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Abstract

An electron in the presence of a magnetic monopole cannot form a bound

state to the monopole in three dimensions. All states formed are scattering

and follow a geodesic trajectory on the surface of a cone. In this thesis I show

that confining the electron to two dimensions and placing the monopole

above or below said plane allows for bound states to be formed. Classi-

cally, utilising Lagrangian mechanics, these are fully bound never forming

scattering states without an influx of energy. Quantum mechanically (Solu-

tions to Schrödinger time independent equation) and semi-classically (Bohr-

Sommerfeld quantisation, WKB approximation), these states are quasi-bound

with finite lifetimes before turning into a scattering state. The minimum

charge that can bind an electron to a magnetic monopole is approximately

the same strength as 16 Dirac monopoles. The lifetimes of these scattering

states is dependent on the electron’s energy eigenvalue, the strength of the

magnetic monopole, and the distance the monopole is from the plane.

Magnetic monopoles can be detected using a SQUID (Superconducting

QUantum Interference Device) measuring the quantised jumps in magnetic

flux. In this thesis I ask: can they be detected using the Hall effect? With

the electrons bound to a plane permeated by the non-uniform magnetic

field produced by a magnetic monopole; what will the Hall voltage look

like across the plane, and can it be measured? Magnetohydrodynamics is

utilised to model the flow of an electron gas by treating it as a fluid that

interacts with both magnetic and electrical fields. A single Dirac monopole

produces a peak in Hall voltage across the modelled Hall sensor of the order

10−6V. For a monopole found in spin-ice, which is about 1/8000 the magnetic

charge of a single Dirac monopole, this voltage is considerably less.
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Chapter 1

Introduction

This thesis looks at the interactions of magnetic monopoles and electrons

over two different projects. The first focuses on finding bound states of

an electron about a magnetic monopole with the electron confined to two

dimensions. This is explored in classical, semi-classical, and quantum me-

chanical regimes. The second project concerns the detection of magnetic

monopoles using the Hall effect: using magnetohydrodynamics to evaluate

the flow of an electron gas. This is currently an area under investigation

with measurements being performed by a SQUID [1].

In Chapter 2, I introduce the problem of binding a two dimensionally con-

fined electron to a magnetic monopole through graphical representation of

the problem. The problem is rescaled to make it dimensionless. These

definitions are presented in this chapter. Moving to Chapter 3 We look at

the methods used in this thesis: Lagrangian Mechanics, Bohr-Sommerfeld

quantisation, WKB approximation, the finite difference method, and fourth

order Runge-Kutta. Chapter 4 shows the classical solutions to the problem

of binding an electron to a monopole: introducing a classical potential, find-
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ing the orbital trajectory of the electrons, and what defines the type of orbit.

In Chapter 5, we take a look at a semi-classical approach to the problem

using the classical potential derived previously. Using a simple harmonic

oscillator; an estimation of the bound states is acquired. The system is very

reminiscent of electrons orbiting about a hydrogen nucleus that was evalu-

ated using the Bohr-Sommerfeld quantisation, and so it works very well here.

In Chapter 6, the problem is cast in a quantum mechanical framework where

the difference between the classical and quantum potentials is highlighted

and the problem is transformed into a one dimensional Schrödinger equa-

tion. A WKB approximation and finite difference method are both utilised to

solve the Schrödinger equation where quasi-bound states are found. Chap-

ter 7 looks at the lifetimes of the quasi-bound states: a WKB approximation

and finite difference methods are once again used to find the half lives of

these states, an additional phase shift method also found lifetimes and the

energies of the quasi-bound states. In Chapter 8, I bring the first of the

projects to a close with the revelation of the results of the previous chapters:

comparing and contrasting between the different methods, drawing conclu-

sions, and finding out if it is possible to create a magnetic monopole strong

enough to bind an electron constrained to two dimensions.

