicontinuity. To this
end, let f € K(M,\), f#0,s0 f(x) >0 for all z € X by Remark 2.4. Now

using (2.1), we have that

f(@) < f)eMreD = |In(f(y)) —In(f(x))]| < Mp(z,y)*.

Set u, = In(f(x)) and u, = In(f(y)). We may assume u, < u,. Using (2.1)

and the Mean Value Theorem there exist zg € [u,, u,] such that

[f(y) = f(@)] = le™ —e™]

= e|uy — Uy

IN

e uy — Uy
f)n(f(y)) —In(f(z))|
fy)Mp(a,y)*

M| flloop(z, y),

IN A

IN

As || f]loo < R, it follows that

1f(y) = f(2)] < RMp(z,y)*.

Thus, the set {f € K(M,)\): ||f]loc < R} is an equicontinuous family. O
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2.3 Perron-Frobenius Operators

Let (X, p) be a compact metric space, and let © = {6,,: n € N} be a collection
of injective, uniformly contracting maps on X with contraction constant ¢ < 1.

Let L: C(X) — C(X) be a linear operator of the form

(L) (@) = an(@)f (Ba(z)). (2:2)

These operators are called Perron-Frobenius operators or transfer operators,
and have been widely studied in a variety of contexts see for instance |4, 5, 7,
8, 16, 17, 23, 39, 43].

We shall make the following assumption:

(A1) For each n € N, a,,: X — R is a positive continuous function, and there

exist constants 0 < 3, <, < 1 such that

Bn < an(x) < Ny,
and 1 = sup{n,: n € N} < 1. Moreover, for each x € X,

o
a(x) = Z an(zr) < oo, and a: x> a(x) is continuous.
n=1

Remark 2.7. By Dini’s Theorem, the assumption in (A1) that a: X — R is

continuous is equivalent to assuming that the sequence
n
k=1 neN

The following result shows that if (A1) is satisfied, then L defines a bounded

converges uniformly to a.

linear operator from C'(X) into C'(X), see [38, Section 5].
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Lemma 2.8. If (A1) is satisfied, then L: C(X) — C(X) defined in (2.2) is

bounded linear operator.

Proof. Note for f € C'(X) and x € X fixed, the series >~ an(x)f(0n(x)) is

absolutely convergent as

D lan(@) f(Oa(2))] = Y an(@) f(Oal2))] < || flloollalloo < oo

n=1

So we can define

(L) (@) = an(@)f(Ba(x)).

Let gn(z) = > 7 ar(z) f(0k(x)). Then (g,) is a sequence of continuous func-
tions and ¢, — Lf pointwise. Since (C(X),|].||)s is complete, it suffices to
show that (g,) is Cauchy.

Fix ¢ > 0. Using Remark 2.7, assumption (A1) implies that the sequence
(>"r_y ax), converges uniformly to @ = Y~ a;. So there exists an N € N such

that if n > N, then

3

et (23)

= su ap(r) <
o 2 le)

k>n

Now if n,m > N, we may assume m > n, then using (2.3)

[9m (@) =gn(@)| = | Y an(2)f(0x(2))] < D ar@)| fO@)] < [ flloosup Y ar(e) <e
ntl ntl 2EX k>
Thus (g,) is Cauchy so that Lf € C(X). O

We shall also make the following assumption:

(A2) For n € N, the maps a,,: X — R are uniform Lipschitz contractions, i.e,
there exists a constant ¢ < 1, independent of n such that |a,(z) —a,(y)| <
cp(z,y) for all z,y € X, and there exist constants My > 0 and A > 0 such

that a,, € K(My, \) for all n.
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The following lemma was proved in [39, Lemma 5.3].

Lemma 2.9. Let (X, p) be a compact metric space and let L: C(X) — C(X)
be defined by (2.2). Assume that (A1) and (A2) are satisfied. Then there exists
M > 0 such that

LK (M,)\)) C K(M,\),

and L has a strictly positive eigenvector v € K(M, \) with eigenvalue r(L) > 0.

Proof. Let M = Mo which is well defined since ¢ < 1 and A > 0. Then

1—cM?

My + M = M. We will show that with this choice of M, one has
LOK(M, X)) € K(M, ).

Let f € K(M,\) and z,y € X. Since 0, is a contraction map, we have

A

F(0u(2)) < F(8u(9)) MHODRO < (5, (y)) M0,

and
an(z) < ay(y) eMor(zw)*

It follows that

0< (L)) =D au(@) ] (0u())
< Z an(y) f(0.(y)) o(Mo+Mc)p(ay)

= (Lf)(y) M.

3

This proves that L(K(M,\)) C K(M,\).
Let L|g: K(M,\) — K(M,\) be the restriction of L to K(M,\). Using
Lemma 2.6, the set {f € K(M,\): ||f]lc < R}, R > 0 is an equicontinuous,

uniformly bounded family. So by Ascoli-Arzela theorem, it is compact. It then
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follows that if (f,,) is a bounded sequence in K (A, M), then {Lf,: n € N} is an
equicontinuous uniformly bounded family so it has a convergent subsequence.
Thus L|k is compact in the sense of Bonsall on K(\, M). Note that u: z +— 1
is in K(M,\), so

rix(L) > lim ||Lku|]éék =r(L).
k—o0

As L), is a restriction of L we have that r(L) > rg(L), thus rx(L) = r(L).

From assumption (A1), 0 < =3 3, so

(Lu)(w) = Y anl@) = 5> 0.

n=1
Lemma 2.2 implies that rx(L) = r(L) > § > 0. Using Theorem 2.3, there

exists v € K(M,\) such that ||v||.c = 1 and Lv = r(L)v. As v # 0, v(x) > 0
for all z € X. [

2.3.1 Main Assumptions

Motivated by the study of the dimension spectrum for infinite IFS see [6-10,
27, 29, 30, 32, 33] we consider the following abstract setup at operator level.
Let (X, p) be a compact metric space and © = {0,,: X — X:n € N} be a
collection of injective uniform contraction maps on X with Lipschitz constant ¢
and B = {b,: X — R: n € N} be a collection of real-valued uniformly Lipschitz

functions on X with Lipschitz constant ¢ such that:

(B1) For each n, there exist constants /3, and 7, such that 0 < 3, < b,(z) <

N, < 1forall z € X and n =sup{n,: n € N} < 1.
(B2) lim, ||b,]|e = 0.
(B3) There exists a y € X and ¢ > 0 such that ) b7 (y) < oo.

(B4) There exist My > 0 and A > 0 such that b, € K(My, A) for all n € N.
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We will simply write (O, B) for a collection satisfying assumptions (B1) - (B4).

If £ C N, we write (O, Bg) to denote the subsystem of (0, B) indexed by E.

Remark 2.10. The assumptions (B1)-(B4) are satisfied for many classical IFS’s.

1. Let © = {6,: X — X:n € N} be an infinite conformal IFS, and
b,(z) =[]0, (z)|| the norm-derivative of #,,. Then the OSC together with
the bounded distortion property implies that lim, ||b,||cc = 0, see [33,
Lemma 2.5]. The bounded distortion property also ensures (B4) see for
instance [34, Chapter 4|. Also, [33, Lemma 2.5] ensures that (B3) holds.
Thus infinite conformal IFSs satisfy (B1)-(B4) with B = {b,: n € N}
where b,(x) = ||0],(z)]|.

2. Let © = {6,,: X — X: n € N} be an infinite IFS consisting of infinites-
imal similitudes where each (D#,,) is a strictly positive Hélder continuous
function with a same Lipschitz constant as that of #. In that case we can
take b,(z) = (DO,)(z), v € X, see [39]. Then from Hypothesis H5.1 and
H5.2 in [39, Section 5], we immediately have (B1) and (B2). Also from
H5.3 in [39] we deduce (B3) and (B4). Thus an IFS consisting of simil-
itudes satisfying hypothesis H5.1 - H5.4 of [39, Section 5], also satisfied
(B1)-(B4).

In the remainder of the chapter we assume the collection (O, B) satisfies
(B1) - (B4).
2.3.2 Perron-Frobenius Operators over Finite Sets

Let F' C N finite. For s > 0, define

(Lo f) (@) = 3 b3 (@) (2.4)

neF

The following result is found in [39, Lemma 3.3] and [5, Corollary 4.1].
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Lemma 2.11. Let (©, B) be given satisfying (B1) — (B4) and F C N finite. If
Lip: C(X) = C(X) is defined as in (2.4), then there exists an M = M > 0
such that

Ls,F (K(Mv )‘)) g K(Ma >‘)

Let Fiy = FN. If w = (ny,ny,...) € Fy, define

o)), () = Oy, 00y, , 0...00, (x)
and define b, (z) inductively as
b, () = by, () ifk=1

bw\k(x) = bnk(QWIk_l(x))bw\k_l(x) if k> 2.

Computing L? 5. We have that

(Lg,Ff)(x) = (Ls,F(Ls,Ff))(x)
= N 0 (@) (Lo f) (0 (1))

- gb;l([)ﬁ) ZFb;(in(x))f(%((?m(x)))
- THZGF 252?2(2)622(%1(1:)% (6, © O, ()
= :16 ii Fbs (0n, (2))0],, (2) f (Ony © O, ()
= %; b, () f (Buj2()).

In [39, Lemma 3.4] it was shown that the k' iterates of L, satisfies

Z bw\k w|k x)). (2.5)

w\kEFk

If we take the order-unit u: x — 1 for all x € X, we have that

= Y ) e = Y o

w‘kEFk ze w| cFk
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The following result is [39, Theorem 3.6], and was also proved earlier in [,

Proposition 4.1].

Theorem 2.12. Let (O, B) be given satisfying (B1) — (B4). For F C N finite
and s >0, if Ly p: C(X) — C(X) is defined as in (2.4), then Ly p has a strictly

positive eigenvector vs with eigenvalue r(Lg r), the spectral radius of L p.
Furthermore, we have the following result [39, Lemma 4.6].

Lemma 2.13. Let (O, B) be given satisfying (B1) — (B4). For F C N finite,
the map s — r(Ls p) is continuous and strictly decreasing on (0, 00). Moreover,

there exists a unique number sp > 0 such that r(Ls, p) = 1.

2.3.3 Perron-Frobenius Operators over Infinite Sets

In the previous section, we considered F' C N finite. In this section, we consider
E C N infinite, and we show that the Perron-Frobenius operator is well defined
for all sufficiently large s and the same results hold see [39, Section 5].

Note that assumption (B3) gives the existence of a ¢ > 0 and y € X such
that > b7(y) < oo.

Using this, we have the following result |39, Lemma 5.4].

Lemma 2.14. Let (O, B) be given satisfying (B1) — (B4). If o > 0 is such

that 77 b2 (y) < oo for some y € X, then for anyt > o and v € X,

n=1"n

Z bl (z) < oo.

neN

Proof. Since b,(z) < 1, we have that b (z) < b9(z) for all x € X. So it

n=1"n

suffices to show that > _\ b7(x) < co. We know that Y > b7(y) < oo. As

b, € K(My, \), we have that b7 € K (o My, \). So

b9 () < by (y) e Mor@n™ < b, (3))7eTMod™,
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and the result follows. O

Observe that >~ 7 b%(y) < oo for some y € X if and only if Y > | [|b, ][5, <

n=1"n

o0o. Thus the set

{s >0: 3 [Iballs, < oo}

neN

is non-empty. Define

o0 = inf{s > 0: Y ||ba|l3, < oo} (2.6)

neN

Note that at oy we have two cases to consider.
Case 1: Y ||bnll3 < 00 for s > 0g and D [|bn]|20 = co.
Case 2: ) . ||bnl|2 < 0o for s > oy.

Both cases can occur:

Example 2.15. Consider the system (0, B), where B = {b,,: n € N} is defined
by
bu(z) = (2" +2)" %, 2 € [0,1], for all n € N.

We claim that we are in the first case.

To see this we first have to show that B is a collection of Lipschitz maps

with factor ¢ < 1. So

1\ 2
b =2 < —.
ol =2 (5= ) <5

Thus by the Mean Value Theorem

2 1
[ba(2) = bu(y)] < ggple —yl < Jla =yl 2,y €[0,1],
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for all n. Next, we will show that the assumptions (B1)-(B4) are satisfied and

then we determine the infimum and interval of convergence. Indeed,

0<(2"+1) 2 <by(a) < (272 <1,

and lim, ||b, ]| = lim,(2")72 = 0 so (B1) and (B2) hold. For s > 0 we have

that

0 . 00 1 2s 1
Sollr =3 (5) =gy

Thus (B3) holds. Using the Mean Value Theorem on In(b,,) again we have

ba(@)y _ n(2" + x) — In(2" My —
1n(bn(y)>_z|1<z +2) — (2" +y)| < 202%) Mz -y,

s0 0 < b,(x) < el*¥lb,(y). Thus b, € K(1,1). So B satisfies the assumptions

(B1)- (B4). Clearly at s = 0 the sum is infinity, so gy = 0.

Example 2.16. Consider the system (©, B), where B = {b,: n € N} is defined

by
1
b, (z) = (1) T3 1) x €[0,1] for all n € N,

We claim we are in the second case.

As in the first case we show that B is a collection of Lipschitz maps with
constant ¢ < 1 and then show that the assumptions (B1)- (B4) are satisfied.

Taking the derivatives we have

/ . 1 1
= s P 31w (1 wrra)

<L (1+1)
~ 161n%4 In4)"
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Hence B is collection of Lipschitz maps with constant ¢ < 1. Next, we show it

satisfies the assumptions. Observe that

0< ! < bu(2) < ! <1
(n+4)In*(n+4) — "7 7 (n+3)In*(n +3)

and lim,, b, = 0, so (B1) and (B2) are satisfied.
To show that b, € K(My, A) for some My, A > 0, set

gn(z) =In(by(x)) = —In((3+n) +2x) —2In(In((3+n) + x)).

Then
/ _ 1 — 2
gn(T) = B+n)+zx (B3+n)+x)In((3+n)+x)
_ 1 1 2
T B+t ( * 1n((3+n)+:c)) '
Hence

1 1 3
! <14 —) < -==M,.
@l <5 (14 505) <5 = Mo

The last inequality comes from the relation 1 — % <Inz for all z > 0.

Given x,y € [0, 1], we can use the Mean Value Theorem to show that

‘m(zgo'zummu»—mwamn

= |gn(z) — gn(y)|

< M|z —y|.

Therefore,

bn
(z) < eMolr=vl 5o b, € K(My, 1).
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To determine the interval of convergence, consider s > 1, and note that

((3+n) +2)"In*™((3 +n) +2) > (3+n) In*(3+n),

SO
> bnw) < ) llball
neN neN
M
= (3 +n)In*(n + 3)
< 1 1
< ——dr = —.
_/3 rln’z . In3
Hence ) 05 () < oo for s > 1.

On the other hand, if s < 1, let § > 0 be such that s < 1—4. Since Z:E

o — 0

as k — oo for all », A > 0, we have that there exists an /N such that

s 1 1 1
||bn||oo = 2s > (3+n)(In(34n))2(1=9) Z
(34+n)*In**(3+n) n (“3+;1 3+n

for all n > N. Thus,

Sollhall = Y

n>N n>N

which diverges. In this case o0y = 1, and we are in the second case.

For any s > oy, if we are in Case 1, or, s > 0y, if we are in Case 2, define
= b (x)f (Oa()) forall x € X. (2.7)

Note that for s > oy, we have that 3, == | [|b°||cc < co. Furthermore, as

b, € K(M, M), it follows that b5 € K(sM, \) and for each k € N,

k

s s sMpxy sMd>
E :bn E b > ﬁse )
n=1
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where d = diam(X). Therefore we can define

gele) = 3 bi(@),

s0 gp € K(sM,\) and ||gi|| < BsesM4" for each k. It follows from Lemma 2.6,
that {gx: k € N} is a collection of bounded equicontinuous functions, so by the

Ascoli-Arzela Theorem it has a convergent subsequence with limit say

o) = bi(a). (23)

Since the convergence is uniform, it follows that g: X — R is continuous.
Using Lemma 2.8, L, defines a bounded linear operator from C(X) into it-
self. Furthermore, Lemma 2.9 implies that there exists an M > 0 satisfying
sMy + Mc* < M and a positive eigenvector v, € K(M,\) \ {0} of L, with
corresponding eigenvalue 7(Lg) > 0.

The following result is [39, Lemma 5.5].

Theorem 2.17. Let (O, B) be given satisfying (B1) — (B4). Let oq be defined
as in (2.6). If s > o¢ and Ly is defined by (2.7), then the map s — \g = r(Ly)

is continuous and strictly decreasing. Also Ay — 0 as s — o0.

Proof. We first show that s — A, is decreasing.
Let ¢ < 81 < s9. Since b,(z) <n, <n <1by (B1) for all z € X, we have
the following

b () = b3 ()b~ () <™ *103 ().

n
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Asn<land sy —s >0, u:= > 1 and b5 (z) > pb?(x). Let v, be an

52 S1

eigenvector of L, with eigenvalue Ay, = r(Lg,) > 0. Then

L51v52 Z bSI US2 ))
> Z b52 US2 ))

= (L5, 05)(2) = pAs, Vs, ().

Thus, Lgvs, > pAs,vs,. As vs, € K(M,\) \ {0}, it follows from Lemma 2.2
that Ay, = 7(Ls,) > pAs,. As p > 1, we have that A\;, > Ay,. Therefore, s — A
is strictly decreasing.

To show continuity, note that as A, is strictly positive and decreasing, it
suffices to show that In(),) is a convex function, since a finite valued convex
function is continuous on an open interval. Let oy < s; < s5 and take g € (0,1).
Set s = Bsy+ (1—f)s1. For f € C(X) and f > 0, using the Holder’s inequality

we have
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Thus Lyf < (Lgs)' " P(Ls,f)?. for any f > 0. Now using this estimate to

compute bounds for L? we obtain

oo 1-8 ) B
< Zbil(x)(L51f)(9n($))) <2522($)(L32f)(9n(3?)))

So L2f < (L% f)'P(Ls, f)?. In the same way using (2.5), one can show that
for each k € N,
Lif < (L) (LG, 1).

Since this holds for any f > 0, it follows that
LGl < LG 7L

It follows that

r(Ls) < (r(Ls,)) 70 (r(Lsy))".

Thus, In(r(Ls)) = In(As) < (1 — ) In(As,) + Bln(As,). So the map s — In(\y)
is convex, hence s — In(\y) is continuous.
To show that Ay — 0 as s — oo, fix t > g with > > bt (z) < M for some

n=1"n

M large. As b,(z) <n, <n<1by (B1), we have

S bhl) < Yt
n=1 n=1
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Therefore

L,|| < sup by (x < n*tM.
121 < sup 310

This implies that ||Ls|| — 0 as s — oo. Since A\; < ||Ls|| we have the result.

]

Note that Theorem 2.17 implies that the set {s > og: r(Ls) < 1} is non-

empty. Finally, for L, in (2.7), define
sy = inf{s > og: r(Ls) < 1}. (2.9)

Remark 2.18. Note that there does not necessarily exists an s > 0 such that

r(Ls) = 1.
To see this let 0, (z) = m, z € [0,1] and n € N. Then
1 1 1
16,,(2) = <

(B3+n)+2)In*((3+n)+2) ~ (34+n)In*(3+n) = FITE

Let © = {0,,: n € N}, then O is a collection of injective uniform contractions
with a factor ¢ < 1.

For n € N, define

1
(B+n)+2)In*(3+n) +2)

bn() = |0, (z)] =

From Example 2.16, the set B = {b,: n € N} is a collection of uniform Lipschitz

functions with Lipschitz constant at most

| 1
1+ =) <e<t
161n24( +ln4) ¢

Furthermore, (O, B) satisfies assumption (B1)-(B4), and in particular oy = 1.

Example 2.16 implies that for s < 1, the infinite sum >~ ||b,||® diverges, and
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for s > 1,
= 1
b’(r) < — < 1.
; (z) < ln3<

Note that for u:  — 1, € [0, 1] we have that

Lau< —u.
s =3

It follows from Lemma 2.2 that r(L,) < 5 < 1. So, L, is defined for all s > 1
and 7(Ls) < 1 but L is not defined for s < 1. This shows that there is no s
such that r(Lg) = 1. In this case sy = 09 = 1.

We will consider Perron-Frobenius operators,

(Laf)(x) =D b (2) f(Bn(2)),

nek

with infinitely many terms in the sum. For those s for which L, is defined, the
operator still has positive eigenvector corresponding to r(Lg). This is a result
from [39, Section 5|. For completeness we include the proof.

Let Fy C Fy C ... be a collection of subsets of N such that |F}| < oo for

each k € N. Set

E=|]JF. (2.10)
k=1

For each k € N, Fj, is finite, so the operator L, g, is defined for all s > 0 and
using Lemma 2.13, there exist an sp, =: s; such that r(Ls, 5 ) = 1. Observe

that Lyp, < L so r(Lsp,) < r(L ). In particular r(Ls, ) = 1 <

S7Fk+l stk:Jrl

7(Ls,,F,.,). The decreasing property of s — r(Ls p, ) from Lemma 2.13 implies
that s, < sgr1. Thus, the sequence (s)gen is monotonic and bounded from
above by sy, where sy is defined by (2.9). So by monotone convergence, say

lim s;, = sg. (2.11)

k—o0
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Now for s > sg, define

(Lopf) (@) =D b () (2.12)

nekl

Theorem 2.19 ([39]). Fors > sg, if Ls g is defined as in (2.12), then L g is a
bounded linear operator from C(X) into C(X) and there exists an M > 0, such
that, Ly p(K(M,\)) C K(M,\). In addition, Ly has an eigenvector w, €
K(M,)\) with corresponding eigenvalue pis == r(Lgg) and ps = limgr(Ls g, ).
Furthermore, the map s — s is strictly decreasing and if sg is defined by
(2.11), then

sp=1inf{s > 0: r(Lsg) < 1}.

We will prove this result by breaking it up into several lemmas. We are only
interested in o < s < sy. Since for each s > 0, b5 € K(syMy, A) by assumption
(B4), we will use the largest cone K (syMy, A). We will also choose an M > 0
satisfying syMy + Mc* < M. It immediately follows that b% € K (M, \) for all

s < sy and n.

