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CrossMark
Abstract
In this study we are concerned with the properties of the sequence of coeffi-
cients (8,)s>0 in the recurrence relation satisfied by the sequence of monic
symmetric polynomials, orthogonal with respect to the symmetric sextic Freud
weight

w (x;7,1) = exp(—x® + 7 + 1x?) , x€R,

with real parameters 7 and ¢. It is known that the recurrence coefficients /3,
for the symmetric sextic Freud weight satisfy a fourth-order nonlinear dis-
crete equation, which is a special case of the second member of the discrete
Painlevé I hierarchy, often known as the ‘string equation’. The recurrence
coefficients have been studied in the context of Hermitian one-matrix mod-
els and random symmetric matrix ensembles with researchers in the 1990s
observing ‘chaotic, pseudo-oscillatory’ behaviour. More recently, this ‘chaotic
phase’ was described as a dispersive shockwave in a hydrodynamic chain. Our
emphasis is a comprehensive study of the behaviour of the recurrence coef-
ficients as the parameters 7 and ¢ vary. Extensive computational analysis is
carried out, using Maple, for critical parameter ranges, and graphical plots are
presented to illustrate the behaviour of the recurrence coefficients as well as the
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complexity of the associated Volterra lattice hierarchy. The corresponding sym-
metric sextic Freud polynomials are shown to satisfy a second-order differential
equation with rational coefficients. The moments of the weight are examined
in detail, including their integral representations, differential equations, and
recursive structure. Closed-form expressions for moments are obtained in sev-
eral special cases in terms of generalised hypergeometric functions and modi-
fied Bessel functions, and asymptotic expansions for the recurrence coefficients
are given. The results highlight the rich algebraic and analytic structures under-
lying the Freud weight and its connections to integrable systems.

Keywords: Freud weight, semi-classical orthogonal polynomials,
recurrence coefficients, generalised hypergeometric functions,

discrete Painlevé equations, Hermitian random matrices

Mathematics subject classification: 33C47, 42C05, 65Q30
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1. Introduction

The main goal of this paper is to analyse the behaviour of the sequence (8,),>0, where 3, :=
Bn(7,1) are the recurrence coefficients in the second order recurrence relation (2.2) satisfied
by the sequence of monic orthogonal polynomials with respect to the symmetric sextic Freud
weight

w(x;7,1) =exp{-U(x)}, Ux)=x"—mx* -1, xeR, (I.D

under the assumption that 7 and ¢ are real parameters. Much is known regarding the asymp-
totic behaviour of these coefficients for large n. Our goal is to discuss the behaviour of these
parameters for finite n whilst discussing hidden structures as the pair of parameters 7 and ¢
vary. Such coefficients (3, are known to be solutions of a fourth-order discrete equation [73,
75, 81, 83, 107], which is the second member of the discrete Painlevé I hierarchy (dPl(z)),
as discussed in section 3. The description of their rich structure is the main aim of this paper,
where throughout sections 7 and 8 we describe the behaviour of the sequence depending on the
choice for the regions of the pair of parameters 7 and ¢. The asymptotic behaviour of 3, when
n is large is described in theorem 3.4 via a cubic, which naturally depends on the pair 7 and 7.
This behaviour is expected and remains consistent regardless of the relationship the values of
7 and ¢. However, the sequence (/3,),>0 changes for initial values of n, up to a critical region,
depending on how the ratio x := —t/7? varies. The parameter values of primary interest are
when 7 > 0 and —% <K< % and we analyse these critical regions in section 7. Further illus-
trations of the comparative behaviour of two consecutive terms is given in section 8. The initial
conditions of the recurrence relation satisfied by (8,).>0 depend on the first elements of the
moment sequence associated with the weight function (1.1) on the real line. Such moments
are themselves special functions and solutions to a linear third order recurrence relation of
hypergeometric type—see section 5 for properties and section 6 for explicit expressions.

The problem we are addressing arises in a variety of contexts, other than orthogonal poly-
nomials. Most notably, this study has a clear motivation within the context of random matrix
theory. It is known that there is a deep connection between random matrix theory and ortho-
gonal polynomials, providing a framework for understanding the statistical properties of ran-
dom matrices, see [13, 15, 41, 92, 113]. Specifically, certain random matrix ensembles have
their eigenvalue distributions described by determinants related to orthogonal polynomials. In
the following, we briefly report on that connection and review previous and relevant studies
linked to this problem.

An equivalent weight function to (1.1) is

w(x) =exp{—NV(x)}, Vix)= g6x6 + g4x4 + gzxz, x€eR, (1.2)

with parameters N, g, g4 and g¢ > 0, which is the weight that arises in random matrix theory.
The terms of the sequence of monic orthogonal polynomials (Pn (x))zio with respect to this
weight can be described via the n-fold Heine integral

l n n
Pn(X):n!An /“'Hl(xAj)1 11 ()\jf)\k)zil_[lexp{fNV(/\g)}dA]d/\z...d/\,,,
Jj= f—

< <k<n
where A, is the well-known Heine formula
1 T
A, = J/R [T &= TLexp{-MVO} dhdx. .y, (13)
1<) <k<n =1

3
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under the assumption that A\; < A\, < ... < \,. These polynomials are closely related with the
study of unitary ensembles of random matrices associated with a family of probability meas-
ures of the form
(M) = - exp {~NTr[V(M)]} dM,
N

on the space of N X N Hermitian matrices, Hy. The scalar polynomial function V(x) is referred
to as the polynomial of the external field and Zy is a normalisation factor in the unitary
ensemble measures. Consider the change of variables M — (A, U), where U is a unitary mat-
rix and A = diag(\j, Az, ..., Ay) with A; < A\ < ... < Ay representing the eigenvalues of the
Hermitian matrix M = UAU”". For any function f: Hy — C such that UMU") =f(M), by
the Weyl integration formula for class functions, one has

N
1
/f(M) dM = 7"V ] |j—,/Nf(A1,A2,.--,AN) [T v=2)*dhdx...dry.
j=17" 'R

1<j<k<n

Hence, the normalisation factor Zy, known as partition function, is given by

ZN/H exp{—NTr[V(M)]} dM

N N
1
:WN(N—l)/zl‘[ﬁ/]R [Teo -0} T] =A% dhidr...dry
j=1 IR

1<) <k<n
N—1
— N(N=-1)/2 el
=T H ]' AN.
j=1
All correlation functions between the eigenvalues (A1, A, ..., Ay) can be expressed as determ-
inants in terms of the standard Christoffel-Darboux kernel formed from them
N—1
1 1
Knlo)i= 3 3 B P 0)exp{ 5NV + VO
j=0"

where hj = [, P} (x)exp{—NV/(x)}dx.

The simplest choice of V(x) = %xz, the classical Gaussian weight, implies the free mat-
rix elements are i.i.d. normal variables N'(0,1/(4N)) if j<k and i.i.d. normal variables
N(0,1/(2N)) if j=k. This leads to the Gaussian unitary ensemble (GUE). In this case,
the eigenvalues of a random matrix in GUE form a determinantal point process with the
Christoffel-Darboux kernel of Hermite polynomials (modulo a scale). The average character-
istic polynomial, E(det(xI — M)) are essentially scaled Hermite polynomials (and therefore,
on the average, the eigenvalues behave as the zeros of Hermite polynomials).

The quartic model

V(x) = g2x + gax”, (1.4)

with g, and g4 > O parameters, was first studied by Brézin ef al [21] and Bessis ef al [10, 11].
Subsequently there have been numerous studies, e.g. [3, 8, 9, 14-16, 32, 50, 106, 116].
The sextic model

V(x) = 22X + gax* + gex®, (1.5)

with g, g4 and g¢ > 0 parameters, which gives (1.2), is the simplest weight to give rise to
multi-critical points, see [12, 22, 25, 26, 47-49, 63].

4
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Brézin et al [23] consider the weight (1.2) with g, =90, g4 = —15 and g¢ =1, which is a
critical case and discussed in section 7.1. Fokas et al [58, 73] investigated the weight (1.2) with
&= %, g4 <0and 0 < 5g6 < 4g?1 in their study of the continuous limit for the Hermitian mat-
rix model in connection with the nonperturbative theory of two-dimensional quantum gravity.

The behaviour of the recurrence coefficients /3, for the weight (1.2) was studied, primarily
by numerical methods in the early 1990s by Demeterfi et al [45], Jurkiewicz [74], Lechtenfeld
[81-83], Sasaki and Suzuki [105] and Sénéchal [107]. The conclusion was that behaviour of
the recursion coefficients was ‘chaotic’, e.g. Jurkiewicz [74] states that the recurrence coeffi-
cients ‘show a chaotic, pseudo-oscillatory behaviour’. As explained in section 7, Jurkiewicz
[75], Sasaki and Suzuki [105] and Sénéchal [107] used one method to numerically compute
the recurrence coefficients, whilst Demeterfi et al [45] and Lechtenfeld [81-83] used a dif-
ferent approach. Bonnet et al [17] in a subsequent study concluded that ‘in the two-cut case
the behaviour is always periodic or quasi-periodic and never chaotic (in the mathematical
sense)’. Further studies of the quasi-periodic asymptotic behaviour of the recurrence coeffi-
cients include Eynard [54], Eynard and Marino [55] and Borot and Guionnet [20]. Recently
Benassi and Moro [5], see also [44], interpreted Jurkiewicz’s ‘chaotic phase’ as a dispersive
shock propagating through the chain in the thermodynamic limit and explain the complexity
of its phase diagram in the context of dispersive hydrodynamics.

Deift et al [42, 43] discuss the asymptotics of orthogonal polynomials with respect to the
weight exp{—Q(x)}, where Q(x) is a polynomial of even degree with positive leading coeffi-
cient, using a Riemann—Hilbert approach; see also [51]. Bertola er al [6, 7] discuss the rela-
tionship between partition functions for matrix models, semi-classical orthogonal polynomials
and associated isomonodromic tau functions.

Hermitian random matrix models have a wide variety of physical and mathematical applic-
ations including two-dimensional quantum gravity [46, 115], phase transitions [25, 91], prob-
ability theory [1, 79], graph enumeration [14, 21, 51-53, 117] and number theory, for example
the distribution of the zeros of the Riemann (-function on the critical line [77, 78]. Recently,
Hermitian random matrices were used to study graph enumeration for the sextic model (1.5),
with g4 =0 [61]; previous studies had considered the quartic model (1.4).

In previous work, we studied the quartic Freud weight [34, 37]

w(x;p,1) = |x|”exp (—x4 + txz) , x€R, (1.6)

with parameters p > —1 and ¢ € R, where the recurrence coefficients are expressed in terms
of parabolic cylinder functions D, (z), the sextic Freud weight [35, 36]

w(x;p,t) = |x|Pexp (—x6 + txz) , xeR, (1.7)

with parameters p > —1 and 7 € R, where the recurrence coefficients are expressed in terms
of the hypergeometric functions | F, (a;;b1,b2;z) and the higher-order Freud weight [38]

w(x;p,1) = |x|”exp (—xzm + txz) , xR, (1.8)
with parameters p > —1, t€R and m=2,3,..., where the recurrence coefficients are
expressed in terms of the generalised hypergeometric functions 1 F,,—; (a1;b1,b2, ... ,bp—1;2).

Whilst for the weights (1.6)—(1.8), the recurrence coefficients are expressed in terms of special
functions, for the symmetric sextic weight (1.1), we are only able to do so in three cases.
The novelty of this work is to offer a comprehensive explanation of the intricate structure
exhibited by the recurrence coefficients /3, for the symmetric Freud weight (1.1). In doing so,
we reveal some hidden and fundamental properties and structures which are new to the theory.
The outline of this document is as follows. After a brief review of some properties of ortho-
gonal polynomials with respect to symmetric weights in section 2, we focus on the recurrence

5



Nonlinearity 38 (2025) 125011 P A Clarkson et al

relation coefficients associated with the weight (1.1) in section 3, presenting key recurrence
and differential-difference equations satisfied by these coefficients, including their connection
to the discrete Painlevé I hierarchy and their asymptotic behaviour. In section 4, we investigate
the symmetric sextic Freud polynomials themselves, deriving differential-difference and lin-
ear second-order differential equations they satisfy. In section 5 we consider the moments of
the weight (1.1), exploring their properties, differential equations and integral representations.
In section 6 we give closed-form expressions for these moments under specific parameter con-
straints, with particular attention given to special cases and corresponding series expansions.
In section 7, the discussion returns to the recurrence coefficients, going beyond asymptotic
properties, to present extensive numerical computations, covering a wide range of parameter
values and illustrating the behaviour of the recurrence coefficients under different parameter
regimes. In section 8 we supplement this with two-dimensional plots to visually interpret the
numerical findings, in particular, illustrating what happens for large n, which differ as the para-
meters 7 and ¢ vary. Finally, in section 9, we connect the recurrence coefficients to integrable
systems by demonstrating how they satisfy equations in the Volterra lattice hierarchy, thus
linking the theory to broader mathematical structures.

2. Orthogonal polynomials with symmetric weights

The sequence of monic polynomials {P,, (x)}:io of exact degree n € N is orthogonal with
respect to a positive weight w(x) on the real line R if

/ Py (x) Py (x) w(x) dx = hyOpmp, h, >0,

where d,, , denotes the Kronecker delta, see, for example [31, 72, 109, 112]. Monic orthogonal
polynomials P, (x), n € N, satisfy a three-term recurrence relationship of the form

Pn+l (x) = xPn ()C) - O411Pn (x) - 6nPn—l (x)a

where the coefficients «, and 3, are given by the integrals

1 [ 1 o
== xP? (x) w(x) dx, Bn = Z / xP,_1 (x) P, (%) w (x) dx,
n n—1
with P_;(x) = 0 and Py(x) = 1.
The weights of classical orthogonal polynomials satisfy a first-order ordinary differential
equation, the Pearson equation

— 00 — 00

o) W] =7 wlx), 2.1)

where o(x) is a monic polynomial of degree at most 2 and ¥(x) is a polynomial with
degree 1. However for semi-classical orthogonal polynomials, the weight function w(x) sat-
isfies the Pearson equation (2.1) with either deg(c) > 2 or deg(¥#) # 1, see [67, 90, 112]. For
example, the sextic Freud weight (1.1) satisfies the Pearson equation (2.1) with

o(x) =x, 9 (x) = —6x° + 47t 420 41,

so is a semi-classical weight.

