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ABSTRACT

In this paper, a sliding mode technique based decentralised static output feedback control scheme is
proposed for system output tracking for a class of nonlinear interconnected systems where both non-
linear nominal subsystems and unknown interconnections are considered. A composite sliding sur-
face is designed in terms of tracking error at first and then the corresponding sliding motion stability
is analysed based on the Lyapunov approach. In order to guarantee the reachability, a decentralised
output tracking control is designed based on system output and the pre-given desired output sig-
nals such that the effect of the interconnections can be tolerated and the tracking error dynamical
systems are driven to the sliding surface maintaining a sliding motion thereafter. The proposed
method depends on available information only and can reduce conservatism by fully exploring and
adopting known information. An appropriate coordinate transformation is employed to facilitate the
sliding mode control design. The effectiveness of the proposed approach is demonstrated through
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simulation applied to a river pollution system.

1. Introduction

The prevailing rapid growth and technological advance-
ments in the 21st century have created a need for
increased research in controlling large-scale nonlinear
interconnected systems. Such complex systems arise
widely in practice, including automated highway sys-
tems, quadrupedal locomotion, river pollution sys-
tems, and power systems (Yan et al., 2017). This has
motivated extensive research on nonlinear large-scale
systems that can be modelled as collections of inter-
connected nonlinear subsystems. It should be noted
that many practical systems are significantly influ-
enced by external disturbances and parameter varia-
tions, which can substantially degrade system perfor-
mance. Therefore, the design of control schemes that
ensure strong robustness against various uncertainties
is of considerable practical importance for intercon-
nected systems.

Attempts have been made to address these afore-
mentioned challenges. One of them is the develop-
ment of robust control method using sliding mode
techniques. The sliding mode control is deployed in

control design of a nonlinear interconnected system
due to its unique features such as high robustness
and reduced-order sliding mode dynamics with rela-
tively simple design process (see, e.g. Edwards & Spur-
geon, 1998; Yan et al,, 2017). The sliding mode con-
trol is categorised by a suit of discontinuous feedback
control laws which alters the systems dynamics on
purposes, thereby forcing the system to slide along a
predefined surface (Edwards & Spurgeon, 1998; Song
etal., 2022). The sliding mode control design method-
ology consists of two phases: the reaching phase where
the system transitions from an initial state to the
pre-designed sliding surface, and the sliding phase
when the system moves on the designed sliding sur-
face (Utkin et al., 2017). The sliding mode control is
robust and insensitive to matched uncertainties, which
are a class of uncertainties in the input channels within
the system. The sliding mode dynamics are a reduced-
order system which facilitates the stability analysis
of sliding motion (Spurgeon, 2014; Yan et al., 2017).
Sliding mode control can also be employed to deal
with unmatched uncertainties which are those outside
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the input channels (see, e.g. Azar & Zhu, 2015; Yan
etal., 2017).

When analysing complex nonlinear interconnected
systems, it is often highly challenging and/or impos-
sible to obtain analytical expressions for their solu-
tions. This is primarily due to the intricate nonlinear
nature of these systems and complex interconnections,
which usually involve high-dimensional state spaces
and intricate interactions between their components.
Over the past few decades, there has been consid-
erable progress in the field of feedback control for
nonlinear interconnected systems, specifically in rela-
tion to achieving specific design objectives. Notably,
this progress has been observed across various con-
trol tasks and formulations, with primary emphasis
on state feedback control and, to a lesser extent, out-
put feedback control. In Mirkin et al. (2011), decen-
tralised state feedback adaptive sliding mode control
for large-scale interconnected systems with nonlinear
interconnections and time-delay was developed. Other
studies utilised decentralised sliding mode control to
tackle dead-zone input nonlinearities, interconnected
nonlinearities, and matched/unmatched uncertainties
simultaneously, to guarantee asymptotic stabilities of
sliding motion, thus reducing the conservativeness
of interconnected terms using structure characteris-
tics (Feng et al., 2020). All the works mentioned above
assume that system states are accessible for decen-
tralised stabilisation control design.

In spite of the considerable applications, the sys-
tem state variables are limited in their availability
for practical systems. Beyond this, some of the vari-
ables are challenging, expensive, and difficult to mea-
sure. Although an observer could be used to esti-
mate unknown states, additional resources would
be required which would also significantly increase
the system dimension (Yan et al., 2014). Lee (1995)
adapted the sliding mode techniques for a class of
interconnected systems, where it was required that
the uncertainties and interconnections were matched.
However, the major setback of this method is the
assumption that the interconnections and isolated sub-
systems were both considered to be linear. In Yan
et al. (1998), Yan and Dai (1998) and Yan et al. (2013),
static output feedback controllers were adopted to
improve the robustness and stability of a fully non-
linear interconnected systems, where only stabilisation
is considered. In the decentralised output feedback

control, each subsystem is controlled independently
based on its local output information without relying
on information from the other subsystems to achieve
its control objectives (Yan et al., 2017). However, for
a complex interconnected system, the performance of
each subsystem is influenced by the other subsystems
through their interconnections, making the dynam-
ics control more challenging and possibly resulting in
instability (Yan et al., 1998). In Yan et al. (2004), the
decentralised sliding mode control has been developed
and the system is fully nonlinear with a more gen-
eral structure, but the tracking control problem is not
considered in Yan et al. (2004).

