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.tAeiAaid nmiemd As vvv�rbedmbdceodbs�bnl

DSeciSc�encSr

HmcZfZshnmdr LZsgdlZshbZd www –wwww( www  
vvv0dkrduhdq0bnl?knbZsd?hmcZf

Etkk kdmfsg Zqshbkd

Nm sgd rsqtbstqd ne sgd chldmrhnm rodbsqtl enq bnmshmtdc 

eqZbshnm dwoZmrhnmr

OZhmnr BghsZmfZZ:fl: AZr KdlldmrZ:∗: Pnfdq MtrraZtla

Z Rbgnnk ne Dmfhmddqhmf: LXsgdlXshbr Xmc Ngxrhbr: Tmhudqrhsx ne Jdms: BXmsdqatqx BS1 5MW: TJ
a CdoXqsldms ne LXsgdlXshbr: Ptsfdqr Tmhudqrhsx: NhrbXsXvXx: MI: 87743: TR�

Pdbdhudc 18 Nbsnadq 1914, qdbdhudc hm qduhrdc enql 15 EdaqtZqx 1915, Zbbdosdc fl1 LZqbg 1915
BnlltmhbZsdc ax.  J0 CZiZmh

�arspTbs
Vd ZmZkxrd sgd –GZtrcnqee( chldmrhnm rodbsqtl ne bnmshmtdc eqZbshnmr dwoZmrhnmr vhsg bndezbhdmsr 

qdrsqhbsdc sn hmzmhsd rtardsr ne C0 Vd oqnud sgZs sgd rds ne onvdqr Np + {pm = m ∈ C{ gZr etkk chldmrhnm 
rodbsqtl enq dZbg hmsdfdq p ≥ 1: Zmrvdqhmf Z ptdrshnm ax Bgntrhnmhr: KdxjdjglZm Zmc TqaZ’mrjh0 Nm 
sgd nsgdq gZmc: vd rgnv sgZs sgd chldmrhnm rodbsqtl enq N∗

p + {pm = m ∈ C{ : {fl{ gZr lZmx fZor Zmc 
qdfhnmr vgdqd hs hr mnvgdqd cdmrd0 Vd Zkrn hmudrshfZsd sgd bZrd vgdqd � hr fdmdqZsdc ax Z lnmnlhZk: 
Lp + {mp = m ∈ C{0 Enq Lp  vd oqnud sgZs sgd chldmrhnm rodbsqtl hr etkk enq p ∈ {fl. 1. 2. 3. 4{: Zmc hs 
gZr Z fZo enq dZbg p ≥ 50 Etqsgdqlnqd vd rgnv enq p ∈ {5. 6. 7{ sgZs sgd chldmrhnm rodbsqtl ne Lp
hr sgd chrinhms tmhnm ne svn mnmsqhuhZk bknrdc hmsdquZkr: Zmc hs hr sgd chrinhms tmhnm ne sgqdd mnmsqhuhZk 
bknrdc hmsdquZkr enq p ∈ {8. fl9{0 Enq p ≥ flfl vd rgnv sgZs sgd chldmrhnm rodbsqtl ne Lp  bnmrhrsr ne 
zmhsdkx lZmx chrinhms mnmsqhuhZk bknrdc hmsdquZkr0 Sgd qdrtksr bnmbdqmhmf Lp  dwsdmc dwhrshmf qdrtksr enq 
p + fl Zmc p + 10 Hm ntq ZmZkxrhr vd dloknx Odqqnm-Eqnadmhtr –sqZmredq( nodqZsnqr: Zmc mtldqhbZk snnkr 
cdudknodc ax EZkj Zmc MtrraZtl sgZs fhud qhfnqntr drshlZsdr enq sgd GZtrcnqee chldmrhnm enq bnmshmtdc 
eqZbshnmr dwoZmrhnmr0
´ 1915 Sgd ütsgnqr0 Otakhrgdc ax Dkrduhdq A0U0 nm adgZke ne PnxZk Ctsbg LZsgdlZshbZk Rnbhdsx –JVF(0 
Sghr hr Zm nodm Zbbdrr Zqshbkd tmcdq sgd BB AX khbdmrd –gsso.??bqdZshudbnllnmr0nqf?khbdmrdr?ax?309?(0
Jdxvnqcr. Bnmshmtdc eqZbshnmr, Chldmrhnm rodbsqtl, GZtrcnqee chldmrhnm, Odqqnm-Eqnadmhtr nodqZsnqr

∗ Bnqqdronmchmf Ztsgnq0
D,lXhk Xccqdrrdr. ob33fl&jdms0Zb0tj –O0 BghsZmfZ(: A0Kdlldmr&jdms0Zb0tj –A0 Kdlldmr(: 

mtrraZtl&lZsg0qtsfdqr0dct –P0 MtrraZtl(0
fl OZhmnr BghsZmfZ fqZsdetkkx Zbjmnvkdcfdr sgd rtoonqs ne sgd DORPB: Tmhsdc Jhmfcnl fqZms DO?U419982?fl0

gssor.??cnh0nqf?fl90fl9fl5?i0hmcZf019150920997
99fl8/2466?´ 1915 Sgd ütsgnqr0 Otakhrgdc ax Dkrduhdq A0U0 nm adgZke ne PnxZk Ctsbg LZsgdlZshbZk Rnbhdsx 
–JVF(0 Sghr hr Zm nodm Zbbdrr Zqshbkd tmcdq sgd BB AX khbdmrd –gsso.??bqdZshudbnllnmr0nqf?khbdmrdr?ax?309?(0
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fi0 Gmspnctbshnm

Hm sghr oZodq vd hmudrshfZsd enq hmzmhsd rdsr � ⊆ C sgd rds ne bnmshmtdc eqZbshnm dwoZmrhnmr:

I� + {w ∈ –9. fl( = w + )Xfl. X1. X2. . . .[ vhsg Xh ∈ � enq Zkk h{.

vgdqd

)Xfl. X1. X2. . . .[ +
fl

Xfl +
fl

X1 + fl
X2+···

.

Sgdrd rdsr gZud Z eqZbsZk mZstqd Zmc sgdhq GZtrcnqee chldmrhnm: cdmnsdc chl�–I�(: gZr addm 
rstchdc dwsdmrhudkx: rdd enq hmrsZmbd )1:2:fl9:flfl:fl2-fl4:19:13:14:17:29[0 Enq sgd aZrhb bnmbdosr 
qdfZqchmf bnmshmtdc eqZbshnmr Zmc GZtrcnqee chldmrhnm vd qdedq sgd qdZcdq sn )8:fl6[0
Vd ZmZkxrd sgd –GXtrcnqee( chldmrhnm rodbsqtl ne � ⊆ C:

CR–�( + {chl�–IA( = A ⊆ �{.

vghbg vZr rstchdc qdbdmskx ax Bgntrhnmhr: KdxjdjglZm Zmc TqaZ’mrjh hm )3:4[ enq cheedqdms 
hmzmhsd rtardsr � ne C: rdd Zkrn )5:7:1fl[0 Sgd bZrd vgdqd � + C vZr bnmrhcdqdc dZqkhdq ax 
JdrrdaÜgldq Zmc Ygt )11[: vgn rgnvdc sgZs hs gZr etkk chldmrhnm rodbsqtl: h0d0: CR–C( +
)9. fl[: vghbg bnmzqldc Z bnmidbstqd ax Gdmrkdx )fl5[ Zmc LZtkchm Zmc TqaZ’mrjh )14[ jmnvm Zr 
sgd SdwZm Bnmidbstqd: rdd Zkrn )fl8[0 Sgd lZhm lnshuZshnm enq sgd qdrtksr oqdrdmsdc gdqd bnldr 
eqnl )4[ hm vghbg sgd chldmrhnm rodbsqtl ne sgd rds ne onvdqr ne hmsdfdqr p ≥ 1: sgd rds ne 
rptZqdr: Zmc sgd rds ne oqhldr vZr ZmZkxrdc Zlnmf nsgdq rdsr0
Hm sghr oZodq vd hmudrshfZsd sgd chldmrhnm rodbsqtl enq Z uZqhdsx ne mZstqZk bgnhbdr ne �

hmbktchmf sgd rds ne onvdqr ne hmsdfdqr p ≥ 1. Np + {pm = m ∈ C{ Zmc N∗

p + Np : {fl{0 Hm )4: 
Sgdnqdl fl03[ sgd chldmrhnm rodbsqtl ne Np  vZr bnmrhcdqdc: Zmc enq p ≥ 1 hs vZr rgnvm sgdqd 
sgZs sgdqd dwhrsr Zm r–p( / 9 rtbg sgZs

)9.lhm{r–p(. chl�–INp ({[ ⊆ CR–Np (.

Vd oqnud sgZs Np  gZr etkk chldmrhnm rodbsqtl enq Zkk p ≥ 1: Zmrvdqhmf Z ptdrshnm eqnl )4[0 
Hm eZbs: vd vhkk drsZakhrg sgd enkknvhmf lnqd fdmdqZk qdrtks0 

Sgdnpdl fi0fi0  He � + {Xfl. X1. . . .{ ⊂ C vhsg 1 ≤ Xfl , X1 , · · ·  Xmc XmXl ≥ Xm+l enq Xkk 
l ≥ m ≥ fl vhsg l ≥ 1: sgdm 

)9. chl�–I�([ + CR–�(. –fl0fl(

Sghr qdrtks Zkrn hlokhdr rdudqZk qdrtksr eqnl )4[: hm oZqshbtkZq )4: Sgdnqdl 30flfl[ Zmc )4: 
Sgdnqdl fl01[0 Vd rtllZqhrd rnld ne hsr bnmrdptdmbdr hm sgd enkknvhmf bnqnkkZqx0 

BnpnkkTpx fi010  Sgd enkknvhmf rtardsr ne C gXud etkk chldmrhnm rodbsqtl.

–X( � + {X + am = m ∈ C{ enq hmsdfdqr 9 ≤ X , a vhsg a ≥ 10
–a( � + {X + am = m ∈ C : {9{{ enq hmsdfdqr 1 ≤ X , a0
–b( �oqhldr + {o ∈ C = o oqhld{0
–c( Np + {pm = m ∈ C{ enq p ≥ 10

Sgd bnmchshnm hm Sgdnqdl  fl0fl enq sgd rds ne oqhldr hr Zm nkc qdrtks ctd sn HrghjZvZ )fl7: 
RZsy HHH[0 Enq sgd nsgdq rsZsdldmsr hm sgd bnqnkkZqx sgd bnmchshnm bZm ad dZrhkx udqhzdc0
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ür vd rgZkk rdd: sgd etkkmdrr ne sgd chldmrhnm rodbsqtl ne Np  hr hm rsZqj bnmsqZrs vhsg sgd 
chldmrhnm rodbsqtl ne N∗

p : vghbg gZr lZmx fZor0 Lnqd rodbhzbZkkx: fhudm p ≥ 1 Zmc j ≥ 9
kds

Hj + {fl. . . . . pj{  Zmc Sj + {pj+fl. pj+1. . . .{.

Zmc rds

µj
+ chl�–IHj�fl:Sj ( + chl�–IN∗

p \{pj {(  Zmc µj + chl�–IHj (  enq j ≥ 9.

Mnsd sgZs µ9 + chl�–INp ( Zmc µ9 + chl�–I{fl{( + 90 Vd gZud sgd enkknvhmf qdrtks0 

Sgdnpdl fi020  Enq Xkk p ≥ 2 Xmc j ≥ fl:

–h( µj , µj Xmc –µj. µj( ∩ CR–N∗

p ( + ∅0
–hh( CR–N∗

p ( hr mnvgdqd cdmrd hm –µj.µj+fl(0

Enq p + 1: Xrrdqshnmr –h( Xmc –hh( gnkc enq Xkk j ≥ 10

Etqsgdqlnqd: sgd chldmrhnm rodbsqtl ne N∗

p  bnmsZhmr Zm hmhshZk mnmsqhuhZk hmsdquZk0 

Sgdnpdl fi030  Sgd hmsdquXk )9. km 1
1 km p [ hr bnmsXhmdc hm CR–N

∗

p ( enq dXbg p ≥ 10

Vd mnsd sgZs hm )3: Sgdnqdl fl0fl[ hs vZr rgnvm sgZs sgd chldmrhnm rodbsqtl ne � ZkvZxr 
bnmsZhmr Zm hmsdquZk )9. σ9[: vgdqd σ9 + hme{r / 9 =


m∈� m

�1r , ∞{ hr sgd zmhsdmdrr 
oXqXldsdq0 Hm sgd bZrd ne Np  Zmc N∗

p : gnvdudq: σ9 + 90
Vd vhkk Zkrn ZmZkxrd sgd chldmrhnm rodbsqtl enq rdsr fdmdqZsdc ax Z lnmnlhZk: Lp +

{mp = m ∈ C{: Zmc oqnud sgd enkknvhmf qdrtks0 

Sgdnpdl fi040  Sgd chldmrhnm rodbsqtl ne Lp  rXshrzdr.

–h( Enq p ∈ {fl. 1. 2. 3. 4{ vd gXud sgXs CR–Lp ( + )9. chl�–ILp ([0
–hh( Enq p ≥ 5 vd gXud

chl�–ILp\{1p {( , chl�–I{fl.1p {(

Xmc CR–Lp ( ∩ –chl�–ILp\{1p {(. chl�–I{fl.1p {(( hr dlosx0
–hhh( Enq p ∈ {5. 6. 7{ vd gXud sgXs

CR–Lp ( + )9. chl�–ILp\{1p {([ : )chl�–I{fl.1p {(. chl�–ILp ([.

–hu( Enq p ∈ {8. fl9{ vd gXud sgXs chl�–ILp\{2p {( , chl�–I{fl.1p .2p {( Xmc

CR–Lp ( + )9. chl�–ILp\{1p {([ : )chl�–I{fl.1p {(. chl�–ILp\{2p {([

: )chl�–I{fl.1p .2p {(. chl�–ILp ([.

–u( CR–Lp ( hr sgd chrinhms tmhnm ne zmhsdkx lXmx mnmsqhuhXk bknrdc hmsdquXkr enq dXbg p ∈ C0

Sgd bZrd p + fl hr sgd SdwZm Bnmidbstqd drsZakhrgdc hm )11[: Zmc sgd bZrd p + 1 vZr sqdZsdc 
hm )4: Sgdnqdl fl02[0 Sn oqnud sgd zmZk rsZsdldms hm Sgdnqdl  fl04 vd vhkk drsZakhrg Z fdmdqZk 
bqhsdqhnm nm rtardsr � ne C sgZs hlokhdr sgZs hsr chldmrhnm rodbsqtl bnmrhrsr ne zmhsdkx lZmx 
mnmsqhuhZk chrinhms bknrdc hmsdquZk: rdd Sgdnqdl  7020 Hm )3[ hm sgd qdlZqj Zesdq Bnmidbstqd fl02 
sgd Ztsgnqr qZhrdc sgd ptdrshnm he sgdqd dwhrsr Z bnmenqlZk hsdqZsdc etmbshnm rxrsdlr vhsg Z 
oqdrbqhadc zmhsd mtladq ne bnmmdbsdc bnlonmdmsr0 Sgdnqdl  fl04 rddlr sn rtffdrs sgZs sghr 
lhfgs ad qdZkhrdc trhmf sgd rdsr Lp : ats vd gZud mn oqnne Zs oqdrdms0

2
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Sgqntfgnts sgd oZodq sgd Xm@r Zmc p vhkk ad hmsdfdqr: Zksgntfg sghr hr mns rsqhbskx qdpthqdc 
enq rdudqZk ne sgd rsZsdldmsr oqdrdmsdc: hm oZqshbtkZq hm Sgdnqdl  fl0fl0 Hm sgdrd hmrsZmbdr hs hr 
rtezbhdms sn jmnv sgZs sgd lZor θm = w ↦→ –Xm + w(�fl gZud chrinhms qZmfdr nm sgd hmuZqhZms rds0
Hm ntq ZmZkxrhr vd vhkk trd Odqqnm-Eqnadmhtr –nq sqZmredq( nodqZsnqr0 Fhudm E ⊂ C zmhsd 

Zmc r ≥ 9: sgd Ndqqnm-Eqnadmhtr nodqXsnq: Kr.E =B–)9. fl[( → B–)9. fl[(: nm sgd AZmZbg roZbd 
ne qdZk bnmshmtntr etmbshnmr nm )9. fl[ hr fhudm ax

–Kr.E e (–w( +
∑

m∈E


fl

m + w

1r
e


fl
m + w


 enq w ∈ )9. fl[.

vghbg hr Z onrhshud antmcdc khmdZq nodqZsnq nm B–)9. fl[(0 Gdqd onrhshud ldZmr sgZs he e ∈

B–)9. fl[( vhsg e –w( ≥ 9 enq Zkk w ∈ )9. fl[: sgdm –Kr.E e (–w( ≥ 9 enq Zkk w ∈ )9. fl[0
Sgd nodqZsnq Kr.E  bZm ad bnmrhcdqdc nm nsgdq AZmZbg roZbdr0 Enq hmrsZmbd nm sgd qdZk AZmZbg 

roZbd Bj–)9. fl[( bnmrhrshmf ne j/shldr bnmshmtntrkx cheedqdmshZakd etmbshnmr e = )9. fl[ → N
–qdrodbshudkx sgd bnlokdw AZmZbg roZbd Bj

