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Abstract

We analyse the (Hausdorff) dimension spectrum of continued fractions expansions with coefficients
restricted to infinite subsets of N. We prove that the set of powers P; = {¢" :n € N} has full dimension
spectrum for each integer ¢ > 2, answering a question by Chousionis, Leykekhman and Urbariski. On
the other hand, we show that the dimension spectrum for P; = {¢" :n € N} U {1} has many gaps and
regions where it is nowhere dense. We also investigate the case where A is generated by a monomial,
My = {n?:n € N}. For M, we prove that the dimension spectrum is full for g € {1,2, 3,4, 5}, and it
has a gap for each ¢ > 6. Furthermore we show for g € {6,7, 8} that the dimension spectrum of My
is the disjoint union of two nontrivial closed intervals, and it is the disjoint union of three nontrivial
closed intervals for ¢ € {9, 10}. For ¢ > 11 we show that the dimension spectrum of M consists of
finitely many disjoint nontrivial closed intervals. The results concerning My extend existing results for
g = 1 and ¢ = 2. In our analysis we employ Perron-Frobenius (transfer) operators, and numerical tools
developed by Falk and Nussbaum that give rigorous estimates for the Hausdorff dimension for continued
fractions expansions.
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1. Introduction
In this paper we investigate for infinite sets A C N the set of continued fraction expansions,
Ja={x€©,1):x =la,a, a3, ...] with @; € A for all i},

where

a1, a2,a3,...] = 1
at
ar + o

These sets have a fractal nature and their Hausdorff dimension, denoted dimy,(J4), has been
studied extensively, see for instance [2,3,10,11,13-15,20,24,25,28,30]. For the basic concepts
regarding continued fractions and Hausdorff dimension we refer the reader to [9,17].

We analyse the (Hausdorff) dimension spectrum of A C N,

DS(A) = {dimy(Jp): B S A},

which was studied recently by Chousionis, Leykekhman and Urbariski in [4,5] for different
infinite subsets A of N, see also [6,8,21]. The case where A = N was considered earlier by
Kessebohmer and Zhu [22], who showed that it has full dimension spectrum, i.e., DS(N) =
[0, 1], which confirmed a conjecture by Hensley [16] and Mauldin and Urbanski [25] known as
the Texan Conjecture, see also [19]. The main motivation for the results presented here comes
from [5] in which the dimension spectrum of the set of powers of integers ¢ > 2, the set of
squares, and the set of primes was analysed among other sets.

In this paper we investigate the dimension spectrum for a variety of natural choices of A
including the set of powers of integers ¢ > 2: P, = {¢":n € N} and P; = P, U {1}. In [5,
Theorem 1.4] the dimension spectrum of P, was considered, and for ¢ > 2 it was shown there
that there exists an s(g) > 0 such that

[0, min{s(g), dimy,(Jp,)}] € DS(Py).

We prove that P, has full dimension spectrum for all ¢ > 2, answering a question from [5].
In fact, we will establish the following more general result.

Theorem 1.1. If A ={aj,az,...} CNwith2 <a; < ay < --- and a,a, > Gy, for all
m>n>1withm > 2, then
[0, dimy (J4)] = DS(A). (1.1)

This result also implies several results from [5], in particular [5, Theorem 4.11] and [5,
Theorem 1.2]. We summarise some of its consequences in the following corollary.

Corollary 1.2. The following subsets of N have full dimension spectrum:

(a) A ={a+bn:n e N} for integers 0 < a < b withb > 2.

(b) A ={a+bn:n e NU{O0}} for integers 2 < a < b.

(c) Aprimes = {p € N: p prime}.

(d) P, ={q":n e N} forq > 2.

The condition in Theorem 1.1 for the set of primes is an old result due to Ishikawa [18,
Satz III]. For the other statements in the corollary the condition can be easily verified.
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As we shall see, the fullness of the dimension spectrum of P, is in stark contrast with the
dimension spectrum of P, which has many gaps. More specifically, given ¢ > 2 and k > 0
let

L={1,....¢"} and T ={g"", ¢** ..},

w = dimy (Jy_un) = dimy(Jps\(gt))  and vk = dimy () for k > 0.

Note that u° = dimy (J pq) and 10 = dimy;(J;13) = 0. We have the following result.

Theorem 1.3. Forall g >3 and k > 1,

(i) kb < vk and (u*, v6 N DS(P;) = 0.
(ii) DS(Pq*) is nowhere dense in (V*, u*th).

For q = 2, assertions (i) and (ii) hold for all k > 2.

Furthermore, the dimension spectrum of Pq* contains an initial nontrivial interval.

Theorem 1.4. The interval [0, 21?[12{1] is contained in DS(Pq*) for each q > 2.

We note that in [4, Theorem 1.1] it was shown that the dimension spectrum of A always
contains an interval [0, o], where o9 = inf{s > O: Zne A n~ % < oo} is the finiteness
parameter. In the case of P, and P, however, oy = 0.

We will also analyse the dimension spectrum for sets generated by a monomial, M, =
{n?:n € N}, and prove the following result.

Theorem 1.5. The dimension spectrum of M, satisfies:
(i) For g € {1, 2,3, 4,5} we have that DS(M,) = [0, dimq.L(JMq)].

(ii) For g > 6 we have

dimy; (I, \(29)) < dimyy(Jy124})
and DS(M) N (dimyy (J,\(29)), dimp;(J1,20))) is empty.

(iii) For q € {6,7, 8} we have that
DS(M,) = [0, dimy (Jy,\20))] U [dimy (J(1,24)), dimy (S, )]

(iv) For q € {9, 10} we have that dim'H(.]Mq\{}q}) < dim';{(‘]{lyijz]}) and
DS(M,) = [0, dimy (Jy,\2e)] U [dimy (J(1,24)), dimyy (Ja,\(39))]

U [dimy (J{1,24,39)), dim?—L(JMq IE
(v) DS(M,) is the disjoint union of finitely many nontrivial closed intervals for each q € N.

The case ¢ = 1 is the Texan Conjecture established in [22], and the case ¢ = 2 was treated
in [5, Theorem 1.3]. To prove the final statement in Theorem 1.5 we will establish a general
criterion on subsets A of N that implies that its dimension spectrum consists of finitely many
nontrivial disjoint closed interval, see Theorem 8.3. In [4] in the remark after Conjecture 1.3
the authors raised the question if there exists a conformal iterated function systems with a
prescribed finite number of connected components. Theorem 1.5 seems to suggest that this
might be realised using the sets M, but we have no proof at present.
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Throughout the paper the a,’s and g will be integers, although this is not strictly required
for several of the statements presented, in particular in Theorem 1.1. In these instances it is
sufficient to know that the maps 6,:x — (a, + x)~' have disjoint ranges on the invariant set.

In our analysis we will use Perron—Frobenius (or transfer) operators. Given F C N finite
and s > 0, the Perron—Frobenius operator, L, p:C([0, 1]) — C([0, 1]), on the Banach space
of real continuous functions on [0, 1] is given by

1\ 1
(L.s,Ff)(x)=Z(n+x> f<n+x> for x € [0, 1],

nelF

which is a positive bounded linear operator on C([0, 1]). Here positive means that if f €
C([0, 1]) with f(x) > 0 for all x € [0, 1], then (L, ¢ f)(x) > O for all x € [0, 1].

The operator L, ¢ can be considered on other Banach spaces. For instance on the real Banach
space Ck(0, 1) consisting of k-times continuously differentiable functions f:[0,1] — R
(respectively the complex Banach space Cé‘:([O, 11 with functions f:[0, 1] — C). It can also
be considered on the Banach space C%%([0, 1]) (respectively C%“([O, 1])) consisting of real
(complex) functions on [0, 1] that are Holder continuous with Holder exponent 0 < o < 1.
Indeed, L, r is a bounded real linear operator from C%([0, 1] to itself, and also from
C*([0, 1)) to itself. The operator can be extended in the usual way to a complex linear operator
to C%“([O, 1]) and also to C(’é([O, 1]). If L, F is considered as a bounded complex linear operator
on C(%a([O, 1]) or C(’é([O, 1]), we shall abuse notation and write (L, r) € C to denote the
spectrum of L; f.

Rather than using the pressure function and Bowen’s parameter from thermodynamic
formalism [26], which involve the iterates of the operator L, r to analyse its spectral radius,
we approximate the strictly positive eigenvector of L, p to estimate the spectral radius. In
particular, we use the eigenvector given in Lemma 4.1, which is surprisingly powerful. In
this context it is convenient to use the next theorem, which is a special case of more general
theorems concerning the spectral theory of Perron—Frobenius type operators that can be found
in: [10, Theorem 3.1], [23, Section 2.2], [27, Theorem 5.4], and [28, Theorem 6.5]. It was
also used in [5] where one can find a detailed discussion about its connection to known results
in thermodynamic formalism, see [5, Remark 3.1]. The theory of positive operators plays an
essential role in many areas of ergodic theory, see for instance [1] for related results.

Theorem 1.6. For F C N finite, with y = min{n:n € F}, s >0, 0 <a <1 and k € N the
following assertions hold.

