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ABSTRACT

Dirac exceptional points (EPs) represent a novel class of non-Hermitian singularities that, unlike conventional EPs, reside entirely within
the parity-time unbroken phase and exhibit linear energy dispersion. Here, we theoretically investigate the quantum geometry of Dirac EPs
realized in nitrogen-vacancy centers in diamond, utilizing fidelity susceptibility as a probe. We demonstrate that despite the absence of a
symmetry-breaking phase transition, the Dirac EP induces a pronounced geometric singularity, confirming the validity of the fidelity in
characterizing non-Hermitian EPs. Specifically, the real part of the fidelity susceptibility diverges to negative infinity, which serves as a sig-
nature of non-Hermitian criticality. Crucially, however, we reveal that this divergence exhibits a distinct anisotropy, diverging along the
non-reciprocal coupling direction while remaining finite along the detuning axis. Furthermore, we establish that this anisotropy, character-
ized by at least one exact dark direction coexisting with divergent directions, is a generic consequence of the Dirac EP structure whenever
the parameter derivatives collectively span the off-diagonal operator space at the Dirac EP. This behavior stands in stark contrast to the
omnidirectional divergence observed in conventional EPs. Our findings provide a comprehensive picture of the fidelity probe near the Dirac
EP, highlighting the critical role of parameter directionality in exploiting Dirac EPs for quantum control and sensing applications.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0325267

I. INTRODUCTION

Non-Hermitian physics has emerged as a fertile ground for
discovering exotic topological features and singularities that have
no counterparts in Hermitian systems. At the heart of these unique
phenomena lie the exceptional points (EPs), which represent singu-
larities embedded in the system’s parameter space where the
Hamiltonian becomes mathematically defective. Distinct from con-
ventional Hermitian degeneracies, an EP corresponds to a specific

critical point in the parameter space where both eigenvalues and
eigenstates coalesce, rendering the eigenbasis incomplete.1–4

Beyond their fundamental theoretical intrigue,5–18 EPs have gar-
nered significant attention for their functional utility in quantum
technologies. The singular coalescence of eigenstates at the EP
leads to a divergent response to external perturbations, a property
that has been harnessed to significantly enhance the sensitivity of
sensors,19–24 despite ongoing debate.25–34 This extreme susceptibil-
ity renders non-Hermitian systems a promising platform for
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next-generation sensing devices, surpassing the fundamental limits
of traditional Hermitian schemes.

While conventional EPs in parity-time symmetric systems
[i.e., systems with parity-inversion (P) and time-reversal (T) sym-
metry] are typically associated with fractional power singularities
and mark the boundary of PT-symmetry breaking, a novel class of
singularities, termed Dirac EPs, has recently been identified.35–37

Unlike conventional EPs, the Dirac EP can exist entirely within the
PT-unbroken phase, maintaining a purely real energy spectrum
despite the non-Hermitian coalescence of eigenstates. This singu-
larity draws a compelling analogy to the Dirac cones found in rela-
tivistic quantum mechanics and topological phases in Hermitian
condensed matter physics, ranging from two-dimensional
graphene38–40 to three-dimensional Dirac and Weyl
semimetals.41–49 However, a fundamental difference lies in their
realization: while these Hermitian Dirac cones reside in the physical
momentum space governed by crystal symmetries, the
non-Hermitian Dirac EP emerges in a synthetic parameter space.
Here, tunable experimental parameters act as effective momenta,
generating a linear dispersion relation and unique topological sig-
natures independent of spatial translation symmetry. Following its
initial proposal and demonstration in photonic systems,35 the Dirac
EP was recently realized in a solid-state quantum system using a
nitrogen-vacancy (NV) center in diamond,37 opening new avenues
for exploring non-Hermitian topology in quantum sensing.

A comprehensive understanding of Dirac EPs demands that
we look beyond the spectral degeneracy and examine the structure
of the underlying parameter space. This geometry is naturally
described by the quantum geometric tensor,50–56 whose symmetric
(metric) and antisymmetric (curvature) sectors encode the
quantum metric and Berry curvature of the eigenstate manifold. In
the context of quantum information, this metric is intimately
related to the fidelity susceptibility,53,54 which characterizes the sen-
sitivity of eigenstates to infinitesimal parameter perturbations.
Previous theoretical frameworks have established geometric laws
for conventional EPs associated with PT-symmetry breaking.
Specifically, analytical lemmas have demonstrated that for a pair of
states straddling a phase transition, where one state resides in the
PT-unbroken phase and the other in the PT-broken phase, the real
part of the fidelity approaches a fixed limit of 1=2.54 Furthermore,
when approaching a conventional EP specifically from the
PT-broken phase, the real part of the fidelity susceptibility has
been shown to diverge to negative infinity.53,54 However, Dirac
EPs present a fundamental challenge to these established results
because they reside entirely within the PT-unbroken phase and
do not demarcate a transition between broken and unbroken
regimes. Consequently, the prerequisite conditions for the previ-
ous lemmas, namely, either straddling the phase boundary or
approaching from the broken phase, are absent. It is thus entirely
unknown whether the fidelity approaching a Dirac EP retains any
universal feature or if the unique linear energy dispersion induces
a novel geometric anisotropy that defies the behavior of conven-
tional EPs.

