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Abstract: We study the statistical fluctuations (such as the variance) of causal set quan-

tities, with particular focus on the causal set action. To facilitate calculating such fluctu-

ations, we develop tools to account for correlations between causal intervals with different

cardinalities. We present a convenient decomposition of the fluctuations of the causal set

action into contributions that depend on different kinds of correlations. This decomposi-

tion can be used in causal sets approximated by any spacetime manifold M. Our work

paves the way for investigating a number of interesting discreteness effects, such as certain

aspects of the Everpresent Λ cosmological model.
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1 Introduction

Causal set theory proposes that spacetime is fundamentally discrete and the causal rela-

tions among the discrete elements play a prominent role in the physics [1, 2]. Fundamental

discreteness of spacetime is a promising idea for understanding the finiteness of black hole

entropy [3] and resolving the UV divergences of quantum field theories and spacetime

singularities. Discreteness is also known to avoid other subtleties such as quantum anoma-

lies [4–8]. A causal set is made up of elements of spacetime, presumed to be roughly a

minimum Planck distance apart, with nothing in between them. This stark difference with

continuum spacetime requires us to rethink how familiar smooth quantities can emerge.

It also offers new possibilities to probe unknown physics as well as currently unexplained

phenomena.

Progress has been made in recognizing and understanding how some continuumlike fea-

tures can emerge from causal sets at macroscopic scales, i.e., when the number of elements

is large. An important result in this direction is that a causal set is well approximated by

a continuum spacetime if there is a number-volume correspondence between the causal set

and spacetime. This occurs when the number of elements N within an arbitrary spacetime

region with spacetime volume V is statistically proportional to V [9]. Such a correspon-

dence is not guaranteed to exist for any causal set, and in fact it does not exist for a large

class of causal sets which are said to be non-manifoldlike (see e.g. [10, 11]). On the other

hand, such a correspondence is guaranteed (with minimal variance [9]) when the number of

causal set elements is randomly distributed according to the Poisson distribution. The pro-

portionality constant between the mean number 〈N〉 and volume V is the discreteness scale

ρ, namely 〈N〉 = ρV , and the standard deviation ∆N =
√
ρV according to the Poisson

distribution. The number-volume correspondence makes it possible to compare discrete

quantities with continuum quantities, and the Poisson distribution and the statistics it

induces are at the heart of this subject.

As alluded to above, the number-volume correspondence is not exact. There are statis-

tical fluctuations away from the mean. For small deviations from the mean, these fluctua-

tions can be regarded as corrections to continuum geometric quantities and their functions.

At the very least, these fluctuations are discrete but still classical corrections. There are

also, however, hints as to how such discreteness and fluctuations may relate to and af-

fect quantum phenomena. For example, fundamental discreteness of the kind inherent

in causal sets has led to new1 and UV regular formulations of quantum field theory [12–

14] and entropy [15–17] on a background causal set. This includes a class of nonlocal

d’Alembertians [18, 19]. There is evidence that the means of these d’Alembertians in causal

sets approximated by curved spacetimes agree with the usual continuum d’Alembertian plus

a term approximated by the Ricci scalar curvature and certain boundary terms. The latter

term has been used to define a causal set analogue of the Einstein-Hilbert gravitational

action [19].

In a different context and in much earlier work, a cosmological model known as Ever-

present Λ [20–24] was introduced whose crucial ingredient is the statistical deviation from

1These quantum field theories are defined with respect to spacetime rather than spatial foliations.
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the number-volume correspondence. Everpresent Λ is a model for a fluctuating cosmo-

logical constant which is a direct consequence of the standard deviation of the Poisson

distribution and a quantum uncertainty relation between Λ and the spacetime volume.

It further takes the quantum uncertainty in V to be the statistical fluctuation in V due

to discreteness, thereby implicitly linking the Poisson distribution of the number-volume

correspondence to a quantum origin. The model correctly predicts the value of the cosmo-

logical constant today and is a candidate solution to current cosmological tensions [25–27],

making its study especially timely. In this model the value of the cosmological constant

fluctuates over cosmic history, but the precise correlation timescale and dynamics govern-

ing these fluctuations is not yet known. The dynamical nature of dark energy in models of

Everpresent Λ make it especially promising as a candidate solution to the Hubble tension

[28]. The recent DESI [29] observations also favor dynamical dark energy models.

The causal set action mentioned earlier, defined using the nonlocal and discrete d’Alem-

bertian, also has fluctuations about the mean value. A natural and interesting question is:

could there be an Everpresent Λ term in the fluctuations of the causal set action? In other

words, could the fluctuations of the causal set action be the source of Everpresent Λ? It is

also natural to expect there to be a connection between the discrete gravitational action

and the cosmological constant, in close analogy with a cosmological constant term often

appearing in the continuum gravitational action. While the scope of our work is wider

than applications to the causal set action, our focus will be the fluctuations of the action

as it paves the way for studying this question. There are several open questions regarding

Everpresent Λ2 which we would be in a better position to answer if the fluctuations of the

action could be used to model it. There are currently two phenomenological models of

Everpresent Λ (known as Model 1 and Model 2) in the literature. If the causal set action

can be used to model Everpresent Λ, it would provide a third phenomenological model that

is independent of Models 1 and 2. Moreover, there are important avenues of investigation

for building a path integral dynamics of causal sets. Knowledge of the fluctuations of the

action would facilitate a more thorough study of these dynamical models as well as their

stability characteristics. When we consider the path sum or partition function
∑
C e

iS(C),

the action that we use will ultimately not be an averaged one, and hence the higher statistics

such as the standard deviation will play a role.

The broad aim of this paper is to formalize the approach to studying and calculating

fluctuations within causal set theory. Another major aim of this paper is to provide a

comprehensive discussion on the topic of correlations within causal set theory. An example

of a correlation would be: the correlation between the probability of the past lightcone

2One such open question is how to determine the mean about which fluctuations occur. In current

models, the mean is assumed to be 0, but this choice still needs to be motivated. Another open question is

how to incorporate spatial inhomogeneities, which are needed in any realistic cosmological model in order to

explain structure formation. Current models of Everpresent Λ only incorporate temporal inhomogeneities.

Yet another important open question, which was already briefly mentioned, is what the dynamics governing

the fluctuations of Λ are and how the fluctuations at different epochs correlate with one another. At present,

slightly modified versions of the Friedmann equation(s) are used, but a better understanding of the correct

dynamics to use is needed. This is especially important in order to be able to do a complete cosmological

perturbation theory, for example to explain the cosmic microwave background data.
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of one element containing N1 elements and probability of the past lightcone of another

element containing N2 elements, when the two elements have partially overlapping pasts.

At a practical level, as we will see below, knowledge of these correlations is needed in

order to make the calculation of the fluctuations we are interested in more tractable. More

generally, however, these correlations give us a deeper understanding of the causal set itself.

The quantities we work with and whose correlations we discuss depend on causal intervals

(of different cardinalities) and such intervals are ubiquitous in causal set theory.

This paper is structured as follows. We begin with a review of causal set theory and

Poisson sprinkling in Section 2. In Section 3 we define two useful functions (the cardinality

indicator ζ and the occupation indicator χ) for accounting for correlations. In the same

section we also discuss the three different types of correlations that result from self and

cross correlations between these two functions, i.e., ζ − ζ, χ − χ, and ζ − χ correlations.

Section 4 reviews the definition and properties of the causal set action and its potential

connection to Everpresent Λ. Finally, in Section 5 we use our formalism to set up, simplify,

and calculate the fluctuations of the causal set action. We conclude in Section 6 with a

discussion of the utility of our formalism and future directions of this work. There are also

three appendices: Appendix A contains explicit expressions for some of the correlation

functions that appear in this paper, and Appendix B contains further details on products

of the χ-function. Finally, Appendix C contains examples of parametrizations of some of

the relevant integrals.

2 Causal Sets and Poisson Sprinkling

For causal sets that are well approximated by continuum spacetimes, the Poisson distribu-

tion provides a statistical dictionary between causal set quantities and their counterpart

continuum quantities. Below we review the basics of causal set theory and the Poisson

distribution and show how to use the Poisson distribution to make statistical statements.

2.1 Causal Set Theory

The causal set approach to quantum gravity postulates that spacetime is inherently dis-

crete, with the discrete elements and the causal relations between them serving as funda-

mental building blocks. Causal sets obey a set of basic principles which we now outline. A

causal set (or causet) is a set C with a partial order relation � that is

1. Reflexive: for all x ∈ C, x � x.

2. Antisymmetric: for all x, y ∈ C, x � y and y � x implies x = y.

3. Transitive: for all x, y, z ∈ C, x � y and y � z implies x � z.

4. Locally finite: for all x, z ∈ C, the cardinality of the set {y ∈ C |x � y � z} is finite.

We write x ≺ y if x � y and x 6= y. The set C corresponds to the collection of spacetime

elements, while the order relation � signifies the causal precedence relation between these

– 4 –
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elements. Conditions 1-3 are satisfied by points in continuum spacetimes as well, while

condition 4 entails the discreteness of causal sets.

Classically, the aim of the causal set approach is that, at large scales, a smooth and

continuous manifold will emerge from the underlying discrete causal set, and the Einstein

equations would be recovered as an effective description (see e.g. [19, 30, 31] and references

therein). In general, however, it is not always possible to embed a given causal set in a

manifold and it is an open question how manifoldlike causal sets would emerge dynami-

cally.3 Setting aside this question, it is known how to generate (kinematically rather than

dynamically) manifoldlike causal sets that are approximated by any given Lorentzian man-

ifold of interest. The recipe for doing so involves the Poisson distribution, and the process

of creating a causal set in this way is referred to as performing a Poisson sprinkling (or

sprinkling in short).

In the sprinkling process, one starts with a known spacetime – described by a manifold

M with Lorentzian metric gab – and according to a Poisson process randomly places points

in the given spacetime such that the number of elements in any arbitrary region with

spacetime volume V follows a Poisson distribution. We elaborate on the properties of

the Poisson distribution in the next subsection. This uniform but random distribution of

elements according to the sprinkling is in some sense the most strategic placement of a finite

number of elements within a continuum spacetime in order to sample arbitrary volumes

well. The sprinkled elements are then endowed with the causal relations according to the

causal structure of the continuum spacetime into which they were sprinkled, thus satisfying

conditions 1-4 above.