(i) If Ly is considered as an operator from C%*([0, 1]) to itself (respectively from
Ck([0, 1)) 1o itself), then it has a strictly positive eigenvector vy € c%e([0, 17)
(respectively vs p € C*([0, 11)) with corresponding eigenvalue As,p > 0. The eigenvector
Vs, F IS unique up to scaling, and Ay g is independent of o and k and equals the spectral
radius of Ly r: C%*([0, 1]) — C%%([0, 1]) (respectively L, r: C*([0, 1]) — C*([0, 1])).
In particular, v 5 € Ck([0, 1)) for all k € N, hence it is a C®-function. It is also
the unique positive eigenvector of Ls p:C([0, 1]) — C([0, 1]) and A, r is the spectral
radius, denoted r(Lg ), of Ly r:C([0, 1]) — C([O, 1]).

(ii) The spectrum o(Lg ) € C of Ly r: C%%([0, 1]) — C%*([0, 1]) (or Ly r: C*([0, 1]) —
Ck([0, 11)) satisfies

sup{/\IZI e o(Lx,F)\{As,F}} <1.

s, F
4
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(iii) The function s «— A, p is strictly decreasing and continuous.
(iv) The function v, p is a decreasing on [0, 1] and
ZS U;’F(X)

R et Lhar () for all x € [0, 1].
Y US.F('X)

(v) The unique value s such that A, p = 1 is equal to dimy(JF).

As noted in [10] the inequality in the fourth assertion in Theorem 1.6 implies that

lx—yl

2s
v r(x) < vsp(y)e 7 . for all x, y € [0, 1]. (1.2)

Remark 1.7. The fact, mentioned in the first assertion of Theorem 1.6, that the strictly positive
(normalised) eigenvector vs g of Ly p: C([0, 1]) — C([0, 1]) is unique, is not proved in the
literature to the best of our knowledge, but holds for a much larger class of Perron—Frobenius
type operators than the operators L, . As we will not require this fact here, we omit the proof.

2. Preliminaries

In this section we recall some preliminary results that we will use throughout the paper.
For a < b, the Banach space (C([a, b]), || - |lco) 1S @ complete order-unit space with cone
C([a,b])s ={f € C(la,b)): f(x) = O for all x € [a, b]} and order-unit u:x — 1 for all x.
So the partial ordering on C([a, b]) is given by f < g if f(x) < g(x) for all x € [a, b].

Lemma 2.1. Ler f,g € C(la, b]) be strictly positive. For each 0 < X < 1, there exists a
w e N, 1) such that f + ,g < u(f + g). Likewise, for each A > 1, there exists a u € (1, A]
such that p(f +g) < f + Ag.

Proof. Since f and g are strictly positive on [a, b], the function h(x) = % is well

defined, strictly positive, and continuous. So, /& attains a maximum, say at xo € [a, b]. Set
= h(xp) > 0. Then

S (xo0) + Ag(x0)

S (x0) + g(x0)

Thus, p < Land f +2g < u(f +g)- As M(f(x) + g(x)) < f(x) +2Ag(x) < u(f(x) + g(x))
for all x € [a, b], we also have that A < pu.
The second assertion can be derived in the same way by considering the minimum of 2. [J

w = h(xo) =

Recall that the spectral radius, (L), of a bounded linear operator L: C([a, b]) — C([a, b])
satisfies r(L) = limy | L*||'/¥, see [7, p. 197]. The following basic fact is useful to estimate the
spectral radius of the positive operators L, r and will be used throughout.

Lemma 2.2. Suppose that L:C([a,b]) — C(la, b]) is a positive linear operator. If w €
C(la, b)) is strictly positive and cw < Lw < Bw, then a < r(L) < B.

Proof. Let u:x — 1 be the order-unit. As L is positive, we have that |LF|| = ||L*u||c.
Moreover, there exists a i, v > 0 such that pw < u < vw. Thus, /Lakw < /LLkw < Ly <
vLFw < vBfw, so that pak||wlle < [IL*] < vB8*||w|so. As r(L) = limy ||L¥||'/¥, this implies
thata <r(L) < pB. O
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The following statement can be found in [8, Claim 3.1], which contains an inaccuracy in
its proof. To be precise, the assertion on [8, page 80] that g is an eigenvector of L’ seems
unjustified. For completeness we give a proof in Appendix.

Lemma 2.3. [If F C N is finite with |F| > 2, and 0 = dimy(JF), then there exists a Cr > 1
such that for all n € N\ F we have that
o+ Cp'n™ <dimy(Jrup) <o + Cpn™ 2. 2.1
Moreover, if |F| =1, then lim,_, o, dimy (Jrypy) = 0.
The following result can be found in [24].
Theorem 2.4. Let F C N, with |F| = oc0. If F{ C F, C ... C F with each F, finite and
U, F, = F, then
lim dimy (JF,) = dimy (JF).
We will also need the following fact, see [5, Proposition 2.7]. The same result can be found
in [29] where different methods are used.
Proposition 2.5. If A, B C N and there exists a non-decreasing bijection t: A — B, then
dimy (Jp) < dimy;(J4).
In our arguments we occasionally need explicit upper and lower bounds for dimy,(J4) for

specific finite sets A C N. To get these bounds we used the rigorous numerical methods
developed by Falk and Nussbaum in [10,11] and the Matlab code from

https://sites.math.rutgers.edu/~falk/hausdorff/codes.html

The table below lists the bounds that are sufficient for our purposes, which were obtained
by running the Matlab code with number of intervals N = 200. It should, however, be noted
that much sharper bounds can be obtained by using the numerical methods from [10,12]. In
some cases, for instance A = {1, 2}, very sharp estimates exist, see e.g., [12,20].

To prove Theorems 1.3 and 1.5 we will need to consider Perron—Frobenius operators L p
where |F| = oo. In that case some care needs to be taken, as L, r may not be defined
for all values of s > 0. Indeed, if F = {aj,a;,...} € N with a; < a < ---, then
L, r:C([0,1]) — C([0, 1]) given by,

> 1 \* 1
(Ls,r f)x) = Z (a —i—x) f <a +x> for x € [0, 1],

n=1

is a bounded linear operator for s > oy, where oy = inf{o > 0: ZZO:1 a;z" < 00}. In the case
where F C Pq* with ¢ > 2 we have that o9 = 0, and for F € M, with g > 1 we have that
0o < (2¢)~". In [30, Section 5] the relation between the spectral radius (L, r) and dimy (JF)
was investigated for |F| = oo. In fact, the more general setting of iterated function systems

was considered there. We will use some of the results from [30].

Lemma 2.6 ([30, Lemma 5.4]). If F € N with |F| = oo, then s — r(Lg r) is continuous and
strictly decreasing for s > oy.
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For F € N with |F| = oo let 0o = inf{s > 0:7r(L r) < 1}.

Theorem 2.7 ([30, Theorem 5.11]). If F C N with |F| = 0o, then dimy(Jr) = 0.

The reason for o, to be defined in that way in [30] is due to the fact that for general iterated
function systems there need not be an s > oy for which (L, r) = 1. This, however, will not
be an issue here. We should mention that although the derivative of the map 6;:x — (14+x)~!
satisfies |61(0)| = 1 the results from [30, Section 5] can be used. Indeed, as explained in [30,
Example 5.12], to prove the results mentioned above one can work with the operator Lf,, P
and the maps 6, o 6),, where 6,:x +— (a + x)~! for a € N, as they have the property that
|6, 0 6,)(x)] < 47" for all x € [0, 1].

3. Strict break points

The concept of a strict break point plays a central role in the analysis of the dimension
spectrum. The idea goes back to the work by Kessebohmer and Zhu [22, Theorem 2.2], and
is also used in [5].

Definition 3.1. Let A = {ay,a2,...} € N witha; < a, < ---. Given F C A finite and
0 < s < dimy(J4), we say that aq; € A is a break point for (F, s) if a; > max F and

dimH(Jp) <s5s =< dimH(JFU{ak}).

If (F,s) has a break point, then by Lemma 2.3 there exists a break point ay, € A such that
dimH(JFU{akO}) > s and dimH(JFU{ak0+1}) < s, which is called a strict break point for (F, s).
Note that if a;,, is a strict break point for (F, s), then ko > 2.

Strict break points can be used to show that an s € (0, 1) is in the dimension spectrum of
A.

Lemma 3.2. Let A C N be infinite and F)\ C F, C ... C A be a nested sequences of finite
subsets with max F,, < max F,| foralln > 1. If 0 < s < dimy(Ja) and for each n there
exists a strict break point a,, for (F,,s), then s € DS(A).

Proof. Let 0, = dimy(JF,) < s forn > 1, and let o = dimy(JFr,,), where Fo, = U, F,. From
Theorem 2.4 we know that o, - 0 as n — oo, and o0 < s, as 0, < s for all n. To complete
the proof we show that o = 5. Suppose, by way of contradiction, that o < s.