In this work, we theoretically investigate fidelity-based geo-
metric signatures of Dirac EPs within a physically realizable
solid-state NV-center platform. We first identify these signatures
numerically through the fidelity susceptibility across the synthetic

parameter space and, subsequently, provide a physical interpreta-
tion rooted in the defective eigenstate structure of the Dirac EP.
Our analysis focuses on an effective non-Hermitian Hamiltonian
describing NV centers in diamond, a solid-state system in which
Dirac EPs have been experimentally observed.37 This platform,
therefore, provides an ideal and experimentally relevant testbed for
exploring the quantum geometry of Dirac EPs.

While theoretical frameworks such as the generalized vielbein
formalism have been proposed to map non-Hermitian
Hamiltonians onto Hermitian ones via metric deformations,57 the
experimental realization considered here relies on the quantum
dilation method.58,59 By coupling the spin-1 electronic qutrit to an
ancillary nuclear spin, the composite system evolves under a dilated
6 � 6 Hermitian Hamiltonian. Conditional measurements and
post-selection on the ancilla state then project an effective 3 � 3
non-Hermitian Hamiltonian, enabling precise engineering of the
structure required to host Dirac EPs.

Leveraging this controllable platform, we calculate the fidelity
susceptibility across the synthetic parameter space to characterize
the geometric properties of the Dirac EP. We demonstrate that the
Dirac EP indeed induces a geometric singularity, confirming
the universality of fidelity as a probe even entirely within the
PT-unbroken phase. Crucially, however, we reveal that this diver-
gence exhibits a singular anisotropy: the susceptibility diverges to
negative infinity along the coupling parameter direction while
remaining finite along the detuning axis. This behavior stands in
stark contrast to conventional EPs, where the geometric singularity
is robust against the direction of approach. Our results thus provide
a more comprehensive picture of fidelity-based detection, establish-
ing its validity and unique signatures across the full spectrum of
non-Hermitian singularities.

II. MODEL AND METHOD

We consider a single nitrogen-vacancy center in diamond,
which constitutes a spin-1 qutrit system. To explore the fidelity
properties of Dirac EPs, we employ the effective non-Hermitian
Hamiltonian experimentally realized via the quantum dilation
method.37 Originating from a truncated tight-binding model with
non-reciprocal couplings, the effective Hamiltonian governing the
system dynamics is given by

H(q1, q2) … 3S2z þ 2q1Sz þ
���
2

p
(Sx � iq2Sy), (1)

where Sx,y,z are the standard spin-1 operators. In this synthetic
parameter space, the dimensionless parameters q1 and q2 corre-
spond to the effective momentum and the degree of non-reciprocal
coupling, respectively. The interplay between the diagonal terms
and the non-Hermitian coupling term

���
2

p
(Sx � iq2Sy) generates the

specific topological structure required to host the Dirac EP.
Given the non-Hermitian nature of the Hamiltonian where

H = Hy, the left jLni and right jRni eigenstates are distinct. These
states are defined by the eigenvalue equations hLnjH … EnhLnj and
HjRni … EnjRni, where the band index n takes values of 0 and +1,
with n … 0 denoting the specific state under investigation. Away
from the EPs, these eigenstates form a complete biorthogonal basis
satisfying the normalization condition hLnjRmi … �nm and the
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completeness relation

X

n

jRnihLnj … 1: (2)

The resulting energy spectrum En(q1, q2) is illustrated in
Fig. 1. A key feature of the Dirac EP is its location within the
PT-unbroken phase. As shown in Fig. 1(a), the eigenvalues remain
purely real in the vicinity of the Dirac EP at (q1, q2) … (0, 1), where
the bands exhibit a linear crossing characteristic of a Dirac cone.
This stands in contrast to conventional EPs, which typically mark
the boundary of PT-symmetry breaking. However, as the non-
reciprocal coupling q2 increases beyond a critical threshold, the
system eventually undergoes a transition to the PT-broken phase.
As observed in Fig. 1(b), this transition is accompanied by the
emergence of conventional EPs (square-root singularities) and
complex conjugate eigenenergies. In this work, we focus primarily
on the quantum geometry near the Dirac EP in the real-spectrum
regime.

It is important to note that the completeness relation Eq. (2)
holds strictly only when the Hamiltonian is diagonalizable. At the
exact EP, the eigenstates coalesce, rendering the eigenbasis defective
and the resolution of identity invalid. In such defective regimes, a
more rigorous treatment involves introducing a metric operator to
characterize the curved Hilbert space geometry.60–66 However, the
present study focuses on the quantum geometry within the
PT-unbroken phase as the system approaches the EP. Since
the system parameters remain in the non-defective regime where
the spectrum is real and non-degenerate, the biorthogonal formal-
ism remains rigorously well-defined and is consistent with the post-
selection measurement scheme employed in experiments.

To elucidate the intrinsic geometry of the Dirac EP, we
employ the fidelity susceptibility as a probe in the parameter space.
While the definition of fidelity is not strictly unique even within
Hermitian quantum mechanics,67–73 distinct formulations in the
Hermitian context typically yield qualitatively consistent physical

predictions regarding phase transitions. For non-Hermitian
systems, however, the choice of definition warrants careful consid-
eration because different generalizations can emphasize distinct
facets of the underlying quantum geometry.50–54,74–78 In this study,
we adopt the fidelity defined as the complex-valued product of
biorthogonal overlaps.53,54 This specific formulation is advanta-
geous as it preserves the metric structure of the Hilbert space and
exhibits robust universal properties.54,63,79 Most notably, the real
part of the fidelity susceptibility in this formalism diverges to nega-
tive infinity, which provides a sharp contrast to the positive infinity
divergence characteristic of conventional Hermitian quantum
phase transitions.