It is well known that the tracking problem is much
more challenging when compared with stabilisation.
Super twisting control was designed for trajectory
tracking of a nonlinear quadrotor under assumption
that all the system states are available for design in Xu
et al. (2025), and an observer based fuzzy PID track-
ing control scheme is proposed for a class of linear
system in Wang et al. (2024). Previous research also
has investigated trajectory tracking and output track-
ing for linear large-scale systems with model refer-
ence control in Pagilla et al. (2007) and adaptive fuzzy
techniques in Ren et al. (2019), using decentralised
adaptive output feedback controllers. The limitations
in the approaches above were that they needed the
considered systems to have a special structure and
the corresponding isolated subsystems to be linear.
Moreover, the results for output tracking for inter-
connected systems using sliding mode techniques are
very few. In Ding et al. (2023), a decentralised output-
tracking problem for nonlinear large-scale systems
with unknown interconnections was studied using
sliding mode control, under the assumption that all
system states are available for controller design. In
practice, however, full-state measurements are rarely
accessible; moreover, some state variables may lack
physical meaning and thus cannot be directly mea-
sured. To address these limitations, this paper proposes
a decentralised static output feedback control scheme
that relies solely on locally measured outputs.

The main contributions of this paper are sum-
marised as follows:

e A decentralised output-feedback control frame-
work is developed for output tracking of a class of
nonlinear large-scale interconnected systems with



both matched and unmatched uncertainties, elim-
inating the need for state observers or full-state
measurements.

e A composite sliding surface based on the output-
tracking error is constructed, and sufficient condi-
tions are derived to guarantee uniformly ultimately
bounded sliding motion.

e Nonlinear nominal subsystems and unknown non-
linear interconnections bounded by the system
outputs are jointly addressed, allowing for time-
varying reference signals while preserving a fully
decentralised controller structure suitable for prac-
tical implementation.

e The proposed controllers exhibit strong robustness
against nonlinearities and uncertainties by exploit-
ing partition of the known nonlinear terms in the
isolated subsystems and the inherent robustness
properties of sliding-mode control.

The problems considered in this work involve sev-
eral technical challenges, including nonlinear subsys-
tem dynamics, unmatched and nonlinear interconnec-
tions, decentralised design constraints, time-varying
reference signals, and the absence of full-state mea-
surements. These challenges significantly limit con-
ventional decentralised sliding-mode control meth-
ods, which typically rely on restrictive assumptions
or observer-based designs. The novelty of this paper
lies in overcoming these challenges within a unified
output-feedback framework. Finally, a river pollution
system is used to demonstrate the practicality and
effectiveness of the proposed approach through sim-
ulation.

Notation: The notation used in this paper is standard.
For a square matrix A, 1,,(A) and A5(A) denote the
minimum and maximum eigenvalues of the matrix
A, respectively. The expression A > 0 means that A is
symmetric positive definite and I,, denotes the n x n
identity matrix. The symbols R” and R"*™ denote the
sets of n-dimensional real vectors and n x m dimen-
sional real matrices, respectively. col(-) represents a
column vector. Lastly, || - || denotes the Euclidean
norm or its induced norm.

2. Preliminaries

In this section, some preliminary results are to be sum-
marised at first which will be used for further analysis
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and design. Consider a simple linear control system
given by

x = Ax+ Bu (1)
y=Cx )

where variables x € R", u € R™, and y € RP (p >
m) are system states, control inputs, and outputs,
respectively. The matrices A € R"*", B € R™*"™, and
C € RP*™ are known real constants with appropriate
dimensions, where both B and C are of full rank.

Now, consider a special case where system (1)-(2)
is a square plant, which means that in system (1)-(2),
the dimension of the input equals the dimension of
the output denoted as m = p. It is clear to see that,
if rank(CB) = m, it can be shown that there exists a
nonsingular linear coordinate transformation X = Tx,
such that the system (1)-(2) can be transformed to a
new system with respect to the new coordinates x as
follows

X = Ax + Bu
y=Cx
where
i [i‘ﬂ é‘u} _FATl, B— [0] _ 78,
Ay Ap By
C=[C C]=cT! (3)

Here the matrix Aj; € RU—mx*(0=m) = while the
matrices B, € R™*™ and C, € R™*™ are nonsin-
gular, and the coordinate transformation matrix T
can be obtained through basic matrix theory. From
rank(CB) = m, it follows that CB is an invertible
matrices.