For an orthogonality weight that is symmetric, i.e. when w(x) = w(—x), it follows that
oy, = 0 and the monic orthogonal polynomials P,(x), n € N, satisfy the simplified three-term
recurrence relation

Pui1 (x) =xP, (x) — BuPu—1 (x). (2.2)

6
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The kth moment, y, associated with the weight w(x) is given by the integral

/lk:/_o:oka(x)dxa

while the determinant of moments, known as Hankel determinant, is

Ho M1 oo Hp—1
- fH2 e
Ay =detllily=1 . 0 . |, azl (2.3)
Mp—1  HMn oo H2p-2

where Ag=1 and A_; =0, which corresponds to the Heine formula (1.3). The recurrence
coefficient 3, in (2.2) can be expressed in terms of the Hankel determinant as
An+] An—l

A2 ’
For symmetric weights p;—; =0, for k= 1,2,..., and so it is possible to write the Hankel

determinant A, in terms of the product of two Hankel determinants, as given in the following
lemma. The decomposition depends on whether 7 is even or odd.

Bn = 2.4

Lemma 2.1. Suppose that A, and B, are the Hankel determinants given by

Ho M2 oo Hop—2 H2 Ha e H2n
H2 [ 7 H2n Ha He cee H2n42
-An = . . . . 5 Bn =1 . . . . . (25)
MHon—2  Hon --.  Han—4 H2n  H2p42 .. MHdp—2

Then the determinant A, (2.3) is given by
A2n = Aana A2n+l = An-i—le (26)

Proof. The result is easily obtained by matrix manipulation interchanging rows and columns.
O

Remark 2.2. The expression of the Hankel determinant A, for symmetric weights as a product
of two determinants is given in [27, 87].

Corollary 2.3. For a symmetric weight, the recurrence relation coefficient 3, is given by

An+an—] ﬁ _ »Aan—i-l
Aan ’ it An+18n ’

where A, and B, are the Hankel determinants given by (2.5), with Ay = By = 1.

6211 =

Proof. Substituting (2.6) into (2.4) gives the result. ]
Lemma 2.4. Let wy(x) be a symmetric positive weight on the real line and suppose that
w (x;7,1) = exp (1 + 7x*) wo (x), xR,

is a weight such that all the moments also exist. Then the recurrence coefficient [3,(T,1) satisfies
the Volterra, or the Langmuir lattice, equation

9B,
ot

= Bu (But1 — Bu—1), 2.7)
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and the differential—difference equation

0 Bn
9 B l(Buv2 + Bus1 + Ba) Butt — (Ba+ Baet1 + Bu—2) Bu—1]- (2.8)
Proof. By definition
h(r) = [ Psrowlond 9)
and then differentiating this with respect to ¢ gives
Ohy, *° oP, o0
T 2/ P, (x;7,1) s (x;7,1) w(x;7,8) dx + / P2 (x;7,1) ¥*w (x;7,1) dx. (2.10)
Since P, (x;,t) is a monic polynomial of degree » in x, then F(x; 7,t) is a polynomial of
degree less than n and so
o oP,
P, (x;7,1) 5 (x;7,8) w(x;7,1) dx = 0. (2.11)

Using this and the recurrence relation (2.2) in (2.10) gives

88htn :/ [Py (x;7,0) + B (7,0) Pu_y (x;7,0)] > w (x; 7, 1) dx

o0
=/ (P2 (e t) + B2 (ry ) Py (6 70)] 0 (1) v = 1 + B2y

—0o0

using the orthogonality of P, (x;7,¢) and P,_;(x;7,t), and so it follows from

hy = ﬁnhn—la 2.12)
that
Oh,
=h, /. 2.13
o +1+8 (2.13)
Differentiating (2.12) with respect to ¢ gives
oh, 0B, Ohy—y
= 7hn— n )
ot ot 140 ot
and then using (2.13) gives
0
hn—H + Bnhn = %hn—l + ﬁn (hn + ﬁn—lhn—l) .
Since A, 1 = But-1hn = But1Buhn—1, then we obtain
0Bn
W = ﬂn (ﬁn+l ﬂn—l) ’

as required.
To prove (2.8), differentiating (2.9) with respect to 7 gives

Oh, = 2/ P, (x;7,1) % (x;7,0) w (x;7,1) dx—|—/ P,% (x;7,1) xw (x;7,1) dx.
or or o

—00

8
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Analogous to (2.11) we have

/ P, (x;7,1) 88P" (x;7,8) w(x;7,8) dx =0,
oo T

and then using the recurrence relation (2.2) gives

ahn o
or :/ 2 (P14 BuPuor ) w (x) dx

oo
= / (X¥*Pp iy + 25 BuPyy1 Pyt + X2 BrPr_ ) w (x) dx

= / |:(Pn+2 + ﬂnJrIPn)z + Zﬂn (Pn+2 + Bthan) (Pn + 6’1711)”72)
+65 (P + 5n71Pn72)2:| w (x) dx

=/ [Py + By 1 Pr 4 2Bui1 BuPa + BaPi + BrBr_ Pa_y ] w (x) dx

— 00
= huga + (Bu1 +B2)” b+ B 571z
Consequently

oh,
or

= [Bn+26n+l + (6n+1 + ﬂn)z + Bnﬁnfl hm (214)

since

hn+2 = ﬁn+2hn+l = Bn-&-Z/Bn-i-lhna hn—Z = Bn—l = ﬂnﬂn—l .
Differentiating (2.12) with respect to 7 gives

ahn o % 8hn71 86n

_YPn 2
67_ 87' hnfl +ﬁn 87' - 67’ hnfl + Bn [ﬁnJran + (ﬂn + ﬁnfl) + 5n715,172} hn71~
2.15)

From (2.14) and (2.15) we have

0By
or

= |:6n+2ﬁn+l + (ﬁnJrl + Bn)2 + Bnﬁnfl} Bn - |:ﬂn+lﬁn + (Bn + ﬁnfl)z + ﬁnflﬁn72:| Bn
= (ﬁn+2 + ﬁnJrl + ﬁn) ﬁn+lﬂn - (ﬂn + ﬁnfl + 5%2) 6n5n717

and therefore

0 By
or

= ﬁn [(ﬁn-&-Z + 67[-&-1 +ﬁn)ﬁn+l - (ﬂn + Bn—l +/6n—2)ﬁn—l] 5

as required. 0

Remark 2.5. The differential-difference equation (2.7) is also known as the discrete KdV
equation, or the Kac-van Moerbeke lattice [76].

9
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3. Recurrence relation coefficients for the sextic Freud weight

In this section we discuss properties of the coefficient 3, in the three-term recurrence rela-
tion (2.2) for the symmetric sextic Freud weight (1.1).

Lemma 3.1. The recurrence relation coefficient 3,(7,t) satisfies the recurrence relation

65}1 (6}17251171 + ;%_1 +25nflﬁn + 5n715n+1 +Br2z + ZﬂnﬁnJrl + ﬁrzl-i,-l + ﬁn+lﬂn+2)
_4Tﬁn (6}1—1 +Bn+ﬁn+l) _Ztﬁn =n. 3.1

Proof. The fourth-order nonlinear discrete equation (3.1) when 7 = 0 and = 0 was derived by
Freud [60]. It is straightforward to modify the proof for the case when 7 and ¢ are nonzero. [

Remark 3.1.

1. The discrete equation (3.1) is a special case of dPl(z), the second member of the discrete
Painlevé I hierarchy which is given by

C4ﬂn (ﬁn-l-ZBn-‘rl + 63+1 + zﬁn-i-lﬁn + ﬂn—i—lﬁn—l + ﬁyzl + zﬁnﬁn—l + B;%_l + ﬁn—lﬁn—Z)
+ €380 (Bug1 4 Bn+ Bu1) + 280 = c1 +co (—1)" +n, (3.2)

with ¢j, j = 0,1,...,4 constants. Cresswell and Joshi [39, 40] show that if ¢ =0 then the
continuum limit of (3.2) is equivalent to
4 2 2
% = 10w% +5 (Z) —10w® + 2,

which is Pl(z), the second member of the first Painlevé hierarchy [80], see also [23, 58].

2. Equation (3.1) is also known as the ‘string equation’ and arises in important physical applic-
ations such as two-dimensional quantum gravity, see [49, 58, 59, 63-65, 102].

3. Equation (3.1) is also derived in [96] using the method of ladder operators due to Chen and
Ismail [28].

4. The autonomous analogue of (3.1) has been studied by Gubbiotti et al [66, map P.iv] and
Hone et al [68, 69].

Lemma 3.3. The recurrence coefficient [3,(T,t) satisfies the system

0%, 2\ 98,
ag -3 (ﬁn + Bt — 97) 5 + B2 4+ 682 But1 +3BuBrs
2 1 1
— 37 (Bn+2Bu41) — 360 =gn, (3.3a)
0By 2\ 9B,
£2+1 +3 (ﬁn +5n+1 - 9T> ﬂa:rl +ﬂ3+1 +6,82+15n +36n+]ﬁ3
2 1 1
= 37But1 (2Bu+ Bu1) = 5tBu1 = £ (n+ 1), (3.3b)

Proof. This is analogous to that for the generalised sextic Freud weight
w(x;7,1,p) = |x|Pexp (—x® 4+ 1%) p>—1, x€eR,

see [36, Lemma 4.3], with p=0. Following Magnus [89, example 5], from the Langmuir
lattice (2.7) we have
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aﬂant—l = 6:1—] (511 - ﬂn—z)
= B;%—] + 3ﬁn716n + ﬂnflﬂnJrl + 5,21 + 2Bnﬂn+1 + B,%+1 + 5n+1ﬁn+2
2 1
=37 B+ Bt B = 31 (3.4a)
a n
£ = Bu (But1 — Bu—1), (3.4b)
9B,
% = ﬂn—i—l (6n+2 - ﬁn) ) (340)
0By
%;_2 = ﬂn+2 (ﬁn+3 - /Bn-i-l)
= _6n—lﬂn - Brzz - 2ﬂnﬂn+1 - ﬂnﬁn+2 - ﬁyzl-i-l - 35n+1ﬂn+2 - ﬁr21+2
2 1 n+1
+ 37 (Bu Bt + Busa) + 31+ A (3.4d)

where we have used the discrete equation (3.1) to eliminate 3,3 and 3,_,. Solving (3.4b)
and (3.4¢) for 3,4, and (5, gives

B 1 0811 . 1 98,
ﬁn+2 — 5n + Bn+l ot ) ﬁn—l — Bn—i—l Bn ot )
and substitution into (3.4a) and (3.4d) yields the system (3.3) as required. O

Freud [60] conjectured that the asymptotic behaviour of recurrence coefficients 3, in the
recurrence relation (2.2) satisfied by monic polynomials {P,, (%) }">0 orthogonal with respect
to the weight

w (x) = [x[”exp (—|x|"),
withx € R, p > —1, m > 0 could be described by
2/m
; F(Am)T (14 1m
ﬂ:[m(z) | s

I'(m+1)

where I'(«) is the Gamma function. The conjecture was originally stated by Freud for
orthonormal polynomials. Freud showed that (3.5) is valid whenever the limit on the left-hand
side exists and proved this for m = 2,4,6. Magnus [88] proved (3.5) for recurrence coefficients
associated with weights

w(x) =exp{-Q(x)},
where Q(x) is an even degree polynomial with positive leading coefficient. Lubinsky et al [85,

86] settled Freud’s conjecture as a special case of a general result for recursion coefficients
associated with exponential weights.

Theorem 3.4. For the symmetric sextic Freud weight (1.1), the recurrence coefficients [3, :=
Bn(7,1) associated with this weight satisfy

where (3 := B(n) is the positive curve defined by
603 — 1278% — 2t3 = n. (3.6)

1
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Proof. For the weight exp{—Q(x)} with Q(x) = x® — 7x* — tx? it follows from [85, theorem
2.3] that, if we define a, as the unique, positive root of the equation

1 Ya,50" (a,s)
™ Jo V1—s2

1
then lim S,/ aﬁ = T (These are known as the Mhaskar—Rakhmanov—Saff numbers [94, 104].)
n— o0

Hence, a,, satisfy

n—=

ds,

S,

1 /1 as (6a2s5 —dalTs® — Zants) 4
n=—
T Jo V1—s2
which gives
15¢5 3rat ta?
16 4 2

Hence, setting 3(n) = a2 we conclude the result. The function 3(n) satisfying (3.6) is a pos-

itive curve since, for fixed 7 and ¢, its discriminant
A = —97200n* — 17287 (477 + 15t) n + 192¢* (37 + 10¢) ,

is negative for n sufficiently large, so there is only one real solution. We refer to the start of
section 7 for further details. O

Lemma 3.5. The recurrence coefficients 3, satisfy

LB ]
e /3 /60

Proof. We first prove that the limit of 3,/n'/3 as n — oo exists. For that we start by showing
that the non-negative sequence (3, / n'/ 3)@0 is bounded from above. By taking into account
B, = 0, it follows from (3.1) that

6, — 418y =218, <n+ (=128, +47) By (Bt + But1).-
Suppose the sequence (3,/n'/3),cn is unbounded, then there exists a positive integer m such
that for infinitely many n > m, one has 3, > |7| n'/3. Therefore, the latter inequality becomes
66, — 473 — 213, < n,

and, hence,

2t 4t n o 2l 47| 1 2] 4
< <

n
<o+ =+ — - —
BB B B B B TP Pl

which is only possible for finitely many . Therefore, (3,/n'/ 3)n>0 is a bounded sequence and,
for this reason, there exists

BT . Bn BT n
Afnlinolomfm, and Bfnlgrgosupm

Suppose (5, )ken is a subsequence such that




Nonlinearity 38 (2025) 125011 P A Clarkson et al

We evaluate relation (3.1) and we take the limits over this subsequence to get
1 <6A (5B*+4AB+A?). (3.7)

Similarly, we take a subsequence (3, )ren such that

B= lim =&,
k—o0 \/my

and, after taking the limits over this subsequence in (3.1), we conclude

6B (5A>+4AB+B*) < 1. (3.8)
The inequalities (3.7) and (3.8) then give

(B—A)(A*+B%) <0,

which implies B < A. However, by definition A < B and hence A = B and we conclude that
lim,,_, o0 (3,/n'/? exists and equals A. Thus, we conclude

We multiply (3.1) by 1/n and then take the limit as n — oo to conclude that 6043 = 1 and
hence the result. O

We have shown that

5n(T,l)\3/g(l+o(l)), as n— oo.