Specifically, for a multi-parameter Hamiltonian H(~q) with
~q … (q1, q2), the fidelity between the states at ~q and ~q þ �~q
… ~q þ �qn̂ is defined and expanded as

Fn(~q,~q þ �~q) … hLn(~q þ �~q)jRn(~q)ihLn(~q)jRn(~q þ �~q)i (3)

… 1 � �(n)
F �q2 þ O(�q3), (4)

where n̂ is a unit vector in the parameter space specifying the direc-
tion of displacement. The second-order coefficient �n represents
the leading non-trivial contribution to the fidelity expansion,
defined as

�(n)
F (~q, n̂) … lim

�q!0

1 � Fn(~q,~q þ �qn̂)
�q2

: (5)

This formulation highlights that the fidelity susceptibility is inher-
ently direction-dependent, allowing for a precise characterization of
the directional sensitivity to parameter perturbations. Notably,
within the PT-unbroken phase, the fidelity remains purely real,54

ensuring that �(n)
F remains a real-valued measure throughout the

regime where the energy spectrum is real. Hereafter, we refer to �(0)
F

as �F .

FIG. 1. The energy spectrum of the non-Hermitian Hamiltonian, Eq. (1). (a) The real part of the eigenenergies, Re(En), revealing a Dirac cone structure centered at the
Dirac EP (q1, q2) … (0, 1) within the PT-unbroken phase. (b) The imaginary part of the eigenenergies, Im(En). The system remains in the PT-unbroken phase character-
ized by purely real eigenvalues for small q2, but transitions to the PT-broken phase exhibiting non-zero imaginary components when the non-reciprocal coupling exceeds a
critical threshold bounded by conventional EPs.

Journal of
Applied Physics

ARTICLE pubs.aip.org/aip/jap

J. Appl. Phys. 139, 134401 (2026); doi: 10.1063/5.0325267 139, 134401-3

© Author(s) 2026

 
0
1
 
A
p
r
i
l
 
2
0
2
6
 
1
0
:
5
2
:
2
9

https://pubs.aip.org/aip/jap


III. NUMERICAL RESULTS

Figure 2(a) provides a global view of the singular features in
the parameter space by mapping the real part of the fidelity sus-
ceptibility for the n … 0 state. Two distinct types of singularities are
clearly visible: a localized singularity at (q1, q2) … (0, 1) identifying
the Dirac EP and a continuous boundary of singularities corre-
sponding to the exceptional line composed of conventional EPs.
This landscape demonstrates that the fidelity susceptibility serves as

a sensitive geometric probe, effectively capturing the distinct signa-
tures of both the novel Dirac EP and the conventional EPs.

To quantitatively examine the divergent behavior, we investi-
gate the parameter space along the q2 axis by setting q1 … 0 and
choosing the displacement direction n̂ … (0, 1), as depicted in
Fig. 2(b). Along this trajectory, Re(�F) exhibits sharp singularities,
diverging to negative infinity as the system approaches both the
Dirac EP and the conventional EPs. This observation confirms that
the geometric signatures previously established for non-Hermitian
degeneracies53,54 remain valid for Dirac EPs, indicating that the
negative divergence of the fidelity susceptibility constitutes a robust
and universal hallmark of non-Hermitian singularities.

We further examine the behavior near conventional EPs by
considering parameter steps that straddle the exceptional boundary,
q2 , qEP , q2 þ �q. As shown in Fig. 2(c), the real part of the
fidelity Re(F0) converges to the universal value of 1=2 predicted for
transitions between PT-unbroken and PT-broken phases.54

Together, these results validate the fidelity susceptibility as a
unified geometric probe capable of detecting both conventional
and Dirac EPs.

Having established this universal behavior, we now turn to a
key distinction that sets the Dirac EP apart from conventional EPs:
its pronounced directional dependence. To further elucidate the
intrinsic geometry of the Dirac EP, we investigate the angular depen-
dence of the fidelity susceptibility in the vicinity of the singularity, as
shown in Fig. 3. We introduce a polar coordinate system centered at
the Dirac EP, defined by q1 … r cosf and q2 … 1 þ r sinf, where r
denotes the radial distance and f the polar angle. We then compute
�F along the radial direction by evaluating the fidelity between states
at r and r � �r for different values of f.

Figure 3 further reveals that the anisotropy of the fidelity sus-
ceptibility is not merely quantitative but qualitative: while Re(�F)

FIG. 2. (a) Density plot of the real part of the fidelity susceptibility jRe(�F )j in
the (q1, q2) plane. The red spot at (0, 1) corresponds to the Dirac EP, while the
red curves indicate the exceptional lines formed by conventional EPs. The dis-
placement direction n̂ … (0, 1) is chosen. (b) Behavior of Re(�F ) along the q2
axis with q1 … 0 fixed, demonstrating sharp divergences to negative infinity at
both the Dirac EP and conventional EPs. (c) The real part of the fidelity F0
between states at q2 and q2 þ �q with fixed q1 … 0 and �q … 10�2. As the
system straddles the conventional EP boundary, Re(F0) approaches the univer-
sal limit of 1=2.

