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Abstract
In this study we are concerned with the properties of the sequence of coeffi-
cients (βn)n⩾0 in the recurrence relation satisfied by the sequence of monic
symmetric polynomials, orthogonal with respect to the symmetric sextic Freud
weight

ω (x;τ, t) = exp
(
−x6 + τx4 + tx2

)
, x ∈ R,

with real parameters τ and t. It is known that the recurrence coefficients βn
for the symmetric sextic Freud weight satisfy a fourth-order nonlinear dis-
crete equation, which is a special case of the second member of the discrete
Painlevé I hierarchy, often known as the ‘string equation’. The recurrence
coefficients have been studied in the context of Hermitian one-matrix mod-
els and random symmetric matrix ensembles with researchers in the 1990s
observing ‘chaotic, pseudo-oscillatory’ behaviour. More recently, this ‘chaotic
phase’ was described as a dispersive shockwave in a hydrodynamic chain. Our
emphasis is a comprehensive study of the behaviour of the recurrence coef-
ficients as the parameters τ and t vary. Extensive computational analysis is
carried out, using Maple, for critical parameter ranges, and graphical plots are
presented to illustrate the behaviour of the recurrence coefficients as well as the
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complexity of the associated Volterra lattice hierarchy. The corresponding sym-
metric sextic Freud polynomials are shown to satisfy a second-order differential
equation with rational coefficients. The moments of the weight are examined
in detail, including their integral representations, differential equations, and
recursive structure. Closed-form expressions for moments are obtained in sev-
eral special cases in terms of generalised hypergeometric functions and modi-
fied Bessel functions, and asymptotic expansions for the recurrence coefficients
are given. The results highlight the rich algebraic and analytic structures under-
lying the Freud weight and its connections to integrable systems.

Keywords: Freud weight, semi-classical orthogonal polynomials,
recurrence coefficients, generalised hypergeometric functions,
discrete Painlevé equations, Hermitian random matrices

Mathematics subject classification: 33C47, 42C05, 65Q30
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1. Introduction

The main goal of this paper is to analyse the behaviour of the sequence (βn)n⩾0, where βn :=
βn(τ, t) are the recurrence coefficients in the second order recurrence relation (2.2) satisfied
by the sequence of monic orthogonal polynomials with respect to the symmetric sextic Freud
weight

ω (x;τ, t) = exp{−U(x)} , U(x) = x6 − τx4 − tx2, x ∈ R, (1.1)

under the assumption that τ and t are real parameters. Much is known regarding the asymp-
totic behaviour of these coefficients for large n. Our goal is to discuss the behaviour of these
parameters for finite n whilst discussing hidden structures as the pair of parameters τ and t
vary. Such coefficients βn are known to be solutions of a fourth-order discrete equation [73,
75, 81, 83, 107], which is the second member of the discrete Painlevé I hierarchy (dP(2)I ),
as discussed in section 3. The description of their rich structure is the main aim of this paper,
where throughout sections 7 and 8 we describe the behaviour of the sequence depending on the
choice for the regions of the pair of parameters τ and t. The asymptotic behaviour of βn when
n is large is described in theorem 3.4 via a cubic, which naturally depends on the pair τ and t.
This behaviour is expected and remains consistent regardless of the relationship the values of
τ and t. However, the sequence (βn)n⩾0 changes for initial values of n, up to a critical region,
depending on how the ratio κ :=−t/τ 2 varies. The parameter values of primary interest are
when τ > 0 and − 2

3 ⩽ κ⩽ 2
5 and we analyse these critical regions in section 7. Further illus-

trations of the comparative behaviour of two consecutive terms is given in section 8. The initial
conditions of the recurrence relation satisfied by (βn)n⩾0 depend on the first elements of the
moment sequence associated with the weight function (1.1) on the real line. Such moments
are themselves special functions and solutions to a linear third order recurrence relation of
hypergeometric type—see section 5 for properties and section 6 for explicit expressions.

The problem we are addressing arises in a variety of contexts, other than orthogonal poly-
nomials. Most notably, this study has a clear motivation within the context of random matrix
theory. It is known that there is a deep connection between random matrix theory and ortho-
gonal polynomials, providing a framework for understanding the statistical properties of ran-
dom matrices, see [13, 15, 41, 92, 113]. Specifically, certain random matrix ensembles have
their eigenvalue distributions described by determinants related to orthogonal polynomials. In
the following, we briefly report on that connection and review previous and relevant studies
linked to this problem.

An equivalent weight function to (1.1) is

w(x) = exp{−NV(x)} , V(x) = g6x
6 + g4x

4 + g2x
2, x ∈ R, (1.2)

with parameters N, g2, g4 and g6 > 0, which is the weight that arises in random matrix theory.
The terms of the sequence of monic orthogonal polynomials

(
Pn(x)

)∞
n=0

with respect to this
weight can be described via the n-fold Heine integral

Pn (x) =
1

n!∆n

ˆ
Rn

n∏
j=1

(x−λj)
∏

1⩽j<k⩽n

(λj−λk)
2

n∏
ℓ=1

exp{−NV(λℓ)} dλ1 dλ2 . . .dλn,

where ∆n is the well-known Heine formula

∆n =
1
n!

ˆ
Rn

∏
1⩽j<k⩽n

(λj−λk)
2

n∏
ℓ=1

exp{−NV(λℓ)} dλ1 dλ2 . . .dλn, (1.3)
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under the assumption that λ1 < λ2 < .. . < λn. These polynomials are closely related with the
study of unitary ensembles of random matrices associated with a family of probability meas-
ures of the form

dµ(M) =
1
ZN

exp{−NTr [V(M)]} dM,

on the space ofN×N Hermitian matrices,HN. The scalar polynomial function V(x) is referred
to as the polynomial of the external field and ZN is a normalisation factor in the unitary
ensemble measures. Consider the change of variablesM 7→ (Λ,U), where U is a unitary mat-
rix and Λ= diag(λ1,λ2, . . . ,λN) with λ1 < λ2 < .. . < λN representing the eigenvalues of the
Hermitian matrix M= UΛU∗. For any function f :HN →C such that f(UMU∗) = f(M), by
the Weyl integration formula for class functions, one has
ˆ
f(M) dM= πN(N−1)/2

N∏
j=1

1
j!

ˆ
RN

f(λ1,λ2, . . . ,λN)
∏

1⩽j<k⩽n

(λj−λk)
2 dλ1 dλ2 . . .dλN.

Hence, the normalisation factor ZN, known as partition function, is given by

ZN =

ˆ
HN

exp{−NTr [V(M)]} dM

= πN(N−1)/2
N∏
j=1

1
j!

ˆ
RN

N∏
ℓ=1

exp{−NV(λℓ)}
∏

1⩽j<k⩽n

(λj−λk)
2 dλ1 dλ2 . . .dλN

= πN(N−1)/2
N−1∏
j=1

1
j!
∆N.

All correlation functions between the eigenvalues (λ1,λ2, . . . ,λN) can be expressed as determ-
inants in terms of the standard Christoffel–Darboux kernel formed from them

KN (x,y) :=
N−1∑
j=0

1
hj
Pj (x)Pj (y)exp

{
−1
2
N [V(x)+V(y)]

}
,

where hj =
´
RP

2
j (x)exp{−NV(x)}dx.

The simplest choice of V(x) = 1
2x

2, the classical Gaussian weight, implies the free mat-
rix elements are i.i.d. normal variables N (0,1/(4N)) if j< k and i.i.d. normal variables
N (0,1/(2N)) if j= k. This leads to the Gaussian unitary ensemble (GUE). In this case,
the eigenvalues of a random matrix in GUE form a determinantal point process with the
Christoffel–Darboux kernel of Hermite polynomials (modulo a scale). The average character-
istic polynomial, E(det(xI−M)) are essentially scaled Hermite polynomials (and therefore,
on the average, the eigenvalues behave as the zeros of Hermite polynomials).

The quartic model

V(x) = g2x
2 + g4x

4, (1.4)

with g2 and g4 > 0 parameters, was first studied by Brézin et al [21] and Bessis et al [10, 11].
Subsequently there have been numerous studies, e.g. [3, 8, 9, 14–16, 32, 50, 106, 116].

The sextic model

V(x) = g2x
2 + g4x

4 + g6x
6, (1.5)

with g2, g4 and g6 > 0 parameters, which gives (1.2), is the simplest weight to give rise to
multi-critical points, see [12, 22, 25, 26, 47–49, 63].

4
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Brézin et al [23] consider the weight (1.2) with g2 = 90, g4 =−15 and g6 = 1, which is a
critical case and discussed in section 7.1. Fokas et al [58, 73] investigated the weight (1.2) with
g2 = 1

2 , g4 < 0 and 0⩽ 5g6 < 4g24 in their study of the continuous limit for the Hermitian mat-
rix model in connection with the nonperturbative theory of two-dimensional quantum gravity.

The behaviour of the recurrence coefficients βn for the weight (1.2) was studied, primarily
by numerical methods in the early 1990s by Demeterfi et al [45], Jurkiewicz [74], Lechtenfeld
[81–83], Sasaki and Suzuki [105] and Sénéchal [107]. The conclusion was that behaviour of
the recursion coefficients was ‘chaotic’, e.g. Jurkiewicz [74] states that the recurrence coeffi-
cients ‘show a chaotic, pseudo-oscillatory behaviour’. As explained in section 7, Jurkiewicz
[75], Sasaki and Suzuki [105] and Sénéchal [107] used one method to numerically compute
the recurrence coefficients, whilst Demeterfi et al [45] and Lechtenfeld [81–83] used a dif-
ferent approach. Bonnet et al [17] in a subsequent study concluded that ‘in the two-cut case
the behaviour is always periodic or quasi-periodic and never chaotic (in the mathematical
sense)’. Further studies of the quasi-periodic asymptotic behaviour of the recurrence coeffi-
cients include Eynard [54], Eynard and Marino [55] and Borot and Guionnet [20]. Recently
Benassi and Moro [5], see also [44], interpreted Jurkiewicz’s ‘chaotic phase’ as a dispersive
shock propagating through the chain in the thermodynamic limit and explain the complexity
of its phase diagram in the context of dispersive hydrodynamics.

Deift et al [42, 43] discuss the asymptotics of orthogonal polynomials with respect to the
weight exp{−Q(x)}, where Q(x) is a polynomial of even degree with positive leading coeffi-
cient, using a Riemann–Hilbert approach; see also [51]. Bertola et al [6, 7] discuss the rela-
tionship between partition functions for matrix models, semi-classical orthogonal polynomials
and associated isomonodromic tau functions.

Hermitian random matrix models have a wide variety of physical and mathematical applic-
ations including two-dimensional quantum gravity [46, 115], phase transitions [25, 91], prob-
ability theory [1, 79], graph enumeration [14, 21, 51–53, 117] and number theory, for example
the distribution of the zeros of the Riemann ζ-function on the critical line [77, 78]. Recently,
Hermitian random matrices were used to study graph enumeration for the sextic model (1.5),
with g4 = 0 [61]; previous studies had considered the quartic model (1.4).

In previous work, we studied the quartic Freud weight [34, 37]

ω (x;ρ, t) = |x|ρ exp
(
−x4 + tx2

)
, x ∈ R, (1.6)

with parameters ρ >−1 and t ∈ R, where the recurrence coefficients are expressed in terms
of parabolic cylinder functions Dν(z), the sextic Freud weight [35, 36]

ω (x;ρ, t) = |x|ρ exp
(
−x6 + tx2

)
, x ∈ R, (1.7)

with parameters ρ >−1 and t ∈ R, where the recurrence coefficients are expressed in terms
of the hypergeometric functions 1F2 (a1;b1,b2;z) and the higher-order Freud weight [38]

ω (x;ρ, t) = |x|ρ exp
(
−x2m+ tx2

)
, x ∈ R, (1.8)

with parameters ρ >−1, t ∈ R and m= 2,3, . . . , where the recurrence coefficients are
expressed in terms of the generalised hypergeometric functions 1Fm−1 (a1;b1,b2, . . . ,bm−1;z).
Whilst for the weights (1.6)–(1.8), the recurrence coefficients are expressed in terms of special
functions, for the symmetric sextic weight (1.1), we are only able to do so in three cases.

The novelty of this work is to offer a comprehensive explanation of the intricate structure
exhibited by the recurrence coefficients βn for the symmetric Freud weight (1.1). In doing so,
we reveal some hidden and fundamental properties and structures which are new to the theory.

The outline of this document is as follows. After a brief review of some properties of ortho-
gonal polynomials with respect to symmetric weights in section 2, we focus on the recurrence

5
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relation coefficients associated with the weight (1.1) in section 3, presenting key recurrence
and differential–difference equations satisfied by these coefficients, including their connection
to the discrete Painlevé I hierarchy and their asymptotic behaviour. In section 4, we investigate
the symmetric sextic Freud polynomials themselves, deriving differential–difference and lin-
ear second-order differential equations they satisfy. In section 5 we consider the moments of
the weight (1.1), exploring their properties, differential equations and integral representations.
In section 6 we give closed-form expressions for these moments under specific parameter con-
straints, with particular attention given to special cases and corresponding series expansions.
In section 7, the discussion returns to the recurrence coefficients, going beyond asymptotic
properties, to present extensive numerical computations, covering a wide range of parameter
values and illustrating the behaviour of the recurrence coefficients under different parameter
regimes. In section 8 we supplement this with two-dimensional plots to visually interpret the
numerical findings, in particular, illustrating what happens for large n, which differ as the para-
meters τ and t vary. Finally, in section 9, we connect the recurrence coefficients to integrable
systems by demonstrating how they satisfy equations in the Volterra lattice hierarchy, thus
linking the theory to broader mathematical structures.

2. Orthogonal polynomials with symmetric weights

The sequence of monic polynomials
{
Pn(x)

}∞
n=0

of exact degree n ∈ N is orthogonal with
respect to a positive weight ω(x) on the real line R ifˆ ∞

−∞
Pm (x)Pn (x) ω (x) dx= hnδm,n, hn > 0,

where δm,n denotes the Kronecker delta, see, for example [31, 72, 109, 112]. Monic orthogonal
polynomials Pn(x), n ∈ N, satisfy a three-term recurrence relationship of the form

Pn+1 (x) = xPn (x)−αnPn (x)−βnPn−1 (x) ,

where the coefficients αn and βn are given by the integrals

αn =
1
hn

ˆ ∞

−∞
xP2

n (x) ω (x) dx, βn =
1

hn−1

ˆ ∞

−∞
xPn−1 (x)Pn (x) ω (x) dx,

with P−1(x) = 0 and P0(x) = 1.
The weights of classical orthogonal polynomials satisfy a first-order ordinary differential

equation, the Pearson equation

d
dx

[σ (x) ω (x)] = ϑ(x) ω (x) , (2.1)

where σ(x) is a monic polynomial of degree at most 2 and ϑ(x) is a polynomial with
degree 1. However for semi-classical orthogonal polynomials, the weight function ω(x) sat-
isfies the Pearson equation (2.1) with either deg(σ)> 2 or deg(ϑ) 6= 1, see [67, 90, 112]. For
example, the sextic Freud weight (1.1) satisfies the Pearson equation (2.1) with

σ (x) = x, ϑ(x) =−6x6 + 4τx4 + 2tx2 + 1,

so is a semi-classical weight.
For an orthogonality weight that is symmetric, i.e. when ω(x) = ω(−x), it follows that

αn ≡ 0 and the monic orthogonal polynomials Pn(x), n ∈ N, satisfy the simplified three-term
recurrence relation

Pn+1 (x) = xPn (x)−βnPn−1 (x) . (2.2)

6
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The kth moment, µk, associated with the weight ω(x) is given by the integral

µk =

ˆ ∞

−∞
xkω (x) dx,

while the determinant of moments, known as Hankel determinant, is

∆n = det [µj+k]
n−1
j,k=0 =

∣∣∣∣∣∣∣∣∣
µ0 µ1 . . . µn−1

µ1 µ2 . . . µn
...

...
. . .

...
µn−1 µn . . . µ2n−2

∣∣∣∣∣∣∣∣∣ , n⩾ 1, (2.3)

where ∆0 = 1 and ∆−1 = 0, which corresponds to the Heine formula (1.3). The recurrence
coefficient βn in (2.2) can be expressed in terms of the Hankel determinant as

βn =
∆n+1∆n−1

∆2
n

. (2.4)

For symmetric weights µ2k−1 ≡ 0, for k= 1,2, . . . , and so it is possible to write the Hankel
determinant∆n in terms of the product of two Hankel determinants, as given in the following
lemma. The decomposition depends on whether n is even or odd.

Lemma 2.1. Suppose that An and Bn are the Hankel determinants given by

An =

∣∣∣∣∣∣∣∣∣
µ0 µ2 . . . µ2n−2

µ2 µ4 . . . µ2n
...

...
. . .

...
µ2n−2 µ2n . . . µ4n−4

∣∣∣∣∣∣∣∣∣ , Bn =

∣∣∣∣∣∣∣∣∣
µ2 µ4 . . . µ2n

µ4 µ6 . . . µ2n+2
...

...
. . .

...
µ2n µ2n+2 . . . µ4n−2

∣∣∣∣∣∣∣∣∣ . (2.5)

Then the determinant∆n (2.3) is given by

∆2n =AnBn, ∆2n+1 =An+1Bn. (2.6)

Proof. The result is easily obtained by matrix manipulation interchanging rows and columns.

