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Abstract

Static type systems help prevent errors, improve abstrac-
tions, and enable optimisations. There is a whole spectrum
of type systems for general-purpose languages, covering a
wide range of safety guarantees and expressivity. Despite
this, type systems for array programming languages are usu-
ally at one of two extremes. In the majority of cases they are
nearly untyped, only distinguishing array types by element
type or number of dimensions. Otherwise, they tend to reach
for powerful dependent types. However, it is difficult to ex-
tend existing solutions with a dependent type system, and
some problems become undecidable when we do so. Practical
array programming — in data science, machine learning and
the like — sticks to the bliss of dynamic typing.

We propose a novel calculus for array programming: Star.
Array indices and shapes in Star make use of structural record
and variant types equipped with subtyping. We prevent in-
dexing errors not by resolving arithmetic problems, but by
enabling richer types for arrays, allowing programmers to
capture their structure explicitly. While we present Star with
only subtype polymorphism, we sketch how algebraic subtyp-
ing promises efficient ML-style polymorphic type inference.

CCS Concepts: « Software and its engineering — Func-
tional languages; Parallel programming languages; Data
types and structures.
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1 Introduction

Array programming currently has no satisfactory typing dis-
cipline. The untyped array programming model, introduced
in APL by Iverson [12], currently dominates in languages
like Python or MatLab. It is universal in machine learning
and data science through libraries like NumPy [9] (and its
extensions, e.g. Xarray [11]) and PyTorch [15].

General-purpose programming languages often keep ar-
ray typing simple, reducing arrays to containers indexed by
integers. This fails to capture even simple structures of data,
like multiple regular dimensions. At worst, the programmer
represents multidimensional arrays as nested arrays of ar-
rays - losing out on performance and useful type information
- or applies a handwritten indexing scheme. At best, arrays
end up generalised to tensors indexed by tuples of integers.
Such multidimensional arrays have been the standard since
the times of Fortran.

Untyped programming invites primitives with excessive
flexibility, so the situation is difficult to amend. In such cases,
past work resorts to dependent types — one such project
is Remora [25], but there has also been more recent work
in Futhark [3, 10]. Such powerful systems allow types to
involve arithmetic on array sizes, modelling the complex
behaviours of array operations. This approach enables safe
indexing (boundary checking) to be statically enforced (with
potential proof obligations). However, this also makes types
difficult to check — let alone infer. In the general case, the
programmer is given the burden of proof [3].

We hit an impasse — we either have just simple array types,
or have to reach for dependent types. Our main contribution
is a novel calculus, Star, with a type system that provides
useful and expressive types, while also admitting type in-
ference. Hence, we reveal a new area in the design space of
array programming languages and their type systems.

Furthermore, thanks to recent developments in algebraic
subtyping, we conjecture Star admits ML-style type infer-
ence with parametric polymorphism and principal types. In
practice, this would reduce the annotation burden on the pro-
grammer, bringing Star’s style closer to dynamic languages.

The key idea we put forward is to use structural record and
variant types for array indices and shapes — we were inspired
by algebraic data types, hence our titular algebraic shapes.

We use untyped in a slightly loose sense: array programming languages
usually feature a single array type (e.g. NumPy’s ndarray) with little nuance.
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Then, we use structural subtyping to model ubiquitous ar-

ray programming patterns. Our subtyping order underlies a

distributive lattice algebra — in line with algebraic subtyping

— further reinforcing the algebraic nature of our shape types.
Our contributions are as follows:

e A novel design for an array calculus — Star — which fea-
tures subtyping and structural types for array shapes.
We motivate it in Section 2 and elaborate in Section 3.

e Formalisation of Star’s operational semantics (Section 3.5),
type system (Section 4; without parametric polymorphism),
and type safety (Section 4.3).

e Worked examples where Star shines, showing its poten-
tial (Section 5) and identifying future work (Section 6).

2 Motivation

In this work, we seek to alleviate the status quo — of arrays
as simply containers indexed by (tuples of) integers — which
we described in the introduction. We believe this leads to
the unfortunate present dogma:

‘ Your array can be any type, as long as it is n-dimensional.

This has become a standard assumption for array program-
mers, even though we have more general frameworks for
indexable structures — like dependently typed containers [1]
or Naperian functors [8]. We argue that the current lack of
nuance to array types can be addressed by constructing an
analogue of algebraic data types for arrays.

We now motivate the design of Star by showing how
common array patterns are modelled when we use algebraic
data types — records and variants — for array indices.

Terminology. Arrays have a dimensionality (i.e. number
of dimensions), also called a rank. The shape of an array
defines the extent (size) of each dimension. Dimensions are
sometimes referred to as axes. A batch refers to a sequence of
something, and we speak of a batch dimension (batch axis).

2.1 Record Indices Label Axes

Consider an array representing a batch of images. Usually,
we would model such a structure as a 4-dimensional array,
with a batch dimension, two coordinate dimensions, and a
channel dimension. For instance, a size 100 batch of 32 x 32
RGB images might have shape (100, 32, 32, 3).

We could instead consider a different interpretation for
this array. Notice that a value of the record type:

{batch : int, row : int, col : int, channel : int}

could clearly be used as an index into our batch of images. In
fact, this perspective has its benefits. For example, a simple
4-dimensional structure does not differentiate dimensions
beyond their position in the sequence - the programmer
would usually need to keep track of the order of dimensions
with e.g. unenforceable annotations in comments.

Thus, we propose that for any array, shape types o, ... and
axis labels 4, ... we should have a product shape {¢ : o, ...[}
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indexed by records of type {f: o,...}. Records provide a
product on shapes.
We might illustrate {row : int, col : int[} as:

One might find this idea reminiscent of named tensors [4]
or Xarray [11] (among others), and this similarity is not
accidental. We believe that the practical usefulness of prior
work leads us to generalising this technique.

2.2 Variant Indices Concatenate

Having seen that indexing arrays with records models (la-
belled) multidimensional arrays, we turn our attention to
the dual of records — variants.

Consider an array indexed by values of variant type

[L:int,R: int]

This corresponds to a composition of array shapes where we
can access any one of the components — concatenation.

Why is this perspective useful? Normally, concatenating
arrays can require the programmer to manipulate ranges cor-
responding to each of the components. For instance, padding
an array of size n with a elements at the front and b at the
back creates a vector composed of three ranges: [0, a) (front),
[a,n + a) (centre), [n + a,n + a + b) (back). Composing and
decomposing a concatenated vector — e.g. setting and get-
ting its components — requires reconstructing these ranges.
Instead, we shall use an index of variant type:

[Front : int, : int, Back : int]

| eee | | eee

which allows us to rely on tagging and pattern matching for
composing and decomposing concatenations.
We propose that for shapes o, ... and tags T, ... wehave a
shape type [T : o, ...] indexed by variants of type [T : o, ...].
Looking ahead, Table 1 gives examples of shape values
and index values in Star along with their types.

3 Calculus

We now introduce the key contribution of this work — the
design of Star (structured arrays), a functional, pointful
array programming calculus with a novel type system. We
begin by introducing expressions (Section 3.1) and our novel
structured array shapes (Section 3.2) in Star. We then sketch
an operational semantics (Section 3.5). We give a complete
description of our type system, which features structural
types and subtyping, in Section 4.
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ex=n|f (integer and float literal)
| 7(e)

| x|letx =eine

(scalar operations)

(variable, let-binding)

| Ax.e|ee (function, application)
| {E} (record construction)
| e.t (record projection)
| Te (variant construction)

| matchewith| Tx = e (pattern matching)

| ®x[e].e (array comprehension)
| Arr(s,J) (unevaluated array)
| efe] (array indexing)
| el (array shape)
| 5 (shape expression)
S u= #e (sized shape)
| ﬂ[ = e[} (product shape)
| est (product dimension projection)
| [[T = e]] (concatenation shape)
| e, T (concatenation component projection)
|emre (shape broadcasting)
S

Figure 1. Expressions e in Star, incl. shape expressions e>.