FIG. 3. The real part of the fidelity susceptibility, Re(�F ), calculated along the
radial direction as a function of the polar angle f surrounding the Dirac EP. The
curves correspond to different radial distances r … 0:1, 0:2, 0:3. The suscepti-
bility exhibits a strong anisotropic divergence, peaking at f … �=2 and 3�=2
(approaching along the q2 axis) while vanishing within numerical precision at
f … 0 and � (approaching along the q1 axis). This behavior indicates that the
leading-order geometric response near the Dirac EP is highly directional in
parameter space.
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diverges strongly for approaches aligned with the q2 axis, it van-
ishes within numerical precision for approaches along the q1 axis
(f … 0, �). As we show below, for the specific Hamiltonian consid-
ered here, the symmetry of the perturbation enforces that the
leading-order eigenstate deformation along the generalized Jordan
direction vanishes for parameter variations aligned with the q1 axis.
As a result, the radial fidelity susceptibility is numerically indistin-
guishable from zero along these directions, whereas it diverges
along directions that couple strongly to the defective channel.

IV. ANALYTIC INTERPRETATION: EIGENSTATE
GEOMETRY NEAR THE DIRAC EXCEPTIONAL POINT

To elucidate the physical origin of the anisotropic fidelity sus-
ceptibility observed in Figs. 2 and 3, we now develop an analytic
description of the eigenstate structure in the vicinity of the Dirac
EP. While the energy spectrum near the Dirac EP exhibits a linear
dispersion reminiscent of Hermitian Dirac cones, the singular geo-
metric response uncovered in Sec. III originates from the defective
nature of the underlying eigenstates rather than from spectral gap
closing. The following analysis demonstrates how this defectiveness
constrains the quantum geometry and leads to a highly directional
critical response.

A. Jordan structure at the Dirac exceptional point

At the Dirac EP located at (q1, q2) … (0, 1), two eigenvalues of
the non-Hermitian Hamiltonian coalesce at energy E0 … 3, and the
Hamiltonian becomes non-diagonalizable. As a result, the EP is
characterized by a rank-2 Jordan block rather than a complete set
of eigenvectors. One may, therefore, introduce a right Jordan chain
{j�0i, j�i} defined by

(H � 31)j�0i … 0, (H � 31)j�i … j�0i, (6)

together with the corresponding left Jordan chain {hf0j, h�j}
satisfying

hf0j(H � 31) … 0, h�j(H � 31) … hf0j: (7)

These vectors span the defective subspace associated with the Dirac
EP. Away from the EP, where the Hamiltonian remains diagonaliz-
able and the spectrum is real and non-degenerate, the Jordan
vectors continuously evolve into the two EP-related eigenstates.

B. Eigenstate expansion near the Dirac EP

We now consider a small displacement away from the Dirac
EP in parameter space,

q1 … r cosf, q2 … 1 þ r sinf, (8)

with r � 1. In contrast to conventional EPs, where eigenstates gen-
erally exhibit fractional-power (Puiseux) expansions in the vicinity
of the degeneracy,3,80 the Dirac EP admits a regular Taylor expan-
sion along real parameter directions.

A key feature of the Dirac EP is the asymmetric response of
the two coalescing eigenstates. One branch remains geometrically

inert to linear order,

j��(r, f)i … j�0i þ O(r2), (9)

while the other branch acquires a linear admixture of the general-
ized Jordan vector,

j�þ(r, f)i … j�0i þ r A(f) j�i þ O(r2): (10)

Here, the scalar coefficient

A(f) … hf0j�H(f)j�0i (11)

encodes the projection of the perturbation �H … r( cosf @q1H
þ sinf @q2H) onto the defective direction in Hilbert space.

Importantly, this expansion reveals that all leading-order
eigenstate deformation near the Dirac EP is confined to a single
direction in Hilbert space, namely, the generalized Jordan vector
j�i. The EP eigenvector j�0i itself remains unchanged to linear
order.

C. Origin of anisotropic fidelity susceptibility

This constrained eigenstate structure provides a direct expla-
nation for the directional dependence of the fidelity susceptibility
observed numerically. Since the biorthogonal fidelity probes the
overlap between eigenstates at nearby points in parameter space, its
leading nontrivial contribution depends on how strongly the eigen-
state changes along the direction of displacement.

Using the expansion above, the fidelity susceptibility of the
sensitive branch takes the schematic form

�F(~q, n̂) � �
j@n̂A(f)j2

[Eþ(r, f) � E�(r, f)]2
þ �(reg)

F , (12)

where n̂ denotes the direction of parameter variation and �(reg)
F rep-

resents finite contributions arising from non-degenerate bands.
Because the eigenvalue splitting near the Dirac EP is linear

and remains nonzero in all real directions, the anisotropic diver-
gence of the fidelity susceptibility is not driven by a vanishing
energy gap. Instead, it is governed by the angular dependence of
the coefficient A(f), which determines how strongly a given
parameter displacement couples to the defective eigenstate direction
and thus determines the prefactor of the observed r�2 divergence.
As a result, parameter-space directions that induce a strong projec-
tion onto j�i give rise to a divergent fidelity susceptibility, while
directions orthogonal to this defective channel lead to a strong sup-
pression of the radial fidelity response.

The eigenstate expansion establishes that A(f … 0) … 0 at the
Dirac EP, so that the leading-order divergence of �F is absent along
the q1 direction. This accounts for the pronounced anisotropy
visible in Fig. 3. However, this expansion is local and does not by
itself guarantee that �F vanishes exactly at finite distances from the
EP. The exact vanishing that we observe numerically along the full
line q2 … 1, thus warrants further explanation.