Remark 2.2. The expression of the Hankel determinant∆n for symmetric weights as a product
of two determinants is given in [27, 87].

Corollary 2.3. For a symmetric weight, the recurrence relation coefficient βn is given by

β2n =
An+1Bn−1

AnBn
, β2n+1 =

AnBn+1

An+1Bn
,

where An and Bn are the Hankel determinants given by (2.5), with A0 = B0 = 1.

Proof. Substituting (2.6) into (2.4) gives the result.

Lemma 2.4. Let ω0(x) be a symmetric positive weight on the real line and suppose that

ω (x;τ, t) = exp
(
tx2 + τx4

)
ω0 (x) , x ∈ R,

is a weight such that all the moments also exist. Then the recurrence coefficient βn(τ, t) satisfies
the Volterra, or the Langmuir lattice, equation

∂βn
∂t

= βn (βn+1 −βn−1) , (2.7)

7
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and the differential–difference equation

∂ βn
∂τ

= βn [(βn+2 +βn+1 +βn)βn+1 − (βn+βn−1 +βn−2)βn−1] . (2.8)

Proof. By definition

hn (τ, t) =
ˆ ∞

−∞
P2
n (x;τ, t) ω (x;τ, t) dx, (2.9)

and then differentiating this with respect to t gives

∂ hn
∂t

= 2
ˆ ∞

−∞
Pn (x;τ, t)

∂Pn
∂t

(x;τ, t) ω (x;τ, t) dx+
ˆ ∞

−∞
P2
n (x;τ, t) x

2ω (x;τ, t) dx. (2.10)

Since Pn(x;τ, t) is a monic polynomial of degree n in x, then
∂Pn
∂t

(x;τ, t) is a polynomial of

degree less than n and so
ˆ ∞

−∞
Pn (x;τ, t)

∂Pn
∂t

(x;τ, t) ω (x;τ, t) dx= 0. (2.11)

Using this and the recurrence relation (2.2) in (2.10) gives

∂ hn
∂t

=

ˆ ∞

−∞
[Pn+1 (x;τ, t)+βn (τ, t)Pn−1 (x;τ, t)]

2
ω (x;τ, t) dx

=

ˆ ∞

−∞

[
P2
n+1 (x;τ, t)+β2

n (τ, t)P
2
n−1 (x;τ, t)

]
ω (x;τ, t) dx= hn+1 +β2

nhn−1

using the orthogonality of Pn+1(x;τ, t) and Pn−1(x;τ, t), and so it follows from

hn = βnhn−1, (2.12)

that

∂ hn
∂t

= hn+1 +βnhn. (2.13)

Differentiating (2.12) with respect to t gives

∂ hn
∂t

=
∂ βn
∂t

hn−1 +βn
∂ hn−1

∂t
,

and then using (2.13) gives

hn+1 +βnhn =
∂ βn
∂t

hn−1 +βn (hn+βn−1hn−1) .

Since hn+1 = βn+1hn = βn+1βnhn−1, then we obtain

∂ βn
∂t

= βn (βn+1 −βn−1) ,

as required.
To prove (2.8), differentiating (2.9) with respect to τ gives

∂ hn
∂τ

= 2
ˆ ∞

−∞
Pn (x;τ, t)

∂Pn
∂τ

(x;τ, t) ω (x;τ, t) dx+
ˆ ∞

−∞
P2
n (x;τ, t) x

4ω (x;τ, t) dx.

8
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Analogous to (2.11) we have

ˆ ∞

−∞
Pn (x;τ, t)

∂Pn
∂τ

(x;τ, t) ω (x;τ, t) dx= 0,

and then using the recurrence relation (2.2) gives

∂ hn
∂τ

=

ˆ ∞

−∞
x2 (Pn+1 +βnPn−1)

2
ω (x) dx

=

ˆ ∞

−∞

(
x2P2

n+1 + 2x2βnPn+1Pn−1 + x2β2
nP

2
n−1

)
ω (x) dx

=

ˆ ∞

−∞

[
(Pn+2 +βn+1Pn)

2
+ 2βn (Pn+2 +βn+1Pn)(Pn+βn−1Pn−2)

+β2
n (Pn+βn−1Pn−2)

2
]
ω (x) dx

=

ˆ ∞

−∞

[
P2
n+2 +β2

n+1P
2
n+ 2βn+1βnP

2
n+β2

nP
2
n+β2

nβ
2
n−1P

2
n−2

]
ω (x) dx

= hn+2 +(βn+1 +βn)
2 hn+β2

nβ
2
n−1hn−2.

Consequently

∂ hn
∂τ

=
[
βn+2βn+1 +(βn+1 +βn)

2
+βnβn−1

]
hn, (2.14)

since

hn+2 = βn+2hn+1 = βn+2βn+1hn, hn−2 =
hn−1

βn−1
=

hn
βnβn−1

.

Differentiating (2.12) with respect to τ gives

∂ hn
∂τ

=
∂ βn
∂τ

hn−1 +βn
∂ hn−1

∂τ
=

∂ βn
∂τ

hn−1 +βn

[
βn+1βn+(βn+βn−1)

2
+βn−1βn−2

]
hn−1.

(2.15)

From (2.14) and (2.15) we have

∂ βn
∂τ

=
[
βn+2βn+1 +(βn+1 +βn)

2
+βnβn−1

]
βn−

[
βn+1βn+(βn+βn−1)

2
+βn−1βn−2

]
βn

= (βn+2 +βn+1 +βn)βn+1βn− (βn+βn−1 +βn−2)βnβn−1,

and therefore

∂ βn
∂τ

= βn [(βn+2 +βn+1 +βn)βn+1 − (βn+βn−1 +βn−2)βn−1] ,

as required.

Remark 2.5. The differential–difference equation (2.7) is also known as the discrete KdV
equation, or the Kac-van Moerbeke lattice [76].

9
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3. Recurrence relation coefficients for the sextic Freud weight

In this section we discuss properties of the coefficient βn in the three-term recurrence rela-
tion (2.2) for the symmetric sextic Freud weight (1.1).

Lemma 3.1. The recurrence relation coefficient βn(τ, t) satisfies the recurrence relation

6βn
(
βn−2βn−1 +β2

n−1 + 2βn−1βn+βn−1βn+1 +β2
n + 2βnβn+1 +β2

n+1 +βn+1βn+2
)

− 4τβn (βn−1 +βn+βn+1)− 2tβn = n. (3.1)

Proof. The fourth-order nonlinear discrete equation (3.1) when τ = 0 and t= 0 was derived by
Freud [60]. It is straightforward to modify the proof for the case when τ and t are nonzero.

Remark 3.1.

1. The discrete equation (3.1) is a special case of dP(2)I , the second member of the discrete
Painlevé I hierarchy which is given by

c4βn
(
βn+2βn+1 +β2

n+1 + 2βn+1βn+βn+1βn−1 +β2
n + 2βnβn−1 +β2

n−1 +βn−1βn−2
)

+ c3βn (βn+1 +βn+βn−1)+ c2βn = c1 + c0 (−1)n+ n, (3.2)

with cj, j = 0,1, . . . ,4 constants. Cresswell and Joshi [39, 40] show that if c0 = 0 then the
continuum limit of (3.2) is equivalent to

d4w
dz4

= 10w
d2w
dz2

+ 5

(
dw
dz

)2

− 10w3 + z,

which is P(2)I , the second member of the first Painlevé hierarchy [80], see also [23, 58].
2. Equation (3.1) is also known as the ‘string equation’ and arises in important physical applic-

ations such as two-dimensional quantum gravity, see [49, 58, 59, 63–65, 102].
3. Equation (3.1) is also derived in [96] using the method of ladder operators due to Chen and

Ismail [28].
4. The autonomous analogue of (3.1) has been studied by Gubbiotti et al [66, map P.iv] and

Hone et al [68, 69].

Lemma 3.3. The recurrence coefficient βn(τ, t) satisfies the system

∂2βn
∂t2

− 3

(
βn+βn+1 −

2
9
τ

)
∂βn
∂t

+β3
n + 6β2

nβn+1 + 3βnβ
2
n+1

− 2
3
τβn (βn+ 2βn+1)−

1
3
tβn =

1
6
n, (3.3a)

∂2βn+1

∂t2
+ 3

(
βn+βn+1 −

2
9
τ

)
∂ βn+1

∂t
+β3

n+1 + 6β2
n+1βn+ 3βn+1β

2
n

− 2
3
τβn+1 (2βn+βn+1)−

1
3
tβn+1 =

1
6
(n+ 1) . (3.3b)

Proof. This is analogous to that for the generalised sextic Freud weight

ω (x;τ, t,ρ) = |x|ρ exp
(
−x6 + tx2

)
, ρ >−1, x ∈ R,

see [36, Lemma 4.3], with ρ= 0. Following Magnus [89, example 5], from the Langmuir
lattice (2.7) we have

10
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∂ βn−1

∂t
= βn−1 (βn−βn−2)

= β2
n−1 + 3βn−1βn+βn−1βn+1 +β2

n + 2βnβn+1 +β2
n+1 +βn+1βn+2

− 2
3
τ (βn−1 +βn+βn+1)−

1
3
t− n

6βn
, (3.4a)

∂βn
∂t

= βn (βn+1 −βn−1) , (3.4b)

∂ βn+1

∂t
= βn+1 (βn+2 −βn) , (3.4c)

∂ βn+2

∂t
= βn+2 (βn+3 −βn+1)

=−βn−1βn−β2
n − 2βnβn+1 −βnβn+2 −β2

n+1 − 3βn+1βn+2 −β2
n+2

+
2
3
τ (βn+βn+1 +βn+2)+

1
3
t+

n+ 1
6βn+1

, (3.4d)

where we have used the discrete equation (3.1) to eliminate βn+3 and βn−2. Solving (3.4b)
and (3.4c) for βn+2 and βn−1 gives

βn+2 = βn+
1

βn+1

∂ βn+1

∂t
, βn−1 = βn+1 −

1
βn

∂ βn
∂t

,

and substitution into (3.4a) and (3.4d) yields the system (3.3) as required.

Freud [60] conjectured that the asymptotic behaviour of recurrence coefficients βn in the
recurrence relation (2.2) satisfied by monic polynomials

{
Pn(x)

}
n⩾0

orthogonal with respect
to the weight

ω (x) = |x|ρ exp(−|x|m) ,
with x ∈ R, ρ >−1, m> 0 could be described by

lim
n→∞

βn
n2/m

=

[
Γ
(
1
2m
)
Γ
(
1+ 1

2m
)

Γ(m+ 1)

]2/m
, (3.5)

where Γ(α) is the Gamma function. The conjecture was originally stated by Freud for
orthonormal polynomials. Freud showed that (3.5) is valid whenever the limit on the left-hand
side exists and proved this form= 2,4,6. Magnus [88] proved (3.5) for recurrence coefficients
associated with weights

w(x) = exp{−Q(x)} ,
where Q(x) is an even degree polynomial with positive leading coefficient. Lubinsky et al [85,
86] settled Freud’s conjecture as a special case of a general result for recursion coefficients
associated with exponential weights.

Theorem 3.4. For the symmetric sextic Freud weight (1.1), the recurrence coefficients βn :=
βn(τ, t) associated with this weight satisfy

lim
n→∞

βn
β (n)

= 1,

where β := β(n) is the positive curve defined by

60β3 − 12τβ2 − 2tβ = n. (3.6)

11
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Proof. For the weight exp{−Q(x)} with Q(x) = x6 − τx4 − tx2 it follows from [85, theorem
2.3] that, if we define an as the unique, positive root of the equation

n=
1
π

ˆ 1

0

ansQ ′ (ans)√
1− s2

ds,

then lim
n→∞

βn/a
2
n =

1
4
. (These are known as theMhaskar–Rakhmanov–Saff numbers [94, 104].)

Hence, an satisfy

n=
1
π

ˆ 1

0

ans
(
6a5ns

5 − 4a3nτs
3 − 2ants

)
√
1− s2

ds,

which gives

15a6n
16

− 3τa4n
4

− ta2n
2

= n.

Hence, setting β(n) = 1
4a

2
n we conclude the result. The function β(n) satisfying (3.6) is a pos-

itive curve since, for fixed τ and t, its discriminant

∆=−97200n2 − 1728τ
(
4τ 2 + 15t

)
n+ 192t2

(
3τ 2 + 10t

)
,

is negative for n sufficiently large, so there is only one real solution. We refer to the start of
section 7 for further details.

Lemma 3.5. The recurrence coefficients βn satisfy

lim
n→∞

βn
n1/3

=
1

3
√
60

.

Proof. We first prove that the limit of βn/n1/3 as n→∞ exists. For that we start by showing
that the non-negative sequence (βn/n1/3)n⩾0 is bounded from above. By taking into account
βn ⩾ 0, it follows from (3.1) that

6β3
n − 4τβ2

n − 2tβn ⩽ n+(−12βn+ 4τ)βn (βn−1 +βn+1) .

Suppose the sequence (βn/n1/3)n∈N is unbounded, then there exists a positive integer m such
that for infinitely many n⩾ m, one has βn > |τ |n1/3. Therefore, the latter inequality becomes

6β3
n − 4τβ2

n − 2tβn ⩽ n,

and, hence,

6⩽ n
β3
n
+

2t
β2
n
+

4τ
βn

⩽ n
β3
n
+

2|t|
β2
n
+

4|τ |
βn

⩽ 1
|τ |3

+
2|t|

|τ |2n2/3
+

4
n1/3

,

which is only possible for finitely many n. Therefore, (βn/n1/3)n⩾0 is a bounded sequence and,
for this reason, there exists

A= lim
n→∞

inf
βn
n1/3

, and B= lim
n→∞

sup
βn
n1/3

.

Suppose (βnk)k∈N is a subsequence such that

A= lim
k→∞

βnk
3
√
nk
.

12
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We evaluate relation (3.1) and we take the limits over this subsequence to get

1⩽ 6A
(
5B2 + 4AB+A2

)
. (3.7)

Similarly, we take a subsequence (βmk)k∈N such that

B= lim
k→∞

βmk

3
√
mk

,

and, after taking the limits over this subsequence in (3.1), we conclude

6B
(
5A2 + 4AB+B2

)
⩽ 1. (3.8)

The inequalities (3.7) and (3.8) then give

(B−A)
(
A2 +B2

)
⩽ 0,

which implies B⩽ A. However, by definition A⩽ B and hence A=B and we conclude that
limn→∞βn/n1/3 exists and equals A. Thus, we conclude

lim
n→∞

βn
3
√
n
= A.

We multiply (3.1) by 1/n and then take the limit as n→∞ to conclude that 60A3 = 1 and
hence the result.

We have shown that

βn (τ, t) = 3

√
n
60

(1+ o(1)) , as n→∞.

For the purpose of the present research, we do not need further terms. For the record, we hereby
note a formal asymptotic expansion for βn. Since we do not prove the size of the error term,
we say that the asymptotic expansion is ‘formal’.

Lemma 3.6. As n→∞, the recurrence relation coefficient βn(τ, t) satisfying (3.1) has the
following formal asymptotic expansion

βn (τ, t) =
n1/3

γ
+

τ

15
+

(
2τ 2 + 5t

)
γ

450n1/3
+

2τ
(
4τ 2 + 15t

)
675γ n2/3

−
τ
(
2τ 2 + 5t

)(
4τ 2 + 15t

)
γ

151875n4/3
+O

(
n−5/3

)
, (3.9)

with γ = 3
√
60.

Proof. Suppose that as n→∞

βn =
n1/3

γ
+ a0 +

a1
n1/3

+
a2
n2/3

+
a3
n
+

a4
n4/3

+O
(
n−5/3

)
, (3.10a)

with γ = 3
√
60, then

βn±1 =
n1/3

γ
+ a0 +

a1
n1/3

+
3γa2 ± 1
2γn2/3

+
a3
n
+

3a4 ∓ a1
3n4/3

+O
(
n−5/3

)
, (3.10b)

βn±2 =
n1/3

γ
+ a0 +

a1
n1/3

+
3γa2 ± 2
2γn2/3

+
a3
n
+

3a4 ∓ 2a1
3n4/3

+O
(
n−5/3

)
, (3.10c)

13
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as n→∞. Substituting (3.10) into (3.1) and equating powers of n gives

a0 =
τ

15
, a1 =

(
2τ 2 + 5t

)
γ

450
, a2 =

2τ
(
4τ 2 + 15t

)
675γ

, a3 = 0,

a4 =−
τ
(
2τ 2 + 5t

)(
4τ 2 + 15t

)
γ

151875
,

and so we obtain (3.9).

We study the cubic (3.6) in conjunction with the behaviour of the recurrence coefficients
βn in more detail in section 7.

4. Symmetric sextic Freud polynomials

In this section, we consider some properties of the polynomials associated with the symmet-
ric sextic Freud weight (1.1). In particular, we derive a differential–difference equation and
differential equation satisfied by symmetric sextic Freud polynomials which are analogous to
those for the generalised sextic Freud polynomials discussed in [35, section 4]. The coefficients
An(x) and Bn(x) in the relation

dPn
dx

=−Bn (x)Pn (x)+An (x)Pn−1 (x) , (4.1)

satisfied by semi-classical orthogonal polynomials are of interest since differentiating this
differential–difference equation yields the second order differential equation satisfied by
the orthogonal polynomials. Shohat [108] gave a procedure using quasi-orthogonality to
derive (4.1) for weights ω(x) such that ω ′(x)/ω(x) is a rational function. This technique was
rediscovered by several authors including Bonan, Freud, Mhaskar and Nevai approximately 40
years later, see [100, pp. 126–132] and the references therein for more detail. The method of
ladder operators was introduced by Chen and Ismail in [28]. Related work by various authors
can be found in, for example, [29, 30, 57, 93] and a good summary of the ladder operator
technique is provided in [72, theorem 3.2.1]; see also [112, chapter 4].