Lemma 2.20. Let F} C F; C ... C N be such that |F}| < oo and E = U F.
Let s be defined as in (2.11) and s > sg. For k € N and x € X define

= > b(2)

neFy

Then gi(x) < eM® for allz € X and all k € N; that is {gr: k € N} is uniformly

bounded, where d = diam(X).

Proof. Fix k € N, so |F;| < oco. Using Theorem 2.12, the operator L, r, has
an positive eigenvector vy, g, € K (M, )\ {0} with eigenvalue r(Lg, ) = 1. So

Lg, £,Vs,F, = Vs, F,- We have that for each n € [y,

’Usth(en(ﬂf)) > e—Mp(ac,Gn(a:)))‘ > e—MdA‘
/US.Ika:(x) N -
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Since 0 < b, < 1 and s < sp < s, it follows that b < b% for n € Fj. So for
x € X, we have the following
1 — (Lsk F;,Usy, Fk Z bsk Usk Fk 9 ('T»
Uskak( neFy Usy,, Fy, (l‘)
e MY bk (@)
neFy
> e MY b (a)
neFy
Thus, for each £ € N we have that
=Y bi(x) < M
neFy
O

which shows that {g,: k € N} is uniformly bounded.
As each b, is positive, (gx(z))ren is an increasing bounded sequence so it
converges pointwise to g(z) = Y b’ (x) < o0o.

Lemma 2.21. Let F; C F5 C ... C N be such that |Fy| < oo and E = U Fj.

Let sg be defined as in (2.11) and s > sg. For each k € N define

:ZbZ(x) and g(x st

nekFy nekl

Then g, — g uniformly.

Proof. 1t suffices to show that {gy: k& € N} is an equicontinuous collection of

functions for it will follow that the convergence is uniform. Let d = diam(X)

and fix z,y € X. Since b5 € K(M, \) for n € E, we have that

0<b(z) < eMp(m’y)Abfl(y).
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Thus, for k£ € N fixed, we have

0< Y blw) <MDy " e (y)

neFy neF

Therefore g, € K(M,\). As {gr: k € N} is uniformly bounded, it follows from

Lemma 2.6 together with the Ascoli-Arzela Theorem that g, — ¢ uniformly. [

Lemma 2.22. Let I} C F; C ... C N be such that |F}| < oo and E = U F.
Let sg be defined by (2.11). For s > sg, we have that Ly p: C(X) — C(X)

defined by (2.12) is a bounded linear operator, with
lim HLS,E - LS,FkH =0. (213)
k—o0

Proof. Let s > s and f € C'(X). Lemma 2.20 implies that

(Lopf)(@) =Y bi(x) < M| f[] o < 00

nek

So L g is well defined.

Now let f € C(X) with ||f||~ <1 and consider x,y € X. Then

(Lo f) (@) = (Lo f) )| = D bi(x) ) = b(w).f (n(y))

nek

<D U@ |f (Ba(2) — D+ D 1 G| 105 (2) = B5(y)] -

nek nek

Let € > 0. Since f is continuous on X, it is uniformly continuous on X, so there
exists 6; > 0 such that if p(z,y) < 61, then |f(z) — f(y)| < s As b s a
contraction map on X, it follows that |f(6.(x)) — f(6n(y))| < ;-7x for each

n € E. Thus
> b () 1f (6u(2)) = f (On(y))] <

nek

Y

DO | ™
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by Lemma 2.21, (ZneFk b;) . converges uniformly to a continuous function

g(x) => b (x), so, there exits a J; > 0 such that if |z — y| < 9, then

nek “n

S O 1F OB () = b ()] <) [bi(x) — b (y |<5

nekl nek

Let § = min{dy,d2}. So, if p(z,y) < 6, then |(Lsgf)(z) — (Lsef)(y)] < e,
which shows that Ly g f € C(X). Thus Ly g is a bounded linear map that maps
C(X) into itself.

Also, the uniform convergence of (Z b;) N implies that there exists a

neFy,

sequence €, | 0 such that

0<> bi(a) =Y bi(x)= Y bi(z)<e, foral zeX.

nek JEF, JEE\Fy,

So for x € X and k € N,

(Lo f)(x) = (Lop )@ < flloe D 0@) <1 fllocen

JEE\F}
Thus, klim ||Ls,z — Lt,p,|lo = 0, which shows that (2.13) holds. O
—00

Note that in general, if (Lg)ren is a sequence of bounded operators on a
Banach lattice Y, and L is also a bounded linear operator on Y, such that
||L—Lg|| = 0 as k — oo, then it is not necessarily true that r(Ly) — r(L). This
problem was considered by Kakutani [40, pp. 282-283] who gave an example
of a bounded linear map on ¢? whose spectral radius is discontinuous in the
C*-algebra of bounded linear maps on £2. See also an example in [1, pp 49| for
the same result.

In our setup, this is not the case. In fact we have the following result. In
the case of infinite conformal IFS, this result is related to [33, Theorem 3.15].

We will discuss this result in Chapter 3.
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Theorem 2.23. Let Fy C Fy C ...N be such that |F}| < oo and E = U F.
Let sg be defined by (2.11). For s > sg, Lsg defined by (2.12) has a strictly
positive eigenvector vep = ws € K(M,\) \ 0 with corresponding eigenvalue
r(Ls.p) =: ps that is,

L pws = psws. (2.14)

The map s v+ pg is strictly decreasing and continuous. Also

limr(Lsp) =ps and sg=inf{s > 0:r(Lsg) <1}.

k—o0

Proof. 1t follows directly from Lemma 2.9, as b} satisfies (A1) and (A2) that
Ls g has an eigenvector wy, € K(M,\) \ {0} with corresponding eigenvalue
r(Ls.g) = ps. Thus (2.14) holds.

The subsystem (Og, Bg) of (O, B) satisfies (B1) — (B4) so it follows from
Theorem 2.17, that s — u is a strictly decreasing function.

Now we show that ]}LIEOT(L&F,C) = ls.

Note that ws, € K(M,\) \ {0} implies that wg(z) > 0 for all z € X by
Remark 2.4. Because ||Ls g — Ls .|| — 0 as k — oo by (2.13), it holds that
||Ls,pws — Lg 1 Ws||oo = ||ptsws — Ls 1, Ws||oc — 0 as k — oo. Since wy(z) > 0

for all z € X, it follows that given € > 0, there exists a ky € N such that
Ls,kas Z (1 - 5),usws

for all k > ko. It then follows from Lemma 2.2 that r(L, 5 ) > (1 — ¢)p, for
k > ko. Since this holds for all ¢ > 0 we have that, iminf, r(Ls g ) > pus.
Since Ls g, f < Lspf for all f > 0, we have ||L; g || < ||Ls || for all k, thus,
limsupy, 7(Ls g, ) < 7(Ls ) = ps. Hence limy r(Lg p,) = 7(Ls,p) = ps-

Finally we show that sgp = inf{s > 0: r(Lsp) < 1}. Fix k € N. As
Fy, C Fyqa, it follows that for any f € C(X) with f > 0 that L, p, f < Ly, f,

so that r(Lsr,) = Asp, < Asppys = 7(Lsp., ). The map s — A, p, is strictly
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decreasing by Lemma 2.13, and, since s, < sg, we have that
Asp, R, < Aspm, = 1.

So, limy As, g, = limg r(Ls, p,) = ps, < 1.

This implies that sp € {s > 0: 7(Ls ) < 1}. It only remains to show that
sp is the infimum of {s > 0: r(Lsp) < 1}. Let t = inf{s > 0: r(Lsp) < 1}
so t < sp. Arguing by contradiction suppose ¢ < sg. Then Ly g is defined for
s € (t,sg). Pick s* € (t,sg) and as s 1 sg, we have that s* < s, < sp for all &
sufficiently large. The map s +— 7(Ls g, ) is strictly decreasing by Lemma 2.13,
this implies that

T(LS*,Fk) > T(LSka) =1

for all k sufficiently large. So r(Lg g) > 7(Lsp,) > 1 for all k sufficiently large.
This implies that s* ¢ {s > 0 : r(Lsg) < 1}. This is a contradiction as the

map s — r(Ls g) is decreasing. Thus ¢t = sp = inf{s > 0: r(Ls ) < 1}. O]

2.4 Dimension Spectrum of Families of Perron-
Frobenius Operators

Recall that a subset C' C R is called perfect if every point of C' is a limit point,
that is, if C" is the set of all limit points of C, then C' = C".

Let (O, B) be given satisfying (B1) - (B4). We define the class of operators
as

L(©,B)={Lsr: F CNand Ly is defined} .

Given F' C N, Let
sp=1inf{s > 0: r(Lsp) < 1}
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Remark 2.24. Note that for F' C N finite, Lemma 2.13 implies that r(L; r) = 1
for a unique value ¢, and the decreasing and continuity of s — r(Lg r) implies

t:SF.

Finally define the dimension spectrum of (O, B) as
DS(L(O,B)) = {sp: F CN}. (2.15)

Note that 0 € DS(L(O, B)), corresponding to a singleton. Indeed, if F' = {n},
then (Ls pf)(x) = |bu(z)? f(0,(x)) and Lo pu = u, with u: z — 1 the order-unit
of C(X).

Also sy € DS(L(O, B)), where sy is defined by (2.9). So,

DS(L(©, B)) C [0, sn].

We will establish that DS(L(O, B)) is a perfect set, hence it is compact as

perfect sets are closed.

Definition 2.25. Let (©, B) be given, F' C N finite and 0 < s < sy where sy

is given by (2.9), we say n is a break point for (F,s) if n > max F’ and

T(LS’F) <1< T(Ls,Fu{n}>~

Observe that if (0, B) and F' C N finite is given then for any n > max F, if

v, is the eigenvector of L, p with eigenvalue Ay = r(Ls r) then
(Ls,FU{n}US)(x) = AsUs + b (2)vs (0 (7)) < (s + anHSBMdA)US(x)'

As v, > 0 it follows from Lemma 2.2 that (L pugmy) < As + ||bal[*eM®, where
d = diam(X). Clearly if A, < 1, then A, + ||b,||*¢M®" < 1 for sufficiently large

n as lim, ||b,|| = 0 by (B2). So if (F, s) has a break point, then there exists a
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largest break point ny € N, which is called the strict break point for (F,s). So

T(Ls,FU{no}) > 1 and T(Ls,Fu{no+1}) < 1.

Remark 2.26. Suppose (O, B) is given and 0 < s < sy where sy is defined by

(2.9). Then there exists ny > 1 such that F} = {1,2,...,n,} satisfies

r(Lsp) <1 and T(L&Flu{nﬁrl}) > 1.

Indeed, if this is not the case, then for each n € N, we have that 7(L, 1, ny) <
1 for all n € N which would imply that r(Ls) < 1 by Theorem 2.23, contradict-
ing the fact that sy is the infimum.

This remark tells us that if (0, B) is given and £ = {ny,ns, ...} C Ninfinite,
if we restrict (0, B) to (O, Bg), and if sp = inf{s > 0: r(Ls g) < 1} then for
any s < sg, by taking the first initial part of F, we know that there exists a ny

such that

We give a characterisation for s € (0, sy) to be in DS(L(O, B)). This result
is similar to the one given by Kessebommer and Zhu in [30, Theorem 2.2] for
the dimension spectrum of conformal maps which was used to settle the Texan
conjecture. In 7] in the study of the dimension spectrum of some infinite IF'S,

the same result was used. This result will play a crucial role in Chapter 4.

Lemma 2.27. Let (©, B) be given satisfying (B1) — (B4) and 0 < s < sy,
where sy is given by (2.9). If for each F C N finite with strict break point
ny € N for (F,s) there exists an M > ng such that r(Ls pur,,) > 1, where

Ty ={n€N:ng<n< M}, then s € DS(L(O, B)).
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Proof. As 0 < s < sy, Remark 2.26 implies that there exists a ny; > 1 such that

Fy ={1,2,...,ny} satisfies

r(Lsp) <1 and T(L57F1U{n1+1}) > 1.

Now, let m; > ny + 1 be a strict breakpoint for (F,s). If r(Lgpugmy) = 1,
then we are done, because s = sg,u(m,} by Remark 2.24. Otherwise, it follows
from assumption that there exists an M; > m; such that T(Ls,FluTMl) > 1,
where Ty, = {n € N: my < n < M;}. In this case we can use Remark 2.26

again to find an ny > my such that F, = Fy U {m; + 1,...,ny} satisfies

r(Lsr,) <1 and r(Lgmugna+1y) > 1.

Now, let my > ng + 1 be a strict breakpoint for (Fy,s). If r(Lsmugm.y) =
1 then, we are done. Otherwise, we know there exists My > my such that
7(Ls,routyy,) > 1 where Ty, = {n € N: my <n < M,} by assumption.

Repeating this process, we either find, after finitely many steps, a subset Fj,
of N and a strict break point m,, for (F,,s) with 7(Ls g,ufm,}) = 1, or, we get a
sequence Iy C F» C F53 C ... C N and indices m; <my < ... <m, < ...such
that m,, is a strict break point for (F,,s) and r(Ls g,u{m,}) > 1 for each n € N.

Let o, be the unique value satisfying r(L,, r,) = 1. Then o, < s for all
n>1 As1 =1L, r) < (L, r., ) the sequence (0,) is increasing so
by monotonic convergence (o,) converges say o, and necessarily o < s. If
o = s, then we are done by Theorem 2.23, because if we take £ = U, F},, then
o =inf{s > 0: r(Lsg) < 1}. Thus, to complete the proof it suffices to show
that 0 = s. Arguing by contradiction, assume that o < s.

Forn > 1, let G,, = F,, U{m,}, so r(Ls,) > 1. By assumption (B1), the
maps by satisfies

0<bp(z) <mp <n<l.
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Let v,, € C(X) be the strictly positive eigenvector of L,, p,. S0, L,, g, Vs, =
Vs, . Then

(LS,FnUO'n Z bk Uon ek ))

keFn

= D bil(@) T be(@) v, (Or(x))

kery,

< 37 b (@) o, (04(2))

keFy

< 3 0 bl@) v, (04(2)

so that

T(LS,Fn) <7

Let ws € C(X) be a strictly positive eigenvector of Ly g, such that L, 5w, =

r(Ls,p, )ws. It then follows that

(Ls.g,ws)(x) = (Ls p,ws) () + b, (2)ws (O, ()

< 0wy (@) + ||, |36 wi(@).

Thus r(Leg,) < 7777 + ||bm, ||5.eM?, where d = diam(X). We know that

r(Ls,c,) > 1, which gives
1 <r(Lsg,) <n°7 + W)mn”;oeMdA

for all n > 1. This is impossible, since ||by,, || = 0 as n — o0, s — o > 0 and

n < 1. Thus s = o, which completes the proof. O

As a consequence of this result we have the following result, which is related

to [8, Theorem 4.9 concerning infinite conformal graph directed systems. Note
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that the parameter og defined in (2.6) is called the finiteness parameter in the

general conformal IF'S.

Lemma 2.28. Let (0, B) be given satisfying (B1) — (B4). If for 0 < s, < sy,

where sy is defined by (2.9), we have that

> llba

n=1

> =00, then s, € DS(L(O, B)).

In particular, if o9 > 0 where oq is defined by (2.6), then

[0,00) € DS(L(O, B)).

Proof. Assume ) by

> = oo. Let F' C N finite and ky > maxF be a
strict breakpoint for (s, F'). Let H,, = F U {ko + 1,ko + 2,...,,ko + m}.
Then the operator L, pugk,) has eigenvector vy, with spectral radius A, =

7(Ls, rugke}) = 1. Note that v,, € K (M, \), so for any j € N we have

Vs, (Okot4(T)) o Md*
Vs, (Oko ()

Also byr,; € K(M, A), so
@) s sl s Dol
bio(r) — b (z) [ |52
hence
Dot (0) s, (O () ongar brossl I

Sk = € P
b (z) s, (O (2)) [[bko [
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Using this inequality, we have the following,

(Ls. 1, 05.)(2) = (Ls. 705, )( ZbZZﬂ s (Ororj(2))

m bz +j Vs, \Uko+5\T
= (L. ps,) () + s (2)vs, (Oko (7)) b% (<)> v (6()9;6 (:Er);)

j=1
72Md)‘ m

> (Ls*,FUs*)<x> +bi§( ) <9k0 ||b || ZkuO'HHoo
ko

As Y en l1bnllss = oo, for all m sufficiently large, there exists a constant p > 1

such that

(Lo 05 )(2) 2 (Ls, 205, ) () 4 pbig (2)vs, (Ok, ()

for all m large. This implies that there exists a constant u > 1 by Lemma 2.1

such that

(Ls*,Hmvs*)(ﬁ) > ((Ls*,FUS*)(x) + bi’; (2)vs, ((Oky (w))) = [, Vs, () > pos, ()

for all m large, hence r(Ls p,,) > 1 for all m large. Take M > 0 large enough
and set Tyy = {n € N: kg < n < M}. Then Hy = F UT)y, so we have that

r(Ls,rur,,) > 1. The result now follows from Lemma 2.27. O

As we have seen in Example 2.15, oy can be zero. This means that we
cannot Lemma 2.28 to determine whether the dimension spectrum contains
an interval. On the other hand, if ¢ > 0 then we can use Lemma 2.15 to
conclude that DS(L(O, B)) contains an interval. In Example 2.16, we have that
0o =sy=1,80[0,1) C DS(L(O, B)) in that case. In fact DS(L(O, B)) = [0, 1]
as sy € DS(L(O, B)).

The following result establishes the closedness of DS(L(©, B)). In the con-

text of infinite conformal IF'S, this result is related to |8, Theorem 1.2].

Lemma 2.29. Let (©, B) be given satisfying (B1) — (B4). Then DS(L(O, B))

18 a closed set.
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Proof. Let sy be defined as in (2.9) and let 0 < s, < sy be an accumulation
point of DS(L(O, B)). Then there exists a sequence (Fy) of sets with F, C N
and | Fy| < oo for all k such that r(Ls, ) = 1, satisfies s — s, and sj, # s, for

all k. There are two cases to consider.

(1) 2 nen [16n][ < 00 and
(i) > en [1bnl[3 = o0

Note that if we are in the second case where ) ||bn||2, = 0o. Then it follows
from Lemma 2.28 that s, € DS(L(©, B)).
In the first case, we may assume, without loss of generality, that we can split

into two subcases:
(a) sk { s« and

(b) sk T ss.

Suppose we are in case (a). Then s, > s, > oq for all k£ € N, which implies that
r(Ls, r,) > 1 forall k € N,
Claim 1: There exists n; € N such that ny € Fj for infinitely many k.
Indeed, if this is not the case, then for each n € N there exists a K,, > 1
such that n ¢ Fy for all k > K,,. Let M, = max{K;, Ks,...,K,}. Then for
all k > M, F, C T,,1 = {n+1,n+2,...}. Hence for any positive function
f € C(X) we have that

Ls*,ka S Ls*,Tn.»,.lfa

so (L, p.) < r(Ls, 1,,,) for all k > M,. For u: x — 1, we have that

(Lo.zau)(z) < Y b

r>n+1

Sx
= — 0, asn — oo.

Thus, r(Ls, r,) < r(Ls,1,,,) <1 for all n large and k > M, a contradiction,

since T’(LSMF,C) > T<L8k,Fk> =1



2.4. Dimension Spectrum of Families of Perron-Frobenius Operators o7

Take n; to be the smallest element which appears infinitely often and set
G1 = {n1}. By taking a subsequence of (F}) we may assume that min Fy, = n;
for all k£ € N.

Claim 2: For this subsequence, there exists no > n; such that ny € Fj for
infinitely many k.

Indeed, if not, then for all ny € N there exists K,,, such that ny ¢ Fj, for all

k> K,,. Again take M,, = max{K, 11,... K,,1n}. Then for all k > M,,

Fk§G1UTn1+n+1:G1U{TL1+7’L+1,TL1+TL+2,...}.

So, 7(Ls, r,) < 7(Ls, 610Ty, ny1)- Note that 7(Lg, ¢,) < r(Ls, ) = 1 for all .
Also, r(Ls, ,) — 7(Ls, c,), as the map s +— r(Ls,) is continuous by Lemma
2.13. So, r(Ls,¢,) < 1. If r(Ls, ¢,) = 1, then we are done. So, suppose
r(Ls, c,) < 1. Now consider v} the strictly positive eigenvector of L, ¢, with

eigenvalue \;, < 1. Then there exists a A < 1 such that

(Ls*yGIUTn1+n+1U;*>(x) S AS*U;* (x) + Z Hbr 2:) < A’U;* (:U>7

r>n1+n+1

for all n large. This implies that r(Ls, r,) < r(Ls, 60t 1ny:) < A < 1 for all
k > M, and all n large, a contradiction.

Take ny > n; to be the smallest such that ny € F}, for infinitely many k. Set
Go = {n1,ne}. Taking a further subsequence (F}) we may assume that each
F}, satisfies min F;\{n1} = nyo. Now using the eigenvector v2 of L, ¢, with
eigenvalue ps, < 1 we can argue in the same way that there exists a smallest
ng > no such that n3 € Fj, for infinitely many k.

Thus, either after finitely many repetitions, we find a Gy = {ny,ns, ..., ny}

with 7(Ls, ¢, ) = 1 or we obtain a sequence (G,) with

Gp C Gpy1 and r(Ly, ¢,) < 1 for all p € N.
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Set

G - UpENGp°

Claim 3: s, =inf{s > 0: r(Lsq) < 1}.

Since G, is finite for each p, there exists a unique ¢, such that (L, g,) = 1.
Set t = pli_)r(r)lotp and note that t, < s, for all p, as the map s — r(Lyg,) is
decreasing and continuous by Lemma 2.13, so, t < s,. By Theorem 2.23, L, ; is

defined and ¢ = inf{s > 0: r(Lss) < 1}. Hence, it suffices to show that t = s,.

Suppose t < s,. For each p > 1 there exists F},, with m, < m,,; such that
G, C Fp, CG,U{n:n>n,}

Let t < § < s.. Ast < 3, it follows from Theorem 2.23 that r(Ls;q) = p < 1.
Let w; be the eigenvector of L; with corresponding eigenvalue p. Then there

exists a i < 1 such that

(LsGyut, 1 ws) (@) < (Lsgws) (@) + D 116l

r>np+1

= pws(z) + Y Il

r>np+1

for all p large. Thus r(Lsc,ur,,,,) < 1. So for p large, 7(Ls F,, ) < 1. However,
for s,,, > 5, we have that r(Ls r,, ) > (L, r, ) =1, a contraction.