The parameter q1 enters the Hamiltonian exclusively through
the diagonal term 2q1Sz so that @q1H is diagonal in the present
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model. As demonstrated in the Appendix, this diagonal structure
implies, through a formal argument based on evolution generators,
that the fidelity susceptibility vanishes exactly along at least one full
line crossing the EP—consistent with what we observe numerically
along q2 … 1.

Furthermore, this anisotropic behavior is generically expected
for Dirac EPs: for any Dirac EP with a sufficient number of accessi-
ble parameters, there exists at least one direction in parameter
space through the EP along which the fidelity susceptibility van-
ishes exactly, while perturbations along all other directions lead to
divergent behavior. The number of such dark lines may depend on
the specific model; the Appendix guarantees at least one.

D. Geometric interpretation and contrast with
conventional exceptional points

The analysis above highlights a fundamental geometric dis-
tinction between Dirac EPs and conventional EPs. For conventional
EPs associated with PT-symmetry breaking, the geometric singular-
ity is effectively isotropic and closely tied to the square-root closing
of the energy gap. In contrast, the Dirac EP resides entirely within
the PT-unbroken phase and exhibits a form of geometric criticality
without spectral instability, but displaying a strong directional
dependence.

The anisotropic divergence of the fidelity susceptibility reflects
the fact that the quantum geometry near the Dirac EP is effectively
rank-one at leading order: a single generalized Jordan direction in
Hilbert space governs the singular response. Parameter-space direc-
tions orthogonal to this channel do not induce a first-order eigen-
state deformation, even though the underlying geometric structure
remains finite and well defined.

This directional sensitivity constitutes a defining geometric
signature of the Dirac EP. To place it in a broader context, we now
embed the fidelity susceptibility within the framework of the
quantum geometric tensor, which provides a unified description of
the full geometry of the eigenstate manifold in parameter space.

In the differential limit, the fidelity between nearby eigenstates
defines a distance measure on the manifold of biorthogonal
quantum states in parameter space, and the fidelity susceptibility
corresponds to a directional projection of the associated quadratic
form. This quadratic form is governed by the quantum geometric
tensor (QGT), which encodes both the metric structure of the
eigenstate manifold and its Berry curvature. In non-Hermitian
systems the QGT must be constructed from the biorthogonal set of
right and left eigenvectors. Following the non-Hermitian generali-
zation introduced in Ref. 55, the tensor for the nth band in param-
eter space {qi} is

T (n)
ij … h@iLnj@jRni � h@iLnjRnihLnj@jRni, (13)

where jRni and jLni denote the right and left eigenvectors satisfying
the biorthogonal completeness relation, Eq. (2), and @i ; @=@qi.

In general, non-Hermitian systems, extracting a quantum
metric from T (n)

ij is not straightforward: the symmetric part, the
real part, and the real-and-symmetric part each provide a distinct
and inequivalent definition,55,56 and different fidelity conventions
lead to quantum metrics that may differ beyond simple

prefactors.50,54,74,77 In the present case, however, PT symmetry
resolves this ambiguity. Within the PT-unbroken phase, the eigen-
vectors are real, so T(n)

ij is itself real and symmetric, and all three
definitions coincide. The quantum metric is, therefore, unambigu-
ously defined and our results are independent of this choice.

Expanding the fidelity equation (4), as introduced in Ref. 54,
to second order then gives

�(n)
F (n̂) …

X

i,j

g(n)ij n̂in̂j, (14)

so the fidelity susceptibility directly probes the local metric geome-
try of the eigenstate manifold. The anisotropic divergence reported
in our calculations, therefore, reflects a singular and strongly aniso-
tropic metric structure developing near the Dirac EP.

The antisymmetric part of T (n)
ij , which in the Hermitian case

encodes the Berry curvature, likewise vanishes throughout the
PT-unbroken phase, again as a direct consequence of the eigenvec-
tors being real. The anisotropic divergence of the fidelity suscepti-
bility, therefore, has no counterpart in the Berry curvature, and the
singular geometry near the Dirac EP is encoded entirely in the
quantum metric. We note that in the PT-broken phase the Berry
curvature becomes nonzero and exhibits additional asymmetries.81

V. CONCLUSIONS

We have investigated the intrinsic quantum geometry of the
Dirac exceptional point within a solid-state NV-center system. By
employing the fidelity susceptibility defined as the complex-valued
product of biorthogonal overlaps,53 which notably remains purely
real within the PT-unbroken phase,54 we established a unified geo-
metric characterization of this novel class of non-Hermitian
singularities.

A central finding of this study is that the Dirac EP shares a
universal geometric hallmark with conventional EPs, namely, the
divergence of the real part of the fidelity susceptibility to negative
infinity.53 This result demonstrates that geometric criticality is a
robust feature of non-Hermitian degeneracies and persists even in
the absence of a PT-symmetry breaking transition. The consistency
of our approach is further corroborated by the analysis of conven-
tional EPs within the same system, where the real part of the fidel-
ity itself converges to the universal limit of 1=2 when the parameter
displacement straddles the exceptional line.54