Thus, it follows from Edwards and Spurgeon (1998)
that in the new coordinates ¥ — z = T% = TTx,
where T is nonsingular defined as

A In—m)y O
T = 4
om0 @

where C; and C; are given in (3), the system (1)-(2)
can be described by

. Ay Alz} [0}
z= z+ u 5
|:A21 Ap B ®)

y=[0 In]z 6)
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It is clear to see that system (5)-(6) is now in the well
known regular form, and specifically, the matrix A;; €
R(n—m)x(n=m) js Hyurwitz stable, and By € R"™*™ s
nonsingular. More importantly, it is easily to see from
output Equation (6) that the system output can be sep-
arated from system state which can facilitate to fully
employ the output information in output feedback
analysis and control design.

3. System description and basic assumptions

Consider the nonlinear large-scale system composed
of N-interconnected subsystems modelled by

N
% = Apxi + Fi(x) + Bi(wi + AGi(xi) + D Hyj(x))
j=1
J#i
(7)
y,-:Cix,-, i=1,2,...,N (8)

where x = col(x1, x2,...,xN), xi € R™, u; € R™ and
yi € R™ are the states, control inputs, and outputs
of the ith subsystem, respectively. The system triple
(Aj, Bi, C;) has appropriate dimensions with both B;
and C; being of full rank. In the ith subsystem,
the function F;(x;) denotes a known nonlinear term.
AGj(x;) represents the matched uncertainty of the ith
isolated subsystem which is acting in the input chan-
nel. The term Z]Iil Hij(xj) describes the unknown
1

nonlinear intercon]r;léection between the ith subsystem
and other subsystems. It is assumed that all the non-
linear functions are sufficiently smooth such that the
system (7)-(8) has a unique continuous solution.

Remark 1: To simplify the statements, similar to the
work in Dingetal. (2023), it is assumed that the dimen-
sion of each subsystem input is equal to the output
dimension of the subsystem in the considered sys-
tem (7)-(8) which is called square system. It should be
pointed out that this limitation is not inherent as the
approaches developed in this paper can be extended to
the general case by applying the methodology in Yan
et al. (2004).

In general case, the sliding mode dynamics will
involve part of system output y; in (8). Thus, the study
will become more complicated, and simultaneously, it
will provide more flexibility in sliding surface design.

A detailed information regarding this is available in
the work in Edwards and Spurgeon (1998) and Yan
et al. (2004).

It is worth noting that square systems arise natu-
rally in many practical applications, such as bioreac-
tor systems (Gauthier et al., 1992) and river pollution
systems (Ding et al., 2023) etc. In addition, all single-
input single-output (SISO) systems studied in classi-
cal control theory are inherently square. In particu-
lar, square plant structures have been widely adopted
in sliding-mode control design, as they greatly facil-
itate the transformation of the system into a regular
form and enable the direct construction of appropri-
ate sliding surfaces (Edwards & Spurgeon, 1998; Yan
et al., 2004).

The following assumptions are imposed on the non-
linear interconnected subsystems (7)-(8).

Assumption 1: All the invariant zeros of the sys-
tems triple (A;, B;, C;) lie on the left half-plane for i =
1,2,...,N.

Since B; € R™*™i and C; € R™i*™i are full-rank,
it follows that rank(C;B;) = m;, and thus C;B; is non-
singular.

Under Assumption 1 and from the preliminaries
explained in Section 2, there exists a nonsingular coor-
dinate transformation

Zi = T,-x,- (9)

such that the triple (A;, B, C;) with respect to the new
coordinates z; is presented as

Al A 0
Ai = |:Ai21 Aizz] Bi = [Biz] Ci=[0 ]
(10)
where Aj; € RUi—mi)x(mi—m) ig Hyrwitz stable, the
square matrices Bj; € R™*™ is nonsingular and Ij; €
R™MiX™Mi is an identity matrix for i = 1,2,...,N. The
nonsingular matrix T; in (9) can be obtained using the

method given in Edwards and Spurgeon (1998).

Remark 2: It should be pointed out that the structure
of the transformed triples in (10) have three important
properties:

e the triples in (10) have the regular form;
e all matrices Aj; € RWi—mi)xni—m) for j— 1 2
..., N are Hurwitz stable;



e the output matrices make the output separated from
system states.

These are very important and will help to fully
employ the output information in the system analysis
and sliding mode control design later.

Assumption 2: Suppose that Fj(x;) in (7) has the
decomposition F;(x;) = I';(yi)xi, where I';(-) € R"*"
is a continuous function matrix.

Remark 3: The limitation imposed on the nonlinear
term F; in Assumption 2 enables that the functions
I'i(-) can be potentially employed in output feedback
control design to reject the effects of the nonlinear
terms in the isolated subsystem. Note that Assump-
tion 2 will hold if £;(0) = 0, and the function f;(-) is
sufficiently smooth in its definition domain for i =
1,2,...,N.

Assumption 3: There exist known non-negative con-
tinuous functions p;(-) and #;;(-) such that

@) NAGix)I < pi(yi)
() NHi) < mijlxg) (G # 1)

where #;i(x;) satisfies #;(xj) < 7(x)llx;ll (j # i) for
some known continuous function y;(-) for i,j =
1,2,...,Nandj #i.