Lemma 4.1 ([72, Theorem 3.2.1]). Let

ω (x) = exp{−v(x)} , x ∈ R,

where v(x) is a twice continuously differentiable function on R. Assume that the polynomials{
Pn(x)

}∞
n=0

satisfy the orthogonality relationˆ ∞

−∞
Pn (x)Pm (x)ω (x) dx= hnδmn.

Then Pn(x) satisfy the differential–difference equation

dPn
dx

=−Bn (x)Pn (x)+An (x)Pn−1 (x) , (4.2)

where

An (x) =
1

hn−1

ˆ ∞

−∞
P2
n (y)K (x,y)ω (y) dy, (4.3a)

14
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Bn (x) =
1

hn−1

ˆ ∞

−∞
Pn (y)Pn−1 (y)K (x,y)ω (y) dy, (4.3b)

where

K (x,y) =
v ′ (x)− v ′ (y)

x− y
. (4.4)

Proof. Write theorem 3.2.1 in [72] for monic orthogonal polynomials on the real line. The
result also follows from [37, theorem 2] by letting γ= 0.

Next we derive a differential–difference equation satisfied by generalised Freud polynomi-
als using theorem 4.1.

Theorem 4.2. For the symmetric sextic Freud weight (1.1) the monic orthogonal polynomials
Pn(x;τ, t) satisfy the differential–difference equation

dPn
dx

(x;τ, t) =−Bn (x;τ, t)Pn (x;τ, t)+An (x;τ, t)Pn−1 (x;τ, t) ,

where

An (x;τ, t) = βn
{
6x4 − 4τx2 − 2t+

(
6x2 − 4τ

)
(βn+βn+1)

}
+ 6βn {βn (βn−1 +βn+βn+1)+βn+1 (βn+βn+1 +βn+2)} ,

Bn (x;τ, t) = βn
{
6x3 − 4τx+ 6x(βn−1 +βn+βn+1)

}
,

with βn the recurrence coefficient in the three-term recurrence relation (2.2).

Proof. For the symmetric sextic Freud weight (1.1) we have

ω (x;τ, t) = exp
(
−x6 + τx4 + tx2

)
,

i.e. v(x; t) = x6 − τx4 − tx2, and so K(x,y) defined by (4.4) is

K (x,y) = 6
(
x4 + x3y+ x2y2 + xy3 + y4

)
− 4τ

(
x2 + xy+ y2

)
− 2t.

Hence
ˆ ∞

−∞
K (x,y)P2

n (y;τ, t)ω (y;τ, t) dy

=
(
6x4 − 4τx2 − 2t

)ˆ ∞

−∞
P2
n (y;τ, t)ω (y;τ, t) dy+

(
6x3 − 4τx

)
×
ˆ ∞

−∞
yP2

n (y;τ, t)ω (y;τ, t) dy+
(
6x2 − 4τ

)ˆ ∞

−∞
y2P2

n (y;τ, t)ω (y;τ, t) dy

+ 6x
ˆ ∞

−∞
y3P2

n (y;τ, t)ω (y;τ, t) dy+ 6
ˆ ∞

−∞
y4P2

n (y;τ, t)ω (y;τ, t) dy

=
(
6x4 − 4τx2 − 2t

)
hn+

(
6x2 − 4τ

)
(βn+βn+1)hn

+ 6{βn (βn−1 +βn+βn+1)+βn+1 (βn+βn+1 +βn+2)}hn,

since βn = hn/hn−1 and iteration of the three-term recurrence relation

15
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xPn (x) = Pn+1 (x)+βnPn−1 (x) ,

yields

x2Pn (x) = Pn+2 (x)+ (βn+βn+1)Pn (x)+βn−1βnPn−2 (x) ,

x3Pn (x) = Pn+3 (x)+ (βn+βn+1 +βn+2)Pn+1 (x)+βn (βn−1 +βn+βn+1)Pn−1 (x)

+βn−2βn−1βnPn−3 (x) ,

x4Pn (x) = Pn+4 (x)+ (βn+βn+1 +βn+2 +βn+3)Pn+2 (x)

+ {βn (βn−1 +βn+βn+1)+βn+1 (βn+βn+1 +βn+2)}Pn (x)
+βn−1βn (βn−2 +βn−1 +βn+βn+1)Pn−2 (x)+βn−3βn−2βn−1βnPn−4 (x) .

Also
ˆ ∞

−∞
K (x,y)Pn (y;τ, t)Pn−1 (y;τ, t)ω (y;τ, t) dy

=
(
6x4 − 4τx2 − 2t

)ˆ ∞

−∞
Pn (y;τ, t)Pn−1 (y;τ, t)ω (y;τ, t) dy

+
(
6x3 − 4τx

)ˆ ∞

−∞
yPn (y;τ, t)Pn−1 (y;τ, t)ω (y;τ, t) dy

+
(
6x2 − 4τ

)ˆ ∞

−∞
y2Pn (y;τ, t)Pn−1 (y;τ, t)ω (y;τ, t) dy

+ 6x
ˆ ∞

−∞
y3Pn (y;τ, t)Pn−1 (y;τ, t)ω (y;τ, t) dy

+ 6
ˆ ∞

−∞
y4Pn (y;τ, t)Pn (y;τ, t)ω (y;τ, t) dy

=
(
6x3 − 4τx

)
βnhn−1 + 6x(βn−1 +βn+βn+1)βnhn−1,

and the result follows.

Theorem 4.3. [72, theorem 3.2.3]. Let ω(x) = exp{−v(x)}, for x ∈ R, with v(x) an even, con-
tinuously differentiable function on R. Then

d2Pn
dx2

+Rn (x)
dPn
dx

+Tn (x)Pn (x) = 0, (4.5a)

where

Rn (x) =−dv
dx

− 1
An (x)

dAn
dx

, (4.5b)

Tn (x) =
An (x)An−1 (x)

βn−1
+

dBn
dx

−Bn (x)

[
dv
dx

+Bn (x)

]
− Bn (x)
An (x)

dAn
dx

, (4.5c)

with

An (x) =
1

hn−1

ˆ ∞

−∞
P2
n (y)K (x,y)ω (y) dy,

Bn (x) =
1

hn−1

ˆ ∞

−∞
Pn (y)Pn−1 (y)K (x,y)ω (y) dy.
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Proof. The differential equation is given in factored form for orthonormal polynomials in [72]
and can be derived by differentiating both sides of (4.2) with respect to x to obtain

d2Pn
dx2

=−Bn (x)
dPn
dx

+
dAn
dx

Pn−1 (x)−
dBn
dx

Pn (x)+An (x)
dPn−1

dx
. (4.6)

Substituting {
− d
dx

+Bn (x)+
dv
dx

}
Pn−1 (x) =

An−1 (x)
βn−1

Pn (x) .

into (4.6) yields

d2Pn
dx2

=−Bn (x)
dPn
dx

−
[
dBn
dx

+
An (x)An−1 (x)

βn−1

]
Pn (x)

+

{
dAn
dx

+An (x)

[
Bn (x)+

dv
dx

]}
Pn−1 (x) , (4.7)

and the results follows by substituting Pn−1(x) in (4.7) using (4.2).

Finally, we derive a differential equation satisfied by symmetric sextic Freud polynomials.

Theorem 4.4. For the symmetric sextic Freud weight (1.1) the monic orthogonal polynomials
Pn(x;τ, t) satisfy the differential equation

d2Pn
dx2

(x;τ, t)+Rn (x;τ, t)
dPn
dx

(x;τ, t)+ Tn (x;τ, t)Pn (x;τ, t) = 0,

where

Rn (x;τ, t)

= 2x

{
t− 3x4 + 2τx2 −

2
{
6x2 − 2τ + 3(βn+βn+1)

}
6x4 − 4τx2 − 2t+ 6βnCn+ 6βn+1Cn+1 +(βn+βn+1)(6x2 − 4τ)

}
,

Tn (x;τ, t)

= 2βn
(
3Cn− 2τ + 9x2

)
− 4x2βn

(
3Cn− 2τ + 3x2

){
βn
(
3Cn− 2τ + 3x2

)
− t+ 3x4 − 2τx2

}
+βn−1

{
6Cn−1βn−1 + 6Cnβn+(βn−1 +βn)

(
6x2 − 4τ

)
− 2t+ 6x4 − 4τx2

}
×
{
6Cnβn+ 6Cn+1βn+1 +(βn+βn+1)

(
6x2 − 4τ

)
− 2t+ 6x4 − 4τx2

}
+

4x2βn
(
3Cn− 2τ + 3x2

){
3(βn+βn+1)− 2τ + 6x2

}
2τ (βn+βn+1)− 3x2 (βn+βn+1)− 3Cnβn− 3Cn+1βn+1 + t− 3x4 + 2τx2

,

where

Cn = βn−1 +βn+βn+1.

Proof. In theorem 4.3 we showed that the coefficients in the differential equation (4.5a) sat-
isfied by polynomials orthogonal with respect to the weight ω(x) = exp{−v(x)}, are given
by (4.5b) and (4.5c). For the symmetric sextic Freud weight (1.1) we use (4.5b) and (4.5c)
with v(x) = x6 − τx4 − tx2, and An and Bn given by (4.3) to obtain the stated result.
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5. Moments of the symmetric sextic Freud weight

The moments of the symmetric sextic Freud weight (1.1) play a fundamental role in the ana-
lysis of the recurrence coefficients βn. These can be expressed as a ratio of Hankel determin-
ants of the moments (2.4) or as solutions of the nonlinear recurrence relation (3.1) with initial
conditions

β0 = 0, β1 =
µ2

µ0
, β2 =

µ0µ4 −µ2
2

µ0µ2
.

As such, a description of the moments is crucial. This section discusses properties of the
moments in terms of the pair of parameters (τ, t) ∈ R2, namely µn := µn(τ, t). In lemma 5.1
we describe µ0 as a solution of a third order differential equation in t subject to the initial

conditions µ0(0, t),
∂µ0
∂t (0, t) and

∂2µ0
∂t2 (0, t) given in lemma 5.2 together with lemma 5.4. The

two latter results allows one to then describe the moments µn := µn(τ, t) via the linear third
order differential equation in t, given in (5.3), as well as a linear second order partial differ-
ential equation in (5.4). As a consequence, we describe the moments via a linear third order
recurrence relation (5.5).

Lemma 5.1. For the weight (1.1), the first moment is

µ0 (τ, t) =
ˆ ∞

−∞
exp
(
−x6 + τx4 + tx2

)
dx=

ˆ ∞

0
s−1/2 exp

(
−s3 + τs2 + ts

)
ds,

which satisfies the equation

∂3φ

∂t3
− 2

3
τ
∂2φ

∂t2
− 1

3
t
∂φ

∂t
− 1

6
φ = 0. (5.1)

Proof. To show this result, interchanging integration and differentiation gives

∂3µ0

∂t3
− 2

3
τ
∂2µ0

∂t2
− 1

3
t
∂µ0

∂t
− 1

6
µ0

=

ˆ ∞

0

[
s3 − 2

3
τs2 − 1

3
ts− 1

6

]
s−1/2 exp

(
−s3 + τs2 + ts

)
ds

=−1
3

ˆ ∞

0

{
d
ds

[
s1/2 exp

(
−s3 + τs2 + ts

)]}
ds=−1

3

[
s1/2 exp

(
−s3 + τs2 + ts

)]∞
0

= 0,

as required.

Although it frequently is simpler to derive properties of a function from the differential
equation it satisfies rather than from an integral representation, and even though (5.1) is a linear,
third-order ordinary differential equation, it is not immediately obvious how to obtain a closed
form solution to this differential equation. For the case when τ = 0, which is the equation
associated with the quadratic-sextic Freud weight ω(x;0, t) = exp

(
−x6 + tx2

)
, x ∈ R, with t a

parameter, the first moment µ0(0, t) is solvable in terms of Airy functions Ai(z) and Bi(z) and
µ2n(0, t) in terms of the generalised hypergeometric function 1F2 (a1;b1,b2;z).

18
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Lemma 5.2. For the quadratic-sextic Freud weight ω(x;0, t) = exp
(
−x6 + tx2

)
, the moments

are

µ0 (0, t) =
ˆ ∞

−∞
exp
(
−x6 + tx2

)
dx=

ˆ ∞

0
s−1/2 exp

(
−s3 + ts

)
ds

= π3/212−1/6
[
Ai2 (z)+Bi2 (z)

]
, z= 12−1/3t,

µ2n (0, t) =
ˆ ∞

−∞
x2n exp

(
−x6 + tx2

)
dx=

ˆ ∞

0
sn−1/2 exp

(
−s3 + ts

)
ds

=
1
3
Γ

(
1
3
n+

1
6

)
1F2

(
1
3n+

1
6

1
3 ,

2
3

;
t3

27

)
+

1
3
tΓ

(
1
3
n+

1
2

)
1F2

(
1
3n+

1
2

2
3 ,

4
3

;
t3

27

)
+

1
6
t2Γ

(
1
3
n+

5
6

)
1F2

(
1
3n+

5
6

4
3 ,

5
3

;
t3

27

)
, (5.2)

where Ai(z) and Bi(z) are the Airy functions and 1F2 (a1;b1,b2;z) is the generalised hyper-
geometric function.

Proof. This result for µ0(0, t) is (9.11.4) in the DLMF [101], due to Muldoon [97, p32] and
the result for µ2n(0, t) follows from [36, lemma 3.1] taking λ= n+ 2j− 1

2 .

When t= 0, which is the sextic-quartic Freud weight ω(x;τ,0) = exp
(
−x6 + τx4

)
, x ∈ R,

with τ a parameter, the moments µ2n(τ,0) are solvable in terms of the generalised hypergeo-

metric function 2F2

(
a1,a2
b1,b2

;z

)
, see lemmas 6.3 and 6.10.

A formal power series expansion about τ = 0 can be straightforwardly derived via the integ-
ral series representation.

Lemma 5.3. For the weight (1.1), the moments are formally given by

µ2n (τ, t) =
1
3

∞∑
j=0

τ j

j!

{
Γ

(
2
3
j+

1
3
n+

1
6

)
1F2

(
2
3 j+

1
3n+

1
6

1
3 ,

2
3

;
t3

27

)

− tΓ

(
2
6
j+

1
3
n+

1
2

)
1F2

(
2
3 j+

1
3n+

1
2

2
3 ,

4
3

;
t3

27

)
+
1
2
t2Γ

(
2
3
j+

1
3
n+

5
6

)
1F2

(
2
3 j+

1
3n+

5
6

4
3 ,

5
3

;
t3

27

)}
.

Proof. By definition, we can formally successively derive

µ2n (τ, t) =
ˆ ∞

0
sn−1/2 exp

(
−s3 + ts

)
exp
(
τs2
)
ds

=

ˆ ∞

0
sn−1/2 exp

(
−s3 + ts

) ∞∑
j=0

τ js2j

j!

ds

=
∞∑
j=0

τ j

j!

ˆ ∞

0
sn+2j−1/2 exp

(
−s3 + ts

)
ds

=
∞∑
j=0

τ j

j!
µ2n+4j (0, t) ,
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and so the result follows using (5.2). The interchanging of the integral and sum is justified by
the Lebesgue dominated convergence theorem.

Higher order moments µ2n(τ, t) can be obtained after differentiation of the expression for
first moment with respect to t. More precisely, we have the following result:

Lemma 5.4. For the weight (1.1), the even moments can be written in terms of derivatives of
the first moment, as follows

µ2n (τ, t) =
∂n

∂tn
µ0 (τ, t) , n= 0,1,2, . . .

Proof. This follows immediately from the integral representation

µ2n (τ, t) =
ˆ ∞

−∞
x2n exp

(
−x6 + τx4 + tx2

)
dx

=
∂

∂t

ˆ ∞

−∞
x2n−2 exp

(
−x6 + τx4 + tx2

)
dx

=
∂

∂t
µ2n−2 (τ, t)

=
∂n

∂tn
µ0 (τ, t) , n= 0,1,2, . . .

where, as before, the interchange of integration and differentiation is justified by Lebesgue’s
Dominated Convergence Theorem.

Lemma 5.5. The moment µ2n(τ, t) satisfies the differential equation

∂3µ2n

∂t3
− 2

3
τ
∂2µ2n

∂t2
− 1

3
t
∂µ2n

∂t
− 1

6
(2n+ 1)µ2n = 0. (5.3)

Proof. This is easily proved using induction. Equation (5.3) holds when n= 0 from lemma
5.1. Differentiating (5.3) with respect to t and using

µ2n+2 (τ, t) =
∂

∂t
µ2n (τ, t) ,

as shown in the proof of lemma 5.4, gives

∂3µ2n+2

∂t3
− 2

3
τ
∂2µ2n+2

∂t2
− 1

3
t
∂µ2n+2

∂t
− 1

6
(2n+ 3)µ2n+2 = 0,

and so the result follows by induction.