Notation. Throughout this section, we write n for inte-
gers, f for floats, ¢ for (record) labels, and T for (variant) tags.
We also write t for a repetition of terms of metatype ¢.

3.1 Language

The basis of Star is a A-calculus with structurally typed
records and variants. We define the grammars of expres-
sions e and values v in Star in Figures 1 and 2. We start with
some informal explanations:

e We write « for scalar operations, which consume and
produce integers and floats. Examples include + : int X
int — int, sin : float — float, or | -] : float — int.

e Functions and let-bindings are standard. For simplicity,
we do not include recursive let-bindings.

o We include structural records and variants, with record
projection e.f and pattern matching (match) as elimi-
nation forms.

e Star’s array operations are similar to the likes of F [24].
Our primitives are array comprehensions ® x[e]. e’
(constructing an array of shape e and elements at index
x given by e’) and indexing e[e’] (accessing index e’
of array e). The shape of an array e is |e|.
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vu=n|f (integer, float)
| Ax.e (function)
| {{’Tv} (record)
| To (variant)
| ARr(s,I) (array)
| s (shape value)
su=#n (sized shape)
| {Imﬂ (product shape)

(concatenation shape)

=

Figure 2. Values v in Star, including shape values s. All values
are expressions.

We give the operational semantics for Star in Figure 6, but
first explore details of shapes, indices, and finally arrays.

3.2 Array Shapes

Our values (and types, see Section 4) for array shapes are

novel. In Star, array comprehensions require providing a

shape. We informally summarise them now and elaborate

later. We have three constructors for shape values:

o A sized shape #e is given to a usual flat array. #10 is the
shape of an array indexed by integers in the range [0, 10).

e Product shapes are used for defining arrays with multiple
named dimensions. For instance:

{lrow = #5, col = #4|}

is the shape of a 5 X 4 matrix (with dimensions named as
rows and columns). To index into an array of a product
shape, we provide a record - e.g. {row = 2, col = 3}. Prod-
ucts capture rectangular (regular) multidimensional arrays.
Note that an array of shape {[} has a single element.

e Concatenation shapes are given by a sequence of named
component shapes. For example,

[Left = {[}, Centre = #8, Right = {||}]

describes an 8-element array with an extra element at the
start and end (i.e. a halo/padding/boundary of size 1). We
index into arrays of concatenation shapes with variants,
e.g. Left {} or Centre 2. An array of shape [] is empty.

Projections on shapes extract dimensions/components of
products/concatenations. For example:
{lrow = #5, col = #4[},row ~> #5
[Left = #1, Right = #0],Left ~> #1
Lastly, Star’s shape broadcasting operation e M e’ is used
to align compatible shapes e and e’ by finding their common

sub-shape (cf. broadcasting in NumPy in Appendix A). We
define this operation in Figure 3 and elaborate in Section 4.2.



ARRAY ’25, June 17, 2025, Seoul, Republic of Korea

#n < #m = #n ifn=m

( n ( n n

{'t” = sé,” < ﬂl’” = s{’,’” = ﬂf =5, pa s{’,’i}
[[Tzs’T]] < [[Tzs’T’]] = [[Tzs’TMs’T’]]

Figure 3. Semantics »< of shape broadcasting M. We take the
union of sets of dimensions ¢ (defaulting s; = s, is either is
absent), but equate components T. If s’ >« s” is undefined,

we say s’ and s’ are incompatible, and s’ 1s” is a stuck state.

fore=¢"U¢”

ifo<n<m

n<#m
Ve vy < spr 0 < st
{t=v} <{t=s} T0< [[Tst]]

Figure 4. Definition of the in-bounds relation v < s, stating
that an index v can be used to index into a shape s.

nO#m=n

{t’:vg,{"zvf,}@ﬂf:s[[} 2{[20[®S[}

To® [[T’ =UT/]] =T (vQuor)

Figure 5. Definition of the index-shape cast v © s, which
removes dimensions from v which do not appear in s.

3.3 Bounds of Shapes

We now make precise what indices v can be used to index
into a given shape s. We use the in-bounds relation v < s to
formalise this. We define < in Figure 4.

For integers, in-bounds behaves as expected. However,
structural indices have more interesting behaviour due to
subtyping: for products, an index with more dimensions than
the shape can be used for indexing; for concatenations any
component works. To reason about these extra dimensions,
we need a way to manipulate them — we define a cast opera-
tor v © s in Figure 5, which removes these extra dimensions
from v, coercing an index to fit the structure of a given shape.
We then define the within-bounds relation v < s as:

vds e vdsandv=00s

In the operational semantics, < determines the indices v
for which we should compute and store the elements when
building an array from a comprehension. v ©s is used instead
of v when accessing those stored elements.

Example. Both {x =3} < {{x = #4|} and {x=3} < {x=#4]}
hold. While we have {x =3} < {[}, {x =3} < {|} is false
(since {x =3} © {|} ={}) and only {} < {[} holds.

Jakub Bachurski, Alan Mycroft, and Dominic Orchard

e~ e
(Ax.e)v~ [v/x]e STEPAPPLY
letx =vine ~ [v/x]e STEPLET
{e=0/}.6~ v STEPRECORDPRO]
matchTowithTx = e|---~ [v/x]e  STEPMATCH
®x[s].e ~ Arr(s,{v — [v/x]e|v <s}) STEPARRAY
ARr(s,)[o] ~» (v ©s) (ifv<s) STEPINDEX
|ARR(s,I)| ~> s STEPSHAPE
{e=0cot ~ o STEPPRODUCTPROJ
[[T = vT]] oI ~> vt STEPCONCATPROJ
s'Ms” ~» 5" bas” (see Fig.3)  STEPBROADCAST

Figure 6. Small-step operational semantics for Star. We write
e ~ ¢’ when e reduces to e’. We formalise congruence (a.k.a.
context) rules in Appendix C — we never evaluate under A
or @; but we evaluate expressions in ARR(s, J). Indexing and
broadcasting may result in a stuck state.

3.4 Representation of Array Values

In Star, array comprehensions @ x[e]. e’ eventually evaluate
to array values ARR(s,I). These consist of a shape value s
along with a partial function (taken as a set) I from index
values to element values. The domain of I consists of exactly
the indices v which are within bounds of s: v < s.
However, evaluating ® x[e]. ¢’ generally requires multi-
ple evaluations of e’; our small-step operational semantics
achieves this using unevaluated array expressions ARR(s, J).
These generalise array values above, allowing the codomain
of J to hold expressions instead of values. Operationally,
array comprehensions @ yield array expressions ARR(s, J),
which are evaluated until they become values ARr(s, I). Note
that ARR(s, J) is not part of the user-facing expression syntax
— it exists solely to enable a small-step operational semantics.

3.5 Semantics

We present a call-by-value operational semantics for Star
in Figure 6. Run-time errors, e.g. out-of-bounds indexing,
manifest as stuck states, which do not step further. Successful
executions eventually reduce to a value v (Figure 2).

4 Typing

We now introduce our type system for Star. We first describe
notable aspects of the syntax of Star types, given in Figure 7.
A complete description of the subtyping relation and typ-
ing judgements is provided. We then focus on typing array
shapes and indices. Finally, we briefly consider how we could
provide ML-style type inference, admitting polymorphism.
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Tu=T| L (top, bottom)
| int | float (integer, float)
lt—7 (function)
| {ﬂ} (record)
| [ﬁ] (variant)
| [o1..02]7  for o1 < o2 (array)
| o (shape)

ou=# (sized)
| ﬂﬁﬂ (product)
| [[T_O']] (concatenation)

n == int | {t’ : 17} | [T : 17] (indices in 1)

Figure 7. Types 7 in Star, showing their subtypes: shape
types o and index types 1. Note that ¢ and 7 are in bijection
(see Figure 10). Array types [07..02] 7 are defined only when
01 < o0z (with < as in Figure 8) — we elaborate in Section 4.