2.2 Poisson Sprinkling

Having established the importance of the Poisson distribution in generating manifoldlike

causal sets, let us take a closer look at the definition of this distribution and its consequences

for causal set sprinklings produced by it.

As mentioned above, a sprinkling generates a causal set that is well approximated by a

continuum spacetime by placing points at random in that spacetime manifold via a Poisson

process4 such that the probability to find i elements in a region R with spacetime volume

3Some progress in this direction was made in [32–34].
4One can think of the Poisson process as dividing spacetime into small subregions with volume dV and

placing at most one point in each subregion, with probability ρdV . The probability to place a point in each

subregion is independent of other subregions. Then, the probability of there being i points in a region with

volume V is Pi(V ) =

(
V/dV

i

)
(ρdV )i (1 − ρdV )V/dV−i which becomes (2.1) when dV → 0, according to

the Poisson limit theorem [35, 36].

(
V/dV

i

)
is the number of ways to pick i subregions from the total

number of subregions which is V/dV , (ρdV )i is the probability to have an element in those i subregions,

and the last factor is the probability to not have elements in the remaining V/dV − i subregions. Note that

the probability in a submanifold will also converge to the Poisson distribution due to the independence of

the point placements in this Poisson process.

– 5 –
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VR is given by the Poisson distribution [37]

Pi(VR) =
(ρVR)i

i!
e−ρVR , (2.1)

where ρ is the average (constant) density of points in the region. We will only work

with finite spacetime volumes and regions. This distribution is the defining property of a

causal set sprinkling. Much of what we discuss subsequently is either a direct or indirect

consequence of (2.1) being the probability distribution of the number of causal set elements

in VR. Let us review some of these consequences below.

For any region R ⊆M, we can define a number operator

NumR(C) ≡ Number of elements of C in the region R. (2.2)

As a result of and by the definition of the Poisson distribution (2.1), the mean and standard

deviation of NumR are

〈NumR〉 =
∞∑
i=0

i Pi(VR) = ρ VR, (2.3)

and

∆NumR =
√〈

Num2
R
〉
− 〈NumR〉2 =

√√√√ ∞∑
i=0

i2 Pi(VR)−

( ∞∑
i=0

i Pi(VR)

)2

=
√
ρ VR, (2.4)

respectively. Hence, the statistics of NumR are straightforward to determine through the

Poisson distribution which it follows according to (2.1). But what about the statistics of

other causal set quantities (in sprinklings) other than NumR? Such quantities will not

necessarily be distributed according to the Poisson distribution, but their statistics will

nevertheless be a consequence of NumR following a Poisson distribution. To understand

the distributions of more general quantities, it is helpful to reformulate the statistics in

terms of an ensemble Sp[M] of causal sets produced by repeated Poisson sprinklings (with

the same density) of a spacetime manifold M,

Sp[M] = {C1, C2, . . . }. (2.5)

For simplicity, we assume that the ensemble is very large but finite, such that we capture

the properties of the Poisson distribution to a good approximation.5 Given a function

f : Sp[M] −→ R, its average over the ensemble of Poisson sprinklings is6

〈f〉 ≡ 1

|Sp[M]|
∑

C∈Sp[M]

f(C). (2.6)

5Note that the ensemble of sprinklings is infinitely large if the Poisson distribution, and some of the

properties we will discuss, are to hold exactly.
6For an infinite ensemble, the definition would be

〈f〉 ≡ lim
n→∞

1

n

∑
C∈Sp(n)[M]

f(C),

where Sp(n)[M] ≡ {C1, · · · Cn} is a truncation of the sprinklings to the first n causal sets (according to some

ordering).

– 6 –
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For example, if f(C) = NumR(C) in (2.6), we would recover (2.3). More generally, however,

since the probability distributions of generic quantities in sprinklings are not known or do

not have closed form expressions, (2.6) describes their statistics.

A useful function which we will use throughout this paper is the Kronecker delta

function δNumR(C),i which evaluates to 1 if there are i elements of the causal set C in the

spacetime region R with spacetime volume VR, and evaluates to 0 otherwise. Then the

probability of having i elements in the region with volume VR is given by the average of

δNumR,i over the ensemble (2.5)

〈δNumR,i〉 =
1

|Sp[M]|
∑

C∈Sp[M]

δNumR(C),i = Pi (VR) , (2.7)

i.e. the Poisson distribution (2.1). Note that from the definitions above, the following

operator identities hold
∞∑
i=0

δNumR(C),i = 1, (2.8)

and

NumR(C) =

∞∑
i=0

i δNumR(C),i . (2.9)

The first one implies that Pi(VR) is normalized, while the second one implies the rela-

tion (2.3).

3 Correlations Between Quantities in Different Regions

A calculation we will often encounter is to determine the expectation of finding N1 elements

in region R1 and N2 elements in region R2. If R1 and R2 are overlapping regions, and

we will often find that they are, the expectation for there being N1 elements in region R1

depends on the likelihood of there being N2 elements in region R2. As a consequence, to

correctly compute the joint expectation, we must take into account the correlation between

these two abundances. In the next two subsections we will introduce some notation and

machinery that will help us perform computations of such correlation functions. In the

third subsection we will apply this machinery to calculate correlations.

3.1 The ζ-function (Cardinality Indicator)

In the computation of the fluctuations of the causal set action (see Section 5), we will

often need an indicator for whether a causal set sprinkling C in a particular region R has

i elements. In this section we will introduce the Cardinality Indicator function, ζ, for this

purpose. We also explore some of its formal properties, as these will play an important

role in our calculations.

The Cardinality Indicator function ζi (i ≥ 0) for a causal set C and region R is defined

as7

ζCi (R) ≡ δNumR(C),i. (3.1)

7Note that this is merely the delta function we had introduced earlier in (2.7), but given a new name.

– 7 –
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It is useful to introduce a special variant when the region is a causal diamond8 R = I(x, y)

ζCi (x, y) ≡ Θx,y ζ
C
i (I(x, y)), (3.2)

where9

Θx,y ≡

{
1 if I(x, y) 6= ∅,
0 otherwise.

. (3.3)

In other words, (3.2) tells us if there are i elements in I(x, y) only if the interval I actually

exists. Note that in our convention, x, y 6∈ I(x, y). If x and y are elements in C we can also

write

ζCi (x, y) =

{
1 if y ∈ ♦i+1(x),

0 otherwise.
, (3.4)

where ♦i(x) is the set of elements y that causally precede x (y ≺ x) and have i−1 elements

in the causal diamond between x and y (excluding x and y themselves). Therefore, ♦1(x)

would be a nearest neighbour element. For later convenience we will define ♦0(x) ≡ {x},
however note that x 6∈ ♦i(x) for i > 0.

With this function we can conveniently define domains such as∑
y∈♦i+1(x)

f(y) =
∑

y∈J−(x)

f(y) ζCi (x, y), (3.5)

for i ≥ 0. This is useful as it is one of the ingredients needed to express sums over causal

sets in terms of integrals over manifolds.

3.1.1 General Properties of ζ

If a non-empty region R is split into n disjoint (possibly empty) subregions10

R =

n⊔
a=1

Ra, (3.6)

then we have the Disjoint Decomposition Property

ζCi

( n⊔
a=1

Ra
)

=
∑
αa≥0

α1+···+αn=i

n∏
a=1

ζCαa(Ra), (3.7)

where the right hand side sums over all possible ways of distributing i elements in the n

subregions of R. Either one of the terms in the sum is 1 and the rest are 0, or all are 0, i.e.

8Here we define a causal diamond as I(x, y) = J−(x)∩J+(y), where J+(x) = {z|x ≺ z} and J−(x) =

{z|z ≺ x}. Note that x ≺ y also implies x 6= y and therefore x 6∈ J±(x). By abuse of notation, we will

often use these regions to either mean submanifolds of M or subsets of its sprinkling C.
9Note that in the definition of Θx,y, I(x, y) is a submanifold of spacetime, i.e. not a subset of the causal

set.
10Any shared boundary between subregions would be considered as part of only one of the subregions.
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R1 R2

R̃a R̃b R̃c

Figure 1. Two non-empty regions R1 and R2 with non-empty overlap R̃b = R1 ∩R2. The union

R1 ∪R2 can be decomposed into non-overlapping subregions R̃b, R̃a = R1\R̃b and R̃c = R2\R̃b.

there is at most one non-zero contribution to the sum (3.7) for a given causal set C. For

example, for two subregions R = R1 tR2 we have

ζCi (R1 tR2) =
i∑

α=0

ζCα(R1)ζCi−α(R2),

=

i∑
α=0

δNumR1
(C),α δNumR2

(C),i−α.

(3.8)

Now, we want to address the following problem. Imagine n regions R1, . . .Rn, which are

potentially overlapping. We would like to decompose a product of ζ-functions of the form

ζCi1(R1) · · · ζCin(Rn), (3.9)

into sums of

ζCα
(
R̃a
)
ζCβ
(
R̃b
)
ζCγ
(
R̃c
)
· · · , (3.10)

where the potentially overlapping regions have been decomposed into disjoint regions R̃

R1 ∪ · · · ∪ Rn = R̃a t R̃b t R̃c · · · . (3.11)

In order to see how this is done, consider two non-empty regions R1 and R2 with overlap

R̃b = R1 ∩R2. The union can be decomposed into disjoint regions as (see Figure 1)

R1 ∪R2 = R̃a t R̃b t R̃c, (3.12)

where R̃a = R1\R̃b and R̃c = R2\R̃b. Note that some of these regions can be empty11.