Lemma 5.6. The moment µ2n(τ, t) satisfies the partial differential equation

∂2µ2n

∂τ∂t
− 2

3
τ
∂ µ2n

∂τ
− 1

3
t
∂µ2n

∂t
− 1

6
(2n+ 1)µ2n = 0. (5.4)

Proof. Since

µ2n (τ, t) =
ˆ ∞

0
sn−1/2 exp

(
−s3 + τs2 + ts

)
ds,

20
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then

∂µ2n

∂τ∂t
− 2

3
τ
∂ µ2n

∂τ
− 1

3
t
∂µ2n

∂t
− 1

6
(2n+ 1)µ2n

=

ˆ ∞

0
sn−1/2

(
s3 − 2

3
τs2 − 1

3
ts− 1

3
n− 1

6

)
exp
(
−s3 + τs2 + ts

)
ds

=−1
3

ˆ ∞

0

d
ds

[
sn+1/2 exp

(
−s3 + τs2 + ts

)]
ds= 0,

as required. As before, the interchange of integration and differentiation is justified by
Lebesgue’s Dominated Convergence Theorem.

In addition to the ordinary and partial differential equations above, the sequence ofmoments
can be generated recursively.

Lemma 5.7. For the weight (1.1) the moments satisfy the discrete equation

3µ2n+6 (τ, t)− 2τµ2n+4 (τ, t)− tµ2n+2 (τ, t)−
(
n+

1
2

)
µ2n (τ, t) = 0. (5.5)

Proof. The result follows from the integral representation using integration by parts to obtain

µ2n (τ, t) = 2
ˆ ∞

0
x2n exp

(
−x6 + τx4 + tx2

)
dx

=− 2
2n+ 1

ˆ ∞

0
x2n+1

(
−6x5 + 4τx3 + 2tx

)
exp
(
−x6 + τx4 + tx2

)
dx

=
2

2n+ 1
(3µ2n+6 − 2τµ2n+4 − tµ2n+2) ,

and so obtain (5.5), as required.

The differential equation (5.3) in t and the discrete equation (5.5) in the index both reveal
the hypergeometric structure of the moments µ2n(τ, t). In the next section, the hypergeometric
structure is explicitly shown for some values of the parameters. In the general case, we can
only provide a series expansion in terms of Laguerre polynomials.

6. Closed form expressions for moments

In this section we derive some closed form expressions of some moments for the sextic Freud
weight (1.1) with t=−κτ 2, i.e.

ω (x;τ,κ) = exp
{
−
(
x6 − τx4 +κτ 2x2

)}
, (6.1)

with τ and κ parameters. To justify this, consider the potential

U(x;τ, t) = x6 − τx4 − tx2, (6.2)

with parameters τ and t, which can be written as

U(x;τ, t) = x2
{(

x2 − 1
2
τ

)2

−
(
t+

1
4
τ 2
)}

.
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This has a double root at x= 0 and the other roots can be real or complex depending on the
values of the parameters τ and t, with t=− 1

4τ
2 being critical. So it is convenient to define

κ=−t/τ 2, and write

U(x;τ,κ) = x2
(
x4 − τx2 +κτ 2

)
= x2

{(
x2 − 1

2
τ

)2

+

(
κ− 1

4

)
τ 2

}
. (6.3)

To obtain closed form expressions we derive the differential equations with respect to τ
satisfied by the associated moments

µ2n (τ ;κ) =

ˆ ∞

−∞
x2n exp

{
−
(
x6 − τx4 +κτ 2x2

)}
dx

=

ˆ ∞

0
sn−1/2 exp

{
−
(
s3 − τs2 +κτ 2s

)}
ds,

with κ considered a parameter, which satisfy the initial conditions

µ2n (0;κ) =
ˆ ∞

0
sn−1/2 exp

(
−s3
)
ds=

1
3
Γ

(
1
3
n+

1
6

)
, (6.4a)

dµ2n

dτ
(0;κ) =

ˆ ∞

0
sn+3/2 exp

(
−s3
)
ds=

1
3
Γ

(
1
3
n+

5
6

)
, (6.4b)

d2µ2n

dτ 2
(0;κ) =

ˆ ∞

0

(
s3 − 2κ

)
sn+1/2 exp

(
−s3
)
ds=

2n+ 3− 12κ
18

Γ

(
1
3
n+

1
2

)
. (6.4c)

6.1. Three special cases with n=0

First we consider the case when n= 0, in the cases when κ= 1
4 , κ= 1

3 and κ= 0.

Lemma 6.1. The first moment µ0(τ ;
1
4 ) is given by

µ0

(
τ ;

1
4

)
=

ˆ ∞

−∞
exp

{
−
(
x6 − τx4 +

1
4
τ 2x2

)}
dx=

ˆ ∞

0
s−1/2 exp

{
−s
(
s− 1

2
τ

)2
}
ds

=
π
√
6τ
9

{
I1/6

(
τ 3

108

)
+ I−1/6

(
τ 3

108

)}
exp

(
− τ 3

108

)
, (6.5)

where Iν(z) is the modified Bessel function.

Proof. Assuming we can interchange integration and differentiation

18
d2µ0

dτ 2
+ τ 2

dµ0

dτ
+ τµ0 = 2

ˆ ∞

0

d
ds

[
(τ − 3s)s1/2 exp

{
−s
(
s− 1

2
τ

)2
}]

ds

= 2

[
(τ − 3s)s1/2 exp

{
−s
(
s− 1

2
τ

)2
}]∞

s=0

= 0.

Hence µ0(τ ;
1
4 ) satisfies the second order equation

18
d2µ0

dτ 2
+ τ 2

dµ0

dτ
+ τµ0 = 0, (6.6)
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which has general solution

µ0

(
τ ;

1
4

)
=
√
τ

{
c1I1/6

(
τ 3

108

)
+ c2I−1/6

(
τ 3

108

)}
exp

(
− τ 3

108

)
,

with Iν(z) the modified Bessel function and c1 and c2 constants. The initial conditions are

µ0

(
0;

1
4

)
=

ˆ ∞

0
s−1/2 exp

(
−s3
)
ds=

1
3
Γ

(
1
6

)
,

dµ0

dτ

(
0;

1
4

)
=

ˆ ∞

0
s3/2 exp

(
−s3
)
ds=

1
3
Γ

(
5
6

)
,

so since as τ → 0

I1/6

(
τ 3

108

)
=

Γ
(
5
6

)
2π

√
6
τ

{
τ − τ 4

108
+O

(
τ 7
)}

exp

(
τ 3

108

)
, (6.7a)

I−1/6

(
τ 3

108

)
=

Γ
(
1
6

)
2π

√
6
τ

{
1− τ 3

108
+O

(
τ 6
)}

exp

(
τ 3

108

)
, (6.7b)

and Γ
(
1
6

)
Γ
(
5
6

)
= 2π, then c1 = c2 = 1

9π
√
6, and therefore we obtain the solution (6.5) as

required.

Lemma 6.2. The first moment µ0(τ ;
1
3 ) is given by

µ0

(
τ ;

1
3

)
=

ˆ ∞

−∞
exp

{
−
(
x6 − τx4 +

1
3
τ 2x2

)}
dx

=

ˆ ∞

0
s−1/2 exp

{
−
(
s3 − τs2 +

1
3
τ 2s

)}
ds

=

{
1
3
Γ

(
1
6

)
2F2

(
1
6 ,

1
2

1
3 ,

2
3
;
τ 3

27

)
+

1
3
τΓ

(
5
6

)
2F2

(
1
2 ,

5
6

2
3 ,

4
3
;
τ 3

27

)
−τ 2

√
π

36 2F2

(
5
6 ,

7
6

4
3 ,

5
3
;
τ 3

27

)}
exp

(
− τ 3

27

)
, (6.8)

where 2F2

(
a1,a2
b1,b2

;z

)
is the hypergeometric function.

Proof. This result is proved using

d3µ0

dτ 3
+

2τ 2

9
d2µ0

dτ 2
+

τ
(
τ 3 + 27

)
81

dµ0

dτ
+

4τ 3 + 45
324

µ0

=− 1
162

ˆ ∞

0

d
ds

{(
54s3 − 72τs2 + 30τ 2s− 4τ 3 − 45

)
s1/2

× exp

(
−s3 + τs2 − 1

3
τ 2s

)}
ds= 0.

Hence the moment µ0(τ ;
1
3 ) satisfies the third order equation

d3µ0

dτ 3
+

2τ 2

9
d2µ0

dτ 2
+

τ
(
τ 3 + 27

)
81

dµ0

dτ
+

4τ 3 + 45
324

µ0 = 0,
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which has general solution

µ0

(
τ ;

1
3

)
=

{
c1 2F2

(
1
6 ,

1
2

1
3 ,

2
3
;
τ 3

27

)
+ c2 τ 2F2

(
1
2 ,

5
6

2
3 ,

4
3
;
τ 3

27

)
+c3 τ

2
2F2

(
5
6 ,

7
6

4
3 ,

5
3
;
τ 3

27

)}
exp

(
− τ 3

27

)
,

with c1, c2 and c3 constants. The initial conditions are

µ0

(
0;

1
3

)
=

1
3
Γ

(
1
6

)
,

dµ0

dτ

(
0;

1
3

)
=

1
3
Γ

(
5
6

)
,

d2µ0

dτ2

(
0;

1
3

)
=−

√
π

36
,

and since 2F2

(
a1,a2
b1,b2

;0

)
= 1, then we obtain the solution (6.8), as required.

Lemma 6.3. For the sextic-quartic Freud weight ω(x;τ,0) = exp
(
−x6 + τx4

)
, the first

moment is

µ0 (τ ;0) =
ˆ ∞

−∞
exp
(
−x6 + τx4

)
dx

=
1
3
Γ

(
1
6

)
2F2

(
1
12 ,

7
12

1
3 ,

2
3

;
4τ 3

27

)
+

1
3
τ Γ

(
5
6

)
2F2

(
5
12 ,

11
12

2
3 ,

4
3

;
4τ 3

27

)
+

τ 2
√
π

12 2F2

(
3
4 ,

5
4

4
3 ,

5
3
;
4τ 3

27

)
, (6.9)

where 2F2

(
a1,a2
b1,b2

;z

)
is the generalised hypergeometric function.

Proof. This result is proved using

d3µ0

dτ 3
− 4

9
τ 2

d2µ0

dτ 2
− 4

3
τ
dµ0

dτ
− 7

36
µ0

=− 1
18

ˆ ∞

0

d
ds

{(
6s3 + 4τs2 + 7

)
s1/2 exp

(
−s3 + τs2

)}
ds= 0.

Hence µ0(τ) satisfies the third order equation

d3µ0

dτ 3
− 4

9
τ 2

d2µ0

dτ 2
− 4

3
τ
dµ0

dτ
− 7

36
µ0 = 0.

which has general solution

µ0 (τ ;0) = c1 2F2

(
1
12 ,

7
12

1
3 ,

2
3

;
4τ 3

27

)
+ c2τ 2F2

(
5
12 ,

11
12

2
3 ,

4
3

;
4τ 3

27

)
+ c3τ

2
2F2

(
3
4 ,

5
4

4
3 ,

5
3
;
4τ 3

27

)
,

with c1, c2 and c3 arbitrary constants. The initial conditions are

µ0 (0;0) =
1
3
Γ

(
1
6

)
,

dµ0

dτ
(0;0) =

1
3
Γ

(
5
6

)
,

d2µ0

dτ 2
(0;0) =

1
6

√
π,

and so we obtain the solution (6.9), as required.
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Remark 6.4.

1. For general κ, it can be shown that φ(τ) = µ0(τ ;κ) satisfies the third order equation

d3φ
dτ 3

+
2τ 2

9

{
9κ− 2− 54κ(3κ− 1)

4κ(3κ− 1)τ 3 − 3

}
d2φ
dτ 2

+ τ

{
(4κ− 1)κ2τ 3

3
+

36κ2 − 27κ+ 4
4κ(3κ− 1)τ 3 − 3

}
dφ
dτ

+

{
(4κ− 1)κ2τ 3

3
−κ+

5
36

+
1− 6κ

4κ(3κ− 1)τ 3 − 3

}
φ = 0. (6.10)

It is clear that (6.10) simplifies in the cases when κ= 1
4 , κ= 1

3 and κ= 0. At present we have
no closed form solution for general κ. We note that unless κ= 1

3 and κ= 0, (6.10) has three
regular singular points at the roots of the cubic 4κ(3κ− 1)τ 3 − 3= 0. It is straightforward
to show that (6.10) has an irregular singular point at τ =∞ for all values of κ.

2. If κ= 1
4 then (6.10) simplifies to

d3φ
dτ 3

+
τ 2
(
τ 3 − 42

)
18(τ 3 + 12)

d2φ
dτ 2

+
2τ

τ 3 + 12
dφ
dτ

− τ 3 − 6
9(τ 3 + 12)

φ = 0, (6.11)

which has general solution

φ(τ) =
√
τ

{
c1I1/6

(
τ 3

108

)
+ c2I−1/6

(
τ 3

108

)}
exp

(
− τ 3

108

)
+ c3τ

2,

with c1, c2 and c3 constants. The initial conditions are

φ(0) =
1
3
Γ

(
1
6

)
,

dφ
dτ

(0) =
1
3
Γ

(
5
6

)
,

d2φ
dτ 2

(0) = 0,

and so, using (6.7), c1 = c2 = 1
9π

√
6 and c3 = 0. Equation (6.11) is related to (6.6) as

follows

d3φ
dτ 3

+
τ 2
(
τ 3 − 42

)
18(τ 3 + 12)

d2φ
dτ 2

+
2τ

τ 3 + 12
dφ
dτ

− τ 2 − 6
9(τ 3 + 12)

φ

=

(
d
dτ

− 3τ 2

τ 3 + 12

)(
d2φ
dτ 2

+
1
18

τ 2
dφ
dτ

+
τ

18
φ

)
=
(
τ 3 + 12

) d
dτ

{
1

τ 3 + 12

(
d2φ
dτ 2

+
1
18

τ 2
dφ
dτ

+
τ

18
φ

)}
.

3. We note that

µ0

(
τ ;

1
3

)
= exp

{
−
(
1
3
τ

)3
}ˆ ∞

−∞
exp

{
−
(
x2 − 1

3
τ

)3
}
dx,

and µ̃0(τ ;
1
3 ) = µ0(τ ;

1
3 )exp

{(
1
3τ
)3}

, satisfies

d3µ̃0

dτ 2
− τ 2

9
d2µ̃0

dτ 2
− τ

3
dµ̃0

dτ
+

1
12

µ̃0 = 0.
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4. In the three cases κ= 1
4 , κ= 1

3 and κ= 0 the weight ω(x;τ,κ) = exp{−(x6 − τx4

+κτ 2x2)}, takes a special form, i.e. the polynomial has a multiple root

κ ω (x;τ,κ)
1
4 exp

{
−x2

(
x2 − 1

2τ
)2}

1
3 exp

{
−
(
x2 − 1

3τ
)3}

exp
{
−
(
1
3τ
)3}

0 exp
{
−x4

(
x2 − τ

)}
6.2. Moments of higher order: three special cases

Next we derive closed form expressions for the moments µ2n(τ ;κ) in the special cases when
κ= 1

4 , κ= 1
3 and κ= 0.

Lemma 6.5. The moment µ2n(τ ;
1
4 ) is given by

µ2n

(
τ ;

1
4

)
=

1
3
Γ

(
1
3
n+

1
6

)
2F2

(
1
3 −

1
3n,

1
3 +

2
3n

1
3 ,

2
3

;− τ 3

54

)
+

1
3
τΓ

(
1
3
n+

5
6

)
2F2

(
2
3 −

1
3n,

2
3 +

2
3n

2
3 ,

4
3

;− τ 3

54

)
+
nτ 2

18
Γ

(
1
3
n+

1
2

)
2F2

(
1− 1

3n,1+
2
3n

4
3 ,

5
3

;− τ 3

54

)
. (6.12)

Proof. This result is proved using

18
d3µ2n

dτ 3
+ τ 2

d2µ2n

dτ 2
+(n+ 3)τ

dµ2n

dτ
− (2n+ 1)(n− 1)µ2n

=−
ˆ ∞

0

d
ds

{(
6s3 − 5τs2 + τ 2s+ 2n− 2

)
sn+1/2 exp

(
−s3 + τs2 − 1

4
τ 2s

)}
ds= 0.

Hence the moment µ2n(τ ;
1
4 ) satisfies the third order equation

18
d3µ2n

dτ 3
+ τ 2

d2µ2n

dτ 2
+(n+ 3)τ

dµ2n

dτ
− (2n+ 1)(n− 1)µ2n = 0, (6.13)

which has general solution

µ2n

(
τ ;

1
4

)
= c1 2F2

(
1
3 −

1
3n,

1
3 +

2
3n

1
3 ,

2
3

;− τ 3

54

)
+ c2 τ 2F2

(
2
3 −

1
3n,

2
3 +

2
3n

2
3 ,

4
3

;− τ 3

54

)
+ c3 τ

2
2F2

(
1− 1

3n,1+
2
3n

4
3 ,

5
3

;− τ 3

54

)
,

with c1, c2 and c3 constants. The initial conditions are

µ2n

(
0;

1
4

)
=

1
3
Γ

(
1
3
n+

1
6

)
,

dµ2n

dτ

(
0;

1
4

)
=

1
3
Γ

(
1
3
n+

5
6

)
,

d2µ2n

dτ 2

(
0;

1
4

)
=

1
9
nΓ

(
1
3
n+

1
2

)
,

and so since 2F2(a1,a2b1,b2;0) = 1, then we obtain the solution (6.12), as required.
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Remark 6.6.