Chapter 9 marks the beginning of a new project on a similar theme. While

previously I looked at the bound electrons, attention now turns to un-

bound electrons. The problem of modelling 2D electron flows in a magnetic

monopole field and measuring the Hall voltage produced is explored. An

introduction to magnetohydrodynamics and the Hall effect are presented for

background knowledge. The equations of motion are derived for uniform

and non-uniform magnetic fields as well as the Hall voltage in magnetohy-

drodynamic framework. Finally, the equations of motion are transformed

into non-dimensional equations to investigate their behaviour. In Chapter
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10, the finite difference method in two dimensions is used to simulate the

electron gas flow on the Hall sensor: measuring the mass density of elec-

trons, 𝑥 and 𝑦 velocities, and the Hall voltage over the sensor plane. This

is done for both uniform magnetic fields and also for the magnetic fields of

monopoles in various configurations. Lastly, I apply the model to 2D mate-

rials and see what type of results could be expected experimentally. Chapter

11 is a discussion and conclusion section for the results seen previously, and

I answer the question that this project initially set.

For the remainder of this chapter I will cover the key concepts needed for the

reader: what is a magnetic monopole and where are they? Can an electron

orbit a magnetic monopole in three dimensions? Finally an Introduction to

magnetohydrodynamics and the Hall voltage.

1.1 What is a Magnetic Monopole and Where are

They?

In 1931 Paul Dirac imagined a magnetic monopole as a defect by constructing

a vector potential that led to a monopolar field everywhere in space, but

which was singular on a single line; an infinitely thin undetectable solenoid,

commonly referred to as a Dirac string [2]. An electron in the presence of

a Dirac monopole would not be able to see the Dirac string. These Dirac

monopoles have yet to be found, if they can be found at all; with their

existence being a matter of speculation. The Dirac monopole charge is given

as

𝑄𝐷 =
2𝜋ℏ
𝜇0𝑞𝑒

𝑛, (1.1)

where 𝜇0 ≈ 1.26×10−6 is the permeability of free space, ℏ is Planck’s reduced

constant and 𝑞𝑒 is the electrical charge of an electron and 𝑛 is an integer
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value. Placing these values into the equation, with 𝑛 = 1 for the smallest

Dirac monopole charge we get 𝑄𝐷 ≈ 3.29×10−9Am. This led to Dirac stating

"that a single magnetic monopole in the Universe would explain the electric

charge quantisation" [3].

No Dirac monopoles have been found thus far [4,5] there are several possible

hypotheses: magnetic monopoles never existed, used to exist, and exist but

are extremely rare. Comparing the forces between two oppositely electri-

cally charged particles (𝑞𝑒1 and 𝑞𝑒2), 𝑞𝑒1 = −𝑞𝑒2, and oppositely magnetically

charged particles (𝑄𝐷1 and 𝑄𝐷2), 𝑄𝐷1 = −𝑄𝐷2 using Coulomb’s Law and an

equivalent for magnetic monopoles we get force equations for static particles

as

𝐹𝑒 =
𝑞𝑒1𝑞𝑒2

4𝜋𝜖0𝑟2 r1→2, (1.2) 𝐹𝑀 =
𝜇0𝑄𝐷1𝑄𝐷2

4𝜋𝑟2 r1→2, (1.3)

where 𝐹𝑒 is the force between electrically charged particles, 𝐹𝑀 is the force

between magnetically charged particles, and 𝜖0 ≈ 8.85 × 1012Fm−1 is the

permittivity of free space. Placing values into these equations using the sin-

gle Dirac charge calculated earlier, 𝑞𝑒1 ≈ 1.602 × 10−19C and 𝑟 = 1m we get

𝐹𝑒 = 2.31×10−28N and 𝐹𝑀 = 1.08×10−24N which is in agreement with the cal-

culations of [6]. The force between a pair of oppositely charged monopoles

is four orders of magnitude greater than that of an electron-positron pair

so this would certainly provide an appropriate mechanism for the greater

annihilation of magnetic monopole pairs compared to electrically charged

particles at the birth of the universe; should magnetic monopoles have ever

existed at all.