Case (b): sg T ..

In this case, s; < s. and as the map s — 7(Lg g,) is strictly decreasing by
Lemma 2.13, it follows that (L, 5,) < 1 for all & € N.

Claim 4: There exists an n; such that n; ¢ Fy for infinitely many k.

Indeed, if for each m > 1, there exists K,, > 1 such that m € F}, for all k£ >
K., then we take M! = max{K1,..., K,} and get that F, D {1,...,n} =: AL

for all k > M,. If o, is such that r(L,, 41) = 1 which exists by Lemma 2.13
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because Al is finite, then o, — sy where sy is given by (2.9). As s, < sy, this
implies that for large n, s, < o, so that 7(Ls, ) > 7(Le,.5,) = 7(Lo, 1) = 1
for k > M! and n sufficiently large, which is impossible.

Let ny € N be the smallest such element of N. Set H; = N\ {n;}. Taking
a further subsequence, we may assume that ny ¢ Fy and A': = {1,2,...,n; —
1} C Fj for all k € N. Note that r(Ls, g,) > 1 as each Fy C Hy and 1 =
r(Ls,.r,) < r(Lsy i) and r(Ls, 1) — 7(Ls, ) by Theorem 2.23. If s, =
inf{s > 0: r(Ls g,) < 1}, then we are done. Otherwise r(Ls, m,) > 1.

Claim 5 : There exists ny > n; such that ny ¢ Fj, for infinitely many k.

Indeed, if for all m > n; there exists K,, > 1 such that n € F} for all
k > K,, then we can let M? = max{K,, 11,..., K +n} and get that Fy D
{1,...,ny — 1} U{ny +1,...,ny + n} =: A2 for all k > M2 If o, is such
that r(L,, 42) = 1, which exists by Lemma 2.13 because A2 is finite, then
on — s, and sy, = inf{s > 0: r(Ls g,) < 1} by Theorem 2.23, and sg, > s.,
since r(Ls, g,) > 1. This implies that o, > s, for sufficiently large n. But
o, < S < 8, for all k > M,ZL and n sufficiently large which is impossible.

Let ng > ny be the smallest such element and let Hy = N\{ny,no}. Taking
subsequences, we may assume for all k& € N that ny ¢ F, and A% == {1,...,n; —
1Ju{ni +1,...,npg — 1} C Fy. Note that r(Lspm,) > 1 as I, C Hy and
1 = r(Ls,.p,) < r(Ls,.m,) and r(Ls, m,) — 7(Ls, m,) by Theorem 2.23. If
s, = inf{s > 0: r(Lgp,) < 1}, then we done. Otherwise r(Ls, g,) > 1. So
assume 7(Ls, p,) > 1.

Repeating this process we either find after finitely many iterations, a set
H, = N\{ny,ns,...,n,} such that s, = inf{s > 0: r(L,5,) < 1} or we have
a sequence of sets (H,)pen With H, O Hy,.y and r(L,, g,) > 1 for all p € N.

Moreover for p > 2, there exists a k, > k,_; such that

Fr, 2{1,2,...,n,}\{n1,ng,...,np} = AP
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In the latter case, let H = NyenH,. Note that H # (. Indeed if H = 0,
then for each n € N there exists a P, such that n ¢ H, for all p > P,. Let
M, = max{P, P, ..., P,}. Thenforallp > P,, H, C T,1 = {n+1,n+2,...}.

So r(Ls..m,) < r(Ls.1,,,), but

(Lomnw)(@) < Y |lbr

r>n+1

Sx
= —=0 as n— oo.

Thus r(Ls ) < 1. So, r(Ls, u,) <1for p> P, and n sufficiently large. A

*7Tn+1
contradiction since r(Ls, z,) > 1. Thus H # ). Let ¢ be the unique value such
that t = inf{s > 0: r(Lspg) < 1}.

Claim 6 : t = s,.

We first show that t > s.. Suppose t < s,. Let w,, be the normalised

eigenvector of L, g with [|lws, || = 1 which exists by Theorem 2.23, with
eigenvalue 7, < 1 because the map s — r(Ls ) is decreasing. Then there

exists a sequence ¢, | 0 such that

(Ls,,m,ws, ) (x) < (Ls, mws, ) (z) + Z 116

Jjzp

o < T, ws, (x) + €.

As g, | 0, there exists 7 < 1 such that L,, g, w, < Tw,, for all p sufficiently
large. But this implies that r(Ls, z,) < 7 < 1 for all p sufficiently large, a
contradiction since r(Ls, g,) > 1 for all p, thus ¢ > s,.

Now suppose that ¢ > s,. Then let ws, be the normalised eigenvector of

L, g with eigenvalue 7,, > 1 such that L, g, = 75, ws,. Note that for each
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p € N, there exists k, € N such that A? C Fj, so that

ke Ar

= Y by (@), (Ok(w) = Y by ()b, (05(x))
keH, J>nyp

> 7o, () — Y [1byl13:.

J>np

It follows that there exists 7 > 1 such that

Ls*,ka Ws, Z TWsg,,

for all p large. This implies that r(Ls, g, ) > 1 for all p large, contradicting
Sk, < 54. Thus t = s, so that s, = inf{s > 0: r(L, z) < 1}.

Hence DS(L(O, B)) is a closed set. O
Finally we establish the perfectness of DS(L(©, B)).

Theorem 2.30. Let (O, B) be given satisfying (B1)—(B4). Then DS(L(0©, B))

is a perfect set.

Proof. Note that DS(L(O, B)) is close by Lemma 2.29, so it suffices to show
that DS(L(O, B)) has no isolated points. Let 0 < s, < sy where sy is defined
by (2.9) and assume that s, € DS(L(O, B)). It follows that there exists an
F C N such that s, = inf{s > 0: r(Ls r) < 1}. There are two cases to consider
namely |F| = oo or |F| < co. If |F| = oo then by taking Fj to be the first k
elements of F' we have that F, C Fjy; and F' = UgenFy. Let si be the unique
number such that r(Lg, s, ) = 1 which exists by Lemma 2.13. Then s, < sg41

and limy s, = s, by Theorem 2.23.
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On the other hand, if |F| < oo, then we know that (L, r) = 1 by Lemma
2.13. For k > max F', let F, = F'U {k} and let s; be a unique number such
that r(Ls, ) = 1. As F C F},, we know s, < s; and also sp41 < sj.

Claim: limy s; = s,.

Note that by the Monotonic Convergence Theorem, (s;) converges, say s —
o, and we have s, < 0. To establish equality assume that s, < o and let v,

be the eigenvector of L, p with eigenvalue A\, < 1, then
(Lo, V0,0) (%) = (Lo pv, 1) (@) + 7 ()00, 0 (0(2)) < (Ao + [[B4]|Z™ Y (),
where d = diam(X'). Hence

F(Lo) < A+ [yl |2

Since A, < 1 and limy, ||bg||c = 0 by assumption (B3), we have that r(L, p,) <
1 for all sufficiently large k. However o < s, for all k, and since the map
s +— 1(Lsp,) is strictly decreasing we have that r(L,p ) > r(Ls, r) = 1, a
contradiction.

This implies that for any € > 0, (s, — ¢, 5. + &) N DS(L(O, B)) # 0. O

In [29], Jurga gave an example of an infinite non-conformal IFS whose di-
mension spectrum is not compact. It is interesting to compare this example
with the result presented here. Jurga’s example in |29, Section 5.1| is an affine
IF'S, defined as follows.

Let3<5<7and%<b<d<1. Set

1 -1} (% 0 11
b bl K /8 2
AP = ADT = AP = 1 1 1
3 2 ) \0 5/ \—2 !
1 (1 1 1 1
_ §<B+§) By
1 (1 1 1 (1 1
H(5-3) 1G+2)
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and
1 b
Aboy— | n > 5.
1 d
Bﬂ/ ’YTL

Consider X = [0,1]* and © = {6,,: X — X: n € N\ {4}} where 0,,(z) = A, (z).
Suppose we take b, (x) = [|0/(2)|| = ||Anl| = -

Then © is an IFS and B = {b,: n € N\ {4}} satisfies the assumptions (B1)-
(B4). It follows from Theorem 2.30 that DS(L(O, B)) is a compact and perfect
set.

On the other hand, we know from [29, Section 5| that the (Hausdorff) dimension
spectrum DS(0O) is not compact. As the IFS is non-conformal, the maps 6,, are
not infinitesimal similitudes and the results from [39] do not apply. This means
that if s € DS(O, B), i.e., there exists £ C N such that s = inf{t > 0: (L, ) <
1}, then s does not necessarily correspond to the Hausdorff dimension of the
subsystem ©p. So there is no connection between the spectrum of the Perron-
Frobenius operator and the Hausdorff dimension of the invariant set, i.e., there
is no link between DS(L(O, B)) and DS(O) for this system.

It is import to note that Theorem 2.30 is satisfied in many classical IFS
settings. For example, this holds when the maps are infinitesimal similitudes,
see for instance [39]. More precisely, let © = {6,,: X — X: n € N} be an IFS
with contraction factor ¢ satisfying the OSC, such that 6, is an infinitesimal
similitude for each n € N i.e. |#'| exists and is continuous. In addition, suppose
that the map = — (D#@,,)(x) = |¢'(x)| is strictly positive Holder continuous, and
Lipschitz with constant at most ¢. Then for any finite subset F' C N define a

map

(L) f () = Y (DO.)(2) f(O(x)) = Y 16,(2)] f(Bn()-

neFr nelr

It is known that the Hausdorff dimension of the invariant set of the IFS {6,,: X —
X | n € F} is connected to the spectral radius of Ly via the following result

which is due to Mauldin and Urbanski [33] and can also can be found in [39].
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Theorem 2.31. Let Op = {0,: X — X:n € F} be a finite IFS consisting
of infinitesimal similitudes with uniform contraction constant c. Assume Op
satisfies the OSC with invariant set Jg and assume the map x +— (DO,)(z)
1s a strictly positive Hélder continuous function on X. Then the Hausdorff

dimension of Jg is given by the unique value sg such that r(Ls, g) = 1.

Thus, in this setup of Theorem 2.31, DS(L(©, B)) = DS(0O).

Another classic example is conformal IFS. It was shown in [8, Theorem 1.2]
that if © is a conformal IFS on R™ or C" satisfying the OSC, then DS(0O) is
a perfect set. In that case Theorem 2.31 also applies. We simply take b,(z) =
16, (x)]|, and get the relationship with the Hausdorff dimension, DS(L(©, B)) =
DS(0).
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Chapter 3

Hausdorff Dimension of Continued

Fraction Expansions

It is well known that the Hausdorff dimension of sets defined by continued frac-
tion expansions can be analysed using the Perron-Frobenius operators, see for
instance [6-9, 16, 17, 20-24, 28, 30, 37, 39]. There exist several rigorous and
efficient algorithms to approximate the Hausdorff dimension of invariant sets of
finite conformal IFSs, see [8, 16, 17, 20, 28]. We will rely on the method de-
veloped by Falk and Nussbaum in [16, 17|, which provides a rigorous framework
applicable to a wide variety of sets.

We start this chapter by recalling results that link the Hausdorff dimension
of invariant set of finite IF'S with spectral properties of the Perron-Frobenius
operator. We then describe the numerical methods of Falk and Nussbaum for
computing the Hausdorff dimension, and provide explicit bounds that will be
needed in Chapter 4 and 5.

We provide upper and lower bounds for the Hausdorff dimension of certain
families of continued fractions expansion. We also discuss a number of prelim-
inary results that will be used to analyse the Hausdorff dimension of infinite

subsystems.
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3.1 Continued Fraction Expansions

In the remainder of this thesis, we will consider the map 0,,: x — (n + z)™!
and the system © = {6,,: n € N}. By Theorem 1.5, © is an IFS of infinitesimal
similitudes and in addition it satisfies the OSC.

For each n € N, define

1
n+uw

bn(x):w;(m:( )2, z€[0,1].

We first verify that the collection B = {b,: n € N} satisfies the assumption
(B2) - (B4) from Section 2.2 of the Chapter 2 and, then discuss assumption

(B1). First
2 2

R

for all n so B is a collection of Lipschitz functions. Moreover,

1
< < —,
(n+1)2 — bu() < n2

Since ((n+ 1) + )72 < (n+ x)72 for all z, we have ||b,11]|ce < ||bn]loe = 172,
and hence

lim ||b,]]ec = 0,
n—00

so (B2) is satisfied. For s = 1, we have

DI PR
n=1

n=1

Thus, (B3) is satisfied. Next, consider

‘m (bn“))' — [In(by(2)) — In(bu(y)|

bn(y) 2 2
n(iiz) ()

= 2|ln(n+z) —In(n +y)|.
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By the mean value theorem, for some ¢ € (x,y),

In(n + ) — In(n + y)| =

1
—yl < Zle = l.
n+clw y|_n\x Y|

Thus,

Hence

1\’ 1 \2 . .
0 <bule)= <n+x) = (n +y) en " = by (y)ent

which implies that b, € K(2,1). Thus (0, B) satisfies the conditions (B2) -
(B4).

Note that ||b1]|lcc = 1, so 71 = 1, thus (B1) is not necessarily satisfied.
We use the compositions © = {6,,,,,: n,m € N} where 6,,,, = 0,, 0 0,,. The

derivatives satisfy
1

(n(m+x)+1)%

Or,m () =

Consider the set N* = {1,2,3,...}% We will use the Cantor’s diagonal enu-
meration of N2. To enumerate all ordered pairs (n,m), we first group them by
the value of the sum s =n + m.

For each integer s > 2, the pairs satisfying n +m = s are

(I,s—1), (2,s=2), ..., (s—1,1).
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Thus the first few diagonals are:

s=2:(1,1),
s=3:(1,2), (2,1),
s=4:(3,1), (2,2), (1,3),

s=5:(1,4), (2.3), (3,2), (4,1),

As a second step, we impose an order on each s-level as follows. If s > 3
is odd, we declare (n,m) < (n/,m’) if and only if n < n'. If s > 4 is even,we

declare (n,m) < (n’,;m') if and only if n > n'. This produces an enumeration

7: N2 = N defined by

7T<<17 1)) =1, 71—((172)) =

2, W((Qa 1)) =3, ((37 1)) =4, W((Qv 2)) =9,

Every ordered pair (n,m) appears exactly once, on the s-level where s =
n + m and has the unique position on the list of all pairs with sum s. Thus,
this gives a bijection between N and N?. In an abuse of notation we will write

k to actually mean 7=(k) = (n,m). Let

1

(&) = bau(8) = Oy(0) = oo

z €[0,1],
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and B’ = {b; : k € N}. Then

1 be(z) b

m+ D+ 1)p =

0 <=

IN

Thus (B1) is satisfied.
We claim that it satisfies (B1) - (B4) and for completeness we prove it.
Observe that if w(n,m) =k > 3 and s = m+n, then » -~ i<k< POy L.
This implies that

k — oo if and only if s — 0. (3.1)

Asnm >1-(s—1)=s—1, we have mn+ 1 > s, 50 ||bg||oc = ||brmlleo < 571
It follows that if & — oo, then s — oo by (3.1), so that limy ||bx|| = 0. Thus
(B2) is satisfied.

Using the Mean Value Theorem it is straightforward to show that

‘m (’;:8)' = 2l n(n(m + ) + 1)~ In(n(m + 2) + 1] < — |z~ y],

for x,y € [0,1] so (B4) holds. Finally the sum

2 (mn—|—1 ZZWLQ - (;%)2@0.

n,meN

Thus, (©', B’) satisfies the assumptions (B1)-(B4). It follows that the theory
developed in the Chapter 2 is directly applicable.
Let F' C N be finite and write ¥ = min{n: n € F'}. For s > 0 we then define

the associated Perron-Frobenius operator L, p: C([0,77']) = C([0,77]) as

(Leop)@) = Y (00(2) f G (2))- (3.2)

nmeF

From Theorem 2.12, L{ . has a strictly positive eigenvector v, with an eigenvalue

r(L, p) = As, furthermore the map s +— (L p) is strictly decreasing by Lemma
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2.13.
On the other hand, for (0, B) with 6,,(z) = (n+z)~! and b, (z) = (n+x) 2,
define the operator L : C'([0,77']) = C([0,771]) as

LoD = @0 = () s 69

nekF neF

It is easy to verify that

(LipN@) = Y 10,(0u(@))]*16,,(2)* f (6 © b ()

(n,m)eF?

= Y (@) ()

n,meF

= (L pf)(@).

2 _ g1 2 : S e 2 .
Thus Lg = L . Hence L - has eigenvector vs with eigenvalue As so Lg pvs =
A Ug. Let

1
—=Lsvs,
VAs

Ws = Vg +

then

\/_ws

Ls,Fws - Ls,FUs

1 1
\/)\—L2 FUs = Ls,FUs+ V )\svs =V >\s (Us + \/_)\— sFUs>

So, wy is an eigenvector of Ly p with eigenvalue /A, and

F) = \/ T(L;,F) = \/)\_s

As the root function is monotonic, the map s + r(Ls ) is strictly decreasing

and continuous. Note that

r(L, p) < 1if and only if r(Lyr) < 1,
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and

r(L, p) > 1 if and only if r(Lsr) > 1.
In the sequel we will need the fact that dimy(Jr) < s if and only if r(L z) < 1.
So we can use L, r instead of L{ p to get these inequalities.

Remark 3.1. If £ C N is infinite and L, g is well defined then ) _p n=% < 0.

It follows that the double sum

S (k) = S () = (20

is finite. Thus L, g is defined if and only if L{ p is defined, and therefore,

Theorem 2.23 can also be used.

It follows that the dimension spectrum of the class of operators associated

with (O, B) and (©', B) agrees i.e.,
DS(L(©, B)) =DS(L(©', B)),

where DS(L(©, B)) is defined by (2.15). Due to this observation, we will simply

work with

(Lorf)a) = 3 b3(a) -y (nix)%f(en(x»,

neF ner

and assume that the operator satisfies the results established in the previous
chapter. It may also be considered on other Banach spaces, see for instance [4,
7,8, 16, 17, 24], such as the real Banach space C'*([0, 1]) consisting of functions
f:10,1] — R (respectively the complex Banach space C¢ f: [0,1] — C) which
are Holder continuous with Holder exponent 0 < o < 1.

It can also be considered on Banach space C*([0, 1]) (respectively CE([0,1]))
consisting of k-times continuously differentiable real (respectively complex) func-

tions on [0, 1] for £ € N. Indeed, Ly r is a bounded real linear operator from
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C*(]0,1]) to itself and also from C*([0, 1]) to itself. The operator can be exten-
ded in the usual way to a complex linear operator on C&([0,1]) or CE([0, 1]).

Of course, if we considers these alternative domains, then further assump-
tions on the functions b, are needed to ensure that L, p maps the domain into
itself. In our case we shall study it in C([0, 1]).

Note that we have not chosen any other space above because we want a
method that can be used to rigorously estimates the Hausdorff dimension of
Jr for various sets F' C N. The other methods in the literature, which study
the operator on different domains, are only applicable to specific sets and it
is not clear how these methods can be generalised to arbitrary subsets of N.
For example, in [28], in order to approximate the Hausdorff dimension of Jy o3,
they studied the authors study the operator on the space of analytical functions
on and open disc D C C of radius r that have a continuous extension to the
closed disc D. This forms a Banach space with respect to the uniform norm.
In this setup, the operator Ly is of trace class and they used the Fredholm
determinant

det(l — Ls,F)-

This approach provides very good estimates for the Hausdorff dimension of
J{1,2), see [28] .

Recall that Jr denotes the set of irrational numbers in the unit interval
whose continued fraction expansion digits belong to F'. It is the invariant set
of the iterated function system {6,,: n € F'}. We now state the crucial theorem
which links the Hausdorft dimension of Jp to the spectral radius of L, p. This
result plays a key role in the sequel, the result we present here is a special case
of a more general theorem that can be found in [16, Theorem 3.1] and has been
established in varying degrees of generality; see for instance [32, Section 2.2,

[37, Theorem 5.4] and [39, Theorem 6.5], also [4, 7, 8, 16, 17, 24].
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Theorem 3.2. Let FF C N, finite withy = min{n: n € F'} and' = max{n: n €
F}. Let s >0 and Ly p be defined by (3.3), then the following holds:

1. The operator Ly has a unique strictly positive normalised eigenvector
vs € C([0,771]) with Lgr = A\svs where Ay = r(Lg ), the spectral radius
Of LS,F~

2. The function s — A is strictly decreasing and continuous.

3. The function v is decreasing on [0,771] and

ﬁ|m

vs(x) < vs(y)e Y for allz,y €[0,47Y] and (3.4)

DPvs()]
vs(z)

<2s(2s4+1)...(2s+p—1)y7".

25(25+1)...(2s+p—1)(2y ' +T)P < (=1)P

(3.5)

In particular, we have that
25(25 + 1)(2y 1 4+ ) 2u,(w) < v(x) < 25(25 + 1)y 2w,(z) (3.6)

4. The unique value sp such that As,. =1 is equal to dimy(JF).

Note that (3.4) follows from (3.5) by setting p = 1. Indeed if p = 1, then

@\
—
8
~—

25(2y P+ )7 < - <25y

For x,y € [0,77!], we obtain

In <Us(m)>—lnvs(x)—lnvs(y) _ /:diln(vs(z))

s(y)

(V4
Q\a

|

| &
QL
N

I

|

| &
B

|
=
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Thus

¥ vs(y)

which implies that v,(x) < vs(y)e%sl“yl so that v, € K <%, 1),

2
e —yl<hn <US(I)> forall  z,y€[0,77"],

Remark 3.3. Note that v, is not merely continuous but at least twice differen-

tiable and (3.6) gives us the bounds of v,
25(25 +1)(2y 1 4+ I) 2wu,(w) < v(2) < 25(25 + 1)y 2w,(z).

We will use this fact in our arguments.

3.2 The Falk and Nussbaum Numerical Method

In order to fully characterise the dimension spectrum of infinite subsystems of
O, it is often useful to have explicit bounds for certain finite subsets of N. These
bounds will be obtained using the computational method developed by Falk and
Nussbaum in [16], which combines operator theory with rigorous numerical ap-
proximation. In this section, we briefly discuss the Falk and Nussbaum method
and explain how it is used to develop a computational approach for approxim-
ating the Hausdorff dimension of invariant sets with a finite alphabet. We use
their numerical methods to get rigorous approximations accurate to six decimal
places. Even higher precision can be obtained by employing computational
methods from [28].