�–)9. fl[( vhsg etmbshnmr e = )9. fl[→ �(0 Hs bZm Zkrn 
ad bnmrhcdqdc nm sgd AZmZbg roZbd B9.�–)9. fl[( –qdrodbshudkx B9.�� –)9. fl[(( bnmrhrshmf ne qdZk 
–bnlokdw( etmbshnmr nm )9. fl[ sgZs Zqd GÜkcdq bnmshmtntr vhsg GÜkcdq dwonmdms 9 , � ≤ fl0 
Hmcddc: Kr.E  hr Z antmcdc qdZk khmdZq nodqZsnq eqnl B9.�–)9. fl[( sn hsrdke: Zmc Zkrn eqnl 
Bj–)9. fl[( sn hsrdke0 Sgd nodqZsnq bZm ad dwsdmcdc hm sgd trtZk vZx sn Z bnlokdw khmdZq nodqZsnq 
sn B9.�� –)9. fl[( Zmc Zkrn sn Bj

�–)9. fl[(0 He Kr.E  hr bnmrhcdqdc Zr Z antmcdc bnlokdw khmdZq nodqZsnq 
nm B9.�� –)9. fl[( nq Bj

�–)9. fl[(: vd rgZkk Zatrd mnsZshnm Zmc vqhsd σ –Kr.E ( ⊆ � sn cdmnsd sgd 
rodbsqtl ne Kr.E 0
PZsgdq sgZm trhmf sgd oqdrrtqd etmbshnm Zmc Anvdm@r oZqZldsdq eqnl sgdqlncxmZlhb 

enqlZkhrl )15[: vghbg hmunkud sgd hsdqZsdr ne sgd nodqZsnq Kr.E  sn ZmZkxrd hsr rodbsqZk qZchtr: 
vd ZooqnwhlZsd sgd rsqhbskx onrhshud dhfdmudbsnq ne Kr.E  sn drshlZsd sgd rodbsqZk qZchtr0 Hm 
oZqshbtkZq: vd trd sgd dhfdmudbsnq fhudm hm KdllZ  30fl: vghbg hr rtqoqhrhmfkx onvdqetk0 Hm 
sghr bnmsdws hs hr bnmudmhdms sn trd sgd mdws sgdnqdl: vghbg hr Z rodbhZk bZrd ne lnqd fdmdqZk 
sgdnqdlr bnmbdqmhmf sgd rodbsqZk sgdnqx ne Odqqnm-Eqnadmhtr sxod nodqZsnqr sgZs bZm ad entmc 
hm. )fl9: Sgdnqdl 20fl[: )12: Rdbshnm 101[: )16: Sgdnqdl 403[: Zmc )17: Sgdnqdl 504[0 Hs vZr 
Zkrn trdc hm )4[ vgdqd nmd bZm zmc Z cdsZhkdc chrbtrrhnm Zants hsr bnmmdbshnm sn jmnvm qdrtksr 
hm sgdqlncxmZlhb enqlZkhrl: rdd )4: PdlZqj 20fl[0 Sgd sgdnqx ne onrhshud nodqZsnqr okZxr Zm 
drrdmshZk qnkd hm lZmx ZqdZr ne dqfnchb sgdnqx: rdd enq hmrsZmbd )fl[ enq qdkZsdc qdrtksr0

Sgdnpdl fi050  Enq E ⊂ C zmhsd: vhsg γ + lhm{m = m ∈ E{: r / 9: 9 , � ≤ fl Xmc j ∈ C sgd 
enkknvhmf Xrrdqshnmr gnkc0

–h( He Kr.E  hr bnmrhcdqdc Xr Xm nodqXsnq eqnl B9.�–)9. fl[( sn hsrdke –qdrodbshudkx eqnl 
Bj–)9. fl[( sn hsrdke(: sgdm hs gXr X rsqhbskx onrhshud dhfdmudbsnq vr.E ∈ B9.�–)9. fl[(
–qdrodbshudkx vr.E ∈ Bj–)9. fl[(( vhsg bnqqdronmchmf dhfdmuXktd λr.E / 90 Sgd dhfdmudbsnq 
vr.E  hr tmhptd to sn rbXkhmf: Xmc λr.E  hr hmcdodmcdms ne � Xmc j Xmc dptXkr sgd rodbsqXk 
qXchtr ne Kr.E =B9.�–)9. fl[(→ B9.�–)9. fl[( –qdrodbshudkx Kr.E =Bj–)9. fl[(→ Bj–)9. fl[((0 
Hm oXqshbtkXq: vr.E ∈ Bj–)9. fl[( enq Xkk j ∈ C: gdmbd hs hr X B∞,etmbshnm0 Hs hr Xkrn 
sgd tmhptd onrhshud dhfdmudbsnq ne Kr.E =B–)9. fl[( → B–)9. fl[( Xmc λr.E  hr sgd rodbsqXk 
qXchtr: cdmnsdc q –Kr.E (: ne Kr.E =B–)9. fl[(→ B–)9. fl[(0

–hh( Sgd rodbsqtl σ –Kr.E ( ⊆ � ne Kr.E =B9.�–)9. fl[( → B9.�–)9. fl[( –nq Kr.E =Bj–)9. fl[( →
Bj–)9. fl[(( rXshrzdr

rto

}y}
λr.E

= y ∈ σ –Kr.E ( \ {λr.E {

, fl.
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–hhh( Sgd etmbshnm r ↦→ λr.E  hr rsqhbskx cdbqdXrhmf Xmc bnmshmtntr0
–hu( Sgd etmbshnm vr.E  hr X cdbqdXrhmf nm )9. fl[ Xmc

�
1r
γ

≤
v′r.E –w(

vr.E –w(
, 9  enq Xkk w ∈ )9. fl[.

–u( Sgd tmhptd uXktd r rtbg sgXs λr.E + fl hr dptXk sn chl�–IE (0

ür mnsdc hm )fl9[ sgd hmdptZkhsx hm sgd entqsg Zrrdqshnm hm Sgdnqdl  fl05 hlokhdr sgZs 

vr.E –w( ≤ vr.E –x(d
1r}w�x}

γ  enq Zkk w. x ∈ )9. fl[. –fl01(

PdlTpi fi060  Sgd eZbs: ldmshnmdc hm sgd zqrs Zrrdqshnm ne Sgdnqdl  fl05: sgZs sgd rsqhbskx onrhshud 
–mnqlZkhrdc( dhfdmudbsnq vr.E  ne Kr.E =B–)9. fl[( → B–)9. fl[( hr tmhptd: hr mns oqnudc hm sgd 
khsdqZstqd sn sgd adrs ne ntq jmnvkdcfd: ats gnkcr enq Z ltbg kZqfdq bkZrr ne Odqqnm-Eqnadmhtr 
sxod nodqZsnqr sgZm sgd nodqZsnqr Kr.E 0 ür vd vhkk mns qdpthqd sghr eZbs gdqd: vd nlhs sgd oqnne0

10 LpdkhlhmTphdr

Hm sghr rdbshnm vd qdbZkk rnld oqdkhlhmZqx qdrtksr sgZs vd vhkk trd sgqntfgnts sgd oZodq0 
Enq X , a: sgd AZmZbg roZbd –B–)X. a[(. | · |∞( hr Z bnlokdsd nqcdq/tmhs roZbd vhsg bnmd 
B–)X. a[(+ + { e ∈ B–)X. a[( = e –w( ≥ 9 enq Zkk w ∈ )X. a[{ Zmc nqcdq/tmhs t = w ↦→ fl enq Zkk w 0 
Rn sgd oZqshZk nqcdqhmf nm B–)X. a[( hr fhudm ax e ≤ f he e –w( ≤ f–w( enq Zkk w ∈ )X. a[0 

IdllT 10fi0  Kds e. f ∈ B–)X. a[( ad rsqhbskx onrhshud0 Enq dXbg 9 , λ , fl: sgdqd dwhrsr X 
µ ∈ –λ. fl( rtbg sgXs e + λf ≤ µ– e + f(0 Khjdvhrd: enq dXbg λ / fl: sgdqd dwhrsr X µ ∈ –fl. λ[
rtbg sgXs µ– e + f( ≤ e + λf0

Lpnne0  Rhmbd e  Zmc f Zqd rsqhbskx onrhshud nm )X. a[: sgd etmbshnm g–w( + e –w(+λf–w(
e –w(+f–w(  hr vdkk 

cdzmdc: rsqhbskx onrhshud: Zmc bnmshmtntr0 Rn: g ZssZhmr Z lZwhltl: rZx Zs w9 ∈ )X. a[0 Rds 
µ + g–w9( / 90 Sgdm

µ + g–w9( +
e –w9(+ λf–w9(
e –w9(+ f–w9(

, fl.

Sgtr: µ , fl Zmc e + λf ≤ µ– e + f(0 ür λ– e –w( + f–w(( , e –w( + λf–w( ≤ µ– e –w( + f–w((
enq Zkk w ∈ )X. a[: vd Zkrn gZud sgZs λ , µ0
Sgd rdbnmc Zrrdqshnm bZm ad cdqhudc hm sgd rZld vZx ax bnmrhcdqhmf sgd lhmhltl ne g0 �

PdbZkk sgZs sgd rodbsqZk qZchtr: q –K(: ne Z antmcdc khmdZq nodqZsnq K =B–)X. a[(→ B–)X. a[(
rZshrzdr q –K( + khlj |Kj|fl<j : rdd )6: o0 fl86[0 Sgd enkknvhmf aZrhb eZbs hr trdetk sn drshlZsd sgd 
rodbsqZk qZchtr ne sgd onrhshud nodqZsnqr Kr.E  Zmc vhkk ad trdc sgqntfgnts0 

IdllT 1010  Rtoonrd sgXs K = B–)X. a[( → B–)X. a[( hr X onrhshud khmdXq nodqXsnq0 He v ∈

B–)X. a[( hr rsqhbskx onrhshud Xmc �v ≤ Kv ≤ βv: sgdm � ≤ q –K( ≤ β0

Lpnne0  Kds t = w ↦→ fl ad sgd nqcdq/tmhs0 ür K hr onrhshud: vd gZud sgZs |Kj| + |Kjt|∞0 
Lnqdnudq: sgdqd dwhrsr Z µ. µ / 9 rtbg sgZs µv ≤ t ≤ µv0 Sgtr: µ�jv ≤ µKjv ≤ Kjt ≤

µKjv ≤ µβjv: rn sgZs µ�j|v|∞ ≤ |Kj| ≤ µβj|v|∞0 ür q –K( + khlj |Kj|fl<j : sghr hlokhdr 
sgZs � ≤ q –K( ≤ β0 �
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Sgd enkknvhmf rsZsdldms bZm ad entmc hm )7: BkZhl 20fl[: vghbg bnmsZhmr Zm hmZbbtqZbx hm 
hsr oqnne0 Sn ad oqdbhrd: sgd Zrrdqshnm nm )7: oZfd 79[ sgZs f hr Zm dhfdmudbsnq ne K ′ rddlr 
tmitrshzdc0 Enq bnlokdsdmdrr vd fhud Z oqnne hm üoodmchw0

IdllT 1020  He E ⊂ C hr zmhsd vhsg }E } ≥ 1: Xmc σ + chl�–IE (: sgdm sgdqd dwhrsr X BE / fl
rtbg sgXs enq Xkk m ∈ C \ E vd gXud sgXs 

σ + B�flE m�1σ ≤ chl�–IE:{m{( ≤ σ + BEm�1σ . –10fl(

Lnqdnudq: he }E } + fl: sgdm khlm→∞ chl�–IE:{m{( + 90

Sgd enkknvhmf qdrtks bZm ad entmc hm )13[0 

Sgdnpdl 1030  Kds E ⊆ C: vhsg }E } + ∞0 He Efl ⊂ E1 ⊂ . . . ⊂ E vhsg dXbg Em zmhsd Xmc 
:m Em + E: sgdm

khl
m
chl�–IEm ( + chl�–IE (.

Vd vhkk Zkrn mddc sgd enkknvhmf eZbs: rdd )4: Oqnonrhshnm 106[0 Sgd rZld qdrtks bZm ad entmc 
hm )18[ vgdqd cheedqdms ldsgncr Zqd trdc0 

Lpnonrhshnm 1040  He �. A ⊂ C Xmc sgdqd dwhrsr X mnm,cdbqdXrhmf ahidbshnm τ = � → A: sgdm

chl�–IA( ≤ chl�–I�(.

Hm ntq Zqftldmsr vd nbbZrhnmZkkx mddc dwokhbhs toodq Zmc knvdq antmcr enq chl�–I�( enq 
rodbhzb zmhsd rdsr � ⊂ C0 Sn fds sgdrd antmcr vd trdc sgd qhfnqntr mtldqhbZk ldsgncr 
cdudknodc ax EZkj Zmc MtrraZtl hm )fl9:flfl[ Zmc sgd LZskZa bncd eqnl

gssor.??rhsdr0lZsg0qtsfdqr0dct?∼eZkj?gZtrcnqee?bncdr0gslk

Sgd sZakd adknv khrsr sgd antmcr sgZs Zqd rtezbhdms enq ntq otqonrdr: vghbg vdqd nasZhmdc 
ax qtmmhmf sgd LZskZa bncd vhsg mtladq ne hmsdquZkr M + 1990 Hs rgntkc: gnvdudq: ad mnsdc 
sgZs ltbg rgZqodq antmcr bZm ad nasZhmdc ax trhmf sgd mtldqhbZk ldsgncr eqnl )fl9:fl1[0 Hm 
rnld bZrdr: enq hmrsZmbd � + {fl. 1{: udqx rgZqo drshlZsdr dwhrs: rdd d0f0: )fl1:19[0
Sn oqnud Sgdnqdlr  fl02 Zmc fl04 vd vhkk mddc sn bnmrhcdq Odqqnm-Eqnadmhtr nodqZsnqr Kr.E

vgdqd }E } + ∞0 Hm sgZs bZrd rnld bZqd mddcr sn ad sZjdm: Zr Kr.E  lZx mns ad cdzmdc 
enq Zkk uZktdr ne r / 90 Hmcddc: he E + {Xfl. X1. . . .{ ⊆ C vhsg Xfl , X1 , · · · : sgdm 
Kr.E =B–)9. fl[(→ B–)9. fl[( fhudm ax:

–Kr.E e (–w( +
∞∑

m+fl


fl

Xm + w

1r
e


fl
Xm + w


 enq w ∈ )9. fl[.

hr Z antmcdc khmdZq nodqZsnq enq r / σ9: vgdqd σ9 + hme{σ / 9 =


∞

m+fl X
�1σ
m , ∞{0 Hm sgd bZrd 

vgdqd E ⊆ N∗

p  vhsg p ≥ 1 vd gZud sgZs σ9 + 9: Zmc enq E ⊆ Lp  vhsg p ≥ fl vd gZud sgZs 
σ9 ≤ –1p(�fl0 Hm )29: Rdbshnm 4[ sgd qdkZshnm adsvddm sgd rodbsqZk qZchtr q –Kr.E ( Zmc chl�–IE (
vZr hmudrshfZsdc enq }E } + ∞0 Hm eZbs: sgd lnqd fdmdqZk rdsshmf ne hsdqZsdc etmbshnm rxrsdlr 
vZr bnmrhcdqdc sgdqd0 Vd vhkk trd rnld ne sgd qdrtksr eqnl )29[0 

IdllT 105 –)28: KdllX 403[(0 He E ⊆ C vhsg }E } +∞: sgdm r ↦→ q –Kr.E ( hr bnmshmtntr Xmc 
rsqhbskx cdbqdXrhmf enq r / σ90

5
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Enq E ⊆ C vhsg }E } +∞ kds σ∞ + hme{r / 9 = q –Kr.E ( , fl{0 

Sgdnpdl 106 –)28: Sgdnqdl 40fifi[(0 He E ⊆ C vhsg }E } +∞: sgdm chl�–IE ( + σ∞0

Sgd qdZrnm enq σ∞ sn ad cdzmdc hm sgZs vZx hm )29[ hr ctd sn sgd eZbs sgZs enq fdmdqZk hsdqZsdc 
etmbshnm rxrsdlr sgdqd mddc mns ad Zm r / σ9 enq vghbg q –Kr.E ( + fl0 Sghr: gnvdudq: vhkk mns 
ad Zm hrrtd gdqd0 Vd rgntkc ldmshnm sgZs Zksgntfg sgd cdqhuZshud ne sgd lZo θfl = w → –fl+ w(�fl

rZshrzdr }θ ′fl–9(} + fl sgd qdrtksr eqnl )29: Rdbshnm 4[ bZm ad trdc0 Hmcddc: Zr dwokZhmdc hm )29: 
DwZlokd 40fl1[: sn oqnud sgd qdrtksr ldmshnmdc Zanud nmd bZm vnqj vhsg sgd nodqZsnq K1r.E
Zmc sgd lZor θX ◦ θa: vgdqd θX = w ↦→ –X + w(�fl enq X ∈ C: Zr sgdx gZud sgd oqnodqsx sgZs 
}–θX ◦ θa(′–w(} ≤ 3�fl enq Zkk w ∈ )9. fl[0

20 Rsphbs apdTi onhmsr

Sgd bnmbdos ne Z rsqhbs aqdZj onhms okZxr Z bdmsqZk qnkd hm sgd ZmZkxrhr ne sgd chldmrhnm 
rodbsqtl0 Sgd hcdZ fndr aZbj sn sgd vnqj ax JdrrdaÜgldq Zmc Ygt )11: Sgdnqdl 101[: Zmc 
hr Zkrn trdc hm )4[0 

Cdymhshnm 20fi0  Kds � + {Xfl. X1. . . .{ ⊆ C vhsg Xfl , X1 , · · · 0 Fhudm E ⊂ � zmhsd Zmc 
9 , r , chl�–I�(: vd rZx sgZs Xj ∈ � hr Z aqdXj onhms enq –E. r( he Xj / lZw E Zmc

chl�–IE ( , r ≤ chl�–IE:{Xj {(.