The first step is to use the Disjoint Decomposition Property (3.7) for R1 = R̃a t R̃b and

R2 = R̃c t R̃b:

ζCi (R1) =
i∑

α=0

δNumR̃a (C),α δNumR̃b
(C),i−α, (3.13)

ζCj (R2) =

j∑
γ=0

δNumR̃c (C),γ δNumR̃b
(C),j−γ . (3.14)

11For example when there is no overlap between regions R1 and R2.
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Multiplying these two expressions gives us the constraint i − α = j − γ ≡ β, and we can

thus write

ζCi (R1)ζCj (R2) =
∑

α,β,γ≥0
α+β=i
β+γ=j

δNumR̃a (C),α δNumR̃b
(C),β δNumR̃c (C),γ

=
∑

α,β,γ≥0
α+β=i
β+γ=j

ζCα
(
R̃a
)
ζCβ
(
R̃b
)
ζCγ
(
R̃c
)
.

(3.15)

This is the decomposition we sought. For many overlapping regions, similar decompositions

can be derived using the property (3.15).

3.2 The χ-function (Occupation Indicator)

It turns out that besides the ζ-function, we also need the Occupation Indicator function,

χ, which indicates whether a region R contains (is occupied by) elements in the sprinkling

C. As we will see below (e.g. (3.21)), this function is useful as it allows us to translate

between a continuum manifold and a corresponding sprinkling of it.

The χ-function is defined as

χC(R) ≡
∞∑
i=1

ζCi (R) =

{
1 if NumR(C) > 0,

0 otherwise.
(3.16)

We are primarily interested in the case where the regions are infinitesimal, δR, and we

would like to find an explicit expression for χC(δR).

Consider an arbitrary point x ∈M, not necessarily in C, in the interior of a small region

∆Rx with volume ad. The lima→0 χ
C(∆Rx) leads to an integration measure χC(δRx) which

we can find from

χC(δRx) ≡ lim
a→0

χC(∆Rx) = lim
a→0

∞∑
i=1

δNum∆Rx (C),i

∆Vx
∆Vx

= lim
a→0

δNum∆Rx (C),1

∆Vx
∆Vx,

(3.17)

where in the second line we have used the fact that in the limit ∆Rx → δRx, there can be

at most one element in each cell. The factor δNum∆Rx (C),1 is a delta function that checks

whether x is in the causal set C. This can be expressed using Dirac delta functions as

χC(δRx) = lim
a→0

χC(∆Rx) =
∑
z∈C

δ(d)(z − x)dVx. (3.18)

By explicit integration, we can readily see that12∫
R
χC(δRx) = NumR(C). (3.20)

12Alternatively, this expression can also be derived in a different way. Consider a discretization of a

region R ⊆M, which we will call Λa(R), where a is the lattice spacing. Each cell around the lattice point

x ∈ Λa(R) (Wigner-Seitz cell [38]) is denoted ∆Rx, with volume ∆Vx = ad in a d-dimensional cubic lattice.

– 10 –
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Essentially, χC(δRx) acts as a microscope that locally detects whether a point x is contained

in the sprinkling C. This integration measure will be useful for expressing sums of a given

Poisson sprinkling of a manifold R ⊆M as an integral∫
R
f(x)χC(δRx) =

∑
z∈C

f(z). (3.21)

By taking the average of (3.20) over many sprinklings and using (2.3) we get〈∫
R
χC(δRx)

〉
= 〈NumR(C)〉 = ρVR, (3.22)

where VR is the spacetime volume of R. In particular, for infinitesimal regions R = δRx
we have 〈

χC(δRx)
〉

= ρ dVx, (3.23)

where dVx is the spacetime volume of δRx. For simplicity, in the rest of the paper we will

often use the notation

χC(dVx) ≡ χC(δRx). (3.24)

3.3 Correlation Functions

We are generally interested in computing correlation functions of the form13

〈ζi1(x1, y1) · · · ζin(xn, yn)χ (dVx1)χ (dVy1) · · ·χ (dVxn)χ (dVyn)〉 . (3.25)

If all of these functions are uncorrelated, (3.25) will split into

〈ζi1(x1, y1)〉 · · · 〈ζin(xn, yn)〉 〈χ (dVx1)〉 〈χ (dVy1)〉 · · · 〈χ (dVxn)〉 〈χ (dVyn)〉 , (3.26)

which can simply be evaluated using

〈ζi(xj , yj)〉 = Pi(Vj), and 〈χ(dVx)〉 = ρdVx, (3.27)

which were given in (2.7) and (3.23). Here Vj is the volume of the causal interval I(xj , yj)

and Pi(V ) is (2.1).

However, as pointed out in [39], a splitting like (3.26) is not always possible as the

functions can be correlated. Below we discuss various types of correlations and outline a

strategy to compute these correlation functions.

It is clear that the following relation must hold

lim
a→0

∑
x∈Λa(R)

χC(∆Rx) = NumR(C), (3.19)

since in the infinitesimal limit ∆Rx → δRx, there can be at most one element in each cell.
13From here onwards we omit the superscript C for notational simplicity.
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ζ-ζ correlations. Consider the correlation function 〈ζi1 · · · ζin〉, which gives the proba-

bility of having i1 elements in R1, i2 elements in R2 and so on. If we work with non-empty

causal diamonds R1 = I(x1, y1), . . . ,Rn = I(xn, yn), such that none of them overlap, i.e.

pairwise Ri ∩ Rj = ∅, then these probabilities are independent.14 In other words, the ζ

functions are uncorrelated and split in the following manner

〈ζi1(x1, y1) · · · ζin(xn, yn)〉 = 〈ζi1(x1, y1)〉 · · · 〈ζin(xn, yn)〉 . (3.28)

However, if the regions overlap then there will be correlations. By using the decomposition

properties discussed in Section 3.1.1, we can decompose any product of ζ-functions into

expressions depending only on non-overlapping regions, such as in (3.15). The correlation

function can then be computed by applying (3.28), termwise.

χ-χ correlations. Next consider the correlation function 〈χ(dVx1) · · ·χ(dVxn)〉. Once

again, if all the regions are non-overlapping, then all the χ’s are uncorrelated and we have

〈χ(dVx1) · · ·χ(dVxn)〉 = 〈χ(dVx1)〉 · · · 〈χ(dVxn)〉 . (3.29)

This is because sprinklings in neighbourhoods of different points are independent. However,

if two points coincide, there are correlations. This can be simply evaluated by noting that

χn = χ, since it only takes the values 0 or 1. In other words

〈χ(dVx)n〉 = 〈χ(dVx)〉 6= 〈χ(dVx)〉n . (3.30)

ζ-χ correlations. Finally, let us consider correlations between ζ and χ. Here we have

that

〈ζi(x, y)χ(dVz)〉 =

{
〈ζi(x, y)〉 〈χ(dVz)〉 if z 6∈ I(x, y),

〈ζi−1(x, y)〉 〈χ(dVz)〉 if z ∈ I(x, y).
(3.31)

This can be seen as follows. The correlation function above computes the probability that

i elements are sprinkled in the causal interval I(x, y) and an element at z. If z 6∈ I(x, y),

then the two functions are uncorrelated since the probability of sprinkling in each region

is independent. If z ∈ I(x, y), then the functions are correlated. We can still split the joint

probability into a product of probabilities, if we turn the ζ probability into a conditional

probability. For example, in (3.31), in the second line on the right hand side we have

expressed this as the probability of there being one element at z times the probability of

there being i elements in I(x, y) given that there is an element within I(x, y). The latter

(to lowest order in dVx) is the probability for there being i − 1 elements in I(x, y).15 We

give a more careful treatment of this case in Section 3.3.2.

We can also use (3.31) to handle more general correlation functions such as

〈ζi(x, y)χ(dVz) · · · 〉 = 〈ζi−1(x, y) · · · 〉 〈χ(dVz)〉 , (3.32)

14This follows from the independence of the Poisson process, and the fact that we are taking the average

over a (large enough) ensemble of Poisson sprinklings.
15This can also be seen by using (2.6), with the definitions of χ and ζ. The goal is to find which fraction

of the terms in the sum contribute to the average.
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where · · · are any other products of ζ’s and χ’s that are uncorrelated with χ(dVz).

To summarize the overall strategy to compute a correlation function (3.25):

1. First resolve χ− χ correlations using χn = χ, for coinciding points.

2. Then resolve ζ − χ correlations, by pulling out one χ at a time using (3.31).

3. Finally, resolve ζ − ζ correlations using the decomposition (3.15) and (3.28).

3.3.1 Example Calculations

In this section, we compute correlation functions of the form (3.25) using the strategy

outlined above.

Let us consider the ζ − ζ correlation for the case illustrated below

x1

y1

x2

y2

R̃a R̃b R̃c

R1 R2

(3.33)

We first use (3.15) to decompose in terms of non-overlapping regions R̃a, R̃b and R̃c, and

then we use (3.28) for the non-overlapping regions (step 3 of the strategy). We find

〈ζi(x1, y1)ζj(x2, y2)〉 =
∑

α,β,γ≥0
α+β=i
β+γ=j

〈
ζα(R̃a) ζβ(R̃b) ζγ(R̃c)

〉

=
∑

α,β,γ≥0
α+β=i
β+γ=j

〈
ζα(R̃a)

〉〈
ζβ(R̃b)

〉〈
ζγ(R̃c)

〉

=
∑

α,β,γ≥0
α+β=i
β+γ=j

Pα(Va)Pβ(Vb)Pγ(Vc).

(3.34)

Here Va, Vb and Vc are the volumes of the regions R̃a, R̃b and R̃c, respectively. There

can be additional subtleties when both χ and ζ functions are present in the correla-

tion functions, due to possible ζ − χ correlations. For example, let us consider the

〈ζi(x1, y1)ζj(x2, y2)χ(dVx1)〉 correlation in the example below

– 13 –
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x2

y2

x1

y1

R̃c

R̃b
R̃a

R2

R1

(3.35)

As a result of x1 ∈ R2, χ(dVx1) and ζj(x2, y2) are correlated. We use step 2 in the

strategy to resolve the χ−ζ correlation, and then step 3 for the remaining ζ−ζ correlation.

〈ζi(x1, y1)ζj(x2, y2)χ(dVx1)〉 = 〈ζi(x1, y1)ζj−1(x2, y2)〉 〈χ(dVx1)〉

=
∑

α,β,γ≥0
α+β=i

β+γ=j−1

〈
ζα(R̃a)

〉 〈
ζβ(R̃b)

〉 〈
ζγ(R̃c)

〉
〈χ(dVx1)〉

= ρ
∑

α,β,γ≥0
α+β=i

β+γ=j−1

Pα(Va)Pβ(Vb)Pγ(Vc) dVx1 .