Given F' = {ny,ng,...n,} C N finite, Theorem 3.2 guarantees the existence

and uniqueness of sp > 0 such that

T(LsF,F) =1 and dlmH(JF) = Sp.
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The goal is to approximate sz, the Hausdorff dimension of the set Jr. The idea

is to approximate Ly by ¢ X ¢ non-negative matrices Ay and By, such that
r(As) < 1r(Lsp) < r(Bs).

We introduce the interpolation framework. Write

vy=min{n: n € F} and I =max{n:ne€ F}.

Consider a function f € C%([0,77']), meaning f is twice continuously differen-

tiable. We approximate f using a piece-wise linear interpolation f7.

Fix an integer N > 2 which denotes the number of intervals in a partition

of [0,771]. Set

h=—, x0=0, xy=x9+kh, k=1,...,N,

so that zyy1 — 2x = h and zy = v~'. Then P = {zg,71,...,2x} forms a

partition of [0,v7!]. For x € [z, x411], define

(3.7)

I
xr) =
1) = 24
A standard interpolation result ensures that for each x € [xy, x)41], there exists

Y € [xg, Tx11] such that

F1@) = (@) = 5 (e — ) (2 = ) (), (33

As the operator L, p has eigenvector v, == v, p € K (%, 1) , it follows that for

Y € [T, Tht1),
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and

vs(y) < velaw)e TV < vy(ap)e ™,

Thus

2 ﬁh

vs(xk)e_fh < vs(y) < wvs(zg)e".
Using the same argument, we have that

_2s
vs(zran)e” 7" S ug(y) < vyzp e

<[
=

Taking vs = f in (3.7) we have that

r — Tk

’UI(.CL') _ Tpy1 —

h ’Us(xk-i-l)'

Us(.ilﬁk) +

For & € [x), Tps1], let @ = %57, so that 1 — v = ##£==_ Then

2s 2sp

vﬁ(m)e_%sh = (1 — a)vg(zr)e” 7" + avg(zpy)e

< (1 — a)vs(z) + avs(x)

= vy(2)

2sp 2s
< (1 —a)vs(xp)er" + avs(xpy1)e
= vl(a:)e%sh.

S

Taking f = vy in (3.8), and combining this with the above inequalities and

(3.6), we deduce that

(T3 — 2] — 21]5(25 + 1) (27! + F)_2672S%USI(33)

< v;(7) — vs(2)

< [rner — 2l — mils(@s + 1)y 220l ().
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Thus we obtain upper and lower bound on the interpolation error on each

subinterval [y, zx41] for each k. For x € [z, x41], define the error functions

errl(IE) = [Ik‘-i-l — ]}] [{[} — xk]S(QS + 1)7_2628%7

err?(z) = [zpgr — o[z — 21]5(25 + 1)(27 ! + F)_Qeﬁsz.

Note that err! and err? depend on the subinterval containing . Consequently,
[1 — err! (2)]v!(z) < ve(x) < [1 — err®(x)]vl(2).

Next we construct two matrices. For fixed k € {0, 1,2, ..., N}, replacing x with

On; (1) and sum over the j's we obtain

S, @[ = exr! (B, (22))]0! (0, (21))

J=1

P
< Zbij (k) vs (O, (1))
j=1
= Ls,FUs(xk) = )\svs(xk)
p
< 300 (L~ ere (B ()0 (B (22))
j=1
Let w = (wo, wy, ..., wy) € RNT! be defined by
wy, = vg(wy) = vl(xy) for k=0,1,... N.

We now define two (N + 1) x (N + 1) matrices A; and B; such that

(Aqw)i = Y by (2x)[L = exr! (6, (20))]0L (6, (1))

J=1

and

(Byw) =Y b, (wi)[L = erv® (6, (21))]0} (6, (24)).

=1
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Note that w > 0 and we have that (Asw), < Lsvs(xg) < (Bsw)g. It then follows
that
r(As) <r(Ls) = As < r(Bsy).

In practice, to construct A, and By, fix k € {0,..., N} and consider each
n; € F. Compute 0,,(x;), which lies in some interval [z;, z;11]. To get the
entries of By = (by;)

bri = Z bflj (ﬁk)[l - err2(0nj (l'kz))]xxl+1 _henj (mk)

j: Hnj (zk)€ElTsTit1]

9nj (Tx) — i1

+ Yo ) — e (6, (x)] :
3t O (z)€[Tiz1,2i]
In an analogous way we get the entries of Aj.

Given finite ' C N and an integer N > 2, the matrices A, and B, can be
computed for each s > 0. The goal is to estimate a value s; such that r(A,) > 1,
so 7(Lg, ) > 1. Since the map s +— r(Lgr) is decreasing by Theorem 3.2, it
follows that s; < sp, where sp denote the Hausdorff dimension of Jr. Thus s;
is the lower bound for sp.

Similarly, we estimate a value s, such that r(B;s,) < 1, which yields (L, r) <
1 and hence s < s,. Thus, s, is an upper bound for sp. Consequently, we

obtain rigorous interval bounds
S1 < sp < Sy

In our arguments we occasionally require upper and lower bounds for dimy(JF)
for specific finite sets F' C N. Whenever we refer to the computational methods
of Falk and Nussbaum, we mean precisely this approach to bounding dimy(JF)
for F' C N finite. The MATLAB codes for implementing this method for finite

subsets of N are available at:

https://sites.math.rutgers.edu/ falk/hausdorff/codes.html
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Table 3.1 lists the bounds sufficient for our purposes. We used N = 100 as
the number of intervals on the partition of [0,y~!]. Tt should however, be noted
that much sharper bounds can be obtained by using the numerical methods
from [16]. In some cases, for instance F' = {1,2}, very sharp estimates exist.

For example in [28].

TABLE 3.1: Upper and lower bounds for Hausdorff dimension

{1,2} | [0.531277, 0.531281] {1,219} | [0.150819, 0.150820]
{1,3} | [0.454487, 0.454490] {1,211} | [0.140914, 0.140915]
{1,2%2} | [0.411181, 0.411183] {1,2,4} | [0.669217, 0.669223]
{1,23} | 0.333644, 0.333646] {1,25,3%} | [0.272593, 0.272595]
{1,2%} | [0.280974, 0.280976] {1,25,3%} | [0.238624, 0.238626]
{1,25} | [0.243375, 0.243377| {1,27,37} | [0.212932, 0.212933]
{1,2%} | 0.215370, 0.215371] {1,28,3%} | [0.192784, 0.192786]
{1,27} | [0.193748, 0.193749) {1,29,3%} | [0.176528, 0.176529]
{1,28} | [0.176544, 0.176545] {1,219/310} | [0.163106, 0.163107]
{1,212} | [0.132398, 0.132400] {1,212 312} | [0.142168, 0.142170]
{1,211} | [0.140913, 0.140915] {1,211 31} | [0.151814, 0.151816]
{1,2°} | [0.162508, 0.162510] {1,3%,...,100°} | [0.243455, 0.243456]
{1,32,33} | [0.380856, 0.380863| {1,32%,3%,3%,36...,3'0} | [0.371828, 0.371833]
{1,53} | [0.194405, 0.194408] {1,53,5%} | [0.223875, 0.223878]
{1,53,55} | [0.211228, 0.211234] {1,53,55 56} | [0.217632, 0.217634]

Remark 3.4. It is worth noting, the rigorous approach of Falk and Nussbaum

does not require one to know the explicit form of vs but rather its behaviour.

Besides the bounds listed in Table 3.1, we will also need bounds for families
of sets. In particular, for F' = {1,n}, we will need a generic lower bound for

the Hausdorft dimension of J .

3.3 Bounds for dimy(Jg )

The main idea is to use the strictly positive eigenvector of the operator

(Ls, 3 f)(@) = (1ix>2sf (1}%) ,
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as an approximation of the eigenvector of L, (1 ) to derive the bounds for the

eigenvalue of L, (1 .

Lemma 3.5. Let p > 0 and s > 0. The operator Ly, : [0, i] — [0, i] given by

(L P)(@) = (Mi)f (1)

has vs(x) = (—)28 as a strictly positive eigenvector with eigenvalue \=>°, where

)\_u—l—\/u2—|—4
=——

Moreover, r(Ls gy) = A%,

Proof. Note that )\ satisfies A> — uA — 1 = 0, hence

1 1 2s 2s 2s
v _ _ W+ x _ w+x
"\p+a S pA 4+ 1+ \x N+ Xz )

Thus,

0, (M i x) = A (4 @) Puy(2).

This implies that (L 1,30s)(x) = A *vs(x). As v is strictly positive, 7(Ls 1) =

A~% by Lemma 2.2. O

Using this result, we now prove the following estimates for the Hausdorff

dimension of J ).

Theorem 3.6. Forn > 1 let

s_(n) = max{s >0: A% (1 + (ﬁ)Q) > 1}
sy(n) = min{s >0: A7 (1 + (211)2> < 1},

and
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where A = ”2\/‘?’. Then

s—(n) < dimy(J10y) < s4+(n).

Proof. Note that if v,(x) = (/\1?)28, 0 Ly {1305, = A~ %0, then

2s
I 1
Us(x—l—n) B <)\—|—n+rx>
Ntz 25
- ()\(n +x)+ 1)
(n+x)* (n+ x)*
A2 (n + 7+ A1)2s - A5 (n + 7+ A — 1)%

as A™!' = X\ — 1. This implies that

A 2
__ \—2s
(L, (1nyvs) () = A (1 + (—n - 1) > vs ().

For n > 1 and z € [0, 1] the continuous function,

)\ 2s
s (1 (—2F8 ) ),
n+x+A—1

is strictly decreasing, positive, and at s = 0 takes the value 2. Moreover, for

n > 1 and s > 0, the function

/\ 2s
peo A 1y (—2TT
n+x+A—1

is strictly increasing on [0, 1]. Thus, its maximum is attained at = = 1, and its
minimum is attained at x = 0.

It follows that for s > s, (n), we have (L {1n030s)(2) < vs(x) and r(Lg f1,ny) <
1 for all s > s, (n). Hence, by Theorem 3.2 we get that dimy(J{1ny) < s4(n).
Similarly, for s < s_(n) we have that (L 11,,vs)(7) > vs(x) and r(Ls 1)) > 1

for all s < s_(n). So, by Theorem 3.2 we get that dimy(Jg1,.y) > s-(n). O
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We can use the previous theorem to derive a general lower bound for n > 4.

Corollary 3.7. For each n > 4 we have

0.52679

dlmH<J{1’n}) > ln(n)

Proof. We need to show for each integer n > 4 that %%9 < s_(n). Forx >4

c 1 2s(x) 1 2s(x)
8(1‘) = E and h(ZE) = (X) + (m) .

Here ¢ > 0 is a constant which will be chosen later to get the lower bound for

let

x > 4. But for the moment it is useful to work with any ¢ and any = > 4,
because the method of proof gives a way to get a better constant if one has that
x > N for some fixed N.

By Theorem 3.6 we need to show that h(x) > 1 for all x > 4. We will show
that A'(z) > 0 for all x > 4 and subsequently find a suitable constant ¢ > 0

such that h(4) > 1. Note that

for all z > 0, and

M@p:%@@(-i——>M@

PR
'((zi%:iymmm(§>+m(x+i—1>_<x+;%$y@)‘

So, 25'(x) (ﬁ)s(m) < 0 and (%’H)QS(I) In (%) < 0. Moreover, —S —

xIn(x), so that
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This implies that

In (eri_l) - <x+>\8(_$)1)8/<x) < —In(z+AX-1) (1—%) <0,

so W(z) > 0 for all z > 0. For x = 4 and s(4) = 0.52679/1n(4) a direct

calculation shows that

0.52679 0.52679

h 4 1 In2 1 In2
— (= L 1.
4) ()\ * (3+)\ ~

Thus dimH(J{l,n}) > % ]

We will also need a generic lower bound of the Hausdorff dimension of the
sets of type {1,2?} for ¢ > 12 particularly Theorem 4.5 in the next chapter.
Using the same method as in the proof of Corollary 3.7 we need to first find a

constant ¢ > 0 such that for z = 2'* and s(2'%) = 755 we have that

o (1) L\
2= (3)"+ ()

In this case one can check that ¢ = 1.0571 gives h(2'?) > 1.005, hence we have

for ¢ > 12 that

1.0571 S 1.525
gln2 — ¢q

dimH(J{qu}) 2 (39)

The following statement can be found in [10, Claim 3.1| but contains an inac-
curacy in its proof. More precisely, the assertion on [10, page 80| that g is an
eigenvector of L’ seems unjustified. We give a proof of this result. It tells us
how the Hausdorff dimension of Jr changes by adding a single element to the
alphabet. It is also related to [8, Proposition 4.9]. Given F' C N finite, it gives

bounds on how dimy (Jpug,y) changes for n ¢ F.
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Lemma 3.8. If FF C N is finite with |F| > 2 and 0 = dimy(Jr), then there

exists a Cp > 1 such that for alln € N\ F we have that

o+ Cpln < dimy (Jrumy) < 0+ Cpn=%. (3.10)

Moreover if |F| = 1, then lim,_, dimy (Jpugny) = 0.

Proof. Note that to establish (3.10) it suffices to show that there exists a con-
stant Cp > 1 such that (3.10) holds for all n sufficiently large. Let vs be the
strictly positive eigenvector of Ly p with eigenvalue Ay = (L ), and let wy be
the strictly positive eigenvector of L pugny with eigenvalue i, = r(Ls pugny) for
o<s<l

If we can show that there exists C'; > 1 such that for all sufficiently large n,
ps < 1 for s = o+ C1n?*?, then we know by Theorem 3.2 that dimy (Jpogmy) <

o+ Cin~% for all n large. By (3.4),

1 s
Vs ( ) < vs(x)e% < wy(w)e*
for all z € [0,7!]. Thus

(Ls,ruinvs) (@) < Asvs(x) +n~ > vg(2)e™ = (A5 + n >%e*)vy(z),

so that r(Lg pugny) < As + n=2%¢*. For n € Nlet 6,: z — n—iz We know for
s> o, that ((0, 06,,) (z))* 7 <4769 for all x € [0,7']. Thus,
(L2rpva)(@) = D (0 0)(2)) 05 (6 © 0) ()
m,neF
< 476 Z (05 0 0)' (%)) 05 (05 © 0n) ()
m,neF

= 4767y, (2),
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which gives r(L? ) < 4=(=9) Hence A\, = 7(Ls r) < 27~ Thus
T<Ls,Fu{n}) < 2—(5—0’) + n—23625

and we see pg < 1if 27679 4 =252 < 1. As 2577¢% < €3, this inequality
holds if
n*et < 2577 — 1. (3.11)

We now wish to show that there exists a C; > 1 such that s = ¢ + Cin~%

satisfies (3.11) and o < s < 1. Note that (3.11) holds if
n2ed < 20T 1 = in 2 _ g (3.12)

Ase®—1 > x for all z > 0, we see that (3.12) hold if n™27¢3 < Cyn~27 In 2 which

2

gives C > % To ensure that s < 1 for s = 0 + C1n™°? we also require that

n > (10_—10)1/20. Thus for all n sufficiently large, p, < 1 for all s = o + C n=%
where C > % which establishes the upperbound for dimy (Jpugmy)-

To show that lim,, dimy (Jryugny) = 0 for |F| = 1, we note that |F| = 1 then
o = 0 by Lemma 3.5. So us < 1 if 27° + n=2%¢* < 1 in that case, which is
equivalent to e/n < (1 —27%)1/2%_ Clearly for each £ > 0, there exists an N > 1
such that e/n < (1 —27°)Y/2 for all n > N, hence p. < 1 for all n > N. This
implies that dimy (Jpugy) — 0 as n — oo.

To obtain the lower bound for dimy (Jpugny), we need the fact that s — In gy,
is strictly decreasing and convex, see for instance |16, Theorem 8.1]. If we can
show that there exists Cy < 1 such that for all n sufficiently large, s > 1 for s =
o+ Con™27, then it follows from Theorem 3.2 that dimy (Jpugny) > o+ Con™27

for all n sufficiently large.

Using the Mean Value Theorem we know for 0 < y < z < 1 that

n+z 2 2
In (n—l—y) =2(In(n+2) —In(n+y)) < E(z—y),
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2 2
! < L en(Y),
n-+y T \n+z

It follows that n™2¢™2 < (n+z)~2 for all z € [0,7!]. We also know from (3.6)

SO

that
e 2, (7) < v, (n i x) for all z € [0,771].
Thus,
n" e, (1) < ( ! )20 Vg ( ! ) :
n+x n+x
so that

(Laota)e) = o) + 1)%%( =) = e ),

Hence iy > 1 +n"29e4,
Let u: & — 1 be the order unit on C([0,1]). Then Lo pugmyu = (|F| + 1)u
hence r(Lorugny) = |F|+ 1. Set p(s) = Inp,, which is a strictly decreasing

convex function with
p(0) =In(|F| +1) > p(o) > In(1 +n"*e*) > 0.

Let s; > o be the unique value such that p(s;) = 0. The straight-line through
(0,In(|F|+1)) and (o, In(1+n"27e™1)) intersects the s-axis at s; with o < so <
s1 by convexity. A simple computation gives

B In(|F|+1) In(1+n=2e4)
*‘“(mWW+n—mu+n%eﬂ)>“O+ NEED )'

The power series for the function x +— In(1 + z) for 0 < z < 1, give us

2 28 x?
In(1 =L -4+ —=—=..>r——>
n(l+z)==x 2+3 > 7= 5

DO R
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Using this, we find that

220\ ([ +)) T 2 m( [+ )

Thus, if we take Cy = < 1 and set s = 0 + Cyn~?° we have that

o
2et In(|F|+1)

In s > 0, hence p, > 1. Take Cp = max{Cy, C;y '} we conclude that

o+ C’;ln_g" < dimy (Jrumy) < 0 + Cpn~%

for all n large, which completes the proof. ]

The following basic observation will be useful in the sequel. For completeness

we include a proof.

Lemma 3.9. Let F' be a non-empty and finite subset of N and m,n € N with

m >n such m,n ¢ F, then

dlm;l.[ (JFU{n}) > dlmH(JFU{m})

Proof. There are two cases to consider namely min F' < n or min F' > n. In the

first case,

min{k: k € FU{n}} =min{k: k € FU{m}} =1~.

This means that the interval [0, y7!] is the same and we are working on C'([0,y71]).
So both L, pugmy and L, pugny are well defined.
The operator L, pugm) has eigenvector v, and eigenvalue A,. If dimy (Jpugmy) =

s1, then A\, = 1. Fix z € [0,77'] and using (3.4), we have that

(le,pu{n}vsl)(x)—(LSI,FUSI)(;C)JF( 1 )2511151( 1 >

n—+ax n—+x

m+1 281 g (m=n 1 251 1
Z(L$1,FU81)<x>+(n+1> 621<m")(m+w) Vs, m-+x .
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If n,, = (m—“)%l e 21(5) > 1, then there exists p > 1 such that

le,FU{n}Usl Z /JJLS,FU{m}Usl = UUsg, .

Thus 7(Lg, pugny) > 1, and therefore dimy (Jpupny) > s1. So it suffices to show

that n,, > 1. This holds provided In(n,, ) > 0, which is satisfied if
m+ 1 m-—n
n+1 mn

(m—i—l) m—n
In > ,
n+1 mn
as s; > 0. Using the estimate Inxz > 1 — %, we obtain
1 _
In m + > m n.
n+1 m+1

m—n m—n
m+1 > mn

that is

Hence the required inequality holds if . Since n > 7, it follows that

n > 2, and therefore

mn>2m>m+1 as m > n.

Thus

In (m—i—l) > m—n’ SO 1, > 1.
n+1 mn
In the second case if n < minF' then the operator L, pug,) is defined on
C([0,n7']) whereas Ly pumy is defined on C([0,77']), where v = min{min F, m}
and necessarily v > 2. The idea is to extend v, € C([0,77']) to the interval
[0,n7!] and use the same argument as in the first case.
If 51 = dimy (Jrugmy) then the operator Ly, pupmy has eigenvector v, defined

-1

on [0,77"]. In this case, .47 > = for > 0 s0 v, is not defined on (y~',n~"].
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We extend it by defining

s, () O§x<%

<z <

S|

<
V)
K
/N
21
N——
2=

Clearly w,, is continuous on [0, 1] and for all z € [0, 2] we have that wy, (#I) =

ve (L), As
-(3)

For x € [0,n7'], we have

(ourtora)) = )@+ () ()
= G0+ (o) v (2)

n+x

m+1\*" 1 281 1
> LS S 81( mn) S .
= 1’le)(x)—k(n—l—l) ¢ (m+x) Usi m+x

Arguing as in the first case, if

1\ > men
o1 = (er ) e ) >,

n+1

=2 |+

then we are done. This holds if

ie., In (%) > 5. This is satisfied since ;’;’1‘ > asm > 2,2m >m+ 1.

Thus we have the result. O

This result implies the following result, which can be found in |7, Proposition

2.7).
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Proposition 3.10. If A, B C N and there exists a non-decreasing bijection

7: A— B, i.e. 7(n) >n for alln € A, then

dimy(Jp) < dimy(Ja).

3.4 Hausdorff Dimension Estimates of Infinite Sub-

systems for Continued Fractions

According to 23], it was already known to Gauss that if

(L)) = fj (i) (5

=1

then at s = 1, v1(z) = (1+ )" is an eigenvector of L; with eigenvalue 1 which

is the spectral radius of L;. Indeed

(Liv1)(z) = i(ni$>2<ﬁ>

n+x

= 1
- Z(n+x)(n+1+:c)
B i 11 1
N n+xr n+l+xz) z+1

So sy = 1, where sy is defined by (2.9).

On the other hand, by a classical result of Jarnik, see for instance [11, 30]

and references therein, we know that
lim dimH(J{LQ ..... n}) = 1.

Thus sy = dimy(Jy) = 1. This is not a coincidence but in fact a consequence

of a more general result by Mauldin and Urbanski |32, Theorem 1.1]. Similar
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results exist for conformal IFS and for infinitesimal similitudes [39, Theorem
5.12]. Here we prove a particular case of this result applicable to infinite subsys-
tems for continued fractions. It provides a method of estimating the Hausdorff

dimension of infinite sets.