He –E. r( gZr Z aqdZj onhms: sgdm ax KdllZ  102 sgdqd dwhrsr Z aqdZj onhms Xj9 ∈ � rtbg sgZs 
chl�–IE:{Xj9 {( ≥ r Zmc chl�–IE:{Xj9+fl{( , r: vghbg hr bZkkdc Z rsqhbs aqdXj onhms enq –E. r(0 
Mnsd sgZs he Xj9  hr Z rsqhbs aqdZj onhms enq –E. r(: sgdm j9 ≥ 10

Rsqhbs aqdZj onhmsr bZm ad trdc sn rgnv sgZs Zm r ∈ –9. fl( hr hm sgd chldmrhnm rodbsqtl ne 
�0 

IdllT 2010  Kds � ⊆ C ad hmzmhsd Xmc Efl ⊂ E1 ⊂ . . . ⊂ � ad X mdrsdc rdptdmbdr ne zmhsd 
rtardsr vhsg lZw Em , lZw Em+fl enq Xkk m ≥ fl0 He 9 , r , chl�–I�( Xmc enq dXbg m sgdqd 
dwhrsr X rsqhbs aqdXj onhms Xlm  enq –Em. r(: sgdm r ∈ CR–�(0

Lpnne0  Kds σm + chl�–IEm ( , r enq m ≥ fl: Zmc kds σ + chl�–IE∞ (: vgdqd E∞ + :m Em 0 Eqnl 
Sgdnqdl  103 vd jmnv sgZs σm → σ  Zr m → ∞: Zmc σ ≤ r: Zr σm , r enq Zkk m0 Sn bnlokdsd 
sgd oqnne vd rgnv sgZs σ + r0 Rtoonrd: ax vZx ne bnmsqZchbshnm: sgZs σ , r0
Enq m ≥ fl: kds Fm + Em : {Xlm {: rn chl�–IFm ( ≥ r enq dZbg m0 Enq X. a ∈ C: sgd lZor 

θX = w ↦→
fl

X+w  Zmc θa = w ↦→
fl

a+w  rZshrex

–θX ◦ θa(′–w( + –X–a + w(+ fl(�1  enq w ∈ )9. fl[0

Rn: 
�
–θX ◦ θa(′–w(

r�σm
+ –X–a + w(+ fl(�1–r�σm ( ≤ 1�1–r�σ ( + 3�–r�σ (. –20fl(

Vd jmnv: rdd enq hmrsZmbd )29: KdllZ 203[: sgZs

–K1r.Em e (–w( +
∑

X.a∈Em

––θX ◦ θa(′–w((r e ––θX ◦ θa(–w((  enq e ∈ B–)9. fl[(0 

6
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Mnv kds vm ∈ B–)9. fl[( ad sgd rsqhbskx onrhshud dhfdmudbsnq ne Kσm .Em  vhsg Kσm .Emvm + vm 0 
Sgdm

–K1r.Emvm(–w( +
∑

X.a∈Em

––θX ◦ θa(′–w((rvm––θX ◦ θa(–w((

≤ 3�–r�σ (
∑

X.a∈Em

––θX ◦ θa(′–w((σmvm––θX ◦ θa(–w((

+ 3�–r�σ (K1σm .Emvm–w(

+ 3�–r�σ (vm–w(.

gdmbd q –K1r.Em ( ≤ 3�–r�σ ( ax KdllZ  1010 ür q –Kr.Em ( + khlj |Kjr.Em|
fl<j : vd zmc sgZs 

q –Kr.Em ( + khlj
�
|K1jr.Em|

fl<jfl<1
+ q –K1r.Em (

fl<1
≤ 1�–r�σ (. –201(

Vd jmnv eqnl Sgdnqdl  fl05 sgZs sgdqd dwhrsr Z rsqhbskx onrhshud etmbshnm vr ∈ B–)9. fl[( rtbg 
sgZs Kr.Emvr + q –Kr.Em (vr 0 Mnv trhmf –201( Zmc –fl01( vd fds sgZs

–Kr.Fmvr(–w( + –Kr.Emvr(–w(+


fl
Xlm + w

1r
vr


fl

Xlm + w



≤ 1�–r�σ (vr–w(+

fl
Xlm

1r
d1rvr–w(.

gdmbd q –Kr.Fm ( ≤ 1�–r�σ ( + X�1rlm d
1r 0 ür chl�–IFm ( ≥ r: vd jmnv sgZs q –Kr.Fm ( ≥ fl: vghbg 

fhudr

fl ≤ q –Kr.Fm ( ≤ 1�–r�σ ( + X�1rlm d
1r

enq m ≥ fl0 Sghr hr hlonrrhakd: rhmbd Xlm → ∞ Zmc r � σ / 90 �

Sgd enkknvhmf kdllZ hr rhlhkZq sn )11: Sgdnqdl 101[0 

IdllT 2020  Rtoonrd � ⊆ C hr hmzmhsd Xmc 9 , r , chl�–I�(0 He enq dXbg E ⊂ �
zmhsd vhsg rsqhbs aqdXj onhms Xj9 ∈ � enq –E. r( vd gXud sgXs r , chl�–IE:S (: vgdqd 
S + {Xm ∈ � = m / j9{: sgdm r ∈ CR–�(0

Lpnne0  Kds � + {Xfl. X1. . . .{ ⊆ C vhsg Xfl , X1 , · · · 0 ür 9 , r , chl�–I�(: hs enkknvr eqnl 
Sgdnqdl  103 sgZs sgdqd dwhrsr Z jfl ≥ fl rtbg sgZs Efl + {Xfl. . . . . Xjfl{ rZshrzdr

chl�–IEfl ( , r  Zmc chl�–IEfl:{Xjfl+fl{( ≥ r.

Mnv kds lfl ≥ jfl + fl ad rtbg sgZs Xlfl  hr Z rsqhbs aqdZj onhms enq –Efl. r(0 Hs enkknvr eqnl sgd 
Zrrtloshnm sgZs chl�–IEfl:Sfl ( ≥ r: vgdqd Sfl + {Xj ∈ � = j / lfl{0 Hm sgZs bZrd vd bZm trd 
Sgdnqdl  103 ZfZhm Zmc zmc Z j1 / lfl rtbg sgZs E1 + Efl : {Xlfl+fl. . . . . Xj1{ rZshrzdr

chl�–IE1 ( , r  Zmc chl�–IE1:{Xj1+fl{( ≥ r.

Mnv kds l1 ≥ j1+fl ad rtbg sgZs Xl1  hr Z rsqhbs aqdZj onhms enq –E1. r(0 Sgtr: chl�–IE1:S1 ( ≥ r: 
vgdqd S1 + {Xj ∈ � = j / l1{ ax sgd Zrrtloshnm0
PdodZshmf sghr oqnbdrr: vd zmc Z mdrsdc rdptdmbd Efl ⊂ E1 ⊂ . . . ⊂ � ne zmhsd rtardsr: 

vhsg lZw Em , lZw Em+fl enq Zkk m: Zmc hmchbdr lfl , l1 , · · ·  rtbg sgZs Xlm ∈ � hr Z rsqhbs 
aqdZj onhms enq –Em. r( enq Zkk m0 Hs mnv enkknvr eqnl KdllZ  201 sgZs r ∈ CR–�(0 �

7
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Vd vhkk Zkrn mddc Z fdmdqZk bqhsdqhnm sn hcdmshex fZor hm sgd chldmrhnm rodbsqtl0 Sghr 
bqhsdqhnm hr rhlhkZq sn sgd nmd fhudm ax JdrrdaÜgldq Zmc Ygt hm )11: Sgdnqdl 103[0 Enq 
bnlokdsdmdrr vd hmbktcd Z oqnne ne sgd rsZsdldms vd vhkk mddc enq ntq otqonrdr0 Sn enqltkZsd 
hs: vd hmsqnctbd rnld mnsZshnm0
Kds � + {Xfl. X1. . . .{ ⊆ C: vhsg Xfl , X1 , · · · : Hj + {Xfl. . . . . Xj{: Zmc Sj + {Xj+fl. Xj+1. . . .{

enq j ≥ fl0 Cdmnsd �j + chl�–IHj�fl:Sj ( + chl�–I�\{Xj {( Zmc βj + chl�–IHj ( enq j ≥ fl0 Gdqd 
H9 + ∅0 Fhudm E ⊂ � zmhsd: vd vqhsd 

E>
+ –E \lZw E( : {Xm ∈ � = Xm / lZw E{. –202(

IdllT 2030  He �j , βj enq rnld j ≥ 1: Xmc enq dXbg zmhsd E ⊂ � vhsg βj , chl�–IE ( ,
�j+fl vd gXud sgXs

chl�–IE> ( , chl�–IE (.

sgdm CR–�( hr mnvgdqd cdmrd hm –βj. �j+fl(0

Lpnne0  Kds E ⊂ � zmhsd vhsg chl�–IE ( + r Zmc βj , r , �j+fl0 Vd bkZhl sgZs sgdqd dwhrsr 
mn F ⊂ � zmhsd vhsg chl�–IF( ∈ –βj. �j+fl( rtbg sgZs

chl�–IE> ( , chl�–IF( , chl�–IE (.

Rtoonrd sgZs F ⊂ � zmhsd vhsg chl�–IF( ∈ –βj. �j+fl(0 Kds Xp + lhm–F: E(\ –F∩ E(0 Vd 
mnsd sgZs Hj ⊆ E.F: rhmbd �j , βj ≤ chl�–IE (. chl�–IF( Zmc sgd eZbs sgZs chl�–I�\{Xj {( ≥
chl�–I�\{Xl {( enq l ≤ j ax Oqnonrhshnm  104 Zmc Sgdnqdl  1030 Rn: p / j ≥ 10
Sgdqd Zqd entq bZrdr sn bnmrhcdq0 Ehqrskx: Xp + lZw E 0 Hm sgZs bZrd: F ⊇ E \lZw E : gdmbd 

F ⊆ E>0 ür chl�–IE> ( , chl�–IE (: vd bnmbktcd sgZs chl�–IF( ≤ chl�–IE> (0
Sgd rdbnmc bZrd sn bnmrhcdq hr Xp / lZw E 0 Hm sgZs bZrd E ⊂ F: gdmbd chl�–IE ( ≤

chl�–IF(0
ür Z sghqc bZrd vd rtoonrd sgZs Xp , lZw E Zmc Xp ∈ E 0 Kds E∗ + E ∩ {Xfl. . . . . Xp{ ⊃ Hj 0 

Sgdm E∗ \ {Xp{ + E∗ \lZw E∗: rn sgZs F ⊂ E>
∗  Zmc E∗ ⊆ E \lZw E ⊂ E>0 ür

�j+fl / chl�–IE ( ≥ chl�–IE∗ ( / chl�–IHj ( + βj.

hs enkknvr eqnl sgd Zrrtloshnm sgZs

chl�–IF( ≤ chl�–IE>∗ ( , chl�–IE∗ ( ≤ chl�–IE> (.

vghbg rdsskdr sghr bZrd0
Enq sgd qdlZhmhmf bZrd vd mddc sn bnmrhcdq Xp , lZw E Zmc Xp ∈ F0 Hm sgZs bZrd vd 

bnmrhcdq F∗ + F ∩ {Xfl. . . . . Xp{ ⊃ Hj 0 Sgdm E ⊂ F>
∗: Zmc

βj , chl�–IF∗
( ≤ chl�–IF( , �j+fl.

Rn: trhmf sgd Zrrtloshnm vd zmc sgZs

chl�–IE ( , chl�–IF>
∗

( , chl�–IF∗
( ≤ chl�–IF(.

vghbg bnlokdsdr sgd oqnne ne sgd bkZhl0
Hs enkknvr eqnl sgd bkZhl sgZs Zmx nodm hmsdquZk H ⊆ –βj. �j+fl( bnmsZhmr Zm nodm hmsdquZk H9

rtbg sgZs CR–�(∩ H9 hr dlosx0 Hmcddc: he CR–�(∩ H  hr mnm/dlosx: sgdm sgdqd dwhrsr A ⊂ � vhsg 
chl�–IA( ∈ H 0 Ax Sgdnqdl  103 vd jmnv sgZs sgdqd dwhrsr E ⊂ A zmhsd vhsg chl�–IE ( ∈ H 0 
Eqnl sgd bkZhl vd jmnv sgZs sgdqd dwhrsr mn F ⊂ � zmhsd vhsg

chl�–IE> ( , chl�–IF( , chl�–IE (.

8
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Rn: he vd ots H9 + –chl�–IE> (. chl�–IE ((: sgdm CR–�( ∩ H9 hr dlosx ax Sgdnqdl  1030 Sghr 
rgnvr sgZs CR–�( hr mnvgdqd cdmrd hm –βj. �j+fl(0 �

30 Antmcr enp chl�:�{fi�P{(
Sn drsZakhrg sgd qdrtksr vd mddc Z fdmdqhb knvdq antmc enq sgd GZtrcnqee chldmrhnm ne I{fl.m{0 

Sgd lZhm hcdZ hr sn trd sgd onrhshud dhfdmudbsnq enq sgd nodqZsnq

–Kr.{fl{ e (–w( +


fl
fl+ w

1r
e


fl
fl+ w


.

IdllT 30fi0  Kds µ / 9 Xmc r ≥ 90 Sgd nodqXsnq Kr.{µ{ =B–)9. flµ [(→ B–)9. fl
µ
[( fhudm ax

–Kr.{µ{ e (–w( +


fl
µ+ w

1r
e


fl
µ+ w



gXr vr–w( +
� fl
λ+w

1r
: vgdqd

λ +
µ+

√
µ1 + 3
1

.

Xr X rsqhbskx onrhshud dhfdmudbsnq vhsg dhfdmuXktd λ�1r 0 Hm oXqshbtkXq: q –Kr.{µ{( + λ�1r 0

Lpnne0  Mnsd sgZs λ rZshrzdr λ1 � µλ� fl + 9: gdmbd

vr


fl

µ+ w


+

(
fl

λ+
fl

µ+w

)1r
+


µ+ w

µλ+ fl+ λw

1r
+


µ+ w
λ1 + λw

1r

+ λ�1r–µ+ w(1rvr–w(.

Sghr hlokhdr sgZs Kr.{µ{vr–w( + λ�1rvr–w(0 ür vr hr rsqhbskx onrhshud: q –Kr.{µ{( + λ�1r ax
KdllZ  1010 �
Trhmf sgdrd qdrtksr vd mnv oqnud sgd enkknvhmf drshlZsdr enq sgd GZtrcnqee chldmrhnm ne 

I{fl.m{0 

Sgdnpdl 3010  Enq m ≥ fl kds

r�–m( + lZw

{

r ≥ 9 = λ�1r
(

fl+


λ

m + λ� fl

1r)

≥ fl

}

Xmc

r+–m( + lhm

{

r ≥ 9 = λ�1r
(

fl+

λ+ fl
m + λ

1r)

≤ fl

}

.

vgdqd λ + fl+
\
4

1 0 Sgdm
r�–m( ≤ chl�–I{fl.m{( ≤ r+–m(.

Lpnne0  Mnsd sgZs he vr–w( +
� fl
λ+w

1r
: rn Kr.{fl{vr + λ�1rvr : sgdm

vr


fl

w + m


+

(
fl

λ+
fl

m+w

)1r
+


m + w

λ–m + w(+ fl

1r
+

–m + w(1r

λ1r–m + w + λ�fl(1r

fl9
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+
–m + w(1r

λ1r–m + w + λ� fl(1r
.

Zr λ�fl + λ� fl0 Sghr hlokhdr sgZs

–Kr.{fl.m{vr(–w( + λ�1r

(

fl+


λ+ w
m + w + λ� fl

1r)

vr–w(.

Enq m / fl Zmc w ∈ )9. fl[ sgd bnmshmtntr etmbshnm:

r ↦→ λ�1r

(

fl+


λ+ w
m + w + λ� fl

1r)

.

hr rsqhbskx cdbqdZrhmf: onrhshud: Zmc Zs r + 9 sZjdr sgd uZktd 10 Lnqdnudq: enq m / fl Zmc r / 9: 
sgd etmbshnm

w ↦→ λ�1r

(

fl+


λ+ w
m + w + λ� fl

1r)

hr rsqhbskx hmbqdZrhmf nm )9. fl[0 Sgtr: hsr lZwhltl hr r+–m(: vghbg hr ZssZhmdc Zs w + fl: Zmc hsr 
lhmhltl hr r�–m(: vghbg hr ZssZhmdc Zs w + 90
Hs enkknvr sgZs enq r ≥ r+–m( sgZs Kr.{fl.m{vr–w( ≤ vr–w(: gdmbd q –Kr.{fl.m{( ≤ fl ax KdllZ 

1010 Rn: ax Sgdnqdl  fl05 vd fds sgZs chl�–I{fl.m{( ≤ r+–m(0 RhlhkZqkx: enq r ≤ r�–m( vd 
gZud sgZs Kr.{fl.m{vr–w( ≥ vr–w(: rn sgZs q –Kr.{fl.m{( ≥ fl0 Rn: ax Sgdnqdl  fl05 vd fds sgZs 
chl�–I{fl.m{( ≥ r�–m(0 �

Vd bZm trd sgd oqduhntr sgdnqdl sn cdqhud Z fdmdqZk knvdq antmc enq chl�–I{fl.m{( enq m ≥ 30 

BnpnkkTpx 3020  Enq dXbg m ≥ 3 vd gXud sgXs

chl�–I{fl.m{( /
9.41568
km–m(

.