Remark 4: Assumption 3 ensures that the uncer-
tainties AG;(x;) in (7)-(8) are bounded by known
functions of system outputs (here are p;(y;) for i =
1,2,...,N), which ensures that these bounds can be
fully employed in the control design to reject the effects
of the corresponding uncertainties even if static output
feedback is employed.

Assumption 4: The desired output signals y;;(t) are
differentiable and bounded in t € R.

The Assumption 4 is a limitation to the desired
tracking signals, which is satisfied in most cases in
reality and thus it is reasonable.

4, Tracking system formation analysis

In this section, considering the structure characteris-
tics of the triples in (10) presented above, a nonlinear
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interconnected system relating to tracking error is to
be formed and then the problem considered in this
paper will be proposed.

Under Assumptions 1-2, consider the nonlin-
ear interconnected system in (7)-(8). From (Spur-
geon, 2014), in the new coordinate z = col(z1, 2, . . .,
zp), the system (7)-(8) is described by

. Al A Cin(yi)
zZi = zi + Zj
l |:Ai21 Ai22i| 1 [Fiz o]~

N
0 _ _
+ [BQ] (i + AGI(T; '2)) + > TiHy(T} ')
j=1
J#i
(11)

yi=[0 In]z (12)

where Aj; € RUi—midx(ni—mi) g gtable, the sub-
matrices B, € R™*™i is an invertible matrix, and
Ijp € R™>*™i is an identity matrix, the number 0 rep-
resents zero matrices with appropriate dimensions.

CaGi) | _ ooyt
|:D'2()’i)j| = Tlrl(yl)Tl

where ['j1(y) € R (mi—mi) Iia(yi) € R™, and the
matrices T; are the transformation matrices defined
in(9)fori=1,2,...,N.

Since Ajj; is stable fori = 1,2,...,N, for any Q; >
0, the following Lyapunov equation has a unique solu-
tion P; > 0 such that

AN P+ PAL=—Q. i=12,...,N (13)

For further analysis, system (11)-(12) is rewritten in
the following partitioned form:

N
zin = Az + Ainzn + Ta(y)zi + Z i1 (zj1, Zj2)
=1
J#i
(14)
zip = Aimizi1 + Aizi2 + Tia(yi)zi
N
+ B (ui + AG(T ') + Z ij2(zj1, Zj2)
=1
J#i
(15)
Yi = zia (16)
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where z; is partitioned as z; = col(zj1,zi2), zi1 €
R"~™i and z;, € R™, and

dij1(z))
i (z))

with djj1 (zj) € R™™™ and J;j(zj) € R™ fori # jand
i,j=1,2,...,N.For system (14)-(16), define the out-
put tracking error state e; as the difference between the
system output and the desired output signals given by

5ij(zj) = |: :| = TiHij(xj)lszl"j_IZj (17)

ei(t) = yi(t) — yig(t), i=12,...,N. (18)

It then follows that the first derivative of (18) with

respect to time yields
ei(t) = yi(t) — yig(t), i=1,2,...,N. (19)

From (14)-(16) and (19), it follows that

N
& = Amzin + Anoyi + Ta Gz + D 9 (g1, )
j=1
i
(20)
éi = Aimzin + Ainayi + Tin(i)zi
+ Bia(ui + AGi(T; ! col(zit, yi)))
N
+ Zéijz(zjl,yj) — Yid (21)
=1
i

for i=1,2,...,N, where A;;; € R (i—mi)x(ni—mi) jq
stable and Aj; € R(—midxmi and dij1(-) and Jjp(-)
are defined in (17).

It should be noted that system (20)-(21) has a well-
known regular form that will facilitate the design of the
sliding mode control. In the following, the focus will
be on system (20)-(21). The objective is to design a
decentralised static output feedback control

ui=ui(t,y;)) i=12,...,N

using sliding mode techniques such that the tracking
error e;(t) defined in (18) converges to zero when t —
00, and the system (20)-(21) is uniformly-ultimately
bounded even in the presence of uncertainties and
interconnections.

5. Sliding mode tracking dynamics analysis

In this section, a composite sliding surface will be pro-
posed for the interconnected system (20)-(21) based

on the output tracking errors. Then, the corresponding
sliding motion will be analysed. Consider a composite
sliding surface proposed by,

=0 (22)

where e;(t) is the tracking error defined in (18) fori =
1,2,...,N.Itisclear to see that when system (20)-(21)
is constrained to the sliding surface (22), the system
output y; in (12) can track the desired signal y;;.
From the sliding mode control theory, when slid-
ing motion occurs, from (22), y; = ;4. Further from
the specific structure of system (20)-(21), the sliding
motion of the system (20)-(21) regarding to the sliding
surface (22), is governed by the sliding mode dynamics

. zi
zin = Aimzi + Aizyid + Tin(ia) I:/;]
1

N
+ > 5z, yja) (23)
=1
J#i

Following Assumption 3(ii), there exist continuous
functions a;(-) and S;;(-) (j # i) such that

191 (zj1, yia) | < aij(zjn> yid) 1z |l + Bij(zj1, yja) 1yjall
(24)
where djj1(-) is determined in (17) for j #i, i,j =
1,2,...,N.