Table 1. Shapes and corresponding indices. Given a shape of
type o on the left, we have an index of type ((o) on the right.

Shape Index
Type Sample Value Type Sample Value
# #5 int 4
(T} Qr=#sc=#a) | | [(o)} (r=4,c=3)
[[T ; 0']] (L = #10,R = #20] | |T> [(o)] R19

Splitting 0. We give special attention to our array types,
which have the syntax [07..03] 7 for o7 < 03, where < is our
subtyping order. We do this to provide satisfactory subtyping
for array types, following a technique used by both Dolan [6]
and Pottier [19] for reference types. The crux is to split the
shape o in [o]7 into a contravariant part o; and covariant
part o3, so that indexing uses oy, while accessing the shape
returns a o,. With a simpler array type like [o]7 (which we
write to abbreviate [o..0]7) array types would have to be
invariant (see Appendix B). By requiring o; < o3 there is
a o such that 07 < 0 < 0y: we have an actual shape o into
which we index with i(07) < i(o) (where ((0) is the index
type for o), and accessing the shape we only use it as o < o3.

Subtyping. Our type system for Star relies on structural
subtyping to handle certain useful patterns, and we present
it as such. We define the subtyping relation < in Figure 8.

It is interesting to note the correspondence of subtyping
for shapes and their indices. In particular, variants have their
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width subtyping rule flipped, while concatenations do not.
Since we have dimension e,£ and component e, T projections,
both product and concatenation shapes subtype like records.

In accordance with algebraic subtyping, we use a sub-
typing relation which forms a distributive lattice — we have
meets A (intersections) and joins V (unions) on types 7. These
agree with the subtyping relation, i.e.

1< & 17=1A7T & '=7v7"

Typing Judgements. Finally, we give the complete typing
rules for Star in Figure 9. We elaborate on these and the re-
maining aspects of the calculus in the following subsections.

4.1 Shapes and Indices

In the typing rules, we need to relate shapes and the index
types. Let us consider the index type = 1(0) used with an
array of shape type o — we give examples in Table 1.

e Sized shapes # are indexed with the integer type int.
Note that these have to be bounds checked at runtime
(which may fail).

o Product shapes {|f : 0, ¢ : ¢/,...[} are indexed with a
record of indices for shapes of individual components,
ie. {¢:1(0),t' :1(d’),...}

e The case of concatenation shapes [T : 0, T’ : ¢/, .. ]
is particularly interesting. While concatenations are
constructed by a sequence of component shapes like
[T:0,T :0,...], they are indexed by variant types
[T: (o), T" : t(0”),...]. We concatenate a sequence of
shapes, but index with one tagged value.

We model this unique relationship between indices and types
with 1. Crucially, 1 (given in Figure 10) is an isomorphism
between shape types ¢ and index types 7.

It is clear that in Star it no longer suffices to pretend that
array shapes and indices can be of the same type. This would
be a standard assumption® with only n-dimensional arrays —
where indices and shapes are tuples of integers.

Introducing ¢ is not as surprising if we consider Star arrays
as containers [1]. A container has an element type @, a Shape :
Type and a function Position : Shape — Type, so that we
have a X(s : Shape).Positions — «. In Star, arrays have
Shapes given by ¢ and Positions given by . There is a similar
connection to Naperian functors, which Gibbons [8] has
already found useful for expressing array programming.

The type system ensures that we always index into arrays
with expected dimensions (in products) and components
(in concatenations). However, unlike most dependent type
systems for arrays, we still need to perform runtime bounds
checks for sized shapes at runtime.

More formally, if v < s - so v : 5 is in-bounds of s : ¢ —
we must have n < 1(0). When showing type safety, we show
this is an equivalence up to integer indexing.

%In fact, Haskell’s Data. Array - polymorphic in the index type — presumes
shapes are ranges of indices, which cannot express concatenations.
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TS T
SUBREFL SuBTop SuBBot SuBTRANS
<t <1t
TST T T 1< <1’
SusFuN SUBARRAY
<1 <7, oj<01 03<0, TST
(1> 1n)< (1] —>1) [01..00]T < [0'{..05]1"
SuBRECWIDTH SuBRECDEPTH SuBPRODWIDTH SUBPRODDEPTH
<7 <7
{t:7.p} < A{p} {t:r,p}<{t:7,p} {t:7plt < {ph {e:zplk <A{lt:7,pl
SUBVARWIDTH SUBVARDEPTH SuBCoNCATWIDTH SuBCONCATDEPTH
<7 <1
[p] < [T:7p] [T:7,p] <[T:7,p] [T :z.p] < [pl [T:zp] <[T:7.p]
SUBSHAPESIZE SUBSHAPEPROD SuBSHAPECONCAT SUBINDEXINT SUBINDEXRECORD  SUBINDEXVARIANT
1<0 {ph<o <0 [p]<o t<n {pbk<n =<y [pl<n
#< o {t:r,p}l <o [T:7,p] <o int<pg {t:r,pt<n [T:7,p] <7

Figure 8. Subtyping rules for Star types 7. SUBARRAY is particularly noteworthy. We write p for a list of entries in a type (like
fields of a record). We consider these to be unordered - p = (£ : 7,¢" : 7’) and p’ = (¢’ : 7/, £ : r) are equal. We include rules for
specifying o to be a supertype of shape types and 5 a supertype of index types.

Fe=-|Lx:1
Sus VAR INT Froar
F'te:r <7 I'(x)=r
Fre:7 F'krx:7 I'tn:int T+ f:float
LET LaMBDA ApPLY
T'te:r T,x:tre : 7 T,x:7re : 7 IT'te: 7" —>17 Tre: 7
Ttrletx =eine’ : ¢’ TrAx.e:T1—> 7 I'tee : 1
RECORD RECORDPRO] TaG Marcu
VeT ke 1 F'te:{t:1} I'te:r FI—e:[T:TT] VI.I,xr:trbrer:t
I‘I—{{’zeg}:{t’:n} IF'ref:T I'+Te:[T:1] T+ matchewithT x; = ey : 7
ARRAY ARRAYLIT

F'ts:o V(o e)e]Tro:i(o)andTre: 1
I'+ Arr(s,)]) : [o]T
BroaDpcCAST

F'te:o Ix:i(o)re 1
IF'r®xle].e : [o]T

INDEX SHAPE
I'te:[or..o2]t Tre :i(oy) T'te:[or.00]7 IF'te:o Tre :o0
Trele]: T Tt lel: o IF'teMe :oAd’
S1ZED ProbucT PropucTPrOj Concar CoNcATPROJ
T'ke:int VE.T + e :op Tre:{¢f:o] VI.Trer:or Tre:[T:0o]
T'+#e: # Fl-{lt’z_egl}:{lt’:_oyl} I'tedt:o Fk[[T:eT]]:[[T:O'T]] T'te T T:0

Figure 9. Rules for the typing judgement I' + e : 7 for Star expressions e. We use ¢ for metavariables of shape types. Note !
in ARRAY and INDEX maps shape types o into corresponding index types . Quantifiers V¢. - -

assumptions instantiated for all appropriate ¢.

- stand for an expanded list of
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([rea]) =[]

Figure 10. Definition of the metafunction ¢, which given a
shape type o gives its index type 7.

Historically, a focus on the safety of integer indices in turn
caused a focus on type-level arithmetic in type systems for
array programming. We take another approach: enabling a
shape-polymorphic programming style relying on structural
shapes, ensuring the safety of array operations which do
not rely on integer indices. We have not yet formalised a
type system with parametric polymorphism for Star, so we
showcase the idea in the following text on simple examples
- taking type schemes as types up to a substitution.