Theorem 3.11. Suppose E = {ny,ng,...} C N with ny < ngyq for all k € N
and F, ={n;: j < k}. Then

dimy(Jg) = ,}1_{20 dimy (Jr,) = sp,

where sg is defined by (2.11). If r(Lyg) =1, then t = sg.

Proof. Let E = {ny,ny,...} C Nand Fj, = {n;: j < k}. Then E = U2 Fj.
Define s; = sp, = dimy(Jg,), so, 7(Ls, ) = 1 by Theorem 3.2 and also

r(L

Sk F

) = 1 where L{ , is defined by (3.2). Set sp = ’}Lrglosk It follows
from Lemma 2.22 that L’57 g 1s well defined for all s > sg, and sp satisfies
sp = inf{s > 0: r(L, ) < 1} by Theorem 2.23. It then follows from [39,
Theorem 5.12] that the Hausdorff dimension of the invariant set of the IFS
{6, 060,,: n,m € E} is sg. Since {6, 0 0,: n,m € E} and {0,: n € E}
has the same invariant set Jg, we have dimy(Jg) = sg. If r(Lyg) = 1, then
r(Li p) = 1, the decreasing property of s + 7(L{ ) by Theoreom 2.23 implies

that t = inf{s > 0: 7(L} ) < 1} = sg. O

Remark 3.12. We note that, for the class of infinite subsets £ C N considered

in this thesis, there exists a unique value sg such that
T<LsE,E) =1 and lel’;.[(JE) = Sg.

Indeed, in the case of the powers Py = {1} U {¢": n € N}, we have oy = 0,

where oy is defined in (2.6). Let £ C Py infinite and let n; < ny denote the
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two smallest elements of K. For s > 0 and u: x — 1, we obtain

) = Z ("}Fm)% = <n11+ 1)2S " (n11+1)28'

nekr

1 2s 1 2s
L.g)> )
T( 7E>_ (n1—|—1) +(n1+1>

As s — 07, the right hand side converges to 2 and hence r(Lsg) > 1 for

Consequently,

sufficiently small s > 0. Since the map s — r(L, g) is strictly decreasing, this

implies the existence and uniqueness of sg > 0 such that r(L, g) = 1.

When we assume the existence of such value sg for £ C N infinite in what
follows, this remark serves as motivation.

We finish the chapter by using the eigenvector of the operator L, ¢1) to give
bounds of infinite subsystems which we will use in Chapter 4 and 5. Although
these estimates are crude, they are easy to obtain and sufficient for our purposes.

Again we will exploit the eigenvector of the operator L j1y.

Lemma 3.13. Let M, = {n?: n € N}. We have that

dimy, (Jas,) < 0.67, dimy (Jyy,) < 0.485, dimyy (Jpy,) < 0.38,
dimy (Jas) < 0.31, dimy (Ja) < 0.265, dimyy (Jar,) < 0.234,
dimyy (Jaz) < 0.21, dimgy(Jpg,) < 0.191,  dimy(Jay,,) < 0.175,

dimy (Jar,,) < 0.163,  dimy(Jar,) < 0.1505.

Proof. For m > 1 let My* = {19,29,... ,m%} so My, = U, M]". Let v,(z) =

(A+2)72* be the eigenvector of L, (13 given in Lemma 3.5 with eigenvalue A=2¢,
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where A\ = (1 ++/5)/2. Then

A1 +i

IN

[\
>
2

—_

+
1=
7N
S| >
_|_
8|8

N—— ~—_

[\e}

A~ 1+( ) (
A1\ /A+1\® A+1\" (A1)
= )\—25 1 —4—2qs+1 X '
+(2q+1> +(3q+1) +<4q+1) T s vs(2)
Now set
(gs) =2 (14 (A2 T (ALY (AN O DR
RS = 24 11 3¢ 11 4011 25 — 1

Note that if a(g, s) < 1, then r(Ls ) < 1 for all m, hence dimgy(Jpgm) < s for

IN

all m. This implies that dimy(Jy,) < s by Theorem 3.11. Using a calculator

we find that

a(2,0.67) < 0.986,  «(3,0.485) < 0.967, a(4,0.38) < 0.975,
a(5,0.31) < 0.995,  a(6,0.265) < 0.99985,  a(7,0.234) < 0.9983,
a(8,0.21) < 0.998,  «(9,0.191) < 0.998,  a(10,0.175) < 0.995,

a(11,0.163) < 0.996,  (12,0.152) < 0.9994.

]

We like to point out that the following much sharper bound, dimy (Jys,) <
0.59825579, can be found in |7, Table 1].
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Chapter 4

Dimension Spectrum of Continued

Fractions

The central theme of this Chapter is to analyse the dimension spectrum of
continued fraction expansions with coefficients restricted to infinite subsets of
N. Part of this chapter is based on our paper [6] with additional results.

We prove that the set of powers P, = {¢": n € N} has full dimension spectrum
answering a question by Chousionis, Leykekhman and Urbanski. On the other
hand, we show that the dimension spectrum for Py = {1} U P, has many gaps
and regions where it is nowhere dense.

We also investigate the case where A is generated by monomials M, = {n: n €
N}. For M,, we prove that the dimension spectrum is full for ¢ € {1,2,3,4,5}
and it is a finite union of disjoint closed intervals for all ¢ € N. In particular it
is a union of two disjoint intervals for ¢ € {6,7,8} and three disjoint intervals
for ¢ € {9,10,11,12}. we also show that for ¢ = 19 it consists of four disjoint
intervals.

Furthermore, we provide an example of A where the dimension spectrum is a

nowhere dense set.
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4.1 Dimension Spectrum of Continued Fractions

Recall that for A C N, the dimension spectrum of A is the collection of all

realisable Hausdorff dimension of subsets F' of A, that is,

We note that if A is finite, then DS(A) is a finite set, but if A is infinite the
structure of DS(A) is not well understood. By taking F' to be a singleton, we
have that dimy(Jr) =0, so 0 € DS(A), and dimy(J4) € DS(A) so

DS(A) € [0, dimy (/)]

Recently, dimension spectrum of A has been investigated by Chousionis, Leykekh-
man and Urbanski in |7, 8] for different infinite subsets A of N. The case where
A = N was studied earlier by Kessebohmer and Zhu [30]|, who showed that it
has full dimension spectrum, i.e., [0, 1] = DS(N), which confirmed a conjecture
by Hensley [21] and Mauldin and Urbanski [32] known as the Texan conjecture,
see also [27]. In [7] the dimension spectrum of the set of powers of integers
q > 2 and the set of squares was analysed among other sets, which motivate
the results presented here.

We analyse the dimension spectrum for a variety of natural choices of A

including the set of powers of integers
q>2: P,={q¢":neN}and Py =F,U{l}.

In [7, Theorem 1.3| the set My = {n*: n € N} was considered and they showed

that the dimension spectrum is full i.e.,

DS(Ms) = [0, dimy(Jps, )]



4.1. Dimension Spectrum of Continued Fractions 97

Also, in |7, Theorem 1.4] the dimension spectrum of P, was considered, and for

each ¢ > 2 it was shown that there exists an s(g) > 0 such that

[0, min{s(q), dimy (Jp,)}] € DS(F).

Their result shows that the dimension spectrum of P, always contains an inter-
val. Contrary to what was suggested in [7], we show that P, has full dimension

spectrum for all ¢ > 2. In fact, we will prove the following more general result.

Theorem 4.1. If A = {aj,as,...} C N with2 < a; < ay < ... and aya,, >

Gpam for allm,n € N, then

[0, dimy (J4)] = DS(A). (4.1)

Note that this implies that P, has full dimension spectrum for all ¢ > 2.
This result also implies several results from [7], in particular |7, Theorem 4.11|
and [7, Theorem 1.2]. We summarise some of its consequences in the following

corollary.
Corollary 4.2. The following subsets of N have a full dimension spectrum.:

(a) A={a+bn:neN} forintegers 0 < a < b with b > 2.
(b) A={a+bn:n e NU{0} for integers 2 < a <b.

(¢) Aprimes = {p: p prime}.

(d) P, ={q¢":n €N} forq>2.

The condition in Theorem for the set of prime is due to Isikawa [26].

As we shall see, the fullness of the dimension spectrum of F, is in stark

contrast with the dimension spectrum of Py, which has many gaps. More

specifically, given ¢ > 2 and k > 0 let

Iy = {L?qk} and 1) = {qk+1>qk+27"'}7
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and set
M = dimH(JIk,luTk) = dlmH<Jpq*\{qk}) and vV — dlmH(J[k) for k& Z 0.

Note that 19 = dimy(Jp,) and vy = dimy(Jy) = 0. We have the following

result.
Theorem 4.3. For allq >3 and k > 1,
(i) pr < v and (pg, vi) N DS(PF) = 0.
(i) DS(Py) is nowhere dense in (Vg, fi1)-
For q =2, assertions (i) and (ii) hold for all k > 2.
Furthermore, the dimension spectrum of Py contains an initial interval.

Theorem 4.4. The interval [0, ;?ﬁq] is contained in DS(P}) for each q¢ > 2.

Thus, for ¢ > 2 the dimension spectrum contains the interval [0, ;i‘fq] and

is nowhere dense in [p!, dimgy (J py)]. However, at present, the exact structure

In 2

2lnq,,u1) is unclear for ¢ > 3. The

of the dimension spectrum in the interval (

picture below illustrates the structure of the dimension spectrum of the set P

In2
2Ing’

In the next chapter, we will revisit the interval ( p1) and provide evidence

for the structure.

%) (%) (%)
I=I ] ‘ r--—------ ] ‘ | | |
| | | | | | | | | 1
0 21?_112(1 Ha 41 Mo Vo 3 V3 4. ‘dimH(Jp;)

We will also analyse the dimension spectrum for sets generated by a monomial,

M, = {n?: n € N}, and prove the following result.

Theorem 4.5. The dimension spectrum of M, satisfies:
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(i) For q € {1,2,3,4,5} we have that DS(M,) = [0, dimy (Jp,)].

(ii) For q > 6 we have
dimy (Jag,\ f20) < dimy (1 20))

and DS (M) N (dimyy(Jaz,\ (20} ), dimy(J{1,2a3)) is empty.

(1it) For q € {6,7,8} we have that

DS(M,) = [0, dimy (s, 201)] U [dimg (Jg1,003), dimy (i, )]

(iv) For q € {9,10,11,12} we have that dimy (Jar,\(30y) < dimy(J{1,20,303) and

DS(M,) = [0, dimgy (Jag\ 1203)] U [dimgy (S 203), dimgy (Jag 130)]

U [dimH(J{Lqu}), dimH(JMq)]-

(v) For q =19 we have that dimy(Jaz,\1401) < dimy(Jg1,20,401) and

DS(My) = [0, dimy (Jag\(201)] U [dimsy (S ,201), dimgy (Jag,) g303)]U

[dim’}.[(J{LQq’gq}), dimH<JMq\{4q}>] U [dimH(J{172q73q74q}), dlmH(JMq>]

(vi) DS(M,) is a disjoint union of finitely many nontrivial closed intervals for

each g € N.

The case ¢ = 1 is the Texan conjecture established in [30], and the case
q = 2, i.e., the set of squares, was treated in |7, Theorem 1.3]. It seems that
the number of intervals increases with ¢, but it is not clear if there exists an a
priori upper bound for the number of distinct intervals that holds for all ¢. It
would be interesting to understand at which values of ¢ the number of intervals

in the dimension spectrum of M, jumps. For instance the first jump from 1 to
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2 intervals occurs at ¢ = 6, and at ¢ = 9 it jumps from 2 to 3 intervals and at
q = 19 it jumps to 4.
To prove the final statement in Theorem 4.5 we will establish a general criterion
on A C N that implies that its dimension spectrum consists of finitely many
non-trivial disjoint closed interval.

We also provide an example of a dimension spectrum which is nowhere dense.
In fact we will establish a general criterion on A that implies A has a nowhere

dense dimension spectrum, and derive the following result.

Theorem 4.6. Let
A= {22n: n € N}.

Then DS(A) is nowhere dense in [0, dimy/(J4)].

Instead of taking powers of 2 in Theorem 4.6, we could have used any ¢ > 2

and get the same result.

4.2 Strict Break Points

We introduced the notion of break points in Chapter 2 where we discussed
properties of Perron-Frobenius operators. In this section we put it in context of
Hausdorff dimension and show how we use it to analyse the dimension spectrum
of continued fractions.

As mentioned before, the idea goes back to the work by Kessebéhmer and
Zhu [30, Theorem 2.2|, and the same idea was also used in [7].

Let A = {aj,as,...} € N with a; < a3 < .... Given F C A finite and
0 < s < dimy(Ja), we say that ap € A is a break point for (F,s) if a > max F
and

dlme(JF> <s< dimH(JFU{ak}).
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If (F, s) has a break point, then by Lemma 3.8 there exists a largest break point
ax, € A, which is called the strict break point for (F)s). So, dimy(Jruia,,}) > s
and dimH(JFU{akoﬂ}) < s.

Strict break points can be used to show that s € (0,1) is in the dimension
spectrum of A as the following lemma shows, which is similar to [30, Theorem

2.2].

Lemma 4.7. Let A C N be infinite and Fy C Fy ... C A be a nested sequence of
finite subsets with max F,, < max F,,y; for alln > 1. If 0 < s < dimy/(J4) and

for each n, there exists a strict break point a,,, for (F,,s), then s € DS(A).

Proof. Let 0, = dimy(Jp,) < s for n > 1. and let ¢ = dimy/(Jp,_), where
F = UpenF,. From Theorem 3.11 we know that o, — 0. Also ¢ < s, as
o, < s for all n € N. To complete the proof we show that ¢ = s. Suppose, by
way of contradiction, that o < s.
For n > 1let G,, = F,, U{an, }, so dimy(Jg,) > s for each n. For a,b € N
1

the maps 0,:  — —— and 6,: © — bﬁ satisfy

(0u06,) (z) = (a(b+z)+1)"% forz € [0,771].

So,
(a0 0) ()7 = (a(b + x) + 1) 7267 < 272(s70) = g=(s=0),

We know, see for instance [39, Lemma 3.4|, that

(L2m @)= > ((6a06) () f((0a06)(x)) for e C10,77]).

a,bGFn
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Now let v, € C([0,77!]) be the strictly positive eigenvector of Ly, g, with

Ls, r,vn = v,. Then

(L p,va)@) = > (020 65) () val(0a © 6) ()

a7bEFn

< 47N (800 6) () 0n (8 © 6) ()

a,beFy,
= 4_(5_")Lgn7ann($)

= 4’(S’U)vn(x),

hence r(L2 ) < 4779 By Gelfand’s formula, r(L ,) = limy || L¥ - ||V, so
that

F(Lor,) = lim (225, %) = r(£2 )12 < 2767, (4.2)

We know from Theorem 3.2 that there exists a strictly positive function
ws € C([0,77']) where v = min F}, such that L, g, ws = (L g, )ws. Now using

(4.2) and together with (3.4) in Theorem 3.2 we get that

R O e )“’( =)

A, +2 A, +2

1 2s
2_(8_0)11)5(1]) + (_> 62Sws($),

Am,,

IN

hence r(Ls ¢, ) <2767 +a,*e*. Asdimy(Jg,) > s, we know that r(L,g,) >
1, which gives

1 <r(Lsg,) < 2= (5=0) 4 a,;ise%

for n > 1. This is impossible, since a,,, — co and s — o > 0. O

The following Lemma is a special case of Theorem 2.27. In this context we

make a link to the Hausdorff dimension it is similar to [30, Theorem 2.2].

Lemma 4.8. Suppose A C N is infinite and 0 < s < dimy(Ja). If for each F C
A finite with strict break point ay, € A for (F,s) we have that s < dimy(Jrur),
where T = {a, € A: n >k}, then s € DS(A).
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Proof. Let A = {ay,a9,...} C Nwith a; <as <.... As0 < s < dimy(Ja),
it follows from Theorem 3.11 that there exists a k; > 1 such that F} =

{ai,...,ay, } satisfies

dimy(Jr) <s and  dimy(Jroga, 1)) = S

Now let m; > k1+1 be such that a,,, is a strict break point for (F7, s). It follows
from the assumption that dimy(Jmur) > s, where Ty = {ay € E: k > my}.
In that case we can use Theorem 3.11 again and find a k; > m; such that

Fy, = FyU{am,+1,--.,a,} satisfies

dimy(Jp,) <s and  dimy(Jrufa,.}) = S

Now let mg > ko + 1 be such that a,,, is a strict break point for (F», s). Thus
dimy (Jr,ur,) > s, where To = {ay, € E: k > my} by the assumption. Repeating
this process, we find a nested sequence Fy C Fy C ... C A, with max F}, <
max F,.1 for all n € N, and indices m; < my < ... such that a,, € A is

strict break point for (F),,s) for all n. It now follows from Lemma 4.7 that

s € DS(A). O

We will also need a general criterion to identify gaps in the dimension spec-
trum. This criterion is similar to the one given by Kessebohmer and Zhu in |30,
Theorem 2.4|. For completeness we include a proof of the statement we will
need for our purposes. To formulate it, we introduce some notation.

Let A = {a1,aq,...} C N, with a3 < ay < ..., It = {a1,...,ax}, and
Ty = {@kt1, Qpo, ...} for & > 1. Denote oy, = dimy(Jy, ,ur,) = dimy(Ja\(a,})

and S = dimy(Jy, ) for k > 1. Here Iy = ). Given F' C A finite, we write

F* = (F\maxF)U{a, € A: a, > max F}. (4.3)
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Lemma 4.9. If ap, < By for some k > 2, and for each finite ' C A with

B < dimy(Jr) < agyq we have that

then DS(A) is nowhere dense in (B, agi1).

Proof. Let F' C A finite with dimy(Jr) = s and S < s < agy1. We claim that

there exists no G C A finite with dimy(Jg) € (Bk, ars1) such that

Suppose that G C A finite with dimy(Jg) € (Bk, ag41). Let ay = min(FUG) \
(FNG). We note that I, C F, G, since oy, < B < dimy/(Jr), dimy(Js) and the
fact that dimy(Ja\{a,}) = dimy(Ja\{a,y) for m < k by Proposition 3.10 and
Theorem 3.11. So, g > k > 2.

There are four cases to consider. Firstly, a, = max F. In that case, a, ¢ G
so G D F\maxF, hence G C F*. As dimy(Jp) < dimy(Jr), we conclude
that dimy(Jg) < dimy (Jp:).

The second case to consider is a, > max F. In that case I C G, hence
dimy (Jr) < dimy(Jg).

As a third case we suppose that ¢, < maxF and a, € F'. Let F, = F'N
{ay,...,a,} D I. Then F,\ {a,} = F,\ maxF,, so that G C F! and F, C
F\maxF C F*. As

Oyl > dlm’H(JF) Z dlm’H(JF*) > dlmH(JIk) - /Bkn

it follows from the assumption that

dimy (Je) < dimy(Jpy) < dimy(Jp,) < dimg(Jp:),
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which settles this case.
For the remaining case we need to consider a, < max F' and a, € G. In that

case we consider G, = GN{ay,...,a,} D Iy. Then F C G%, and

B < dimy(Jg,) < dimy(Jo) < agqa

So, using the assumption we find that

dlmH(JF) < dlme(JGu*) < dlmH(JG*) < dil’IlH<Jg),

which completes the proof of the claim.

It follows from the claim that any open interval I C (S, ax.1) contains an
open interval [y such that DS(A) N Iy is empty. Indeed, if DS(A) N I is non-
empty, then there exists B C A with dimy(Jp) € I. By Theorem 3.11 we know
that there exists F' C B finite with dimy(Jr) € I. From the claim we know

that there exists no G C A finite with
So, if we put Iy = (dimy (Jpt), dimy/(Jr)), then DS(A)N I is empty by Theorem

3.11. This shows that DS(A) is nowhere dense in (B, xi1)- O

The following result allows us to characterise the dimension spectrum of A
near zero. It was motivated by [30, Example 3.4|. This observation enabled
us to give an example in the continued fraction case of a set whose dimension

spectrum is nowhere dense in [0, dimg (J4)].

Lemma 4.10. Let A = {ay,a9,...} CN with a; < ag < .... If for any F C A

finite with |F| > 2, we have that

dimy (Jps) < dimy (Jr),
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then DS(A) is nowhere dense in [0, dimy (Jiq, 003)]-

Proof. Let s, = dimy(J{a,,an.,}) for n > 1. From Lemma 3.8, we know that
if |[F| = 1, then lim, dimy(Jpyugny) = 0. Using this argument together with
Proposition 3.10 we have that 0 < s, < dimy(J4,,0,.,3) — 0. Thus s, — 0.
We will show that DS(A) is nowhere dense in (s,41, s,) for all n > 1. Suppose
G C A is such that dimy(Jg) € (Sni1, Sn)-

Claim 1: Then
minG < a,;; and min(G\ {min G}) > ap41.

Indeed, if min(G \ {min G}) < an1, then by replacing smallest two elements of

G by {an, ani1}, we have that
dlmH(Jg) 2 dimH(J{amanH}) = Sp,

by Proposition 3.10, which is impossible. If min G > a, 41, then G C {ax: k >

n + 2}. It now follows from Proposition 3.10 and the assumption that

dlm'H(‘]G) < dlm'H(‘]{ak k2n+2}) < dimH(J{an+17an+2}ﬁ) < dimH(J{an+17an+2}) = Sn+1

Thus any G C A such that dimy(Jg) € (Spi1, Sn) satisfies Claim 1.
Next we show that for any interval (a,b) C (s,.1,S,) there exists an open

interval I,,11 C (a,b) such that
Iv1 N{dimy(Jp): F C A finite andmin F' < a,, 11} = 0.

To do this, we will construct I, iteratively. Define for 1 <k <n+1

n+1
By, = {dimy(Jr) € (Sp11,S,) : min F' = a; and F finite } and B = U Bis..
k=1
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If (a,b) N By = ) we set I; = (a,b) otherwise there exists a finite set ' C A
with min F' = a; such that dimy(Jr) € (a,b).

Claim 2: There is no G C A finite such that a; = min G and
dimy (Jps) < dimy (Jg) < dimy(Jr).

Let G € A with min G = a; and set a, = min(F UG) \ (FNG). So a;, > a;.
There are four cases to consider. Firstly a, = max F. In that case G C F* and
hence dimy (Jg) < dimy(J5e).