1. Note that for all n ∈ Z+, one of the hypergeometric functions in µ2n(τ ;
1
4 ) given by (6.12)

will be a polynomial since 2F2(a1,a2b1,b2;z) is a polynomial if one of a1 or a2 is a non-
positive integer.

2. When n= 0, (6.13) reduces to

18
d3µ0

dτ 3
+ τ 2

d2µ0

dτ 2
+ 3τ

dµ0

dτ
+µ0 =

d
dτ

(
18

d2µ0

dτ 2
+ τ 2

dµ0

dτ
+ τµ0

)
,

and (6.12) becomes

µ0

(
τ ;

1
4

)
=

1
3
Γ

(
1
6

)
2F2

(
1
3 ,

1
3

1
3 ,

2
3
;− τ 3

54

)
+

1
3
τΓ

(
5
6

)
2F2

(
2
3 ,

2
3

2
3 ,

4
3
;− τ 3

54

)
=

1
3
Γ

(
1
6

)
1F1

(
1
3
;
2
3
;− τ 3

54

)
+

1
3
τΓ

(
5
6

)
1F1

(
2
3
;
4
3
;− τ 3

54

)
=

π
√
6τ
9

{
I1/6

(
τ 3

108

)
+ I−1/6

(
τ 3

108

)}
exp

(
− τ 3

108

)
,

since

2F2

(
a1,a2
a2,b2

;z

)
= 1F1 (a1;b2;z)≡M(a1,b2,z) , (6.14)

with M(a,b,z) the Kummer function and

1F1

(
ν+

1
2
;2ν+ 1;−2z

)
=M

(
ν+

1
2
,2ν+ 1,−2z

)
= Γ(ν+ 1)

(
1
2
z

)ν

e−zIν (z) ,

(6.15)

see [101, equation 10.39.5].

Whilst in lemma 6.5 the moments µ2n(τ ;
1
4 ) were expressed in terms of 2F2(a1,a2b1,b2;z)

functions, the moments can be expressed in terms of modified Bessel functions as shown in
the following Lemma.

Lemma 6.7. The moment µ2n(τ ;
1
4 ) has the form

µ2n

(
τ ;

1
4

)
=

1
9

√
6πτ 1/2

{
fn (τ)

[
I1/6 (ξ)+ I−1/6 (ξ)

]
+ gn (τ)

[
I5/6 (ξ)+ I−5/6 (ξ)

]}
e−ξ

+
1
3

√
πhn−1 (τ) , (6.16)

with ξ = τ 3/108, where Iν(z) is the modified Bessel function, and fn(τ), gn(τ) and hn(τ) are
polynomials of degree n.

Proof. Wewill prove this result using induction and the discrete equation (5.5), with t=− 1
4τ

2,
i.e.

3µ2n+6

(
τ ;

1
4

)
− 2τµ2n+4

(
τ ;

1
4

)
+

1
4
τ 2µ2n+2

(
τ ;

1
4

)
−
(
n+

1
2

)
µ2n

(
τ ;

1
4

)
= 0.

(6.17)
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First we need to show that (6.16) holds when n= 0,1,2. From (6.5), it is clear that (6.16) holds
when n= 0, with

f0 (τ) = 1, g0 (τ) = h−1 (τ) = 0. (6.18)

If n= 1 then from (6.12)

µ2

(
τ ;

1
4

)
=

τΓ
(
1
6

)
18 2F2

(
1
3 ,

4
3

2
3 ,

4
3
;−2ξ

)
+

τ 2Γ
(
5
6

)
18 2F2

(
2
3 ,

5
3

4
3 ,

5
3
;−2ξ

)
+

1
3

√
π, ξ =

τ 3

108

=
τΓ
(
1
6

)
18 1F1

(
1
3
;
2
3
;−2ξ

)
+

τ 2Γ
(
5
6

)
18 1F1

(
2
3
;
4
3
;−2ξ

)
+

1
3

√
π

=
1
9

√
6πτ 1/2

{
1
6
τ
[
I1/6 (ξ)+ I−1/6 (ξ)

]}
e−ξ +

1
3

√
π, (6.19)

using (6.14) and (6.15), and therefore (6.16) holds when n= 1, with

f1 (τ) =
1
6
τ, g1 (τ) = 0, h0 (τ) = 1. (6.20)

If n= 2 then from (6.12)

µ4

(
τ ;

1
4

)
=

1
3
Γ

(
5
6

)
2F2

(
− 1

3 ,
5
3

1
3 ,

2
3

;−2ξ

)
+

τ 2Γ
(
1
6

)
54 2F2

( 1
3 ,

7
3

4
3 ,

5
3

;−2ξ

)
+

1
6

√
πτ, ξ =

τ 3

108

=
1
3
Γ

(
5
6

){
M

(
−1
3
,
1
3
,−2ξ

)
+

τ 3

36
M

(
2
3
,
4
3
,−2ξ

)}
+

τ 2Γ
(
1
6

)
54

{
M

(
1
3
,
5
3
,−2ξ

)
− τ 3

360
M

(
4
3
,
8
3
,−2ξ

)}
+

1
6

√
πτ

=

√
6πτ 5/2

324

{
2I1/6 (ξ)+ I−5/6 (ξ)

}
e−ξ +

√
6πτ 5/2

324

{
2I−1/6 (ξ)+ I5/6 (ξ)

}
e−ξ +

1
6

√
πτ

=

√
6πτ 5/2

324

{
2
[
I1/6 (ξ)+ I−1/6 (ξ)

]
+ I5/6 (ξ)+ I−5/6 (ξ)

}
e−ξ +

1
6

√
πτ,

using

2F2

(
− 1

3 ,
5
3

1
3 ,

2
3

;−2ξ

)
=M

(
−1
3
,
1
3
,−2ξ

)
+ 3ξM

(
2
3
,
4
3
,−2ξ

)
, (6.21a)

2F2

(
1
3 ,

7
3

4
3 ,

5
3
;−2ξ

)
=M

(
1
3
,
5
3
,−2ξ

)
− 3ξ

10
M

(
4
3
,
8
3
,−2ξ

)
, (6.21b)

and

M

(
−1
3
,
1
3
,−2ξ

)
= Γ

(
1
6

)(
1
2
ξ

)5/6{
I1/6 (ξ)+ I−5/6 (ξ)

}
e−ξ, (6.22a)

M

(
1
3
,
5
3
,−2ξ

)
= Γ

(
5
6

)(
1
2
ξ

)1/6{
I5/6 (ξ)+ I−1/6 (ξ)

}
e−ξ, (6.22b)

together with (6.15). The identities (6.21) follow from

2F2

(
a,c+ 1
b,c

;−2z

)
=M(a,b,−2z)− 2az

bc
M(a+ 1,b+ 1,−2z) ,
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see [103, section 7.12.1], which also is a special case of equation (2.7) in [95, lemma 4]. The
identities (6.22) follow from

M

(
ν+

1
2
,2ν+ 2,−2z

)
= Γ(ν+ 1)

(
1
2
z

)−ν

{Iν (z)+ Iν+1 (z)}e−z,

which is a special case of equation (13.6.11_1) in the DLMF [101], i.e.

M

(
ν+

1
2
,2ν+ 1+ n,−2z

)
= Γ(ν)e−z

(
1
2
z

)−ν n∑
k=0

(n)k(2ν)k (ν+ k)

(2ν+ 1+ n)kk!
Iν+k (z) .

Hence

µ4

(
τ ;

1
4

)
=

1
9

√
6πτ 1/2

{
1
18

τ 2
[
I1/6 (ξ)+ I−1/6 (ξ)

]
+

1
36

τ 2
[
I5/6 (ξ)+ I−5/6 (ξ)

]}
e−ξ +

1
6

√
πτ,

(6.23)

and therefore (6.16) holds when n= 2, with

f2 (τ) =
1
18

τ 2, g2 (τ) =
1
36

τ 2, h1 (τ) =
1
2
τ. (6.24)

Substituting (6.16) into the discrete equation (6.17) shows that fn(τ), gn(τ) and hn(τ) satisfy
the discrete equations

3fn+3 (τ)− 2τ fn+2 (τ)+
1
4
τ 2fn+1 (τ)−

(
n+

1
2

)
fn (τ) = 0, (6.25a)

3gn+3 (τ)− 2τgn+2 (τ)+
1
4
τ 2gn+1 (τ)−

(
n+

1
2

)
gn (τ) = 0, (6.25b)

3hn+2 (τ)− 2τhn+1 (τ)+
1
4
τ 2hn (τ)−

(
n+

1
2

)
hn−1 (τ) = 0. (6.25c)

From (6.18), (6.20) and (6.24), we have the initial conditions

f0 = 1, f1 =
1
6
τ, f2 =

1
18

τ2, g0 = g1 = 0, g2 =
1
36

τ2,

h−1 = 0, h0 = 1, h1 =
1
2
τ. (6.26)

Therefore from (6.25) and (6.26) it follows that fn(τ), gn(τ) and hn(τ) are polynomials of
degree n, provided that the coefficient of τ n, for n⩾ 2, is nonzero for these polynomials. To
show this, suppose that

fn (τ) =
n∑

j=0

an,jτ
j, gn (τ) =

n∑
j=0

bn,jτ
j, hn (τ) =

n∑
j=0

cn,jτ
j,

then from the coefficient of the highest power of τ in (6.25), it follows that an,n, bn,n and cn,n
respectively satisfy
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3an+3,n+3 − 2an+2,n+2 +
1
4
an+1,n+1 = 0, (6.27a)

3bn+3,n+3 − 2bn+2,n+2 +
1
4
bn+1,n+1 = 0, (6.27b)

3cn+2,n+2 − 2cn+1,n+1 +
1
4
cn,n = 0, (6.27c)

with

a1,1 =
1
6
, a2,2 =

1
18

, b1,1 = 0, b2,2 =
1
36

, c0,0 = 1, c1,1 =
1
2
, (6.27d)

and solving (6.27) gives

an,n =
1
6

(
1
2

)n

+
1
2

(
1
6

)n

, bn,n =
1
6

(
1
2

)n

− 1
2

(
1
6

)n

, cn,n =

(
1
2

)n

,

which are nonzero for n⩾ 2, as required. Hence the result follows by induction.

Example 6.8. Using the discrete equation (6.17) with µ0(τ ;
1
4 ), µ2(τ ;

1
4 ) and µ4(τ ;

1
4 ) given

by (6.5), (6.19) and (6.23) respectively, we obtain

µ6

(
τ ;

1
4

)
=

Γ
(
1
6

)
18 2F2

(
− 2

3 ,
7
3

1
3 ,

2
3

;−2ξ

)
+

5τΓ
(
5
6

)
18 2F2

(
− 1

3 ,
8
3

2
3 ,

4
3

;−2ξ

)
+

√
πτ 2

12

=

√
6πτ 1/2

9

{
5τ 3 + 36

216

[
I1/6 (ξ)+ I−1/6 (ξ)

]
+

4τ 3

54

[
I5/6 (ξ)+ I−5/6 (ξ)

]}
e−ξ

+

√
πτ 2

12
,

µ8

(
τ ;

1
4

)
=

7τΓ
(
1
6

)
108 2F2

(
− 2

3 ,
10
3

2
3 ,

4
3

;−2ξ

)
+

5τ 2Γ
(
5
6

)
27 2F2

(
− 1

3 ,
11
3

4
3 ,

5
3

;−2ξ

)
+

√
π
(
τ 3 + 4

)
24

=

√
6πτ 1/2

9

{
7τ

(
τ 3 + 18

)
648

[
I1/6 (ξ)+ I−1/6 (ξ)

]
+

13τ 4

1296

[
I5/6 (ξ)+ I−5/6 (ξ)

]}
e−ξ

+

√
π
(
τ 3 + 4

)
24

,

µ10

(
τ ;

1
4

)
=

5Γ
(
5
6

)
18 2F2

(
− 4

3 ,
11
3

1
3 ,

2
3

;−2ξ

)
+

35τ 2Γ( 16 )
648 2F2

(
− 2

3 ,
13
3

4
3 ,

5
3

;−2ξ

)
+

√
πτ

(
τ 3 + 12

)
48

=

√
6πτ 1/2

9

{
τ 2(41τ 3 + 1260)

7776

[
I1/6(ξ)+ I−1/6(ξ)

]
+

5τ 2(2τ 3 + 9)
1944

[
I5/6(ξ)e

−ξ

+I−5/6(ξ)
]}

+

√
πτ(τ 3 + 12)

48
,

with ξ = τ 3/108.

In the next two lemmas we derive closed form expressions for µ2n(τ ;
1
3 ) and µ2n(τ ;0).
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Lemma 6.9. The moment µ2n(τ ;
1
3 ) is given by

µ2n

(
τ ;

1
3

)
=

{
1
3
Γ

(
1
3
n+

1
6

)
2F2

(
1
6 −

1
3n,

1
2 −

1
3n

1
3 ,

2
3

;
τ 3

27

)
+
1
3
τΓ

(
1
3
n+

5
6

)
2F2

(
1
2 −

1
3n,

5
6 −

1
3n

2
3 ,

4
3

;
τ 3

27

)
+
(2n− 1)τ 2

36
Γ

(
1
3
n+

1
2

)
2F2

(
5
6 −

1
3n,

7
6 −

1
3n

4
3 ,

5
3

;
τ 3

27

)}
exp

(
− τ 3

27

)
.

Proof. This result is proved using

d3µ2n

dτ 3
+

2τ 2

9
d2µ2n

dτ 2
+

τ
(
τ 3 + 18n+ 27

)
81

dµ2n

dτ
+

(2n+ 1)
(
4τ 3 − 18n+ 45

)
324

µ2n

=− 1
162

ˆ ∞

0

d
ds

{(
54s3 − 72τs2 + 30τ 2s− 4τ 3 + 18n− 45

)
sn+1/2

×exp

(
−s3 + τs2 − 1

3
τ 2s

)}
ds= 0,

and the initial conditions

µ2n

(
0;

1
3

)
=

1
3
Γ

(
1
3
n+

1
6

)
,

dµ2n

dτ

(
0;

1
3

)
=

1
3
Γ

(
1
3
n+

5
6

)
,

d2µ2n

dτ 2

(
0;

1
3

)
=

2n− 1
18

Γ

(
1
3
n+

1
2

)
.

Lemma 6.10. The moment µ2n(τ ;0) is given by

µ2n (τ ;0) =
1
3
Γ

(
1
3
n+

1
6

)
2F2

(
1
6n+

1
12 ,

1
6n+

7
12

1
3 ,

2
3

;
4τ 3

27

)
+

1
3
τΓ

(
1
3
n+

5
6

)
2F2

(
1
6n+

5
12 ,

1
6n+

11
12

2
3 ,

4
3

;
4τ 3

27

)
+

1
6
τ 2Γ

(
1
3
n+

3
2

)
2F2

(
1
6n+

3
4 ,

1
6n+

5
4

4
3 ,

5
3

;
4τ 3

27

)
.

Proof. This result is proved using

d3µ2n

dτ 3
− 4τ 2

9
d2µ2n

dτ 2
− 4(n+ 3)τ

9
dµ2n

dτ
− (2n+ 1)(2n+ 7)

36
µ2n

=− 1
18

ˆ ∞

0

d
ds

{(
6s3 + 4τs2 + 2n+ 7

)
sn+1/2 exp

(
−s3 + τs2

)}
ds= 0,

and the initial conditions

µ2n (0;0) =
1
3
Γ

(
1
3
n+

1
6

)
,

dµ2n

dτ
(0;0) =

1
3
Γ

(
1
3
n+

5
6

)
,

d2µ2n

dτ 2
(0;0) =

1
3
Γ

(
1
3
n+

3
2

)
.
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Remark 6.11. For general κ, it can be shown that φn(τ) = µ2n(τ ;κ) satisfies the third order
equation

d3φn
dτ 3

+
2τ 2

9

{
9κ− 2− 54κ(4κ− 1)(3κ− 1)

4κ(4κ− 1)(3κ− 1)τ 3 − 12κ+ 2n+ 3

}
d2φn
dτ 2

+
τ

9

{
3κ2τ 3 (4κ− 1)+ 2n(9κ− 2)+

3
(
36κ2 − 27κ+ 4

)
(12κ− 2n− 3)

4κ(4κ− 1)(3κ− 1)τ 3 − 12κ+ 2n+ 3

}
dφn
dτ

+
2n+ 1
36

{
12κ2τ 3 (4κ− 1)− 36κ− 2n+ 5− 12(6κ− 1)(12κ− 2n− 3)

4κ(4κ− 1)(3κ− 1)τ 3 − 12κ+ 2n+ 3

}
φn = 0.

(6.28)

At present we have no closed form solution for this equation, except in the three cases discussed
above. We note that unless κ= 1

3 , κ= 1
4 or κ= 0, (6.28) has three regular singular points at

the roots of the cubic

4κ(4κ− 1)(3κ− 1)τ 3 − 12κ+ 2n+ 3= 0.

Further, (6.28) has an irregular singular point at τ =∞ for all values of κ.