Example. Take

e = ® p[{row = #2, col = #3}]. p.row + p.col
Then - + e : [{row : #,col : #}]int and:

col
. o1 -
e ~» L 2 3| ™OW

where index {row = i, col = j} accesses the cell in the i-th
row and j-th column. Thus, e[{row = 1, col = 1}] ~* 2.

4.2 Shape Broadcasting

Let us finally consider shape broadcasting — which we use to
model NumPy-style broadcasting (explained in Appendix A)
— through the lens of our type system.

Shape broadcasting s’ > s” (for shape values s’ : ¢,
s’ : ¢"") is a partial operator that finds the shape s : o for
which o = ¢’ A ¢’ (where A is the meet — greatest lower
bound - on types), so that for any index i:

’

ids & i<s andi<s”

Hence, M is the meet in a lattice spanned by the predicate < s,
and its result type takes the meet of shape types: clarifying
how broadcasting finds ‘sub-shapes’, as said in Section 3.2.

Example. Take a column vector u : [{lrow : #[}]float and
row vector w : [{col : #[}]float. The expression:

e=0i[|lul M |wl|]. uli] X w[i]

has type [{row : #, col : #[}]float, and computes the outer
product u ® w. We can depict this as:

col col
-1 [ -2 -3
row |0 [1 2 3] 7 o 0 0| row
+1 +1 +2 +3

ARRAY 25, June 17, 2025, Seoul, Republic of Korea

Notice that the most-general type of the function
A Aw. @ if|ul 11 |wl]. uli] X w[i]
is polymorphic in the specific shapes o and ¢”:
[c]float — [¢’]float — [0 A o’]float

We notice that thanks to polymorphism, it is impossible to
index the argument arrays out-of-bounds at runtime. Shape
polymorphism gives us safety for free, akin to Wadler [26].

Example. Consider incompatible shapes s = {¢ = #2[} and
s’ = {|t = #3]}. There is no clear way in which these shapes
could be reconciled - value {|¢ = 2|} lies only in the bounds of
s” — thus s’ Ms” fails. We could set #n >« #m = #min(n, m) in
the semantics — but this seems prone to surprising behaviour,
as it implicitly clips indices in [n, m) (when n < m).

4.3 Type Safety

To show our proposed design is well-behaved, we state and
prove type safety for Star in the form of theorems of preser-
vation and progress in the simply-typed case. We leave the
case with parametric polymorphism as future work.

Star’s type safety does not prevent runtime errors caused
by out-of-bounds integer indexing and shape broadcasting
on incompatible shapes. To reason about this, we extend our
operational semantics with a raises-error judgement e ~» 4:

ARR(s,I)[0] ~ 4 if (v €« s) A=(0 <)

STEPBROADCASTERR

STEPINDEXERR

s'Ms” ~ 4 if s” ba s” undef.

where we used a structurally-in-bounds relation v « s, given
by the same rules as <t but with n <« #m holding for any n
and m (and not just 0 < n < m). Hence, an error is raised
exactly when an integer index is out of bounds.

We can now state Preservation and Progress theorems.

Theorem 4.1 (Preservation). IfT' + e : 7 ande ~» €', then
Fre :r.

Theorem 4.2 (Progress). If- \ e : t, then either e is a value,
e ~» ¢’ forsomee’, ore~» 4.

We prove these theorems in Appendix C.

4.4 Type Inference

We hypothesise algebraic subtyping can provide princi-
pal ML-style type inference. We provide a sketch of our
approach, relying on the work of Parreaux and Chau [14].
The key requirement we satisfy is that our subtyping yields a
distributive lattice algebra, which is claimed to be sufficient
to apply these techniques by Dolan [6]. We are currently
implementing this approach as part of a general framework.

The main difficulty in providing type inference for Star
is handling the ‘type-level function’ 1. We claim constraint
solvers for algebraic subtyping in the style of Parreaux [13]
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Table 2. Table of Star features used for expressing a selection
of common array programming patterns.

Pattern ‘ Star Feature

Tensors Product shapes

Padding Concatenation shapes
Broadcasting Shape broadcasting

Axis indexing | Record update & restriction

can be extended to handle applications of type lattice homo-
morphisms.® The mapping ¢ is such a homomorphism. Other-
wise, we could encode the relation between shapes ¢ and in-
dices 1 via qualified types (e.g. a predicate ShapeHasIndex o 1),
or a GADT (e.g. a polymorphic type (o, 1, 7) arr). However,
these approaches might not compose well with subtyping
[7, 22], which is key for some patterns.

If algebraic subtyping proves to be the wrong approach,
we note many of its key aspects can be replicated in a system
with row polymorphism. Nevertheless, we stick to relying
on algebraic subtyping in this paper, though noting that it is
less established than the alternatives.

5 Examples

Star does not include primitives that obviously correspond to
common array programming patterns. We consider various
examples of such patterns in Star, all of which are statically
typed and have an elegant presentation. Table 2 summarises
the features of Star and the patterns they express.

5.1 Padding

Consider padding a matrix with [ and r columns on the left
and right respectively, and t and b top and bottom rows.
Padding should have value —1 at top, +1 at bottom, and 0
elsewhere. For instance, for [ =r =t =b =1:

4 5 6 0 4 5 6 0
+1 +1 +1 +1 +1

[123]01230

This can be inconvenient in point-free array programming
(e.g. NumPy). An array of shape (n, m) becomes one of shape
(n+t+Dbm+1+r). The programmer is burdened with
keeping track of indices. To pad a NumPy array x one might
write:

n, m = x.shape

p = numpy.empty((n + t + b, m + 1 + r))
plt:n+t, 1:m+1] = x[:, :]

pl:t, :1 = -1 pln+t:, :1 = +1
plt:n+t, :1] = 0; p[t:n+t, n+l:] = 0@

3This is part of our ongoing work extending Parreaux and Chau [14]. We
push homomorphism applications through joins/meets onto variables, and
then we transform inequalities so variables appear without an application.
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Not only does the programmer need to do mental arithmetic
to find the index ranges, they are also asymmetrical.

Now consider how we would implement padding in Star.
Intuitively, the shape of a padded matrix has different regions,
depending on which part of the padding we are in:

col

top left top centre top right
centreleft centrecentre centreright| row
bot left bot centre bot right

These correspond to index ranges used prior. For instance,
centre right is in range [t,n+t) X [n+Ln+1+7r).
This leads us to the shape type o of a padded array:
o = {row : [Top : #, Centre : #, Bottom : #],
col : [Left : # Centre : #, Right : #][}
We construct padding of an array a : [{row : #, col : #[}]int:*
lets = {lrow = [Top = #t, Centre = |a|,row, Bottom = #b],
col = [Left = #I, Centre = |alocol, Right = #r][} in
® x[s]. match x with
| Centre i, Centre j = a[{row = i,col = j}]
| Top_,_= -1 |Bot_,_=+1 | ,_=0

Satisfyingly, index arithmetic has become pattern matching.

5.2 Broadcasting

As advertised, we use shape broadcasting to model NumPy’s
broadcasting pattern. We agree with Chiang et al. [4] that the
broadcasting pattern is easier to reason about when array
dimensions are named. For a case study, consider Graph
Neural Networks, which are implemented using tensors with
four (or more) dimensions, like:

(batch, source, target, feature)

Suppose we want to add an array with axes (source, target)
to each entry of such a tensor. In NumPy;, this is difficult to
follow, as it requires introducing dimensions of size 1 using
an operation like numpy . expand_dims(. .., axis=-1).The
use of axis indexing obstructs the new shape of the array,
and general type inference is a lost cause.