For n > 1, let G, = F, U {ay,}, so dimy(Jg,) > s for each n. For a, b € N, the maps

. 1 . 1 .
Oa:x > — and 6, x > ;- satisfy

(64 060,)(x) = (a(b+x)+ 1)"2  for x € [0, 1].
So,

(B0 06,)(x))" ™" = (@b + x) 4+ 1) 267 < 272679 = 47679, 3.1)
We know, see for instance [30, Lemma 3.4], that

(L3 5, F)(x) = Z (B 0 0p) (x))" f((6a 0 Op)(x))  for f € C([0, 1]).
a,beFy,
7
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Now let v, € C([0, 1]) be the strictly positive eigenvector of L, g, With Ls, Uy = Up.
Then

(LY on)(x) = Y ((Ba 0 05) (x)) 0a((8 0 0)(x))

a,beF,

47670 N (84 0 05) (X)) 0a((Ba © 0)(x))
a,beFy,

= 4_(S_G)L§'nyFn v, (%)

= 4_(5_(7).”” (x)a

IA

hence r(Lf’Fn) < 47679 by Lemma 2.2. As r(Ly f,) = lim; ||Lf_Fn /%, we find that
. 172 s—o
F(Lyr,) = lim (1L, 1179 = r@2 )2 =270, (3.2)

We know from Theorem 1.6 that there exists a strictly positive function w; € C([0, 1]) such
that L p,ws = r(Ly, F,)ws. Now using (3.2) and (1.2) we get that

1 2s 1
(L., w)(x) = (L, wy)(x) + <amn +x> o <amn - x>

—(s—o) 1 » 2s
<2 wy(x)+ | — | eTwy(x),
a

mp

hence r(Lyg,) < 27679 + a,;fseh. As dimy/(Jg,) > s, we know that r(L; ,) > 1, which
gives

1 <r(Lyg,) <2777 +a,%e”
for n > 1. This is impossible, since a,,, = co and s —o > 0. O

The following lemma is similar to [22, Theorem 2.2].

Lemma 3.3. Suppose A C N is infinite and 0 < s < dimy(Ja). If for each F C A
finite with strict break point ar, € A for (F,s) we have that s < dimy(Jpur), where
T ={a, € A:n > ko}, then s € DS(A).

Proof. Let A={a;,a>,...} CNwitha; <a, <---. As 0 < s < dimy(J,), it follows from
Theorem 2.4 that there exists a k; > 1 such that Fy = {ay, ..., a,} satisfies

dimy(Jp) <s and dimH(jplu{akl_H}) > 5.

Now let m; > ki + 1 be such that a,,, is a strict break point for (Fi, s). It follows from the
assumption that dimy (Jrur,) = s, where 71 = {ay € A:k > my}. In that case we can use
Theorem 2.4 again and find a k, > m; such that F, = Fy U {11, ..., ax,} satisfies

dimu(Jpy) <s  and  dimy(Jpupe,.,) = 5.

Now let m; > kp+1 be such that a,,, is a strict break point for (£, s). Thus, dimy (Jp,ur,) = s,
where T, = {a; € A:k > m,} by the assumption.

Repeating this process, we find a nested sequence F; C F, C ... C A of finite subsets,
with max F,, < max F,; for all n, and indices m; < my < --- such that a,,, € A is a strict
break point for (F,, s) for all n. It now follows from Lemma 3.2 that s € DS(A). U

8
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We will also need a general criterion to identify gaps in the dimension spectrum. This
criterion is similar to the one given by Kessebohmer and Zhu in [22, Theorem 2.4]. For
completeness we include a proof of the statement we will need for our purposes. To formulate
it, we introduce some notation.

Let A ={a),a,...} SN, witha; <a, <---, Iy ={a1, ..., a},and Ty = {ajy1, ag+2, ...}
for k > 1. Denote a; = dimy;(J5,_,ur,) = dimy;(Ja\(q)) and By = dimy(J,) for k > 1. Here
Ip = 0. Given F C A finite, we write

Ff=(F\max F)U{a, € A:a, > max F}. (3.3)

Lemma 3.4. [f ay < By for some k > 2, and for each finite F C A with f; < dimy(Jr) <
a1 we have that

dimy (Jp1) < dimy (JF),

then DS(A) is nowhere dense in (B, otgi1).

Proof. Let F C A finite with dimy(Jr) = s and B < s < axy1. We claim that there exists
no G C A finite with dimy(Jg) € (Bk, ox+1) such that

dim'H(JFﬁ) < dlmH(Jg) < dlmH(JF)

Suppose that G C A finite with dimy(Jg) € (B, ox+1). Let a; = min(GU F)\(GN F). We
note that Iy C F, G, since a; < By < dimy(JF), dimy(Jg) and the fact that dimy (Ja\(4,}) >
dimy(Ja\(q,,}) for m < k by Proposition 2.5 and Theorem 2.4. So, g > k > 2.

There are four cases to consider. Firstly, a, = max F. In that case, G 2 F \ max F, hence
G C F*. As dimy(Jp:) < dimy(Jr), we conclude that dimy (Jg) < dimy (Jzs).

The second case to consider is a, > max F. In that case F' C G, hence dimy(Jr) <
dimy (Jg).

As a third case we suppose that a, < max F and a, € F. Let F, = FN{ay,...,a,} D Ix.
Then F, \ {a,} = F, \ max F,, so that G C F{ and F, C F \ max F C F%. As

Qpy1 > dimy (Jp) > dimy (Jg,) > dimy (Jy) = By,
it follows from the assumption that

dimy(Jg) < dimy(Jp2) < dimgy(Jr,) < dimy(Jp2),
which settles this case.

For the remaining case we need to consider a, < max F and a, € G. In that case we

consider G, = G N{ay,...,ay} D Ix. Then F C Gﬁ, and

Br < dimy(Jg,) < dimy(Jg) < apy1.
So, using the assumption we find that

dimy(Jrp) < dimH(JGE) < dimy(Jg,) < dimy(Jg),

which completes the proof of the claim.

It follows from the claim that any open interval I € (B, o) contains an open interval I
such that DS(A)N [, is empty. Indeed, if DS(A)N 1 is non-empty, then there exists B C A with
dimy(Jp) € I. By Theorem 2.4 we know that there exists ' C B finite with dimy(Jr) € I.
From the claim we know that there exists no G C A finite with

dil’l’l'H(JFﬁ) < dlmH(Jg) < dlmH(JF)
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So, if we put Iy = (dimy(Jpz), dimy(JF)), then DS(A) N Iy is empty by Theorem 2.4. This
shows that DS(A) is nowhere dense in (B, oxy1). U
4. Bounds for dimq.t(]{l,,,})

To establish the results we need a generic lower bound for the Hausdorff dimension of Jj .
The main idea is to use the positive eigenvector for the operator

L (1Y 1
( s,{l}f)(x)—(l+x> f<l+x>'

Lemma 4.1. Let > 0 and s > 0. The operator L ,,: C([0, ;lL]) — C([0, ﬁ]) given by

1\ 1
@Mmﬂu)=<ﬂ+x) f(u+x)

has vy(x) = (ﬁ)zs, where

R
=—"

A

as a strictly positive eigenvector with eigenvalue 1. In particular, r(Lg ) = A7,

Proof. Note that A satisfies A2 — ur — 1 =0, hence

2s 2s 2s
; 1 _ 1 _ n+x o mtx
\pu+x/) s S\ pr+1+ax) A2+ 0x

=272 (1 + x) vy (x).

This implies that L (,vs(x) = A u,(x). As vy is strictly positive, r(Lg ) = AT by
Lemma 2.2. O

Using these results we now prove the following estimates for the Hausdorff dimension of

J{],n}.

Theorem 4.2. Forn > 1 let

2s
S_(I’l) = max {S > O:)L—ZS (1 + <]1-|-)\'T> ) > 1}
si(m)=min{s >0:1">[1+ (LH>25 <1
+ - — Y. l’l+)\ = 5

where A = #g Then

s_(n) < dimy(Jyiny) < 54(n).

and

. 2
Proof. Note that if v,(x) = (ﬁ) *, 50 Ly 1yvs = A~ >y, then

2s 2 25
1 1 n—+x (n+x)
Vg = = e —
x+n A+ = AMn+x)+1 23 (n 4 x + A2

n+x
10
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B (n +x)2s
At x+A— 1)
as A~! = A — 1. This implies that

(L gimyus)(x) = A2 1+(L>zs )
5,{1,n}Us)\X) = n+x+k—l Vg(X).

For n > 1 and x € [0, 1] the continuous function,

A 2s
s (14— ) ),
n+x+ir—1

is strictly decreasing, positive, and at s = 0 takes the value 2. Moreover, forn > 1 and s > 0,
the function

A 2s
_x}_))\’72s 1+ L
n+x+ir—1

is strictly increasing on [0, 1]. Thus, its maximum is s, (n), which is attained at x = 1, and its
minimum is s_(n), which is attained at x = 0.

It follows that for s > s, (n) that L ,vs(x) < vs(x), hence r(Lg 1)) < 1 by Lemma
2.2. So, by Theorem 1.6 we get that dimy(J{1 ) < s4(n). Similarly, for s < s_(n) we
have that L ,vs(x) > vs(x), so that r(Ls1,) = 1. So, by Theorem 1.6 we get that
dimy(Jy ) = s-(n). O

We can use the previous theorem to derive a general lower bound for dimy;(Jy; ) for n > 4.

Corollary 4.3. For each n > 4 we have that
0.52679
In(n)

din’lH(J{].n}) >

0.52679
In(n)

c 1 25(x) 1 25(x)
= — d hx)=|- S e— .
$(x) Inx an x) <A) + (x—{—k— 1)

Here ¢ > 0 is a constant which will be chosen later to get the lower bound for x > 4. But for
the moment it is useful to work with ¢ and any x > 4, because the method of proof gives a
way to get a better constant if one has that x > N for some fixed N.