With our current lack of magnetic monopoles we can turn our attention

to monopole-like sources, with behaviour similar to that of a magnetic

4



monopole but which are not true Dirac monopoles. These monopole-like

sources have not got quantised magnetic charge; with the string between the

two poles being visible to electrons. Close to the singular poles the electron

behaves as if it were a magnetic monopole but the field lines are not radial

and do converge on the other pole. Three sources for these are:

• Spin-ice materials: constructed of frustrated magnetic moments cre-

ating a magnetic monopole on a lattice site and the opposite polarity

magnetic monopole on an adjacent site. These form a superparamag-

netic regime, see Fig. 1.1. As the spins on each site flip, the monopoles

can be moved away from one another or be recombined so no overall

magnetic field is present [7, 8].

• Artificial spin-ice: these are constructed using nano scale dipole mag-

nets arranged on a lattice, with one pole sitting on the lattice site and

the other on the neighbouring lattice site. Flipping a magnet will pro-

duce an overall magnetic charge on one lattice site and an opposing

magnetic charge on a neighbouring site. At each of these lattice sites

it now appears that a magnetic monopole is present, see Fig. 1.2. As

with spin-ice, if we flip magnets adjacent to these sites we can move

the monopoles away from one another [9–11].

• Magnetic needle: the latest (and also earliest method, as Birkelands

monopole was a less refined version of this experiment) way to create

an artificial monopole is via a nano scale ferromagnetic needle, focus-

ing our attention to the tip at one end we can produce a magnetic field

that is very similar to a monopole [12].

I will return to these different types of monopole analogues in the discussion

section where I will examine what would be required to produce a bound
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Figure 1.1: The magnetic moments on a tetrahedral lattice magnetically
frustrated so as to form an overall magnetic charge on a site. The magnetic
charges always come in pairs of opposing polarity but located on different
sites, these lattice sites do not have to be next to one another. The string
formed between the two monopoles can be seen by an electron so these are
not Dirac monopoles, their value of charge depends on the magnitude and
the orientation of the magnetic moments at the lattice site. Figure referenced
from [13].

state in all three cases.

1.2 Can an Electron Orbit a Magnetic Monopole?

An electron with a velocity of v = (𝑣𝑥 , 𝑣𝑦 , 𝑣𝑧) and an electric charge 𝑞𝑒 in a

uniform magnetic field, B = (𝐵𝑥 , 𝐵𝑦 , 𝐵𝑧)will feel a force, F, acting upon it in

accordance with the Lorentz force

F = 𝑞𝑒(v × B) = 𝑞𝑒

[ (
𝑣𝑦𝐵𝑧 − 𝑣𝑧𝐵𝑦

)
î + (𝑣𝑧𝐵𝑥 − 𝑣𝑥𝐵𝑧) ĵ +

(
𝑣𝑥𝐵𝑦 − 𝑣𝑦𝐵𝑥

)
k̂
]
.

(1.4)
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Figure 1.2: Magnetic dipoles arranged on a square array at the point where
4 magnets meet the total charge can take one of several configurations.
An imbalance of poles at an intersection will cause an overall magnetic
charge to form there. The size of this charge is dependent on the strength
of the dipoles, the number of like poles meeting at the intersection and
the geometry of the intersection itself with some geometry leading to a
permanently frustrated state. Figure referenced form [11].
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Figure 1.3: Birkeland’s experiment with a cathode ray tube on the right and
on the left the pole of a magnet. The cathode rays shown in the tube follow
the lines of magnetic field which when only influenced by a single pole of a
magnet appear similar to what one would expect from a magnetic monopole.
Image taken from [14].

We see that the force is always perpendicular to the velocity and the magnetic

field. When the electron is restricted to a plane, 𝑣𝑧 = 0, the only part of the

magnetic field that will affect its motion is 𝐵𝑧 . The Lorentz force in this

scenario becomes

F = 𝑞𝑒
[ (
𝑣𝑦𝐵𝑧

)
î − (𝑣𝑥𝐵𝑧) ĵ

]
, (1.5)

causing the electron to take a curved path on the plane.

Birkeland observed that if the pole of an electromagnet is placed at the

opposing end of a cathode, the trajectory of the cathode rays (a stream of

electrons in) converged on the magnetic pole see Fig. 1.3.