For the purpose of the present research, we do not need further terms. For the record, we hereby
note a formal asymptotic expansion for 3,. Since we do not prove the size of the error term,
we say that the asymptotic expansion is ‘formal’.

Lemma 3.6. As n — oo, the recurrence relation coefficient 5,(7,t) satisfying (3.1) has the
Sfollowing formal asymptotic expansion

n'/3 (27’2 + St) v 27 (47'2 =+ 151‘)

n 7t = Tz
Bu (1) S 15 T 450013 675~ n2/3
272+ 5¢) (472 + 15¢
) L )74 0 (wsr : (3.9)
151875n/3
with v = v/60.
Proof. Suppose that as n — co
1/3
ﬁnz”T+ao+n%+%+%+%+o(n—5/3), (3.10a)
with vy = v/60, then
n'/3 a 3va,+1 a3 3dasFay 5
_ 3 -5/3
Bt = == a0+ o+ e+ U T +0(n?), (3.10b)
n'/3 a 3va £2 a3  3as F2a; 5
_ T Rl as —5/3
sz =" a0t s+ e+ T +(9<n ) (3.10¢)
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as n — oo. Substituting (3.10) into (3.1) and equating powers of n gives

T B (27’2 + 51‘) ¥ 27 (47‘2 + 15t) _0
W=1s T a0 0 BT ersy 0 BT
T (27’2 + 5t) (47’2 + 15t> ~y
4= 151875 ’
and so we obtain (3.9). O

We study the cubic (3.6) in conjunction with the behaviour of the recurrence coefficients
B, in more detail in section 7.

4. Symmetric sextic Freud polynomials

In this section, we consider some properties of the polynomials associated with the symmet-
ric sextic Freud weight (1.1). In particular, we derive a differential-difference equation and
differential equation satisfied by symmetric sextic Freud polynomials which are analogous to
those for the generalised sextic Freud polynomials discussed in [35, section 4]. The coefficients
An(x) and B, (x) in the relation

dp,

o =B, (x) P, (x) + A, (x) Py—y (x), 4.1)
satisfied by semi-classical orthogonal polynomials are of interest since differentiating this
differential-difference equation yields the second order differential equation satisfied by
the orthogonal polynomials. Shohat [108] gave a procedure using quasi-orthogonality to
derive (4.1) for weights w(x) such that w’(x)/w(x) is a rational function. This technique was
rediscovered by several authors including Bonan, Freud, Mhaskar and Nevai approximately 40
years later, see [100, pp. 126-132] and the references therein for more detail. The method of
ladder operators was introduced by Chen and Ismail in [28]. Related work by various authors
can be found in, for example, [29, 30, 57, 93] and a good summary of the ladder operator
technique is provided in [72, theorem 3.2.1]; see also [112, chapter 4].

Lemma 4.1 ([72, Theorem 3.2.1]). Let
w(x) =exp{—v(x)}, xeR,

where v(x) is a twice continuously differentiable function on R. Assume that the polynomials
{Pn (%) }:10 satisfy the orthogonality relation

/ Py (x) Py (x) w (x) dx = By 0y
Then P,(x) satisfy the differential-difference equation
dpP,

o = =B, (x) P, (x) + A, (x) Py—q (%), 4.2)
where
1 o0
)= [ ROKE)e0) . (4.30)



Nonlinearity 38 (2025) 125011 P A Clarkson et al

1 o0
B = [ PP 0K () () b, 4.3b)
where
vi(x)—v'
K (xy) = LE =V 0) 44)
x=y
Proof. Write theorem 3.2.1 in [72] for monic orthogonal polynomials on the real line. The
result also follows from [37, theorem 2] by letting v = 0. O

Next we derive a differential-difference equation satisfied by generalised Freud polynomi-
als using theorem 4.1.

Theorem 4.2. For the symmetric sextic Freud weight (1.1) the monic orthogonal polynomials
P, (x;7,t) satisfy the differential-difference equation

dp,
. (x;7,1) = =B, (x;7,1) P, (x;7,1) + A, (x;7,1) Py (x;7,1)

where
A, (x;71,1) = By {6x4 —4rx® =21+ (6)(2 — 4T) By + 5n+1)}
+ 608, {Bn (Ba—1 + B+ But1) + But1 (Bu + But1 + Bat2) }
B, (x;7,8) = B, {6x° — 47x + 6x Byt + Bu + But1) } »
with B3, the recurrence coefficient in the three-term recurrence relation (2.2).
Proof. For the symmetric sextic Freud weight (1.1) we have
w (x;7,1) = exp (—x6 +rxt+ txz) ,
i.e. v(x;t) =% — 7x* — 1%, and so K(x,y) defined by (4.4) is
K (x,y) =6 (x* + Xy + 2% +xy° +3*) — 47 (F +xy+y*) —21.

Hence

/ K (5,9) P2 (v 7y )0 (v 721) dy

oo
— (6)64 — 4% — 2t) / Pi (y;1,Hw (y;7,8) dy + (6)c3 — 4Tx)
o0 o o0
x/'yﬁ@wﬁwmﬂn®+&f—ma/ VP (37, 0w (v 7 1) dy

o0 o0
+w/ fﬁ@wﬁwmnw®+6/ VP2 (i, 0)w (s 7.1) dy

— 00 — 00

= (6x* —47x> — 2t) hy + (62> — 47) (By + Bus1) hn
+ 6{6n (Bn—l +ﬁn + 6n+l) + 6}1-&-1 (Bn + 6;1-&-1 +ﬂn+2)}hn7

since (3, = h,,/h,—1 and iteration of the three-term recurrence relation
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xpn (.X) = Pn+l (x) +ﬁnpn71 (x)7

yields

Py (x) = Puia (X) + (Bu + Bat1) P (x) + Bue1BuPu—2 (%),

X Py (x) = Poys () + (Bu + Bugt + Bugz) Past (%) + B (Buet + B+ Bus1) Pui (x)
+ Bu—2Bn—1BuPn—3 (%),

X*Py (x) = Puga (¥) + (Ba + Bat1 + Btz + Bus3) Puga (%)
+{Bn (Bu—1 + Bu =+ Bus1) + But1 (Bu + Bug1 + Bug2) } Pu(x)
+ Bu1Bn (Bu—2 + But + Bu + Bus1) Pu—2 (x) + Bu—3Bn—2Bn—18Pn—a (x).

Also

/ I (x,) Pu (y;7,8) Pu—y (3 7 t) w (3 7, 1) dy

— 00
o0

= (6x* — 47x* — 21) / Py (y;7,8) Puy (y; 7, 1) w (5 7,8) dy

+ (6x° — 47x) / ”

o0
YPu (y;7,8) Puc1 (y; 7, 1) w (y; 7, 1) dy
o0

o0

+ (6% — 47) / V2P, (vi70) Pacy (vim ) w (v57,1) dy

— 00

+6x / Y Py (37,0 Puy (y; 7, ) w (357, 1) dy

— 00

+6 / VP (v 7,0) Py (y; 7, t) w (57, 1) dy

= (6X3 - 4Tx) Bnhn—l + 6x (Bn—] + ﬁn + 6:1—&-1 ) Bnhn—l y
and the result follows. O

Theorem 4.3. [72, theorem 3.2.3]. Let w(x) = exp{—v(x)}, for x € R, with v(x) an even, con-
tinuously differentiable function on R. Then

2

ddj;n + R, (x) % + T, (x)P,(x) =0, (4.5q)

where
dv 1 dA,
Ry (x) = & A (4.5b)
Ar()A,_1 (x) | dB, d 2 (x) A,

T, (x) = (xg - 1 () +E—B,,( ) [d: +B,,(x)] —Angxg o (4.5¢)

with
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Proof. The differential equation is given in factored form for orthonormal polynomials in [72]
and can be derived by differentiating both sides of (4.2) with respect to x to obtain

d*p, dp, dA, dB, dP,_;

dxz = —Bn (.x) dx + Epnfl (.X) — EPH (.X) +An (.X) T (46)
Substituting

4 g (x)+9 P (x)—mp (x)
dx n dx n—1 - ﬂn—] n .

into (4.6) yields

d*p, dP, [dB, A,(x)A,_i(x)

=-B, - — | P
i =B - | A=
dA, d
+ { A, () [B,, (x) + dﬂ }P,,1 (x), “.7)

and the results follows by substituting P, (x) in (4.7) using (4.2). O

Finally, we derive a differential equation satisfied by symmetric sextic Freud polynomials.

Theorem 4.4. For the symmetric sextic Freud weight (1.1) the monic orthogonal polynomials
P, (x;7,t) satisfy the differential equation

2
n

dx2

dp,
(x;7,8) + R, (x;7,1) e (x;7,8) + T, (x;7,8) Py (x57,8) = 0,

where

R, (x;7,1)

=2x{t—3x4—|—27x2— 2{6x2727+3(5”+[3n+1)} }’
ox* — 47x? — 214 66,Cy + 63,11Cpp1 + (B + Bug1) (63> —47)

T, (x;7,1)
=28, (3C, — 27 +9x%) — 4B, (3C, — 27+ 3x%) {8, (3C, — 27 + 3x%) — 1+ 3x* — 2747}

+ Buc1 {6Cu—1Bu=1 + 6C By + (Buct + Ba) (657 — 47) — 2+ 6x* — 4727}

X {6CuBn+6Cui1Bur1 + (Bu+ Buyr) (647 —47) — 21+ 6x* — 4747 }

+ 4B, (3Cs =27 +34%) {3 (B + Bur) — 27 + 6}

27 (Ba+ Bos1) — 332 (B + Bus1) — 3CuBy — 3Cs1 Bug1 +1— 36 + 2722

where

Cn = ﬂnfl +Bn +ﬁn+1~

Proof. In theorem 4.3 we showed that the coefficients in the differential equation (4.5a) sat-
isfied by polynomials orthogonal with respect to the weight w(x) = exp{—v(x)}, are given
by (4.5b) and (4.5¢). For the symmetric sextic Freud weight (1.1) we use (4.5b) and (4.5¢)
with v(x) =x% — 7x* — x?, and A, and B, given by (4.3) to obtain the stated result. O

17
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5. Moments of the symmetric sextic Freud weight

The moments of the symmetric sextic Freud weight (1.1) play a fundamental role in the ana-
lysis of the recurrence coefficients [3,. These can be expressed as a ratio of Hankel determin-
ants of the moments (2.4) or as solutions of the nonlinear recurrence relation (3.1) with initial
conditions

2
Bo =0, = By =Hoe 1
Ho Koz

As such, a description of the moments is crucial. This section discusses properties of the
moments in terms of the pair of parameters (7,t) € R?, namely p,, := j1,(7,¢). In lemma 5.1
we describe 1o as a solution of a third order differential equation in # subject to the initial
conditions 1(0,7), %(O, t) and 8(;*2‘“ (0,7) given in lemma 5.2 together with lemma 5.4. The
two latter results allows one to then describe the moments i, := p,,(7,¢) via the linear third
order differential equation in ¢, given in (5.3), as well as a linear second order partial differ-
ential equation in (5.4). As a consequence, we describe the moments via a linear third order
recurrence relation (5.5).

Lemma 5.1. For the weight (1.1), the first moment is

o oo
o (7,1) = / exp (—x6 + 7t 1) dx = / s~ 2exp (=8> + 75> +15) ds,

—o00 0

which satisfies the equation

3 2
Tp 200 100 1 _, (5.1)

Proof. To show this result, interchanging integration and differentiation gives

Ppg 2 Ppo _10m 1
o 3 o2 3 a 6"

e 2 1 1
:/0 [s‘%—gmz—gts—g} s_l/zexp (—s3+7s2+ts) ds

= 7%/00 {% [sl/zexp (fs3+7'sz+ts>}}ds: 7% [sl/zexp (fs3+7-s2+ts)}:o =0,
0

as required. O

Although it frequently is simpler to derive properties of a function from the differential
equation it satisfies rather than from an integral representation, and even though (5.1) is a linear,
third-order ordinary differential equation, it is not immediately obvious how to obtain a closed
form solution to this differential equation. For the case when 7 =0, which is the equation
associated with the quadratic-sextic Freud weight w(x;0,7) = exp (fx6 + txz) ,xeR,withta
parameter, the first moment (0, 7) is solvable in terms of Airy functions Ai(z) and Bi(z) and
12,(0, 1) in terms of the generalised hypergeometric function | F; (ay;b1,b2;2).

18



Nonlinearity 38 (2025) 125011 P A Clarkson et al

Lemma 5.2. For the quadratic-sextic Freud weight w(x;0,t) = exp (—x6 + txz), the moments
are

,uo(O,t):/ exp(—x6+tx2)dx:/ 572 exp (=5’ +15) ds
0

— 00

=127V (A% (2) + Bi*(z)],  z=127'73,

u2n(0,t)=/ xz"exp(—x6—|—tx2)dx:/ s”fl/zexp(—s3+ts)ds
0

— 00

1_/1 1 LU 1 1 1 Iyl p
=-T|=n+=)1F| 3,56 . — )+ 2n+= ) F( 3, .2 :—
3 (3’”6)‘ 2( 33 ’27>+3 (3’”2)1 2( %% ’27)

1 1 5 lp4s P

AT sn+2 ) 1Fo 3,56 ;— 52
+6 3n+6 1472 %7% ,27 ) ( )

where Ai(z) and Bi(z) are the Airy functions and \F, (a1;b1,by;7) is the generalised hyper-
geometric function.