(3.36)

Similarly, we can deal with more complicated correlation functions. We can graphically

represent the correlation functions in the following way: a causal diamond between x and

y represents a ζi(x, y) and each red dot at z represents a χ(dVz). For example

x

y1

y2

≡ 〈ζi(x, y1)ζj(x, y2)χ(dVx)χ(dVy1)χ(dVy2)〉 . (3.37)

The i and j indices are not explicit in this graphical representation. By applying the

three steps in our strategy, we can compute these correlations. For example, decomposing

analogously to the above examples and using (2.1) we get

x

y1

y2

=
(ρVa)

i−j−1(ρVb)
j

(i− j − 1)! j!
e−ρV1ρ3dVxdVy1dVy2 , (3.38)
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and

x1

y1

x2

y2

=
∑

α,β,γ≥0
α+β=i−1
β+γ=j−1

(ρVa)
α(ρVb)

β(ρVc)
γ

α!β! γ!
e−ρ|V1∪V2|ρ4dVx1dVy1dVx2dVy2 . (3.39)

Note that V1 and V2 are the volumes of the two diamonds R1 and R2, as in (3.33) (see

also Figure 1). For convenience, in Appendix A we present explicit expressions for a set of

correlation functions that we will need in this work.

3.3.2 Careful Treatment of ζ − χ Correlations

In order to show the formula (3.31), consider the correlator 〈ζi(x, y)χ(dVz)〉 where z ∈
I(x, y)

x

y

δRz
R

We can evaluate this using the decomposition (3.15) by noting that

χ(δRz) = ζ1(δRz) (3.40)

for infinitesimal regions, since there can at most be one element there. In other words,

only the first term of (3.16) contributes. In this case, the decomposition into disjoint

regions (3.12) becomes

R∪ δRz = R̃a t R̃b t R̃c, (3.41)

where R = I(x, y) and δRz is the infinitesimal region around the point z. Here R̃a =

R\δRz, R̃b = δRz and R̃c = ∅. Using (3.40) and applying (3.15) for this decomposition

we get

〈ζi(x, y)χ(δRz)〉 = 〈ζi(x, y)ζ1(δRz)〉

=
∑

α,β,γ≥0
α+β=i
β+γ=1

〈
ζα(R̃a)

〉 〈
ζβ(R̃b)

〉
�
��
��
�*1〈

ζγ(R̃c)
〉

= 〈ζi−1(R\δRz)〉P1(dVz),

(3.42)
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where in the second line it was used that since R̃c = ∅, we must have γ = 0. Expanding

the Poisson distribution (2.1) to first order

P1(dV ) = ρdV +O(ρ2dV 2). (3.43)

Similarly 〈ζi−1(R\δRz)〉 = Pi−1(V − dVz) = Pi−1(V ) + O(ρdV ). Therefore, to first order

in ρdV , (3.42) becomes (3.31).

4 Causal Set Action

Thus far we have reviewed the basics of causal set theory and Poisson sprinklings, and

discussed how to compute correlation functions in sprinkled regions. For the remainder of

the paper, we will focus on the causal set action and we will apply what we have discussed

so far, as well as develop additional tools, specifically for the action. In this section we

review the definition and properties of the causal set action.

Finding the correct quantum dynamics for causal sets is an important outstanding

question. The sum over histories approach to quantum theory, due to its spacetime nature,

is a natural formalism for this. While a fundamentally motivated action for causal sets is

not yet at hand, e.g. to insert in
∑
C e

iS[C], there exist a few candidate proposals for actions

that possess some of the desired properties. One thing the action and the dynamics that

ensue from it must ultimately explain is how manifoldlike causal sets, approximated by

solutions to Einstein’s equations, emerge macroscopically. This is highly non-trivial given

that non-manifoldlike causal sets vastly outnumber manifoldlike ones [10]. As stated in

[19], the nonlocality of causal sets will play a key role in making possible the emergence of

causal sets approximated by spacetimes described by General Relativity.

The Benincasa-Dowker-Glaser (BDG) action [19, 40] is one of the most interesting

and useful constructions of an Einstein-Hilbert-like action in terms of quantities intrinsic

to causal sets. It was derived somewhat indirectly, through studies of nonlocal analogs

of d’Alembertian operators that describe the propagation of scalar fields on causal sets.

Studies of these d’Alembertians in causal sets approximated by curved spacetimes, revealed

that they (on average) produce a term approximated by the Ricci scalar curvature in

addition to a term approximated by the local d’Alembertian. The BDG action [19, 40] in

d spacetime dimensions on a causal set C is

S(d)[C] =
∑
x∈C

B(d)φ(x), (4.1)

where the expression above needs to be evaluated at the constant16 φ(x) = −2`2/αd, `

is the discreteness scale, and B(d) is the d’Alembertian or Box operator [18, 19, 40–42]

defined as

B(d)φ(x) =
1

`2

αd φ(x) + βd

nd∑
i=1

ci
∑

y∈♦i(x)

φ(y)

 , (4.2)

16For notational ease, we keep the φ(x) unevaluated in some expressions below.
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where ci, αd and βd are constants (fixed to ensure that the continuum limit of the average

of B over sprinklings agrees with �), and nd is an integer. We remind the reader that

y ∈ ♦i(x) indicates that y causally precedes x (y ≺ x) and that there are i − 1 elements

in the causal diamond between x and y (excluding x and y themselves). Therefore, ♦1(x)

would be a nearest neighbour. In the continuum limit (ρ → ∞), the mean of B (in any

dimension) over all Poisson sprinklings into a spacetime can be approximated by the usual

local d’Alembertian, �, plus a term proportional to the Ricci scalar curvature [19, 43]:

lim
ρ→∞

〈B φ(x)〉 =

(
�− 1

2
R(x)

)
φ(x). (4.3)

The 1/2 coefficient of R is universal [41] (i.e. independent of spacetime dimension). The

right hand side of (4.3) is the reason why the BDG action is defined via (4.1). Recently, a

set of higher order curvature invariants were also constructed in a similar manner [44]. An

explicit example of a nonlocal d’Alembertian operator in 3 + 1D is [45–47]

B(4)φ(x) =
4√
6`2

−φ(x) +

 3∑
i=1

ci
∑
y∈♦i

φ(y)

 , (4.4)

with coefficients c1 = 1, c2 = −9, c3 = 16, c4 = −8. The values of the coefficients {ci}
vary from one definition of nonlocal d’Alembertian to another (see e.g. [46]). However, a

common feature among the different sets of ci’s is that their values alternate in sign for odd

and even indices i. Thus we can regard the d’Alembertian and action constructed in this

way to in some sense obey an inclusion-exclusion principle. It is precisely this inclusion-

exclusion principle, via the alternating signs, that creates the necessary cancellations to

approximate local quantities using nonlocal inputs.

As mentioned, the mean of B when averaged over an ensemble of Poisson sprinkled

causal sets, is approximated by the usual local d’Alembertian � plus a term proportional

to R(x). By the same token, the BDG action (4.1), when averaged over many causal

sets, is approximated by the Einstein-Hilbert action. However, there are fluctuations away

from the mean of the action for individual causal set realizations of the same continuum

spacetime. These are the fluctuations that we will study below. Partly to tame these

fluctuations, a more general one-parameter family of nonlocal BDG actions has also been

defined, where a nonlocality scale `k > ` (recall that ` is the discreteness scale) damps out

the fluctuations below this scale for any single causal set [19, 45]. This results in an action

that is approximated by the Einstein-Hilbert action for any particular sprinkled causal set

without the need for averaging.

The cosmological constant Λ and the gravitational action are closely related. The

cosmological constant enters the classical gravitational action as

SG =

∫ [
1

16πG
(R− 2Λ)

]√
−g ddx+ Boundary terms, (4.5)

and in the causal set case, the analog of this would be

SC =
∑
x∈C

R(x)− 2ΛV + Boundary terms, (4.6)
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where by R(x) in (4.6) we mean the action of B on (an appropriately normalized) con-

stant, and by V we mean N/ρ, i.e. the expressions in terms of causal set quantities. The

cosmological constant term in (4.6) is not present in the average of the BDG action over

causal sets, but perhaps the fluctuations in S defined on a single causal set could be iden-

tified with this term. As mentioned in the introduction, there is a model of a stochastic

cosmological constant, known as Everpresent Λ [20, 22, 23, 48], that is motivated by prin-

ciples of causal set theory. According to the model, the value of the cosmological constant

fluctuates over cosmic history, with a standard deviation at each epoch that is of the order

of 1/
√
V where V is the spacetime volume at that epoch. The magnitude of these fluc-

tuations is related to the Poisson distribution that describes the relation between number

and volume in manifoldlike causal sets. This Everpresent Λ idea did not stem from an

action definition. However as we can see from (4.6), it is very natural for it to be re-

lated to an action. Moreover, since we observe fluctuations in the BDG action (4.1), and

since the cosmological constant in Everpresent Λ also fluctuates, it begs the question of

whether there may be a potential connection between the two fluctuations. Investigating

this connection may also give us deeper insight into the properties of Everpresent Λ, and

furnish some missing pieces in current phenomenological models of it (such as what the

value of the mean is about which fluctuations occur). This is one of the main motivations

for focusing our investigations on fluctuations of the action, in this paper. The fluctuations

of Λ in Everpresent Λ have a quantum origin but we aim to connect these fluctuations to

statistical ones due to the Poisson distribution, in the same spirit as other heuristics on

this subject (see e.g. the discussion in Section 3 of [23]).

We devote the next section to discussing the mean and fluctuations of the BDG family

of nonlocal actions, over an ensemble of Poisson sprinkled causal sets.

5 Fluctuations of the Causal Set Action

The aim of this section is to compute the fluctuations of the action, given by the variance

(∆S)2 = 〈S2〉 − 〈S〉2, (5.1)

where the 〈.〉 are the averages with respect to an ensemble of Poisson sprinklings (2.6) of

a spacetime manifold M. The expectation value 〈S〉 was computed in [49] and [50]. We

will here briefly review how to compute 〈S〉 using our formalism and then outline how to

compute
〈
S2
〉
.