In 1896 Henry Poincaré [15] considered the interaction of cathode rays with a

magnet based on the experiments conducted by Kristian Birkeland. Poincaré

later noted that motion of the electrons in the cathode tube behaved as if a

magnetic monopole were present. Modelling a magnetic field, B, so that its
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source was point-like

B =
𝛼

𝑟3 r, (1.6)

where r = (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)), 𝑟2 = 𝑥2 + 𝑦2 + 𝑧2 and 𝛼 is a constant. Using the

Lorentz force law for a charged particle in a magnetic field

𝑑2r
𝑑𝑡2 = 𝑞𝑒(

𝑑r
𝑑𝑡
× B) = 𝛽

𝑟3 (
𝑑r
𝑑𝑡
× r), (1.7)

𝛽 has now absorbed all of the constants into a single value and 𝑞𝑒 = −1.602×

10−19C is the charge of an electron. Poincaré calculated the equations of

motion for an electron about a point source magnetic field, these equations

of motion can be written as

¥r =
𝛽

𝑟3 r × ¤r, (1.8)

showing that the acceleration of the electron is perpendicular to the position

vector r and the velocity of the electron ¤r. The energy of the electron is

constant as no work is done by the magnetic field. This gives the relation-

ship

|¤r|2 = 𝐶. (1.9)

𝐶 is a constant that is equal to 2𝐸/𝑚, where E is the kinetic energy of the

electron and m is the electron mass. Taking the derivative of 𝑟2 with respect

to time
𝑑

𝑑𝑡
𝑟2 = 2¤rr. (1.10)

Next taking the second derivative of 𝑟2 with respect to time

𝑑2

𝑑𝑡2 𝑟
2 = 2 |¤r|2 = 2𝐶. (1.11)
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Performing two successive integrations with respect to time gives

𝑟2 = 𝐶𝑡2 + 𝐵𝑡 + 𝐴, (1.12)

where 𝐴 and 𝐵 are constants of integration. Taking the cross product of r

with the Lorentz force equation , Eq. (1.7), then integrating with respect to

𝑡

r × ¤r = −𝛽
𝑟

r +D, (1.13)

where D = (𝑎, 𝑏, 𝑐) is a constant vector from the integration. The angular

momentum of the electron is not conserved but 𝐷 is. The constant 𝐷 is the

total angular momentum of the system and −𝛽
𝑟 r is the angular momentum

of the magnetic field, rearranging we get

D = r × ¤r + 𝛽

𝑟
r, (1.14)

showing that the total angular momentum of the system is comprised of

the angular momentum of the electron and of the magnetic field. Since the

total angular momentum is constant it is then conserved at all points, which

means that the angular momentum is conserved between the magnetic field

and the monopole as a system. Taking the dot product of D with r

r ·D = r · (r × ¤r) +
𝛽

𝑟
r · r = 𝛽𝑟, (1.15)

and

r ·D = 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧. (1.16)
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Setting Eq. (1.15) equal to Eq. (1.16) gives

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝛽𝑟. (1.17)

The angle between the total angular momentum D and the position vector r

is constant value. The only way that this angle can remain constant is if the

position vector r sits on the surface of a cone with the total angular momen-

tum vector D forming an axis about which the cone can rotate symmetrically.

From Eq. (1.8) we see that the acceleration is perpendicular to the velocity

and position vector of the electron so must be pointing normally from the

surface of the cone inwards. Since the electron does not leave the surface

of the cone that is generated by revolving the vector r about D then it must

take the shortest path between two points which will be a geodesic on the

surface of the cone (unfolding the cone would reveal that this path is in fact

straight) [14–16], see Fig. 1.4. As such no electron can form a bound orbit

about a monopole in three dimensions as the geodesic trajectory on a cone

will always scatter the electron.

When the electron is restricted to a plane, as is done in the quantum Hall

effect (neglecting edge hopping states), the orbits are all circular. In two

dimensions for a uniform magnetic field all classical states are bound this

remains true when quantised [18]. For a uniform magnetic field one would

expect circular orbits. However would this also hold true for the non uni-

form magnetic field of a magnetic monopole if the electron was confined

to a plane? Would suspending a magnetic monopole beneath or above the

plane result in all orbits being circular in a classical regime? Quantum me-

chanically would there be bound states, quasi-bound states, or no bound

states? If there are quasi-bound states, how long do we expect these states

to last?
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Figure 1.4: An electrons Geodesic trajectory around a magnetic monopole,
in three dimensions Poincaré found that no bound states can be formed.
Figure referenced from [17].