The second case we consider a, > maxF. In that case I° C G, hence
dimy (Jr) < dimy (Jg).

As a third case we assume that a; < a; < maxF and a, € F. Let F, =
{ay,...,a,} N F. Then F,\ {a,} = F.\ maxF,, so that G C Ff and F, C
F\max F C F* As F, is finite, by the assumption we have that dimy () <

dimy (Jr, ), so
dimy (Je) < dimy(Jps) < dimy(Jp,) < dimy(Jps),

which settles the case.

For the remaining case we need to consider a; < a, < max F' and a, € G.
In that case we consider G, = {ay,as,...,a,} NG. Then F C G* and G, C G,
SO

which complete the proof of the claim.

Thus if we set [} = (dimy(Jp:), dimy(JFr)), then

IlﬂBlzﬂ.
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Now assume that for some 1 < k£ < n we have constructed an open interval

k
I N (U Bj> = 0.
j=1

If I N Byy1 = 0, then define I | := I;. Otherwise we assume that there exists

I, C (a,b) such that

some finite F' C A such that dimy(Jr) € I and min F' = a;,;. By Claim 1
min(F \ min F) > a,41.

Again using the hypothesis and considering the four cases of Claim 2 it can be

shown that for I, = (dimy/(Jp:), dimy(Jr)), we have that

k+1

Jj=1

This shows that there exists an interval I,,,; C (a,b) with I,,,1 N B = ().

To complete the proof we need to show that DS(A) N I,,1 = 0.

If DS(A)N1I,41 # 0 then there exists G C A infinite such that dimy(Jg) € L41
and Claim 1 holds on G. Using Theorem 3.11, there exists an F' C G finite
such that min F' < a,,4q and min(F \ {min F'}) > a,41 and dimy(Jr) € L,41,

but there is no such finite set F', a contradiction. O

Combining Lemma 4.9 and Lemma 4.10 we immediately have the following

result.

Corollary 4.11. Let A = {a1,a9,...} C N with a1 < ay < .... If for any

F C A finite, with |F| > 2 we have that
lelq.[(JFu) < leh.[(JF),

then DS(A) is nowhere dense in [0, dimy(J4)].
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Proof. By setting

ﬂk = dimH(J{al 77777 ak}), . — dim?—t(t]A\{ak}) and Sk — dim’}-[(c]{ak,ak+l})

for all k, we have a an infinite partition of [0, dimy(J4)] defined by

O<...<83<82<81:ﬁ2<063<ﬂ3<044<...<dimH(JA),

see diagram for the illustration.

Using Lemma 4.10 we know that DS(A) is nowhere dense in [0, s;]. For each
k > 2, using Lemma 4.9, we have that DS(A) is nowhere dense (S, axi1)
for all & > 2. Clearly DS(A) N (ag, fk) = 0 for all & > 2. To see that
(a, Br) N DS(A) = () we argue by contradiction. Suppose that F' C A is such
that ap < dimy(F) < Br. We claim that {a;...,ax_1} C F, as otherwise

F C A\ {a,,} for some m < k — 1. In that case we get by assumption

dimy (Jp) < i < B < Br1 < g,

which is impossible. As {ai,...,ax_1} C F and dimy(Jr) < Bk, we know that
ar ¢ F. Thus, F C A\ {ax}, which contradicts the fact that ay < dimy(Jp).

This implies that DS(A) is nowhere dense in

[Ba, dimy(J4))]-

Thus DS(A) is nowhere dense in [0, dimy/(J4)]. O

—

— =
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4.3 Proof of Theorem 4.1

Proof of Theorem 4.1. Clearly 0 and o = dimy(J4) are in the dimension spec-
trum of A. Take 0 < s < 0. We will use Lemma 4.8. For m > 1 let
I, ={ai,...,a,} and let u:  — 1 be the order unit on C([0,1]). By Theorem
3.11 we know that o, = dimy(J;,,) — 0.

m

Note that for each m > 1 and z € [0, 1] we have that

(Lugo)(@) < fj (i) — an(s).

We claim that a,,(s) > 1 for all m sufficiently large. Indeed, if a,,(s) < 1 for
all m, then r(Lsy,,) < 1forallm>1. As 0 < s < o, we know from Theorem
3.2 that

1 =1r(Lg,1,,) <7(Lsy1,) < am(s) <1

for all m sufficiently large, since o, > s for all m large. This is impossible,
hence a,,(s) > 1 for all m sufficiently large.

Now let F' C A finite and ag, € A be a strict break point for (F,s). So,
T(LS,FU{%O}) > 1. Let v, be the strictly positive eigenvector for Ls pua,,}, and

set H,, = FU{apy+;: j=1,...,m}. For z € [0,1], we have that

Ak, + Qg

> :
Ako+j T T Qo+j

so that

1 2s g, 2s 1 2s .
_— > forj=1,...,m.
Ako+j + X Ako+j Ay + T
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By Theorem 3.2, vy is a decreasing function on [0, 1]. This implies that

2s
1
Ls m Us J\T == s Us + < ) Vg <—>
( . >() o Z Ao+j + & Ako+j + T

1 2s 1 m a, 2s
o B )
(Lorvs) (@) ag, + g, + ; Qo+ j

Using the assumption, a,,a, > @, for all m,n > 1, we find that

() =x () e

= J

As ay,,(s) > 1 for all m > 1 sufficiently large, there exists an M > 1 and a

constant A > 1 such that

<LS,HMUS><x>z<LS,Fvs><x>+A( ! )( ! )

ako—i—x ako—i—x

Now using Lemma 2.1 we conclude that there exists p > 1 such that

(Lo )(@) 2 1 ((Ls,m(:c) ) (o, )) > (o).

Note that if m > M, then H,, O Hj. This implies that r(Lsy,,) > 1 for
all m > M | hence dimy(Jg,, ) > s forall m > M. As FUT D> H,,, where

T ={a,: n > ko}, we have that dimy(Jpur) > s. The result now follows from

Lemma 4.8. 0

4.4 Gaps in DS(P;) : Proof of Theorem 4.3

To establish the structure of the dimension spectrum for Py, the following result

is useful.
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Theorem 4.12. Suppose that F' C P; is finite. If ¢ > 3 and {1,q} C F, or,

q=2 and {1,2,4} C F, then

where F* is given by (4.3).
Proof. Suppose that F' C P} is finite with max F = ¢*. Set G = F \ max F

and, for 0 < s < 1, let v; be the positive eigenvector of L, p with eigenvalue
)\5 = T'(L&F).
Then for each m > ¢* and x € [0, 1] we have that % < ?z—ill. Furthermore,

v, satisfies

Thus,

We have that

2s

o) qk+l‘ 25 o) qk+1 2s qk+1 25 o0 1 2s <1+q_k>
S (Lrry ey (o ()=
q"l‘]—'—a’: — qk+J_|_1 qk qj qzs_l

j=1 j j=1

Now let

1 1 2s e
<€qk <1 + q_k>) eq*k
<

q23_1 —q23_1

v(k,q,s) =

Y

as e’ > 1+ z. Note that if y(k,q,s) < 1, then there exists by Lemma 2.1 a

p < 1 such that Ly prvy < pLs pvs = pAsvs. In particular, if this holds for



4.4. Gaps in DS(P;) : Proof of Theorem 4.3 113

s = dimy(JF), we get that L, pzv, < pv,. This would imply that (L pr) <
p < 1, hence dimy(Jp:) < s. So we need to show that vy(k,q,sg) < 1 where
sp = dimy (Jp).

Firstly suppose that ¢ > 4 and k = 1, so F' = {1,q}. By Corollary 3.7,

5267
% < 89 < 1/2, so that

6450/q 62/q

q280 _1 S q250 _]_

7(17Q7 80) S < 1,

1.05356

Likewise, if ¢ > 4 and k& > 2, then % < dimy(Jp,1) < 50 = dimy(Jp) <
1 and ¢* > 2¢, so that

€4so/qk 62/(1

V(kjvq’ SO) S q250 1 S q230 ] < 1.

Let us now consider the case ¢ = 3 and k£ > 2. In that case

edso /3F e4/9

<
320 — 1 = 3%0 — 1

v(k, 3, 50) < <0.92 <1,

since dimy(J{1,3)) = S0 > 0.454, see Table 3.1.
The case ¢ = 3 and k = 1 requires a more refined estimate than (1,3, so).
In that case we have that
- 1 % 1
o) = G+ 5 (k) ()

7j=1

< L@+ () 0 ()3 () it
5,GUs )\ T Vs - e 37 .
= G 3+x 3+z) e\ +1
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Note that

o] 2s
( 4 ) (23— 4r)
3+l 41
j=1
2/9 2s /27 2s
2s e 2s/3
< () (% ) w5 (o) )
g ﬁ 2s . 8127 . o1/3 2s 1
10 28 27 32s — 1 '
Now using the fact that 0.454 < sq = dimy(J1,33) < 0.455, we get that

02/9 2s0 8127 2s0 o1/3 2s0 1
4250 —_— — . 1
() (%) () () <om

which gives the desired inequality.

Finally let us consider the case ¢ = 2 and {1,2,4} C F. If k > 3, then

e4so /2F 50/2

v(k,2,s0) < S 1 < e 1 <09<1,

since 0.669 < sg = dimy(Jf1,2,43) < 0.67, see Table 3.1.
If k=2, then F' = {1,2,4} and G = {1,2}, so that

2s
1
(Ls,FﬁUS)('I)_ sGUs +Z(22+3+x) Vg <m)
1 \* 1\ = 50 \® g1
< (Lsqus X -z s(i-325)
<( ,GU)($>+(4+x> v (4+$>;(22+]+1> e
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Note that
o0 2s
> ( 5 ) 253
: 202 + 1

=1

1/8\ 28 3/16\ 28 oo 1\ 2
<o () (5) e ()
j=3
) el/8\ % £3/16\ % el/4N % 1
=9 (T) +( 17) +(1_6) (228—1) '

<

Now using the fact that 0.669 < so = dimy(J{1,2.43) < 0.67, we get that

1/8 250 3/16\ 250 1/4\ 250 1
250 e c e 4 <1
5 ((9) (5) +(G5) (Gey)) <omi<n,

which gives the desired inequality. O]

Using the previous Theorem it is now easy to prove Theorem 4.3.

Proof of Theorem 4.3. Suppose that ¢ > 3 and k£ > 1. To prove assertion (i) we
first note that we can take F' = I, = {1,...,¢"} in Theorem 4.12 and conclude
that p, < vy, To see that (ux, i) N DS(Py) = () we argue by contradiction.
So, suppose that F' C Py is such that p; < dimy(F) < . We claim that
{1,....¢" '} C F, as otherwise F C P; \ {¢"™} for some m < k — 1. In that
case we get that dimy(Jr) < pm < Vm < V-1 < pk, which is impossible.
As {1,...,¢"'} € F and dimy(Jr) < v, we know that ¢ ¢ F. Thus,
F C P\ {¢*}, which contradicts the fact that py, < dimy(Jr).

To prove assertion (i) let F' C Py be finite with v, < dimy(Jr) < pry1.
Then {1,...,¢*} C F, as otherwise F' C Py \ {q™} for some m < k, which
would imply that dimy(Jr) < pim < Vi < V. As g, < v for all k > 1, we can
combine Lemma 4.9 and Theorem 4.12 and conclude that DS(Py) is nowhere

dense in (v, pg11) for k> 1 Note that oy = g, and g — k = vy, for all £ > 1.
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The proof for ¢ = 2 can be derived in the same way from Theorem 4.12 and

Lemma 4.9. O

4.5 Proof of Theorem 4.4

Proof of Theorem /.J. Let 0 < s < 21?112(1. To show that s is in the dimension

spectrum we verify the condition Lemma 4.8. So, suppose that ' C Py is
finite with strict break point say ¢* for (F,s). Let v, be the strictly positive
eigenvector of L, p ko) With eigenvalue Ay = (L puqroy) = 1 and let T' =
{¢": k> ko}. Set Tp, = {¢"™: 1< j <m}.

We know from Theorem 3.2 that v, is decreasing on [0, 1]. Using this fact,

we have that for x € [0, 1],

m 2s
1
(LS,FUTmUS)(x) = FUS + Z ( ko+j + .Z') Us (qk0+j + ;E)

7=1
1 m qk0+$ 2s
2 FUs +( k0+x> (qko +ZE> ;(qko+]+x)
1 m 1 2s
2 (Lara)l +( ’““rx) (q’“0+w)z(q1) '

In2
2lng

2s
ZjM:1 <q%> > 1. So, there exists a A > 1 such that for x € [0, 1],

As s <

, we know that Tl > 1, hence there exists an M such that

(Lam ) > (Lo )0+ 5 )( L)

g +x qro +x

Now using Lemma 2.1 we conclude that there exists p > 1 such that

L pury, vs(x) > pAsvs(x) > pos,

hence r(Ls pury,) > p > 1, which implies that dimy (Jpor) > dimy(Jror,) > S

by Theorem 3.2. Which implies s € DS(F;) by Lemma 4.8.
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To complete the proof note that clearly 0 is in the dimension spectrum, but

also ;?fq, as the dimension spectrum is closed by Theorem 2.29 see also [8,
Theorem 1.2|. O

4.6 The Dimension Spectrum of M,: Proof of

Theorem 4.5

We will first prove the final statement in Theorem 4.5. In fact, we will show that
the following general condition on A C N implies that its dimension spectrum

is a finite union of disjoint closed intervals.

Definition 4.13. Given an infinite set A = {ay,as,...} C Nwitha; <as < ...,
we say that A has a critical break point value k* if for each t € DS(A) with
0 <t < dimy(Ja) and each finite set F' C A with a strict break point a,, for

(F,t) and m > k* we have that

dimH(JFU{an: n>m}) > 1.

Proposition 4.14. If A = {ay,as,...} C N with a; < ag < ..., has a critical
break point value, then for each s € DS(A) there exists a § > 0 such that
[s —0,5] CDS(A) or[s,s+ ] CDS(A).

Proof. Let s € DS(A) and F C A, with dimy(Jr) = s. Suppose first that F
is finite. Take m > k* such that a,, > max F', where k* is the critical break
point value for A. Set t; = dimy(Jpufe,: n>m}) > 5. We will show that each
s <t <t isin DS(A). As t; > s, we know from Theorem 3.11 that either
dimy (Jrugan}) = t, in this case we set Fy = F, or, there exists a k; > m such

that Fy = FU{an,...,a | satisfies

dlmH(Jpl) <t and dimH(JFU{ak1+1}> > t.
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In both cases we find that (F7,t) has a strict break point say a,,, with m; >
m. Now using that m; > k* we see that dimy(Jrufay: k>m}) > ¢ It again
follows from Theorem 3.11 that there exists a ky > my such that Fy, = F} U

{@my+1,- .., ax, } satisfies

dlmH(JFQ) <t and dimH<JFU{ak2+l}) >t.

Let a,,, be a strict break point for (Fy,s). Again as my > k*, we have that
dimy (Jp,ufay: k>m2}) > t. It again follows from Theorem 3.11 that there exists

a ks > mg such that Fy = Fy U {am,41,- .., ax, } satisfies

dimy (Jr) <t and  dimy(Jruga,,.)) >t

Let a,,, be a strict break point for (F3,t). By repeating this process we find a
nested sequence of sets F; C F;, C ... C A with max F,, < max F,,; and strict
break points a,,, for (F,,t) for each n. It now follows from Lemma 4.7 that
t € DS(A).

In the case when F is infinite we take m > k*, such that F' = {ay € F': k <
m} is non-empty, so so = dimy(Jp) < s. Set s = dimy(Jrufay: k>m}) > 5.
Then using exactly the same reasoning as in the first case with F” instead of F’

it can be shown that each sy <t < s is in DS(A). O

Theorem 4.15. If A = {ay,as,...,} C Nwitha; < as < ... has a critical break

point value, then DS(A) is a disjoint union of finitely many closed intervals.

Proof. We know from Proposition 4.14 that each connected component of DS(A)
is a closed interval, as DS(A) is closed from Theorem 2.29, it remains to show
that it only has finitely many connected components. Suppose by a way of con-
tradiction that it consists of infinitely many connected components say [«;, ;]
for i € I. Let F; C A be such that dimy(Jr) = a;. Note that ap = 0 and

|Fy| = 1. For each i € I we have that |F}| > 2.
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As there are infinitely many Fs we know there exists an F containing a;, <
a;, with jo, > k* where k* is the critical break point value of A. Now let F' =
FyN{ag: k < jo} and set s = dimy(Jp) < o and s1 = dimy(Jrufa,: n>j})-
To get the contradiction we now use the same argument as in the proof of
Proposition 4.14 to show that each sy <t < ¢ is in DS(A).

As sp <t < < sy, we know from Theorem 3.11 that either dimH(JFU{ajz}) >
t, in this case we set Fy = F, or, there exists a ki > j such that F; =

Fu{aj,, ..., a } satisfies
dlmH(Jpl) <t and dimH(JFU{ak1+1}) > t.

In both cases we find that (F},t) has a strict break point, say a,,,, with m; > js.
As my > k* we see that dimy (Jrufay: k>miy) > t. It now follows from Theorem

3.11 that there exists a ko > my such that Fy = Fy U {am, 41, .- .,ax, } satisfies
dlmH(JFQ) <t and dimH(JFU{ak2+l}) >t.

Let a,,, be a strict break point for (Fy,t). Iteratively repeating this process
yields a nested sequence of sets F} C F5, C ... C A with max F,, < max F,
and strict break point a,,, for (F,,t) for each n. It now follows from Lemma
4.7 that ¢ € DS(A) which contradicts the fact that [a;, ;] is a connected

component of DS(A). O

We will see that M, has a critical break point value for ¢ > 11, namely
k* = 2q. To show this we need an upper bound for dimy(Jyz,) for ¢ > 11. The

following bound, which is not sharp will be sufficient for our purpose.

Lemma 4.16. For ¢ > 11 we have that dimy(Jy,) < \/%.

Proof. Let ¢ > 11 and 2%1 <s< \/%3. For k > 2, let MF = {19,29,... k?}. Using

the positive eigenvector vy(z) = (A + )™ of L, with eigenvalue A\=?*, where
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A = (1++/5)/2 from Lemma 3.5 together with the idea used in the proof of

Theorem 3.6 we know

§ 1 _ (n? + x)* B (n9 + x)*
No+nt)  As(na+az+ A D2 A2(nd 4+ \—1)2’

as A1 = X\ — 1. This implies

(L)@ = X ¥0()+ (H) (ni)

n>2

A+ 2
— —2s 1
A ( +;(nq+x+)\—1) )vs(a:)
A+
—2s
A <1+Z(nq+)\) )vs(ac).
n=2

Az
nd+x+A—1

IN

The last inequality come from the fact that x +— is increasing in x so

it attains is maximum at x = 1. Thus,

k A + 1 2s k 2s
)\—28 1 — )\—28
(e () - )
S )\ 23 < ) +)\23 21 d.ﬁC
xqs
)\ 25 <

) (1 %i-J

= (4.4)

‘\£|>/ ‘\’I

Our goal is to show that u(s) < 1 for s = \/%? and ¢ > 11. To establish this

inequality set

= (3) ()

for all > 1. We need to show that h(z) < 1 for all x > 11. Since h(z) — 1 as

x — oo it suffices to show that h is strictly increasing for z > 11.
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A direct computation gives

W(z) = %XWE— (2%)4% [(1 * 4¢§— 1) (2\1/1152 " iln\/g) i \/5(4\/45 —1)2

To prove that A/(z) > 0 for all > 11 we will show that

x\ 4/VE
v (2—> h'(x) >0 for z > 11.

2In A \ A
Note that
2 \ A o

2 In2 2x
= N ¥VEavE _ (1 1
Tae—1) Y Tiava -1y
2 In2 2
> \TS/VIHghvE [(1 + ) ( x + 1) + ]
- 44/11 =1/ \InA In A(16 — 8//11)

= g(z).

As ¢g(11) > 0. Using the derivative of g it is easy to see that g is increasing
function for = > 11, so h'(x) > 0 for all x > 11.

Thus, if we take s = 2/,/q for ¢ > 11 in (4.4), then u(s) < 1. This
implies that r(L, ) < p(s) < 1, hence dimy(Jyy) < s for all k and ¢ > 11

by Theorem 3.2. It now follows from Theorem 3.11 that dimgy(Jy,) < s for
s =2/\/q. O

Theorem 4.17. The set M, has a critical break point value k* = 2q for ¢ > 11.

Proof. Suppose that s € DS(M,) with 0 < s < dimy(Jpy.) and g > 11. Let k¢
be strict break point for (F,s) where F' C M, is a finite set and kg > 2¢. Let
Hy = FU{k?: kg <k <m} for m > ko. Consider the operator L, p,ay With

positive eigenvector v and eigenvalue r(Lj, Fu{kg}) > 1 as ki is a strict break
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point for (F,s). Then

a 1 \* 1
Lono)e) = L)@+ 3 () o ()
k=ko+1
1 2s 1 m k’q 2s
> )@+ () v () 2 ()
ko + ko + Ml k4
as v is decreasing by Theorem 3.2 and Zéii > IZ—‘E for all z € [0,1] and k > k.

kG

2s
We will now show that Z?:ko 41 (H) > 1 for all m sufficiently large. Note

00 2s o) 2s
E <k—8> > ké"s/ x5y = ( o > kot )
ka kot1 ko +1 2sq — 1

k=ko+1

that

The map

ko \*7 ko+1
k‘ol—> 0 0t
ko +1 2sq — 1

is increasing in ky. Since kg > 2¢ and s < dimy(Jay,) < 2/4/q by Lemma 4.16

we find that
i <k8>23> <2q+1)25q 2¢+2 (2q+1>4ﬁ 2042 _ o
20 > > o)
et ka 2q +2 2sq — 1 2q + 2 4./g—1

We will show that 7(¢) > 1 for all ¢ > 11. Note that the function g(z) =

(ZE)ME has the property that

In(g(z)) = 4v/xIn(1 - 1/(2z + 2))

is increasing, so ¢ is increasing as well. Also the function z — 42“2 is increasing
Va1

for x > 11. Thus 7(q) > 7(11) > 1.112 for all ¢ > 11. It follows that for all m

m kg 2s
> (E) > 1.

k=ko+1

sufficiently large that
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Thus there exists a ;> 1 such that

(Lot 0) (@) 2 (Lo, (@) + 1 ( - x) v, ( e )

for all m large. Using Lemma 2.1 we conclude that there exists a A > 1 such
that Lg g, ,vs(x) > Avs(x), hence r(Lg p,,) > A > 1 for all m sufficiently large so

dimy (Jpugre: k>ko}) > s which completes the proof. O

As a consequence we find that the final assertion in Theorem 4.5 holds for

qg > 11.