6.3. Higher order moments: series expansions for general κ

For values of κ other than 0, 1
4 or 1

3 we have a series representation for the moments µn(τ ;κ)
in terms of Laguerre polynomials as well as in terms of Jacobi polynomials with varying
parameters.

Theorem 6.12. For τ, κ ∈ R, we have

µ2n (τ ;κ) =
1
3

∞∑
j=0

{
Γ
(
2
3 j+

1
3n+

1
6

)(
1
2

)
j

τ jL(−1/2)
j (ζ)−κ

Γ
(
2
3 j+

1
3n+

1
2

)(
3
2

)
j

τ j+2L(1/2)j (ζ)

}
,

(6.29)

where L(α)j (ζ) are the Laguerre polynomials of parameter α and ζ =− 1
4κ

2τ 3.

Proof. Consider the Taylor series expansion about s= 0 of the function

exp
(
−κτ 2s+ τs2

)
=

∞∑
m=0

Cm (τ ;κ)
sm

m!

where Cm(τ ;κ) are polynomials in τ and κ given by

Cm (τ ;κ) =
m∑

j=⌈m/2⌉

(−1)mm!κ2j−mτ 3j−m

(2j−m)! (m− j)!

=
(−1)mm!κ2d 1

2me−mτ 3d
1
2me−m(

m−
⌈
1
2m
⌉)
!
(
2
⌈
1
2m
⌉
−m

)
!

2F2

×
(

1,
⌈
1
2m
⌉
−m

− 1
2m+

⌈
1
2m
⌉
+ 1

2 ,−
1
2m+

⌈
1
2m
⌉
+ 1

;−1
4
κ2τ 3

)
.

32



Nonlinearity 38 (2025) 125011 P A Clarkson et al

Hence, we have

Cm (τ ;κ) =

{
j!22j τ jL(−1/2)

j

(
− 1

4κ
2τ 3
)
, if m= 2j,

−j!22jκτ j+2L(1/2)j

(
− 1

4κ
2τ 3
)
, if m= 2j + 1,

where L(α)j (z) = (α)j
j! 1F1 (−j;α+ 1;z) are the Laguerre polynomials of parameter α >−1.

In order to study the radius of convergence of the series
∞∑
m=0

Cm (τ ;κ)
m!

ˆ ∞

0
sm+n−1/2 exp

(
−s3
)
ds=

1
3

∞∑
m=0

Γ

(
1
3
m+

1
3
n+

1
6

)
Cm (τ ;κ)

m!
, (6.30)

we analyse the ratio

ρm =

∣∣∣∣∣ Γ
(
1
3m+ 1

3n+
1
2

)
Cm+1 (τ ;κ)

(m+ 1) Γ
(
1
3m+ 1

3n+
1
6

)
Cm (τ ;κ)

∣∣∣∣∣
as m→∞. Observe that the two subsequences of (ρm)m⩾0 of even and odd order are respect-
ively given by

ρ2j =

∣∣∣∣∣κτ 2 Γ
(
2
3 j+

1
3n+

1
2

)
(2j+ 1)Γ

(
2
3 j+

1
3n+

1
6

) L(1/2)j

(
− 1

4κ
2τ 3
)

L(−1/2)
j

(
− 1

4κ
2τ 3
)
∣∣∣∣∣

and

ρ2j+1 =

∣∣∣∣∣ 2κτ Γ
(
2
3 j+

1
3n+

5
6

)
Γ
(
2
3 j+

1
3n+

1
2

) L(−1/2)
j+1

(
− 1

4κ
2τ 3
)

L(1/2)j

(
− 1

4κ
2τ 3
)
∣∣∣∣∣ .

Recall the asymptotic behaviour for the Gamma function, see e.g. [101, Eq.5.11.12], to con-
clude that

κτ 2
Γ
(
2
3 j+

1
3n+

1
2

)
(2j+ 1)Γ

(
2
3 j+

1
3n+

1
6

) ∼ κτ 2

3
√
12 j2/3

and
2
κτ

Γ
(
2
3 j+

1
3n+

5
6

)
Γ
(
2
3 j+

1
3n+

1
2

) ∼ 2
κτ

(
2j
3

)1/3

as j→∞. We use [109, theorem 8.22.2] for τ < 0 and [109, theorem 8.22.3] for τ > 0 to obtain
the following asymptotic behaviour when κ 6= 0

L(1/2)j

(
− 1

4κ
2τ 3
)

L(−1/2)
j

(
− 1

4κ
2τ 3
) ∼ (κ2|τ |3

4j

)−1/2

=
2
√
j

|κ| |τ |3/2
, as j→∞,

and

L(−1/2)
j+1

(
− 1

4κ
2τ 3
)

L(1/2)j

(
− 1

4κ
2τ 3
) ∼

(
κ2|τ |3

4j

)1/2

=
|κ| |τ |3/2

2
√
j

, as j→∞.

Hence, for fixed τ 6= 0 and κ 6= 0, we have

ρ2j =

∣∣∣∣∣κτ 2 Γ
(
2
3 j+

1
3n+

1
2

)
(2j+ 1)Γ

(
2
3 j+

1
3n+

1
6

) L(1/2)j

(
− 1

4κ
2τ 3
)

L(−1/2)
j

(
− 1

4κ
2τ 3
)
∣∣∣∣∣

∼
∣∣∣∣ κτ 2

3
√
12 j2/3

2
√
j

κ |τ |3/2

∣∣∣∣=
∣∣∣∣∣∣

3

√
2
3

√
|τ |

j1/6

∣∣∣∣∣∣−→ 0, as j→∞,
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and

ρ2j+1 =

∣∣∣∣∣ 2κτ Γ
(
2
3 j+

1
3n+

5
6

)
Γ
(
2
3 j+

1
3n+

1
2

) L(−1/2)
j+1

(
− 1

4κ
2τ 3
)

L(1/2)j

(
− 1

4κ
2τ 3
)
∣∣∣∣∣

∼

∣∣∣∣∣ 2κτ
(
2j
3

)1/3
κ |τ |3/2

2
√
j

∣∣∣∣∣=
∣∣∣∣∣∣

3

√
2
3

√
|τ |

j1/6

∣∣∣∣∣∣−→ 0, as j→∞.

By the ratio test, the series (6.30) converges absolutely for any τ, κ ∈ R\{0}. Therefore, by
Lebesgue dominated convergence theorem, it follows

µ2n (τ ;κ) =
∞∑
m=0

Cm (τ ;κ)
m!

ˆ ∞

0
sm+n−1/2 exp

(
−s3
)
ds=

1
3

∞∑
m=0

Γ

(
1
3
m+

1
3
n+

1
6

)
Cm (τ ;κ)

m!
.

When κ= 0 and τ 6= 0, one has

µ2n (τ ;0) =
1
3

∞∑
m=0

Γ

(
1
3
n+

2
3
m+

1
6

)
τm

m!

=
1
3

2∑
r=0

∞∑
j=0

Γ

(
1
3
n+

2
3
r+

1
6
+ 2j

)
τ 3j+r

(3j+ r)!

=
1
3

2∑
r=0

Γ

(
1
3
n+

2
3
r+

1
6

) ∞∑
j=0

(
1
6
n+

1
3
r+

1
12

)
j

(
1
6
n+

1
3
r+

7
12

)
j

22j
τ 3j+r

(3j+ r)!
,

which, after using the Legendre duplication formula for the Gamma function, can be written
as in lemma 6.10. Hence, the result holds for any κ ∈ R.

Finally, (6.29) also holds when τ = 0, since it gives (6.4a).

As a straightforward consequence of the latter result, one has

µ2n (τ ;κ)+µ2n (τ ;−κ) =
2
3

∞∑
j=0

Γ
(
2
3 j+

1
3n+

1
6

)(
1
2

)
j

τ jL(−1/2)
j

(
−1
4
κ2τ 3

)

µ2n (τ ;−κ)−µ2n (τ ;κ) =
2
3
κτ 2

∞∑
j=0

Γ
(
2
3 j+

1
3n+

1
2

)(
3
2

)
j

τ jL(1/2)j

(
−1
4
κ2τ 3

)
.

Note that the series expansion obtained above, written in terms of Laguerre polynomials, could
of course be written using Hermite polynomials.

The expressions given in the latter result have a clear 3-fold decomposition in τ , and in
fact (6.29) reads as:

µ2n (τ ;κ) = Fn (τ ;κ)+ τGn (τ ;κ)+ τ 2Hn (τ ;κ) ,
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where

Fn (τ ;κ) =
1
3

∞∑
ℓ=0

Γ
(
2ℓ+ 1

3n+
1
6

)
τ 3ℓ(

3
2

)
3ℓ+1

×
{
3
2
(2ℓ+ 1)(6ℓ+ 1)L(−1/2)

3ℓ (ζ)−
(
2ℓ+

1
3
n+

1
6

)
κτ 3L(1/2)3ℓ+1 (ζ)

}
Gn (τ ;κ) =

1
3

∞∑
ℓ=0

Γ
(
2ℓ+ 1

3n+
5
6

)
τ 3ℓ(

3
2

)
3ℓ+2

×
{
3
2
(2ℓ+ 1)(6ℓ+ 5)L(−1/2)

3ℓ+1 (ζ)−
(
2ℓ+

1
3
n+

5
6

)
κτ 3L(1/2)3ℓ+2 (ζ)

}
Hn (τ ;κ) =

1
3

∞∑
ℓ=0

Γ
(
2ℓ+ 1

3n+
1
2

)
τ 3ℓ(

1
2

)
3ℓ+2

×
{(

2ℓ+
1
3
n+

1
2

)
L(−1/2)
3ℓ+2 (ζ)− 3

4
(2ℓ+ 1)κL(1/2)3ℓ (ζ)

}
with ζ =− 1

4κ
2τ 3.

Besides, the latter result states that

µ2n (τ ;κ) =
1
3

∞∑
m=0

m∑
j=⌈m/2⌉

(−1)mκ2j−mτ 3j−m

(2j−m)! (m− j)!
Γ

(
1
3
m+

1
3
n+

1
6

)
.

A swap of the order of summation gives

µ2n (τ ;κ) =
1
3

∞∑
j=0

2j∑
m=j

(−1)mκ2j−mτ 3j−m

(2j−m)! (m− j)!
Γ

(
1
3
m+

1
3
n+

1
6

)
.

The change of variables ( j,m) 7→ (ℓ,3ℓ−m) followed by a change in the order of summation
corresponds to

µ2n (τ ;κ) =
1
3

∞∑
m=0

m∑
ℓ=⌈m/2⌉

(−κ)
m−ℓ

(m− ℓ)! (2ℓ−m)!
Γ

(
ℓ− 1

3
m+

1
3
n+

1
6

)
τm

=
1
3

∞∑
m=0

⌊m/2⌋∑
ℓ=0

(−κ)
ℓ

ℓ! (m− 2ℓ)!
Γ

(
−ℓ+

2
3
m+

1
3
n+

1
6

)
τm

=
1
3

∞∑
m=0

⌊m/2⌋∑
ℓ=0

(−1)ℓ 22ℓ
(
− 1

2m
)
ℓ

(
− 1

2m+ 1
2

)
ℓ
(−κ)

ℓ(
− 1

3n−
2
3m+ 5

6

)
ℓ
ℓ!

Γ
(
2
3m+ 1

3n+
1
6

)
m!

τm,

where we used in the last identity

1
(m− 2ℓ)!

=
(−m)2ℓ
m!

=
22ℓ
(
− 1

2m
)
ℓ

(
− 1

2m+ 1
2

)
ℓ

m!

and

Γ

(
−ℓ+

2
3
m+

1
3
n+

1
6

)
= Γ

(
2
3
m+

1
3
n+

1
6

)
(−1)ℓ(

− 1
3n−

2
3m+ 5

6

)
ℓ

.
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Hence, we obtain the series expansion

µ2n (τ ;κ) =
1
3

∞∑
m=0

2F1

(
− 1

2m,−
1
2m+ 1

2
− 1

3n−
2
3m+ 5

6
;4κ

)
Γ
(
2
3m+ 1

3n+
1
6

)
m!

τm.

Using the Gauss formula for the hypergeometric function, see [100, section 15.4], the latter
expression evaluated at κ= 1

4 gives (6.12). Similarly, series expansions about κ= 1
3 can be

obtained, from which the expression in lemma 6.9 appears as a particular case.

7. Numerical computations

In this section we plot numerically the coefficient βn in the three-term recurrence relation (2.2)
for the symmetric sextic Freud weight (6.1). As we explain below, these computations were
done in Maple using the discrete equation (3.1), treating it as an initial value problem, some-
times referred to as the ‘orthogonal polynomial method’. The earlier calculations in the 1990s
by Jurkiewicz [75], Sasaki and Suzuki [105] and Sénéchal [107] solved (3.1) as a discrete
boundary problem. They use the cubic (3.6) to provide an estimate for βn for large n. At a
similar time, Demeterfi et al [45] and Lechtenfeld [81–83] also solved (3.1), though as a dis-
crete initial value problem, but were only able calculate βn for small values of n, up to n= 25.
The development of computers and Maple during the subsequent years has meant that we are
now able to calculate βn for large values of n through a discrete initial value problem. We
remark that none of the results in this section, or the next two sections, have been proved rig-
orously. The discussion of the behaviour of the recurrence coefficients βn is based solely on
the numerical calculations.

By theorem 3.4, for large values of n, we have βn±k ∼ β(n), for k= 0,1,2. Setting t=−κτ 2

in the cubic (3.6) gives

60β3 − 12τβ2 + 2κτ 2β = n. (7.1)

Differentiating (7.1) with respect to n gives

2
(
90β2 − 12τβ+κτ 2

) dβ
dn

= 1, (7.2)

which can be written as{(
β− τ

15

)2
− 1

90

(
2
5
−κ

)
τ 2
}
dβ
dn

=
1

180
. (7.3)

Differentiating (7.2) with respect to n gives

2
(
β− τ

15

)(dβ
dn

)2

+

{(
β− τ

15

)2
− 1

90

(
2
5
−κ

)
τ 2
}
d2β
dn2

= 0. (7.4)

It is therefore clear that κ= 2
5 is a critical point.

For κ < 2
5 , then β(n) is multivalued for n− < n< n+, where

n± =
2τ 3

225

[
15κ− 4±

√
2(2− 5κ)3/2

]
. (7.5)
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Figure 1. Plots of the real solution β(n) of the cubic (7.1) for κ such that 1
6 ⩽ κ⩽ 2

5 ,
with τ = 15. The vertical lines are n± given by (7.5).

We observe that for κ > 3
10 then β(n) intersects the line n= 0 only at (0, 0). For values of

κ= 3
10 , β(n) intersects the line n= 0 at (0, 0) and at

(
0, 1

10

)
. When κ < 3

10 , then β(n) intersects
n= 0 at (

0,
1
30

(
3±

√
30

√
3
10

−κ

))
.

Plots of the real solution β(n) of the cubic (7.1) for κ such that 1
4 ⩽ κ⩽ 2

5 are given in figure 1.
Next we classify the roots of U(x;τ,κ) given by (6.3), which are illustrated in figure 2. The

value κ= 1
4 is a critical one, when τ > 0. As such, the following hold:

(i) if τ > 0 and κ > 1
4 , then U(x) has four complex roots and a double root at x= 0;

(ii) if τ > 0 and 0< κ < 1
4 , then U(x) has four real roots and a double root at x= 0;

(iii) if τ > 0 andκ= 1
4 , thenU(x) = x2(x2 − 1

2τ)
2 which has three double roots at x=±

√
1
2τ

and x= 0;
(iv) if τ > 0 and κ= 0, then U(x) = x4(x2 − τ), which has two real roots and a quadruple

root at x= 0.
(v) if τ > 0 and κ< 0, thenU(x) has two real roots, two purely imaginary roots and a double

root at x= 0;
(vi) if τ = 0, then for t> 0, then U(x) has two real roots, two purely imaginary roots and

a double root at x= 0 and for t< 0, U(x) has four complex roots and a double root at
x= 0;

(vii) if τ < 0, then for κ> 0,U(x) has four complex roots and a double root at x= 0, for κ= 0,
U(x) has two purely imaginary roots and a quadruple root at x= 0 and for κ< 0, then
U(x) has two real roots, two purely imaginary roots and a double root at x= 0;

(viii) if τ = κ= 0, then U(x) has a sextuple root at x= 0.
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Figure 2. Plots of the sextic polynomial (6.2) in the cases when (i), τ > 0 and κ > 1
4 ,

(ii), τ > 0 and κ= 1
4 , (iii), τ > 0 and 0< κ < 1

4 , and (iv), τ > 0 and κ⩽ 0.

The numerical computations were done in Maple using the discrete equation (3.1).
Solving (3.1) with t=−κτ 2 for βn+2 gives

βn+2 =
n− 2κτ 2βn+ 4τβn (βn−1 +βn+βn+1)

6βnβn+1

−
6
(
βn−2βn−1 +β2

n−1 + 2βn−1βn+βn−1βn+1 +β2
n + 2βnβn+1 +β2

n+1

)
6βn+1

. (7.6)

The initial conditions are

β−1 = 0, β0 = 0, β1 =
µ2

µ0
, β2 =

µ0µ4 −µ2
2

µ0µ2
, (7.7)

where µk(τ ;κ) is the kth moment

µk (τ ;κ) =

ˆ ∞

−∞
xk exp

(
−x6 + τx4 −κτ 2x2

)
dx,

and so using (7.6) we can evaluate βn for n⩾ 3. The moments µ0, µ2 and µ4 are computed
numerically using Maple. Since the discrete equation (7.6) is highly sensitive to the initial
conditions then it is necessary to use a high number of digits inMaple, usually several hundred,
sometimes thousands, to do the computations; see section 7.11 for a discussion of how sensitive
the problem is with an illustration in figure 22.