Beyond this criticality, we uncovered a pronounced and dis-
tinctive geometric anisotropy that arises naturally near Dirac EPs,
and fundamentally differentiates Dirac EPs from their conventional
counterparts. While conventional EPs typically exhibit a divergence
of the fidelity susceptibility that is insensitive to the direction of
approach, the Dirac EP displays a highly directional response. In
particular, the fidelity susceptibility diverges to negative infinity
along the non-reciprocal coupling axis q2, while being strongly sup-
pressed, and in the present model vanishing identically, along the
effective momentum direction q1. Importantly, this anisotropy does
not originate from vanishing spectral gaps, as the energy dispersion
near the Dirac EP remains linear and nonzero in all real directions.
Instead, it reflects the underlying defective eigenstate structure of
the Dirac EP, in which the leading-order deformation of the
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eigenstate is confined to a single generalized Jordan direction in
Hilbert space. Strikingly, in the present model, the vanishing of �F
along the dark direction is not merely a leading-order suppression
but remains exact along the corresponding line through the Dirac
EP, as established through a formal argument based on evolution
generators (the Appendix). More generally, the Appendix proves
that at least one such dark line through the Dirac EP is guaranteed
to exist for any Dirac EP whose parameter derivatives {@qiH} collec-
tively span the off-diagonal operator space at the Dirac EP: since
dark directions always come in opposing pairs, the dark locus con-
tains at least one full line through the Dirac EP. The precise
number and orientation of dark lines may remain model depen-
dent, but their existence is a provable generic consequence of the
Dirac EP structure whenever this spanning condition is satisfied.

These results establish a comprehensive geometric under-
standing of Dirac EPs by shifting the analytical focus from spectral
degeneracies to the structure of eigenstates in parameter space. As a
fundamental probe of quantum geometry, the fidelity susceptibility
provides a sensitive and experimentally relevant benchmark for
quantifying eigenstate response near non-Hermitian singularities.
The strong directional dependence revealed in this work demon-
strates that geometric criticality at Dirac EPs is governed by specific
structural constraints rather than being a uniform property.
Consequently, our findings offer clear guidelines for the controlled
manipulation of Dirac EPs, indicating that parameter variations
must be carefully aligned with the directions of maximal geometric
sensitivity to achieve predictable and enhanced responses. The
Appendix further suggests that Dirac EPs may influence the anisot-
ropy of the quantum metric beyond the immediate vicinity of the
exceptional point, motivating future studies of their broader impact
on non-Hermitian phase diagrams. More broadly, this work estab-
lishes fidelity-based diagnostics as a powerful framework for
exploring anisotropic geometric singularities in a wide range of
emerging non-Hermitian platforms and engineered quantum
materials.

Finally, we note that the fidelity-based geometric diagnostics
discussed here are, in principle, accessible in several experimental
platforms that realize non-Hermitian Hamiltonians through condi-
tional dynamics. In the NV-center implementation of Ref. 37, the
effective non-Hermitian evolution is engineered through quantum
dilation, enabling direct access to biorthogonal state overlaps via
conditional measurements and post-selection. More generally, plat-
forms based on post-selected quantum trajectories, such as the
setting considered in Ref. 35, also provide access to pure conditional
states, from which state overlaps and fidelity susceptibilities may be
inferred through repeated state preparation and measurement.
Another potentially suitable platform is provided by trapped-ion
quantum simulators.82–84 Although a direct realization of a Dirac EP
in a trapped-ion platform remains to be demonstrated, the essential
ingredients required for the present proposal are available in princi-
ple: a three-level internal manifold can encode the effective qutrit,
tunable coherent couplings can reproduce the spin-1 structure of
Hamiltonian Eq. (1), and ancilla-assisted dilation or state-selective
dissipation can be used to engineer the corresponding
non-Hermitian dynamics. Combined with the high-fidelity state
tomography routinely available in trapped-ion experiments, these
capabilities would provide a natural route to reconstruct the relevant

state overlaps and probe the directional fidelity response predicted
here. These considerations suggest that fidelity-based probes offer a
broadly applicable route to experimentally exploring the intrinsic
geometry of non-Hermitian singularities.
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APPENDIX: RELATION BETWEEN VANISHING FIDELITY
SUSCEPTIBILITIES AND DIRAC EXCEPTIONAL POINTS

In this appendix, we develop a formal argument to understand
the anisotropic behavior of the fidelity susceptibility around Dirac
exceptional points. Specifically, we explain why the fidelity suscept-
ibility vanishes along a particular direction of approach to the
Dirac EP, despite the fact that it is generally expected to
diverge.53,54,79

To proceed, we first state some essential results for parameter-
induced evolution generators.63

1. Brief review of evolution generators

It has been shown that if the Hamiltonian depends on a
parameter qi [i.e., H … H(q1, q2, . . . )], the evolution of the
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quantum state j�i with respect to qi is governed by

@ij�i … �iKij�i, (A1)

where @i ; @
@qi and Ki is the evolution generator related to the

Hamiltonian H by

@
@t

Ki … i Ki, H‰ � þ @iH: (A2)

Additionally, the generators satisfy the following compatibility
condition:

@iKj � @jKi � i Kj, Ki
� �

… 0: (A3)

The generators are not uniquely determined. The freedom
remaining is, in fact, a result of gauge symmetry. To simplify the
discussion of fidelity susceptibility, it is standard practice to adopt
the adiabatic gauge, which satisfies the condition

@
@t

Ki, H

� �
… 0: (A4)

A direct consequence of the adiabatic gauge is that the genera-
tors are at most linear in time, i.e.,

Ki … tK (1)
i þ K(0)

i , (A5)

where K (1)
i and K(0)

i are time-independent operators. Moreover, the
differential equations in Eqs. (A2) and (A4) simplify to algebraic
equations,

K (1)
i … i K (0)

i , H
h i

þ @iH, (A6)

K (1)
i , H

h i
… 0: (A7)

In addition, the evolution of the left- and right-eigenstates in
qi is

@ihLnj … ihLnjK (0)
i , (A8)

@ijRni … �iK (0)
i jRni: (A9)

Interestingly, Eqs. (A6) and (A7) imply that K (1)
i and H share

a set of eigenstates. Furthermore, eigenvalues of K (1)
i are exactly the

qi-derivatives of the corresponding Hamiltonian eigenvalues,
namely,

hLnjK (1)
i … @ihnð ÞhLnj, (A10)

K (1)
i jRni … @ihnð ÞjRni, (A11)

where hn denotes the eigenvalue of H corresponding to the nth
left/right eigenstate.