Proof. This result for £(0,7) is (9.11.4) in the DLMF [101], due to Muldoon [97, p32] and
the result for y,,(0,7) follows from [36, lemma 3.1] taking A = n+ 2j — % O

When 7 =0, which is the sextic-quartic Freud weight w(x;7,0) = exp (—x° + 7x*), x € R,
with 7 a parameter, the moments fi,(7,0) are solvable in terms of the generalised hypergeo-
ai,a
bi,by
A formal power series expansion about 7 = 0 can be straightforwardly derived via the integ-
ral series representation.

metric function ,F» ;2 |, see lemmas 6.3 and 6.10.

Lemma 5.3. For the weight (1.1), the moments are formally given by

R 2.1 1 Ziplpypl P
ma0 =3 (5 g (T

j=0 373
2.1 1 Zitinyl P
— Dl Zi+ = _ F 3 3 2 .2
(Gr3mea) m( V5L 5
1 2.1 5 Zivintd P
ArlZiane2) B ¥ T30 T ) L
T s £y
Proof. By definition, we can formally successively derive

pn (7,0) = / s"2exp (= +15) exp (r5°) ds
0

i 2

o0 0 g d
= / s" 12 exp (—s3 + 1s) Z T;T ds
O .

j=0

[e%s) Tj 00 )

:ZJT/ 12 exp (= +15) ds
izl o

= Z ' ,U2n+4] O t
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and so the result follows using (5.2). The interchanging of the integral and sum is justified by
the Lebesgue dominated convergence theorem. O

Higher order moments 1i5,(7,) can be obtained after differentiation of the expression for
first moment with respect to . More precisely, we have the following result:

Lemma 5.4. For the weight (1.1), the even moments can be written in terms of derivatives of
the first moment, as follows

1

mn(T,t):%,uo(T,t), n=0,1,2,...

Proof. This follows immediately from the integral representation

pon (7,1) = / x*"exp (—x° + 7t + %) dx

8 (o]

= @/ ¥ Zexp (—x6 + 7t + tx2) dx
0

= A H2n— N3
ka2 (T1)

:%,uo(nt), n=0,1,2,...

— 00

where, as before, the interchange of integration and differentiation is justified by Lebesgue’s
Dominated Convergence Theorem. O

Lemma 5.5. The moment p,,(7,t) satisfies the differential equation

»? Han 2 a2/1211 1 Opop 1
_z - (204 1) jian = 0. .

Proof. This is easily proved using induction. Equation (5.3) holds when n =0 from lemma
5.1. Differentiating (5.3) with respect to # and using

0
n 1) = = en (T,1),
pant2 (1) = 5 pon (7,1)
as shown in the proof of lemma 5.4, gives

Pontsr gTﬁzquz 1 dpopyr 1
or 3 0~ 3 Ot 6

(2n+3) pont2 =0,

and so the result follows by induction. O

Lemma 5.6. The moment ji,,(7,1) satisfies the partial differential equation

82 H2n 2 0 M2n 10 M2n 1
_z 2P 204 1) i = . 5.4
gror 3 or 3 o et (54)

Proof. Since

ton (T,8) = / s 12 exp (=5 + 75 +15) ds,
0

20
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then

O 2 Opoy 1 Opoy 1
aror 3 or 3 o gt
1 1

—/Oos"_l/2 5‘3—2752—7ts—7n—1 exp(—s3+7's2+ts)ds
0 3 3 36

1 [*d
= 77/ — [s"“/zexp (753 + 757 +ts)} ds =0,
0

3 ds

as required. As before, the interchange of integration and differentiation is justified by
Lebesgue’s Dominated Convergence Theorem. O

In addition to the ordinary and partial differential equations above, the sequence of moments
can be generated recursively.

Lemma 5.7. For the weight (1.1) the moments satisfy the discrete equation

2

Proof. The result follows from the integral representation using integration by parts to obtain

1
326 (7o1) — 2 tianp (7a1) — ty12mga (7s1) — ( n ) fon () =0, (5.5)

oy (T,1) = 2/ x"exp (—x° + 7o + %) dx
0

2 oo
= ot /0 K2t (—6x5 +47x° + 2tx) exp (fx6 + 7t 4 txz) dx
2
=t (3t2nt6 — 2T Honta — thont2) 5
and so obtain (5.5), as required. O

The differential equation (5.3) in ¢ and the discrete equation (5.5) in the index both reveal
the hypergeometric structure of the moments pi, (7,7). In the next section, the hypergeometric
structure is explicitly shown for some values of the parameters. In the general case, we can
only provide a series expansion in terms of Laguerre polynomials.

6. Closed form expressions for moments

In this section we derive some closed form expressions of some moments for the sextic Freud
weight (1.1) with t = —k72, i.e.

w(sT, k)= exp{— (x6 —Tx4+f-e7'2x2)}, 6.1)
with 7 and « parameters. To justify this, consider the potential
Ux;7,t) =x° —x* — (6.2)

with parameters 7 and ¢, which can be written as

Uleir) =2 { <x2 - ;T>2 _ (t—l— irz) }

21
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This has a double root at x =0 and the other roots can be real or complex depending on the
values of the parameters 7 and ¢, with t = —irz being critical. So it is convenient to define
Kk = —t/72, and write

2
U(x;7,k) =2 (x* — 72 + K77) :x2{<x2— ;T) + (/i— i) 7'2}. (6.3)

To obtain closed form expressions we derive the differential equations with respect to 7
satisfied by the associated moments

o9}
fion (T3 K) = / xexp{— (x® — 7x* + k72x%) } dx
oo
= [ e (= (5 s ) s,

0

with k considered a parameter, which satisfy the initial conditions

> 1 1 1
ton (05 K) = / s 2exp (753) ds==-T{=-n+-), (6.4a)
o 3 \3" "6
dpn, > 1 1 5
(’l;: (0;5) = ./o s"P32exp (—s') ds = §F <3n + 6) , (6.4b)
d? 1z, R 12 3 2n+3—-12x _ (1 1
02 (0;r) = /0 (s — 2/{) s exp (fs )ds = TF gnJr 5 (6.4¢)

6.1 Three special cases withn=0
First we consider the case when n =0, in the cases when xk = i, K= % and Kk =0.

Lemma 6.1. The first moment jiy(; 3 ) is given by
7 T'l = Ooexp - 6—7')644-17'2)62 dx = Oos_l/zexp —s S—l’T 2 ds
'\4 e 4 0 2
61 73 73 73
ALY ) e Sy g - 6.5
9 { 1/6(108> * ‘/6(108>}6Xp< 108)’ ©5)

where 1,,(2) is the modified Bessel function.

Proof. Assuming we can interchange integration and differentiation

& d > d 1\
18#—1—72%4-7#0:2/0 & l(7—3s)sl/zexp{—s (s—27> }] ds

=2 [(7 —3s)s'/%exp {—s <s — ;T>2H ) =0.
s=0

Hence po(T; %) satisfies the second order equation

d*po | 5 dpo
18— —_— =0 6.6
de +7 dr + T o R ( )
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which has general solution

1 _f / 3 ol 7.3 7_3
Ho 771 = cily/6 108 +c2l 16 108 exXp 108 )

with ,,(z) the modified Bessel function and ¢, and ¢, constants. The initial conditions are

Ho (O; éll) :/0 s™2exp (—57) ds = ;F<é> ’
dpo 1 - 3/2 3 1.3
e M = —8" = —F —
= (0,4) /0 s/%exp (—s) ds 305 )

so since as 7 — 0

73 F(%) 6 T4 7 73
11/6(108)_ o T{T—l()g-‘v-O(T)}eXp(lOS), (6.7a)
.3 F(l) 6 3 .3
I =—8 /11— —+0O(® — 6.7b
1/6(108) 2 T{ 108 " <T)}e"p<108)’ (6.75)
and F(%) F(%) =2m, then ¢ = ¢, = 6, and therefore we obtain the solution (6.5) as
required. O

Lemma 6.2. The first moment pio(T; ) is given by

1 o 1
Lo <T; 3) = / exp {— <x6 — 372x2) }dx

1
3
=< T = F ’2 . —7T F ’ P
Gr(e)( 115) 3 (6) (18 3)
2\/7 57 3 7_3
P ¢8 - 6.8
36 2 2( %7%7 7)} Xp( 27)7 ( )

where ( Zl’zz ;z) is the hypergeometric function.
1,02
Proof. This result is proved using

By 272 o (T3 + 27) % N 473 145

a9 ar 81 dr 324 1
1 > d
=1a | ds{(54s — 727> + 30725 — 473 45)s1/2

1
X exp (—s3 75— 372s> }ds =0.

Hence the moment pio(7; ) satisfies the third order equation

Puo | 272 dPpg T(T3+27)%+47‘3+45
dr? 9 dr? 81 dr 324

/1/0:0’

23



Nonlinearity 38 (2025) 125011 P A Clarkson et al

which has general solution

o) o

+c3 T22F2<

o N .
i | ek

57)Jen(
with ¢, ¢2 and c¢3 constants. The initial conditions are

AN 1] duo (0. LY _ 105 Ppy (1) _ V7

"°<0’3)_3F(6)’ dr (0’3>_3F<6)’ i \%3) = 3%

a,az

b17b2

S
SN~—

W=\ —
SN SIE

[\
I ¥
N———" wisaWn

WIB L RIN—
[¢]
>4
o)

w\mc:\\l
3|
~

and since »F, ( ;O) = 1, then we obtain the solution (6.8), as required. O

Lemma 6.3. For the sextic-quartic Freud weight w(x;T,0) = exp (—x6+7x4), the first
moment is

po (1;0) = / exp (—x® + 7x*) dx

— 00
1_/1 L 1 473 1 5 5 1 453
=_-T (=] ,F 2 . T2 ),Fh B2, —
i (5) (8 ) (B)n((3E )
Zf éé 47_3
A R 6.9
+ 12 22( 43&73727>3 ( )

a,a . . . .
where F» < bl ’ b2 ;z) is the generalised hypergeometric function.
1,02

Proof. This result is proved using

$Fpo 4 ,8po 4 dpy 7
A _ 4 dpwo T

a9 darr 3 dr 361
1 [>~d

=—— — {(6s3 +47s? +7) sl/zexp (—s3 +Ts2)}ds =0.
18 ), ds

Hence po(7) satisfies the third order equation
Puo 4 ,dp0 4 dp 7
— =7 T W
dr3 9 drz 3 dr 36

which has general solution

1 7 453 S 11 y.3 35 453
o (1750) = ¢y 2F2( 7782 >+CszFz< 372 ;27>+C3722F2( 14 ;27>7
3 313 313
with ¢y, ¢; and c; arbitrary constants. The initial conditions are
1._/1 dpo 5 d?p 1
0;0)==I"( = 0;0 - ——(0;0) = =
o (0:0) = 3 (6)’ o B0=3 (6)’ 2 (0:0) =gV,

and so we obtain the solution (6.9), as required. O
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Remark 6.4.

1. For general k, it can be shown that ¢(7) = po(7; k) satisfies the third order equation

By 272 Ok — 2 — 54k 3k — 1) dzi
4K 3

74_7

dr3 9 Brk—1)73 =3[ dr?
(4 — 1) K273 36K%—27k+4 ) dp
+7 + -
3 4kBr—1)13 -3 dr
(45 — 1) K>73 5 1—06k
—_— — =0. 6.10
+{ 3 TRy e (6.10)

Itis clear that (6.10) simplifies in the cases when k = i, K= % and k = 0. At present we have
no closed form solution for general x. We note that unless x = % and k =0, (6.10) has three
regular singular points at the roots of the cubic 4rx(3x — 1)73 — 3 = 0. It is straightforward
to show that (6.10) has an irregular singular point at 7 = oo for all values of «.

2. If £ = { then (6.10) simplifies to

3 2 (-3 —42 2 2 3 -6
do T ) P T _de . P (6.11)
dr3  18(m3+12)dr?2 T +12dr 9(r3+12)

which has general solution

3 7_3 7_3 ,
o(1)= \E{C111/6(108>+C21 l/6<108>} Xp<_108>+637’

with ¢, ¢; and c¢3 constants. The initial conditions are

¢<o>=§r(;), Fo-3r(2). Fo-o

and so, using (6.7), ¢c; =c; = 6 and c3 =0. Equation (6.11) is related to (6.6) as
follows
Fo T(C-2)dp 2 dp -6
PP+ 12)dr? | P 12dr 9(P+12)7
d 372 dcp 1 ,dp T
= d7-_73+12> (aﬂsT dTﬂs@)
d 1 d? 1 ,dp 7
3 2
e E=rFuT <d72 8 d¢+18¢)}

3. We note that

o (n5) =esnf
)

and fig(7;3) = po(7; ) exp { (37 3}, satisfies

Fho &y 7o 1o
a2 9 a2 3dr 1t
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4.In the three cases k=1, k=1 and k=0 the weight w(x;7, k) =exp{—(x®—7x*

+k72x%)}, takes a special form, i.e. the polynomial has a multiple root

w (X7, K) i
exp{fx2 (xz — %T) }
exp{~ (@~ 47) fexp{~ (47)°}

exp {—x“ (x2 — T) }

O W= =R

6.2. Moments of higher order: three special cases

Next we derive closed form expressions for the moments i, (7; ) in the special cases when
k=1, k=1and k=0.