In Star, we can instead rely on named dimensions (in prod-
uct shapes) and subtyping of record indices. We might have:

h : [{batch : #, source : #, target : #, feature : #[}]float
R’ : [{source : #, target : #[}|float
and then implement the addition of h and h" as
@ p{ [kl 1 [A']. hIp] + K [p]
We could take such a routine as the definition of a whole-
array element-wise addition operator &.

NumPy also allows scalars to be broadcast into an array,
e.g. adding 3.14 to every element of a matrix. This effect is

4For brevity, we used a ‘_’ to match on any tag, which is not in core Star.
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Figure 11. An example transformation from G to G’, split-
ting vertices into inlets & outlets and adding a source & sink.

achieved in Star by wrapping the scalar in a zero-dimensional
array (of size 1) — e.g. ®i[{[}]. 3.14. — and then applying &.

5.3 Partial Indexing

To present one more interesting pattern in Star, we extend it
with a record update primitive {¢£ = e | ¢’} which adds a field
¢ with value e to the record e’. We also add record restriction
e \ ¢ which removes field ¢ from the record e. For brevity, we
associate product shapes with records here.

We give a simple though nevertheless useful example of
the usage of record updates and restrictions on indexing.
Suppose we are given an array a with a product shape with
dimension batch, and an index i : int of a batch we want to
use. We can write the following expression and its type:

Aa. Ai. @ p[|al \ batch]. a[{batch =i | p}]
[{batch: o} A ']t — i1(c) — [¢']r (batch ¢ o)

By including record updates and restrictions, we can express
indexing across an axis of a multi-dimensional array in a
shape-polymorphic manner.

Typing record extension and restrictions under algebraic
subtyping is ongoing work that we believe is also solved with
lattice homomorphisms (like :). However, these operations
are known to be expressible with row polymorphism.

5.4 Indexing Schemes

Let us now consider a larger construction that could arise
when constructing a graph problem (e.g., a maximum flow
network). We show how structural array shapes provide a
powerful mechanism for building abstractions.

Given a graph G represented as an adjacency list (array
of arrays), we want to construct a graph G’ with each vertex
v split into ingoing v~ and outgoing v* sides, and with an
extra source s and sink t. An example of this transformation
is given in Figure 11.

Without structurally typed array shapes, to perform this
construction (while still using arrays, e.g. for performance)
we would need to come up with indexing scheme to use for
G’. For instance, given a vertex v at index i in the array G

ARRAY 25, June 17, 2025, Seoul, Republic of Korea

G' =i [{o =[S = I,V = [GI], s = [ln={]}, Out = {B]}].
match i with
|[{o=S{},s=In} = [{v =V 1,5 =1In}]
| {v =S{},s =0ut} = []
| {v =Vis=In} = [{v=Vis=O0Out}]
| {o =Vis=0ut} =
leta = (®j[|G[i]l]. {v = VGIi][j],s =In}) in

if i =n—1thencons({v =S,s = Out}, a) elsea

Figure 12. Implementation of the graph transformation in
Star. We used some utilities — cons and singleton array con-
structors — that are expressible in the Star calculus.

(written v - i), we could map v~ > 2i+2,0% > 2i+3, and
setst— 0andt — 1.

In Star, this construction is much simpler, and reminis-
cent of how a functional programmer would naturally ap-
ply algebraic data types in similar problems. Let us pre-
sume G : [#][#]int so that for each (u, i) we have an edge
u — G[u][i]. Let us write 1 = {| [} as a shorthand. The shape
of G’ - or, really, the type of vertices — might be:

o’ = [Source : 1,Sink : 1,V : {o: #,s: [In: 1,0ut : 1][}]
We could also use In and Out for the source and sink:
0" ={o:[S:LV:4],s:[In:10ut: 1]}

so that the value of source s is given by {v =S {}, s = In}, the
sink t by {v =S {}, s = Out}, vertices v} by {v = Vi,s = Out}
and v; by {v =Vi,s =In}.

In either case, we have G’ : [o][#]i(0). Clearly, a Star
compiler could derive and use the same integer indexing
scheme we showed before for G’ from both ¢’ and ¢”’.

Star’s encoding is pleasant, as it allows us to use types to
express the structure of our new graph G’. Operating on this
encoding is also easier than with raw integers. For instance,
consider an operation to get the ingoing side of a vertex:

matchewithV{v=i,s=_} = V{v=is=In}

which maps vertices V {v =i,s = Out} to V {v =i,s = In}.
Using the proposed integer integer encoding the programmer
might instead write i - i%2 (or otherwise explicitly check
parity), which maps 2i + 3 to (2i + 3) — [(2i + 3) mod 2] =
2i + 3 — 1 = 2i + 2. Both representations achieve the same
goal, but Star’s makes productive use of algebraic data types.

The difference becomes stark in a longer example. Let us
now specify that any edge v; — v; in G becomes an edge
of — v; in G’, and we have edges v; — v, s — vy and
up—1 — t. In Star, we elegantly implement this via pattern
matching the program is presented in Figure 12. We contrast
it with an explicit indexing scheme in Figure 13. The latter
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n = 1]G|; Gl = [[] for _ in range(2*n+4)]
G1[0Q]. append (2*0+2); GI1[2*(n-1)+3].append(1)
for i in range(n):
G[2xi+2].append (2*i+3)
for j in range(|G[il]):
G1[2xi+3].append (2*xG[iJ[j1+2)

Figure 13. Implementation of the same graph transforma-
tion with an explicit integer indexing scheme.

implementation lacks separation of concerns - the interface
for G’ depends on implementation details.

The graph transformation example is interesting for an-
other reason: it involves jagged arrays, which are often
second-class citizens in array programming. Type systems
might disregard them entirely and assume all arrays are
regular. Star cleanly supports both regular arrays (product
shapes) and jagged arrays of arrays.

We conclude that Star offers better capabilities for build-
ing abstractions in programs where arrays are used as an
underlying data structure. Structurally typed array shapes
parallel the usefulness of algebraic data types generally.

6 Future Work

Our key contribution is the design of Star. We are in the
process of implementing a prototype, including our approach
to type inference. There is still more work needed in order to
show that polymorphism in Star is well-behaved, particularly
in conjunction with subtyping — for now we solely rely on
the work of Dolan [6] and Parreaux and Chau [14].

In this paper, we only described the crux of the idea of
structural array shapes. In this section we describe further
useful extensions that we can make to Star.

6.1 Shape Inference

A common desideratum for pointful array calculi is the ability
to omit array shapes, which makes them much less verbose.
In Star, this shape inference could be implemented as a type-
directed program transformation.

We first explain shape inference by example. A prototyp-
ical pointful calculus is Einstein notation, which provides
index-oriented specification of operations generalising ma-
trix multiplication. Matrix multiplication C = AB is written:

Cix = Z AijBjk
J

Note that we have omitted bounds on (i, j, k) — we presume
them to span the full range of dimensions of A and B.

5One could say this could be improved by using functions for computing
indices. This is not a complete argument — by the same logic one could
argue that a struct type is not necessary in C, as it can be implemented by
setter and getter functions on void pointers into buffers. By implementing
indexing functions, the programmer copes with the language’s limitations.
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Let us consider omitting the shape in a Star array com-
prehension. Recall the outer-product example, where we
are given u : [{row : of}]float,w : [{col : o’[}]float in the
environment. Suppose we write:

@ i[]. uli] x w[i]

The least upper bound on the type of i is {row : o, col : ¢’}
Since o and ¢’ are now unconstrained shape types, the only
way to obtain a (shape) value of type o is to use |u|,row. We
can thus recover the shape value as:

{lrow = |u|orow, col = |w|,col[}

In a more general case, for u : [o]float and w : [¢”]float, we
find i < (o) A t(c”). Since the index bound is found to be a
meet of shape types, we use shape broadcasting to reconcile
them. We would infer the shape:

Jul 71wl
so the most-general type of Aw. Au. ®i[]. w[i] X u[i] is:
[c]float — [0’ ]float — [0 A o’]float

(temporarily treating o and ¢’ as shape type variables).