By Theorem 4.2 we need to show that 4(x) > 1 for all x > 4. We first show that A'(x) > 0
for all x > 4, and subsequently find a suitable constant ¢ > 0O such that 4(4) > 1. Note that

Proof. We need to show for each integer n > 4 that < s_(n). For x > 4 let

“”:_mﬁm<

for x > 4, and

W) = 25') 1 BO L pa—1 M”l AW 1
Ve T A y Y X+A—1

3 s(x) )
x+r—Ds'(x)/)°

11
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Table 1

Upper and lower bounds for Hausdorff dimension.
{1,2}  [0.531277, 0.531281] {1,210} [0.150819, 0.150820]
{1,3}  [0.454487, 0.454490] (1,2 [0.140914, 0.140915]
{1,22}  [0.411181, 0.411184] {1,2,4} [0.669217, 0.669223]
(1,23} [0.333644, 0.333646] {1,2%,3%) [0.272593, 0.272595]
{1,2*}  [0.280974, 0.280976] (1,20, 3% [0.238624, 0.238626]
{1,2%)  [0.243375, 0.243377] {1,27,37} [0.212932, 0.212933]
{1,2°}  [0.215370, 0.215371] (1,28, 38) [0.192784, 0.192786]
{1,27}  [0.193748, 0.193749] {1,2°,3% [0.176528, 0.176529]
{1,28}  [0.176544, 0.176545] {1,210, 310 [0.163106, 0.163107]
{1,2°}  [0.162508, 0.162510] (1,35, ..., 1005} [0.243455, 0.243456)

So, 25'(x) (ri_l)s(x) <0 and (’%_l)zm) In (+) < 0. Moreover, —‘f,((f()) = x In(x), so that

s(x) _ xlIn(x) xIn(x+Xx—1)

TG A— @ G+Ai—D - xtri-D)
This implies that

(=)o (1-759)
In — <—Inx+A-D(l——) <0,
x+Ar—1 x4+ r—1)s'(x) x+Ar—1

so h/(x) > 0 for all x > 4.
For x = 4 and s(4) = 0.52679/ In(4) a direct calculation shows that

0.52679 0.52679
2 2

h(4>=<1> " +(L> "L
A 34+ A

: 052679
Thus, dimy(Ji1.m) > S5~ U

In particular, we find that 0.379998 < dimy(J{1,4), Which is a surprisingly good lower
bound considering the estimates in Table 1.

To establish Theorem 1.5 we will also need a lower bound for dimy(J; 24y) for g > 12.
Using the same method as in the proof of Corollary 4.3 we need to find a constant ¢ > 0 such

that for x = 2'2 and s(2'?) = 3inm We have that

h(2'?) : ﬁﬁ+ : o 1
=| - —_ > 1.
A 22 40 —1

In this case, one can check that ¢ = 1.0571 gives h(212) > 1.005, hence we have for g > 12
that

1.0571 1.525
di J, > > —. 4.1
imyy (Jy1,00)) > ) = g 4.1)

5. Proof of Theorem 1.1

Proof of Theorem 1.1. Clearly 0 and 0 = dimy/(J4) are in the dimension spectrum of
A. Take 0 < s < o. We will use Lemma 3.3 to show that s € DS(A). For m > 1 let
I, ={a,...,a,} and let u € C([0, 1]) be the constant 1 function. By Theorem 2.4 we know
that 0, = dimy(J;,) — ©.

12
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Note that for each m > 1 and x € [0, 1] we have that

m 1 2s
(L, 1y u)(x) < Z (—) = ().
=N
We claim that «,,(s) > 1 for all m sufficiently large. Indeed, if «,,(s) < 1 for all m, then
r(Ls,,) < 1forall m > 1 by Lemma 2.2. As 0 < s < o, we know from Theorem 1.6 that

1= r(LO‘m,Im) < r(LX,Im) < Olm(S) < 1

for all m sufficiently large, since o,, > s for all m large. This is impossible, hence ,,(s) > 1
for all m sufficiently large.

Now let F' C A finite and ay, € A be a strict break point for (F, s). So, r(LS,FU{ukO}) > 1. Let
vy be the strictly positive eigenvector for Lsypu[ako}, and set H,, = F U{agy4;:j=1,...,m}.
For x € [0, 1], we have that

ag, + x - ag,

—_— 9
Ahotj TX ko
so that

1 2s ako 2s 1 2s .
D — > for j=1,...,m.
Ay+j + X Ako+j Agy +x

By Theorem 1.6, vy is a decreasing function on [0, 1]. This implies that

1 2s 1
(Ls,Hm vg)(x) = (Ls, rog)(x) + Z (ak T x) Vs ( )
o+J

i=1 ak()"’j +x

1 2s 1 m a 2s
> (L, Us)(-x)+( ) Us( ) ( 2 ) .
F iy + X ag, +x ; QAko+j

As ko > 2, we can use the assumption, a,,a, > a4+, for allm > n > 1 with m > 2, to find

that
m ary 2s m 1 2s
J

s
j=1 kot j=1

m
J

As a,,(s) > 1 for all m > 1 sufficiently large, there exists a constant A > 1 such that

1 2s 1
(L 1y V)(¥) Z (L5, r05)() + A <ak0 +X> " (ako +x)

for all m large. Now using Lemma 2.1 we conclude that there exists ;> 1 such that

1 s 1
(Ls,H,, vs)(x) > 1 ((Ls,Fvs)(x) + (ako n x) Vg (ako n x)) > uu(x)

for all m large. This implies that r(L p,) > 1 for all m large by Lemma 2.2, hence
dimy(Jy, ) > s for all m large. As FUT D H,, where T = {a,:n > ko}, we have that
dimy (Jrur) > s. The result now follows from Lemma 3.3. [

6. Gaps in DS(P;): Proof of Theorem 1.3

To establish the structure of the dimension spectrum for P}, the following result is useful.
13
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Theorem 6.1.  Suppose that F C Pj is finite. If ¢ > 3 and {1,q} S F, o, ¢ = 2 and
{1,2,4} C F, then

dimy (Jpz) < dimy (JF),

where F* is given by (3.3).

Proof. Suppose that F C P/ is finite with max F' = g*.Set G = F\max F and, for0 < s < 1,
let v; be the positive eigenvector of L r with eigenvalue Ay = r(LX F).

Then for each m > g* and x € [0, 1] we have that £ +;‘ < L= +1 . Furthermore by (1.2), vy
satisfies

N 2
vs 1 S 62 (qk+x m+x)vs 1 S ellk US ; )
m+x g +x gk +x

Note that for s > 0 the operator L r+ is defined and bounded. Moreover,

(L ps0)() = (L v )(X)‘Fi(;)hv (i)
s, F2Us = (Ls,GUs = g+ x "\ gkt +x

1\ 1 2 X
< LS S - S - q'
< (Lsgv )(x)+<qk+x> v (qk+x)e 2

2s
(N (] 23_(1“7)
Z k+]+1 - k Z pr - q23‘_1

We have that

k+j_|_x

IA

j=1 =1 i o N
Now let
1 2s
( (1+ #)) &
y(k.q,s)= pEr— =5

as e* > 1+ x. Note that if y(k,q,s) < 1, then there exists by Lemma 2.1 a u < 1 such
that L, psvs < uLs pvs = pAsvg. In particular, if this holds for s = dimy(JF), we get that
L pzvg < pvg. This would imply that r(L; gz) < u < 1, hence dimy (Jpz) < s by Lemma 2.6
and Theorem 2.7. So we need to show that y(k, ¢, so) < 1 for so = dimy (JF).

Firstly suppose that ¢ > 4 and k = 1, so F = {1, ¢}. By Corollary 4.3, 0556;9 so<1/2,
so that

e%0/q e/
y(l,q,s0) < < <1
> qZSO —_ 1 qZSO — 1 ’
1.05358
as g M) — 1 =038 _ 1 5 035 > %4 for g > 4.
0.52679

Likewise, if ¢ > 4 and k > 2, then
qk > 24q, so that

Tn(g) < dimq.[(]{lvq}) < 50 = dlmH(JF) <1 and

e4so/d* o2/4

vk, q,s0) < pEr— =< o1 L.

Let us now consider the case ¢ = 3 and k > 2. In that case

£4%0 /3K 49

vk 3,50) < o7 S - <092 <L

14
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since 5o = dimy(J(1,3;) > 0.454, see Table 1.
The case ¢ = 3 and k = 1 requires a more refined estimate than y (1, 3, s¢). In that case we
have that

2s 1
(L p2vs)(x) = (Ly,Gs (x)+2<m) Us (m>

1 \* 1 > 4 2 25(4- )
< LS B B . "3 Jj+1 X
( GU)(X)+<3+ ) v <3+X),Z]<3f“+1> e 3

Note that

00 2s 3/27 o0 2s
4 25(4— = 2 25/3 1
Z(m) M7 <4 ( ) <—) +e*7 > (3
j=1 j=3
, 02/9 e8/27 el/3 2s 1
— 4% — .
( > ( ) - ( 27 ) (32S - 1)

Now using the fact that 0.454 < sy = dimy(J;1,3;) < 0.455, we get that

, o290\ % o812\ % el3\ % 1
45 == — — 0.899 < 1,
(10) +<28) +(27> (3%—1) = =

which gives the desired inequality.
Finally let us consider the case ¢ = 2 and {1,2,4} C F. If k > 3, then

£4%0 12k £50/2

y(k,2,50) < o S 1~ 0.915 < 1,

since 0.669 < sy = dimy(Jj1,2,4) < 0.67, see Table 1.
If k=2, then F ={1,2,4} and G = {1, 2}, so that

(L, prv)(x) = (Ly G )(x)+i(;)zxv (#)
s, FiUs = Ls,GUs o 22+j 1 x S\ 22+ 4y

< oo+ (=) 0 () X (5 ) @)
nom dtx) “\a+x) =240 ‘

Note that

2s 3/16 2s
2s(1—— 5 s
S (ae) S e ((5) () L (o)

5(( ) () () (21—1>>

Now using the fact that 0.669 < sy = dlmH(J 12,4)) < 0.67, we get that

” ol/8 £3/16 1/4 0084
(4 ¢ 1,
(9) +<17) +(16 22v— = =

which gives the desired inequality. [

15
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Using the previous theorem it is now easy to prove Theorem 1.3.