Corollary 4.18. For ¢ > 11 we have that DS(M,) is the disjoint union of

finitely many closed intervals
Proof. Simply combine Theorem 4.15 and 4.17 . [

To complete the proof of Theorem 4.5 we need to establish the first four
assertions concerning DS(M,) where 1 < ¢ < 10. To begin we show that the
dimension spectrum of M, is full for ¢ € {1,2,3,4,5}, which is statement (i) in

Theorem 4.5.
Theorem 4.19. For q € {1,2,3,4,5} we have that DS(M,) = [0, dimy(Jar, )]-

Proof. Given 0 < s < dimy(Jy,), we will use Lemma 4.8 to show that s €
DS(M,). Let n{ be a strict break point for (F,s), so ng > 1. We know that the

operator L, py(ney has a positive eigenvector vy with eigenvalue

>\s = T’(LS’FU{ng}) Z 1.
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For m > ng, let T,,, = {(no + 1)%,...,m%} and set H,, = FUT,,. Then

- 1\ 1
L) = Lo+ 3 (i) v (s
k=no+1
1 2s 1 m TLq 2s
> LS S S _0 Y
>t () o () 2, (R)
k=ng+1
as v is decreasing by Theorem 3.2 part (3). Set
m ng 2s
Ym = (E) . (4.5)
k=no+1

If 0 < s < (2¢)7', the sum diverges as m — oo, hence there exists an M > ny

such that vy, > 1. This implies that there exists a p# > 1 such that

1 2s
L iy, vs(x) > Lg pvg(z)+ym ( ) Vs <

n + x ) 2 MLS,Fu{ng}Us(x) > ()

ng+a
by Lemma 2.1. Thus, 7(Ls g,,) > 1, which implies that
dimy (Jpugra: ksnoy) = dimy(Jrum,,) > s,

so s € DS(M,) by Lemma 4.8.

Now if (2¢)™" < s < dimy(J,), then we consider the following estimate:

n 2gs n 2gs o9
0 ) + ( 0 ) + ngqs/ T2y
no + 2 no + 3 no-+4

=: (g, no, s). (4.6)

Note that ng — (g, no, s) is increasing and s — v(q, ng, $) is decreasing so we
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consider respective bounds for the mimimum values of the function (g, no, s).
Reasoning as above, it suffices to prove that v(q, ng, s) > 1.

We first consider the case ¢ = 1. For ng > 2 and 0 < s < 1 have that

~v(1,m0,8) > ~(1,2,1) = 1369/900 > 1.

Now consider the case ¢ = 2. By Lemma 3.13 we know that s < dimy/(Jyy,) <

0.67, and for each ng > 3 we have that

(2, m0,5) > 7(2,3,0.67) > 1.3.

If ng = 2, the estimate s < dimy(Jp; 22y) < 0.4112 in Table 3.1 gives

v(2,2,0.4112) > 2.5.

The next case is ¢ = 3. By Lemma 3.13 we know that s < dimy/(Jyz) < 0.485,

and for each ng > 3 we have that

(3,19, 5) > (3,3,0.485) > 1.1.

In case ny = 2, the estimate s < dimy(Jp1933) < 0.334 in Table 3.1 gives
7(3,2,0.334) > 1.5.
Now consider the case ¢ = 4. By Lemma 3.13 we know that s < dimy/(Jy,) <

0.38, and for each ng > 3 we have that

v(4,n9,s) > ~(4,3,0.38) > 1.01.

For ng = 2, the estimate s < dimy(J{1,24y) < 0.281 in Table 3.1 gives

v(4,2,0.281) > 1.14.
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Finally we need to check the case ¢ = 5. By Lemma 3.13 we know that s <

dimgy(Jpr,) < 0.31, and for each ny > 4 we have that

v(5,n0,8) > v(5,4,0.31) > 1.4.

For ny = 3, we have that s < dimy(Jg95353) < 0.273 from Table 3.1, which
gives v(5,3,0.273) > 1.25. If ng = 2, then we cannot use (5, ng, s) so we need
a different argument. If ny = 2, then F' = {1}, hence it is sufficient to know
that dimy(Jg105y) < dimy(Jas\(253). From the estimates in Table 3.1 we see
that

dimy (Jp1,05)) < dimyy(Jp1,35,45,..10051) < dimg (Jaz,\q253),

which completes the proof.

O
Next we prove the second statement in Theorem 4.5.
Theorem 4.20. For ¢ > 6 we have that
dimH(JMq\{Qq}) < dimH(J{qu}) (47)

and DS (M) N (dimyy(Jaz,\(203), dimy(J{1,203)) 25 empty

Proof. For q > 6 set s, = dimy(Jj1,2¢y). We will first consider the case where
q > 12. Recall that s, > 1.525/q > (2¢)' by (3.9) for ¢ > 12. Let v, be
a positive eigenvector of L, (124) with eigenvalue 1. Set H = M, \ {27} and
note that Lgy is a bounded linear operator for all s > (2¢)~'. Let H,, =

{1} U{n?: 3 <n <m} for m > 3. Using (3.4),

2s
e 1
(Lisy,11,09) (@) = (L, 130) (@) + Z (nq + x) Ya (nq + x>

1 qu 24 4 g\ P 254 (5= — =)
< (qu,{l}vq)(x)"_ <2q+$) <2q+$) Z (nq_{_x) e\ 305z ~natz )

n=3
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Note that

(204 25 1 1 2s >
Z ( ) 62Sq(m_m) < e exE (2q 4 1)25q Z n—25qq
n=3

2sq
< e

(27 + 1)25‘1/ x~*a9dy
2

225qq 14 1 254 2
= [ _ _—
24 2549 — 1

4sq
229

IN

25,9 — 1’

as (1+1/n)" < e for all n.

4s
2e21
2sq—1

The map s € ((2¢)71, 1] — is decreasing for all ¢ > 6, as

A _2eH ) ek ((2s¢ — 1)/207 —q) < e (q/2972—q) < 0
ds \ 2s¢ — 1]  (2sq—1)2 o 7= (2sq — 1)2 1 1 '

4s
2e29

2sq—1

Now using using (3.9), we find that for ¢ > 12 that

Moreover, the map g is decreasing as well.

4sq 4(1.525)
2e27 2¢ 12212

25,0 — 1 — 2(1.525) — 1

<098 < 1.

This implies for each m that

Lo @ < (=) "y () w0 (1) oy (S
s Vg )\ ) = v . () .
aHm™q 1+2x "\1+z 29 + x T\ 2¢ 4+ ¢

By Lemma 2.1 there exists a u < 1 such that L, g, v, < pls, (120y04 = pvyg,

hence (L, m,,) < p < 1 for all m. It now follows from Theorem 3.11 that

dlmH(JH) < Sq = dimq.[(g]{l,gq}),

which completes the case where ¢ > 12.
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To deal with the other cases we use the bounds for s, = dimy (J1,9¢)) given

in Table 3.1 and the following refined estimate,

o0 q 254
3 (2 ”) o250 (ks — )
ni!+x

n=3

254 29 + 1 28q 2941 25q >

< o3t 2q 12sq —254q

<e <3q+1) +(4Q+1> + (294 1) nZ:E)n >
25 94 + 1 254 94 + 1 2s4 oS)

< g2 29 4 1)25q —2s5q4

<ez <3q+1) +(4q+1> + (274 1) /4 T x)
2 (2041 25q+ 27 4 1 2Sq+ 20 4 1\ %% 4

= e 29 e — .

37+ 1 49+ 1 44 2549 — 1
Set

s ((2041\® 2041\ [2041\* [/ 4
s,q) = e <(3q+1) * <4q+1) * ( 49 ) (23(]— 1)) ‘
To complete the proof of inequality (4.7), we check for ¢ € {6,...,11} that
v(8q,q) < 1. Using the upper and lower bounds in Table 3.1 for s, = dimy(Jf1,20})
we see that vy(s11,11) < 0.63, v(s10, 10) < 0.67, v(s9,9) < 0.72, v(ss,8) < 0.78,
v(s7,7) < 0.85, and 7(sg,6) < 0.96.

To show for ¢ > 6 that DS(M,) N (dimy (Jar,\(24}), dimy (J(1,2¢))) is empty,
let dimy (Jar,\q203) < s < dimyy(Jg1,203). Suppose by way of contradiction that
dimy(Jp) = s for some F' C M,. Note that if 27 ¢ F', then F' C M, \ {27},
hence s < dimy(Jar,\(203), wWhich is impossible. Thus, 27 € F. Now if 1 ¢ F,
then G = (F'\ {27}) U {1} C M, \ {29}. So, Proposition 3.10 gives

S S dimy(,fg) S dimH(JMq\{Qq}),

which is impossible. So, {1,27} C F, hence dimy/(Jq20y) < s, which is a

contradiction. O

Let us now prove the third statement in Theorem 4.5.
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Theorem 4.21. For g € {6,7,8} we have that
DS(MQ) = [0, dimH(JMq\{2q})] U [dimH(J{qu}), dlmH(JMq)]

Proof. We will use Lemma 4.8.

Suppose first that s € [dimy(J(1,20)), dimy(Jy,)] and nf is a strict break
point for (F)s), so ng > 3. Reasoning as in the proof of Theorem 4.19 we see
that it suffices to show for (2¢)~! < s < dimy(Jay,) that y(g, no,s) > 1 in (4.6).

If ng > 4, then using the estimates in Lemma 3.13 we find that
~v(6,4,0.265) > 1.3, ~(7,4,0.234) > 1.2, and ~v(8,4,0.208) > 1.2.

On the other hand if ng = 3, then we know that s < dimy(J{1 20,30)) and we

can use the upper bounds in Table 3.1 to get that
7(6,3,0.238636) > 1.3, and 7(7,3,0.212933) > 1.2.

For ¢ = 8, we need to expand the sum on the left-hand-side in (4.6) and consider

- 2gs no 2qs no 2qs o 2qs
/ .—
7'(g,m0, 8) : <n0+1) * (no+2) * <no+3> " (no+4)

. no 2qs+ no 2qs 7’Lo+6
ng + 5 ng + 6 2gs — 1’

which satisfies +/(8,3,0.197286) > 1.004.

If s € [0, dimy(Jas,\f201)], then we can use Lemma 4.8 with respect to A =
M,\{2%}. So, if nd is a strict break point for (£, s), then ny > 3. Now the same

inequalities for (g, ng, s) and 7/(g, no, s) as above imply that

s € DS(M, \ {27}) € DS(M,).
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To complete the proof of Theorem 4.5 it remains to show the fourth assertion.

Theorem 4.22. Forq € {9,10,11, 12} we have that dimy (Jpr,\q303) < dimy(Jp1,20,30})

and

DS(Mq) = [O,dimH(JMq\{zq})]

U[dim'H(J{l’Qq}), dimH(JMq\{gq})] U [dimH(J{qu’gq}), dlmH(JMq)]

Proof. To establish the inequality we reason as in the proof of Theorem 4.20.
Let s, = dimy(J{1,2¢,303) and v, be the strictly positive eigenvector of L 1,94 34
with eigenvalue 1. So s, > 1.525/q > (2¢)~! by (3.9) and L, i with H = M, \

{37}, is a bounded linear operator for s > (2¢q)~'. Let H,, = {1,29} U{n9: 4 <
n < m} for m > 4. Using (3.6),

() ) ()
3 () ()
= (1im) < i (2q+x) %”q(zqix)
+(3q+x>25" ) (iii) R ——

Note that for &£ > 4 we have that

0 q 2s4
2:3+x o250 (s~ )
nt+x

n=4

25 34 1 254 q 1 2s4 34 + 1 254 k
g 39 P -
“\\wvr) T M+) +(kﬂ> (%M—J

—_
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Using the upper and lower bounds for s, in Table 3.1 and taking k£ = 8, we find
that B(se,9,8) < 0.99, B(s10, 10,8) < 0.94, B(s11, 11,8) < 0.9, B(s11, 11,8) < 0.9
and [(s12,12,8) < 0.89. It now follows from Lemma 2.1 that there exists a
p < 1 such that L, g, vq < pls, (1203030 = pivg. S0, 7(Ls, m,,) < p < 1 for all
m, which implies that dimy(Fy) < s, = dimy(Jq1,20301) by Theorem 3.11 as
sq > (29)71

Reasoning in the same way as in the proof of Theorem 4.20 it can easily be
shown for ¢ € {9,10, 11,12} that there is no s € DS(M,) between the closed
intervals.

To show that each element in the intervals belongs to the dimension spec-
trum we will use Lemma 4.8. Suppose first that s € [dimy (Jq1,20,301), dimy (Jaz, )]
and ng is a strict break point for (Fs), so ng > 4. Using the same arguments
as in the proof of Theorem 4.19 we see that it suffices to show for (2¢)™! < s <
dimy(Jus,) that v(g, no,s) > 1in (4.6) to conclude that s € DS(M,). If ng > 4,
we can use the upper bounds in Lemma 3.13 to get that v(9,4,0.191) > 1.1,
~7(10,4,0.175) > 1.1, v(11,4,0.163) > 1.15 and (12,4, 0.152) > 1.1.

On the other hand, if s € [dimy(Jg120y), dimy(Jaz,\f301)], We can apply
Lemma 4.8 with A = M, \ {37}. In that case, if n{ is a strict break point for
(F,s), then ng > 4, and the same estimates as above hold. So, s € DS(M, \
{37}) € DS(M,). Finally, for s € [0, dimy(Jas,\{2¢))] We apply Lemma 4.8 with
A= M, \ {27}. So, if nf is a strict break point for (F,s), then ny > 3. Using
the upper bound for dimy(Jg1 243) in Table 3.1 for ¢ = 9,10 and ¢ = 11, we get
that

7(9,3,0.162510) > 1.09, ~(10,3,0.150820) > 1.02.

The case when ¢ = 11, we expand the terms to the right hand in ((4.6)) and

consider

2qs 2qs 2qs 2qs
o No no No ng + 8
"(q,n9,8) = + +.. .+ + ,
’y(q 0 ) (n0+1> n0—|—2 n0—|—7 n0—|—8 2qs—1
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and we get 7/(11, 3,0.140915) > 1.002, If ¢ = 12, we need a different argument,
with A = M, \ {2}. If ny > 4, then the same upper bound (12,4, 0.152) > 1.1
can be used but if ng = 3, then we should have that s < dimy(Jg 343) because
27 is not part of the alphabet and we have that v(12,3,0.094745) > 1.9. It

follows that s € DS(M, \ {2?}) C DS(M,) and we are done. O

The following result show that there exists four intervals in the dimension

spectrum of M,.

Theorem 4.23. For ¢ = 19 we have that

dimy(Jar,\(30y) < dimy(Jp12030y)  and  dimy(Jag\(ary) < dimy(Ji120,30,403)-

In addition,

DS(My) =0, dimypy (Jag,\ 203)] U [dimapy (J1,20y), dimgy (g, (303)]

U [dimH(J{qugq}), dime<JMq\{4q})] U [dimH(J{qu,quq}), dlmH(JMq)]

Proof. Again to establish the inequalities we reason as in the proof of Theorem
4.22. Let sq = dimy(Jf1,20303) and vy be the strictly positive eigenvector of
Ly, {12430y with eigenvalue 1. So s, > 1.525/¢ > (2¢)~" by (3.9) and L,y
with H = M, \ {37}, is a bounded linear operator for s > (2¢)~'. Let H,, =

{1,279} U {n?: 4 < n < m} for m > 4. Using (3.6), together with S(s,,q,k)
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defined in the proof of Theorem 4.22, we have that

1 2sq 1 1 284 1
Ly =
Com)@ = (115) o(i)+ (50s) o (ees)
m 1 254 1
+;(n"+w> Uq(nqw)
_ 1 254 1 N 1 2s4 1
v v
“\l+4+=z "\N1+=z 294+ x T\ 204z
1 254 1 T [37 4 g\ 254 (57— == )
Sa\ 391z "nd+vz ),
() EE)nE)
_ 1 254 1 N 1 2s4 1
v v
“\l+z "\1+4+2 20+ x T\ 20+

1 254 1
st () " )

Using the upper and lower bounds for s, in Table 3.1 and taking k = 8, we

find that £(sy9,19,8) < 0.7, It now follows from Lemma 2.1 that there exists a
p < 1 such that L, g, vq < pls, (1,203030g = pivg. S0, 7(Ls, m,,) < po < 1 for all
m, which implies that dimg (Jaz,\(303) < sq = dimy(Jg1,20,30)) by Theorem 3.11
as s, > (2¢)7 %

Next using s, = dimy(J{1,24,30,401), and taking

Bsq k) = et [ (21 (T (e R
o &P = 5+ 1 ket 1 Jea 25,0 — 1

we have that if v, is the eigenvector of L, 1243044y With the corresponding

eigenvalue 1 then

1 254 1
(ququ\{4q}Usq>($) S Z (nq + ZU) Usq <qu + l’)
n<3

1 2s4 1
+/8(SQ7Q7 k) <4q+x) USII (4q+m)

and with £ = 9 we have ((s4,¢,k) < 0.995. It now follows from Lemma

2.1 that there exists a p < 1 such that Ly ar\qae3vq < pls, (1203040)0, =
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pvg. So, 1(Lg, p\qaey) < p < 1, which implies that dimy(Jas,\qae}) < 8¢ =
dimH(J{lyzqﬁqu}). Reasoning in the same way as in the proof of Theorem 4.20
it can easily be shown for ¢ = 19 that there is no s € DS(M,) between the
closed intervals.

To show that each element in the intervals belongs to the dimension spec-
trum we will use Lemma 4.8. Suppose first that s € [dimy (Jg1,20,30 49} ), dimy (Jag, )]
and ng is a strict break point for (F,s), so ng > 5. Using the same arguments

as in the proof of Theorem 4.19 we see that it suffices to show for

(29) 7" < s < dimy(Jn,)

that v(q,no,s) > 1 in (4.6) to conclude that s € DS(M,). If no > 5, we can
first compute the upper bound of dimy(Jy,,) as in Lemma 3.13 and obtain
that «(19,0.105) < 0.998 so that dimy(Jas,) < 0.105. Using this in (4.6) we
get that v(19,5,0.105) > 1.2.

On the other hand, if s € [dimy(J{1,20,303), dimy (Jar,\{a93)], We can apply
Lemma 4.8 with A = M, \ {47}. In that case, if n is a strict break point for
(F,s), then ng > 5, and the same estimates as above hold. So, s € DS(M, \
{47}) c DS(M,).

Also if s € [dimy(J{1,20) ), dimy(Jas,\q303)], then the break point is at least
4 if we restrict the alphabet to M, \ {37}. Using the upper bound on the
dimyy (Jg1,24,303) < we have that (19,4,0.10025757) > 1.008. Finally, for s €
[0, dimyy (Jaz,\ g2} )] we apply Lemma 4.8 with A = M, \ {27}. So, if n{ is a strict
break point for (F,s), then ng > 3. If ng > 4 we can use the previous bounds
to get v(19,4,0.10025757) > 1.008. However, if the break point is ny = 3, then
we need the upper bound of dimy(Jy130)) < 0.06732451 which implies that
7(19,3,0.06732451) > 1.15. It follows that s € DS(M, \ {29}) C DS(M,) and

we are done. O
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4.7 Nowhere Dense Dimension Spectrum: Proof

of Theorem 4.6

Before we prove Theorem 4.6, we need a lower bound on the Hausdorff dimension

of the pair {a,, an+1} for each n.

Lemma 4.24. If a, = 2%" for n € N, then

‘ 1
dlm%(’]{am‘lnﬁ%}) Z 2n+2.

Proof. Using Lemma 3.5 with 1 = a,, and setting \ = Z2v ™2 ”2a%+4. Then v,(z) =

(A + )" is an eigenvector of Ly g,,3 with eigenvalue A=2%. Also

(Lo ay05) () = A% (1 4 ( At )2> vy(2).

an+1+x+)\—1

Atz
an+1+r+)\— 1

(L fonaniny ) (@) 2 ((i) + (ﬁ)) e

If we can show for ¢, = 2,1%, that

1 2n 1 2,
— _ >1 4.8
()‘> " (an+1+>\_1> o (48)

then it follows from Lemma 2.2 that r(Ly, {4,,an.,}) = 150 that dimy(Jia, a,,13) >

As the map = — is increasing, we have that

t, by Theorem 3.2 and we are done. Assume n > 1 and substituting y for a,

in (4.8) to get a formulation

In2

2 2Iny
— +
(y + YR+ 4) y?2 4 LV

h(y) =

If we can show that h(y) is increasing on (4, 00) and h(4) > 1 then we are done.
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A direct computation show that h(4) > 1.15, so it remains to show that A’ is

increasing. We establish this by showing that ¢’ > 0 and f’ > 0 separately.