As in most similar approaches, we cannot infer the shape
when index arithmetic is involved. Thus, ® i[]. a[i] + a[i + 1]
is illegal without a shape, as we only find i < int.

It is worth noting inference of index bounds is seen as
a case of dependent type inference in Dex [16]. In Dex, in-
dex types are associated with shapes, and thus they can be
inferred. Since Star is not dependently typed, we cannot
mingle types and values like that, and we instead model the
relationship via the 1 type isomorphism. Thankfully, type
inference relying on algebraic subtyping is sufficient for us
to provide a similar mechanism. Most other approaches to
shape inference are simple syntax-directed heuristics.

6.2 Nameless Shapes

Just as record types correspond to tuples, Star’s (named)
product shapes could correspond to unnamed product shapes.
We might have shape type of form (|o, . .. |), indexed by tuples
(¢(0),...). In contrast to records, tuples do not have width
subtyping — we only relate tuples of the same arity.

Unnamed dimensions allow building slightly less verbose
abstractions — appropriate in cases where the dimensions of
an array are strictly known and non-extensible.

6.3 Recursive Types

Consider the usual definition of the Fibonacci sequence:
Fovo =Fpp1+F, Fi=1 F=0

When expressing this as an array program, we would rely on

a scan combinator, replacing the recursion with an iteration.

It is an interesting question if we can preserve the recursive

nature of the computation using recursive index types. Using
a Peano-style encoding, we could have an index type like:

pt. [Z:{},S:t]
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Figure 14. Traditional indexing scheme for a complete bi-
nary tree — node i has left child 2i and right child 2i + 1.

We would like to define an array F : [pt.[Z : {| [}, S : t]]int
of Fibonacci numbers using the standard recursive definition.
We might do so by referring to its elements with structurally
smaller indices, in an imaginary extension of Star:

letk =S (S(S(S(S(Z{}))))in

letrec F = ® m[k]. match m with
| S(Sn) — F[Sn] + F[n]
|SZ—1|Z—0

which would compute Fj through Fs, so that
FIS(S(S(S(Z{N] =Fs=5

However, it is unclear how this should work out in practice.

Finding a way to construct recursively defined arrays
could help safe implementation of dynamic programming al-
gorithms, which are inherently recursive. Another direction
would be representation of complete n-ary trees. It would
be interesting to generalise the construction of the standard
indexing scheme for binary trees (Fig. 14), with index type:

ut. [Leaf : {}, Branch : {Left : ,Node : {}, Right : t}]

6.4 Stencils

Stencils are a common pattern that is not addressed well by
the proposed shape types. For example, the operation:

ali]l] — (a[i—1] +ali] +a[i+1])/3

degenerates to setting i : int in Star, forcing the programmer
to e.g. explicitly perform checks for out-of-bounds values.
Addressing this shortcoming is left as future work.

6.5 Implementation

We briefly consider whether arrays using Star’s structurally
typed shapes can be implemented efficiently.

All array shapes in Star are regular, hence any shape value
s contains a fixed number of elements £(s). We claim that
we can construct affine integer indexing schemes I as such:

o Sizes #n are indexed by integers in [0, n), i.e. i(n) = n.

e Product shapes {Im[} can use a row-major (column-
major) representation, with axes ¢ of size &(s). For
{la = s4, b = sp, ¢ = s.[} we might use the indexing:

I{a=igb=ipc=i}) =
e(sp)e(se)ialia) + e(se)ip(ip) + Ic(ic)
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e Concatenations [[T = s]] require an offset map for each

component T. For [S = s, T = 5;] we could set:

(8i) =5(0)  KTi)=e(se) + (D)

This sketches a compositional construction for indexing
schemes, generalising strides (linear memory access descrip-
tors) for n-dimensional arrays. A compiler with static knowl-
edge of shapes could generate code applying these. Other-
wise, strides and offsets would be part of array values as in
NumPy.

Star’s semantics do not differentiate between the ordering
of labels (axes) in a product shape, and similarly for tags (com-
ponents) in a concatenation shape. One possibility is to con-
sider component order in shape values as a required imple-
mentation choice, differentiating between equivalent array
memory representations. For example, a row-major represen-
tation of a 5 X 4 matrix could be written {frow = 5, col = 4]},
while column-major could be {|col = 4, row = 5[}. While the
shape values could express ordering, ordering in shape types
would likely reduce their usability — standing at odds with
efficient separate compilation.

6.6 Real-World Applications

We consider the limitations that might arise when applying
Star in practice.

While the type system relies on algebraic subtyping, much
of the same features could be recovered with an HM-style
system with classic row polymorphism [20, 27].

The type system is presented for a pointful array calculus
— reminiscent of F [24] or elements of Single Assignment C
[23]. Our technique is thus not directly applicable to popular
point-free array programming libraries applied in machine
learning workloads and deriving from APL, such as NumPy
or PyTorch. However, prior work [2] has shown that pointful
array programs can be compiled to point-free ones. The
programmer can use a statically typed pointful DSL, that
executes using an established backend library.

We believe functional array languages like Futhark could
benefit from elements of our system. Such work might un-
cover interesting difficulties in a performant implementation.

7 Related Work

We elaborate on the most important lines of prior work that
inspired the design of Star.

7.1 Generalising Arrays

Named tensors [4] propose the notion of naming array axes.
This provides a refined treatment of operations on multi-
dimensional arrays, with more intuitive definitions of both
broadcasting and operations along axes. These can be seen
as a special case of our product shapes {]t’_#[}
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Note that the ideas of naming axes have existed in sev-
eral software packages, particularly xarray, but also tsalib.
Similar ideas were present in einops [21].

7.2 Typing Arrays

Dex [16] is a dependently typed, pointful array programming
language. Arrays are seen as functions from a domain - the
index type - into the element type. For instance,n => d =>
Float are n X d matrices of floats. A crucial aspect of Dex’s
dependent types is that an array’s shape (value) is given
by its index type (since types can be used as values) — and
this type can be, for instance, inferred. In Star, our shapes
are simply values, and we relate shapes and indices via an
isomorphism in the type lattice.

A system with product and concatenation shapes is in-
terestingly close to the work of Colaco et al. [5] focusing
on handling polynomial array sizes — product shapes multi-
ply sizes, concatenations add them. This approach handles
bounds checking statically, in contrast to Star. However, this
does not help the programmer build abstractions so that such
bounds checking is not necessary in the first place. We argue
that the structure of data stored in arrays is richer than an
expression giving its number of elements, and arrays should
be typed in this nature.

A common motif in array type systems is whether they
support rank polymorphism. In the case of Star, it is a special
case of shape polymorphism.

7.3 Subtyping

There has been successful research on typing dataframe pro-
grams with structural record types and row polymorphism
[17]. These are another source of inspiration for using a
similar approach to typing array programs.

Algebraic subtyping, introduced by Dolan and Mycroft [7],
along the recent developments to remove the polarity restric-
tion due to Parreaux and Chau [14], are the key developments
thanks to which Star admits ML-style type inference. This
discipline also allows clean integration of parametric poly-
morphism and subtyping, the detailed investigation of which
for Star we leave as future work.

8 Conclusions

We have presented a novel design for an array program-
ming calculus, emphasising the use of structural types for
array shapes. Though we do not statically ensure bounds
checking for integer indices like dependent type systems,
we circumvent the problem by enabling the programmer to
use richer structures for their arrays’ shapes (and indices),
which we statically type check. Thanks to our approach, it is
much easier to provide useful static types to common array
programming patterns. Our novel type system for array pro-
grams fills in the gap between dynamically and dependently
typed array programming.