In the following subsections, we discuss the behaviour of the recurrence coefficients for the
various cases mentioned above.
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Figure 3. Plots of the recurrence coefficient βn when τ = 25, for various κ such that
1
4 < κ < 2

5 , together with the real solution of the cubic (7.1) (dashed line).

7.1. Case (i): τ > 0 and κ > 1
4

In this case U(x) has four complex roots and a double root at x= 0 and is sometimes known
as the ‘one-branch case’, see [107].

Plots of the recurrence coefficient βn when τ = 25, for various κ such that 1
4 < κ < 2

5 are
given in figure 3, together with the real solution of the cubic (7.1). For both small values of
n and for large n, βn is approximately given by the real solution of the cubic (7.1). Whilst it
might be expected that βn tends to the cubic (7.1) for large n, it is rather surprising that the
cubic also gives a good approximation for small values of n. We also note that as κ increases,
the size of the ‘transition region’ decreases and the value of n for which βn does not follow
the cubic increases as κ increases. Further for κ just above 1

4 , there is evidence of a three-fold
structure.

When κ= 2
5 , then (7.3) and (7.4) respectively give(
β− τ

15

)2 dβ
dn

=
1

180
,

(
β− τ

15

){
2

(
dβ
dn

)2

+
(
β− τ

15

) d2β
dn2

}
= 0.

Hence a ‘gradient catastrophe’, i.e. the slope of the curve β(n) becomes infinite, occurs when

κ=
2
5
, β =

τ

15
, n=

4τ 3

225
.

This is the case originally discussed by Brézin et al [23]. The recurrence coefficients βn are
plotted when τ = 25 in figure 4(a).
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Figure 4. (a), A plot of the recurrence coefficient βn for τ = 25 and κ= 2
5 . (b), A plot

of the recurrence coefficient βn when τ = 25 and κ= 0.425. (c), A plot of βn−β(n)
when τ = 25 and κ= 0.425, where β(n) is the real solution of the cubic (7.1).

When κ > 2
5 , from (7.3) it follows that

dβ
dn

> 0 for all n⩾ 0. Note that
d2β
dn2

= 0 when

β(n) = τ
15 which, on account of (7.1), occurs when n=

2
15

(
κ− 4

15

)
τ 3. Hence, β(n) is a mono-

tonically increasing function with an inflection point at n= 2
15

(
κ− 4

15

)
τ 3. In the case when

τ = 25 and κ= 0.425, the recurrence coefficients βn are plotted in figure 4(b) and a plot of
βn−β(n), where β(n) is the real solution of the cubic (7.1) is given in figure 4(c).

7.2. Case (ii): τ > 0 and 0< κ < 1
4

In this case U(x) has four real roots and a double root at x= 0 and is sometimes known as the
‘two-branch case’, see [107].

To investigate this case, we set β2n = u, β2n+1 = v and t=−κτ 2 in (3.1) which gives the
system

6u
(
u2 + 6uv+ 3v2

)
− 4τu(u+ 2v)+ 2κτ 2u= n, (7.8a)

6v
(
3u2 + 6uv+ v2

)
− 4τv(2u+ v)+ 2κτ 2v= n, (7.8b)

i.e. we have replaced βn with n even by u and βn with n odd by v. Letting u= ξ− η and
v= ξ+ η, with η ⩾ 0, in (7.8) gives

144ξ3 − 72τξ2 + 4(2+ 3κ)τ 2ξ − 2κτ 3 + 3n= 0, (7.9a)

η2 = 3ξ2 − 2
3
τξ +

1
6
κτ 2. (7.9b)

In figure 5 we plot the solutions u(n) and v(n) of the system (7.8) for various κ, with u(n)
plotted in blue and v(n) in red.

The discriminant of (7.9a)

∆= 36864τ 6 (1− 3κ)3 − 5038848n2,

so ∆= 0 when

n1 =
4
9

(
1
3
−κ

)3/2

τ 3.

Also u= v= ξ when η= 0, so from (7.9b)

ξ =
1
9

(
1+

1
2

√
4− 18κ

)
τ,

40



Nonlinearity 38 (2025) 125011 P A Clarkson et al

Figure 5. Plots of solutions of the system (7.8) for τ = 10 in the cases when κ= 1
8 ,

κ= 1
6 and κ= 1

5 , with u(n) plotted in blue and v(n) in red.

and hence from (7.9a)

n2 =

[
2(4− 27κ)+ (4− 18κ)3/2

]
τ 3

243
.

We note that n2 = 0 when κ= 1
6 . Also n1 = n2 when

4
√
3

81
(1− 3κ)3/2 =

2(4− 27κ)+ (4− 18κ)3/2

243
,

which has solution κ=− 2
3 .

Subtracting the equations in the system (7.8) yields

(u− v)
[
3
(
u2 + 4uv+ v2

)
− 2τ (u+ v)+κτ 2

]
= 0, (7.10)

and multiplying (7.8a) by v, (7.8b) by u and subtracting yields

(u− v) [12uv(u+ v)− 4τuv− n] = 0. (7.11)

Assuming u 6= v, solving (7.10) for u gives

u=−2v+
1
3
τ ± 1

3

√
27v2 − 6τv+ τ 2 (1− 3κ),

and then substituting this into (7.11) gives

180v3 − 36τv2 + 4τ 2 (3κ− 1)v± 4(τ − 9v)v
√
27v2 − 6τv+ τ 2 (1− 3κ) = 3n.

In figure 6 plots of the recurrence coefficient βn when τ = 25, for various κ such that 0<
κ < 1

4 , solutions of the system (7.8), with u(n) plotted in blue and v(n) in red and the real
solution of the cubic (7.1) (dashed line). Initially β2n and β2n+1 follow the system (7.8), β2n

follows u(n) and β2n+1 follow v(n). After the ‘transition region’, βn follows the cubic (7.1).
The size of the ‘transition region’ decreases as κ decreases. Analogous to the previous case,
for κ just below 1

4 , there is evidence of a three-fold structure.

7.3. Case (iii): τ > 0 and κ= 1
4

In the previous two subsections we saw that the behaviour of βn for small nwas quite different
depending whether κ > 1

4 or 0,κ < 1
4 . In the case when t=− 1

4τ
2 the weight is given by

ω (x;τ) = exp

{
−x2

(
x2 − 1

2
τ

)2
}
, (7.12)
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Figure 6. Plots of the recurrence coefficient βn when τ = 25, for various κ such that
0< κ < 1

4 , solutions of the system (7.8), with u(n) plotted in blue and v(n) in red and
the real solution of the cubic (7.1) (dashed line).

and U(x) = x2(x2 − 1
2τ)

2, which has three double roots at x= 0, x=±
√

1
2τ . This case was

discussed by Sénéchal [107, figures 5, 6] who noted that ‘the upper branch contains twice as
many points as the lower one’; see also Demeterfi et al [45, figure 7], Boobna and Ghosh [18,
figure 2].

In figure 7 the recurrence coefficients βn for the weight (7.12) are plotted in the cases
when τ = 20, τ = 25 and τ = 30. The recurrence coefficients β3n are plotted in blue, β3n+1

in green and β3n−1 in red. These show that initially the recurrence coefficients β3n follow
one curve whilst β3n+1 and β3n−1 appear to follow the same curve. Then for n sufficiently
large, all the recurrence coefficients βn follow the same curve. We remark that as τ increases
it becomes more difficult to distinguish between the β3n+1 (in green) and β3n−1 (in red) recur-
rence coefficients.
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Figure 7. Plots of the recurrence coefficients βn for the weight (7.12), in the cases when
τ = 15, τ = 20 and τ = 25. The recurrence coefficients β3n are plotted in blue, β3n+1 in
green and β3n−1 in red.

To investigate this case, we set β3n = x, β3n±1 = y and t=− 1
4τ

2 in (3.1) which gives the
system

6x
(
x2 + 4xy+ 5y2

)
− 4τx(x+ 2y)+

1
2
τ 2x= n, (7.13a)

6y
(
x2 + 5xy+ 4y2

)
− 4τy(x+ 2y)+

1
2
τ 2y= n, (7.13b)

i.e. we have replaced βn, with n divisible by 3, by x and the other βn by y. Multiplying (7.13a)
by y, (7.13b) by x and subtracting gives

(x− y)
(
6xy2 − n

)
= 0. (7.14)

Also subtracting (7.13a) from (7.13b) gives

(x− y)(2x+ 4y− τ)(6x+ 12y− τ) = 0. (7.15)

If x= y= β then we obtain the cubic

60β3 − 12τβ2 +
1
2
τ 2β− n= 0, (7.16)

which is (7.1) with κ= 1
4 . If x 6= y, then solving (7.15) for x and substituting into (7.14) gives

the two cubics

12y3 − 3τy2 + n= 0, (7.17a)

12y3 − τy2 + n= 0. (7.17b)

Similarly, when x 6= y, solving (7.15) for x and substituting into (7.14) gives the two cubics

12x3 − 12τx2 + 3τ 2x− 8n= 0, (7.18a)

12x3 − 4τx2 +
1
3
τ 2x− 8n= 0. (7.18b)

The cubics (7.16), (7.17a) and (7.18a) meet at the point (τ 3/36, τ/6), as well as the origin,
whereas the cubics (7.16), (7.17b) and (7.18b) meet at the point (τ 3/972, τ/18), as well as the
origin. From equation (7.2) with κ= 1

4 , the cubic (7.16) has a positive gradient at (τ
3/36, τ/6)

whilst it has a negative gradient at (τ 3/972, τ/18), so (7.17a) and (7.18a) are the relevant
cubics. This is illustrated in figure 8(i).

The real solutions of the cubics (7.16), (7.17a) and (7.18a) are plotted in figure 8(ii). Plots
of the recurrence coefficients βn for the weight (7.12), in the cases when τ = 20, τ = 25 and
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Figure 8. (i), Plots of the real solutions of the cubics (a) (7.17a), (b) (7.18a), (c) (7.17b),
(d) (7.18b), in red, blue, purple and green, respectively, together with the cubic (7.16)
in black. (ii), Plots of the real solutions of the cubics (7.16), (7.17a) and (7.18a), in
black, red and blue, respectively. The solid lines are the sections of the cubics which the
recurrence coefficients approximately follow and the dashed lines other sections of the
cubics in the positive quadrant.

Figure 9. Plots of the recurrence coefficients βn for the weight (7.12), in the cases when
τ = 20, τ = 25 and τ = 30, together with the real solutions of the cubics (7.16), (7.17a)
and (7.18a), which are plotted in black, red and blue, respectively. The recurrence coef-
ficients β3n are plotted in blue, β3n+1 in green and β3n−1 in red

Figure 10. Plots of the recurrence coefficients βn for the weight (7.12), in the cases
when τ = 20, τ = 25 and τ = 30, together with the real solutions of the cubics (7.16),
(7.17a) and (7.18a), which are plotted in black, red and blue, respectively, showing in
detail the region where the recurrence coefficients start following (7.16). The recurrence
coefficients β3n are plotted in blue, β3n+1 in green and β3n−1 in red.

τ = 30, together with the real solutions of the cubics (7.16), (7.17) and (7.18), are given in
figures 9 and 10. In these plots, it seems that the coefficients βn lie on the curve (7.18) when
n≡ 0 mod 3 and βn lie on the curve (7.17) when n 6≡ 0 mod 3. The differences between those
values are illustrated in figure 11.
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Figure 11. Plots of the β3n+1 − y(3n+ 1) in green and β3n−1 − y(3n− 1) in red, with
y(n) the real solution of (7.17), in the cases when τ = 20, τ = 25 and τ = 30.

Figure 12. Plots of βn for τ = 25, in the cases when 0.245⩽ κ⩽ 0.255. The recurrence
coefficients β3n are plotted in blue, β3n+1 in green and β3n−1 in red. As |κ− 1

4 | increases
the number of oscillations increases.

In figure 12 plots of βn for τ = 25, in the cases when 0.245⩽ κ⩽ 0.255. The recurrence
coefficients β3n are plotted in blue, β3n+1 in green and β3n−1 in red. As |κ− 1

4 | increases we
see that the number of oscillations increases. We note that in these plots, when κ is close to 1

4 ,
then β3n+1 and β3n−1 essentially are interchanged as κ passes through 1

4 .

7.4. Case (iv): τ > 0 and κ=0

In this case the weight is sextic-quartic Freud weight

ω (x;τ,0) = exp
(
−x6 + τx4

)
, (7.19)

with τ a parameter for whichwe obtained a closed form expressions for themoments in lemmas
6.3 and 6.9.

When κ= 0 the cubic (7.1) becomes

60β3 − 12τβ2 − n= 0.

This is case (ii) with κ= 0, i.e. t= 0, discussed above. Setting κ= 0 in (7.8), gives

6u
(
u2 + 6uv+ 3v2

)
− 4τu(u+ 2v) = n, (7.20a)
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Figure 13. Plots of the recurrence coefficients βn for the sextic-quartic Freud
weight (7.19) in the cases when τ = 20, τ = 25 and τ = 30.

Figure 14. Plots of the recurrence coefficients βn for the sextic-quartic Freud
weight (7.19) in the cases when τ = 20, τ = 25 and τ = 30 showing that there is a five-
fold structure in the ‘transition region’.

6v
(
3u2 + 6uv+ v2

)
− 4τv(2u+ v) = n. (7.20b)

Letting u= ξ− η and v= ξ+ η, with η ⩾ 0, in (7.20) gives

144ξ3 − 72τξ2 + 8τ 2ξ + 3n= 0, η2 = 3ξ2 − 2
3
τξ.

This is illustrated in figure 13 in the cases when τ = 20, τ = 25 and τ = 30. In figure 14 the
‘transition region’ is plotted in more detail showing a five-fold structure which becomes more
prominent as τ increases.

7.5. Case (v): τ > 0 and κ< 0

In this case U(x) has two real roots, two purely imaginary roots and a double root at x= 0.
This case splits into two subcases: (a), when − 2

3 < κ < 0; and (b), when κ⩽− 2
3 . This is due

to when system (7.8) has multivalued solutions as illustrated in figure 15 where solutions of
the system (7.8) for τ = 10 in the cases when κ=− 1

6 , κ=− 2
3 and κ=−1, are plotted.

(a) If− 2
3 < κ < 0, then as in section 7.2, β2n and β2n+1 follow the system (7.8) until there is a

‘transition region’, which decreases in size as κ decreases, then both follow the cubic (7.1).
(b) If κ⩽− 2

3 , then there is no ‘transition region’, with β2n and β2n+1 following the sys-
tem (7.8) until they switch to follow the cubic (7.1).

This is illustrated in figure 16 where plots of the recurrence coefficients for τ = 15 and
various κ< 0 are given. We remark that in the cases when κ=− 2

3 and κ=−1 there is no
‘transition region’.
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Figure 15. Plots of solutions of the system (7.8) for τ = 10 in the casesκ=− 1
6 ,κ=− 2

3
and κ=−1, with u(n) plotted in blue and v(n) in red. The dashed line is the real solution
of the cubic (7.1).

Figure 16. Plots of the recurrence coefficients for τ = 15 and various κ< 0. Note that
for κ=− 2

3 and κ=−1 there is no ‘transition region’.

7.6. Case (vi): τ =0 and t ̸= 0

In this case the weight is quadratic-sextic Freud weight

ω (x;0, t) = exp
(
−x6 + tx2

)
, (7.21)

with t a parameter, which is a special case of the generalised sextic Freud weight discussed
in [36]. For the weight (7.21) we derived a closed form expression for the first moment in
lemma 5.2.

When τ = 0, the cubic (3.6) becomes

60β3 − 2tβ− n= 0. (7.22)

There are two scenarios for the recurrence coefficients, (a), t> 0 and (b), t< 0.

(a) When t> 0, we set β2n = u, β2n+1 = v and τ = 0 in (3.1), giving the system

6u
(
u2 + 6uv+ 3v2

)
− 2tu= n, (7.23a)

6v
(
3u2 + 6uv+ v2

)
− 2tv= n. (7.23b)

47



Nonlinearity 38 (2025) 125011 P A Clarkson et al

Figure 17. Plots of the recurrence coefficients βn for the quadratic-sextic Freud
weight (7.21), in the cases when t= 100, t= 150 and t= 200, together with the
curves (7.23) and the cubic (7.22). The recurrence coefficients β2n are plotted in blue
and β2n+1 in red.

Then letting u= ξ− η and v= ξ+ η, with η ⩾ 0, gives

48ξ3 − 4tξ + n= 0, η2 = 3ξ2 − 1
6
t.

The three functions β(n), u(n) and v(n) meet at the point
(
1
9 (2t)

3/2, 16 (2t)
1/2
)
. In figure 17

the even recurrence coefficients β2n are plotted in blue and the odd recurrence coefficients
β2n+1 are plotted in red, together with the real solutions of (7.23) and the real solution of the
cubic (7.22), when t= 30, t= 40 and t= 50. These show that initially β2n follow a curve
approximated by u(n), β2n+1 follow a curve approximated by v(n) and for n sufficiently
large, all recurrence coefficients βn follow a curve approximated by β(n).