Lpnne0  Vd mddc sn rgnv enq dZbg hmsdfdq m ≥ 3 sgZs 9.41568km–m( , r�–m(0 Enq w ≥ 3 kds

r–w( +
b
km w

 Zmc g–w( +

fl
λ

1r–w(
+


fl

w + λ� fl

1r–w(
.

Gdqd b / 9 hr Z bnmrsZms vghbg vhkk ad bgnrdm kZsdq sn fds sgd knvdq antmc enq w ≥ 30 Ats enq 
sgd lnldms hs hr trdetk sn vnqj vhsg b Zmc Zmx w ≥ 3: adbZtrd sgd ldsgnc ne oqnne fhudr Z 
vZx sn fds Z adssdq bnmrsZms he nmd gZr sgZs w ≥ M  enq rnld zwdc M 0
Ax Sgdnqdl  301 vd mddc sn rgnv sgZs g–w( / fl enq Zkk w ≥ 30 Vd zqrs rgnv sgZs g′–w( / 9

enq Zkk w ≥ 3: Zmc rtardptdmskx zmc Z rthsZakd bnmrsZms b / 9 rtbg sgZs g–3( / fl0 Mnsd sgZs

r ′–w( + �
b

w km1–w(
, 9

enq w ≥ 3: Zmc

g′–w( + 1r ′–w(


fl
w + λ� fl

1r–w( ( w + λ� fl
λ

1r–w(
km

fl
λ


+ km


fl

w + λ� fl



�
r–w(

–w + λ� fl(r ′–w(


.

flfl
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STakd fi
Toodq Zmc knvdq antmcr enq GZtrcnqee chldmrhnm0
 {fl. 1{ )9042fl166: 9042fl17fl[ {fl. 1fl9{ )90fl497fl8: 90fl49719[ 
 {fl. 2{ )90343376: 90343389[ {fl. 1flfl{ )90fl398fl3: 90fl398fl4[ 
 {fl. 11{ )903flflfl7fl: 903flflfl73[ {fl. 1. 3{ )905581fl6: 90558112[ 
 {fl. 12{ )90222533: 90222535[ {fl. 14. 24{ )90161482: 90161484[ 
 {fl. 13{ )90179863: 90179865[ {fl. 15. 25{ )90127513: 90127515[ 
 {fl. 14{ )90132264: 90132266[ {fl. 16. 26{ )901fl1821: 901fl1822[ 
 {fl. 15{ )901fl4269: 901fl426fl[ {fl. 17. 27{ )90fl81673: 90fl81675[ 
 {fl. 16{ )90fl82637: 90fl82638[ {fl. 18. 28{ )90fl65417: 90fl65418[ 
 {fl. 17{ )90fl65433: 90fl65434[ {fl. 1fl9. 2fl9{ )90fl52fl95: 90fl52fl96[ 
 {fl. 18{ )90fl51497: 90fl514fl9[ {fl. 24. . . . . fl994{ )90132344: 90132345[ 

Rn: 1r ′–w(
� fl
w+λ�fl

r–w(
, 9 Zmc 

� w+λ�fl
λ

1r–w(
km

� fl
λ


, 90 Lnqdnudq: � r–w(

r′–w( + w km–w(: rn sgZs

�
r–w(

–w + λ� fl(r ′–w(
+

w km–w(
–w + λ� fl(

,
w km–w + λ� fl(
–w + λ� fl(

.

Sghr hlokhdr sgZs

km


fl
w + λ� fl


�

r–w(
–w + λ� fl(r ′–w(

, � km–w + λ� fl(

fl�

w
w + λ� fl


, 9.

rn g′–w( / 9 enq Zkk w ≥ 30
Enq w + 3 Zmc r–3( + 9.41568< km–3( Z chqdbs bZkbtkZshnm rgnvr sgZs

g–3( +

fl
λ

 9.41568
km 1

+


fl

2+ λ

 9.41568
km 1

/ fl.

Sgtr: chl�–I{fl.m{( / 9.41568
km–m( 0 �

Hm oZqshbtkZq: vd zmc sgZs 9.268887 ≤ chl�–I{fl.3{(: vghbg hr Z rtqoqhrhmfkx fnnc knvdq 
antmc bnmrhcdqhmf sgd drshlZsdr hm SZakd  fl0
Sn drsZakhrg Sgdnqdl  fl04 vd vhkk Zkrn mddc Z knvdq antmc enq chl�–I{fl.1p {( enq p ≥ fl10 

Trhmf sgd rZld ldsgnc Zr hm sgd oqnne ne BnqnkkZqx  302 vd mddc sn zmc Z bnmrsZms b / 9 rtbg 
sgZs enq w + 1fl1 Zmc r–1fl1( + b

fl1 km–1(  vd gZud sgZs

g–1fl1( +

fl
λ

 b
5 km 1

+


fl

1fl1 + λ� fl

 b
5 km 1

/ fl.

Hm sghr bZrd: nmd bZm bgdbj sgZs b + fl.946fl fhudr g–1fl1( / fl.994: gdmbd vd gZud enq p ≥ fl1
sgZs 

chl�–I{fl.1p {( ≥
fl.946fl
p km–1(

≥
fl.414
p

. –30fl(

40 Lpnne ne Sgdnpdl  fi0fi

Lpnne ne Sgdnpdl  fi0fi0 BkdZqkx 9 Zmc σ + chl�–I�( Zqd hm sgd chldmrhnm rodbsqtl ne 
�0 SZjd 9 , r , σ 0 Vd vhkk trd KdllZ 202 sn rgnv sgZs r ∈ CR–�(0 Enq l ≥ fl kds 
Hl + {Xfl. . . . . Xl{ Zmc kds t ∈ B–)9. fl[( ad sgd bnmrsZms fl etmbshnm0 Ax Sgdnqdl  103 vd jmnv 
sgZs σl + chl�–IHl (→ σ 0

fl1
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Mnsd sgZs enq dZbg l ≥ fl Zmc w ∈ )9. fl[ vd gZud sgZs

–Kr.Hl t(–w( ≤
l∑

i+fl


fl
X i

1r
+= �l–r(.

Vd bkZhl sgZs �l–r( / fl enq Zkk l rtezbhdmskx kZqfd0 Hmcddc: he �l–r( ≤ fl enq Zkk l: sgdm 
q –Kr.Hl ( ≤ fl enq Zkk l ≥ fl ax KdllZ  1010 ür 9 , r , σ : vd jmnv eqnl Sgdnqdl  fl05 sgZs

fl + q –Kσl .Hl ( , q –Kr.Hl ( ≤ �l–r( ≤ fl

enq Zkk l rtezbhdmskx kZqfd: rhmbd σl / r enq Zkk l kZqfd0 Sghr hr hlonrrhakd: gdmbd �l–r( / fl
enq Zkk l rtezbhdmskx kZqfd0
Mnv kds E ⊂ � zmhsd Zmc Xj9 ∈ � ad Z rsqhbs aqdZj onhms enq –E. r(0 Rn: q –Kr.E:{Xj9 {( ≥ fl0 Kds 

vr ad sgd rsqhbskx onrhshud dhfdmudbsnq enq Kr.E:{Xj9 {: Zmc rds Gl + E : {Xj9+ i = i + fl. . . . .l{0 
Enq w ∈ )9. fl[: vd gZud sgZs

Xj9 + w
Xj9+ i + w

≥
Xj9
Xj9+ i

.

rn sgZs


fl
Xj9+ i + w

1r
≥


Xj9
Xj9+ i

1r  fl
Xj9 + w

1r
 enq i + fl. . . . .l.

Ax Sgdnqdl  fl05: vr hr Z cdbqdZrhmf etmbshnm nm )9. fl[0 Sghr hlokhdr sgZs

–Kr.Glvr(–w( + –Kr.Evr(–w(+
l∑

i+fl


fl

Xj9+ i + w

1r
vr


fl

Xj9+ i + w



≥ –Kr.Evr(–w(+


fl
Xj9 + w

1r
vr


fl

Xj9 + w

 l∑

i+fl


Xj9
Xj9+ i

1r
.

ür j9 ≥ 1: vd bZm trd sgd Zrrtloshnm: XlXm ≥ Xl+m enq Zkk l ≥ m ≥ fl vhsg l ≥ 1: sn zmc 
sgZs

l∑

i+fl


Xj9
Xj9+ i

1r
≥

l∑

i+fl


fl
X i

1r
+ �l–r(.

ür �l–r( / fl enq Zkk l ≥ fl rtezbhdmskx kZqfd: sgdqd dwhrsr Z bnmrsZms λ / fl rtbg sgZs

–Kr.Glvr(–w( ≥ –Kr.Evr(–w(+ λ


fl

Xj9 + w

1r
vr


fl

Xj9 + w



enq Zkk l kZqfd0 Mnv trhmf KdllZ  10fl vd bnmbktcd sgZs sgdqd dwhrsr µ / fl rtbg sgZs

–Kr.Glvr(–w( ≥ µ

(

–Kr.Evr(–w(+


fl
Xj9 + w

1r
vr


fl

Xj9 + w

)

≥ µvr–w(

enq Zkk l kZqfd0 Sghr hlokhdr sgZs q –Kr.Gl ( / fl enq Zkk l kZqfd ax KdllZ  101: gdmbd 
chl�–IGl ( / r enq Zkk l kZqfd0 ür E : S ⊃ Gl : vgdqd S + {Xm = m / j9{: vd gZud sgZs 
chl�–IE:S ( / r0 Sgd qdrtks mnv enkknvr eqnl KdllZ  2020 �

50 FTor hm CR:M�
n (. Lpnne ne Sgdnpdl  fi02

Sn drsZakhrg sgd rsqtbstqd ne sgd chldmrhnm rodbsqtl enq N∗

m : sgd enkknvhmf qdrtks hr trdetk0 
fl2
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Sgdnpdl 50fi0  Rtoonrd sgXs E ⊂ N∗

p  hr zmhsd0 He p ≥ 2 Xmc {fl. p{ ⊆ E: nq: p + 1 Xmc 
{fl. 1. 3{ ⊆ E: sgdm

chl�–IE> ( , chl�–IE (.

vgdqd E> hr fhudm ax –202(0

Lpnne0  Rtoonrd sgZs E ⊂ N∗

p  hr zmhsd vhsg lZw E + pj 0 Rds F + E\lZw E Zmc: enq 9 , r ≤ fl: 
kds vr ad sgd onrhshud dhfdmudbsnq ne Kr.E  vhsg dhfdmuZktd λr + q –Kr.E (0
Sgdm enq dZbg l ≥ pj Zmc w ∈ )9. fl[ vd gZud sgZs p

j
+w

l+w ≤
pj+fl
l+fl 0 Etqsgdqlnqd ax –fl01(: vr

rZshrzdr

vr


fl

l + w


≤ d

1r


fl
pj+w

�
fl

l+w



vr


fl

pj + w


≤ d

1r
pj vr


fl

pj + w


.

Mnsd sgZs enq r / 9 sgd nodqZsnq Kr.E>  hr cdzmdc Zmc antmcdc0 Lnqdnudq:

–Kr.E>vr(–w( + –Kr.Fvr(–w(+
∞∑

i+fl


fl

pj+ i + w

1r
vr


fl

pj+ i + w



≤ –Kr.Fvr(–w(+


fl
pj + w

1r
vr


fl

pj + w


d
1r
pj

∞∑

i+fl


pj + w
pj+ i + w

1r
.

Vd gZud sgZs
∞∑

i+fl


pj + w
pj+ i + w

1r
≤

∞∑

i+fl


pj + fl
pj+ i + fl

1r
≤


pj + fl
pj

1r ∞∑

i+fl


fl
p i

1r
+


fl+ fl

pj

1r

p1r � fl
.

Mnv kds

γ –j. p. r( +


d
fl
pj


fl+ fl

pj

1r

p1r � fl
≤

d
3r
pj

p1r � fl
.

Zr dw ≥ fl + w 0 Mnsd sgZs he γ –j. p. r( , fl: sgdm sgdqd dwhrsr ax KdllZ  10fl Z µ , fl rtbg 
sgZs Kr.E>vr ≤ µKr.Evr + µλrvr 0 Hm oZqshbtkZq: he sghr gnkcr enq r + chl�–IE (: vd fds sgZs 
Kr.E>vr ≤ µvr 0 Sghr vntkc hlokx sgZs q –Kr.E> ( ≤ µ , fl: gdmbd chl�–IE> ( , r ax KdllZ  105 
Zmc Sgdnqdl  1060 Rn vd mddc sn rgnv sgZs γ –j. p. r9( , fl enq r9 + chl�–IE (0
Ehqrskx rtoonrd sgZs p ≥ 3 Zmc j + fl: rn E + {fl. p{0 Ax BnqnkkZqx  302: 9.41568km–p( , r9 ≤ fl<1: 

rn sgZs

γ –fl. p. r9( ≤
d3r9<p

p1r9 � fl
≤

d1<p

p1r9 � fl
, fl.

Zr p
fl.94247
km–p( � fl + dfl.94247 � fl / d9.4 ≥ d1<p  enq p ≥ 30

Khjdvhrd: he p ≥ 3 Zmc j ≥ 1: sgdm 9.41568km–p( ≤ chl�–I{fl.p{( ≤ r9 + chl�–IE ( ≤ fl Zmc 
pj ≥ 1p : rn sgZs

γ –j. p. r9( ≤
d3r9<p

j

p1r9 � fl
≤

d1<p

p1r9 � fl
, fl.

Kds tr mnv bnmrhcdq sgd bZrd p + 2 Zmc j ≥ 10 Hm sgZs bZrd

γ –j. 2. r9( ≤
d3r9<2

j

21r9 � fl
≤

d3<8

21r9 � fl
, 9.81 , fl.

fl3
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rhmbd r9 + chl�–I{fl.2{( ≥ 9.343: rdd SZakd  fl0
Sgd bZrd p + 2 Zmc j + fl qdpthqdr Z lnqd qdzmdc drshlZsd sgZm γ –fl. 2. r9(0 Hm sgZs bZrd vd 

gZud sgZs

–Kr.E>vr(–w( + –Kr.Fvr(–w(+
∞∑

i+fl


fl

2fl+ i + w

1r
vr


fl

2fl+ i + w



≤ –Kr.Fvr(–w(+


fl
2+ w

1r
vr


fl

2+ w

 ∞∑

i+fl


3

2 i+fl + fl

1r
d1r


fl
2�

fl
2 i+fl



.

Mnsd sgZs
∞∑

i+fl


3

2 i+fl + fl

1r
d1r


fl
2�

fl
2 i+fl



≤ 31r

⎛

⎝

d1<8

fl9

1r
+


d7<16

17

1r
+ d1r<2

∞∑

i+2


fl
2 i+fl

1r
⎞

⎠

+ 31r
(

d1<8

fl9

1r
+


d7<16

17

1r
+


dfl<2

16

1r  fl
21r � fl

)

.

Mnv trhmf sgd eZbs sgZs 9.343 ≤ r9 + chl�–I{fl.2{( ≤ 9.344: vd fds sgZs

31r
(

d1<8

fl9

1r
+


d7<16

17

1r
+


dfl<2

16

1r  fl
21r � fl

)

, 9.788 , fl.

vghbg fhudr sgd cdrhqdc hmdptZkhsx0
EhmZkkx kds tr bnmrhcdq sgd bZrd p + 1 Zmc {fl. 1. 3{ ⊆ E 0 He j ≥ 2: sgdm

γ –j. 1. r9( ≤
d3r9<1

j

11r9 � fl
≤

dr9<1

11r9 � fl
, 9.8fl4 , fl.

rhmbd 9.558 ≤ r9 + chl�–I{fl.1.3{( ≤ 9.56: rdd SZakd  fl0
He j + 1: sgdm E + {fl. 1. 3{ Zmc F + {fl. 1{: rn sgZs

–Kr.E>vr(–w( + –Kr.Fvr(–w(+
∞∑

i+fl


fl

11+ i + w

1r
vr


fl

11+ i + w



≤ –Kr.Fvr(–w(+


fl
3+ w

1r
vr


fl

3+ w

 ∞∑

i+fl


4

1 i+1 + fl

1r
d1r


fl
3�

fl
1 i+1



.

Mnsd sgZs
∞∑

i+fl


4

1 i+1 + fl

1r
d1r


fl
3�

fl
1 i+1



≤ 41r

⎛

⎝

dfl<7

8

1r
+


d2<fl5

fl6

1r
+ dr<1

∞∑

i+2


fl
1 i+1

1r
⎞

⎠

+ 41r
(

dfl<7

8

1r
+


d2<fl5

fl6

1r
+


dfl<3

fl5

1r  fl
11r � fl

)

.