Proof of Theorem 1.3. Suppose that ¢ > 3 and k£ > 1. To prove assertion (i) we first note

that we can take F = Iy = {1, ..., ¢*} in Theorem 6.1 and conclude that u* < v*. To see
that (u*, v¥) N DS(P}) = @ we argue by contradiction. So, suppose that F C P, is such
that p* < dimg(JF) < v¥. We claim that {1,...,¢*'} C F, as otherwise F C P; \ {¢"}

for some m < k — 1. In that case we get that dimy(Jr) < pu™ < uk by Proposition 2.5,
which is impossible. As {1, ..., ¢!} ¢ F and dimy(Jr) < v¥, we know that g* & F. Thus,
F C Pq* \ {¢*}, which contradicts the fact that u* < dimy (JF).

To prove assertion (i) let F C P, be finite with vh < dimy(Jp) < wpft!. Then
{1,....4"} C F, as otherwise F C P\ {g"} for some m < k, which would imply that
dimy(Jr) < w™ < v < vk, As uf < v¥ for all k > 1, we can combine Lemma 3.4 and
Theorem 6.1 and conclude that DS(P;) is nowhere dense in (v*, ;**') for k > 1. (Note that
o = uF " and B = vE! for k > 1))

The proof for ¢ = 2 can be derived in the same way from Theorem 6.1 and Lemma 3.4. [

7. Proof of Theorem 1.4

Proof of Theorem 1.4. Let 0 < s < 21?,12(,- To show that s is in the dimension spectrum
we verify the condition in Lemma 3.3. So, suppose that F' C P is finite with strict break
point say g0 for (F, s). Let v, be the strictly positive eigenvector of L puggho with eigenvalue
Ay =r(Lg pyggto) = 1 and let T = {gF:k > ko). Set T, = {g*0T7:1 < j <m}.

We know from Theorem 1.6 that v, is decreasing on [0, 1]. Using this fact we find that for
x € [0, 1],

. . m 1 2s 1
(Ls, Fut, vs)(x) = ( x,FUs)(x)+X; ghoti + x Vs 7 +x
=
1 2s 1 m g 0 + x 2s
Z Lo rm)e) + (qko ¥ x) h (qko +X> ; <q"°+f +x)
1 2s 1 m 1 2s
> (L; Fuog + | — s | —/——— — .
> ( ‘,FU)(X) (qk0+x> v <qk0+x>;(ql>
In2

2s
As s < 37>, we know that —1— > 1, hence there exists an M such that ZM_, (l) > 1.
q q-5—1 j= q’)

So, there exists a A > 1 such that for x € [0, 1],

1 2s 1
(Ly, Futy Vs)(x) > (L pvg)(x) + A <ko —i—x) Us <ko +x> :

Now using Lemma 2.1 we conclude that there exists u > 1 such that L rur,vs
wAgvs > pvg, hence r(Lg pury,) = @ > 1 by Lemma 2.2. This implies that dimy (Jrur)
dimy (Jrur,,) > s by Theorem 1.6.

To complete the proof note that clearly O is in the dimensions spectrum, but also
the dimensions spectrum is closed by [4, Theorem 1.2]. [

In2

2Ing”’ as

16
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8. The dimension spectrum of M,: proof of Theorem 1.5

We will first prove the final statement in Theorem 1.5. In fact, we will show that the
following general condition on A € N implies that its dimension spectrum is a finite union of
disjoint nontrivial closed intervals.

Definition 8.1. Given an infinite set A = {a;,as,...} € N with a; < a, < ---, we say that
A has a critical break point value k* if for each t € DS(A) with 0 < ¢t < dimy(J4) and each
finite set ' C A with a strict break point a,, for (F, ) and m > k* we have that

dim'H(JFU{un :n>m}) > 1.

Proposition 8.2. If A = {aj,a,...} € N, with ay < a» < ---, has a critical break
point value, then for each s € DS(A) there exists a 6 > 0 such that [s — §,s] € DS(A)
or [s,s + 8] € DS(A).

Proof. Let s € DS(A) and F C A with dimy(Jr) = s. Suppose first that F is finite.
Take m > k* such that a,, > max F, where k* is the critical break point value for A. Set
t1 = dimy (Jrue, :k=my) > 5. We will show that each s < ¢ < 1; is in DS(A). As #; > s, we
know from Theorem 2.4 that either dimy;(Jruyq,,)) = ¢, in which case we set F = F, or, there
exists a ki > m such that F; = F U {a,,, ..., a,} satisfies

dimy (J,) <t and dimy (Jryugag 1) = 2-

In both cases we find that (Fj, ) has a strict break point, say a,,,, with m; > m. Now using
that m; > k* we see that dimy (Jr,uga,:k>m,)) > t. It again follows from Theorem 2.4 that
there exists a k; > m such that F, = Fy U {a,; 41, ..., a,} satisfies

dimH(Jpz) <t and dim';.[(./pzu{akzﬂ}) >1.

Let a,, be a strict break point for (F»,t). Again, as m, > k¥, we have that
dimy (JF,u(a, :k>my)) > t. Thus, by Theorem 2.4 there exists a k3 > my such that F3 =
F, U{am,41, - .., ag,} satisfies

dimy (Jp,) < t and  dimy(Jpua,.) = 1

Let a,,, be a strict break point for (F3, t). By repeating this process we find a nested sequence
of sets Fj C F, C ... C A with max F,, < max F,; and strict break points a,,, for (F,, t) for
each n. It now follows from Lemma 3.2 that r € DS(A).

In the case where F' is infinite we take m > k* such that F/ = {q, € F:k < m} is
nonempty, so so := dimy(Jp) < 5. Set 51 = dimy (Jpuja, :k=m}) = 5. Then using exactly the
same reasoning as in the first case with F’ instead of F it can be shown that each sy < ¢ < s
is in DS(A). O

Theorem 8.3. If A ={a,a,...} C N witha; < a; < --- has a critical break point value,
then DS(A) is the disjoint union of finitely many nontrivial closed intervals.

Proof. We know from Proposition 8.2 that each connected component of DS(A) is a closed
nontrivial interval, as DS(A) is closed, see [4, Theorem 1.2]. It remains to show that it only
has finitely many connected components. Suppose by way of contradiction that it consists
of infinitely many connected components, say [¢;, §;] for i € I. Let F; C A be such that

17
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dimy(JF;) = «;. Note that for ag := 0 and |Fy| = 1. For each other i € I we have that
|Fi| = 2.

As there are infinitely many F;’s we know there exists an F; containing a; < a;, with
Jo > k*, where k* is the critical break point value of A. Now let F = F; N{ax:k < j»} and
set so = dimy(Jr) < «; and sy = dimy (Jruga, :n>j,}) = @;. To get the contradiction we now
use the same argument as in the proof of Proposition 8.2 to show that each s <t < «; is in
DS(A).

As 5o <t < o < s, we know from Theorem 2.4 that either dimH(qu{ajz}) > ¢, in which
case we set Iy = F, or, there exists a ky > j, such that F; = F U {aj,, ..., a,} satisfies

dimy(Jr,) < ¢ and  dimy(Jp e, ) = 1.

In both cases we find that (Fi, t) has a strict break point, say a,,, with m; > j,. As m; > k*,
we know that dimy;(JF,uge,:k>m;}) > t. It now follows from Theorem 2.4 that there exists a
ky > my such that F, = Fy U {ay, 41, ..., a,} satisfies

dimy(Jp,) <t and dimH(JF2U{0k2+l}) > t.

Let a,, be a strict break point for (F3, t). Iteratively repeating this process yields a nested
sequence of sets F; C F, C ... C A with max F,, < max F,,;; and a strict break points a,,,
for (F,,t) for each n. It now follows from Lemma 3.2 that t € DS(A), which contradicts the
fact that [o;, B;] is a connected component of DS(A). [

We will see that M, has a critical break point value for g > 11, namely k* = 2¢. To show
this we need an upper bound for dimy(Jy, ) for g > 11. The following bound, which is not
very sharp, will be sufficient for our purposes.