12

Jakub Bachurski, Alan Mycroft, and Dominic Orchard

Acknowledgments

We would like to sincerely thank the reviewers for their
helpful advice on improving the paper. We are also grate-
ful to Ines Wright and Charlie Lidbury for their feedback
on draft versions of this paper. Orchard received support
through Schmidt Sciences, LLC. and thanks the Institute of
Computing for Climate Science for their support.

A Broadcasting

Broadcasting — as called in NumPy, though the pattern ap-
pears in many forms throughout array programming — can
be seen as an instance of rank polymorphism.

It is common that we operate element-wise on data that
does not have the same dimensions. A basic instance is scalar-

matrix multiplication:
1 2] [2 4
3 4|/ |6 8

Broadcasting generalises this pattern. Consider two arrays
a and b with shapes s and z respectively (given by tuples of
integers). Whenever a dimension’s size s; is 1, we instead ‘pro-
mote’ it to be equal to z;, repeating elements (‘broadcasting’)
along that dimension. For example, for shapes s = (n, m, 1)
and z = (n, 1, k) we define a + b as:

2 X

(a+Db)ijk=aijo+biok

Axes in bold were broadcast. The shape of a + b is (n, m, k).

This is notoriously difficult to type statically, as e.g. adding
matrices of shapes (n,m) and (n’,m’) yields one of shape
(max(n,n’), max(m, m’)) but only if

(n=n"vn=1vn =)A(m=m'vm=1vm =1)

Mixing conjunctions and disjunctions of constraints like this
is difficult to resolve in general.

B Variance of Array Types

We now explain why array types of the form [o]7 are nec-
essarily shape invariant (i.e. invariant in o). Take an array

a: [{x : #[}]float. Then:

e Suppose we have shape contravariance. Then
[{|x : #[}]float < [{|x : 4,y : #[}]float

since {x : int,y : int} < {x :int}. a[{x =0,y = 0}] is
well-typed as wanted (we can always use an index
subtype), but we also find that |a| : {x : #,y : #[}, which
is nonsense (where would a size for y come from?) as
clearly we have |a| : {x : #[} at most.

e Suppose we have shape covariance. Then

[{x : #[}]float < [{}]float

But while we safely get |a| : {[} > {x : #[}, we would
also admit a[{}] as well-typed, which is unsound.
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C(O) ==0O
| 7(0,C(DO).e)
|letx = C(O)ine
[C{O)e | 0C(O)
|[{T=0vt=C(@m),f=¢} | C(O).C
|TC(O) | matchC(@) with| Tx = e
|®x[C(O)].e
| ARR(s, {v — C{(O)} U J)
[C(O)[e] | o[C(@)] | IC(D)I
[ #C(O)
[{{t=0.¢=C(m),t=e| | C(O)ot
[[e=0vt=C(m).t=¢] | C@T
|C(O) e |ovnC{O)

Figure 15. Evaluation contexts C for Star, necessary for
specifying the congruence rules for ~».

Finally, notice that using Star’s split array types [o7..02]7:
[{x : #]}]float < [{x : # y : #[}..{|[}]float

we face neither of the issues — we can freely index the array
with indices {x : int, y : int} and access the shape {|[}.

C Proof of Type Safety

In this section, we give the proof of type safety theorems in
the simply-typed case without parametric polymorphism, as
claimed in Section 4.3. We begin by completing some nec-
essary details of our system, give some lemmas, and finally
prove the Progress and Preservation theorems.

These are largely an extension of the proofs given by
Pierce [18] for A.. (simply-typed lambda calculus with sub-
typing and records). We add variants and Star’s arrays.

C.1 Formal Details

In order to give a complete proof of type safety, we first need
to complete some details in our formalisation of Star.

For our operational semantics to be complete, we need
congruence rules. We define evaluation contexts C in Fig. 15.
We can then give the congruence rules - including one for
the error-raising judgement e ~ 4 from Section 4.3:

ConNG CoNGERR
e~ e e~ 4
Ce) ~ C(e’) Cle) ~ 4

Note we consider ¢ to be neither an expression nor a value.
In the following text, I' + e :: 7 states that the strongest
(least in the type lattice) type of e is 7, defined:

F'rtext & (V'.Tre: 7! = 1<7)
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For a value, any typing derivation that does not apply Sus
yields the strongest type.

C.2 Lemmas

We start by formulating a standard substitution lemma - we
also use it for array comprehensions.

Lemma C.1 (Substitution). IfTre:randT,x:tr e : 7/,
thenT + [e/x]e’ : '

Proof. By straightforward induction on the derivation of
T,x:tre : 7. O

We also include lemmas about values - their canonical
form given their type and that they do not reduce.

Lemma C.2 (Canonical forms). We have the following canon-
ical forms for well-typed values v:

o IfT' + o :int, thenv = n.

o IfT + v : float, thenv = f.

o [fT+uv:7— 7/, thenv = Ax.e.

e I[fT+u: {f_z'}, thenv = {m, . } (up to ordering).

o [fT+u: [T_TT], then v = T ur. In particular, we have
IF'tor:rrandT o [T:or).

o IfT + v : [071..00]7, then v = ARR(s,I). In particular,
there exist o such that oy < 0 < 03 andT + v = [o]7.

o IfT +o:# thenv = #n.

o I[fT+u: {lﬂﬂ thenv = {Il’z_v[ . ﬂ (up to ordering).

e IfTru:||f:7|,thenv = f=l)[,...]] (up to ordering).

Proof. By inversion on the typing derivation T F v : 7, elimi-
nating impossible cases which do not match the syntax of
values. Where the implicit subtyping rule is applied at the
end of a derivation, we proceed from the subtype.

Note that as noted canonical forms might have a stronger
type than advertised by the well-typedness assumption —
in particular, records (analogously products and concatena-
tions) might contain more fields than in their type (we denote
these by .. .). This follows from the subtyping rules. O

Lemma C.3 (Values are normal forms). For any valuev there
exist no e such thatv ~» e, norv ~» 4.

Proof. By routine check of axioms and rules of ~». O

We then assert that our subtyping relation is well-behaved.

Lemma C.4 (Subtyping lattice). The relation < together with
appropriate meets A and joins V forms a distributive lattice
(ST LAV).

Proof. By routine check of all the axioms of a distributive
lattice. We also need to construct meets A and joins V and
show that they agree with the subtyping order.

We briefly consider just the cases specific to Star for the
construction of A and V. Product and concatenation shapes
behave exactly as records under subtyping, so their their
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meet takes the union of fields and the elementwise meet of
field types. For arrays:

def
[01..a5]7 Ao} .oy 7" = (o] v o}).(ah A ay)| (2 AT”)
Joins are constructed analogously. O

Due to transitivity of < (by TRANS), we can replace re-
peated application of Sus with one. Subtyping forming a
distributive lattice is also a necessary assumption for alge-
braic subtyping to apply.

Lastly, we specify crucial lemmas about indexing — par-
ticularly the correspondence of the structurally-in-bounds
relation « with typing.

Lemma C.5 (Typing agrees with indexing). - + s :: 0 and
-+ v :1(0) ifand only ifv «'s.

Proof. Right to left is a straightforward check by structural
induction on v and s. The other direction follows by struc-
tural induction on the typing derivations of s and v, checking
that appropriate cases of « follow. Avoiding loss of infor-
mation about s by considering its strongest type ensures
that o contains all the necessary dimensions (and possibly
more). O

It is worth noting that given an array of type [o3..02] 7, for
its shape’s strongest type o it follows o; < ¢ < 0. Thus, for
any index of type 1 < 1(01) we also have n < 1(0) and the
lemma holds for v and the array’s shape - this is key to our
proof of Progress.