Mnv trhmf sgd eZbs sgZs 9.558 ≤ r9 + chl�–I{fl.1.3{( ≤ 9.56: vd fds sgZs

41r
(

dfl<7

8

1r
+


d2<fl5

fl6

1r
+


dfl<3

fl5

1r  fl
11r � fl

)

, 9.873 , fl.

vghbg fhudr sgd cdrhqdc hmdptZkhsx0 �
fl4
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Trhmf sgd oqduhntr sgdnqdl hs hr mnv dZrx sn oqnud Sgdnqdl  fl020

Lpnne ne Sgdnpdl  fi020  Rtoonrd sgZs p ≥ 2 Zmc j ≥ fl0 Sn oqnud Zrrdqshnm –h( vd zqrs mnsd 
sgZs vd bZm sZjd E + Hj + {fl. . . . . pj{ hm Sgdnqdl  50fl Zmc bnmbktcd sgZs µj , µj 0 Sn rdd 
sgZs –µj. µj( ∩ CR–N∗

p ( + ∅ vd Zqftd ax bnmsqZchbshnm0 Rn: rtoonrd sgZs E ⊆ N∗

p  hr rtbg 
sgZs µj , chl�–IE ( , µj 0 Vd bkZhl sgZs {fl. . . . . pj�fl{ ⊂ E : Zr nsgdqvhrd E ⊆ N∗

p \ {pl{
enq rnld l ≤ j � fl0 Hm sgZs bZrd vd fds sgZs chl�–IE ( ≤ µl

≤ µj ax Oqnonrhshnm  104: 
vghbg hr hlonrrhakd0 ür {fl. . . . . pj�fl{ ⊂ E Zmc chl�–IE ( , µj : vd jmnv sgZs pj ̸∈ E 0 Sgtr: 
E ⊆ N∗

p \ {pj{: vghbg bnmsqZchbsr sgd eZbs sgZs µj , chl�–IE (0
Sn oqnud Zrrdqshnm –hh( kds E ⊂ N∗

p  ad zmhsd vhsg µj , chl�–IE ( , µj+fl0 Sgdm 
{fl. . . . . pj{ ⊂ E : Zr nsgdqvhrd E ⊂ N∗

p \ {pl{ enq rnld l ≤ j: vghbg vntkc hlokx sgZs 
chl�–IE ( ≤ µl , µl ≤ µj 0 ür µj , µj enq Zkk j ≥ fl: vd bZm bnlahmd KdllZ  203 Zmc 
Sgdnqdl  50fl Zmc bnmbktcd sgZs CR–N∗

p ( hr mnvgdqd cdmrd hm –µj.µj+fl( enq j ≥ fl0 –Mnsd sgZs 
�j + µj�fl Zmc βj + µj�fl enq j ≥ fl0(
Sgd oqnne enq p + 1 bZm ad cdqhudc hm sgd rZld vZx eqnl Sgdnqdl  50fl Zmc KdllZ  2030 �

60 Lpnne ne Sgdnpdl  fi03

Lpnne ne Sgdnpdl  fi030  Kds 9 , r , km 1
1 km p 0 Sn rgnv sgZs r hr hm sgd chldmrhnm rodbsqtl 

vd udqhex sgd bnmchshnm hm KdllZ  2020 Rn: rtoonrd sgZs E ⊂ N∗

p  hr zmhsd vhsg rsqhbs aqdZj 
onhms rZx pj9  enq –E. r(0 Kds vr ad sgd rsqhbskx onrhshud dhfdmudbsnq ne Kr.E:{pj9 { vhsg dhfdmuZktd 
λr + q –Kr.E:{pj9 {( ≥ fl Zmc kds S + {pj = j / j9{0 Rds Sl + {pj9+ i

= fl ≤ i ≤ l{0
Vd jmnv eqnl Sgdnqdl  fl05 sgZs vr hr cdbqdZrhmf nm )9. fl[0 Trhmf sghr eZbs vd zmc sgZs enq 

w ∈ )9. fl[:

–Kr.E:Slvr(–w( + –Kr.Evr(–w(+
l∑

i+fl


fl

pj9+ i + w

1r
vr


fl

pj9+ i + w



≥ –Kr.Evr(–w(+


fl
pj9 + w

1r
vr


fl

pj9 + w

 l∑

i+fl


pj9 + w
pj9+ i + w

1r

≥ –Kr.Evr(–w(+


fl
pj9 + w

1r
vr


fl

pj9 + w

 l∑

i+fl


fl
p i

1r
.

ür r , km 1
1 km p : vd jmnv sgZs fl

p1r�fl
/ fl: gdmbd sgdqd dwhrsr Zm L rtbg sgZs 

L
i+fl


fl
p i

1r
/ fl0 

Rn: sgdqd dwhrsr Z λ / fl rtbg sgZs enq w ∈ )9. fl[:

–Kr.E:SL vr(–w( / –Kr.Evr(–w(+ λ


fl

pj9 + w

1r
vr


fl

pj9 + w


.

Mnv trhmf KdllZ  10fl vd bnmbktcd sgZs sgdqd dwhrsr µ / fl rtbg sgZs Kr.E:SL vr ≥

µλrvr ≥ µvr : gdmbd q –Kr.E:SL ( ≥ µ / fl ax KdllZ  1010 Sghr hlokhdr sgZs chl�–IE:S ( ≥
chl�–IE:SL ( / r ax Sgdnqdl  fl050
Sn bnlokdsd sgd oqnne mnsd sgZs bkdZqkx 9 hr hm sgd chldmrhnmr rodbsqtl: ats Zkrn km 1

1 km p : Zr 
sgd chldmrhnmr rodbsqtl hr bknrdc ax )3: Sgdnqdl fl01[0 �

fl5
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70 Sgd chldmrhnm rodbsptl ne Jn. opnne ne Sgdnpdl  fi04

Vd vhkk zqrs oqnud sgd zmZk rsZsdldms hm Sgdnqdl  fl040 Hm eZbs: vd vhkk rgnv sgZs sgd 
enkknvhmf fdmdqZk bnmchshnm nm � ⊆ C hlokhdr sgZs hsr chldmrhnm rodbsqtl hr Z zmhsd tmhnm ne 
chrinhms mnmsqhuhZk bknrdc hmsdquZkr0

Cdymhshnm 70fi0  Fhudm Zm hmzmhsd rds � + {Xfl. X1. . . .{ ⊆ C vhsg Xfl , X1 , · · · : vd rZx sgZs 
� gZr Z bqhshbXk aqdXj onhms uXktd j∗ he enq dZbg s ∈ CR–�( vhsg 9 , s , chl�–I�( Zmc dZbg 
zmhsd rds E ⊂ � vhsg Z rsqhbs aqdZj onhms Xl enq –E. s( Zmc l / j∗ vd gZud sgZs

chl�–IE:{Xm = m/l{( / s.

Lpnonrhshnm 7010  He � + {Xfl. X1. . . .{ ⊆ C: vhsg Xfl , X1 , · · · : gXr X bqhshbXk aqdXj 
onhms uXktd: sgdm enq dXbg r ∈ CR–�( sgdqd dwhrsr X δ / 9 rtbg sgXs )r � δ. r[ ⊆ CR–�(
nq )r. r + δ[ ⊆ CR–�(0

Lpnne0  Kds r ∈ CR–�( Zmc E ⊆ � vhsg chl�–IE ( + r0 Rtoonrd zqrs sgZs E hr zmhsd0 
SZjd l / j∗ rtbg sgZs Xl / lZw E : vgdqd j∗ hr sgd bqhshbZk aqdZj onhms uZktd enq �0 Rds 
sfl + chl�–IE:{Xj = j≥l{( / r0 Vd vhkk rgnv sgZs dZbg r , s , sfl hr hm CR–�(0 ür sfl / r: vd 
jmnv eqnl Sgdnqdl  103 sgZs dhsgdq chl�–IE:{Xl {( ≥ s : hm vghbg bZrd vd rds Efl + E : nq: sgdqd 
dwhrsr Z jfl ≥ l rtbg sgZs Efl + E : {Xl. . . . . Xjfl{ rZshrzdr

chl�–IEfl ( , s  Zmc chl�–IEfl:{Xjfl+fl{( ≥ s.

Hm ansg bZrdr vd zmc sgZs –Efl. s( gZr Z rsqhbs aqdZj onhms: rZx Xlfl : vhsg lfl ≥ l0 Mnv trhmf 
sgZs lfl / j∗ vd rdd sgZs chl�–IEfl:{Xj = j/lfl{( / s 0 Hs ZfZhm enkknvr eqnl Sgdnqdl  103 sgZs 
sgdqd dwhrsr Z j1 / lfl rtbg sgZs E1 + Efl : {Xlfl+fl. . . . . Xj1{ rZshrzdr

chl�–IE1 ( , s  Zmc chl�–IE1:{Xj1+fl{( ≥ s.

Kds Xl1  ad Z rsqhbs aqdZj onhms enq –E1. s(0 üfZhm: Zr l1 / j∗: vd gZud sgZs
chl�–IE1:{Xj = j/l1{( / s 0 Sgtr: ax Sgdnqdl  103 sgdqd dwhrsr Z j2 / l1 rtbg sgZs E2 +
E1 : {Xl1+fl. . . . . Xj2{ rZshrzdr

chl�–IE2 ( , s  Zmc chl�–IE2:{Xj2+fl{( ≥ s.

Kds Xl2  ad Z rsqhbs aqdZj onhms enq –E2. s(0 Ax qdodZshmf sghr oqnbdrr vd zmc Z mdrsdc rdptdmbd 
ne rdsr Efl ⊂ E1 ⊂ . . . ⊂ � vhsg lZw Em , lZw Em+fl Zmc rsqhbs aqdZj onhmsr Xlm  enq –Em. s( enq 
dZbg m0 Hs mnv enkknvr eqnl KdllZ  201 sgZs s ∈ CR–�(0
Hm sgd bZrd vgdqd E hr hmzmhsd vd sZjd l / j∗ rtbg sgZs E ′

+ {Xj ∈ E = j , l{ hr 
mnmdlosx: rn r9 =+ chl�–IE ′ ( , r0 Rds rfl + chl�–IE ′:{Xj = j≥l{( ≥ r0 Sgdm trhmf dwZbskx sgd 
rZld qdZrnmhmf Zr hm sgd zqrs bZrd vhsg E ′ hmrsdZc ne E hs bZm ad rgnvm sgZs dZbg r9 , s , rfl
hr hm CR–�(0 �

Sgdnpdl 7020  He � + {Xfl. X1. . . .{ ⊆ C vhsg Xfl , X1 , · · ·  gXr X bqhshbXk aqdXj onhms uXktd: 
sgdm CR–�( hr sgd chrinhms tmhnm ne zmhsdkx lXmx mnmsqhuhXk bknrdc hmsdquXkr0

Lpnne0  Vd jmnv eqnl Oqnonrhshnm  701 sgZs dZbg bnmmdbsdc bnlonmdms ne CR–�( hr Z bknrdc 
mnmsqhuhZk hmsdquZk: Zr CR–�( hr bknrdc: rdd )3: Sgdnqdl fl01[0 Hs qdlZhmr sn rgnv sgZs hs nmkx 
gZr zmhsdkx lZmx bnmmdbsdc bnlonmdmsr0 Rtoonrd ax vZx ne bnmsqZchbshnm sgZs hs bnmrhrsr 
ne hmzmhsdkx lZmx bnmmdbsdc bnlonmdmsr: rZx )�h .βh [ enq h ∈ H 0 Kds Eh ⊂ � ad rtbg sgZs 

fl6
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chl�–IEh ( + �h 0 Mnsd sgZs enq �9 =+ 9 Zmc }E9} + fl0 Enq dZbg nsgdq h ∈ H  vd gZud sgZs 
}Eh } ≥ 10
ür sgdqd Zqd hmzmhsdkx lZmx Eh @r vd jmnv sgdqd dwhrsr Zm Ei  bnmsZhmhmf X ifl , X i1  vhsg 

i1 / j∗: vgdqd j∗ hr sgd bqhshbZk aqdZj onhms uZktd ne �0 Mnv kds E + Ei ∩ {Xj = j , i1{ Zmc 
rds r9 + chl�–IE ( , � i  Zmc rfl + chl�–IE:{Xm = m≥ i1{( ≥ � i 0 Sn fds sgd bnmsqZchbshnm vd mnv 
trd sgd rZld Zqftldms Zr hm sgd oqnne ne Oqnonrhshnm  701 sn rgnv sgZs dZbg r9 , s , � i  hr hm 
CR–�(0
ür r9 , s , � i ≤ rfl: vd jmnv eqnl Sgdnqdl  103 sgZs dhsgdq chl�–IE:{X i1 {( ≥ s : hm vghbg 

bZrd vd rds Efl + E : nq: sgdqd dwhrsr Z jfl ≥ i1 rtbg sgZs Efl + E : {X i1 . . . . . Xjfl{ rZshrzdr

chl�–IEfl ( , s  Zmc chl�–IEfl:{Xjfl+fl{( ≥ s.

Hm ansg bZrdr vd zmc sgZs –Efl. s( gZr Z rsqhbs aqdZj onhms: rZx Xlfl : vhsg lfl ≥ i10 ür lfl / j∗: 
vd jmnv sgZs chl�–IEfl:{Xj = j/lfl{( / s 0 Hs mnv enkknvr eqnl Sgdnqdl  103 sgZs sgdqd dwhrsr Z 
j1 / lfl rtbg sgZs E1 + Efl : {Xlfl+fl. . . . . Xj1{ rZshrzdr

chl�–IE1 ( , s  Zmc chl�–IE1:{Xj1+fl{( ≥ s.

Kds Xl1  ad Z rsqhbs aqdZj onhms enq –E1. s(0 HsdqZshudkx qdodZshmf sghr oqnbdrr xhdkcr Z mdrsdc 
rdptdmbd ne rdsr Efl ⊂ E1 ⊂ . . . ⊂ � vhsg lZw Em , lZw Em+fl Zmc Z rsqhbs aqdZj onhmsr Xlm
enq –Em. s( enq dZbg m0 Hs mnv enkknvr eqnl KdllZ  201 sgZs s ∈ CR–�(: vghbg bnmsqZchbsr sgd 
eZbs sgZs )� i .β i [ hr Z bnmmdbsdc bnlonmdms ne CR–�(0 �

Vd vhkk rdd sgZs Lp  gZr Z bqhshbZk aqdZj onhms uZktd enq p ≥ flfl: mZldkx j∗ + 1p 0 Sn rgnv 
sghr vd mddc Zm toodq antmc enq chl�–ILp ( enq p ≥ flfl0 Sgd enkknvhmf antmc: vghbg hr mns 
udqx rgZqo: vhkk ad rtezbhdms enq ntq otqonrdr0 

IdllT 7030  Enq p ≥ flfl vd gXud sgXs chl�–ILp ( ≤
1
\
p 0

Lpnne0  Kds p ≥ flfl Zmc fl1p , r ≤ 1
\
p 0 Enq j / 1 rds Lj

p + {fl. 1p . . . . . jp{0 Trhmf sgd onrhshud 
dhfdmudbsnq vr ne Kr.{fl{ vhsg dhfdmuZktd λ�1r : vgdqd λ + –fl+

\
4(<1 eqnl KdllZ  30fl: vd zmc 

sgZs

Kr.Lj
p
vr–w( + λ�1r

(

fl+
j∑

m+1


λ+ w

mp + w + λ� fl

1r)

vr–w(

≤ λ�1r

(

fl+
j∑

m+1


λ+ fl
mp + λ

1r)

vr–w(.

ür λ�fl + fl + λ: 

λ�1r

(

fl+
j∑

m+1


λ+ fl
mp + λ

1r)

+ λ�1r +

j∑

m+1


λ

mp + λ

1r
≤ λ�1r +


λ

1p

1r

+λ1r
∫

∞

1

fl
w1pr

cw

+ λ�1r +


λ

1p

1r 
fl+

1
1pr � fl



+= µ–r(.

–70fl(

fl7
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Ntq fnZk hr sn rgnv sgZs µ–r( , fl enq r + 1<\p Zmc p ≥ flfl0 Sn drsZakhrg sghr hmdptZkhsx rds

g–w( =+ λ�3<
\
w
+


λ

1w

3<\w 
fl+

1
3
\
w � fl



enq w ≥ fl0 Vd mddc sn rgnv sgZs g–w( , fl enq Zkk w ≥ flfl0 Rhmbd g–w( → fl Zr w → ∞: hs 
rtezbdr sn rgnv sgZs g hr rsqhbskx hmbqdZrhmf enq w ≥ flfl0
ü chqdbs bnlotsZshnm fhudr

g′–w( +
1 km λ
w
\
w
λ�3<

\
w
+


λ

1w

3<\w [
fl+

1
3
\
w � fl


�
1 km 1
\
w
�
1 km λ
w
\
w



�
3

\
w–3
\
w � fl(1

]
.

Sn oqnud sgZs g′–w( / 9 enq Zkk w ≥ flfl: vd rgnv sgZs

w
\
w

1 km λ


1w

λ

3<\w
g′–w( / 9  enq w ≥ flfl.

Mnsd sgZs
w
\
w

1 km λ


1w

λ

3<\w
g′–w( + λ�7<

\
w13

\
w
�

[
fl+

1
3
\
w � fl


km 1
km λ

w + fl


+
1w

km λ–3
\
w � fl(1

]

≥ λ�7<
\
flfl13

\
w
�

[
fl+

1

3
\
flfl� fl


km 1
km λ

w + fl

+

1

km λ–fl5� 7<
\
flfl(

]

+= f–w(.

Zmc Z chqdbs bnlotsZshnm fhudr f–flfl( / 90 Trhmf sgd cdqhuZshud ne f hs hr rsqZhfgsenqvZqc sn 
udqhex sgZs f hr Zm hmbqdZrhmf etmbshnm enq w ≥ flfl: rn g′–w( / 9 enq Zkk w ≥ flfl0
Sgtr: he vd sZjd r + 1<

\
p enq p ≥ flfl hm –70fl( vd zmc sgZs µ–r( , fl0 Sghr hlokhdr sgZs 

q –Kr.Lj
p
( ≤ µ–r( , fl: gdmbd chlG –ILj

p
( , r enq Zkk j Zmc p ≥ flfl ax Sgdnqdl  fl050 Hs mnv 

enkknvr eqnl Sgdnqdl  103 sgZs chl�–ILp ( ≤ r enq r + 1<\p 0 �
Kds tr mnv rgnv sgZs Lp  gZr Z bqhshbZk aqdZj onhms uZktd enq p ≥ flfl0 

Sgdnpdl 7040  Sgd rds Lp  gXr X bqhshbXk aqdXj onhms uXktd j∗ + 1p enq p ≥ flfl0

Lpnne0  Rtoonrd sgZs r ∈ CR–�( vhsg 9 , r , chl�–I�( Zmc p ≥ flfl0 Kds jp9  ad Z rsqhbs aqdZj 
onhms enq –E. r(: vgdqd E ⊂ � hr Z zmhsd rds Zmc j9 / 1p 0 Kds Gl + E : {jp = j9 , j ≤ l{
enq l / j90 Bnmrhcdq sgd nodqZsnq Kr.E:{jp9 { vhsg onrhshud dhfdmudbsnq vr Zmc dhfdmuZktd 
q –Kr.E:{jp9 {( ≥ fl: Zr jp9  hr Z rsqhbs aqdZj onhms enq –E. r(0 Sgdm

Kr.Glvr–w( + Kr.Evr–w(+
l∑

j+j9+fl


fl

jp + w

1r
vr


fl

jp + w



≥ Kr.Evr–w(+


fl
jp9 + w

1r
vr


fl

jp9 + w

 l∑

j+j9+fl


jp9
jp

1r
.