Lemma 8.4. For g > 11 we have that dimH(JMq) < 2

ﬁ.
Proof. Letg > 11 and % <s < %. For k > 2 set M[’]‘ ={1,29,...,k?}. Using the positive
eigenvector v, of L (1) with eigenvalue A7, where A = (1+ \/3)/2 from Lemma 4.1, we find
that
k 2s
A+x
__1—2s
Ls,M{/;Us(X)—)» <1+n_2 <n‘i+x+k— 1) )vs(x)
k 2s
' A+1
< )\,_23 1 5 .
< <+§<nq+k) )v(x)
As A7l 41 =2,

k 2s k 2s 2s
A+ A A
_2s _ 325 —2s —
* <1+§(nq+k> )‘A +;(nq+k> =2 +(24)
1
+a% dx
) x24s (81)

2s
— )\‘—ZS + i 1 + 2
24 2gs — 1

=: u(s).
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Our goal is to show that u(s) < 1 for s = 2/,/q and g > 11. To establish this inequality set

wi o, (2N 2
h = AV — 14+ —
) +(2x) ( +4ﬁ_1)

for x > 1. We need to show that A(x) < 1 for all x > 11. Since h(x) — 1 as x — o0, it
suffices to show that # is strictly increasing for x > 11.
A direct computation gives

/ 2imh s A\ 2 2In2  2Ini
W(x)y="—F2=)"""4 (= 1+ - -
x/x 2% 4/x —1 Jx O x/x

4
Vax - 1>2} '
To prove that A'(x) > 0 for all x > 11, we show that
x 4//x
X (2 Wx)>0  forx>l1l.
2Inxk \ A
Note that

XX 29\ ) 2 In2
i Wy =a"8vods 14 —= ) (—=x+1
21nk<k> ) el AUy
2x
+—
lnk(4ﬁ—1)2i|
2 In2 2
(o) ()
- 4J/11—1) \Ina InA(16 — 8/+/11)

=: g(x),
and a direct computation gives g(11) > 0. Using the derivative of g it is straightforward to
verify that g is an increasing function for x > 11, so A’(x) > 0 for all x > 11.
Thus, if we take s = 2/,/q for ¢ > 11 in (8.1) we find that u(s) < 1. This implies that
r(LS!Mlk) < u(s) < 1, hence dimgy(Jyk) < s for all k and ¢ > 11 by Theorem 1.6. It now
follows from Theorem 2.4 that dimy(Jy,) <s fors =2/./q. U

Let us now show that M, has a critical break point value for g > 11.
Theorem 8.5. The set M, has a critical break point value k* = 2q for g > 11.

Proof. Suppose that s € DS(A) with 0 < s < dimy(J4) and g > 11. Let kg be a strict break
point for (F,s), where F C A is a finite set and ko > 2¢q. Let H,, = F U {k?:ky < k < m}
for m > ko. Consider the operator L FURKS) with positive eigenvector vy and eigenvalue

r(Ls,FU{kg}) >1, as kg is a strict break point for (F, s). Then

m 1 2s 1
Ls,Hmvs(x) = L.S,Fvs(x)“‘ Z K+ x Uy K+ x

k=ko+1

1 \* 1 LA
Ls VUs(X + Vg Ta . _O> )
FUs(x) <k8+x) (kol—i—x)k:k%:ﬂ(k‘l

kg +x
k9 +x

v

as v, is decreasing by Theorem 1.6 and

q
> i—g for all x € [0, 1] and k > k.
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g\ 2
We will now show that ZZL,(O 41 <IZ—2> > 1 for all m sufficiently large. Note that

oo

2s 00 2gs
Z % = k2qs / X_qudx _ kO q ko + 1
ka =0 ko1 ko + 1 2gs — 1"

k=ko+1

The right-hand side is an increasing function in ko. So, as ko > 2q and s < dimy (Ju,) < 2/./q
by Lemma 8.4, we find that

i (kg>25> (26]—{-1)2‘” 24+2 _ <2q+1)4ﬁ 2q +2 -
Ta = > =: 1(q).
M k4 2g +2 2gs — 1 2g +2 4/q9 -1

We will show that t(q) > 1 for all ¢ > 11. Note that the function g(x) = (giié )4ﬁ has
derivative

/ 2+ 1\ 2 2x + 1 2 2
g(x)_(2x+2) (ﬁ(ln<2x+2>>+4ﬁ<zx+1_2x+2>>'

2 (1 (2 Lags (2 2\, 2 1
—_— n — —_——
U\ 2r+2 N+ 1 " 2v+2) 7 A\ 2+

2 2
4 _
+ﬁ(2x+1 2x+2>

—2Jx
- (x(Zx + 1))
8/x
+ <(2x + D(2x + 2))
NN
- (x(Zx + 1))
+ < 2V ) >0
Qx + D(x/24+1/2)
for x > 1, ¢’ is nonnegative, hence g is an increasing function. Also the function x
is increasing for x > 11. Thus t(g) > 7(11) > 1.112 for all ¢ > 11.
It follows that for all m sufficiently large that

m kg 2s
Z (k_q) > 1.

k=ko+1

Thus there exists a u > 1 such that

1 \* 1
Ls s st s + s
Hy Us(X) L FUs () ”“(kg+x> v <kg+x>

for all m large. Using Lemma 2.1 we conclude that there exists a A > 1 such that L; g, vs(x) >
Avs(x), hence r(Ls, g, ) > A > 1 for all m sufficiently large by Lemma 2.2. It now follows from
Theorem 1.6 that dimy;(Jy,,) > s for all m sufficiently large, so dimy (Jrua:k>ky}) > §, which
completes the proof. [J

As a consequence we find that the final assertion in Theorem 1.5 holds for g > 11.
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Corollary 8.6. For each g > 11 we have that DS(M,) is the disjoint union of finitely many
nontrivial closed intervals.
Proof. Simply combine Theorems 8.5 and 8.3. O

To complete the proof of Theorem 1.5 we need to establish the first four assertions
concerning DS(M,) where 1 < g < 10. We will use the following crude upper bounds for
dimy,(Ju, ), which are easy to obtain, but sufficient for our purposes.

Lemma 8.7. We have that

dimy (Jy,) < 0.67, dimy; (Jp;) < 0.485, dimy,(Jy,) < 0.38,
dimy (Jy5) < 0.31, dimy;(Jp,) < 0.265, dimy (Jy,) < 0.234,
dimy,(Jp,) < 0.21, dimy;(Jp,) < 0.191, dimy;(Jy,,) < 0.175.

Proof. For m > 1 let M(’]” = {19,294, ..., m9}. Let vy(x) = (A + x)~> be the eigenvector of

L, 1y given in Lemma 4.1 with eigenvalue 17%, where A = (1 + V/5)/2. Then

m 1 2s 1
_ 1 —2s
Ly vs(x) = 2 vs(x)+;<nq+x> Us (nq+x>

1 2s m 1 2s 1 2s
_ 4 —2s
N <A+x) +Z nq—i—x) <A+(n‘7+x)—1)

A
>
2
RS
+
[
oY
>
+
><><
N— Ne——
3o}
v
<
&S
o
=
p—

A
>
2
T
_|_
3>
+>—

(e () ) G
- 24 41 3441 49 41
o0
+(A+1)25/ x 725 dx ) vg(x)
4
S () G )
24 +1 3941 49 + 1

A+ D
+(2qs—_)142qs+1> U‘Y(X).

Now set

AN (AH1NY (A INE 4P
, Z)L—Zx 1 4—2qs+l .
*(q.5) (+<zq+1> +<3q+1) ar1) T

Note that if a(q, s) < 1, then r(Ls,Mgn) < 1 for all m, hence dimH(Jqun) < s for all m by
Theorem 1.6. This implies that dim;(Jp,) < s by Theorem 2.4. Using a calculator we find
that

a(2,0.67) < 0.986, a(3,0.485) < 0.967, a(4,0.38) < 0.975,
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a(5,0.31) < 0.995, a(6,0.265) < 0.99985, a(7,0.234) < 0.9983,
a(8,0.21) < 0.998, «(9,0.191) < 0.998, «(10,0.175) < 0.9989. O

We should mention that the following much sharper bound, dimy;(J,) < 0.59825579, can
be found in [5, Table 1].

To begin we show that the dimension spectrum of M, is full for g € {1,2, 3,4, 5}, which
is statement (i) in Theorem 1.5.

Theorem 8.8. For g € {1,2,3,4,5} we have that DS(M,) = [0, dimH(JMq)].

Proof. Given 0 < s < d1mg.L(JMq) we will use Lemma 3.3 to show that s € DS(M,). Let ”0
be a strict break point for (F, s), so ng > 1. We know that the operator L s, has a positive
eigenvector vy with eigenvalue Ay = r(Ls,FU{ng}) > 1.Form > ng,letT,, = {(no—i-l)q’ e, mi}
and set H,, = F U T,,. Then

- 1 \» 1
LJ,H,,,US(X)ZLSYFUS(X)—F Z <k4+x> Vg (kq+x)

k=ng+1

| ” m 2s
> LS,FUs(x)_‘_ <ng+x) Us (n0+x> ; ( )

as vy is decreasing by Theorem 1.6(iv). Set

m nq 2s
Ym = Z (k_2> . (8.2)

k:n0+l

If 0 < s < (2¢)”', the sum diverges as m — oo, hence there exists an M > ng such that
ym > 1. This implies that there exists a ;> 1 such that

1 \® 1
Ls,HMv‘v(x) > LS,FUS('X) + vm (ng +)C> Vs <ng +X) = /'LLs,FU{n(q)}vX(x) = MUS()C)

by Lemma 2.1. Thus, r(Ly, g,,) > 1, which implies that dimy;(Jruga : k>ne)) = dimy (Jrum,,) >
s, s0 s € DS(M,) by Lemma 3.3.
Now if (2q)’1 < s < dimy(J M, ), then we consider the following estimate:

00 g~ 2s 2gs 2gs 2gs 00
> () =(h) () +G) e e
k4 no+ 1 no + 2 no+3 no+4

k=no+1
1o 2gs N 1o 2gs N 1o 2gs
no+1 no + 2 no+3

2qs
no no+4 )
+ (no +4> 2gs — 1 = 7(@.no.5).

v

(8.3)

Reasoning as above, it suffices to prove that y (g, ng, s) > 1. Note that y (g, ng, s) is decreasing
in s, and increasing in ny.
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We first consider the case ¢ = 1. For nyp > 2 we have that y(1,ng,s) > y(1,2,1) =
1369/900 > 1. Now consider the case g = 2. By Lemma 8.7 we know that s < dimy(Jy,) <
0.67, and for each ny > 3 we have that

v (2, ng, 5) > v(2,3,0.67) > 1.3.