For evolution along a path � parameterized by s, where
�(s) … (q1(s), q2(s), . . . ), the evolution equations85 for the left and
right eigenstates are given by

d
ds

hLnj …
X

i

dqi
ds

@ihLnj … i
X

i

dqi
ds

hLnjK (0)
i , (A12)

d
ds

jRni …
X

i

dqi
ds

@ijRni … �i
X

i

dqi
ds

K (0)
i jRni: (A13)

By defining the effective generator along the path as

K (0) …
X

i

dqi
ds

K (0)
i , (A14)

these expressions simplify to

d
ds

hLnj … ihLnjK (0), (A15)

d
ds

jRni … �iK (0)jRni: (A16)

Furthermore, from the linearity in Eqs. (A6), (A7), (A10),
and (A11), we find that

K (1) … s
X

i

niK
(1)
i , (A17)

which satisfies the following relations:

K (1) … i K (0), H
� �

þ @sH, (A18)

[K (1), H] … 0, (A19)

hLnjK (1) …
d
ds

hn

� �
hLnj, (A20)

K (1)jRni …
d
ds

hn

� �
jRni: (A21)

In other words, the system behaves as if the state were evolving
with respect to the single parameter s.

The final element required for the current discussion is
the fidelity susceptibility for the nth eigenstate along the path s.
Under the adiabatic gauge defined in Eq. (A4), this susceptibility
simplifies to

�(n)
F … hLnj K (0)

	 
2jRni � hLnjK (0)jRni
	 
2: (A22)

A comprehensive treatment of the evolution generators, the
adiabatic gauge conditions, and the detailed derivation of the fidel-
ity susceptibility presented above can be found in Refs. 63 and 85.
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2. Formal study of fidelity susceptibility

In this subsection, we consider a Hamiltonian H … H(~q) that
is linear in the vector ~q … (q1, q2, . . . ) near an EP at
~qEP … (0, 0, . . . ), i.e.,

H … H(0) þ
X

i

qiH
(1)
i (A23)

… H(0) þ q1H
(1)
1 þ q2H

(1)
2 þ � � � , (A24)

where H(0) is at an EP and H(1)
i are independent of~q.

We now investigate a perturbation of the left/right eigenvec-
tors hLn(0)j and jRn

(0)i of H(0) by shifting the parameter vector
along a specific direction n̂, such that~q … sn̂ … (sn1, sn2, . . . ) with
a small s. The corresponding perturbed eigenvalue hn is expected
to follow a Puiseux series expansion of the form

hn … h(0)n þ s p1h(1)n þ � � � : (A25)

The exponent p1 in Eq. (A25) is typically a positive fraction in the
vicinity of an EP.

Nevertheless, we now examine the case of vanishing fidelity
susceptibility observed in this study. From Eq. (A22), we have

0 … �(n)
F … hLnj K (0)

	 
2jRni � hLnjK (0)jRni
	 
2

, (A26)

where

hLnjH … hnhLnj, (A27)

HjRni … hnjRni, (A28)

K (0) … s
X

i

niK
(0)
i : (A29)

An obvious solution to Eq. (A26) arises if at least one of the
states, either hLnj or jRni, is also an eigenstate of K(0). For simplic-
ity, we shall focus on the case where jRni is a right eigenstate of
K (0), i.e.,

K (0)jRni … knjRni: (A30)

With Eqs. (A18) and (A21), we find

d
ds

hn

� �
jRni … K (1)jRni (A31)

… i K (0), H
� �

þ @sH
	 


jRni (A32)

… @sHð ÞjRni, (A33)

where the final equality follows because jRni is a common eigen-
state of both K (0) and H. Note that this result holds for this specific
state, even though [K (0), H] = 0 in general.

By substituting the eigenvalue expansion from Eq. (A25) into
the equation above, we obtain

@sHð ÞjRni …
d
ds

h(0)n þ s p1h(1)n þ � � �
	 


jRni (A34)

… p1s
p1�1 þ � � �

	 

jRni: (A35)

In other words, (p1s p1�1 þ � � � ) is an eigenvalue of @sH.
However, because @sH … (n1H

(1)
1 þ n2H

(1)
2 þ � � � ) is indepen-

dent of s, the eigenvalue must also be independent of s. This
implies that p1 … 1 and that all higher-order terms in the expan-
sion of h vanish, resulting in the linear form

h … h(0) þ sh(1): (A36)

In fact, this conclusion also holds if the alternative condition
is satisfied, namely, that hLnj as a left eigenstate of K(0). The deriva-
tion proceeds analogously to the previous discussion by replacing
the right eigenstate jRni with the left eigenstate hLnj.

In other words, the fidelity susceptibility �(n)
F vanishes only

when the perturbation is applied along a direction that reduces the
eigenvalue expansion to a linear dependence on the perturbation
parameter. Given that this linearity is a defining characteristic of
Dirac EPs, the primary analytical concern reduces to the existence
of a unit vector n̂ such that the Hamiltonian eigenstate jRni (or
hLnj) is also an eigenstate of K (0) …

P
i niK

(0)
i .