(b) When t< 0, then the recurrence coefficients βn increase monotonically and closely follow
the real solution of the cubic (7.22).

7.7. Case (vii): τ < 0

This case is similar to the previous case when τ = 0, except there are no closed form expres-
sions for the moments. There are two scenarios for the recurrence coefficients, (a), κ< 0 (i.e.
t> 0) and (b), κ> 0 (i.e. t< 0).

(a) When κ< 0, β2n and β2n+1 follow the system (7.8) until they switch to follow the
cubic (7.1). This is illustrated in figure 18.

(b) When κ⩾ 0, then the recurrence coefficients βn increase monotonically and closely follow
the real solution of the cubic (7.1).

7.8. Case (viii): τ =0 and t=0

In this case the weight is ω(x;0,0) = exp(−x6), so the moments are given by

µ2k =

ˆ ∞

−∞
x2k exp

(
−x6

)
dx=

1
3
Γ

(
1
3
k+

1
6

)
, µ2k+1 = 0,

and hence the recurrence coefficients βn are expressible in terms of Gamma functions.

7.9. Large values of τ

In this subsection we illustrate the effect of increasing the value of τ , keeping κ fixed. The
numerical computations suggest that the regions of quasi-periodicity are more prominent as τ

48



Nonlinearity 38 (2025) 125011 P A Clarkson et al

Figure 18. Plots of the recurrence coefficients βn for τ =−10 in the cases when
κ=−1, κ=− 3

2 and κ=−2, together with the curves (7.8) and the cubic (7.1). The
recurrence coefficients β2n are plotted in blue and β2n+1 in red and β(n) the dashed
black line.

increases. In figure 19 βn is plotted for τ = 40, 45, 50, in the cases when κ= 0.275, κ= 0.3,
κ= 0.335 and κ= 0.365. In figure 20 βn is plotted for τ = 30, 35, 40, in the cases when κ= 1

5 ,
κ= 1

6 and κ= 1
8 . In figure 21 βn is plotted for τ = 40, 45, 50, in the cases when κ= 0.249 and

κ= 0.251. The recurrence coefficients β3n are plotted in blue, β3n+1 in green and β3n−1 in red.
As τ increases we see that the number of oscillations increases and also that β3n+1 and β3n−1

interchange between the two cases.

7.10. Comparison between numerical calculations and closed formulae

As we have seen, the recurrence coefficients βn(τ ;κ) can be expressed as Hankel determinants
of the moments using the expressions in corollary 2.3. In section 6 we derived closed formula
expressions for the moments in the cases when κ= 1

4 , κ= 1
3 and κ= 0 via special functions,

though closed formula expressions for other values of the parameters (κ,τ) are not known at
present. The computation of such Hankel determinants is a highly challenging computational
problem, even for matrices of relatively modest dimension. Such difficulty is more compoun-
ded when the moments, which are the determinant entries, are special functions. We remark
that for the quartic Freud weight (1.6), where the recurrence coefficients are expressed in terms
of parabolic cylinder functions [34, 37], Iserles and Webb [71] comment that ‘these explicit
coefficients, unfortunately, cannot be computed easily and rapidly’. In the cases when κ= 1

4 ,
κ= 1

3 and κ= 0, the numerical evaluation of the initial conditions (7.7) agrees exactly with
the explicit expressions, to the accuracy used. However there is a significant difference in the
time taken to compute β1 and β2 as illustrated in table 1, in the case when κ= 1

3 , for τ = 30,
τ = 40 and τ = 50.

7.11. Sensitivity to initial data: computational implications

We said earlier that the problem was highly sensitive to the initial conditions. A small per-
turbation of the initial conditions leads to a completely different behaviour, as illustrated in
figure 22(b) where β1 is perturbed by 10−10 with the other initial conditions as in (7.7) and
the same number of digits as in 22(a). Also if the number of the digits used is not sufficient
then there is breakdown and some βn are negative, for n sufficiently large, as illustrated in
figure 22(c).

In fact, we believe that any choice for the initial conditions other than (7.7) will lead to a
sequence

{
βn(κ,τ)

}
n⩾0

with negative terms. More formally, we conjecture the following:
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Figure 19. Plots of βn for τ = 40, 45, 50, in the cases when κ= 0.275, κ= 0.3,
κ= 0.335 and κ= 0.365.

Conjecture 7.1. For all κ,τ ∈ R, there is a unique positive solution of the dP(2)I equation (3.1)
for which β0(κ,τ) = 0 and βn(κ,τ)> 0 for all n⩾ 1, corresponding to the initial values (7.7).

Remark 7.2. It is well-known that the dPI equation

βn (βn+1 +βn+βn−1 +K) = n,

with K a constant and β0 = 0 has a unique positive solution [19, 84, 98, 99].

8. Two-dimensional plots

In this section we analyse the evolution of the βn compared to βn−1 as n increases. The discus-
sion in the previous section indicates how the plots in the (βn,βn−1)-plane will behave when
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Figure 20. Plots of βn for τ = 30, 35, 40, in the cases when κ= 1
5 , κ= 1

6 and κ= 1
8 .

Figure 21. Plots of βn for τ = 40, 45, 50, in the cases when κ= 0.249 and κ= 0.251.
The recurrence coefficients β3n are plotted in blue, β3n+1 in green and β3n−1 in red. As τ
increases we see that the number of oscillations increases and also that β3n+1 and β3n−1

interchange between the two cases.

n is small or n is large. However, it is not so clear what the relationship between βn and βn−1

is in the transition region. In fact, the plots of (βn,βn−1) give further and different insight into
the behaviour of the recurrence coefficient βn as n increases.
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Table 1. A comparison of the time taken (in seconds) to compute β1 and β2 using the
closed form expressions and numerically in the case when κ= 1

3 , for τ = 30, τ = 40
and τ = 50.

τ Exact Numerical

30 1.75 34.92
40 4.97 276.98
50 235.65 805.43

Figure 22. Recurrence coefficients for the sextic Freud weight with τ = 40 and κ= 1
3 .

In (b), the value of β1 has been perturbed by 10−10 and in (c), a smaller number of digits
is used.

In figure 23 we plot (βn,βn−1) for τ = 40 and various κ with 1
4 < κ < 2

5 . In particular we
note that the ‘quasi-periodicity’ for large n varies for different κ. For example, when κ= 0.265
it is three-fold, when κ= 0.315 it is ten-fold, when κ= 0.335 it is seven-fold and when 0.365 it
is four-fold. One can compare with the plots in figure 19 and observe this claim as n increases.

In figure 24, we plot (βn,βn−1) for τ = 40, τ = 50 and τ = 60 with κ= 1
3 , illustrating what

happens as τ increases. The ‘quasi-periodic’ region, which is seven-fold, in the centre becomes
more prominent.

Subtracting the equations in the system (7.8), and assuming u 6= v, yields

3
(
u2 + 4uv+ v2

)
− 2τ (u+ v)+κτ 2 = 0. (8.1)

In figure 25, we plot (βn,βn−1) for τ = 30 and 0⩽ κ⩽ 0.1, and the curve (8.1). In figure 26
plots of (βn,βn−1) for τ = 40 and 0.15⩽ κ⩽ 0.24 are given. As κ increases the portion of the
‘triangular region’ is increasingly filled.

In figure 27 plots of (βn,βn−1) for τ = 40 and 0.245⩽ κ⩽ 0.255 are given, with
(β3n,β3n−1) are plotted in blue, (β3n+1,β3n) in red and (β3n+2,β3n+1) in green. We note that,
as in figure 12, when κ is close to 1

4 , then β3n+1 and β3n−1 essentially are interchanged as κ
passes through 1

4 . When κ= 1
4 the plot of (βn,βn−1) just gives three lines, which seem to be

straight and meet at a point. This is entirely expected and follows directly from the discussion
in section 7.3.

9. Volterra lattice hierarchy

The Volterra lattice hierarchy is given by

∂ βn
∂t2k

= βn

(
V(2k)
n+1 −V(2k)

n−1

)
, k= 1,2, . . . , (9.1)
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Figure 23. Plots of (βn,βn−1) for τ = 40 and 1
4 < κ < 2

5 .

where V(2k)
n is a combination of various βn evaluated at different points on the lattice, see, for

example, [4, 5] and the references therein.
The first three flows V(2k)

n are given by

V(2)
n = βn, (9.2a)

V(4)
n = V(2)

n

(
V(2)
n+1 +V(2)

n +V(2)
n−1

)
= βn (βn+1 +βn+βn−1) , (9.2b)

V(6)
n = V(2)

n

(
V(4)
n+1 +V(4)

n +V(4)
n−1 +V(2)

n+1V
(2)
n−1

)
= βn

(
βn+2βn+1 +β2

n+1 + 2βn+1βn+β2
n + 2βnβn−1 +β2

n−1 +βn−1βn−2 +βn+1βn−1
)
.

(9.2c)
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Figure 24. Plots of (βn,βn−1) for τ = 40, 50, 60 and κ= 1
3 .

Figure 25. Plots of (βn,βn−1) for τ = 30 and 0⩽ κ⩽ 0.1 together with the curve (8.1),
which is the red line.

Higher order flows V(2k)
n , with k⩾ 4 can be obtained recursively based on the orthogonality

of a polynomial sequence with respect to higher order Freud weights, as described in [37,
section 4(a)]. For the sake of illustration the next two flows are:

V(8)
n = V(2)

n

(
V(6)
n+1 +V(6)

n +V(6)
n−1

)
+V(4)

n V(2)
n+1V

(2)
n−1 +V(2)

n+1V
(2)
n V(2)

n−1

(
V(2)
n+2 +V(2)

n−2

)
,

V(10)
n = V(2)

n

(
V(8)
n+1 +V(8)

n +V(8)
n−1

)
+V(6)

n V(2)
n+1V

(2)
n−1 +V(2)

n+1V
(2)
n V(2)

n−1

(
V(4)
n+2 +V(4)

n−2

)
+V(2)

n+1V
(2)
n V(2)

n−1

{(
V(2)
n +V(2)

n−1

)
V(2)
n+2 +

(
V(2)
n+1 +V(2)

n

)
V(2)
n−2 +V(2)

n+2V
(2)
n−2

}
.
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Figure 26. Plots of (βn,βn−1) for τ = 40 and 0.15⩽ κ⩽ 0.24.

In fact, the Volterra lattice has an infinite hierarchy of commuting symmetries, as explained in
[24, section 2].

Remark 9.1. The discrete equation (3.1) satisfied by the βn can be written as

6V(6)
n − 4τV(4)

n − 2tV(2)
n = n,

and βn satisfies the differential–difference equations

∂ βn
∂t

= βn

(
V(2)
n+1 −V(2)

n−1

)
= βn (βn+1 −βn−1) ,

∂ βn
∂τ

= βn

(
V(4)
n+1 −V(4)

n−1

)
= βn [(βn+2 +βn+1 +βn)βn+1 − (βn+βn−1 +βn−2)βn−1] ,

recall (2.7) and (2.8) in lemma 2.4, which are the first two equations in the Volterra
hierarchy (9.1).

Plots of V(2)
n (τ ;κ), V(4)

n (τ ;κ) and V(6)
n (τ ;κ), given by (9.2), are in figure 28 for τ = 50 and

1
4 < κ < 2

5 and in figure 29 for τ = 40 and 0< κ < 1
4 . These show that the plots of V(2)

n (τ ;κ),

V(4)
n (τ ;κ) and V(6)

n (τ ;κ) for fixed τ and κ have a very similar structure. The main difference
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Figure 27. Plots of (βn,βn−1) for τ = 40 and 0.245⩽ κ⩽ 0.255, with (β3n,b3n−1) are
plotted in blue, (β3n+1,b3n) in red and (β3n+2,β3n+1) in green.

is the asymptotics as n→∞ since from lemma 3.6, with t=−τ 2κ, we have following formal
series expansions

V(2)
n (τ ;κ) = βn =

n1/3

γ
+

τ

15
+

(2− 5κ)τ 2 γ
450n1/3

+
2(4− 15κ)τ 3

675γ n2/3
+O

(
n−4/3

)
, as n→∞,

with γ = 3
√
60, and so

V(4)
n (τ ;κ)≈ 3β2

n =
γ n2/3

20
+

2τn1/3

5γ
+

(3− 5τ)τ 2

75
+

2(1− 3κ)γτ 3

675n1/3
+O

(
n−2/3

)
,

V(6)
n (τ ;κ)≈ 10β3

n =
n
6
+

τγ n2/3

30
+

(4− 5κ)τ 2n1/3

15γ
+

(2− 5κ)τ 3

75
+O

(
n−1/3

)
,

as n→∞.

10. Discussion

In this paper we have discussed the behaviour of the recurrence coefficient βn in the three-term
recurrence relation for the symmetric sextic Freud weight

ω (x;τ,κ) = exp
{
−
(
x6 − τx4 +κτ 2x2

)}
, (10.1)

supported on the real line, where τ and κ are real parameters. In three cases, when τ > 0 and
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Figure 28. Plots of V(2)
n (black), V(4)

n (blue) and V(6)
n (red) for τ = 50, with κ= 0.275,

κ= 0.3, κ= 0.325, κ= 0.35 and κ= 0.375.

either κ= 0, κ= 1
4 or κ= 1

3 , we have obtained explicit expressions for the associatedmoments
in terms generalised hypergeometric functions.

The numerical computations show that there are three particular regions in the (τ ;κ)-plane
of interest:

57



Nonlinearity 38 (2025) 125011 P A Clarkson et al

Figure 29. Plots of V(2)
n (black), V(4)

n (blue) and V(6)
n (red) for τ = 40, with κ= 0.225,

κ= 0.2 κ= 0.175, κ= 0.15 and κ= 0.125.

(i) if τ > 0 and 1
4 < κ < 2

5 then the recurrence coefficient βn approximately follows the cubic
curve

60β3 − 12τβ2 + 2κτ 2β− n= 0, (10.2)

both initially and for n large;
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(ii) if τ > 0 and − 2
3 < κ < 1

4 then the recurrence coefficients β2n and β2n+1 initially approx-
imately follow the curves

6u
(
u2 + 6uv+ 3v2

)
− 4τu(u+ 2v)+ 2κτ 2u= n,

6v
(
3u2 + 6uv+ v2

)
− 4τv(2u+ v)+ 2κτ 2v= n,

with u= β2n and v= β2n+1, and then follow the cubic (10.2) for n large;
(iii) if τ > 0 and κ≈ 1

4 then the recurrence coefficients β3n and β3n±1 approximately follow
three curves initially and then follow the cubic curve (10.2) for n large. When τ > 0 and
κ= 1

4 then the recurrence coefficients β3n±1 approximately follow the same curve.

In cases (i) and (ii) there is a ‘transition region’, which Jurkiewicz [75] and Sénéchal [107]
described as ‘chaotic’, though as discussed above, was subsequently shown not to be the case
see [17, 20, 54, 55]. Our results support this point of view. The structure and size of the ‘trans-
ition region’, such as the value of n when transition commences (an issue raised by Sénéchal
[107]), appears to depend on both τ and κ and it remains an open question to analytically
describe this.

In case (iii), in the neighbourhood of κ= 1
4 , which is between the other cases, there is a

‘three-fold’ structure. The nature of this mutation between the scenarios (i) and (ii) is currently
under investigation, and we do not pursue this further here.

Elsewhere the recurrence coefficient βn either follows a curve, which is monotonically
increasing, or β2n and β2n+1 initially follow two curves which meet and then they follow the
same curve, for example as shown in figures 17 and 18.

In a recent paper, Clarkson et al [33] studied the ternary dPI equation [62, 111]

vn (vn+1 + vn−1 + 1) = (n+ 1)ε, ε > 0, (10.3)

with v−1 = 0, which arises in quantum minimal surfaces [2, 70] and found solutions in terms
of the modified Bessel functions I±1/6(z) and I±5/6(z), i.e. the same modified Bessel functions
that arise in the description of the moments of (6.1) when κ= 1

4 . The ternary dPI (10.3) also
arises in connection with orthogonal polynomials in the complex plane with respect to the
weight

w(z; t) = exp

{
−t|z|2 + 1

3
i
(
z3 + z3

)}
,

with t> 0 and z= x+ iy ∈ C [56], with the same unique solution as in [33]. Further Teodorescu
et al [110] show that (10.3) arises in the theory of random normal matrices [114], which motiv-
ated the study in [56]. It is an interesting open question as to whether there is any relationship
between these problems, though again we do not pursue this further here.

As remarked in section 1, the symmetric sextic Freud weight (10.1) is equivalent to the
weight

w(x) = exp
{
−N
(
g6x

6 + g4x
4 + g2x

2
)}

, (10.4)

with parameters N, g2, g4 and g6 > 0, which has been studied numerically by several authors,
e.g. [5, 18, 45, 75, 81–83, 105, 107]. For the weight (10.4) the critical quantity is g2g6/g24
which plays the role of κ in (10.1). If 1

4 < g2g6/g24 <
2
5 , with g4 < 0, then it is equivalent to

the case discussed in section 7.1 and if 0< g2g6/g24 <
1
4 , with g4 < 0, then it is equivalent to

the case discussed in section 7.2. The effect of increasing N is equivalent to increasing τ , as
discussed in section 7.9 and illustrated in figures 19–21.
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