Lemma 6.5. The moment iy, (T; %) is given by

1 1 1 1 L1, 142, 3
AT ) =20 = Z),F, | 3 3D El PN
e (T 4> 3 (3”*6)2 2( 13 54)
1
3

1 1 5 2 1,2, 2, 73

(= “\,F 3 3 T3 1
(g (T

nr? 1 1 1—4in 14 2p 73

—TI'| = — | oF: 3 37—, 12
T <3n+2)2 2( 33 ’ 54) (6.12)

Proof. This result is proved using

dsﬂZn 2 d2/~L2n d,U/Zn
18 i +T i +(n+3)7—d7_ —2n+1)(n—1)uo,
< d 1
= —/ o {(6s3 — 57 + 125+ 2n — 2) s"H1 2 exp (S3 + 757 — 47'2S) }dS =0.
0 S

Hence the moment (15, (7; %) satisfies the third order equation

d2 n d n
2 A7 [2 +(n+3)r 2
dr

18
dr2

+7

d3u2n
3

—2n+1)(n— 1), =0, (6.13)
dr

which has general solution

with ¢, ¢2 and c¢3 constants. The initial conditions are
1 1 1 1 dpon 1 1 1 5
(05 ) =50 (3042 ), ;1) ==T(z0+2),
“2< 4) 3 (3”+6) dr < 4) 3 (3”+6>

dz,uZn 1 1 1 1
2 =Zar( = -
a2 (0’4> 9" (3"*2)’

and so since ,F,(ay,ab1,b,;0) = 1, then we obtain the solution (6.12), as required. O
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Remark 6.6.

1. Note that for all n € Z™T, one of the hypergeometric functions in p,,(7; %) given by (6.12)
will be a polynomial since ,F,(ay,azb1,by;7) is a polynomial if one of a; or a; is a non-
positive integer.

2. When n =0, (6.13) reduces to

; d d [ @uo . duo
188t | 2@l g o @ (g THe | 2
dr3 T dr2 o7 dr tHo dT( dr2 T dr +TMO)’

and (6.12) becomes

1
po (i) =

since

ze( S ;z) =1Fi (ar:b2:2) =M (a1, b2.2), (6.14)
a, 02

with M(a,b,z) the Kummer function and

1 1 1\
1Fi <u+ 5;2u+ I; —2z) =M <u+ 572u+ 1, —2z) =I'(r+1) <21> e I, (2),
(6.15)
see [101, equation 10.39.5].
Whilst in lemma 6.5 the moments fi5,,(7; }1) were expressed in terms of ,F> (a1, a2b1,b2;72)

functions, the moments can be expressed in terms of modified Bessel functions as shown in
the following Lemma.

Lemma 6.7. The moment j15,(; 1) has the form

pn (3 ) = 5V 7 1 O+ L1 (©)] + 80 (1) 1y (©)+ Ly O]}
+ %\/Ehn—l (T) ) (616)

with & = 73 /108, where 1,,(z) is the modified Bessel function, and f,(7), g.(7) and h,(7) are
polynomials of degree n.

Proof. We will prove this result using induction and the discrete equation (5.5), witht = — %Tz
ie.

3 A L1 1 Ll N,
n e n P — n =)= \nt+35 pam |74 ) =0.
Hant \ T3 4 THata ( Tiy g P2\ Tiy 5 |\ Ty

6.17)

>
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First we need to show that (6.16) holds when n = 0, 1, 2. From (6.5), it is clear that (6.16) holds
when n =0, with

fo(r)=1, g (1) =h_1(7)=0. (6.18)
If n=1 then from (6.12)

1 T (4 14 sz 5 2s 3
pa | Tio | = (6)2F2 374 5-2¢ (6)2F2 17328 )+ 3 \f §=—
303 33 108

4 18 )3 18 ;
_ ) (L2 '(s) f
~ s 1F1<3’3’_25)+ T <3 3’ )+3ﬁ
f wr!/? { <7 [11/6<£)+11/6(€)]}e‘f +§\/%, (6.19)

using (6.14) and (6.15), and therefore (6.16) holds when n =1, with

fl(T)ZéT, g (r)=0,  ho(r)=1. (6.20)

If n =2 then from (6.12)

1 1 5 7l7§ TzF(é) l:
(D)2 e (1]
1) 73 \6 12 54 3

1 5 1
(!
T (3) 15 3 43
My {M(??*Zg)*@ (5757 2§>}+8\/7?T
a2 _ or3/? )
Y P Ll SV SUNE R
a2
- \@324 {2[1/6 (&) +1-1/6 ()] +15/6 (&) +1-5/6 (€) } N
using
_15
ze< Py ;2§> M<;; £>+3£M<§ : 25), (6.21a)
ze( %% ,—2&) —M<3,3,—2§) —10M( 25) (6.21b)
and
11 1 1\ B
M( 3’3 25) (6) (26) {h/e©+ 15O}, (6220)
15 5 1\ e B
M(3’3’ 26) (6) (25) {Is /6 (&) +1-1/6(§) } 7%, (6.22b)

together with (6.15). The identities (6.21) follow from

a,c+1 - 2az
2F2< b7C 72Z> _M(a7b772Z)7EM(Q+17b+1772Z)7
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see [103, section 7.12.1], which also is a special case of equation (2.7) in [95, lemma 4]. The
identities (6.22) follow from

M(u—i— ;,2u+27—2z> Tt <;z> @) o (e,

which is a special case of equation (13.6.11_1) in the DLMF [101], i.e.

1\ "G (), (2v), (v+k
> Z()( )i v +k)

1
M(vt=204+14n-22)=Tw)e (=~
<u+2, v+1+n, z) (v)e ( z EESESN

) v+k (Z) .

k=0

Hence

a4 <T; %) = é\/gm_l/z{rlgTz 16 () +1_-1/6(&)] + %72 [Is/6 (€) +1_5/6 (5)]}67;5 + éﬁﬂ

(6.23)
and therefore (6.16) holds when n =2, with
A==t pm) =t hi()=2 (6.24)
27'—187', g27'—367'7 ]T—27'. .

Substituting (6.16) into the discrete equation (6.17) shows that f,,(7), g,(7) and h, (7) satisfy
the discrete equations

1 1
343 (1) = 27fpp2 (1) + 17'2fn+1 (1) - (” + 2)fn (1) =0, (6.25a)
1 1
3gut3(T) = 278102 (7)) + Zng,H_] (1) — (n + 2) gn (1) =0, (6.25b)
3hpio (1) = 2Thy g1 (T) + %Tzhn (1) — <n + ;) hy_y (1) =0. (6.25¢)

From (6.18), (6.20) and (6.24), we have the initial conditions

_ _1 1. g = _1l.
f0_17 fl—gTa f2_187-7 g()—gl—07 g2_367-7
hoy=0, hy=1, hI:%T. (6.26)

Therefore from (6.25) and (6.26) it follows that f,(7), g,(7) and h,(7) are polynomials of
degree n, provided that the coefficient of 7", for n > 2, is nonzero for these polynomials. To
show this, suppose that

fn (T) = ZanJij 8n (T) = anJTja hy, (T) = chJTj»
j=0 j=0 j=0

then from the coefficient of the highest power of 7 in (6.25), it follows that a,, ,, b, , and ¢, ,
respectively satisfy
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1
3an+3,n+3 - 2an+2,n+2 + Zan-i-l,n-f—l =0, (6.27a)

1
3bn+3,n+3 - 2bn+2,n+2 + anJrl,nJrl =0, (6.27b)

1
3cn+27n+2 - 2cn+l,n+l + ch,n = Oa (6276‘)

with
1 1 1 1

= _ = — bi1=0, brr=— =1 = — 6.27d
a =g @22= o 1,1 » baa=3p, coo=1 =7 ( )

and solving (6.27) gives

LN LN LT LT (LY
an,n—6 ) 2\ 6 s nn = e\ 3 \6 , Cnn = ) ,

which are nonzero for n > 2, as required. Hence the result follows by induction. O

Example 6.8. Using the discrete equation (6.17) with £9(75 1), po(7;5) and p4(7; 1) given
by (6.5), (6.19) and (6.23) respectively, we obtain

16 (7;%) _ Fl(gé) 2F2( _f; fzg) +5T1;8(2)2F2( —géf ;72§> . \/;?272
— \/67;71/2 {573214%36 (176 (&) +1_1/6(€)] + 45;3 [Is 6 (&) +1_56 (g)]} o€
Y
Hg (T; %) = 77—{053%) 2F2< _5%130 ;—25) + 57—257(2)25( _5:2’131 ;—25) + w
= 67;71/2 {77 (76;; 18) (176 (€) +1-1/6(€)] + %;;[15/6 (&) +1_s/6 (g)]}e—s
V()
24 ’
o (T;%) _ SFI(S%) 2F2< _E”gl’; ;_2§> + 35T624FS(}’)2F2< _5”2133 ;_2€> + %;4'12)
67;71/2 {T2(41;377+61260) [11/6(5) +I—|/6(§)] + % []5/6(5)6

3
@]} + D

with £ = 73/108.

In the next two lemmas we derive closed form expressions for jip,(7; %) and pip,(7;0).
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Lemma 6.9. The moment [12,(T; %) is given by
1 1./1 1 11,1 1, ;3
n =) =4q=T( = — |»F 6 39 3 -
e (T 3> {3 <3”+6>2 2( 1 27>
1 1 5 1_1
—-tI'| = Z),F 2 3
—|—37' (311—1—6)2 2(

n

2

3
2n—-1)7>_ /1 1 S _Ipl 1y 73 3
o (Zpe = ),F,[ 6 3Mg 3. ).
36 3T ) 43 27 ) P\ 27

Proof. This result is proved using

Py 272 Py, (7 +18n+27) dpug, N (2n+1) (47° — 18n+45)

i 9 ap 81 dr 324 Han
1 [~d
- = {(54s3 — 72752 430725 — 47 + 180 — 45) 5" 1/2
0 S

1
X exp (s3 N 372s> } ds =0,
and the initial conditions
A T A A A S ST S
“2”(0’3)_3F(3”+6)’ dr (0’3)_3F(3"+6>’
oy (1) 2n—1_ (1 1
iz \U3) =3 3" 2)
Lemma 6.10. The moment ji5,(7;0) is given by
1 1 1 ln—|—i7ln+l 473
,uzn(T;O)3F<3l’l+6> ze( 6 12 g 12 ;—7

1 1 5 lpp 3 Ly 1L 453
o Zax2)oF( 6 ) 2 .0
37 <3”+6)2 2( ! 27
1 3
6
5
3

3

3

1 1 3 1 3
—|—672F(n+) 2F2( 6n+i7
3

—
—

3 2
Proof. This result is proved using

Bron 472 Py 4(n+3)7dps, (2n+1)(2n+7)

2n

dr3 9 dr? 9 dr 36
1 [>d 3 2 nt1/2 3 2
=3 &{(6s +4rs*+2n+7) s exp (—s +75)}ds:07
0

and the initial conditions

L /1 1\ dus 1L (1 5\ 1./1 3
2 (0:0)=-T(2n+ ), 0;0)= T =n+2), 0:0)=-T(2n+2).
H2a (050) = 3 (3”+6> i %0=3 (3’”6) . (B0 =3T{(3n+3

O
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Remark 6.11. For general k, it can be shown that ¢, (7) = p2,(7; %) satisfies the third order
equation

d3gon+2j o2 54k (4k — 1) (3k — 1) o,
dr3 9 44k —1)Br—1)T3 =126 +2n+3 [ dr?

3 (36K% — 27k +4) (126 —2n — 3) } den

+I {3;«%3 (45— 1) +2n (9% —2)

9 Y @) GBr—D7 —12n+ 2043 [ dr
2n+1 2.3 12(6k — 1) (12K — 2n —3)
12 4k —1) — -2 — n = VY.
* 736 { R (= 1) =36k = 2n 4 S = T N G ) —12n s ang 3 P 0

(6.28)

At present we have no closed form solution for this equation, except in the three cases discussed
above. We note that unless . = 1, Kk = 1 or k =0, (6.28) has three regular singular points at

3> 4
the roots of the cubic
4k (4K —1) Bk — 1) — 126+ 2n+3 =0.

Further, (6.28) has an irregular singular point at 7 = oo for all values of .

6.3. Higher order moments: series expansions for general «

For values of x other than 0, i or % we have a series representation for the moments 1, (7; %)

in terms of Laguerre polynomials as well as in terms of Jacobi polynomials with varying
parameters.

Theorem 6.12. For 7, k € R, we have

1 (D(3+insey L(%j+ipaly |
(20 (736) = = { (31 13 6) TJLJ( 1/2) )=k (3] 33 2) 7_/+2Lj(1/2) ",
3 j=0 (f)‘,‘ (i)j
(6.29)
where L;a) (¢) are the Laguerre polynomials of parameter o and ( = —%/&7'3.
Proof. Consider the Taylor series expansion about s = 0 of the function
2 2\ _ - a5
exp (—kT’s+75%) = ZCm (T3K) pm
m=0
where C,,(7; k) are polynomials in 7 and  given by
m m j— j—
(=1) ml\g&—mp3i—m
Cm (T;KZ) = Z N B
2j —m)! (m—j)!
iy @ —m)t (m—j)
(—l)mm!mz(%m}’"rﬂ%'ﬂ_m F
= i i 20
(m—[3m])! (2 [5m] —m)!
L] — 1
x 1 1 o 2]m—| Im 1 f— KT
—gm+ [ym] 45, —gm [sm] +1 7 4
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Hence, we have

J'ZZJTJL( 1/2) (—ZK T

3, it m=2j,
—]'ZZJI{TJ+2L(1/2)( ZHZ 3) if m=2+1,

Cn(TiK) = {

where L}O‘) (z) = (7—,)/1 Fy (—j;a+ 1;z) are the Laguerre polynomials of parameter o > —1.
In order to study the radius of convergence of the series

- Cm (T;Ii> * m+n—1/2 1 Cm (T;H)
S [T e as= g3 (G o) R0 o)

we analyse the ratio

F(%m—i— %n—i—%) Cut1(TK)
(m+ I)F(%m—i—%n—&—é) Cn (T5K)

Pm =

as m — oo. Observe that the two subsequences of (p,,)m>0 of even and odd order are respect-
ively given by
. (1/2) (_1,2.3
o D@i+ants) L7 (man'r)
. 2:, 1 1 ~1/2
(2]+1)F(§]+§n+ 5) Lj( / )(—%/@27'3)

P2 = |I€7‘

and
2 T+ in+d) L (—1+°7)
kT D (3j+4n+3%) L ;1/2) (—1r27?)