For simplicity of notation we first rewrite the Box operator (4.2) as

B(d)φ(x) =
1

`2

nd∑
i=0

C
(d)
i

∑
y∈♦i(x)

φ(y), (5.2)

where

C
(d)
i =

{
αd, i = 0

βd c
(d)
i , i 6= 0

. (5.3)
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The expectation value of the action (4.1) is then given by

〈S〉 = − 2

αd

nd∑
i=0

C
(d)
i

〈∑
x∈C

∑
y∈♦i(x)

〉
= − 2

αd

nd∑
i=0

C
(d)
i Li−1, (5.4)

where we have made the substitution φ(x) = −2`2/αd above, and where

Li ≡

〈∑
x∈C

∑
y∈♦i+1(x)

〉
. (5.5)

Note that the index i in Li spans the range i = −1, . . . , nd − 1, as this will turn out to be

more convenient later. Similarly, for S2 we can express the expectation value as

〈S2〉 =
4

α2
d

nd∑
i,j=0

C
(d)
i C

(d)
j

〈 ∑
x1,x2∈C

∑
y1∈♦i(x1)

∑
y2∈♦j(x2)

〉
,

=
4

α2
d

nd∑
i,j=0

C
(d)
i C

(d)
j Ki−1 j−1,

(5.6)

where we have defined the correlation matrix

Kij ≡

〈 ∑
x1,x2∈C

∑
y1∈♦i+1(x1)

∑
y2∈♦j+1(x2)

〉
. (5.7)

This matrix is clearly symmetric

Kij = Kji, (5.8)

and we do not need to compute all of its elements. We will from now on only consider the

elements i ≤ j. Also note that the domains of the sums inside the expectation value are

mutually correlated and depend on C, and therefore cannot be taken out of the expectation

value.

In conclusion, the fluctuations are given by

(∆S)2 =
4

α2
d

nd∑
i,j=0

C
(d)
i C

(d)
j Mi−1 j−1, (5.9)

where

Mij = Kij − LiLj . (5.10)

5.1 Integral Formulation

In order to evaluate the expectation values Li and Kij , it is convenient to reformulate

them as integrals over various submanifolds of M. The tools needed to achieve this were

developed in Section 3.

We start by using (3.5) for i > 0,

∑
y∈♦i(x)

=


1 i = 0,∑

y∈J−(x)

ζCi−1(x, y) i > 0, (5.11)
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to remove the i (and causal set) dependence in the domain of the sum. Now we can readily

use (3.21) to express the sums over causal set elements x and y (the left hand side below)

as integrals over generic points x and y in the continuum spacetime (the right hand side

below)

∑
x∈C

∑
y∈♦i(x)

=


∫
M

χC(dVx) i = 0,∫
M

∫
J−(x)

ζCi−1(x, y)χC(dVy)χ
C(dVx) i > 0.

(5.12)

Note that the domains of the integrals only depend on the manifold M, while the depen-

dence on the particular sprinkling C is hidden in the measures χC(dVx) and χC(dVy). This

measure can concretely be written as (3.18).

Using (5.12) in (5.5) and (5.7), we then find the following integral expressions for the

expectations values

Li =


∫
M

〈
χC(dVx)

〉
i = −1,∫

M

∫
J−(x)

〈
ζCi (x, y)χC(dVy)χ

C(dVx)
〉

i ≥ 0,
(5.13)

and

Kij =

∫
M

∫
M

〈
χC(dVx1)χC(dVx2)

〉
, i = j = −1∫

M

∫
M

∫
J−(x2)

〈
ζCj (x2, y2)χC(dVy2)χC(dVx1)χC(dVx2)

〉
, i = −1, j ≥ 0∫

M

∫
M

∫
J−(x2)

∫
J−(x1)

〈
ζCi (x1, y1)ζCj (x2, y2)χC(dVy1)χC(dVy2)χC(dVx1)χC(dVx2)

〉
, i, j ≥ 0

(5.14)

Note that the integration domains are independent of any particular sprinkling and can thus

be pulled out of the averaging. The integrands need to be evaluated before the integrals

can be performed. This problem can be readily solved using the formalism and techniques

developed earlier in this paper, specifically the strategy in Section 3.3. In particular by

using (3.31), (3.29) and (3.27) we find

Li =


ρ VM i = −1,

ρ2

i!

∫
M

∫
J−(x)

(ρVxy)
i e−ρVxy dVy dVx i ≥ 0,

(5.15)

where Vxy is the spacetime volume of the causal diamond I(x, y). For i ≥ 0 we actually

only need to compute a single integral

L ≡
∫
M

∫
J−(x)

e−ρVxydVydVx, (5.16)
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since

Li =
ρi+2

i!

[
− d

dρ

]i [∫
M

∫
J−(x)

e−ρVxydVydVx

]

=
ρi+2

i!

[
− d

dρ

]i
L.

(5.17)

This observation will turn out to be more general, and dramatically reduce the number of

independent integrals needed to be evaluated.

For Kij the computation of the integrands is more subtle, as different regions of the

integration domain have different kinds of correlations. It is therefore necessary to split

the integration domain into submanifolds, based on the type of correlation involved, and

compute each separately. The rest of this section, is dedicated to this task.

5.2 Special Case K−1,j

In (5.14) we split the (symmetric) correlation matrix into three cases. Before dealing with

general components of this matrix, it is instructive to separately consider the first two

cases, K−1,−1 and K−1,j , to understand the nature of these calculations.

5.2.1 K−1,−1

We want to compute

K−1,−1 =

∫
M

∫
M

〈
χ(dVx1)χ(dVx2)

〉
. (5.18)

As noted in Section 3.3, there are χ − χ correlations only when x1 = x2. We can thus

split the integral into a region where x1 = x2 and another where x1 6= x2, with the

integrands reducing to 〈χ(dVx)〉 and 〈χ(dVx)〉 〈χ(dVx2)〉, respectively. Using (3.27), this

matrix component thus becomes

K−1,−1 = ρVM + ρ2V 2
M. (5.19)

The contribution to the fluctuations (5.9) is then

M−1,−1 = ρVM. (5.20)

5.2.2 K−1,j

We want to compute

K−1,j =

∫
M

∫
M

∫
J−(x2)

〈
ζj(x2, y2)χ(dVy2)χ(dVx2)χ(dVx1)

〉
(5.21)

for j ≥ 0. Now, χ − χ correlations will occur when x1 = x2 or when x1 = y2. In both of

these cases the integral becomes∫
M

∫
J−(x)

〈ζj(x, y)〉 〈χ(dVy)〉 〈χ(dVx)〉 , (5.22)

which is nothing but Lj (5.15).
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When x1 6= x2 6= y2, we have two scenarios

x2

y2

x1

(a)

x2

y2

x1

(b)

(a) when x1 6∈ I(x2, y2) and (b) when x1 ∈ I(x2, y2). For (a) we have no ζ −χ correlations

and the integral becomes∫
M

∫
J−(x2)

∫
M\I(x2,y2)

〈ζj(x2, y2)〉 〈χ(dVx1)〉 〈χ(dVy2)〉 〈χ(dVx2)〉 , (5.23)

while for (b) there are ζ − χ correlations and we find∫
M

∫
J−(x2)

∫
I(x2,y2)

〈ζj−1(x2, y2)〉 〈χ(dVx1)〉 〈χ(dVy2)〉 〈χ(dVx2)〉 , (5.24)

using the rules in Section 3.3. Note that, (5.24) only contributes when j ≥ 1. So for j = 0

we get

K−1,0 = 2Lj + ρ3

∫
M

∫
J−(x2)

∫
M\I(x2,y2)

e−ρVx2y2 dVx1dVy2dVx2 , (5.25)

while for j > 0 we have

K−1,j = 2Lj +
ρ3+j

j!

∫
M

∫
J−(x2)

∫
M\I(x2,y2)

V j
x2y2

e−ρVx2y2 dVx1dVy2dVx2

+
ρ3+j−1

(j − 1)!

∫
M

∫
J−(x2)

∫
I(x2,y2)

V j−1
x2y2

e−ρVx2y2 dVx1dVy2dVx2 .

(5.26)

The contribution of these correlations to fluctuations of the action (5.9) becomes

M−1,j = K−1,j − ρVM Lj . (5.27)

5.3 General Case Kij

Now we will turn to the general case (5.14) of computing

Kij =

∫
M

∫
M

∫
J−(x2)

∫
J−(x1)

〈
ζi(x1, y1)ζj(x2, y2)χ(dVy1)χ(dVy2)χ(dVx1)χ(dVx2)

〉
, (5.28)

for i, j ≥ 0. Just as in the special cases above, we will first deal with the χ−χ correlations,

which will split the integral (5.28) into six integrals. In each of these integrals, we will then

deal with the ζ − χ and ζ − ζ correlations using the strategy outlined in Section 3.3.
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5.3.1 χ-χ Correlations

As discussed in Section 3.3, there will be χ−χ correlations in the submanifolds where the

xi’s and yi’s coincide. Before accounting for them, it is instructive to revisit why and how

these correlations occur.

Let C be a causal set that contains the sprinkled element y1. Since dVy1 is a small region

surrounding y1, we have by definition (3.16) that χ(dVy1) = 1. For any point y2 6= y1, there

is an infinitesimal probability that there is a sprinkled element in an infinitesimal region

around y2 in C. Thus, there is an infinitesimal probability that χ(dVy2) = 1.17 However,

if y1 = y2, then the probability for χ(dVy2) = 1 is 1 and there is therefore a correlation

between χ(dVy1) and χ(dVy2).