Remark 5: It should be noted that the bound on the
uncertain interconnections djj; (+) in (24) is related to
the desired signal Yid forj=1,2,...,N. This is con-
sistent with the reality as different tracking signals
will have a different environment which may produce
different disturbances.

Obviously, the sliding mode dynamics in (23) are a
nonlinear interconnected system composed of N sub-
systems in which each subsystem has an order (n; —
m;) and thus is a reduced-order system when com-
pared with the corresponding subsystem of (1)-(2)
which has order n; for i =1,2,...,N. In order to



reduce the conservatism, partition I';; (y;g) in (23) as
Ti(ia) = [Tin1(ia)  Tinz(ia) | (25)

where i) e R (ni—mi)xm; and
R (ri—mi)x(ni—mi) Then

() €

2
i (yia) I:Ylil:| =TI @id)zia + Tina(ia)yia  (26)
1

The result for stability of the sliding mode dynamics is
now ready to be presented.

Theorem 5.1: Consider the sliding mode dynam-
ics given in (23). Under Assumptions 1-3, the slid-
ing motion governing by (23) is uniformly-ultimately
bounded if there is a domain of the origin Qg C
REL (i=m)xN sy that the function matrix WT (-) +
W() > 0 for (le,le, Ce :ZIN) € Qs \ {O},

W = (wjj)yxy With its elements w;; defined by

where

e — Am(Qi — Ri(1)) — 2[|Pillasi(-),  i=
] — . .
o GO N Ty

(27)
where the matrices P; and Q; are positive definite satis-
fying the Lyapunov Equation (13), the function matrix

Ri(-) € R">" is defined by
Ri() := Pl () + T}, ()P;

with I';1 () defined in (25), and a;;(-) satisfies (24) for
i#jandij=1,2,...,N.

Proof: For system (20)-(21) and the desired output
signals given in Assumption 4, the analysis above has
shown that system (23) is the reduced-order sliding
mode dynamics associated with the sliding surface
given in (22). It is now only needed to prove that
system (23) is uniformly-ultimately bounded.
Consider that the Lyapunov function candidate as

N
V(le,Zzl,...,ZNl) = Zzgipizil (28)
i=1

where P; > 0 satisfies (13) for i = 1,2, ..., N. Taking
the time derivative of Vi, 2,,,.. zy,) along the trajecto-
ries of system (23) gives

N

Viey =D (ZiTlpiZﬂ + Z,~T1Pi2i1)
i=1

INTERNATIONAL JOURNAL OF SYSTEMS SCIENCE 7

1

N
2
= E [(Aillzil + Ainoyia + Tin (via) ﬂ
i—1

N T

+ Z dij1 (Zjl»)/jd)) Pizjy
=1

J#i

2
+ 22 P; (Aiuzil + Aioyia + Tin (via) l{j

i

N
+ z dij1 (Zjl,;vjd)) ] (29)
j=1
i
Then from (26), Equation (29) can be rewritten by
N
Viles) = Z {Z,Tl (AiTnPi + PiAill) zZi
i=1
T T
+z; (Pirill(’) + ri11(')Pi) zZj1

+ 221 P; (Ai2 + Tin () yia

N
+2 Z zjy Pidi (21, )’jd)}
j:l
J#i
N
=> { — 2z} (Qi = Ri(")) zn
i=1

+ 221 P; (A2 + Tina () yia

N
+2 Z zji Pidi (21, yjd)l
j=1
j#i
where I'j11(+) and T'j1,(+) are defined in (25) and the
Equation (13) is used above. By (24), it follows that

N
Vies) < D1 = 4m (Qi = Ri() llzall?

i=1

+ 2|zl I1P; (Airz + Tinz () lyiall

N

+2 D lzalllPill 151 s yia)
j=1
j#i

N
< Z — Jm (Qi = Ri()) llzan |12
i—1
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+2||P; (Anz + Tinz i) | Iz lll1yial

N
+2 Z(aij(zjh)’jd) Izl
=
i

+ Bijzn yia) lyjalD I Pill |z |

N
<D 1 = (Qi—R()) lzall?
i=1

+2||Pi (Ainz + Tinz0ria) ) || lzin Il 1yial

N

+2 " aii(zn yia) I Pilllzia 1z |
j=1
J#i

N

+ 2> Btz yia) IPillllza l 1yjall
j=1
j#i

N
< = > {4 (Q = Ri()) = 2I1Pilla() } 1z 1>
i=1

N N
+2D° > aiGuy)IPilllzllza |
i=1 j=1
J#i
N

+ 2D 1IP; (A2 + TizO) | yiall 1zl
i=1

N N
+2>°> Bitz i) IPill lyjallllzi |

i=1 j=1
J#
1
=3 (lz1all,  llz21ll, --+» lzatll)
lz11l
T llz21
X (M —|—M) .
llzn
N
+2>° | 1P (A2 + Tl Hlyidll
i=1