1.3 Can the Hall effect be Used to Detect Magnetic

Monopoles?

The Hall effect produces a voltage in the transverse direction to an applied

current in a magnetic field, this voltage is called the Hall voltage. The value

of the Hall voltage is dependent on: the current, material properties, the

charged particle density, and the strength of the magnetic field applied [19].

When the applied current and the material property are fixed, the Hall volt-

age is proportional to the magnetic field passing through the material.

In many physical phenomena, a substance known as plasma is being inves-

tigated. Some of these phenomena include astrophysical jets [20], sunspots

[21] and nuclear fusion [22]. Plasma is a fluid that consists of charged parti-

cles. Modelling of fluids is done with the Navier-Stokes equation, a current

millennium prize problem [23], but this does not deal with interactions be-

tween electric and magnetic fields that a plasma may come into contact with.
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To solve this problem a variation of fluid dynamics was required and so the

area of Magnetohydrodynamics was developed.

Calculating the Hall voltage from magnetohydrodynamics will allow for

measurement of Hall voltage across the plane in addition to how the elec-

tron gas moves over the plane and its velocity. The benefit of a magneto-

hydrodynamic approach is that a non-uniform magnetic field produced by

a magnetic monopole can be evaluated in the same manner as a uniform

magnetic field over the plane.

We see that Dirac monopoles have yet to be found, but suitable magnetic

monopole alternatives are available. In three dimensions an electron cannot

orbit a magnetic monopole as it has a geodesic trajectory which maps onto

the surface of a cone. If the electron is restricted to two dimensions can

bound states be found?

The Hall effect is a technique currently used to measure the strength of mag-

netic fields. In combination with magnetohydrodynamics, can I measure

the Hall voltage of non-uniform magnetic fields?

Starting the investigation with a classical and semi-classical treatment, I

address the problem with a Lagrangian solution and also a Bohr-Sommerfeld

quantisation. Following this, I address the quantum problem which is solved

using a WKB approximation and a numerical finite difference method. I then

compare classical, semi-classical, and quantum solutions. Finally, I look at

the expected lifetimes of the quasi-bound states found. Before this, however,

a detailed introduction to the problem being considered is required.
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Chapter 2

An Electron on a Plane Situated

Above a Magnetic Monopole

The problem under consideration is: can a bound state be formed by an

electron orbiting a single magnetic monopole? In three dimensions, the

answer is no; the electron will follow a geodesic trajectory on the surface

of a cone. Can restricting the electron to a plane produce bound states?

This is the problem that this first project aims to answer. Before answering

the problem though, a short bit of background knowledge is introduced to

the reader that will be relevant for understanding the electron-monopole

problem.

2.1 The Monopole Electron Problem

In this section I will describe the physical problem at hand and offer a semi-

classical description of the physics. I consider a spinless electron of effective

mass 𝑚 and electric charge 𝑞𝑒 confined to a plane situated a distance 𝐷

above a magnetic monopole of charge 𝑄𝑚 which is fixed in position relative

14



Figure 2.1: Graphical representation of the system under consideration. 𝐷

is the distance between the plane and the magnetic monopole of charge Qm.
𝑟 is radial distance of the spinless electron from the centre of the plane, 𝜃
is the rotation on the surface of the plane about the position at which the
magnetic monopole is projected onto the plane. The magnetic field, B, is
split into constituent magnetic fields; parallel, B∥ and perpendicular, B⊥.
The electron has a charge 𝑞𝑒 and mass 𝑚∗. The vector potential is denoted by
A𝜙(𝑟). The red oscillating line beneath the magnetic monopole represents
the Dirac string that joins two oppositely charged monopoles.
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to the plane, as shown in Fig. 2.1. Assuming that there is a lone magnetic

monopole, the relationship between a magnetic field (B) and a magnetic

vector potential (A) is the Maxwell equation rewritten to include magnetic

monopoles [24, 25] ∮
S

B.𝑑S = 𝑄𝑚𝜇0, (2.1)

where 𝜇0 is the magnetic permeability of free space. The magnetic field

produced by the monopole is spherically symmetric. The magnetic field for

a single magnetic monopole is:

B =
𝑄𝑚𝜇0

4𝜋𝑟2 𝑟. (2.2)

The only part of the magnetic field that affects the motion of the electron is

its perpendicular component (B⊥), measured on the plane that the electron

is restricted to

B⊥ = |B| 𝐷√
𝑟2 + 𝐷2

𝑧̂ , (2.3)

which is perpendicular to the plane, making the problem analogous to the

quantum hall effect. As the electron is confined to the plane a Coulomb

gauge has been chosen such that ∇ · A = 0, where A = 𝐴𝜙(𝑟)𝜙̂ is the vector

potential on the surface of the plane, where 𝜙̂ is the unit vector of the polar

coordinate on the plane around the point at which the monopole projects

onto the plane. The momentums involved in this system are the linear

momentum in the radial direction, the angular momentum in the polar

direction [26]. The resulting Hamiltonian [27–30] (𝐻) which describes the

energy of the system

𝐻 =
1

2𝑚 (𝒑 + 𝑞𝑒𝑨)2 =
1

2𝑚

(
𝑝2
𝑟 +

[
1
𝑟
𝑝𝜙 + 𝑞𝑒𝐴𝜙(𝑟)

]2
)
, (2.4)
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where 𝑞𝑒 is the electric charge of the electron and p is its momentum; which

can be separated into a linear momentum, 𝑝𝑟 , and a canonical momentum,

𝑝𝜙/𝑟 + 𝑞𝑒𝐴𝜙(𝑟). The angular momentum of the electron on its own is not

conserved. However, the angular momentum of the electron and the angular

momentum of magnetic field in the direction of 𝜙 is conserved, this is the

canonical momentum [31].

The vector potential for a magnetic monopole can be modelled as two over-

lapping non-singular potentials. References [2, 32] show that vector poten-

tials can be expressed as

A𝜙 =


𝜇0𝑄𝑚

4𝜋
(1−cos𝜃)
𝑅 sin𝜃 𝜙̂, A𝑟 = A𝜃 = 0, for 𝜃 < 𝜋

2 ,

𝜇0𝑄𝑚

4𝜋
(−1−cos𝜃)
𝑅 sin𝜃 𝜙̂, A𝑟 = A𝜃 = 0, for 𝜃 > 𝜋

2 .

(2.5)

When modelling the system with the plane that confines the electron above

the monopole, the required component of A𝜙 is 𝜃 < 𝜋
2 and for an electron

below the monopole 𝜃 > 𝜋
2 . A𝜙 can be expressed in terms of r using the

identities 𝑅 =
√
𝑟2 + 𝐷2, cos𝜃 = 𝐷√

𝑟2+𝐷2
and sin𝜃 = 𝑟√

𝑟2+𝐷2
derived from

figure 2.1 giving the term A𝜙(𝑟)

A𝜙(𝑟) =
𝜇0𝑄𝑚

4𝜋𝑟

(
1 − 𝐷√

𝑟2 + 𝐷2

)
𝜙̂. (2.6)

2.2 Dimensionless Rescaling

In order to reduce the number of independent parameters as much as pos-

sible while retaining the physics of the problem, we introduce the following

dimensionless variables:

𝜆 =
𝑄𝑚

2𝑄𝐷
, (2.7)
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𝜆 is the charge of the magnetic monopole in units twice the elementary

monopole charge (𝑛 = 1) derived by Dirac

𝑄𝐷 =
2𝜋ℏ
𝑞𝑒𝜇0

𝑛, (2.8)

where 𝑛 is an integer value. 𝑄𝐷 is a quantised value but 𝜆 is not due to

𝑄𝑀 not being quantised. The energy, E, is expressed as the dimensionless

quantity, 𝜖

𝜖 =
2𝐸
ℏ𝜔c

. (2.9)

Figure 2.2: |𝐵⊥ | at the plane caused by a magnetic monopole located at 𝑟 = 0
m and 𝐷 = 0.1 m. The highest perpendicular magnetic field is located at the
point directly above the magnetic monopole, it is this point at which we will
use for defining our value of 𝜔𝑐 .