It is thus convenient to decompose the integral into six parts

Kij = J1
ij + J2

ij + J3
ij + J4

ij + J5
ij + J6

ij , (5.29)

depending on which χ−χ correlations are present. See Appendix B for more details on these

correlations. Each component in (5.29) is integrated over a subregion defined respectively

by

J1 : x1 = x2, y1 = y2, (5.30a)

J2 : x1 6= x2, y1 = y2, (5.30b)

J3 : x1 = x2, y1 6= y2, (5.30c)

J4 : x1 = y2, x2 6= y1 (5.30d)

J5 : x2 = y1, x1 6= y2 (5.30e)

J6 : x1 6= x2 6= y1 6= y2. (5.30f)

Using (3.30), each component in (5.29) is then given by

J1
ij =

∫
M

∫
J−(x)

〈
ζi(x, y)ζj(x, y)χ(dVy)χ(dVx)

〉
, (5.31)

J2
ij =

∫
M

∫
M\{x2}

∫
J−(x1)∩J−(x2)

〈
ζi(x1, y)ζj(x2, y)χ(dVy)χ(dVx1)χ(dVx2)

〉
, (5.32)

J3
ij =

∫
M

∫
J−(x)

∫
J−(x)\{y2}

〈
ζi(x, y1)ζj(x, y2)χ(dVy1)χ(dVy2)χ(dVx)

〉
, (5.33)

J4
ij =

∫
M

∫
J−(x)

∫
J−(y2)

〈
ζi(y2, y1)ζj(x, y2)χ(dVy1)χ(dVy2)χ(dVx)

〉
, (5.34)

J5
ij =

∫
M

∫
J−(x)

∫
J−(y1)

〈
ζi(x, y1)ζj(y1, y2)χ(dVy2)χ(dVy1)χ(dVx)

〉
, (5.35)

and

J6
ij =

∫
M

∫
M\{x2}

∫
J−(x2)

∫
J−(x1)\{y2}

〈
ζi(x1, y1)ζj(x2, y2)χ(dVy1)χ(dVy2)χ(dVx1)χ(dVx2)

〉
.

(5.36)

17In other words, the average of χ(dVy2) over sprinklings C that contain y1, is infinitesimal.
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Note that

J4
ij = J5

ji, (5.37)

as we can see by relabeling the dummy variables in the integrals. Similarly, there may be

other Jaij components that are equal and therefore the minimal set of independent integrals

may be smaller.

5.3.2 ζ-χ Correlations

Now we will deal with ζ−χ correlations, according to the discussion in Section 3.3. This will

further split the integration domains (5.30) into subregions, with different ζ−χ correlations

and thus different integrands. For this, it is convenient to first define the following notation

for the integration domains needed

D1 =
{

(x, y) ∈M×M
∣∣ y ≺ x} , (5.38a)

D2 =
{

(x1, x2, y) ∈M×M×M
∣∣ (y ≺ x1) ∧ (y ≺ x2) ∧ (x1 6= x2)

}
, (5.38b)

D3 =
{

(x, y1, y2) ∈M×M×M
∣∣ (y1 ≺ x) ∧ (y2 ≺ x) ∧ (y1 6= y2)

}
, (5.38c)

D4 =
{

(x, y1, y2) ∈M×M×M
∣∣ (y2 ≺ x) ∧ (y1 ≺ y2)

}
, (5.38d)

D5 =
{

(x, y1, y2) ∈M×M×M
∣∣ (y1 ≺ x) ∧ (y2 ≺ y1)

}
, (5.38e)

D6 =
{

(x1, x2, y1, y2) ∈M4
∣∣ (y1 ≺ x1) ∧ (y2 ≺ x2) ∧ (x1 6= x2 6= y1 6= y2)

}
(5.38f)

In this notation, Di corresponds to the integration domain of the J i integral. We diagram-

matically express the additional splittings of the domains D due to the ζ − χ correlations

as

D1 = , D4 = , D5 = , (5.39)

where the colors are used as in Section 3.3.1, for example see (3.33). Similarly we have the

decomposition

D2 = t t , (5.40)

where each submanifold is

=
{

(x1, x2, y) ∈ D2

∣∣ (x1 6≺ x2) ∧ (x2 6≺ x1)
}
,

=
{

(x1, x2, y) ∈ D2

∣∣ x2 ≺ x1

}
,

=
{

(x1, x2, y) ∈ D2

∣∣ x1 ≺ x2

}
,

(5.41)

and

D3 = t t , (5.42)

where

=
{

(x, y1, y2) ∈ D3

∣∣ (y1 6≺ y2) ∧ (y2 6≺ y1)
}
,

=
{

(x, y1, y2) ∈ D3

∣∣ y1 ≺ y2

}
,

=
{

(x, y1, y2) ∈ D3

∣∣ y2 ≺ y1

}
.

(5.43)
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Finally we have

D6 = t t t t t t t t t , (5.44)

where the subregions are defined analogously to those shown in (5.39)-(5.43). For example,

there are three cases for D2, depending on whether or not one of the x’s lies within a

diamond. In cases where one of the x’s lies within a diamond, a ζ − χ correlation is

induced. There cannot be any ζ−χ correlations in the subdomains D1, D4, and D5, hence

these do not have additional splittings, as shown in (5.39).

We will next compute the J i integrals, starting with the relatively simpler cases of J1

and J4, then proceeding to the slightly more involved case of J2, and finally treating J6

which has the most number of splittings of its domain.

5.3.3 The J1 Integral

We will begin by computing the first integral J1, (5.31). The ζ − ζ correlations, which we

have not yet accounted for in this subsection, are easy to account for in this case by using

the rules of Section 3.3

J1
ij =

∫
M

∫
J−(x)

〈ζi(x, y)ζj(x, y)〉 〈χ(dVy)〉 〈χ(dVx)〉

= δij

∫
M

∫
J−(x)

〈ζi(x, y)〉 〈χ(dVy)〉 〈χ(dVx)〉 .
(5.45)

In the second line we used the identity

ζi(x, y)ζj(x, y) = δijζi(x, y). (5.46)

We see that only the diagonal components of J1
ij are non-zero. This is nothing other than

δij times (5.13). Thus

J1
ij = δij Li. (5.47)

5.3.4 The J4 Integral

The next integral we will tackle is J4. Similar to the case of the J1 integral, the absence of

ζ − ζ correlations in this case reduces the relevant domain D4 to a single subregion (5.39),

simplifying the calculation.

J4
ij =

∫
M

∫
J−(x)

∫
J−(y2)

〈ζi(y2, y1)〉 〈ζj(x, y2)〉 〈χ(dVy1)〉 〈χ(dVy2)〉 〈χ(dVx)〉 ,

= ρ3

∫
M

∫
J−(x)

∫
J−(y2)

(ρVy2y1
)i

i!

(ρVxy2
)j

j!
e−ρVy2y1−ρVxy2 dVy1dVy2dVx.

(5.48)

Similar to (5.17), all of these integrals (i.e. for any indices i and j) can be reduced to a

single integral

J4(ρ1, ρ2) ≡
∫
M

∫
J−(x)

∫
J−(y2)

e−ρ1Vy2y1−ρ2Vxy2dVy1dVy2dVx, (5.49)
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since

J4
ij =

ρi+j+3

i!j!

[
− ∂

∂ρ1

]i [
− ∂

∂ρ2

]j
J4(ρ1, ρ2)

∣∣∣∣
ρ1=ρ2=ρ

. (5.50)

As we will see later, this is a special case of a much more general property that will reduce

the number of integrals that need to be computed to a small core set. For notational

convenience, we can adopt a graphical notation for this integral as

J4
ij =

∫
≡
∫
〈ζi(y2, y1)ζj(x, y2)χ(dVy1)χ(dVy2)χ(dVx)〉 , (5.51)

where the integration domain is defined by the figure and the integrand is defined as a

correlation function as discussed in Section 3.3.1, in particular (A.2). In other words, the

graphical notation denotes both the domain of integration and the correlation function

in the integrand. The i and j indices are not explicit in this notation and must be read

from the left hand side, J4
ij .

5.3.5 The J2 Integral

Let us next consider the J2 integral

J2
ij =

∫
M

∫
M\{x2}

∫
J−(x1)∩J−(x2)

〈
ζi(x1, y)ζj(x2, y)χ(dVy)χ(dVx1)χ(dVx2)

〉
. (5.52)

In contrast to the previous two cases considered above, ζ−χ correlations will occur in this

case. We showed in (5.40) how to split the relevant domain D2 into three parts depending

on the presence of such correlations.

J2
ij =

∫
⊔ ⊔

〈
ζi(x1, y)ζj(x2, y)χ(dVy)χ(dVx1)χ(dVx2)

〉
. (5.53)

Due to ζ − ζ correlations, this can be simplified further. For the diagonal elements i = j,

the integrand vanishes in the region t because

〈ζi(x1, y)ζi(x2, y)χ(dVx1)〉 = 0, for (x1, x2, y) ∈ ,

〈ζi(x1, y)ζi(x2, y)χ(dVx2)〉 = 0, for (x1, x2, y) ∈ ,
(5.54)

as in these cases there will always be at least one more element in one diamond compared

to the other. For the off-diagonal elements i < j we have that

〈ζi(x1, y)ζj(x2, y)χ(dVx2)〉 = 0, for (x1, x2, y) ∈ , (5.55)

since in we have have x2 ≺ x1 and therefore i > j which contradicts our assumption

i < j.18 In summary, the J2 integral reduces to

J2
ij = (1− δij)

∫
+

∫
, (5.56)

where again the graphics denote both the integration domain and correlation function in

the integrand.

18We remind the reader that we are presently only working on the upper triangle of the matrix Jij , i.e.

where i < j.
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5.3.6 The J6 Integral

Finally, we turn to the J6 integral which has the most number of correlations and thus

contributions,

J6
ij =

∫
M

∫
M\{x2}

∫
J−(x2)

∫
J−(x1)\{y2}

〈
ζi(x1, y1)ζj(x2, y2)χ(dVy1)χ(dVy2)χ(dVx1)χ(dVx2)

〉
.

(5.57)

Recall that the relevant domain is

D6 = t t t t t t t t t , (5.58)

due to χ−χ correlations. The integral can thus be computed by summing over the integral

of each disjoint region, where the integrands are again evaluated as described in Section 3.3

and Appendix A. Depending on the indices i and j only a subset of the above terms will

contribute. For example due to the same logic as in (5.54), never contributes as we

are only considering components with i ≤ j whereas
∫

is only non-zero for i ≥ j + 2.