N
+ > BiOIPilllyjall | llzal (30)

j=1
j#i

where the matrix W is defined in (27). From Young’s
inequality:

N
2> | IIP: Az + Ti) | il

i=1

N
+ > BiOIPilyal | Izal

j=1
J#i
2
N
<2 D 1P Az + Tl + D Bz O]
i=1 j=1
j#i
1
2 1
N 2
X |lyjall? (Z ||zz-1||) (31)
i=1
Then substitute (31) into (30), it yields
1 N
Vlas < =5 Am(WT + W),-_Zl Izt |12
1
N 2
+o (Z e ||2) (32)
i=1

1 al :
= — (Elm(WT + W) - O-) (; ”Zil”Z)

(33)
where
N
o:=21> | IP;(An2 + Ti2)|
i=1
1
2 2
N
+ > By Pl | Iyl (34)
j=1
J#i

fori,j=1,2,...,N



It can be observed that V' is negative definite if ¢ <
%(/lm(WT + W)) in the considered domain. Accord-
ingly, it is straightforward to conclude that the slid-
ing mode of the system (20)-(21) associated with the
sliding surface (22) that is, system (23) is uniformly-
ultimately bounded. [

Remark 6: It is straightforward to see that the sliding
mode dynamics (23) are a nonlinear interconnected
system, which is independent of system control. The
result developed in Theorem 5.1 is local. The stabil-
ity domain of the sliding motion are determined by
the matrix W(-) which confirms that the unmached
interconnection djj; (-) and unmatched nonlinear term
I'i11(+) affect the sliding motion stability.

6. Decentralised sliding mode control design

The objective in this section now is to design a decen-
tralised static output feedback sliding mode control
such that the system state is driven to the sliding sur-
face (22) and maintains a sliding motion on it there-
after.

Consider the interconnected systems in (20)-(21)
with N subsystems in the domain Q where Q is a
domain of the origin in RELim, containing the sliding
patch Q, given by

Q= {(z1,22,.. .2 llzi1ll < xis
zip € RM fori=1,2,...,N} (35)

for some positive constant y; and z; = col(z;1, zip)
for i=1,2,...,N. The reachability condition (see,
e.g. Konwar, 2017; Yan et al., 2017) is described as;

N

el (Heéi(t)
2 ewr <° ()

In order to fully use system output information to
reduce conservatism, consider the output matrix C;
given in (12). From the transformation matrix (9) x; =
Ti_lz,- = Ti_lTixi and z; = col(zj1,z2) and y; = zp, it

follows that

Zi1
1

1

xi=T 'z =T " Tix; = T; [ } (37)

where T; is nonsingular. Further partition I';»(-) as

Tio(i) = [T1(i) T2 ()] (38)

INTERNATIONAL JOURNAL OF SYSTEMS SCIENCE . 9

where i1 (y;) € R™>*™i and I'ipa(yi) € Rmix (mi—mi),
Then

Zi1

1

Li2 (yi) |: } = L1 (r)zin + Tin2 (i) yi (39)
The proposed decentralised static output feedback
sliding mode control law for the interconnected system
in (21) is given by

ui = =By {IlAn1 + Tt (i)l xi + (A2 + Tia (7)) yi

+ Ki(yi) + I1Bi2ll pi(yi) — yia} sgn(yi — yia)
(40)

fori=1,2,...,N, where p;(y;) is defined in Assump-
tion 3(i), Ki(y;) is the controller gain to be designed
later and y; is defined in (35). The symbol sgn(-)
denotes the usual signum function. The function
matrices I'j51(+) and I'jp;(+) are defined in (38).

It should be mentioned that the ith control gain K;
in (40) is only dependent on the ith subsystem out-
put y;. It is clear to see that the designed controller u;
in (40) depends only on system local information: out-
puts y; and desired signal y;; and thus is decentralised.

Then the reachability result can be obtained as fol-
lows.

Theorem 6.1: Consider the nonlinear interconnected
system (20)-(21). Under Assumptions 1-3, the decen-
tralised output feedback controller (40) can drive the
system (20)-(21) to the composite sliding surface (22)
and maintains sliding motion on it afterward, in the
domain Q (35), if the controller gain K;(y;) satisfies

N N N
> K = D D Tl > 0 (41)
i=1 i=1 j=1
J#
where n;j(-), i # j is determined in Assumption 3(ii) and
T; is given in (9) fori,j = 1,2,...,N.