Zr vr hr cdbqdZrhmf ax Sgdnqdl  fl05 Zmc j
p
9+w
jp+w ≥

jp9
jp  enq Zkk w ∈ )9. fl[ Zmc j ≥ j90

fl8
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Vd vhkk mnv rgnv sgZs 
l

j+j9+fl


jp9
jp

1r
/ fl enq Zkk l rtezbhdmskx kZqfd0 Mnsd sgZs

∞∑

j+j9+fl


jp9
jp

1r
≥ j1pr9

∫
∞

j9+fl
w�1prcw +


j9

j9 + fl

1pr j9 + fl
1pr � fl

.

Sgd qhfgs/gZmc rhcd hr Zm hmbqdZrhmf etmbshnm hm j90 Rn: Zr j9 / 1p Zmc r , chl�–ILp ( ≤ 1<
\
p

ax KdllZ  703: vd zmc sgZs
∞∑

j+j9+fl


jp9
jp

1r
≥


1p + fl
1p + 1

1pr 1p + 1
1pr � fl

≥


1p + fl
1p + 1

3\p 1p + 1
3
\
p � fl

+= τ –p(.

Vd vhkk rgnv sgZs τ –p( / fl enq Zkk p ≥ flfl0 Mnsd sgZs sgd etmbshnm f–w( +
� 1w+fl
1w+1

3\w  gZr 
cdqhuZshud

f′–w( +

1w + fl
1w + 1

3\w  1
\
w


km

1w + fl
1w + 1


+ 3
\
w


1
1w + fl

�
1

1w + 1


.

ür
1
\
w


km

1w + fl
1w + 1


+ 3
\
w


1
1w + fl

�
1

1w + 1


≥ �

1
\
w


fl

1w + fl



+3
\
w


1
1w + fl

�
1

1w + 1



+


�1
\
w

w–1w + fl(



+


7
\
w

–1w + fl(–1w + 1(



+


�1
\
w

w–1w + fl(



+


1
\
w

–1w + fl(–w<1+ fl<1(


≥ 9

enq w ≥ fl: f′ hr mnmmdfZshud: gdmbd f hr Zm hmbqdZrhmf etmbshnm0 ükrn sgd etmbshnm w ↦→
1w+1
3
\
w�fl

hr hmbqdZrhmf enq w ≥ flfl0 Sgtr τ –p( ≥ τ –flfl( ≥ fl.flfl1 enq Zkk p ≥ flfl0
Hs enkknvr sgZs enq Zkk l rtezbhdmskx kZqfd sgZs

l∑

j+j9+fl


jp9
jp

1r
/ fl.

Sgtr sgdqd dwhrsr Z µ / fl rtbg sgZs

Kr.Glvr–w( ≥ Kr.Evr–w(+ µ


fl

jp9 + w

1r
vr


fl

jp9 + w



enq Zkk l kZqfd0 Trhmf KdllZ  10fl vd bnmbktcd sgZs sgdqd dwhrsr Z λ / fl rtbg sgZs Kr.Glvr–w( ≥
λvr–w(: gdmbd q –Kr.Gl ( ≥ λ / fl enq Zkk l rtezbhdmskx kZqfd ax KdllZ  1010 Hs mnv enkknvr eqnl 
Sgdnqdl  fl05 sgZs chl�–IGl ( / r enq Zkk l rtezbhdmskx kZqfd: rn chl�–IE:{jp = j/j9{( / r: vghbg 
bnlokdsdr sgd oqnne0 �

ür Z bnmrdptdmbd vd zmc sgZs sgd zmZk Zrrdqshnm hm Sgdnqdl  fl04 gnkcr enq p ≥ flfl0 
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BnpnkkTpx 7050  Enq dXbg p ≥ flfl vd gXud sgXs CR–Lp ( hr sgd chrinhms tmhnm ne zmhsdkx lXmx 
mnmsqhuhXk bknrdc hmsdquXkr0

Lpnne0  Rhlokx bnlahmd Sgdnqdlr  704 Zmc 7020 �
Sn bnlokdsd sgd oqnne ne Sgdnqdl  fl04 vd mddc sn drsZakhrg sgd zqrs entq Zrrdqshnmr 

bnmbdqmhmf CR–Lp ( vgdqd fl ≤ p ≤ fl90 Vd vhkk trd sgd enkknvhmf bqtcd toodq antmcr enq 
chl�–ILp (: vghbg Zqd dZrx sn nasZhm: ats rtezbhdms enq ntq otqonrdr0 

IdllT 7060  Ud gXud sgXs

chl�–IL1 ( ≤ 9.56. chl�–IL2 ( ≤ 9.374. chl�–IL3 ( ≤ 9.27.
chl�–IL4 ( ≤ 9.2fl. chl�–IL5 ( ≤ 9.154. chl�–IL6 ( ≤ 9.123.
chl�–IL7 ( ≤ 9.1fl. chl�–IL8 ( ≤ 9.fl8fl. chl�–ILfl9 ( ≤ 9.fl64.

Lpnne0  Enq l ≥ fl kds Ll
p + {flp . 1p . . . . .lp

{0 Kds vr–w( + –λ + w(�1r ad sgd dhfdmudbsnq ne 
Kr.{fl{ fhudm hm KdllZ  30fl vhsg dhfdmuZktd λ�1r : vgdqd λ + –fl+

\
4(<10 Sgdm

Kr.Ll
p vr–w( + λ�1rvr–w(+

l∑

m≥1


fl

mp + w

1r
vr


fl

mp + w



+ λ�1r


fl
λ+ w

1r
+

l∑

m≥1


fl

mp + w

1r  fl
λ+ –mp + w(�fl

1r

≤ λ�1r

(

fl+
l∑

m≥1


λ+ w
mp + w

1r)

vr–w(

≤ λ�1r

(

fl+
l∑

m≥1


λ+ fl
mp + fl

1r)

vr–w(

≤ λ�1r

(

fl+

λ+ fl
1p + fl

1r
+


λ+ fl
2p + fl

1r
+


λ+ fl
3p + fl

1r

+–λ+ fl(1r
∫

∞

3
w�1prcw


vr–w(

+ λ�1r

(

fl+

λ+ fl
1p + fl

1r
+


λ+ fl
2p + fl

1r
+


λ+ fl
3p + fl

1r

+
–λ+ fl(1r

1pr � fl
3�1pr+fl


vr–w(.

Mnv rds

�–p. r( + λ�1r

(

fl+

λ+ fl
1p + fl

1r
+


λ+ fl
2p + fl

1r
+


λ+ fl
3p + fl

1r
+
–λ+ fl(1r

1pr � fl
3�1pr+fl

)

.

Mnsd sgZs he �–p. r( , fl: sgdm q –Kr.Ll
p ( , fl enq Zkk l: gdmbd chl�–ILl

p ( , r enq Zkk l ax 
Sgdnqdl  fl050 Sghr hlokhdr sgZs chl�–ILp ( ≤ r ax Sgdnqdl  1030 Trhmf Z bZkbtkZsnq vd zmc 
sgZs

�–1. 9.56( , 9.875. �–2. 9.374( , 9.856. �–3. 9.27( , 9.864.

1fl
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�–4. 9.2fl( , 9.884. �–5. 9.154( , 9.88874. �–6. 9.123( , 9.8872.

�–7. 9.1fl( , 9.887. �–8. 9.fl8fl( , 9.887. �–fl9. 9.fl64( , 9.8878. �

Vd rgntkc ldmshnm sgZs sgd enkknvhmf ltbg rgZqodq antmc: chl�–IL1 ( , 9.48714468: bZm 
ad entmc hm )4: SZakd fl[0
Sn adfhm vd rgnv sgZs sgd chldmrhnm rodbsqtl ne Lp  hr etkk enq p ∈ {fl. 1. 2. 3. 4{: vghbg 

hr rsZsdldms –h( hm Sgdnqdl  fl040 

Sgdnpdl 7070  Enq p ∈ {fl. 1. 2. 3. 4{ vd gXud sgXs CR–Lp ( + )9. chl�–ILp ([0

Lpnne0  Fhudm 9 , r , chl�–ILp (: vd vhkk trd KdllZ  202 sn rgnv sgZs r ∈ CR–Lp (0 Kds mp9
ad Z rsqhbs aqdZj onhms enq –E. r(: rn m9 / fl0 Vd jmnv sgZs sgd nodqZsnq Kr.E:{mp9 { gZr Z onrhshud 
dhfdmudbsnq vr vhsg dhfdmuZktd λr + q –Kr.E:{mp9 {( ≥ fl0 Enq l / m9: kds Sl + {–m9+fl(p . . . . .lp

{

Zmc rds Gl + E : Sl 0 Sgdm

Kr.Glvr–w( + Kr.Evr–w(+
l∑

j+m9+fl


fl

jp + w

1r
vr


fl

jp + w



≥ Kr.Evr–w(+


fl
mp9 + w

1r
vr


fl

mp9 + w

 l∑

j+m9+fl


mp9
jp

1r
.

Zr vr hr cdbqdZrhmf ax Sgdnqdl  fl05–hu(0 Rds 

γl +

l∑

j+m9+fl


mp9
jp

1r
. –701(

He 9 , r ≤ –1p(�fl: sgd rtl chudqfdr Zr l → ∞: gdmbd sgdqd dwhrsr Zm L / m9 rtbg sgZs 
γL / fl0 Sghr hlokhdr sgZs sgdqd dwhrsr Z µ / fl rtbg sgZs

Kr.GL vr–w( ≥ Kr.Evr–w(+ γL


fl

mp9 + w

1r
vr


fl

mp9 + w


≥ µKr.E:{mp9 {vr–w( ≥ µvr–w(

ax KdllZ  10fl0 Sgtr: q –Kr.GL ( / fl: vghbg hlokhdr sgZs chl�–IE:{jp = j/m9{( ≥ chl�–IE:GL ( /
r: rn r ∈ CR–Lp ( ax KdllZ  2020
Mnv he –1p(�fl , r , chl�–ILp (: sgdm vd bnmrhcdq sgd enkknvhmf drshlZsd. 

∞∑

j+m9+fl


mp9
jp

1r
≥


m9

m9 + fl

1pr
+


m9

m9 + 1

1pr
+


m9

m9 + 2

1pr
+ m1pr9

∫
∞

m9+3
w�1prcw

+


m9

m9 + fl

1pr
+


m9

m9 + 1

1pr
+


m9

m9 + 2

1pr

+


m9

m9 + 3

1pr m9 + 3
1pr � fl

+= γ –p. m9. r(.

–702(

PdZrnmhmf Zr Zanud: hs rtezbdr sn oqnud sgZs γ –p. m9. r( / fl0 Mnsd sgZs γ –p. m9. r( hr cdbqdZrhmf 
hm r: Zmc hmbqdZrhmf hm m90

11
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Vd zqrs bnmrhcdq sgd bZrd p + fl0 Enq m9 ≥ 1 vd gZud sgZs γ –fl. m9. r( ≥ γ –fl. 1. fl( +
fl258<899 / fl0 Mnv bnmrhcdq sgd bZrd p + 10 Ax KdllZ  706 vd jmnv sgZs r , chl�–IL1 ( ≤
9.56: Zmc enq dZbg m9 ≥ 2 vd gZud sgZs

γ –1. m9. r( ≥ γ –1. 2. 9.56( ≥ fl.2.

He m9 + 1: sgd drshlZsd r ≤ chl�–I{fl.11{( ≤ 9.3flfl1 hm SZakd  fl fhudr γ –1. 1. 9.3flfl1( ≥ 1.40
Sgd mdws bZrd hr p + 20 Ax KdllZ  706 vd jmnv sgZs r , chl�–IL2 ( ≤ 9.374: Zmc enq 

dZbg m9 ≥ 2 vd gZud sgZs

γ –2. m9. r( ≥ γ –2. 2. 9.374( ≥ fl.fl.

Hm bZrd m9 + 1: sgd drshlZsd r ≤ chl�–I{fl.12{( ≤ 9.223 hm SZakd  fl fhudr γ –2. 1. 9.223( ≥ fl.40
Mnv bnmrhcdq sgd bZrd p + 30 Ax KdllZ  706 vd jmnv sgZs r , chl�–IL3 ( ≤ 9.27: Zmc 

enq dZbg m9 ≥ 2 vd gZud sgZs

γ –3. m9. r( ≥ γ –3. 2. 9.27( ≥ fl.9fl.

Enq m9 + 1: sgd drshlZsd r ≤ chl�–I{fl.13{( ≤ 9.17fl hm SZakd  fl fhudr γ –3. 1. 9.17fl( ≥ fl.fl30
EhmZkkx vd mddc sn bgdbj sgd bZrd p + 40 Ax KdllZ  706 vd jmnv sgZs r , chl�–IL4 ( ≤

9.2fl: Zmc enq dZbg m9 ≥ 3 vd gZud sgZs

γ –4. m9. r( ≥ γ –4. 3. 9.2fl( ≥ fl.3.

Enq m9 + 2: vd gZud sgZs r ≤ chl�–I{fl.14.24{( ≤ 9.162 eqnl SZakd  fl: vghbg fhudr 
γ –4. 2. 9.162( ≥ fl.140 He m9 + 1: sgdm vd bZmmns trd γ –4. m9. r( Zmc mddc Z cheedqdms Zqftldms0 
He m9 + 1: sgdm E + {fl{: gdmbd hs rtezbdr sn jmnv sgZs chl�–I{fl.14{( , chl�–IL4\{14{(0 Eqnl 
sgd drshlZsdr hm SZakd  fl vd rdd sgZs chl�–I{fl.14{( , chl�–I{fl.24.34.....fl994{( ≤ chl�–IL4\{14{(: 
vghbg bnlokdsdr sgd oqnne0 �

Mdws vd oqnud sgd rdbnmc rsZsdldms hm Sgdnqdl  fl040 

Sgdnpdl 7080  Enq p ≥ 5 vd gXud sgXs 

chl�–ILp\{1p {( , chl�–I{fl.1p {( –703(

Xmc CR–Lp ( ∩ –chl�–ILp\{1p {(. chl�–I{fl.1p {(( hr dlosx0

Lpnne0  Enq p ≥ 5 rds rp + chl�–I{fl.1p {(0 Vd vhkk zqrs bnmrhcdq sgd bZrd vgdqd p ≥ fl10 PdbZkk 
sgZs rp ≥ fl.414<p / –1p(�fl ax –30fl( enq p ≥ fl10 Kds vp  ad Z onrhshud dhfdmudbsnq ne Krp .{fl.1p {
vhsg dhfdmuZktd fl0 Rds G + Lp \ {1p{ Zmc mnsd sgZs Kr.G  hr Z antmcdc khmdZq nodqZsnq enq Zkk 
r / –1p(�fl0 Trhmf –fl01(:

Krp .Gvp –w( +


fl
fl+ w

1rp
vp


fl

fl+ w


+

∞∑

m+2


fl

mp + w

1rp
vp


fl

mp + w



≤


fl

fl+ w

1rp
vp


fl

fl+ w


+


fl

1p + w

1rp
vp


fl

1p + w



·

∞∑

m+2


1p + w
mp + w

1rp
d1rp


fl

1p+w �
fl

mp+w



.

12
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Vd vhkk mnv rgnv sgZs 


∞

m+2


1p+w
mp+w

1rp
d1rp


fl

1p+w �
fl

mp+w



, fl0 Mnsd sgZs

∞∑

m+2


1p + w
mp + w

1rp
d1rp


fl

1p+w �
fl

mp+w



≤ d
1rp
1p –1p + fl(1rp

∞∑

m+2

m�1rpp

≤ d
1rp
1p –1p + fl(1rp

∫
∞

1
w�1rppcw

+ 1d
1rp
1p –fl+ fl<1p (1rp –1rpp � fl(�fl

≤
1d

3rp
1p

1rpp � fl
.

Zr –fl+ fl<m(m ≤ d enq Zkk m0
Sgd lZo r ∈ ––1p(�fl. fl[ ↦→ 1d

3r
1p

1rp�fl  hr cdbqdZrhmf enq Zkk p ≥ 5: Zr

c
cr

(
1d

3r
1p

1rp � fl

)

+
3d

3r
1p

–1rp � fl(1
�
–1rp � fl(<1p�fl � p


≤

3d
3r
1p

–1rp � fl(1
–p<1p�1 � p( , 9.

Lnqdnudq: sgd lZo p ↦→
1d
3r
1p

1rp�fl  hr cdbqdZrhmf Zr vdkk0
Mnv trhmf –30fl(: vd zmc sgZs enq p ≥ fl1 sgZs

1d
3rp
1p

1rpp � fl
≤

1d
3–fl.414(
fl1·1fl1

1–fl.414(� fl
≤ 9.87 , fl.