Similarly, the region will only contribute when i+ 2 ≤ j. In summary, for the diagonal

elements i ≥ 0 we have

J6
ii =



∫
+

∫
, i = 0,∫

+

∫
+

∫
+

∫
+

∫
+

∫
+

∫
+

∫
, i ≥ 1,

(5.59)

while for the off-diagonal elements (i, j ≥ 0) we have

J6
ij =



∫
+

∫
+

∫
+

∫
, i = 0, j = 1,∫

+

∫
+

∫
+

∫
+

∫
+

∫
+

∫
+

∫
, j = i+ 1, i > 0,

∫
+

∫
+

∫
+

∫
+

∫
+

∫
+

∫
+

∫
+

∫
, j ≥ i+ 2.

(5.60)

5.4 Core Set of Integrals

In summary, in order to calculate the fluctuations of the action, we see from (5.9) that

we need the matrix Mij . This was decomposed into Kij − LiLj , and Kij into J1
ij , . . . , J

6
ij ,

and then again these were individually decomposed into integrals over various subregions

with associated correlation functions. It thus may appear that many different integrals are

needed to compute these fluctuations. However, as we saw in (5.17) and (5.50), computing

a single integral is enough to get all the other i, j elements. It turns out that this can be

– 27 –

Page 28 of 41AUTHOR SUBMITTED MANUSCRIPT - CQG-112069.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



done for any region, and the main reason is due to the following property of the Poisson

distribution

Pi(V ) =
ρi

i!

[
− d

dρ

]i
P0(V ) =

ρi

i!

[
− d

dρ

]i
e−ρV . (5.61)

As an example, let us consider the region . Define the following integral

int
[ ]

≡
∫

P0(Va)ρaP0(Vb)ρbP0(Vc)ρc dVy1dVy2dVx1dVx2

=

∫
e−ρaVa−ρbVb−ρcVc dVy1dVy2dVx1dVx2 ,

(5.62)

where P0(Va)ρa ≡ e−ρaVa . Here Va, Vb and Vc are the volumes of the three non-overlapping

subregions, as used previously (e.g. see Section 3.3.1). By using the property (5.61) we

find

intαβγ
[ ]

≡ ρα+β+γ

α!β!γ!

[
− ∂

∂ρa

]α [
− ∂

∂ρb

]β [
− ∂

∂ρc

]γ ∣∣∣∣
ρa=ρb=ρc=ρ

int
[ ]

,

=

∫
Pα(Va)Pβ(Vb)Pγ(Vc) dVy1dVy2dVx1dVx2 .

(5.63)

As defined earlier, we can use the notation
∫

to mean an integral over the region

with the integrand (A.3). In other words, we can express it as∫
= ρ4

∑
αβγ

∫
Pα(Va)Pβ(Vb)Pγ(Vc) dVy1dVy2dVx1dVx2 ,

= ρ4
∑
αβγ

intαβγ
[ ]

,
(5.64)

where the domain of the αβγ sum depends on the specific region; for example α, β, γ > 0,

α+ β = i and β + γ = j for this region. Therefore, we can compute
∫

for any i and j

from a single integral (5.62).

As another example, for we only need

int
[ ]

=

∫
e−ρaVa−ρbVb−ρcVc dVy1dVy2dVx, (5.65)

since from derivatives of this we can find∫
= ρ3

∑
αβγ

∫
Pα(Va)Pβ(Vb)Pγ(Vc) dVy1dVy2dVx,

= ρ3
∑
αβγ

intαβγ

[ ]
.

(5.66)

The total number of integrals we need to compute for the action fluctuations, is therefore

one for each region appearing in our expressions. Everything we need to compute matrices

– 28 –

Page 29 of 41 AUTHOR SUBMITTED MANUSCRIPT - CQG-112069.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



such as J6
ij in (5.60) for all i and j, is a core set of relevant single integrals such as (5.62),

based on the diagrams appearing in their decompositions.

In Appendix C we show explicit examples of parametrizations of some of these inte-

grals.

6 Conclusions and Outlook

We have presented a strategy for calculating fluctuations and correlations in causal set

theory. These fluctuations are those of causal set quantities with respect to averaging

over an ensemble of Poisson sprinklings of a given spacetime manifold. An example of

such a fluctuation would be the standard deviation of the number of elements sprinkled

into a region of a manifold with spacetime volume V ; we know the answer in this case is

∆N =
√
ρV , but for more general quantities this standard deviation must be computed.

The notation and formalism we have laid out in this paper streamline a wide range of

calculations of this kind.

We paid particular attention to the correlations involved in and the fluctuations of

the causal set action. This action, which is a discrete analogue of the Einstein-Hilbert

action, depends on causal intervals between causal set elements and on the number of

elements within these intervals or diamonds. Therefore the correlations we needed to take

into account, for example to compute the standard deviation of the action, included those

between pairs of (potentially overlapping) diamonds with different numbers of elements in

them. It also turned out to be crucial to carefully treat the expectation of an element

lying in an infinitesimal region – essentially at a point (for example at the endpoints of a

causal diamond, in order to form a causal set causal interval). These can induce additional

correlations, for example when two diamonds share one or more endpoints.

After careful account of all correlations, we expressed the fluctuations of the action in

terms of a core set of integrals that need to be computed. We developed a convenient graph-

ical notation for expressing both the domains of these integrals as well as the correlations

they represented. Finally, we showed that for each subregion with a distinct correlation

type, there is only one core integral that needs to be computed to obtain the answer for

more general index combinations. The fact that we do not need to compute separate inte-

grals for each pair of index values considerably reduces the computational work needed to

calculate the fluctuations.

In future work, we will apply the formalism we have developed in this paper to partic-

ular spacetime manifolds, to explicitly evaluate the fluctuations. As a starting application

we will consider Minkowski spacetime, where the parametrization of the necessary domains

would be relatively simpler than in curved spacetimes. We further aim to apply our for-

malism in Friedman-Robertson-Walker type cosmological spacetimes to address the main

question that motivated this work, which is whether or not the fluctuations of the action

can be used to model Everpresent Λ. Finally, as we have mentioned already, our work

opens the door to a large number of similar calculations of fluctuations of generic causal

set quantities. Knowledge of these fluctuations will further inform us about the statistical
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properties of causal sets and can be used in many different contexts such as in questions

of dynamics, numerical convergence, and phenomenological model building.

A Expressions for Correlation Functions

In Section 3.3.1 we developed a simple graphical notation for correlation functions of the

type

〈ζi(x1, y1)ζj(x2, y2)χ(dVx1)χ(dVy1)χ(dVx2)χ(dVy2)〉 , (A.1)

for example see (3.37). For convenience, in this appendix we will provide the explicit

evaluations of some of these correlation functions using the basic steps from Section (3.3):

y1

y2

x

=
(ρV1)i (ρV2)j

i! j!
e−ρ|V1∪V2| ρ3dVy1dVy2dVx, (A.2)

x1

y1

x2

y2

=
∑

α,β,γ≥0
α+β=i
β+γ=j

(ρVa)
α(ρVb)

β(ρVc)
γ

α!β! γ!
e−ρ|V1∪V2|ρ4dVx1dVy1dVx2dVy2 , (A.3)

x1

y1

x2

y2
=

∑
α,β,γ≥0
α+β+1=i
β+γ=j

(ρVa)
α(ρVb)

β(ρVc)
γ

α!β! γ!
e−ρ|V1∪V2| ρ4dVx1dVy1dVx2dVy2 , (A.4)

x1

y1

x2

y2

=
∑

α,β,γ≥0
α+β+1=i
β+γ+1=j

(ρVa)
α(ρVb)

β(ρVc)
γ

α!β! γ!
e−ρ|V1∪V2| ρ4dVx1dVy1dVx2dVy2 , (A.5)
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x1

y1

x2

y2

=
(ρVa)

i−j−2(ρVb)
j

(i− j − 2)! j!
e−ρV1 ρ4dVx1dVy1dVx2dVy2 . (A.6)

Note that (A.6) should be equal to zero when i < j+ 2 as this configuration is not possible

in the domain above. We take 1
n! to mean 1

Γ(n+1) , which yields Γ(n + 1) = ∞ when n is

a negative integer, making the expression automatically vanish. Further correlations are

given by:

x

y1

y2

=
∑

α,β,γ≥0
α+β=i
β+γ=j

(ρVa)
α(ρVb)

β(ρVc)
γ

α!β! γ!
e−ρ|V1∪V2| ρ3dVxdVy1dVy2 , (A.7)

x

y1

y2

=
(ρVa)

i−j−1(ρVb)
j

(i− j − 1)! j!
e−ρV1 ρ3dVxdVy1dVy2 , (A.8)

and
x

y2

y1

=
(ρVb)

i(ρVc)
j−i−1

(j − i− 1)! i!
e−ρV2 ρ3dVxdVy1dVy2 . (A.9)

B Products of χ Functions

The decomposition of (5.28) into (5.29) can be seen more formally in the following way.

Using the definition of χ in (3.18), we can split the product of the measures into a part
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where x1 = x2 and a part where x1 6= x2, i.e.

χ(dVx1)χ(dVx2) =
∑
z1∈C

∑
z2∈C

δ(d)(z1 − x1)δ(d)(z2 − x2)dVx1dVx2

=

∑
z∈C

δ(d)(z − x1)δ(d)(z − x2) +
∑

z1 6=z2∈C
δ(d)(z1 − x1)δ(d)(z2 − x2)

 dVx1dVx2 ,

= δ(d)(x1 − x2)χ(dVx1)dVx2 + χ(dVx1 , dVx2),

(B.1)

and similarly for the y measures

χ(dVy1)χ(dVy2) =
∑
z1∈C

∑
z2∈C

δ(d)(z1 − y1)δ(d)(z2 − y2)dVy1dVy2

=

∑
z∈C

δ(d)(z − y1)δ(d)(z − y2) +
∑

z1 6=z2∈C
δ(d)(z1 − y1)δ(d)(z2 − y2)

 dVy1dVy2

= δ(d)(y1 − y2)χ(dVy1)dVy2 + χ(dVy1 , dVy2).