Proof: From the analysis above, it only needs to
prove that the reachability condition (36) is satis-
fied. From (21), the tracking error dynamics can be
described by

1

. zi
ei = Api1zin + Aayi + Lia(yi) [}jl]

+ B (ui + AGi(T; ! col(zin, 1))
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N

+> iy —jia i=1L2...N. (42)
=1
j#i

Substituting the control (40) into (42), the follows that

e = { (A1 + Ti21()) zit + (A2 + Tin2 (1) yi

— (1421 + Tan Ol i + (Aizz 4 Tia (1)) yi
+ Ki(yi) + I1Bi2ll pi(vi) — yia) sgn(yi — yia) + Bz

N
x AGi(T; " col(zi1, yi)) + Z i (zj1, yj) — j’id}

j=1
j#i
(43)
From (43),
i(e»%
e
N
1
= s
,.zzlnyz yal VY

x 1 (A1 + Tioi () zin + (Ai2

+Ti22()) yi — (A1 + Tzt )l xi
+ (A2 + T'i2 (1)) yi + Ki(yi)

+ IIBizll pi(yi) — yia) sgn(yi — yia)
+ B AGi(T} " col(zit, yi)

+ 251]2(2]17)/]) — Yid

X {()/i —yi)T (A1 + T () zin — |41

+ T Ollxii — yia) T sgn(yi — yia)
+ i — yia) T (A2 + Tia () yi — (Ainz

+ Tia()yivi — yia) " sgn(i — yia) + 0i — yia)

N
Z 92 (zj1, ) + BizAG,'(TI-_1 col(zi1, yi))
j=1
J#i
— (i) + 1Bl pi) i — yia) ™

x sgn(y; — yia) — 0i — yia)  yid

+ 3id i — yia) " sgn(yi — yia) }

X {”(}’i — i) (A1 + Tii () za |l — 1A

“}’1 yzd”

+ Tt Ol xillyi = yiall
+ 10 = yi) T (A2 + Tiz () Ny
— [ (A2 + Tin2 () llyillyi — yiall

— i = yia) i + yiallys — il

N
+ (Z 1i = yia) "1 9i2 (21, )
j=1
Vi
+ 1l (i —yid)TnuBizAGi(-)n)

— (KiGy) + IBi2ll pi(y) 1y = yiall}

N
< Z(—llBizllpi()’i)
i—1

+ B2l AG; (T; ' col(zin, yi) )

+ Z —Ki(yi) + z ||51]2(Z]1,}/])|| (44)
J_
J#i

where the fact that (see Lemma 1 in Yan and Edwards
(2008))
i = yid)" sgn(yi — yia)
<lyi—yil, i=12,...,N
is employed above.

It is clear to see from (35) that in the considered
domain Q

(Ai21 + Ti21(}) zin
< A1 + Tizn Ozl < lAi21 + Tizall i (45)



fori=1,2,...,N.From (37), (17) and Assumption 3,
it follows that

132 (zj1> y)

< IHiCp I < I TillllHy () IE < 1Tl ll7ij Cep) |
(46)

IB2AG; (T col(zin, yi) |

1

< IBalll AG; (T col(zin, yi)) Il < IIBiallp ()
(47)

Substituting the inequalities (46)—-(47) into (44) yields

HIBi2ll pi(yi) Il = IBizll pi(yi)

N
- Ki(y) + Z 1932 (zj1, Y
=1
j#i

N N N
<— | Do K)+ D D ITlllmgel | 48)
i=1 i=1 j=1
j#i
As the control gains K;(y;) for i=1,2,...,N sat-
isty (41), it follows that, in the domain €, the reach-
ability condition (36) is satisfied. Hence, the result
follows. |

From the proof above, it is easy to observe the moti-
vation of the control design. Actually, the term [|A;>; +
i1 (yi) |l xi is employed to reject the terms involving
unknown variable z;1, the term (A2 + Tina(yi))yi is
used to cancel the known terms in the isolated subsys-
tems, the term || Bj2 || pi(¥;) is used to deal with the effect
of the matched uncertainties, and the control gain
K;(y;) is mainly used to deal with the interconnections.

Remark 7: It is clear to see that the control law u;
designed in (40) is only related to the output of the
ith subsystem, y;, the desired output signal y;; and
its derivative y;y for i,j =1,2,...,N. Thus, it is a
decentralised output feedback control. Also, the con-
trol u; has employed the bounds of uncertainties to
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cancel/reduce the effects of uncertainties to enhance
the robustness.

Remark 8: Theorem 5.1 shows that the sliding
mode dynamics is uniformly-ultimately bounded.
Theorem 6.1 shows that the designed control (40)
can drive the system to the designed sliding sur-
face (22). Theorems 5.1 and 6.1 together guarantee the
uniformly-ultimately bounded stability of the closed
loop system formed by applying the control (40) to the
system (20)—(21), irrespective of the uncertainties and
the interconnections within the subsystems.

Remark 9: The partition (25) results in (26) in which
the known term I';12(yig)yiq is separated to reduce the
conservatism in the sliding motion stability analysis.
The partition (38) results in (39) in which the known
term ['j22(yi)y; is separated which can be cancelled by
the designed controller to enhance the robustness in
reachability analysis.

7. Simulation example

In order to illustrate the developed methodology above
and demonstrate the performance of the system con-
trol law designed in Section 6 the proposed algorithm
is applied to a river pollution consisting of regions as
shown in Figure 1 (see, Jamshidi (1996)). It should be
pointed out that the water quality of a river is mainly
dependent upon the concentrations of oxygen and pol-
lutants. In a simplified manner, this problem can be
stated as the task of controlling pollutants discharged
at different places along the river in such a way that
the river pollution remains within a given tolerance.
Then, the river pollution system can be modelled by
(see, e.g. Ding et al., 2023; Jamshidi, 1996).