To show that such an n̂ exists, we first construct an arbitrary
matrix � that renders either hLnj or jRni a left or right eigenstate,
respectively. Without loss of generality, we choose to work with
jRni.

To be more specific, we choose a matrix � such that

�jRni … �jRni, (A37)

where � represents the corresponding eigenvalue.
Since K (0)

i associated with the qi-direction can be derived from
Eq. (A6), namely,

K (1)
i … i K (0)

i , H
h i

þ H(1)
i , (A38)

these matrices are linearly independent, provided that the corre-
sponding H(1)

i (and H(0)) are linearly independent.
In other words, with a sufficient number of K (0)

i (i.e., suffi-
ciently many parameters, as further defined below), we can always
decompose � into the superposition of K(0)

i and a matrix � that
commute with H, namely,

� … � þ
X

i

ciK
(0)
i : (A39)

To show this, we first note that the Hamiltonian here is not at an
EP but is “~q” away from it [see Eq. (A23)], although it remains
very close to the EP. Consequently, the left and right eigenstates
form a complete basis. Since both K (1)

i and � commute with the
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Hamiltonian H, they can be decomposed as

K (1)
i …

X

hp…hq

	ipqjRpihLqj, (A40)

� …
X

hp…hq


 pqjRpihLqj, (A41)

while @iH, K (0)
i , and � take the form

H(1)
i …

X

p,q

� ipqjRpihLqj, (A42)

K (0)
i …

X

p,q

� ipqjRpihLqj, (A43)

� …
X

p,q

�ipqjRpihLqj, (A44)

where � ipq is determined by the Hamiltonian and the parameter qi.
More specifically, with the K (0)

i derived from the parameter
derivatives H(1)

i , the decomposition Eq. (A39) is achievable pro-
vided that the off diagonal matrix elements hLpjH(1)

i jRqi for
hp = hq, taken collectively over all parameters qi, span the full
space of off diagonal operators in the eigenbasis of H. This is the
precise condition defining the informally expressed requirement of
“sufficiently many parameters.”

For each qi, Eq. (A6) becomes

X

hp…hq

	ipqjRpihLqj (A45)

… i
X

p,q

� ipqjRpihLqj, H

" #

þ
X

p,q

� ipqjRpihLqj (A46)

…
X

hp=hq

(hq � hp)� ipqjRpihLqj þ
X

p,q

� ipqjRpihLqj: (A47)

Comparing both sides of the equation, we obtain

	ipq … � ipq, for hp…hq

� ipq … � ipq

hp�hq
, for hp=hq

(

: (A48)

Therefore, we can rewrite K (0)
i as

K (0)
i …

X

hp…hq

� ipqjRpihLqj þ
X

hp=hq

� ipqjRpihLqj (A49)

…
X

hp…hq

� ipqjRpihLqj þ
X

hp=hq

� ipq

hp � hq
jRpihLqj: (A50)

In other words, Eq. (A39) becomes

X

p,q

�ipqjRpihLqj …
X

hp…hq


 pq þ
X

i

ci� ipq

 !

jRpihLqj

þ
X

i

ci
X

hp=hq

� ipq

hp � hq
jRpihLqj, (A51)

which leads to

� pq … 
 pq þ
X

i

ci� ipq, for hp … hq

� pq …
X

i

ci� ipq

hp � hq
, for hp=hq

8
>><

>>:
: (A52)

Therefore, if H(1)
i and H(0) are linearly independent and we

have sufficiently many H(1)
i (or � ipq), we can always find a set of ci

that renders Eq. (A52) valid.
Consequently, Eq. (A37) can be expressed as

� þ
X

i

ciK
(0)
i

 !

jRni … �jRni: (A53)

Given that � commutes with H, it shares the same eigenstate basis,
allowing us to simplify the expression to

X

i

ciK
(0)
i

 !

jRni … � � �ð ÞjRni, (A54)

where � denotes the eigenvalue of � associated with the
eigenstate jRni.

Since the vector of coefficients ~c … (c1, c2, . . . ) is defined up
to an arbitrary global scaling factor, we can normalize the expres-

sion by dividing both sides by its norm, j~cj …
���������������P

i jcij
2

q
, to obtain

X

i

ci
j~cj

K(0)
i

 !

jRni …
� � �

j~cj
jRni: (A55)

This rescaling does not alter the fact that jRni remains an eigenstate
of the operator. Consequently, by defining the unit vector n̂ … ~c

j~cj,

this construction shows that such a direction generically exists.
Since the construction begins with an arbitrary choice of �, replac-
ing � ! �� is equally valid and yields �n̂ as a dark direction
whenever n̂ is. Dark directions, therefore, always come in opposing
pairs, guaranteeing that the dark locus contains at least one full line
through the Dirac EP. The evolution-generator argument further
shows that this vanishing can extend along a line through the Dirac
EP and to finite distances from it, provided that the eigenvalue
depends linearly on the corresponding perturbation parameter.

Given that the eigenvalue structure of Dirac EPs is inherently
consistent with the requirement �F … 0, and that there exists a
direction n̂ satisfying this condition, we conclude that the vanishing
of the fidelity susceptibility is a characteristic property of Dirac EPs.
Furthermore, since perturbations along other directions typically
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lead to a divergence in �F , we can identify this pronounced anisot-
ropy as a fundamental feature of Dirac EPs.
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