2 Yy
A0 (y+ 92+4> N e (1 ' \/m>

f(y) 2yIn’y 2y + Vy>+4) Iny
Note that

2

In| ———=|=lh2-In(y+y?*+4) <In2—-In(2y) = —Iny.
(y +VyE+ 4)
Thus
2
2l (y+ y2+4) - In2
2yIn’y 2ylny’

Also

Y
2 (1 * \/y2+4> 21n2 In2

< = .
20y + 2 +4)Iny  2Q2y)lny  2ylny

This implies that
') In 2 n2

< — =
fly)  2ylny 2ylny

As f > 0, we have that f’ > 0. On the other hand

-1 1 y
o In21n (y2+y+2 ml) . In2 (Qy +s5+ ; ,—y2+4>
2lny (yQ + y+—2?/2+4 _ 1)

9(y) 2yIn*y

Using

— 1 2 ytyvyitd
In2In (y%”@l) In21n <y + 5 1) 02

< — )
2y In? Y 2y In? Y ylny
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together with

2 (2y+ 3+ —~—
n <y+2+2 y2+4) (2y+1)ln2 (2y+1)In2 - In2

<
2 o )
21ny (y2 + y+ 2y2+4 . 1) lny(2y + 2y 2) ylny (2y + 2 — %) ylny

we obtain
! In 2 In 2
gy 2 W2 o
9(y) ylhy ylhy
As g > 0, we have that ¢’ > 0 so that A is increasing. O

Let us now come back to Theorem 4.6

Proof. We first obtain an upper bound for the dimy(J4). If u: 2 +— 1 is the

order unit on C'([0,77']) where v = min A and s > 0 then

L@ =3 () <X () <X () =5
sAu)(x) = < — < — = —
- 2 t+a neN 2 neN 2o 2t —1

neN

In particular if s = 1/4 we have that L, u < u so 7(Lyjsa) < 1. Thus
dimy (J4) < 1/4.
Note that to prove DS(A) is nowhere dense, it suffices by Corollary 4.11 to

show that for F' C A finite, with |F'| > 2 we have that

Let FF C A with |F| > 2, a,, = max F, and set G = F'\ {a,}. Proposition 3.10
implies that

. ) 1
dimy (Jr) > dimy(Jia,_1,an}) = TS
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Fix QH% <'s < dimy(J4) and let vy be the eigenvector of L, p with eigenvalue

As = r(Ls r). We have the following

00 1 2s 1
LS /US ) = LS /US X + — US
( S )( ) G ( ) — (an+k+x) (an—l—k_{_'x)

1
1 2s 1 2s a, +1 2
< (L " pin+1)
o () () 5 (2220)

a, + 1 San—i_lz(l—l—l) an7
Atk + 1 Atk Ap 4k

Qnp,
™ e’} Cln—|—1 )28 25( 1 )28 0 ( a )28
gon TR} <em (14— .
; (a’n+k +1 Qp, ; Anyk

2s
Using the bounds Qn% < s < 1/4 and the fact that s — > 7, (aaik> is

decreasing, we have that

() Bl = () 26
€ an _— € <an —_—
Qn 1 Antk a Qp 1 Aptk

=

k=

D=

The map a,, +— %eﬁ (1 + i) is decreasing. Since |F'| > 2, it follows that

max F' = a,, > as = 16. Substituting this we get



4.7. Nowhere Dense Dimension Spectrum: Proof of Theorem 4.6 139

This implies that for any s < s < dimy(Ja) we have that

1\ 1
L pavs(x) < Lggug(x) +0.8 Vs )

a, + an, +

It then follows from Lemma 2.1 that there exists a u < 1 such that

L pevs(x) < pLs pvg(z) = pAsvs(z).

In particular for 1/2"" < sy = dimy(Jr) < 1/4 we have that A\, = 1 so
Ly, pivs, < pv,. Thus

T(Lso,Fﬁ) S n < 17

this implies that dimy(Jp:) < so = dimy(Jp) as desired. O
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Chapter 5

Final Remarks and Open Problems

We conclude this thesis by discussing some open problems and ideas for future

work.

5.1 The Set Pq*

In Chapter 4, we have shown that 0, ;{fq] C DS(Py) for ¢ > 2 and the
dimension spectrum is nowhere dense in (u1,dimy(Jp;)), for ¢ > 3, where
p1 = dimy(Jpx\(gy). Moreover, the dimension spectrum is nowhere dense in

(112, dimy(Jpy)) for ¢ = 2 where ppy = dimy(Jps (423), see Theorem 4.3 and

Theorem 4.4. However, the structure of the dimension spectrum of Py is not

well understood in the interval (;?—fq, 1) for ¢ > 3, nor is it well understood in
1
(3hy 1?) for g = 2.

Our techniques allow us to obtain some information about the structure of
the dimension spectrum in Dy = (;?—lfq, Ml); but unfortunately they do not
yield a complete picture. We will discuss these partial results now.

As a first step we observe for F' C Py with dimy(Jr) € (21111_an7 m), we must

have 1 € F' and ¢ ¢ F. Indeed, if 1 ¢ F', then F' C P,, so that

In 2
2Ingqg

dimy (Jr) < dimy(Jp,) <
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On the other hand, if ¢ € F', then {1,q} C F, and it follows from Theorem 4.3
that

w < v = dimH<J{1’q}) < dlm'H(JF)

Thus for any F' C P such that dimy(.Jp) € Dy, we have that F' C {1,¢%,¢%, .. .}.

Therefore we can restrict our alphabet to

Ay =P\ {q} ={1,¢*,¢*,¢",.. }. (5.1)

The following lemma is helpful in giving the structure of the dimension spectrum
in Dl
Lemma 5.1. For FF C Ay = P\ {q} finite such that dimy(Jp) > %, we

have that dimy (Jp:) > 21111n2q forall ¢ > 3.

Proof. Let s, = 21‘11n2q and let v, be the eigenvector of Ly, with eigenvalue A, .

As dimy (Jp) > s, we know A, > 1. Let ¢" = max F. Set G = F'\ {¢"}. As

In 2
2Ingqg

v is decreasing by Theorem 3.2, together with s, = implies (12&1;—1 =1, we

have

= (Ls,,70s,) () = A5, vs, ()

As s, < dimy (Jr), it follows that A;, > 1, so dimy/(Jp:) > s4, thus proving the

claim. u

We have the following result.
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Theorem 5.2. (i) For q > 4, we have that

In2
2Ing

< dimy (JAl\{qQ}) < dimH(J{qu}). (52)

Moreover, for any F C Ay with {1,¢*} C F, we have that

(i) For ¢ =3, we have that

In2
2Ing

< dimH (JAl\{q3}) < dimH(J{17q27q3}),

and if F C Ay with {1,¢*,¢*} C F, then

Proof. Assume ¢ > 4 and note that from Lemma 5.1 with F' = {1, ¢}, if we can

show that dimy(J(1423) > 21?—112(], then we know that ;?nzq < dimy (Ja;\(g23)- So

establish (i) it will remain to show that dimy (Ja,\(g23) < dimg(Jg1423). So we

first establish that dimy(Jg g2y) > Zl?nzq for ¢ > 4. Using the same methods as

in the proof of Corollary 3.7 we need to find a constant ¢ > 0 such that

) N\ ] =
h<4>:(x) *(m) >

where A = (1 ++/5)/2. A direct computation show that ¢ = 0.73 give h(4?) >

1.003 so
0.73 0.73 In2

= > .
Ing? 2Ing  2Ing

dimH(J{qu}) >
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Next we show that dimg (Ja,\(e2y) < dimg(Jp1ey). Let G = {1,¢*}. The

operator L, ¢ has eigenvector vy with spectral radius \s;. Now

(L )(7) Ly ! + E o ) o
Vs )(x) = Vs , Vs .
5,GH 1+ 1+2 = ¢t + ¢G>t +x

1 2s 1 1 2s 1 25 C]2+ZB 2s
< 2 = 7).
—(1+:v) Us(l+x)+(q2+x) Us<q2+x)eq Z(q?ﬂﬂ)

jeN

We have that

2 2s 2 2s
1
S(5E) < (A
jEN jEN
2 2s 2s
g +1 1
< (%) )
q SN q
1 2s
(1 + q—2>
q23 -1 :
Thus,
2s
28 E+z\” %(H‘qiz) ed
ea s ea A1 S =7(2,q,s),
jEN
as

14+ 2 <e® forall z>0.

It follows that

vg)(z) < Vs +7(2,q,s Vs .
5G* 1+z 1+x LAl @+ P+

For ¢ > 4, we can show that v(2,q,s0) < 1 with sq = dimy(Jg). Since

(2, ¢, so) < 1, there exists u < 1 such that

LSQ,GuUSO S IU/LSq,G,US() = /’LUSQJ
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hence r(Lg, ¢) < ¢ < 1. This implies that dimy(Jg:) < so = dimy(Jg). From

above we know that

0.735  0.735
Ing? 2Ing’

dimH(J{qu}) >

Note that G C P, \ {¢q}. So using Theorem 4.3 the bounds for dimy(J;1,4;) in

table 3.1 we get that

l\')|'—‘

dimy (Jo) < dimy(Jpan(gy) = 1 < v1 = dimy(J1y) < dimy(Jpay) <

So, for ¢ > 5

M‘

0.735 4%0.5
¥ —1>qha —1=¢e"™ —1>e57 >eq

s0 Y(2,¢,50) < 1 as desired.

For ¢ = 4, we use the bounds 0.28 < dimy(J{1,16}) < 0.29 to get ¥(2,q, s0) =

450

< 0.92

qZSO 1

For the case ¢ = 3, we argue in the same way. Let G = {1,¢*} and H =

{1,¢% ¢*}. Let v, be the eigenvector of Lg 7, so

2s
1
(Ls,HﬁUs)(x) - sts + Z < 345 1 I> Vs (m)

JEN

1 2s 1 2e q3+x 2s
< (Ls v —_ s\ ——— @ —_ .
< (Lsvs) () + (q3+]+$) v <q3+y —l—x> e Z(q3+J —|—x>

JEN

Arguing as above, we have that

2s

3 25 1+ 4 ol

2s q° +x 2s ( q3> ead )

ey (m) <ed &1 < o V3,4, 5).
jEN

To show that v(3,¢,s) < 1 with s = dimy(Jg) we can use the numerical

method of Falk and Nussbaum to get that 0.380856 < dimy(Jy) < 0.380863,
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which gives v(3,¢,s) < 0.81.
To complete the proof of the Theorem, suppose that F' C A; is finite with
max F = ¢*. Note that we only need to consider the case where k& > 3 as

k = 2 is already settled in the above inequality. Set G = F \ max F. For

s € (;?fq, dimy, (J Al))’ let vy be the positive eigenvector of L, p with eigenvalue

)\5 = T(L&F).

Then for z € [0, 1], we have

(Ls,prvs)(x) = (Ls,Gvs)(fﬂ)+§: (ﬁ)%vs (m)

j=1

1 2s 1 25 00 qk+ 1 2s
< Ls s s a* T .
> ( ,GU )(l’)+(qk+x) v <qk+x>6 jZ(qk+J_|_1

1

As before,

o0 L 2s k 28 o0 2s
: o ) ’ (q +1) (1)
AY () = S (2
le+ = k
S \g" +1 q T\
eds/d* eq%

<
q25_1—q23_]_

= v(k,q, s).

Note that if v(k,q,s) < 1, then there exists by Lemma 2.1 a ;1 < 1 such that
Ly pivs < plgpvs = pdgvs. In particular, if this holds for s = dimy(Jr),
we get that Ly pv, < pws. This would imply that 7(L, p+) < p < 1, hence
dimy(Jpe) < s. We need to show that v(k,q, so) < 1 where so = dimy(Jp).

For ¢ > 4, we have that % < 59 < 0.5 and
q

4sq

0.735 4x0.5 4s
0 —1>qghas —1=e"_1>e 45 >ed >ed,

(=]

so v(k,q,s0) <1 for all & > 3.

For ¢ = 3, we need to show that v(k,q, sg) < 1, for k > 4 and using the lower
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bounds from Table 3.1 we know that dimy(Jr) > dimy(Jg 42,433) and

2
edt

(kg 50) < (20380856 _ | <08<1

Recall that A; = {1,¢* ¢3,...} and set
L={1,¢*...,¢"} and T,={d"" ¢ .}
For k > 2 let
A, = dimy (Jr,_ un,) = dimy(Ja\qqey) and v, = dimy (Jp,).
Here we have use the notation p 4, to emphasise that we are restricting out

alphabet to A;. We give the following result, which shows that the dimension

spectrum is nowhere dense in the upper end of the interval D; = (;{fq, ) for

g>4
Theorem 5.3. For g > 4 and k > 2,

(i) pra, < Vi, and (pra,, Via,) D DS(PY) = 0.

(ii) DS(F;) is nowhere dense in (Vg a,, fri1,4,)-

For g = 3 the assertion holds for k > 3.

Proof. Suppose that ¢ > 4 and k > 2. To prove assertion (i) we first note
that we can take F' = I, = {1,¢*...,¢"} in Theorem 5.2 and conclude that
kA, < Vg,a,- Tosee that (upa,, vka,)VDS(P)) = () we argue by contradiction.
So, suppose that F' C A; is such that g, 4, < dimy(Jr) < vg,4,. We claim that
{1,¢%,...,¢" 1} C F, as otherwise FF C A; \ {¢™} for some 2 <m <k —1. In

that case by Theorem 5.2, we get that dimy(Jr) < fm a4, < Vma, < Vp—1,4, <
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kA, which is impossible. As {1,¢%,...,¢" '} C F and dimy(Jr) < vga,,
we know that ¢ ¢ F. Thus, FF C A; \ {¢*}, which contradicts the fact that
e, A, < dimy (Jp).

To prove assertion (ii) let F* C A; be finite with vy, 4, < dimy(Jp) < fg41,4, -
Then {1,¢?% ...,q¢"} C F, otherwise F' C A;\{q™} for some m < k, which would
imply that dimy(Jr) < pima, < Vma, < Vka,- AS g4, < Uga, for all & > 2,
we can combine Lemma 4.9 and Theorem 5.2 and conclude that DS(FP;) is
nowhere dense in (Vg a,, fg41.4,) for k> 1.

The case of ¢ = 3 can be derived in the same way. n

Below is an illustration of the structure of the dimension spectrum for Py

with ¢ > 4 in D, = (;‘f—fq, M). For ¢ = 3 we have the same structure starting

3
at fry, -
| | ‘ r-------- ] ‘ | l | |
| | | | | | | | ]
21?2 /’LQ,A1 y2,A1 ,U/3,Al I/S,Al /J/4,A1 V4,A1 ttt ,ul
ngq

This means that for ¢ > 4, the structure is well understood in

[Milaﬂl] = [dimH(JAz)ﬂdimH(‘]AJ)]v

where Ay = A; \ {¢?}. Theorem 5.3 together with Theorem 4.3 and Theorem

4.4, implies that the structure is now well understood in

In2
[O, %1 and [dimH(JAz), dimH(JP*)} for ¢ > 4.
ngq !

Ideally, we would like to repeat the process now for the alphabet

Ay ={1,¢*¢",¢,...}
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to get further information in the upper part of the interval

In2
D2 = (an,dlmﬂ(JA2)) .

We will do this for the case ¢ = 5 in the next section.

5.2  Additional structure: The case ¢ =5

In2
2Ing”

Throughout this section, ¢ = 5. We define s, := From Theorem 5.2, we
have that

5q < dimy(Ja,) < dimy(Jpqey),

where Ay = A, \ {QQ} = {17q37q47q5> - }

Set Dy = (sq,dimy(J4,)). For any F' C Py such that dimy(Jp) € Dy, we

have that 1 € F. Also ¢* ¢ F and ¢ ¢ F. Indeed, if 1 ¢ F, then F C P, =

{¢": n € N} and dimy(Jr) < dimy(Jp,) < 21?112(1 which is impossible. Also, if

{1,¢*} C For {1,q} C F, then

This implies that we can restrict our alphabet to Ay = {1, 4%, ¢*, ¢°, ...} when we
consider I with dimy (Jr) € (s,, dimy(Ja,)). Using the computational method

of Falk and Nussbaum, see Table 3.1, we have that for ¢ =5

dlmH(J{qu}) < 0.194480 < Sq-

Since dimy(J4,) > s, there exists ko, such that

In2

dim’H(JLq:s’qu’m,qufl) <

~ Zlnq < dimH(J]_7q37q4,,,,,qk2)-
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Set

B2 - {17q37q47 .. aqk2_1}‘

So ks is the first break point for (Bs,s,) in Ay. In this case ky = 4 so By =
{1,¢*}, because dimy(J1 4 44y) > 0.223875 > s, > dimy(Jp,), see Table 3.1.
Let F = {1,¢% ¢} so

A3 = Fﬁ = {17q37q57q67"-}7

and let vy be the eigenvector of L, p with eigenvalue Ay = 7(Ls r).

2s
1
(o)) = o) @+ Y (s ) o (s

JEN

)
< (Lesyve) (@) + (q4; 1) i (q4 : x>28 v (q4ix> 2 (q_lf)2
).

o 1\® 1
< (Lopyo)) (@) + — ( )(

q2s_1 q4_{_$

If we can show for sy = dimy(Jr) that

'

50
edt

q280 _ 1

<1,

it follows that there exists p < 1, such that Ly, 4,vs, < pvs,, so that r(Ls, a,) <

1. Thus, dimy(Ja,) < so. Using the bound in Table 3.1,

0.223875 < dimy(Jp) < 0.223878,

'S
%Ls"

and this gives -5 <0.95 < 1. Hence dimy(Ja,) < dimy (S g8,441)-

qQaO 1

Claim 1: For any F' C A, finite such that {1,¢3 ¢*} C F we have that
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Indeed let ¢" = max F' and G = F'\ {¢"} and v, be the eigenvector of L, p with

eigenvalue Ay, then

2s
1
(Ls,FﬁUS)(x) GUS )+ Z ( n+j | $) Us (q"+j + [E>

JjeN

1 2s . 1 2s 1 1 2s
’ q" q"+ ¢"+x) i\
JjeN
o 1 \% 1
ed”
< (Lsqgus)(x) + Vs .
< (fegtalie) q28—1(q"+x) (q”+x)

If we can show for sg = dimy/(Jr) that

4sq
ead

q280 _ 1

<1,

it follows that there exists 1 < 1, such that Ly, p:vs, < pivs,, so that 7(Lg, ) <
1. Thus, dimy(Jp:) < so. Using the lower bound in Table 3.1, for {1, ¢3, ¢*},

and the upper bounds for {1, ¢}, we have
0.223875 < dimy/(Jr) < 0.5,

so we obtain
430

ean
2 Ny
g0 —1 7 ¢ -1

2
1

<0.96 < 1.

Hence proving Claim 1.

Following the same argument as in the proof of Theorem 5.3, together with
Claim 1, we find that the structure of the dimension spectrum is nowhere dense
in

(dimH(J{17q37q4}), dlmH(JAQ))

We know from Lemma 5.1 that if F' C P\ {¢} finite such that dimy (Jr) > s,
(Ag) > 84.

we have that dimgy (Jp) > ZIllnq
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The next step is the existence of k3 > 5, such that if
G={1¢%¢",¢%...¢"}, then dimy(Jo (gray) < 5¢ < dimy(Jg).

Note that this G exists because dimy(As) > s,. Pick the first such G. In this

case ks = 6 and
Bs={1,¢%,¢’} = B, U{¢"}
Set

A4 = (83 U {qk'S})j:1 — B3 U {q] ] > k3} — {1’q37q57q7’q8 . }

Using claim 2, we know that dimgy(J4,) > sq.

For any n > 3, assume A,, has been defined and dimy(J4,) > s,. Further-
more assume B,_; has been defined with a first break point ¢*»-' of B,_; in
A, _1, then define

B,=DB,_;U {qk"‘lﬂ, o ,qkn*l}

where k,, is the first breakpoint in A, for (B,,s,;). Note that this k, exists
because dimy(B,—1) < s, < dimy/(Ja,). To complete the inductive step, one

would have to show that:
(1) dimH(JBnU{qkn}) > dimH(J(BnU{qkn})n).

(i) For all FF C A, such that B, U{¢*} C F, we have

If these two steps are true, then we set

Anp1 = (Bo U{g"™})f

Using Lemma 5.1, we necessarily have dimy(Ja,,,) > s, and we find that the

dimension spectrum is nowhere dense in (dimy(Ja,,,), dimy(Ja,)).
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From this we would generate a sequence of sets (A,) and (B,,) together with a
sequence of integers (k,) such that ¢" is a first break point for (B,,s,) in A,.
It then follows that dimy(Jp,) 1 s, and dimy (g, gemny) 4 Sq-

On the other hand, as 4,1 = (B, U {¢*"}), together with

dimy (g, uggny) > dimp(J (s, 001,

we have s, < dimy(An41) < dimy(Jp,uqgeny). Thus dimy(Ja,) — s4. If the
inductive step is true, it follows that the dimension spectrum of P; will be
nowhere dense in (dimy(J4, +1), dimy(J4,)) for all n and this would imply that
DS(Py) is nowhere dense in [sq, dimy (Jpy)].

We believe this to be the case but have not been able to establish this.

5.3 Conjectures about the structure of the di-

mension spectrum

In Chapter 4, we analysed the structure of the dimension spectrum for a variety
of infinite subsystems of continued fraction.

There were examples where the dimension spectrum was full, a finite union
of closed disjoint intervals, nowhere dense everywhere, and a closed interval
followed by a nowhere dense part. We will briefly discuss a number of conjec-
tures we believe are true concerning the dimension spectrum both globally and
locally. However, these questions lie beyond the scope of our present methods.
Developing new techniques to address this question is a key goal for the future

work in understanding the structures of the dimension spectrum.

Conjecture 5.4. Let A C N be infinite. Then exactly one of the following is

true:

1. DS(A) is a disjoint union of closed intervals.
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2. There exists a unique value 7 > 0 such that [0, 7] C DS(A) and DS(A) is

nowhere dense in [T, dimgy (J4)].
3. DS(A) is a nowhere dense set in [0, dimy(J4)].

We already know for the case M, that the dimension spectrum has finitely
many intervals, but one can then ask a question if there exists an A C N whose
dimension spectrum consist of infinitely many disjoint closed intervals. We have
no example of this structure at present.

To establish Conjecture 5.4 it would be useful to have some more basic
facts concerning the structure locally of the dimension spectrum of continued
fractions. We believe the following too holds.

Let A C N be infinite and consider DS(A), the dimension spectrum of A.

We believe the following to be true.

Conjecture 5.5. Let A = {aj,as,...} and 0 < a < b < ¢ < d be such that

la,b] C DS(A) and [c,d] C DS(A) then exactly one of the following is true
1. DS(A) N (b,c) = 0.

2. If DS(A)N (b,c) # 0, then for allt € DS(A) N (b, c), there exists a § > 0
such that [t — 0,t] C DS(A) or [t,t + ] C DS(A).

This observations implies that between two solid intervals which lies in the
dimension spectrum, the dimension spectrum can either be an empty set or a
union of disjoint intervals.

We also believe the following two assertions to be true.

Conjecture 5.6. Let A = {ay,as,...} and 0 < a < b be such that [a,b] C

DS(A). Then there exists 0 < § < a such that

[0,0] € DS(A).
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Conjecture 5.7. Let A = {ay,as,...} and 0 < a < b < dimy(J4) be such that
[a,b] N DS(A) # 0. If DS(A) is nowhere dense in [a,b] then DS(A) is nowhere

dense in [a, dimy/(J4)].
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