P2j+1 =

Recall the asymptotic behaviour for the Gamma function, see e.g. [101, Eq.5.11.12], to con-
clude that

s PGitan+y) s 2 TG4+l 2 (2j>]/3
(2j—|—1)F(§j—|—%n—|—é) V122/3 KT F(%j—k%n—k%) KT \ 3

asj — oo. We use [109, theorem 8.22.2] for 7 < 0 and [109, theorem 8.22.3] for 7 > 0 to obtain

the following asymptotic behaviour when x # 0

1/2 -1/2 .
L;/)(—%K,ZT3) N<nzT|3) 1/ Y
|

_ ; =—"7, as j— oo,
LJ( 1/2) (—%5273) 4j K[ T]3/2
and
(=1/2) 1,23 1/2
Lin™” (=587 (RPN sl -
L0 1,273 ~ 5 = 20 as j— oo.
j 7 (—k27)

Hence, for fixed 7 # 0 and x # 0, we have
s TGtird) L ()
2+ 1T (5i+3n+5) L7 (—4r2r)
e

176

P2 = |RT

/{72 2./j

27213 k|2

— 0, as j— oo,
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and

2., 1 5 (1/2)_;23
iF(g,]jLﬂ/lJr ) j+1 ( 4HT)
AT (it st 3) LV (—4s2r)

”m27<23]> 2\5/2 \fﬁ -0

176
By the ratio test, the series (6.30) converges absolutely for any 7, x € R\{0}. Therefore, by
Lebesgue dominated convergence theorem, it follows

P2i+1 =

as j— oo.

= Cn(T5R) [ i N 1 1 1\ Cu(7;k)
i) = 3 S [ g () as= 30 (gt g ) <2

When x =0 and 7 # 0, one has

1
2, (750) = ZF(}H— m+6)

mO
1 2 1 Tt
L nd5r+—+2
zz (37+37+5+%) Gy

1\ o= /1 1 1 1 1 7 A
— T Z — — 2%
Z ( n+ r+6)§(6n+3r+ 12>j(6 +3r+ 12> G+

which, after using the Legendre duplication formula for the Gamma function, can be written
as in lemma 6.10. Hence, the result holds for any x € R.
Finally, (6.29) also holds when 7 =0, since it gives (6.4a).

As a straightforward consequence of the latter result, one has

2T (3j+4n+ 1
b (75) + 12, (i — 32_(;@) g (L)

(E)j
2 zJ+3”+ ) A /2 <—1/@27-3>
ety g (g

Han (T; ) M2n T, ’i

W\l\)

Note that the series expansion obtained above, written in terms of Laguerre polynomials, could
of course be written using Hermite polynomials.

The expressions given in the latter result have a clear 3-fold decomposition in 7, and in
fact (6.29) reads as:

ton (T38) = Fy (T38) +7G, (T3 K) + 2H, (T3K),
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where
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with ( = —fn27'3
Besides, the latter result states that

Wl 2] m 31 m 1 1 1
120 (75 ) Z Z _]).F<3m+3n+6>.
m 0j= fmm
A swap of the order of summation gives

o Y m 2] m 3] m 1 1 1
n F ~ ~ = |-
pan (T3 ) ZZ 2] m)! (m—j)! <3m+3n—|—6>

JOmz

The change of variables (j,m) — (¢,3¢ — m) followed by a change in the order of summation
corresponds to

- - )m_e 1 1 1 m
Han (73 ) Z Z (m— e ar—mit \F73mt3nte)”

m
oo |m/2] ¢
1 (—k) 1
> (m—20)! ( +3””3>’”6)
m=0 (=0
oo |m/2] Lh26(_1 1 1 ¢
Y (1) 2% (—3m), (=gm +3),(=F) T(Em+3n+5) ,
1 2 5 )
m=0 £=0 (7§n7 §m+ 5)46! m!
where we used in the last identity
L my 2 () (dm D),
(m—20)! m! m!

and

2 1 1 2 1 1 (-1)*
T(—l+Zm+-n+-)=T(Zm+-n+- .
( +3m+3n+6> <3m+3n+6> (—%n—%m—k%)e
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Hence, we obtain the series expansion

1 B PSR VR F(gm—&-ln—k l)
) = = F 2" ™3 2 .4 A3 3 6/ om
b (i) =3 D 2 (T g )

Using the Gauss formula for the hypergeometric function, see [100, section 15.4], the latter
expression evaluated at Kk = % gives (6.12). Similarly, series expansions about x = 1 can be

3
obtained, from which the expression in lemma 6.9 appears as a particular case.

7. Numerical computations

In this section we plot numerically the coefficient 3, in the three-term recurrence relation (2.2)
for the symmetric sextic Freud weight (6.1). As we explain below, these computations were
done in Maple using the discrete equation (3.1), treating it as an initial value problem, some-
times referred to as the ‘orthogonal polynomial method’. The earlier calculations in the 1990s
by Jurkiewicz [75], Sasaki and Suzuki [105] and Sénéchal [107] solved (3.1) as a discrete
boundary problem. They use the cubic (3.6) to provide an estimate for 3, for large n. At a
similar time, Demeterfi ef al [45] and Lechtenfeld [81-83] also solved (3.1), though as a dis-
crete initial value problem, but were only able calculate 3, for small values of n, up to n = 25.
The development of computers and Maple during the subsequent years has meant that we are
now able to calculate 3, for large values of n through a discrete initial value problem. We
remark that none of the results in this section, or the next two sections, have been proved rig-
orously. The discussion of the behaviour of the recurrence coefficients /3, is based solely on
the numerical calculations.

By theorem 3.4, for large values of n, we have 3,44 ~ B(n), fork =0, 1,2. Setting t = — 7>
in the cubic (3.6) gives

605 — 1278% +2k726 = n. (7.1)
Differentiating (7.1) with respect to n gives

2(908% — 1278+ k7?) % =1, (7.2)

which can be written as

T\ 1 /(2 148 1
6% %G o 7

Differentiating (7.2) with respect to n gives

7\ [dB\? N2 1 /2 a23
2( _7) &z ( _7) L (e g iy} 7.4
ﬁlS(dn)+{615 90\5 )7 [ a2 74
It is therefore clear that kK = % is a critical point.
For k < %, then 8(n) is multivalued for n_ < n < ny, where
273

2. PRV
ne = {15,@ 4+V2(2 - 5k) } (7.5)
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Figure 1. Plots of the real solution 3(n) of the cubic (7.1) for x such that é <K< %
with 7 =15. The vertical lines are n+ given by (7.5).

We observe that for x > 13—0 then 3(n) intersects the line n=0 only at (0, 0). For values of
K = 35, B(n) intersects the line n =0 at (0, 0) and at (0, 1 ). When < 3, then 3(n) intersects

> 10 10°
n=0at
1 3

Plots of the real solution 8(n) of the cubic (7.1) for  such that % <K < % are given in figure 1.
Next we classify the roots of U(x; 7, k) given by (6.3), which are illustrated in figure 2. The

value Kk = }1 is a critical one, when 7 > 0. As such, the following hold:

@) if r>0and k > }1, then U(x) has four complex roots and a double root at x = 0;
(i) if T >0and 0 < k < %, then U(x) has four real roots and a double root at x =0;

(iii) if 7> 0and k = 1, then U(x) = x*(x*> — 17)? which has three double roots at x = i\/;
and x=0;

(iv) if 7> 0 and k=0, then U(x) = x*(x*> — 7), which has two real roots and a quadruple
root at x =0.

(v) if 7 >0 and k <0, then U(x) has two real roots, two purely imaginary roots and a double
root at x =0;

(vi) if 7=0, then for ¢ >0, then U(x) has two real roots, two purely imaginary roots and
a double root at x =0 and for r < 0, U(x) has four complex roots and a double root at
x=0;

(vii) if 7 <0, then for x > 0, U(x) has four complex roots and a double root at x =0, for k =0,
U(x) has two purely imaginary roots and a quadruple root at x =0 and for x <0, then
U(x) has two real roots, two purely imaginary roots and a double root at x = 0;

(viii) if 7 = k = 0, then U(x) has a sextuple root at x =0.
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Figure 2. Plots of the sextic polynomial (6.2) in the cases when (i), 7 >0 and x > }T,
(i), 7>0and k = 1, (iii), 7>0and 0 < x < }, and (iv), 7 >0 and £ < 0.

The numerical computations were done in Maple using the discrete equation (3.1).
Solving (3.1) with t = —k7? for 3,,, gives

n— 26728, + 478, (Bue1 + Ba + But1)

ﬁn+2 B 6ﬁnﬂn+l
. 6 (ﬁn—Zﬂn—l + /Byzl_] + zﬁn—lﬂn + ﬁn—lﬂn-&-l + /By% + 25n6n+1 + ﬂrZH_l) (7 6)
6Bn+1 . -
The initial conditions are
2
Bo=0, By=0, p=2 g HMTH (7.7)
Ho Hoki2

where (i (7; k) is the kth moment
oo
i (T3R) = / xFexp (—x° + 7xt — k77%) d,

and so using (7.6) we can evaluate (3, for n > 3. The moments i, po and p4 are computed
numerically using Maple. Since the discrete equation (7.6) is highly sensitive to the initial
conditions then it is necessary to use a high number of digits in Maple, usually several hundred,
sometimes thousands, to do the computations; see section 7.11 for a discussion of how sensitive
the problem is with an illustration in figure 22.

In the following subsections, we discuss the behaviour of the recurrence coefficients for the
various cases mentioned above.
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Figure 3. Plots of the recurrence coefficient 3, when 7 =25, for various « such that
% <K< %, together with the real solution of the cubic (7.1) (dashed line).

71 Case (i): 7>0and k> §

In this case U(x) has four complex roots and a double root at x =0 and is sometimes known
as the ‘one-branch case’, see [107].

Plots of the recurrence coefficient 3, when 7 =25, for various x such that % <K< % are
given in figure 3, together with the real solution of the cubic (7.1). For both small values of
n and for large n, 3, is approximately given by the real solution of the cubic (7.1). Whilst it
might be expected that 3, tends to the cubic (7.1) for large n, it is rather surprising that the
cubic also gives a good approximation for small values of n. We also note that as « increases,
the size of the ‘transition region’ decreases and the value of n for which /3, does not follow
the cubic increases as x increases. Further for x just above }—1, there is evidence of a three-fold
structure.

When k = %, then (7.3) and (7.4) respectively give

2d 1 g\’ 2
(- LYl (- D)2 (LY 1 (5- 1) 2 b =0
15/ dn 180 15 dn 15/ dn?
Hence a ‘gradient catastrophe’, i.e. the slope of the curve §(n) becomes infinite, occurs when

2 T _ 473
s T "Tas
This is the case originally discussed by Brézin et al [23]. The recurrence coefficients (3, are
plotted when 7 =25 in figure 4(a).

R =
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(@, 7=25 k=2 (b), 7=25 r=0425 (©), Bn—B(n)

Figure 4. (a), A plot of the recurrence coefficient 3, for 7 =25 and k = % (b), A plot
of the recurrence coefficient 8, when 7 =25 and x =0.425. (c), A plot of 3, — 5(n)
when 7 =25 and k = 0.425, where 3(n) is the real solution of the cubic (7.1).

d d?
When x > % from (7.3) it follows that d—ﬂ > 0 for all n > 0. Note that d—f =0 when
n n

B(n) = % which, on account of (7.1), occurs whenn = % (k — 15 ) 7°. Hence, 3(n) is a mono-
tonically increasing function with an inflection point at n = & (k — %) 7°. In the case when
7=25 and k=0.425, the recurrence coefficients (3, are plotted in figure 4(b) and a plot of

Bn — B(n), where (n) is the real solution of the cubic (7.1) is given in figure 4(c).

72. Case (ii): 7>0and 0 < k < }

In this case U(x) has four real roots and a double root at x =0 and is sometimes known as the
‘two-branch case’, see [107].

To investigate this case, we set 3y, = u, By,1 =v and t = —k72 in (3.1) which gives the
system

6u(u® + 6uv + 3v*) — 4ru(u+2v) + 257 = n, (7.8a)

6v(3u® + 6uv +v*) — 47v(2u+v) + 267V = n, (7.8b)

i.e. we have replaced (3, with n even by u and (3, with n odd by v. Letting u =& —n and
v=~£&+n, withn > 0, in (7.8) gives
14463 — 72762 4 4(243k) 726 —2K7° +3n =0, (7.9a)
2 1
=32 —Zr6 4+ Zkr (7.9b)
3 6
In figure 5 we plot the solutions u(n) and v(n) of the system (7.8) for various , with u(n)

plotted in blue and v(n) in red.
The discriminant of (7.9a)

A =368647° (1 — 3k)’ — 5038848n2,
so A = 0 when

n_i l_KS/ZS
1—93 T .

Also u =v = ¢ when n=0, so from (7.9b)

1 1
5—9(1+2\/418K/)7—,
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7=10, k= 7':10,/1:% 7':10,/1:%

1
8

Figure 5. Plots of solutions of the system (7.8) for 7 =10 in the cases when k = é,
K= % and Kk = %, with u(n) plotted in blue and v(n) in red.

and hence from (7.9a)

[2 (4—27k) + (4 - 18/@)3/2} 73

= 243
We note that n; =0 when x = ¢. Also n; = np when
43 (1= 3 2(4—27K) + (4 — 18k)*?
81 N 243 ’
which has solution x = —%.

Subtracting the equations in the system (7.8) yields
(u—v) [3 (6 +4uv+v*) =27 (u+v) + k7% =0, (7.10)
and multiplying (7.8a) by v, (7.8b) by u and subtracting yields
(w—v)[12uv(u+v) —47uv —n] =0. (7.11)

Assuming u # v, solving (7.10) for u gives

1 1
u=—2v+ gT:l: g\/27vz—67'v—&—7'2(1—3;{)7

and then substituting this into (7.11) gives

180V —367v* +47% 3k — 1)v+4 (1 — 9\1)1/\/271/2 —61v+72(1—3Kk)=3n.