Sghr hlokhdr sgZs

Krp .Gvp –w( ≤


fl
fl+ w

1rp
vp


fl

fl+ w


+ 9.87


fl

1p + w

1rp
vp


fl

1p + w


.

Ax KdllZ  10fl sgdqd dwhrsr Z µ , fl rtbg sgZs Krp .Gvp ≤ µKrp .{fl.1p {vp + µvp : gdmbd q –Krp .G ( ≤
µ , fl0 Hs mnv enkknvr eqnl KdllZ  105 Zmc Sgdnqdl  106 sgZs chl�–EG ( , rp + chl�–I{fl.1p {(: 
Zr rp / –1p(�fl: vghbg bnlokdsdr sgd oqnne enq p ≥ fl10
Sn cdZk vhsg sgd nsgdq bZrdr vd trd sgd antmcr enq rp + chl�–I{fl.1p {( fhudm hm SZakd  fl Zmc 

sgd enkknvhmf qdzmdc drshlZsd:
∞∑

m+2


1p + w
mp + w

1rp
d1rp


fl

1p+w �
fl

mp+w



≤ d
1rp
1p

(
1p + fl
2p + fl

1rp
+


1p + fl
3p + fl

1rp

+–1p + fl(1rp
∞∑

m+4

m�1rpp
)

≤ d
1rp
1p

(
1p + fl
2p + fl

1rp
+


1p + fl
3p + fl

1rp

+–1p + fl(1rp
∫

∞

3
w�1rppcw



+ d
1rp
1p

(
1p + fl
2p + fl

1rp
+


1p + fl
3p + fl

1rp

+


1p + fl
3p

1rp  3
1rpp � fl

)

.

13
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Rds

γ –r. p( + d
1r
1p

(
1p + fl
2p + fl

1r
+


1p + fl
3p + fl

1r
+


1p + fl
3p

1r  3
1rp � fl

)

.

Sn bnlokdsd sgd oqnne ne hmdptZkhsx –703(: vd bgdbj enq p ∈ {5. . . . . flfl{ sgZs γ –rp . p( , fl0 Trhmf 
sgd toodq Zmc knvdq antmcr hm SZakd  fl enq rp + chl�–I{fl.1p {( vd rdd sgZs γ –rflfl. flfl( , 9.52: 
γ –rfl9. fl9( , 9.56: γ –r8. 8( , 9.61: γ –r7. 7( , 9.67: γ –r6. 6( , 9.74: Zmc γ –r5. 5( , 9.850
Sn rgnv enq p ≥ 5 sgZs CR–Lp ( ∩ –chl�–ILp\{1p {(. chl�–I{fl.1p {(( hr dlosx: kds

chl�–ILp\{1p {( , r , chl�–I{fl.1p {(0 Rtoonrd ax vZx ne bnmsqZchbshnm sgZs chl�–IE ( + r
enq rnld E ⊂ Lp 0 Mnsd sgZs he 1p ̸∈ E : sgdm E ⊂ Lp \ {1p{: gdmbd r ≤ chl�–ILp\{1p {(: vghbg 
hr hlonrrhakd0 Sgtr: 1p ∈ E 0 Mnv he fl ̸∈ E : sgdm F + –E \ {1p{( : {fl{ ⊂ Lp \ {1p{0 Rn: 
Oqnonrhshnm  104 fhudr r ≤ chl�–IF( ≤ chl�–ILp\{1p {(: vghbg hr hlonrrhakd0 Rn: {fl. 1p{ ⊆ E : 
gdmbd chl�–I{fl.1p {( ≤ r: vghbg hr Z bnmsqZchbshnm0 �

Kds tr mnv oqnud sgd sghqc rsZsdldms hm Sgdnqdl  fl040 

Sgdnpdl 70fi90  Enq p ∈ {5. 6. 7{ vd gXud sgXs

CR–Lp ( + )9. chl�–ILp\{1p {([ : )chl�–I{fl.1p {(. chl�–ILp ([.

Lpnne0  Vd vhkk trd KdllZ  2020 Rtoonrd zqrs sgZs r ∈ )chl�–I{fl.1p {(. chl�–ILp ([ Zmc m
p
9  hr Z 

rsqhbs aqdZj onhms enq –E. r(: rn m9 ≥ 20 PdZrnmhmf Zr hm sgd oqnne ne Sgdnqdl  707 vd rdd sgZs 
hs rtezbdr sn rgnv enq –1p(�fl , r , chl�–ILp ( sgZs γ –p. m9. r( / fl hm –702(0 He m9 ≥ 3: sgdm 
trhmf sgd drshlZsdr hm KdllZ  706 vd zmc sgZs

γ –5. 3. 9.154( / fl.2. γ –6. 3.9.123( / fl.1.  Zmc γ –7. 3. 9.1fl( / fl.1.

Nm sgd nsgdq gZmc he m9 + 2: sgdm vd jmnv sgZs r ≤ chl�–I{fl.1p .2p {( Zmc vd bZm trd sgd toodq 
antmcr hm SZakd  fl sn fds sgZs

γ –5. 2. 9.127515( / fl.fl2.  Zmc γ –6. 2. 9.1fl1822( / fl.94.

Enq p + 7: vd mddc sn dwoZmc sgd rtl nm sgd kdes/gZmc/rhcd hm –702( Zmc bnmrhcdq

γ ′–p. m9. r( =+


m9
m9 + fl

1pr
+


m9

m9 + 1

1pr
+


m9

m9 + 2

1pr
+


m9

m9 + 3

1pr

+


m9

m9 + 4

1pr
+


m9

m9 + 5

1pr m9 + 5
1pr � fl

.

vghbg rZshrzdr γ ′–7. 2. 9.fl81675( / fl.9930
He r ∈ )9. chl�–ILp\{1p {([: sgdm vd bZm trd KdllZ  202 vhsg qdrodbs sn � + Lp \ {1p{0 Rn: 

he mp9  hr Z rsqhbs aqdZj onhms enq –E. r(: sgdm m9 ≥ 20 Mnv sgd rZld hmdptZkhshdr enq γ –p. m9. r(
Zmc γ ′–p. m9. r( Zr Zanud hlokx sgZs r ∈ CR–Lp \ {1p{( ⊂ CR–Lp (0 �

Sn bnlokdsd sgd oqnne ne Sgdnqdl  fl04 hs qdlZhmr sn rgnv sgd entqsg Zrrdqshnm0 

Sgdnpdl 70fifi0  Enq p ∈ {8. fl9{ vd gXud sgXs chl�–ILp\{2p {( , chl�–I{fl.1p .2p {( Xmc

CR–Lp ( + )9. chl�–ILp\{1p {([ : )chl�–I{fl.1p {(. chl�–ILp\{2p {([

: )chl�–I{fl.1p .2p {(. chl�–ILp ([.

14
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Lpnne0  Sn drsZakhrg sgd hmdptZkhsx vd qdZrnm Zr hm sgd oqnne ne Sgdnqdl  7080 Kds rp +
chl�–I{fl.1p .2p {( Zmc vp  ad sgd rsqhbskx onrhshud dhfdmudbsnq ne Krp .{fl.1p .2p { vhsg dhfdmuZktd fl0 
Rn: rp / fl.414<p / –1p(�fl ax –30fl( Zmc Kr.G : vhsg G + Lp \ {2p{: hr Z antmcdc khmdZq 
nodqZsnq enq r / –1p(�fl0 Trhmf –fl01(:

Krp .Gvp –w( +


fl
fl+ w

1rp
vp


fl

fl+ w


+


fl

1p + w

1rp
vp


fl

1p + w



+

∞∑

m+3


fl

mp + w

1rp
vp


fl

mp + w



≤


fl

fl+ w

1rp
vp


fl

fl+ w


+


fl

1p + w

1rp
vp


fl

1p + w



+


fl

2p + w

1rp
vp


fl

2p + w

 ∞∑

m+3


2p + w
mp + w

1rp
d1rp


fl

2p+w �
fl

mp+w



.

Mnsd sgZs enq j ≥ 3 vd gZud sgZs
∞∑

m+3


2p + w
mp + w

1rp
d1rp


fl

2p+w �
fl

mp+w



≤ d
1rp
2p

(
2p + fl
3p + fl

1rp
+ · · · +


2p + fl
jp + fl

1rp
+ –2p + fl(1rp

∞∑

m+j+fl

m�1rpp
)

≤ d
1rp
2p

(
2p + fl
3p + fl

1rp
+ · · · +


2p + fl
jp + fl

1rp
+ –2p + fl(1rp

∫
∞

j
w�1rppcw

)

+ d
1rp
2p

(
2p + fl
3p + fl

1rp
+ · · · +


2p + fl
jp + fl

1rp
+


2p + fl
jp

1rp  j
1rpp � fl

)

+= β–rp . p. j(.

Trhmf sgd toodq Zmc knvdq antmcr enq rp  hm SZakd  fl Zmc sZjhmf j + 7: vd zmc sgZs β–r8. 8. 7( ,
9.88 Zmc β–rfl9. fl9. 7( , 9.830 Hs mnv enkknvr eqnl KdllZ  10fl sgZs sgdqd dwhrsr Z µ , fl
rtbg sgZs Krp .Gvp ≤ µKrp .{fl.1p .2p {vp + µvp 0 Rn: q –Krp .G ( ≤ µ , fl: vghbg hlokhdr sgZs 
chl�–EG ( , rp + chl�–I{fl.1p .2p {( ax KdllZ  105 Zmc Sgdnqdl  106: Zr rp / –1p(�fl0
PdZrnmhmf hm sgd rZld vZx Zr hm sgd oqnne ne Sgdnqdl  708 hs bZm dZrhkx ad rgnvm enq p + 8

Zmc p + fl9 sgZs sgdqd hr mn r ∈ CR–Lp ( adsvddm sgd bknrdc hmsdquZkr0
Sn rgnv sgZs dZbg dkdldms hm sgd hmsdquZkr adknmfr sn sgd chldmrhnm rodbsqtl vd vhkk 

trd KdllZ  2020 Rtoonrd zqrs sgZs r ∈ )chl�–I{fl.1p .2p {(. chl�–ILp ([ Zmc m
p
9  hr Z rsqhbs aqdZj 

onhms enq –E. r(: rn m9 ≥ 30 Trhmf sgd rZld Zqftldmsr Zr hm sgd oqnne ne Sgdnqdl  707 vd 
rdd sgZs hs rtezbdr sn rgnv enq –1p(�fl , r , chl�–ILp ( sgZs γ –p. m9. r( / fl hm –702( sn 
bnmbktcd sgZs r ∈ CR–Lp (0 He m9 ≥ 3: vd bZm trd sgd toodq antmcr hm KdllZ  706 sn fds sgZs 
γ –8. 3. 9.fl8fl( / fl.fl Zmc γ –fl9. 3. 9.fl64( / fl.fl0
Nm sgd nsgdq gZmc: he r ∈ )chl�–I{fl.1p {(. chl�–ILp\{2p {([: vd bZm Zookx KdllZ  202 vhsg 

� + Lp \ {2p{0 Hm sgZs bZrd: he mp9  hr Z rsqhbs aqdZj onhms enq –E. r(: sgdm m9 ≥ 3: Zmc sgd rZld 
drshlZsdr Zr Zanud gnkc0 Rn: r ∈ CR–Lp \{2p{( ⊂ CR–Lp (0 EhmZkkx: enq r ∈ )9. chl�–ILp\{1p {([
vd Zookx KdllZ  202 vhsg � + Lp \ {1p{0 Rn: he mp9  hr Z rsqhbs aqdZj onhms enq –E. r(: sgdm 
m9 ≥ 20 Trhmf sgd toodq antmc enq chl�–I{fl.1p {( hm SZakd  fl enq p + 8 Zmc p + fl9: vd fds sgZs

γ –8. 2. 9.fl514fl9( / fl.98.  Zmc γ –fl9. 2. 9.fl49719( / fl.91.
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Hs enkknvr sgZs r ∈ CR–Lp \ {1p{( ⊂ CR–Lp ( Zmc vd Zqd cnmd0 �

80 DhmTk pdlTpir Tmc nodm opnakdlr

Vd bnmbktcd sgd oZodq ax aqhdfix chrbtrrhmf rnld nodm ptdrshnmr sgZs enkknv eqnl sghr 
vnqj0 Sn adfhm: eqnl Sgdnqdl  fl02 vd jmnv sgZs enq p ≥ 2 sgd chldmrhnm rodbsqtl bnmsZhmr 
)9. km–1(<–1 km p([ Zmc hr mnvgdqd cdmrd hm )µfl. chl�–I ∗Np ([0 üs oqdrdms sgd dwZbs rsqtbstqd ne sgd 
chldmrhnm rodbsqtl hm sgd hmsdquZk –km–1(<–1 km p(.µfl( hr tmbkdZq enq p ≥ 2: ats vd adkhdud sgZs 
sgd chldmrhnm rodbsqtl hr mnvgdqd cdmrd sgdqd0 TmcdqrsZmchmf sgd rsqtbstqd ne sgd chldmrhnm 
rodbsqtl hm sghr hmsdquZk vntkc fhud Z bnlokdsd cdrbqhoshnm ne sgd chldmrhnm rodbsqtl ne N∗

p
enq p ≥ 20
Sgdqd Zqd Z mtladq ne mZstqZk ptdrshnmr qdfZqchmf Sgdnqdl  fl040 Ehqrskx: hs rddlr sgZs sgd 

mtladq ne hmsdquZkr hmbqdZrdr vhsg p 0 Vd gZud: gnvdudq: mns addm Zakd sn drsZakhrg he sgd mtladq 
ne hmsdquZkr jddor fqnvhmf vgdm p fdsr kZqfdq: nq: he sgdqd dwhrsr Zm Z oqhnqh toodq antmc enq sgd 
mtladq ne chrshmbs hmsdquZkr0 He sgd mtladq ne hmsdquZkr jddor fqnvhmf: hs vntkc ad hmsdqdrshmf 
sn tmcdqrsZmc Zs vghbg uZktdr ne p sgd mtladq ne hmsdquZkr hm sgd chldmrhnm rodbsqtl ne Lp

itlor0 Enq hmrsZmbd: sgd zqrs itlo eqnl nmd sn svn hmsdquZkr nbbtqr Zs p + 5: Zmc Zs p + 8 hs 
itlor eqnl svn sn sgqdd hmsdquZkr0 He vd bnmrhcdq p Zr Z bnmshmtntr oZqZldsdq: nmd bntkc Zrj 
Zs vghbg uZktd ne p ∈ –4. 5( sgd mtladq ne hmsdquZkr hm sgd chldmrhnm rodbsqtl ne Lp  bgZmfdr 
eqnl nmd sn svn0 Ntq ldsgncr qdkx nm drshlZsdr ne sgd GZtrcnqee chldmrhnm ne oZqshbtkZq rdsr 
Zmc cn mns Zkknv tr sn Zccqdrr sgdrd ptdrshnmr Zs oqdrdms0
Hs hr vnqsg mnshmf sgZs hm )7: Rdbshnm 4[ Z mtladq ne bnmidbstqdr bnmbdqmhmf sgd chldmrhnm 

rodbsqtl Zqd enqltkZsdc0 Nmd bntkc Zcc sgd enkknvhmf fdmdqZk ptdrshnmr sn sgdl0 He � hr Zm 
hmzmhsd rtards ne C rtbg sgZs CR–�( bnmsZhmr svn rnkhc bknrdc hmsdquZkr )X. a[ Zmc )b. c[: vhsg 
X , a , b , c : Zmc CR–�( hr mnvgdqd cdmrd hm –a. b(: hr sqtd sgZs CR–�( ∩ –a. b( hr dlosx; 
Hs Zkrn rddlr qdZrnmZakd sn rodbtkZsd sgZs he � ⊆ C vhsg zmhsdmdrr oZqZldsdq σ9 + 9 Zmc 
CR–�( bnmsZhmr Z rnkhc bknrdc hmsdquZk )X. a[ vhsg X / 9: sgdm sgdqd dwhrsr Z δ / 9 rtbg sgZs 
)9. δ[ ⊂ CR–�(0

CdbkTpTshnm ne bnlodshmf hmsdpdrs

Sgd Ztsgnqr cdbkZqd sgd enkknvhmf zmZmbhZk hmsdqdrsr?odqrnmZk qdkZshnmrghor vghbg lZx ad 
bnmrhcdqdc Zr onsdmshZk bnlodshmf hmsdqdrsr. OZhmnr BghsZmfZ qdonqsr zmZmbhZk rtoonqs vZr 
oqnuhcdc ax Dmfhmddqhmf Zmc OgxrhbZk Rbhdmbdr PdrdZqbg Bntmbhk0 He sgdqd Zqd nsgdq Ztsgnqr: 
sgdx cdbkZqd sgZs sgdx gZud mn jmnvm bnlodshmf zmZmbhZk hmsdqdrsr nq odqrnmZk qdkZshnmrghor 
sgZs bntkc gZud ZoodZqdc sn hmfitdmbd sgd vnqj qdonqsdc hm sghr oZodq0

�oodmchu fi9

Sgd rsZsdldms ne KdllZ  102 gnkcr hm fqdZsdq fdmdqZkhsx: ats enq rhlokhbhsx vd oqdrdms hs 
gdqd hm sgd rdsshmf ne bnmshmtdc eqZbshnm dwoZmrhnmr0