X = |:_1'32 0 i|x1 + [091](u1 + AGy(x1))

—032 —12
—_— ——
A1 Bl
(49)
yi=[1 0]x (50)
—_——
C
. [-132 0 0.1
¥ = [—0.32 —1.2} Xt [ 0 ](”2 +AG (%)
—_— ——
A2 BZ
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Region 1
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1= =

Sewage
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Works 2

|

uy

Y1 Jz

Y2

Figure 1. Diagram of the River Pollution.

+ [ 0 0.9} “ (51)

y2=[1 0]x (52)
C

where x; = col(x11,%12), X2 = col(xz1,x22) and x =
col(x,x2). The variables x;; and xj, represent the
concentration of biochemical oxygen demand and
the concentration of dissolved oxygen of the region,
respectively, and the control u; are the biochemical
oxygen demand of the effluent discharge into the river,
AG; represent any matched uncertainties and H;;(x;)
represent interconnections respectively for j#i i,
j =1, 2. It is assumed that the concentration of bio-
chemical oxygen demand for the two regions are mea-
surable.

It is clear to see that there is not any nonlinear term
Fi(x1) appearing in (49) and (51) when compared with
system (7)—-(8). Thus, Assumption 2 is not required. It
is straightforward to verify that Assumption 1 is sat-
isfied. The coordinate transformation matrices T; are
chosen as (z; = Tix;) fori = 1,2

T =T, = [(1) (1)] (53)

Then, in the new coordinates z = col(z;,z;) where

z1 = col(z11,212) and z = col(zz21, 222), system (49)-
(52) can be described in the regular form in (14)-(16)

with
Am] _ [—1.2 —0.32] [FH(-)] _0
A122 0 —132 > Flz(') ’

|:A111
A2
By, = 0.1, [2;8} =0 (54)

[Am A212] _ [—1.2 —0.32] [F21(-)] —0
Axp1 A 0 —1.32]7 [I20) ’
_ o1 ()| _ [0.9z12
B =01, [522('):| B |:0-9Z11] (55)

Now, consider the system in the domain

Q = {(zi1,221) llz11]l < 0.04, and [z ]| < 0.04}
(56)
and the matched uncertainties AG;(-) and AG;(-) are
added to the system in order to ilustrate the results
obtained which is assumed to satisfy

IAGIOI < 15211 1AG ()] < [eos®(72)]

By direct calculation,

a1l = a2 = a1 = axp = p11 = P = P12 =0,

P21 = 0.9

It is easy to verify that Assumption 3 is satisfied. The
sliding mode dynamics are derived as

211 = —12z11 — 0-32)’1d (57)
21 = —1.2z5 — 0.32y24 + 0.9||z1 | (58)

The initial states are chosen as z;(0) = col(0, 1) and
25(0) = col(0, 0), and the desired output signals y;; are
set as

yg=3e05 gy = ge—O,St 41

From Aj;; = Az;1 = —1.2 and by solving the Lya-
punov equation in (13), it is obtained that P; = P, =
0.416. The matrix W defined in (27) can be calculated
directly. It is straightforward to verify that WT 4+ W >
0. Thus the conditions in Theorem 5.1 is satisfied. By
further calculation, the proposed decentralised static
output sliding mode control law can be given by

up = —10{1.32y; + (0.1(|5.231]) + 1) — 1L.5e7 %"}
x sgn(yi = yid) (59)

Uy = —10{1.32}/2 + (0.1(Jcos*(y2)]) + 1)
7 _
-2 (8 e 0% 4 1)} sgn(yi — Yid) (60)
the control gains are chosen as K;(y;) = Kz(y2) = 1.

It is clear to see that the control (59)-(60) above are in
decentralised format.
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Figure 2. Time responses of the controlled system outputs and the desired outputs. (a) Subsystem 1 output and the desired output

response. (b) Subsystem 2 output and the desired output response.

For simulation purposes, the function

lyi — yiall + €i

is used to approximate the discontinuous function
sgn(y; — yig) for i =1, 2 to avoid chattering where
the smoothing constant ¢; is taken as 0.005 is a small
positive constant. Figure 2(a,b) show that the system
outputs can track the corresponding desired output
signals very well. The simulation results show the effec-
tiveness of the proposed methodology.

8. Conclusion

The paper has proposed a sliding mode control strat-
egy to tackle the output feedback tracking control of
a class of large-scale nonlinear interconnected sys-
tems. The sliding surface is first synthesised. Then,
a decentralised output feedback control strategy was
developed, accompanied by the formulation to sat-
isfy the reachability condition tailored for large-scale
systems. This newly proposed controller demonstrates
enhanced robust performance capabilities, particu-
larly in handling uncertainties and system intercon-
nections using static output feedback for tracking. The
decentralised output feedback tracking control tech-
nique presented in this work was applied to water
quality control. to demonstrate the effectiveness of the
approach through simulation.
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