If ng = 2, the estimate s < dimy/(J;; 52) < 0.4112 in Table 1 gives y(2,2,0.4112) > 2.5.
The next case is ¢ = 3. By Lemma 8.7 we know that s < dimy(Jp;) < 0.485, and for
each ny > 3 we have that

v (3, ng,s) > y(3,3,0.485) > 1.1.

In case ng = 2, the estimate s < dimq{(]{ms}) < 0.334 in Table 1 gives y(3,2,0.334) > 1.5.
Now consider the case ¢ = 4. By Lemma 8.7 we know that s < dimy(Jy,) < 0.38, and
for each ny > 3 we have that

y(&, ng, s) > y(4,3,0.38) > 1.01.

For ny = 2, the estimate s < dimH(J{1’24}) < 0.281 in Table 1 gives y (4, 2,0.281) > 1.14.
Finally we need to check the case ¢ = 5. By Lemma 8.7 we know that s < dimy(Jy) <
0.31, and for each no > 4 we have that

y(5,ng,s) > y(5,4,0.31) > 1.4.

For nop = 3, we have that s < dim;q(J{msjs}) < 0.273 from Table 1, which gives
y(5,3,0.273) > 1.25. If ny = 2, then we cannot use y (5, ng, s) and need a different argument.
If no = 2, then F = {1}, hence it suffices to know that dimy(Jj; »5)) < dimy(Jy, 25)). From
the estimates in Table 1 we see that dimy(J(; »5) < dimy(Jy 35 45, 1005) < dimp(Jyz05))s
which completes the proof. [

Next we prove the second statement in Theorem 1.5.

Theorem 8.9. For g > 6 we have that
dimH(JMq\[zq]) < dimH(J[qu}) (84)
and DS(Mq) N (dim'H(.’Mq\{zq}), dimH(J{mq})) is emptry.

Proof. For g > 6 set s, = dimy,(Jj1,24). We will first consider the case where ¢ > 12. Recall
that s, > 1.525/g > Qq)~! by (4.1) for g > 12. Let v, be a positive eigenvector of Ly, (1,24

with eigenvalue 1. Set H = M, \ {29} and note that L, y is a bounded linear operator for all
s > (2¢)7". Using (1.2),

25, 00 25,
L ) = 1 4 1 +Z 1 4 1
sq-HVqX) = 1+x Ve 1+x = nd +x Ve nd +x
1

2s4 1 N 1 254 1

X Ya 14+ x 29 4+ x Ya 29 + x
[ee) 2s

3 () el
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. 254 2 |
We will now show that Y - - (2q+x) (75 75) < 1. Note that

nd+x

o0 2s. o0

2‘1 X q 11 2s,

Y (2 (T mm) < o320 4 1) > nad
n? 4+ x

n=3 n=3

€2q (2q+1)2sq/ —ququ
2

263 (1417207 (25,9 — 1)
282_‘?

A

I IA

IA

25,9 — 1’
as (1 +1/n)" < e for all n. )

The map s € (2g)~!, 1] —~ zzfqi is decreasing for all g > 6, as

45

d [ 2e5 4ot B 4 >,
o = (2sq —1)/27' —q) < —— (/27> —q) < 0.

2sq — 1 (2sq — 1)? ) T (2sq — 1)

4s
29 . .
Moreover, the map g — =“— is decreasing as well.
2sq—1

Now using (4.1), we find that for ¢ > 12 that

4s 4(1.525)

q 4(1.525)

Qe 2e 12212
<098 < 1.

<
254 —1 — 2(1.525) -1 —
This implies that

1 254 1 1 254 1
L, < 0.98 .
q’qu(x)_<1+x> vq(1+x>+ <2q+x> Ve <2‘1+x)

By Lemma 2.1 there exists a 4 < 1 such that Ly, mvg < Ls, 112004 = [0y, hence r(qu,H) <
wu < 1. It now follows from Lemma 2.6 and Theorem 2.7 that dimy(Fy) < 54 = dimy(J1,29)),
as s, > (2¢)~!, which completes the proof for g > 12.

To deal with the other cases we use the bounds for s, = dimy,(J{1,2¢}) given in Table 1 and
the following refined estimate,

00 2s, 2s, 2s,
3 AN pulamwts) < S () L (2T
S \nftx 39 4+ 1 49 + 1

o]

Q1+ 1My " pae
n=>5

25 29 4+ 1 254 29 41 254
e +
37 + 1 49 + 1
o0

+(2q + 1)2sq x72xqqu
25 24+14 254 24 4 1 254
e2
(o) G
2q+1 254
+< 4 ) <%m—1>

24

A

IA
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6.y = ¥ 24 41 2*‘+ 20 41 2“'+ 20 4+ 1\ 4
visa)=e¢ 3+ 1 49+ 1 44 25q—1)]"

To complete the proof of inequality (8.4), we check for g € {6, ..., 11} that y(s4, g) < 1. Using
the upper and lower bounds in Table 1 for s, = dimy(J;1,2¢) We see that y(s;;, 11) < 0.63,
y (510, 10) < 0.67, y(s9,9) < 0.72, y(s3, 8) < 0.78, y(s7,7) < 0.85, and y(s¢, 6) < 0.96.

To show for ¢ > 6 that DS(M,;) N (dim;.t(JMq\[zq}), dimy;(Jj1,2¢y)) is empty, let
dimH(JMq\{zq}) < s < dimy/(Jj1,2¢;). Suppose by way of contradiction that dimy(Jr) = s
for some F C M,. Note that if 29 ¢ F, then FF C M, \ {29}, hence s < dimH(JMq\{zq}), which
is impossible. Thus, 29 € F. Now if 1 ¢ F, then G = (F \ {29})) U {1} C M, \ {29}. So,
Proposition 2.5 gives s < dimy/(Jg) < dimH(JMq\{zq}), which is impossible. So, {1,279} C F,
hence dimy(Ji1,2¢}) < s, which is a contradiction. []

Set

Let us now prove the third statement in Theorem 1.5.

Theorem 8.10. For g € {6,7, 8} we have that
DS(M,) = [0, dimy (Jy,\2ep)] U [dimy (J(1.24)), dimyy (I, )]

Proof. We will use Lemma 3.3. Suppose first that s € [dimy,(J1.24)), dim3;(Jp,)] and ng is a
strict break point for (F, s), so nyp > 3. Reasoning as in the proof of Theorem 8.8 we see that
it suffices to show for (2¢)~! < s < dimg;(Jy,) that y(g, no, s) > 1 in (8.3). If no > 4, then
using the estimates in Lemma 8.7 we find that

y(6,4,0.265) > 1.3, y(7,4.0.234) > 1.2, and y(8,4,0.21) > 1.2.

On the other hand if ny = 3, then we know that s < dimy,(J{1 29 3¢}) and we can use the upper
bounds in Table 1 to get that

y(6, 3, 0.238626) > 1.13, and y(7, 3,0.212933) > 1.05.

For ¢ = 8, we need to expand the sum on the left-hand-side in (8.3) and consider

no 2gs 1o 2gs no 2gs 1o 2gs
’ —
7@ mo. ) = <n0+1) +<no+2> +<no+3> +(”0+4>

N 1o 2gs N no 2gs no + 6
ng+5 no+6 2qs—1’

which satisfies y'(8, 3, 0.192786) > 1.004.

If s € [0, dimH(JMq\{zq})], then we can use Lemma 3.3 with respect to A = M, \ {27}. So,
if ng is a strict break point for (F, s), then ny > 3. Now the same inequalities for y(q, ng, §)
and y’(q, no, s) as above imply that s € DS(M, \ {27}) C DS(M,). O

To complete the proof of Theorem 1.5 it remains to show the fourth assertion.

Theorem 8.11. For q € {9, 10} we have that dimH(JMq\Bq}) < dimH(J“,ijq}) and

DS(M,) = [0, dimy (Jy,\2ey)] U [dimy (S 24)), dimyy (Ja,\(39))]
U [dimy (J(1,24 30}), dimyy (Jag, )]
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Proof. To establish the inequality we reason as in the proof of Theorem 8.9. Let s, =
dims(J{1 20 30y) and v, be the strictly positive eigenvector of Ls, (129 30 with eigenvalue 1.

So, s, > 1.525/q > (2q)~' by (4.1) and Ly, with H = M, \ {3}, is a bounded linear
operator for s > (2¢)~'. Using (1.2),

. ( )_ 1 2sq 1 N 1 2sq 1
ol =\177 ) Y\ Txx 2w+x) Y\t
> 1\ 1
+;<"’I+X> % <n'1+x)
- 1 254 1 N 1 254 1
“\1l+x Ve 14+x 29 +x Ve 29 + x

2s, o0 25,
+ 1 qv 1 Z 39 4+ x q625¢1<ﬁ_ﬁ).
39 4 x T\ 3¢ 4+ x = \ni+x

Note that for kK > 4 we have that

i (34 +x>25‘1 2 (37— )
nd + x

n=4

25 37 4+ 1 254 39 4 1 254 ‘ 00
q 2s —2sqq
< e <<4q+1> + +(kq 1) +@T+ D™ Y q)

n=k+1

+

< 21} S e 341 e 349 12sq = —2Sqqd

<e 1) T +37+1) o x
3

+
2, 37 4 1 254+ N a4 1 2Sq+ 39 4 1\ k
e
49 + 1 k7 +1 k4 25,9 — 1
=: B(s4,q, k).