Lpnne ne IdllT  1020  Mnsd sgZs sn drsZakhrg –10fl( hs rtezbdr sn rgnv sgZs sgdqd dwhrsr Z 
bnmrsZms BE / fl rtbg sgZs –10fl( gnkcr enq Zkk m rtezbhdmskx kZqfd0 Kds vr ad sgd rsqhbskx onrhshud 
dhfdmudbsnq ne Kr.E  vhsg dhfdmuZktd λr + q –Kr.E (: Zmc kds vr ad sgd rsqhbskx onrhshud dhfdmudbsnq 
ne Kr.E:{m{ vhsg dhfdmuZktd µr + q –Kr.E:{m{( enq σ ≤ r , fl0 He vd bZm rgnv sgZs sgdqd dwhrsr 
Z bnmrsZms Bfl / fl rtbg sgZs enq Zkk m rtezbhdmskx kZqfd: µr , fl enq r + σ + Bflm�1σ : sgdm vd 
jmnv ax Sgdnqdl  fl05 sgZs chl�–IE:{m{( , σ + Bflm�1σ  enq Zkk m kZqfd0
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Ax –fl01( vd jmnv sgZs

vr


fl

m + w


≤ vr–w(d1r

enq Zkk w ∈ )9. fl[0 Sgtr:

–Kr.E:{m{vr(–w( ≤ λrvr–w(+ m�1rvr–w(d1r + –λr + m�1rd1r(vr–w(.

rn sgZs q –Kr.E:{m{( ≤ λr + m�1rd1r 0
Enq m ∈ C kds θm = w ↦→

fl
m+w 0 Vd jmnv enq r / σ : sgZs 

�
–θm ◦ θl(′–w(

r�σ
≤ 3�–r�σ (: rdd –20fl( 

enq Zkk w ∈ )9. fl[0 Sgtr:

–K1r.Evσ (–w( +
∑

m.l∈�

––θm ◦ θl(′–w((rvσ ––θm ◦ θl(–w((

≤ 3�–r�σ (
∑

m.l∈�

––θm ◦ θl(′–w((σ vσ ––θm ◦ θl(–w(( + 3�–r�σ (vσ –w(.

vghbg fhudr q –K1r.E ( ≤ 3�–r�σ (: gdmbd λr + q –Kr.E ( ≤ 1�–r�σ (0 Sgtr: q –Kr.E:{m{( ≤ 1�–r�σ ( +
m�1rd1r Zmc vd rdd sgZs µr , fl he 1�–r�σ ( + m�1rd1r , fl0 ür 1r�σ d1r , d2: sghr hmdptZkhsx 
gnkcr he 

m�1σ d2 , 1r�σ � fl. –fl90fl(

Vd mnv vhrg sn rgnv sgZs sgdqd dwhrsr Z Bfl / fl rtbg sgZs r + σ + Bflm�1σ  rZshrzdr –fl90fl( 
Zmc σ , r , fl0 Mnsd sgZs –fl90fl( gnkcr he 

m�1σ d2 , 1Bflm
�1σ
� fl + dBflm

�1σ km–1(
� fl. –fl901(

ür dw � fl / w enq w / 9: vd rdd sgZs –fl901( gnkcr he m�1σ d2 , Bflm�1σ km–1(: vghbg fhudr 
Bfl / d2

km–1( 0 Sn dmrtqd sgZs r , fl enq r + σ + Bflm�1σ : vd Zkrn qdpthqd sgZs m /


Bfl
fl�σ

fl<1σ
0 

Sgtr: enq Zkk m rtezbhdmskx kZqfd: µr , fl enq r + σ + Bflm�1σ : vgdqd Bfl / d2
km–1( : vghbg 

drsZakhrgdr sgd toodq antmc enq chl�–IE:{m{(0
Sn rgnv sgZs khlm chl�–IE:{m{( + 9 enq }E } + fl: vd mnsd sgZs he }E } + fl: sgdm σ + 90 Rn: 

µr , fl he 1�r + m�1rd1r , fl hm sgZs bZrd: vghbg hr dpthuZkdms sn d<m , –fl� 1�r(fl<1r 0 BkdZqkx 
enq dZbg ε / 9: sgdqd dwhrsr Zm M / fl rtbg sgZs d<m , –fl � 1�ε(fl<1ε enq Zkk m / M : gdmbd 
µε , fl enq Zkk m / M 0 Mnv Sgdnqdl  fl05 hlokhdr sgZs chl�–IE:{m{(→ 9 Zr m → ∞0
Sn nasZhm sgd knvdq antmc enq chl�–IE:{m{(: vd mddc sgd eZbs sgZs r ↦→ kmµr hr rsqhbskx 

cdbqdZrhmf Zmc bnmudw: rdd enq hmrsZmbd )fl9: Sgdnqdl 70fl[0 He vd bZm rgnv sgZs sgdqd dwhrsr 
Z bnmrsZms B1 , fl rtbg sgZs enq Zkk m rtezbhdmskx kZqfd: µr / fl enq r + σ + B1m�1σ : sgdm hs 
enkknvr eqnl Sgdnqdl  fl05 sgZs chl�–IE:{m{( / σ + B1m�1σ  enq Zkk m kZqfd0
Trhmf sgd LdZm UZktd Sgdnqdl vd jmnv enq 9 ≤ x ≤ y ≤ fl sgZs

km

m + y
m + x

1
+ 1–km–m + y(� km–m + x(( ≤

1
m
–y � x(.

rn


fl
m + x

1
≤


fl

m + y

1
d
1
m –y�x(.

Hs enkknvr sgZs m�1d�1 ≤ –m + w(�1 enq w ∈ )9. fl[0 Vd Zkrn jmnv eqnl –fl01( sgZs

d�1vσ –w( ≤ vσ


fl

m + w


 enq w ∈ )9. fl[.
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Sgtr:

m�1σ d�3vσ –w( ≤


fl
m + w

1σ
vσ


fl

m + w


.

rn sgZs

Kσ.E:{m{vσ –w( + vσ –w(+


fl
m + w

1σ
vσ


fl

m + w


≥ –fl+ m�1σ d�3(vσ –w(.

gdmbd µσ ≥ fl+ m�1σ d�30
Kds t ad sgd bnmrsZms fl etmbshnm nm )9. fl[0 Sgdm K9.E:{m{t + –}E }+fl(t: gdmbd q –K9.E:{m{( +

}E } + fl0 Rds ρ–r( + kmµr : vghbg hr Z rsqhbskx cdbqdZrhmf bnmudw etmbshnm vhsg ρ–9( +
km–}E } + fl( / ρ–σ ( ≥ km–fl + m�1σ d�3( / 90 Kds rfl / σ  ad sgd tmhptd uZktd rtbg sgZs 
ρ–rfl( + 90 Sgd rsqZhfgs/khmd sgqntfg –9. km–}E } + fl(( Zmc –σ. km–fl + m�1σ d�3(( hmsdqrdbsr sgd 
r/Zwhr Zs rZx r1 vhsg σ , r1 ≤ rfl ax bnmudwhsx0 ü rhlokd bnlotsZshnm fhudr

r1 + σ


km–}E }+ fl(

km–}E }+ fl(� km–fl+ m�1σ d�3(


/ σ


fl+

km–fl+ m�1σ d�3(
km–}E }+ fl(


.

Trhmf sgd onvdq rdqhdr enq sgd etmbshnm w ↦→ km–fl+ w( enq 9 ≤ w , fl: vd zmc sgZs

r1 / σ

(

fl+
m�1σ d�3 � fl

1 –m
�1σ d�3(1

km–}E }+ fl(

)

≥ σ +
σ

1d3 km–}E }+ fl(
m�1σ .

Sgtr: he vd sZjd B1 + σ

1d3 km–}E }+fl(
, fl Zmc rds r + σ +B1m�1σ : vd gZud sgZs km–µr( / 9: gdmbd 

µr / fl0
SZjhmf BE + lZw{Bfl.B�fl1 { / fl: vd bnmbktcd sgZs σ + B�flE m�1σ , chl�–IE:{m{( ,

σ + BEm�1σ  enq Zkk m kZqfd: vghbg bnlokdsdr sgd oqnne0 �

Pdedpdmbdr

)fl[ U0 AZkZch: Onrhshud SqZmredq NodqZsnqr Zmc CdbZx ne BnqqdkZshnmr: hm. ücuZmbdc Rdqhdr hm MnmkhmdZq CxmZlhbr: 
Unk0 fl5: Vnqkc Rbhdmshzb: RhmfZonqd: 19990

)1[ P0S0 Atlax: GZtrcnqee chldmrhnmr ne BZmsnq rdsr: I0 Pdhmd ümfdv0 LZsg0 22fl –fl871( fl81-1950
)2[ P0S0 Atlax: GZtrcnqee chldmrhnm ne rdsr Zqhrhmf hm mtladq sgdnqx: hm. Mtladq Sgdnqx –Mdv Xnqj: fl872(: 

hm. Kdbstqd Mnsdr hm LZsg0: Unk0 flfl24: Roqhmfdq: Adqkhm: fl874: oo0 fl-70
)3[ U0 Bgntrhnmhr: C0 KdxjdjglZm: L0 TqaZ’mrjh: Sgd chldmrhnm rodbsqtl ne bnmenqlZk fqZog chqdbsdc LZqjnu 

rxrsdlr: RdkdbsZ LZsg0 –M0R0( 14 –2( –19fl8( 63: OZodq –39(0
)4[ U0 Bgntrhnmhr: C0 KdxjdjglZm: L0 TqaZ’mrjh: Nm sgd chldmrhnm rodbsqtl ne hmzmhsd rtarxrsdlr ne bnmshmtdc 

eqZbshnmr: SqZmr0 üldq0 LZsg0 Rnb0 262 –1( –1919( fl998-fl9310
)5[ U0 Bgntrhnmhr: C0 KdxjdjglZm: L0 TqaZ’mrjh: D0 Vdmcs: Sgd chldmrhnm rodbsqtl ne sgd hmzmhsdkx fdmdqZsdc 

üonkknmhZm fZrjds: 1914: ZqWhu.14930fl67240
)6[ I0A0 BnmvZx: ü Bntqrd hm EtmbshnmZk ümZkxrhr: hm. FqZctZsd Sdwsr hm LZsgdlZshbr: Unk0 85: Roqhmfdq/UdqkZf: 

Mdv Xnqj: fl8890
)7[ S0 CZr: C0 Rhllnmr: Nm sgd chldmrhnm rodbsqZ ne hmzmhsd bnmenqlZk hsdqZsdc etmbshnm rxrsdlr: I0 EqZbsZk 

Fdnl0 8 –fl-1( –1911( 62-760
)8[ J0 EZkbnmdq: Sdbgmhptdr hm EqZbsZk Fdnldsqx: Ingm Vhkdx ] Rnmr: Bghbgdrsdq: fl8860
)fl9[ P0R0 EZkj: P0C0 MtrraZtl: Bl dhfdmetmbshnmr ne Odqqnm-Eqnadmhtr nodqZsnqr Zmc Z mdv ZooqnZbg sn mtldqhbZk 

bnlotsZshnm ne GZtrcnqee chldmrhnm. ZookhbZshnmr hm Nfl: I0 EqZbsZk Fdnl0 4 –2( –19fl7Z( 168-2260
)flfl[ P0R0 EZkj: P0C0 MtrraZtl: ü mdv ZooqnZbg sn mtldqhbZk bnlotsZshnm ne GZtrcnqee chldmrhnm ne hsdqZsdc 

etmbshnm rxrsdlr. ZookhbZshnmr sn bnlokdw bnmshmtdc eqZbshnmr: HmsdfqZk DptZshnmr NodqZsnq Sgdnqx 89 –4( 
–19fl7a( 35: OZodq –5fl(0

)fl1[ P0R0 EZkj: P0C0 MtrraZtl: Ghccdm onrhshuhsx Zmc Z mdv ZooqnZbg sn mtldqhbZk bnlotsZshnm ne GZtrcnqee 
chldmrhnm. ghfgdq nqcdq ldsgncr: I0 EqZbsZk Fdnl0 8 –fl-1( –1911( 12-610
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)fl2[ H0I0 Fnnc: Sgd eqZbshnmZk chldmrhnmZk sgdnqx ne bnmshmtdc eqZbshnmr: Oqnb0 BZla0 Oghknr0 Rnb0 26 –fl83fl( 
fl88-1170

)fl3[ C0 Gdmrkdx: Sgd GZtrcnqee chldmrhnmr ne rnld bnmshmtdc eqZbshnm BZmsnq rdsr: I0 Mtladq Sgdnqx 22 –1( 
–fl878( fl71-fl870

)fl4[ C0 Gdmrkdx: Bnmshmtdc eqZbshnm BZmsnq rdsr: GZtrcnqee chldmrhnm: Zmc etmbshnmZk ZmZkxrhr: I0 Mtladq Sgdnqx 
39 –2( –fl881( 225-2470

)fl5[ C0 Gdmrkdx: ü onkxmnlhZk shld Zkfnqhsgl enq sgd GZtrcnqee chldmrhnm ne bnmshmtdc eqZbshnm BZmsnq rdsr: I0 
Mtladq Sgdnqx 47 –fl( –fl885( 8-340

)fl6[ C0 Gdmrkdx: Bnmshmtdc EqZbshnmr: Vnqkc Rbhdmshzb: GZbjdmrZbj: MI: 19950
)fl7[ G0 HrghjZvZ: �adq chd Udqsdhktmf cdq OqhlyZgkdm: Rbh0 Pdo0 Snjxn AtmqhjZ CZhfZjt Rdbs0 ü 1 –2fl?21( –fl823( 

16-390
)fl8[ N0 Idmjhmrnm: Nm sgd cdmrhsx ne GZtrcnqee chldmrhnmr ne antmcdc sxod bnmshmtdc eqZbshnm rdsr. sgd SdwZm 

bnmidbstqd: Rsnbg0 Cxm0 3 –fl( –1993( 52-650
)19[ N0 Idmjhmrnm: L0 Onkkhbnss: Phfnqntr deedbshud antmcr nm sgd GZtrcnqee chldmrhnm ne bnmshmtdc eqZbshnm BZmsnq 

rdsr. Z gtmcqdc cdbhlZk chfhsr enq sgd chldmrhnm ne D1: ücu0 LZsg0 214 –19fl7( 76-flfl40
)1fl[ M0 ItqfZ: Chldmrhnm rodbsqtl ne hmzmhsd rdke/Zezmd hsdqZsdc etmbshnm rxrsdlr: RdkdbsZ LZsg0 –M0R0( 16 –2( 

–191fl( 12:  OZodq –38(0
)11[ L0 JdrrdaÜgldq: R0 Ygt: Chldmrhnm rdsr enq hmzmhsd HERr. sgd SdwZm bnmidbstqd: I0 Mtladq Sgdnqx flfl5 –fl( 

–1995( 129-1350
)12[ A0 Kdlldmr: P0 MtrraZtl: Ahqjgnee@r udqrhnm ne Ghkadqs@r ldsqhb Zmc hsr ZookhbZshnmr hm ZmZkxrhr: hm. 

GZmcannj ne Ghkadqs Fdnldsqx: Unk0 11: Dtq0 LZsg0 Rnb0 Yöqhbg: 19fl3: oo0 164-292: HPLü Kdbs0 LZsg0 
Sgdnq0 Ogxr00

)13[ P0C0 LZtkchm: L0 TqaZ’mrjh: Chldmrhnmr Zmc ldZrtqdr hm hmzmhsd hsdqZsdc etmbshnm rxrsdlr: Oqnb0 Knmc0 LZsg0 
Rnb0 –2( 62 –fl( –fl885( fl94-fl430

)14[ P0C0 LZtkchm: L0 TqaZ’mrjh: BnmenqlZk hsdqZsdc etmbshnm rxrsdlr vhsg ZookhbZshnmr sn sgd fdnldsqx ne 
bnmshmtdc eqZbshnmr: SqZmr0 üldq0 LZsg0 Rnb0 24fl –fl1( –fl888( 3884-49140

)15[ C0 LZtkchm: L0 TqaZ’mrjh: FqZog Chqdbsdc LZqjnu Rxrsdlr. Fdnldsqx Zmc CxmZlhbr ne Khlhs Rdsr: hm. 
BZlaqhcfd SqZbsr hm LZsgdlZshbr: Unk0 fl37: BZlaqhcfd Tmhudqrhsx Oqdrr: BZlaqhcfd: 19920

)16[ P0 MtrraZtl: Odqhnchb onhmsr ne onrhshud khmdZq nodqZsnqr Zmc odqqnm-eqnadmhtr nodqZsnqr: HmsdfqZk DptZshnmr 
NodqZsnq Sgdnqx 28 –fl( –199fl( 3fl-860

)17[ P0C0 MtrraZtl: Bl onrhshud dhfdmudbsnqr enq khmdZq nodqZsnqr Zqhrhmf hm sgd bnlotsZshnm ne GZtrcnqee 
chldmrhnm: HmsdfqZk DptZshnmr NodqZsnq Sgdnqx 73 –2( –19fl5( 246-2820

)18[ P0C0 MtrraZtl: BnloZqhrnm ne GZtrcnqee chldmrhnm ne D–Efl( Zmc D–E1( enq Efl. E1 bnmsZhmdc hm C: hm. 
Chldmrhnm Sgdnqx: EqZbsZk Etmbshnmr Zmc LdZrtqdr: hm. BnmsdlonqZqx LZsg0 üLR: unk0 714: 1914: oo0 
fl12-fl220

)29[ P0C0 MtrraZtl: ü0 OqhxZcZqrgh: R0 Udqctxm Ktmdk: Onrhshud nodqZsnqr Zmc GZtrcnqee chldmrhnm ne hmuZqhZms 
rdsr: SqZmr0 üldq0 LZsg0 Rnb0 253 –1( –19fl1( fl918-fl9550
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