(B.2)

Here we have defined the measure

χ(dVx1 , dVx2) ≡
∑

z1 6=z2∈C
δ(d)(z1 − x1)δ(d)(z2 − x2)dVx1dVx2

=
(

1− δ(d)(x1 − x2)
)
χ(dVx1)χ(dVx2).

(B.3)

We can more generally define

χ(dVx1 , . . . , dVxn) ≡
∑

z1 6=···6=zn∈C
δ(d)(z1 − x1) · · · δ(d)(zn, xn) dVx1 · · · dVxn . (B.4)

Essentially, χ(dVx1 , . . . , dVxn) represents the product of χ’s while enforcing the points to be

distinct. Using these, we can further decompose χ(dVx1 , dVx2)χ(dVy1 , dVy2) into subregions

where {x1 = y2}, {x2 = y1}, {x1 = y1}, {x2 = y2} and {x1 6= x2 6= y1 6= y2}. In total

χ(dVx1)χ(dVx2)χ(dVy1)χ(dVy2) splits into 8 terms. By plugging these into (5.28), we recover

the six terms in (5.29) while two of the terms ({x1 = y1} and {x2 = y2}) vanish due to the

integration domain.19 Finally, we use

χ(dVx1 , . . . , dVxn) = χ(dVx1) · · ·χ(dVxn), when x1 6= · · · 6= xn, (B.5)

to find the integral forms of J1, . . . , J6.

19Note that in these cases, the ζ(x, y) would also force the integrals to vanish, as the causal diamond

between x and y would be the empty set (see (3.2)).
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C Parametrization of Integration Domains

In this paper, we reduced the computation of the fluctuations of quantities such as the

action to evaluating integrals such as∫
,

∫
,

∫
, . . . (C.1)

This notation might seem abstract, hence in this appendix we illustrate how to evaluate

these integrals concretely.

Recall that these diagrams represent all possible submanifolds of M×M×M×M
where the points x1, y1, x2, y2 are related as in the diagrams. For example the diagram

which was defined in (5.41) can also be written as

=
{

(x1, x2, y) ∈M3
∣∣ x1 ∈M, x2 ∈M\J +(x1)∪J −(x1) and y ∈ J −(x1)∩J −(x2)

}
.

(C.2)

In other words, if x1 is chosen to be any point, then x2 can be any point that is causally

unrelated to x1 (neither in the past nor future of x1) and y can be any point in the past

of both of them. In the above, M\J +(x1) ∪ J −(x1) means the manifold M with the

submanifold J +(x1) ∪ J −(x1) carved out.

Performing the integral over requires parametrizing all these submanifolds, for

a given M. However, it turns out that for any diagram one can reduce the needed

parametrizations to three types: (1) M, (2) J −(x) and (3) J −(x1) ∩ J−(x2). For ex-

ample ∫
=

∫
M

∫
M\J+(x1)∪J−(x1)

∫
J−(x1)∩J−(x2)

dVx1dVx2dVy, (C.3)

can be rewritten as∫
=

∫
M

∫
M

∫
J−(x1)∩J−(x2)

dVx1dVx2dVy

−
∫
M

∫
J−(x1)

∫
J−(x2)

dVx1dVx2dVy −
∫
M

∫
J−(x2)

∫
J−(x1)

dVx2dVx1dVy.

(C.4)

Here we first take x1 and x2 to be unconstrained, then subtract all the contributions from

when they are causally related. Note that the last two integrals are equal if the integrand

is symmetric in x1 and x2. Other diagrams can also be written in this form.

For concreteness, below we will consider examples of explicit parametrizations of J −(x)

and J −(x1) ∩J −(x2). In general J −(x1) ∩J −(x2) is harder to parametrize than J −(x).

For simplicity, we will consider a 1 + 1 dimensional example for J −(x1) ∩ J −(x2), and a

3 + 1 dimensional example for J −(x).

C.1 Example: Parametrization of J −(x1) ∩ J −(x2) in a 1 + 1D Minkowski Di-

amond

Consider the case of a causal diamondM = I(q, p) in 1 + 1 dimensional Minkowski space-

time. For simplicity, we restrict to pairs of points that are at the same Cartesian time
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p

q

x1 x2
t

t− z

vu

z

Figure 2. Setup of J−(x1) ∩ J−(x2) in a 1 + 1D Minkowski Diamond.

and equal spatial distance (but with opposite sign) from the origin, namely x1 = (t, z) and

x2 = (t,−z). Let us also place p at the origin and q at height h, q = (h, 0). See Figure 2

for the setup. It is convenient to work in lightcone coordinates u and v where

u =
1√
2

(t− z), v =
1√
2

(t+ z). (C.5)

In this coordinate system our integral becomes∫
J−(x1)∩J−(x2)

f(y)d2y =

∫ t−z√
2

0
du

∫ t−z√
2

0
dv f(u, v) (C.6)

C.2 Example: Parametrization of J −(x) in a 3 + 1D Minkowski Diamond

Consider a causal diamond M = I(q, p) with local Cartesian coordinates (chart) Y =

(Y 0,Y) and metric

ds2 = ηµνdY
µdY ν , (C.7)

where η = diag(1,−1,−1,−1). In this coordinate system, h is the height between the top

and bottom corners, q and p. Their coordinates are P = (0,0)Y and Q = (h,0)Y .

Let x be a point in M with coordinates X = (X0,X)Y . For any x ∈ M, we are in-

terested in the submanifold J −(x) = I(x, p) ⊂M. In this subsection we will parametrize

this submanifold as a function of the points p, q and x.20

The proper time τpx between the points p and x, is given by

τ2
px = (X0)2 − ‖X‖2 . (C.8)

20The treatment in this subsection is similar to the one in [49].
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We want to map the point y ∈ I(x, p) from Y coordinates into Ỹ coordinates such that the

interval I(x, p) in this coordinate system takes the form of a standard upright diamond i.e.

X̃ = (X̃0,0)Ỹ , P̃ = (P̃ 0,0)Ỹ and

τ2
px =

(
X̃0 − P̃ 0

)2
. (C.9)

The mapping from Y to Ỹ will only use transformations in the Poincaré group P = R4 o
SO(3, 1) and the metric will therefore remain of the Minkowski form

ds2 = ηµνdỸ
µdỸ ν . (C.10)

In these coordinates, null geodesics will remain straight lines at 45 degrees.

First we bring the origin to x, using a translation

Y µ −→ Y µ −Xµ, (C.11)

mapping the points p and x to

P −→ P −X = (−X0,−X) and X −→ X −X = (0,0). (C.12)

We will now use SO(3, 1) Lorentz-group transformations to bring p to the form P̃ =

(P̃ 0,0)Ỹ . Such transformations will keep X̃ = (0,0)Ỹ and thus give us the coordinate

system we are seeking.

First we need a rotation R ∈ SO(3) ⊂ SO(3, 1) such that p has only one non-zero spatial

component (say, the x-direction)

P −→ R(P −X)
!

= (−X0, ‖X‖, 0, 0). (C.13)

This rotation matrix is given by

R = exp(θ n · L), (C.14)

where

n = − X

‖X‖
× (1, 0, 0), cos(θ) = − X1

‖X‖
, (C.15)

and L = (Lx, Ly, Lz) are the infinitesimal rotations along the three axes (as 4 × 4 anti-

symmetric matrices). Next we need a boost B ∈ SO(3, 1) ⊂ P, in the x-direction and

parametrized by w

B ·


t

x

y

z

 =


γ(t− xw)

γ(x− tw)

y

z

 (C.16)

in order to eliminate the remaining non-zero spatial component. The transformation leads

to

BR(P −X) = γ


−X0 − ‖X‖w
‖X‖+X0w

0

0

 . (C.17)
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We choose the velocity w such that the spatial component vanishes

w = −‖X‖
X0

. (C.18)

Thus finally the coordinate P is mapped to

P̃ = BR(P −X) =
(
P̃ 0,0

)
Ỹ
, (C.19)

where

P̃ 0 = γ

(
−X0 +

‖X‖2

X0

)
. (C.20)

The coordinate transformation is thus

Ỹ = BR(Y −X). (C.21)

In this coordinate system the region J −(x) = I(x, p) will look like a standard upright dia-

mond between the points P̃ = (P̃ 0,0)Ỹ and X̃ = (0,0)Ỹ . We will now parametrize J −(x)

using radial lightcone coordinates. First we use spherical coordinates (Ỹ 0, Ỹ 1, Ỹ 2, Ỹ 3) −→
(Ỹ 0, r, θ, φ) where

Ỹ 1 = r cos θ,

Ỹ 2 = r cosφ sin θ,

Ỹ 3 = r sinφ sin θ.

(C.22)

In particular, r = ‖Ỹ‖. Then we use the radial lightcone coordinates (Ỹ 0, r, θ, φ) −→
(u, v, θ, φ)

u =
1√
2

(
Ỹ 0 − ‖Ỹ‖

)
,

v =
1√
2

(
Ỹ 0 + ‖Ỹ‖

)
.

(C.23)

The combined coordinate transformation is thus

Ỹ 0 =
(v + u)√

2
,

Ỹ 1 =
(v − u)√

2
cos θ,

Ỹ 2 =
(v − u)√

2
cosφ sin θ,

Ỹ 3 =
(v − u)√

2
sinφ sin θ.

(C.24)

The volume form is given by

d4y = dY 0dY 1dY 2dY 3

= dỸ 0dỸ 1dỸ 2dỸ 3,

= r2dỸ 0dr d2Ω,

=
1

2
(v − u)2 du dv d2Ω.

(C.25)
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J −(x) =

{
(u, v, θ, φ)

∣∣∣ u ∈ [0,− 1√
2
τpx

]
∧ v ∈ [0, u] ∧ θ ∈ [0, π] ∧ φ ∈ [0, 2π]

}
, (C.26)

where τpx = P̃ 0. The mapping Y = R−1B−1Ỹ +X together with equations (C.24), allows

us to express Y = Y (u, v, θ, φ). In particular, we can compute the integrals over J −(x) as∫
J−(x)

f(Y )d4Y =

∫
S2

d2Ω

∫ − τpx√
2

0
du

∫ u

0
dv

1

2
(v − u)2 f(Y (u, v, θ, φ)) (C.27)
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