Lemma C.6 (Casting is idempotent). Ifv < s, then
(vOs)Os=v0Os

Lemma C.7 (In-bounds relations agree with indexing). If
v < s, then (v ©'s) < s —in particular, (v O 's) < s.

As a consequence, if an index v occurs in the bounds of
the shape s (v < s) of an array ARR(s,I), then STEPINDEX is
sound (as v © s is indeed in the domain of I).

Lemma C.8 (Covariance of 1). Ifo < ¢, then 1(0) < 1(0”).

Proof. By structural induction on ¢ and ¢’, with the proof
following by rules of < and definition of 1. O

C.3 Theorems

Theorem C.9 (Preservation). IfT + e : 7 ande ~> €', then
Fre :r.

Proof. We perform induction on T e : 7. A common case
is where we find the reduction e ~» ¢’ derived from Cong,
we can usually finish by inductive hypothesis — which states
the subject of ConG preserves the type. The most interesting
case is ARRAY, where we have to carry through the type of
each array element via the Substitution lemma.
Case SuB We have I + e : 7’ for some 7’ < 7. Since e ~> ¢’
we can invoke the inductive hypothesis and obtain
[ + ¢’ : 7’ immediately, and finish by Sus.
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Case VAR Impossible — no ~» rule applies to variables.

Case INT, FLoaT Cannot happen - e is a value.

Case LET By inversion on ~», either STEPLET or CONG ap-
ply. In the former case, we finish by Substitution.

Case LaMBDA Cannot happen — e is a value.

Case APPLY By inversion on ~», we reduce by STEPAPPLY
- and can finish by Substitution.

Case RECORD By inversion on ~», only CoNG applies and
we finish immediately.

Case REcCOrRDPROJ By inversion on ~», STEPRECORDPROJ
or CoNG apply to our expression e = e*.£. In the former,
we must have e* = v* = {[:—0[} sothatT + e :
{¢:1;}, 7 =1, and ¢’ = v;. Since e is well-typed, we
must have T vy : 7; as required.

Case Tag By inversion on ~», only ConG applies.

Case MaTcH Similarly to the dual REcorpPRrO]J. By inver-
sion, we either have ConG (immediate) or STEPMATCH,
in which case e = matchT o withT = er for some
value v (canonical form T v of the match target). Since
e ~ ¢’, it must be that ¢’ = [v/x]er (STEPMATCH)
and we finish by Substitution at I', x :
(assumption of MAaTcH).

Case ARRAY We have 7 = [¢]|7". By inversion on ~», either
we evaluate the shape via CoNG (and finish immedi-
ately), or return an array via STEPARRAY. We check the
latter — e = CDx[eS].e*, e’ = ARR(s, J), and we have
the inductive hypothesis at each element v - e, in
J. By the inductive case e is typed via ARRAY, so we
have a well-typed shape value I' + s : ¢ and know
I,x : (o) + " : 7. STEPARRAY reduces via indices
v such that v < s, from which we know it follows
T + o : i(0). By the inductive hypothesis and Substi-
tution at e, = [v/x]e" it thus follows that T + e, : T*
at all 0. We thus ascribed the right types to both the
shape s and all elements v - e, of J and we are done
via ARRAYLIT.

Case INDEX By inversion on ~» we either have CoNG or

STEPINDEX, checking the latter. In that case e = v[e®]

where T' + v : [oy..00]tand T + e° : ((o7). we know

v = ARR(s,I) (canonical form). Since v must be well-

typed (by inversion, with ARRAYVAL), each value in I -

including o’ - must have type , finishing the case.

SHAPE Similarly to INDEX - in STEPSHAPE we must

have the canonical form e = v = Arr(s,I), with T" ¢

e: [01..02]7, T + v : [o]r for some 07 € 0 < 03, and

e’ = s. But then we immediately have I' + s : o and

0 < 0y asrequired so T + s : 02 by Sus.

Case BRoaDpcAasT We check STEPBROADCAST. By the defi-
nition of broadcasting we find that if it does not get
stuck, the result must be of type o A ¢”.

Case S1zED By inversion on ~», only CONG applies.

Case PropucT, ConcaT Analogously to RECORD.

Case PropucTPROJ, CONCATPROJ Like RECORDPROYJ.

T Fer : T

Case
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]

Theorem C.10 (Progress). If- + e : z, then either e is a value,
e~ ¢’ forsomee’,ore~> 4.

Proof. As before, we apply induction on - + e : 7. Note that e
is necessarily closed, since I' is empty. Where we say we can
proceed by ConG, CONGERR might instead apply if an error is
raised - this still meets the condition in the statement of the
theorem. The most interesting case is INDEX, where we make
use of the lemma that typing agrees with the structurally-in-
bounds relation «.

Case SuB Finish by immediate application of the inductive
hypothesis at the assumption of Sup, - v : 7' > 7.

Case VAR Impossible — no ~» rule applies to variables.

Case INT, FLoAT Immediate, since e must be a value.

Case LET If the let-bound expression is not a value, then
we finish by the inductive hypothesis and Cong. Oth-
erwise, we finish by STEPLET.

Case LamMBDA Immediate, since e = Ax. e’ is a value.

Case ApPLY Let e = ¢’ ¢”’. If either ¢’ or ¢’ are not values,
then Cong applies. Otherwise e = v’ 0”’. But - + v’ :
" — 1 (assumption of AppLY) and we know 0’ is
in canonical form v’ = Ax.e", so we can finish by
STEPAPPLY.

Case REcORD If not all expressions occurring in fields are
values, we can proceed by ConG. Otherwise, e is al-
ready a value.

Case RECORDPROJ Let e = e*.£. If e* is not a value, we can
apply ConG. Otherwise, e* = v™ and by assumption of
RECORDPROJ, - 0™ : {€: 7}, 500" = {f =v,...}. Thus
¢ occurs in v* and we finish by STEPRECORDPRO].

Case TaG Similarly to REcorb: if the tagged expression is
not a value, we CoNG. Otherwise, e is a value.

Case MatcH Dually to RECORDPRO]: since the expression
is well-typed, the target of the match is a tagged value
that does occur in the case list, and we can finish by
STEPMATCH.

Case ARRAY Let us assume shape s is already a value (other-
wise we have a CoNG) in e = ® x[s]. e* with 7 = [o]7T
and -+ s: 0, F e: 7. In that case, we can immediately
finish by STEPARRAY.

Case ARrRAYLIT Either the array literal is already a value
— if all the elements in J have been evaluated — or we
can evaluate by CoNG.

Case INDEx Without loss of generality, let us take both
operands to be values — otherwise, CoNG applies. Let
e =v[v'] sothat-+o: [07..00]rand - + 0" : 1(07) (as-
sumptions of INDEX). Then v = ARR(s, I) (canonical),
so that in particular - + s :: 0 and - + v : [o]7 where
01 < 0 < 0. But since 07 < o and thus i(07) < 1(0),
by SuB we also have - + v” : i(0). Invoking the agree-
ment of typing and in-bounds lemma on v’ and s, we
immediately get that v’ « s. There remain two cases:
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either v’ < s, in which case we finish by STEPINDEX
as v’ must be in the domain of I (each index v* in the
domain has v* < s thus v* « s). Otherwise, v’ is not in-
bounds up to integer indices, i.e. =(v” < s5) A (v «s),
and we get STEPINDEXERR.

Case SHAPE Let e = |e*|. If €* is not a value, CoNG. Other-
wise, STEPSHAPE.

Case BroapcasT If both operands are not already values,
CoNG. Otherwise, STEPBROADCAST or STEPBROADCAST-
ERR apply — with the two cases exclusive, depending
on whether M is defined.

Case S1zED If e is not already a value, we apply Cona.

Case PropucT, ConcaT Like RECORD.

Case ProbpucTPROJ, CONCATPROJ Like RECORDPRO].
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