In figure 6 plots of the recurrence coefficient 3, when T =25, for various « such that 0 <
K< %, solutions of the system (7.8), with u(n) plotted in blue and v(n) in red and the real
solution of the cubic (7.1) (dashed line). Initially (5, and S,,+; follow the system (7.8), (2,
follows u(n) and By, follow v(n). After the ‘transition region’, 3, follows the cubic (7.1).
The size of the ‘transition region’ decreases as « decreases. Analogous to the previous case,
for k just below i, there is evidence of a three-fold structure.

73. Case (iii): 7>0and k= }

In the previous two subsections we saw that the behaviour of 3, for small n was quite different
depending whether x > }1 or0,k < }1. In the case when ¢ = —%72 the weight is given by

2
w(5T) = exp{—x2 <x2 - ;T> } ; (7.12)
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Figure 6. Plots of the recurrence coefficient 5, when T =25, for various « such that
0<K< %, solutions of the system (7.8), with u(n) plotted in blue and v(n) in red and
the real solution of the cubic (7.1) (dashed line).

and U(x) = x*(x*> — 17)%, which has three double roots at x=0, x = &/ 17. This case was

discussed by Sénéchal [107, figures 5, 6] who noted that ‘the upper branch contains twice as
many points as the lower one’; see also Demeterfi et al [45, figure 7], Boobna and Ghosh [18,
figure 2].

In figure 7 the recurrence coefficients 3, for the weight (7.12) are plotted in the cases
when 7 =20, 7=25 and 7= 30. The recurrence coefficients (3, are plotted in blue, 33,4
in green and (3,—; in red. These show that initially the recurrence coefficients (3, follow
one curve whilst 33,4, and f3,_; appear to follow the same curve. Then for n sufficiently
large, all the recurrence coefficients 3, follow the same curve. We remark that as 7 increases
it becomes more difficult to distinguish between the 33,4 (in green) and 33,—1 (in red) recur-
rence coefficients.

42



Nonlinearity 38 (2025) 125011 P A Clarkson et al

E 100 200 300 0 100 200 300 400 500 600
n n n
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Figure 7. Plots of the recurrence coefficients 3, for the weight (7.12), in the cases when
7=15, 7=20 and 7 = 25. The recurrence coefficients 3, are plotted in blue, 53,41 in
green and f3,_; in red.

To investigate this case, we set 83, = x, 83,41 =y and t = —%72 in (3.1) which gives the
system
1
6Jc(x2 +4xy+5y2) —4rx(x+2y)+ Esz: n, (7.13a)
1
6y (x> + 5xy +4y*) — 47y(x+2y) + 572}) =n, (7.13b)

i.e. we have replaced ,, with n divisible by 3, by x and the other /3, by y. Multiplying (7.13a)
by y, (7.13D) by x and subtracting gives

(x—y) (6xy2 —n) =0. (7.14)
Also subtracting (7.13a) from (7.13b) gives
(x—y)(2x+4y—7)(6x+ 12y —7) =0. (7.15)

If x = y = 3 then we obtain the cubic
1
603° — 12762+5725—n=0, (7.16)

which is (7.1) with kK = %. If x # y, then solving (7.15) for x and substituting into (7.14) gives
the two cubics

12y° =37y +n =0, (7.17a)

12y* —7y* +n=0. (7.17b)

Similarly, when x # y, solving (7.15) for x and substituting into (7.14) gives the two cubics
12x° — 127x* 4+ 37%x — 8n = 0, (7.184a)

1
12x° —4Tx2—|-§7'2x—8n=0. (7.18b)

The cubics (7.16), (7.17a) and (7.18a) meet at the point (73/36,7/6), as well as the origin,
whereas the cubics (7.16), (7.17b) and (7.18b) meet at the point (73 /972,7/18), as well as the
origin. From equation (7.2) with x = 1, the cubic (7.16) has a positive gradient at (7° /36,7 /6)
whilst it has a negative gradient at (73/972,7/18), so (7.17a) and (7.18a) are the relevant
cubics. This is illustrated in figure 8(i).

The real solutions of the cubics (7.16), (7.17a) and (7.18a) are plotted in figure 8(ii). Plots
of the recurrence coefficients 3, for the weight (7.12), in the cases when 7 =20, 7 =25 and

43



Nonlinearity 38 (2025) 125011 P A Clarkson et al

@ q TS
(@ od TSl
<
-
] s -
b T~
—LM 4 y(n) \\\
~
3 B(n) 3 N
1 | ——————
7 - - _- = B(n)
< e ="
. < X(H)
—40 =20 20 40 60 80 100 120 0 2‘0 40 60 80 100 120
n n
1) (i1)

Figure 8. (i), Plots of the real solutions of the cubics (a) (7.17a), (b) (7.18a), (c) (7.17b),
(d) (7.18b), in red, blue, purple and green, respectively, together with the cubic (7.16)
in black. (ii), Plots of the real solutions of the cubics (7.16), (7.17a) and (7.18a), in
black, red and blue, respectively. The solid lines are the sections of the cubics which the
recurrence coefficients approximately follow and the dashed lines other sections of the
cubics in the positive quadrant.
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n n
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Figure 9. Plots of the recurrence coefficients 3, for the weight (7.12), in the cases when
7 =20, 7 =25 and 7 = 30, together with the real solutions of the cubics (7.16), (7.17a)
and (7.18a), which are plotted in black, red and blue, respectively. The recurrence coef-
ficients (3, are plotted in blue, B3,41 in green and (3,1 in red

Figure 10. Plots of the recurrence coefficients 3, for the weight (7.12), in the cases
when 7 =20, 7 =25 and 7 =30, together with the real solutions of the cubics (7.16),
(7.17a) and (7.18a), which are plotted in black, red and blue, respectively, showing in
detail the region where the recurrence coefficients start following (7.16). The recurrence
coefficients (33, are plotted in blue, B3,41 in green and B3, in red.

7 =130, together with the real solutions of the cubics (7.16), (7.17) and (7.18), are given in
figures 9 and 10. In these plots, it seems that the coefficients 3, lie on the curve (7.18) when
n=0 mod 3 and 3, lie on the curve (7.17) whenn Z 0 mod 3. The differences between those
values are illustrated in figure 11.
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Figure 11. Plots of the 83,41 — y(3n+ 1) in green and B3,—; — y(3n — 1) in red, with
y(n) the real solution of (7.17), in the cases when 7 =20, 7 =25 and 7 = 30.
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Figure 12. Plots of 3, for 7 = 25, in the cases when 0.245 < k < 0.255. The recurrence
coefficients 33, are plotted in blue, 83,1 in green and B3, inred. As |k — 1| increases
the number of oscillations increases.

In figure 12 plots of 3, for 7 =25, in the cases when 0.245 < k < 0.255. The recurrence
coefficients (3, are plotted in blue, 53,41 in green and 53,—; in red. As |k — %| increases we
see that the number of oscillations increases. We note that in these plots, when x is close to i,
then (33,41 and (33,_ essentially are interchanged as x passes through %.

74. Case (iv): 7>0and k=0
In this case the weight is sextic-quartic Freud weight
w(x;7,0) = exp (—x6 + Tx4) , (7.19)

with 7 a parameter for which we obtained a closed form expressions for the moments in lemmas
6.3 and 6.9.
When « = 0 the cubic (7.1) becomes

608° —1278* —n=0.
This is case (ii) with kK =0, i.e. =0, discussed above. Setting x =0 in (7.8), gives

6u(u® + 6uv +3v*) —4ru(u+2v) =n, (7.20a)
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Figure 13. Plots of the recurrence coefficients (3, for the sextic-quartic Freud
weight (7.19) in the cases when 7 =20, 7 =25 and 7 = 30.

Figure 14. Plots of the recurrence coefficients (3, for the sextic-quartic Freud
weight (7.19) in the cases when 7 =20, 7 =25 and 7 = 30 showing that there is a five-
fold structure in the ‘transition region’.

6v(3u® + 6uv +1*) — 47v(2u+v) = n. (7.20b)

Letting u =& —nand v= & +n, with p > 0, in (7.20) gives
2
1448 — 727 + 8726 +3n=0, 7’ =36 — 37

This is illustrated in figure 13 in the cases when 7 =20, 7 =25 and 7 =30. In figure 14 the
‘transition region’ is plotted in more detail showing a five-fold structure which becomes more
prominent as 7 increases.

75. Case (v): 7>0and k<0

In this case U(x) has two real roots, two purely imaginary roots and a double root at x =0.
This case splits into two subcases: (a), when f% < Kk < 0; and (b), when k < f%. This is due
to when system (7.8) has multivalued solutions as illustrated in figure 15 where solutions of

the system (7.8) for 7 = 10 in the cases when xk = fé, K= f% and k = —1, are plotted.

(a) If —% < K < 0, then as in section 7.2, 3, and f3,,+ follow the system (7.8) until there is a
‘transition region’, which decreases in size as « decreases, then both follow the cubic (7.1).

b)) If k< — %, then there is no ‘transition region’, with 3, and (3,,+; following the sys-
tem (7.8) until they switch to follow the cubic (7.1).

This is illustrated in figure 16 where plots of the recurrence coefficients for 7 =15 and
various k < 0 are given. We remark that in the cases when x = f% and k = —1 there is no
‘transition region’.
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0 100 200 300 400 500

7=10, k=—3 r=10, k=2
Figure 15. Plots of solutions of the system (7.8) for 7 = 10 in the cases k = _é, k= _%
and x = —1, with u(n) plotted in blue and v(n) in red. The dashed line is the real solution
of the cubic (7.1).
' b i 3
L RS (o
N
= — 1
T=15, K= -
B . : B
[ I —
= — 2
T=15, k= —3%

Figure 16. Plots of the recurrence coefficients for 7 =15 and various x < 0. Note that
for Kk = —% and K = —1 there is no ‘transition region’.

76. Case (vi): 7=0andt+#0
In this case the weight is quadratic-sextic Freud weight
w (x;0,1) = exp (—x® 4+ 1%) (7.21)

with 7 a parameter, which is a special case of the generalised sextic Freud weight discussed
in [36]. For the weight (7.21) we derived a closed form expression for the first moment in
lemma 5.2.

When 7 =0, the cubic (3.6) becomes

603> — 218 —n=0. (7.22)

There are two scenarios for the recurrence coefficients, (a), > 0 and (b), r < 0.
(a) When t > 0, we set 3, = u, Bo,+1 = v and 7 =0in (3.1), giving the system

6u (u2 + 6uy + 3v2) —2tu=n, (7.23a)
6v(3u® + 6uv +1*) — 2tv =n. (7.23b)
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0 100 200 300 400 500 0 00 200 300 400 500 600 700 800 0 200 400 600 800 1000 1200
n n n

=0, t=100 =0, t=150 =0, t=200

Figure 17. Plots of the recurrence coefficients 3, for the quadratic-sextic Freud
weight (7.21), in the cases when =100, r=150 and =200, together with the
curves (7.23) and the cubic (7.22). The recurrence coefficients [3,, are plotted in blue
and B4 in red.

Then letting u = ¢ —n and v = £ 4+ 7, with > 0, gives

1
48— 41k +n=0, =3¢ -2t

The three functions 3(n), u(n) and v(n) meet at the point (§(27)*/2, 1(21)!/2). In figure 17
the even recurrence coefficients [3,, are plotted in blue and the odd recurrence coefficients
Ban+1 are plotted in red, together with the real solutions of (7.23) and the real solution of the
cubic (7.22), when t =30, t =40 and ¢t = 50. These show that initially 3,, follow a curve
approximated by u(n), 3,41 follow a curve approximated by v(n) and for n sufficiently
large, all recurrence coefficients 3, follow a curve approximated by 3(n).

(b) When ¢ < 0, then the recurrence coefficients 3, increase monotonically and closely follow
the real solution of the cubic (7.22).

77 Case (vii): <0

This case is similar to the previous case when 7 = 0, except there are no closed form expres-
sions for the moments. There are two scenarios for the recurrence coefficients, (a), £ <0 (i.e.
t>0)and (b), k>0 (i.e. t <O0).

(a) When k<0, 5, and 5,4 follow the system (7.8) until they switch to follow the
cubic (7.1). This is illustrated in figure 18.

(b) When > 0, then the recurrence coefficients 3, increase monotonically and closely follow
the real solution of the cubic (7.1).

78. Case (viii): T=0and t=0

In this case the weight is w(x;0,0) = exp(—x°), so the moments are given by

> 1 1 1
Mok = / x*Fexp (—X6) dx = 51“ (3k+ 6) ) H2k+1 =0,

— 00

and hence the recurrence coefficients /3, are expressible in terms of Gamma functions.

79. Large values of T

In this subsection we illustrate the effect of increasing the value of 7, keeping « fixed. The
numerical computations suggest that the regions of quasi-periodicity are more prominent as 7
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g e P, P )N P
.
T=-10, k= —1 r=-10, k=3 T=-10, K=-2
Figure 18. Plots of the recurrence coefficients 3, for 7 = —10 in the cases when

k=—1, k= —% and Kk = —2, together with the curves (7.8) and the cubic (7.1). The
recurrence coefficients [3», are plotted in blue and (3,4 in red and B(n) the dashed
black line.

increases. In figure 19 (3, is plotted for 7 =40, 45, 50, in the cases when x =0.275, k=0.3,
x=0.335 and k = 0.365. In figure 20 33, is plotted for 7 = 30, 35, 40, in the cases when xk = é,
K= é and Kk = % In figure 21 j3, is plotted for 7 =40, 45, 50, in the cases when x = 0.249 and
k=0.251. The recurrence coefficients 33, are plotted in blue, /33,4 in green and (3,_ in red.
As 7 increases we see that the number of oscillations increases and also that 33, and 33,

interchange between the two cases.