Using the upper and lower bounds for s, in Table 1 and taking k = 8, we find that B(so, 9, 8) <
0.99 and B(sy0, 10,8) < 0.94. It now follows from Lemma 2.1 that there exists a © < 1
such that Ly, nvg < pLs, 1203004 = Mvg. So, r(Lg, n) < p < 1, which implies that
dimy (Fy) < s, = dimy(Jj1,293¢)) by Lemma 2.6 and Theorem 2.7, as s, > 2g)~".

Reasoning in the same way as in the proof of Theorem 8.9 it can easily be shown for ¢ = 9
and g = 10 that there is no s € DS(M,) between the closed intervals.

To show that each element in the intervals belongs to the dimension spectrum we will
use Lemma 3.3. Suppose first that s € [dimy(Ji1,29 3¢)), dimy;(Ja, )] and n(q) is a strict break
point for (F,s), so ny > 4. Using the same arguments as in the proof of Theorem 8.8 we
see that it suffices to show for (2¢)™' < s < dimy(Jy,) that y(g,no,s) > 1 in (8.3) to
conclude that s € DS(M,). If ng > 4, we can use the upper bounds in Lemma 8.7 to get that
y(9,4,0.191) > 1.1 and y(10,4,0.175) > 1.1.

On the other hand, if s € [dim3(J{1,24)), dim3(Jum,\(3¢))], we can apply Lemma 3.3 with
A = M, \ {37}. In that case, if ng is a strict break point for (F, s), then no > 4, and the same
estimates as above hold. So, s € DS(M, \ {37}) C DS(M,). Finally, for s € [0, dimy;(Jy,\(24))]
we apply Lemma 3.3 with A = M, \ {27}. So, if ng is a strict break point for (F, s), then
no > 3. Using the upper bound for dimy;(J{; 24}) in Table 1 for ¢ =9 and g = 10, we get that

v(9,3,0.162510) > 1.09, and y(10, 3, 0.150820) > 1.02.
26
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It follows that s € DS(M,, \ {27}) C DS(M,) and we are done. [J

9. Final remarks and open problems

We conclude the paper by briefly discussing some open questions that follow from this
work. To begin, from Theorem 1.3 we know that for ¢ > 3 the dimension spectrum contains
[0, In(2)/(21n g)] and is nowhere dense in (!, dimH(J;q )]. At present the exact structure of the
dimension spectrum in the interval (In(2)/(21ng), u') is unclear for ¢ > 3, but we believe that
the dimension spectrum is nowhere dense there. Understanding the structure of the dimension
spectrum in this interval would give a complete description of the dimension spectrum of Py
for g > 3.

There are a number of natural questions regarding Theorem 1.5. Firstly, it seems that the
number of intervals increases with g. We have, however, not been able to establish if the number
of intervals keeps growing when ¢ gets larger, or, if there exists an a priori upper bound for the
number of distinct intervals. If the number of intervals keeps growing, it would be interesting
to understand at which values of ¢ the number of intervals in the dimension spectrum of M,
jumps. For instance, the first jump from one to two intervals occurs at ¢ = 6, and at ¢ = 9 it
jumps from two to three intervals. If we consider ¢ as a continuous parameter, one could ask
at which value of ¢ € (5, 6) the number of intervals in the dimension spectrum of M, changes
from one to two. Our methods rely on estimates of the Hausdorff dimension of particular sets
and do not allow us to address these questions at present.

It is worth noting that in [8, Section 5] a number of conjectures concerning the dimension
spectrum are formulated. One could add the following general questions to them. If A is an
infinite subset of N such that DS(A) contains two solid closed intervals [a, b] and [c, d], with
a <b < c < d, and DS(A) is nowhere dense in (b, ¢), is true that DS(A) N (b, ¢) is empty?
It also seems reasonable to speculate that if A € N with finiteness parameter oy = 0 and
DS(A) contains a solid closed interval [a, b] with a > 0, then there exists a § > 0 such that
[0, 81 C DS(A).
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Appendix 10

The statement of Lemma 2.3 holds in greater generality, but for simplicity we present it
here in the setting of continued fraction expansions.

Proof of Lemma 2.3. Note that to establish (2.1) it suffices to show that there exists a
constant Cr > 1 such that (2.1) holds for all n sufficiently large. Let v, be the strictly positive
eigenvector of L, r with eigenvalue A; = r(L; ), and let w; be the strictly positive eigenvector
of Ly ruisy with eigenvalue g = r(Lg pugny) for o < s < 1. If we can show that there exists
a constant C; > 1 such that for all n sufficiently large, j; < 1 for s = o + C1n~2°, then we
know by Theorem 1.6 that dimg;(Jry)) < 0 + Cin2° for all n large.
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By (1.2) we know that

1 < ( ) 2s
Uy < v5(x)e
“\n+x
for all x € [0, 1]. Thus,

(Ly. rupmvs)(x) < Asvg(x) + 1~ P v (x)e™ = (hy + 17 e” v, (x),
so that (L pug)) < As +n e,
Forn e Nlet6,:x — ﬁ We know for s > o, that ((6, 0 6,,)'(x))’ " <4767, see (3.1)
for all x € [0, 1]. Thus,
(LE pvo)(x) = Z ((6n 0 0) (X))’ V5 (6 © Op)(x))

n,meA
47607 N (B 0 0) (1)) 06 (B © 0)(x)) = 47070, (x),

n,meA
which gives r(Lip) < 47679 hence Ay = r(Lsr) < 27¢79. Thus, r(Ls pupm) < 27677 +
n=2e? and we see that uy, < 1if 27679 4 n=2%e» < 1. As 2°79¢¥ < ¢°, this inequality
holds if

ne¢d <2577 — 1. (10.1)

IA

We now wish to show that there exists a C; > 1 such that s = o + C1n 2 satisfies (10.1)
and 0 < s < 1. Note that (10.1) holds if

n20e3 < 20T | = L) g (10.2)

As e¥ —1 > x for x > 0, we see that (10.2) holds if n72"¢*> < C1n™2% In(2), which gives
1/20

Ci > % To ensure that s < 1 for s = o + C1n~2%, we also require that n > (L) .

l—0o
Thus, for all n sufficiently large, u;, < 1 for s = o + C \n~2 where C; > which
establishes the upper bound for dimy, (Jru)-

To show that lim, dimy;(Jry(,y) = O for |F| = 1, we note that if |F| =1, then o = 0. So,
s < 1if 275 +n~2¢* < 1 in that case, which is equivalent to e/n < (1 —27)!/%_ Clearly
for each ¢ > 0, there exists an N > 1 such that e/n < (1 — 274)1/2¢ for all n > N, hence
e < 1 for all n > N. Now Theorem 1.6 implies that dimy (Jryiny) — 0 as n — oo.

To obtain the lower bound for dimy/(Jrupy), we need the fact that s +— In i, is strictly
decreasing and convex, see for instance [10, Theorem 8.1]. If we can show that there exists
a constant C, < 1 such that for all n sufficiently large, u, > 1 for s = o 4+ Con 2%, then it
follows from Theorem 1.6 that dimy;(Jry(n)) > 0 + Con™2° for all n large.

Using the Mean Value Theorem we know for 0 < y <z <1 that

e
n@2)°

n+z 2 2
ln( ) =2(n(n +z2)—In(n 4+ y)) < —(z —y),
n—+y n

2 2
( ! ><( ! )e%(z-yy
n+y/) ~\n+z

It follows that n=2e2 < (n + x)~2 for x € [0, 1]. We also know from (1.2) that

SO

1
e_zvg(x) < vy (—) for x € [0, 1].
n+x
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< : )Za < : )

vU 9
n+x n+x
so that

1 20
L, n} Vo = Vo o
FU) Vo (X) = 16 (x) + <n+x> v (

Thus,

n"2% e 4, (x)

IA

—20 —4
n+x> = (1 +n""e s (x),
hence p, > 1+ n20e4,

Let u be the constant 1 function on [0, 1]. Then Lo rugyu = (|F|+ 1u, hence r(Lo, ruiny) =
|F| + 1. Set p(s) = Inu,, which is a strictly decreasing convex function with p(0) =
In(|F| + 1) > p(e) > In(1 + n*¢™*) > 0. Let sy > o be the unique value such that
p(s;) = 0. The straight-line through (0, In(|F| 4+ 1)) and (o, In(1 + n~2?¢~*)) intersects the
s-axis at say s, with 0 < s, < s; by convexity. A simple computation gives

B In(|F| + 1) | (e
2= <1n<|F|+1>—1n(1+n20e4>) >“< MTTEES )

Using the power series for the function x +— In(1 4+ x) for 0 < x < 1, we find that

20 —4 _ 1 D0 ,—4\2
n~e ™" —3(n"e™")

o —20

1 > - -
R n(F| + 1) A N TR

Thus, if we take C, =
ns > 1.

Taking Cr = max{Cy, C;l} > 1, we conclude that o + C;ln
o + Cpn™2° for all n large, which completes the proof. [

P A — —20
A R(FED < 1 and set s = o +Con~°?, we have that In(uy) > 0, hence

~20 < dimq.[(lpu{,,}) <
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