710. Comparison between numerical calculations and closed formulae

As we have seen, the recurrence coefficients 3,(7; ) can be expressed as Hankel determinants
of the moments using the expressions in corollary 2.3. In section 6 we derived closed formula
expressions for the moments in the cases when xk = %, K= % and « =0 via special functions,
though closed formula expressions for other values of the parameters (k,7) are not known at
present. The computation of such Hankel determinants is a highly challenging computational
problem, even for matrices of relatively modest dimension. Such difficulty is more compoun-
ded when the moments, which are the determinant entries, are special functions. We remark
that for the quartic Freud weight (1.6), where the recurrence coefficients are expressed in terms
of parabolic cylinder functions [34, 37], Iserles and Webb [71] comment that ‘these explicit
coefficients, unfortunately, cannot be computed easily and rapidly’. In the cases when x = i,
K= % and x =0, the numerical evaluation of the initial conditions (7.7) agrees exactly with
the explicit expressions, to the accuracy used. However there is a significant difference in the
time taken to compute 3; and 3, as illustrated in table 1, in the case when x = %, for 7 =30,
7=40 and T =50.

711. Sensitivity to initial data: computational implications

We said earlier that the problem was highly sensitive to the initial conditions. A small per-
turbation of the initial conditions leads to a completely different behaviour, as illustrated in
figure 22(b) where f3; is perturbed by 10~'0 with the other initial conditions as in (7.7) and
the same number of digits as in 22(a). Also if the number of the digits used is not sufficient
then there is breakdown and some (3, are negative, for n sufficiently large, as illustrated in
figure 22(c).

In fact, we believe that any choice for the initial conditions other than (7.7) will lead to a
sequence { Bu(kyT) }’120 with negative terms. More formally, we conjecture the following:
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0 500 1000 1500 2000 0 500 1000 1500 2000 2500 3000

n n

=40, k=0275 =45, k=0275

0 500 1000 1500 0 500 1000 1500 2000 0 1000 2000 3000
n n n

7=40, k=03 T=45 k=03 7=250, k=03

0 200 400 600 500 1000 1200 1400 0 500 1000 1500 2000 0 500 1000 1500 2000 2500
n n n

7=40, k=0.335 T=45 k=0335 7=50, k=0.335

0 500 1000 1500 0 500 1000 1500 2000 0 500 1000 1500 2000 2500
n n n

=40, k=0.365 =45, k=0.365 =50, k=0.365

Figure 19. Plots of 3, for 7=40, 45, 50, in the cases when k=0.275, k=0.3,
k=0.335 and kK =0.365.

Conjecture 7.1. For all x, 7 € R, there is a unique positive solution of the dPI(Z) equation (3.1)
for which Sy(x,7) = 0 and 3,(k,7) > 0 forall n > 1, corresponding to the initial values (7.7).

Remark 7.2. It is well-known that the dP; equation

Bn (Bn—i—l + Bn+ Bu—1 +K) =n,

with K a constant and 3y = 0 has a unique positive solution [19, 84, 98, 99].

8. Two-dimensional plots

In this section we analyse the evolution of the 3, compared to 3,_1 as n increases. The discus-
sion in the previous section indicates how the plots in the (/3,, 5,—1)-plane will behave when
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n n n

7':307,%:% 7':35,/<:% T=40, k=1

Figure 20. Plots of 3, for 7 =30, 35, 40, in the cases when k = %, k=1and k=

0 500 1000 1500 2000

7 =40, k=0.249

500 1000 1500 2000
n

7 =40, k=0.251 =45, k=0.251 =50, k=0.251

Figure 21. Plots of 3, for 7 =40, 45, 50, in the cases when x =0.249 and x =0.251.
The recurrence coefficients 53, are plotted in blue, 53,41 in green and 53, inred. As 7
increases we see that the number of oscillations increases and also that (33,1 and ($3,_1
interchange between the two cases.

n is small or n is large. However, it is not so clear what the relationship between 3, and (3, _;
is in the transition region. In fact, the plots of (5,,5,—1) give further and different insight into
the behaviour of the recurrence coefficient 5, as n increases.
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Table 1. A comparison of the time taken (in seconds) to compute [3; and (3, using the
closed form expressions and numerically in the case when x = %, for 7 =30, 7=40

and 7 = 50.

T Exact Numerical
30 1.75 34.92
40 4.97 276.98
50 235.65 805.43

200 400 600 800 1000 1200
- 10

(@), Bi = pa/uo, digits = 1200 (b), Bi = pa/po +10710 (©), B1 = pz/uo, digits = 800

Figure 22. Recurrence coefficients for the sextic Freud weight with 7 =40 and kK = %

In (b), the value of 8; has been perturbed by 10™'% and in (c), a smaller number of digits
is used.

In figure 23 we plot (8,,8,—1) for 7 =40 and various « with i <K< % In particular we
note that the ‘quasi-periodicity’ for large n varies for different «. For example, when x = 0.265
it is three-fold, when k = 0.315 it is ten-fold, when x = 0.335 it is seven-fold and when 0.365 it
is four-fold. One can compare with the plots in figure 19 and observe this claim as n increases.

In figure 24, we plot (8, 8,—1) for 7 =40, 7 =50 and 7 = 60 with kK = %, illustrating what
happens as 7 increases. The ‘quasi-periodic’ region, which is seven-fold, in the centre becomes
more prominent.

Subtracting the equations in the system (7.8), and assuming u # v, yields

3(u2+4uv+v2)72T(M+V)+/<&T2:0- (8.1)

In figure 25, we plot (53,,8,—1) for =30 and 0 < x < 0.1, and the curve (8.1). In figure 26
plots of (53, 8,—1) for =40 and 0.15 < x < 0.24 are given. As « increases the portion of the
‘triangular region’ is increasingly filled.

In figure 27 plots of (f,,58,—1) for 7=40 and 0.245 < x < 0.255 are given, with
(B3n, B3n—1) are plotted in blue, (B3,41,53,) in red and (B3,42, B3n41) in green. We note that,
as in figure 12, when & is close to %, then f33,41 and (33,_; essentially are interchanged as x
passes through %. When x = % the plot of (3,, 8,—1) just gives three lines, which seem to be
straight and meet at a point. This is entirely expected and follows directly from the discussion
in section 7.3.

9. Volterra lattice hierarchy

The Volterra lattice hierarchy is given by

aﬁnzﬁn(vﬁﬁ_vr(lz_ki>7 k=12,..., ©.D

Ot
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T=40, k=0.335 7 =40, x=0.355 7 =40, k=0.365
Figure 23. Plots of (S, 3,—1) for 7 =40 and % <K< %

where ngk) is a combination of various 3, evaluated at different points on the lattice, see, for
example, [4, 5] and the references therein.

The first three flows V,<,2k) are given by

Vi = 8,, 9.2a)
V,(14) = V£12) <V§i£l + V,(qz) + foj[) = ﬁn (5n+1 + 6}1 + anl) ; (9.2b)
VIO = v (Vf:& +V + Vf;i)l + V22+)1V51221)
= ﬁn (5n+25n+1 + ﬁyzpr] + 2ﬁn+lﬂn + ,% + zﬂnﬁnfl + 5’%71 + ﬂnflﬂn72 + Bn+lﬁnfl) .
(9.2¢)
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T:40,K:% =50, k=1 7:60,}@:%

7=30, k=0.02 7=30, k=0.04

0 0 H 10 Is 20

B, ’ ’ i B, i B,
7=30, kK =0.06 7=30, x=0.08 7=30, k=0.1

Figure 25. Plots of (3, 8,—1) for 7 =30and 0 < k < 0.1 together with the curve (8.1),
which is the red line.

Higher order flows fok), with k > 4 can be obtained recursively based on the orthogonality
of a polynomial sequence with respect to higher order Freud weights, as described in [37,
section 4(a)]. For the sake of illustration the next two flows are:

VD D (V9 V0 1 V9,) VOV, V), v VOV, (v, 4 v,),

n

10 2 8 8 8 6 2 2 2 2 2 4 4
VIO V) (U, v v, ) VOV v, v v, (1, 1 A,)

n

2 2 2 2 2 2 2 2 2 2 2
VLYV, (Vv )V, 1 (V2 + V) v, 4 v, )
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7 =40, k=0.125 7=40, k=0.15 7 =40, k=0.175

n [‘u n
T=40, k=0.2 T=40, k=021 T=40, k=024

Figure 26. Plots of (3, 3,—1) for 7=40and 0.15 < x < 0.24.

In fact, the Volterra lattice has an infinite hierarchy of commuting symmetries, as explained in
[24, section 2].

Remark 9.1. The discrete equation (3.1) satisfied by the 3, can be written as
6V — 47y 22 —

and 3, satisfies the differential-difference equations

B (V-

ot

= Bn (ﬂn+l _Bn—l)a
aﬁn )
or Vf‘ o ” )

—Bn [(6n+2+6n+1 +Bn)5n+1 (Bn +ﬂn71 +Bn72)ﬁn71],
recall (2.7) and (2.8) in lemma 2.4, which are the first two equations in the Volterra
hierarchy (9.1).

Plots of Vf,z) (T;K), Vf,4) (1;k) and Vf,é) (1; k), given by (9.2), are in figure 28 for 7 =50 and
i <K< % and in figure 29 for 7 =40 and 0 < k < i. These show that the plots of Vflz) (T;K),

v (1;k) and Vi) (7; k) for fixed 7 and k have a very similar structure. The main difference
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T =40, k=0.251 7 =40, k=0.252 =40, k=0.255

Figure 27. Plots of (8, 8u—1) for 7 =40 and 0.245 < k < 0.255, with (83, b3,—1) are
plotted in blue, (83,41, b3,) in red and (83442, B3n+1) in green.

is the asymptotics as n — oo since from lemma 3.6, with t = —72k, we have following formal
series expansions

13 2-5k)7T2y  2(4—15k)T3
Diryeg o T 2=58)Ty R)T a3
VO (135) = B, = 5 +15+ 15001/ + 675y n2/3 +0O(n , as n— o9,

with v = v/60, and so

VO (ri) 35 =

’)/n2/3+2'rn1/3+(3757')7'2 2(1*3”)77—3 (9(,,;2/3)7

20 57 75 675n!/3
23 (4—-5k)720'3 (2—5kK)T3
VO () o 104° = T TIT 0( _]/3)
o (T3K) B, 6+ 30 + 15+ + 75 +0O0(n )
as n — 0o.

10. Discussion

In this paper we have discussed the behaviour of the recurrence coefficient /3, in the three-term
recurrence relation for the symmetric sextic Freud weight

w(x;7,K) :exp{f(x677x4+m'2x2)}, (10.1)
supported on the real line, where 7 and x are real parameters. In three cases, when 7 > 0 and
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Figure 28. Plots of V¥ (black), V" (blue) and V&% (red) for 7= 50, with = 0.275,
k=0.3, k=0.325, k = 0.35 and k = 0.375.

eitherk =0,k = i ork = %, we have obtained explicit expressions for the associated moments

in terms generalised hypergeometric functions.
The numerical computations show that there are three particular regions in the (7; k)-plane
of interest:
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Figure 29. Plots of V¥ (black), V" (blue) and V&% (red) for 7 =40, with x = 0.225,
k=02 k=0.175, k=0.15 and x = 0.125.

(1) if 7 >0and % <K< % then the recurrence coefficient 3, approximately follows the cubic
curve

603> —1278%> 4+ 2,723 —n=0, (10.2)

both initially and for » large;
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(11) if 7> 0 and —2 <R < 1 then the recurrence coefficients on and 2n-+1 initially approx-
3 4 + Y app
imately follow the curves

6u(u® + 6uv + 3v*) — 47u(u+2v) + 257U = n,
6v(3u2 + 6uv + vz) —4mv(2u+v) + 267 =n,

with u = 55, and v = 35,41, and then follow the cubic (10.2) for n large;

(iii) if 7>0and Kk ~ % then the recurrence coefficients (33, and 33,4+ approximately follow
three curves initially and then follow the cubic curve (10.2) for n large. When 7 > 0 and
K= % then the recurrence coefficients (3,1, approximately follow the same curve.

In cases (i) and (ii) there is a ‘transition region’, which Jurkiewicz [75] and Sénéchal [107]
described as ‘chaotic’, though as discussed above, was subsequently shown not to be the case
see [17, 20, 54, 55]. Our results support this point of view. The structure and size of the ‘trans-
ition region’, such as the value of n when transition commences (an issue raised by Sénéchal
[107]), appears to depend on both 7 and x and it remains an open question to analytically
describe this.

In case (iii), in the neighbourhood of x = i, which is between the other cases, there is a
‘three-fold’ structure. The nature of this mutation between the scenarios (i) and (ii) is currently
under investigation, and we do not pursue this further here.

Elsewhere the recurrence coefficient (3, either follows a curve, which is monotonically
increasing, or (35, and (3,4 initially follow two curves which meet and then they follow the
same curve, for example as shown in figures 17 and 18.

In a recent paper, Clarkson et al [33] studied the ternary dPy equation [62, 111]

Va (Va1 F Va1 +1) = (n+ 1), >0, (10.3)

with v_; = 0, which arises in quantum minimal surfaces [2, 70] and found solutions in terms
of the modified Bessel functions 11| /¢(z) and ;5 6(2), i.e. the same modified Bessel functions
that arise in the description of the moments of (6.1) when x = %. The ternary dP; (10.3) also
arises in connection with orthogonal polynomials in the complex plane with respect to the
weight

1
w(z;1) = exp {t|z|2 + §i (2 +72) } :

with# > 0and z = x + iy € C [56], with the same unique solution as in [33]. Further Teodorescu
et al [110] show that (10.3) arises in the theory of random normal matrices [114], which motiv-
ated the study in [56]. It is an interesting open question as to whether there is any relationship
between these problems, though again we do not pursue this further here.
As remarked in section 1, the symmetric sextic Freud weight (10.1) is equivalent to the
weight
w(x) = exp {fN(g6x6 + gax* + gzxz) }, (10.4)
with parameters N, g», g4 and g¢ > 0, which has been studied numerically by several authors,
e.g. [5, 18, 45, 75, 81-83, 105, 107]. For the weight (10.4) the critical quantity is gzgﬁ/g?1
which plays the role of « in (10.1). If % < 8286/ gﬁ < %, with g4 < 0, then it is equivalent to
the case discussed in section 7.1 and if 0 < g»g6/g7 < %, with g4 < 0, then it is equivalent to

the case discussed in section 7.2. The effect of increasing N is equivalent to increasing 7, as
discussed in section 7.9 and illustrated in figures 19-21.
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