Here 𝜔c is the cyclotron frequency in a uniform field corresponding to the
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highest field seen by the electron on the plane which is the directly above

the magnetic monopole (see Fig. 2.2)

𝜔𝑐 =
𝑞𝑒 |B|
𝜆𝑚∗ . (2.10)

The dimensionless time, 𝑡′, is

𝑡′ = 𝑡𝜔𝑐 , (2.11)

where 𝑡 is the time in seconds. Finally the radial position of the electron on

the plane from the point where the monopole is projected can be rescaled

as

𝜌 = 𝑟/𝐷. (2.12)
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Chapter 3

A Classical Solution

The classical movement of the electron on a plane has two components a ra-

dial and an angular motion. In this section I look at solving the orbital paths

utilising Lagrangian mechanics, looking at both the scattering and bound

orbits. A classical description was originally attempted J.Minns in their Mas-

ters thesis, [33], calculated with Newtonian mechanics but here we take a

different approach using Lagrangians to achieve the same orbital trajectories

but being able to class each orbit type by the canonical momentum.

3.1 Applying Lagrangian Mechanics to the Prob-

lem

A description of how the equations of motion can be generated by La-

grangian mechanics and the methods used to solve these equations of motion

are found in Appendix A.1. From the Hamiltonian

𝐻 =
1

2𝑚 (𝒑 + 𝑞𝑒𝑨)2 =
1

2𝑚

(
𝑝2
𝑟 +

[
1
𝑟
𝑝𝜙 + 𝑞𝑒𝐴𝜙(𝑟)

]2
)
, (3.1)
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the Lagrangian can be derived using the transform 𝐿 =
∑ ¤𝑞𝑖𝑝𝑖 −𝐻 using the

Hamiltonian identities [34, 35], where ¤𝑞𝑖 is the velocity in direction 𝑖 and 𝑝𝑖

is its corresponding momentum.

¤𝑟 = 𝜕𝐻

𝜕𝑝𝑟
=

𝑝𝑟

𝑚
−→ 𝑝𝑟 = 𝑚 ¤𝑟; (3.2)

¤𝜙 =
𝜕𝐻

𝜕𝑝𝜙
=

1
𝑚𝑟

(
1
𝑟
𝑝𝜙 + 𝑞𝑒𝐴𝜙(𝑟)

)
−→ 𝑝𝜙 = 𝑚𝑟2 ¤𝜙 − 𝑞𝑒𝑟𝐴𝜙(𝑟). (3.3)

Substituting 𝑝𝑟 and𝑝𝜙 into the Hamiltonian and the Legendre transform we

get:

𝐿 = 𝑚 ¤𝑟2 + 𝑚𝑟2 ¤𝜙2 − ¤𝜙𝑞𝑒𝑟𝐴𝜙 −
1
2

(
𝑚 ¤𝑟2 + 𝑚𝑟2 ¤𝜙2

)
, (3.4)

which can be simplified to

𝐿 =
1
2𝑚

(
¤𝑟2 + 𝑟2 ¤𝜙2

)
− 𝑞𝑒𝑟 ¤𝜙𝐴𝜙 . (3.5)

The Euler-Lagrange equation, [36, 37] for radial motion is as follows

𝜕𝐿

𝜕𝑟
− 𝜕

𝜕𝑡

𝜕𝐿

𝜕¤𝑟 = 0. (3.6)

Evaluating Eq. (3.6) with the Lagrangian Eq. (3.5) gives the following equa-

tion of motion:

𝑚 ¥𝑟 = 𝑚𝑟 ¤𝜙2 − ¤𝜙𝑞𝑒
𝜕

𝜕𝑟

(
𝑟𝐴𝜙(𝑟)

)
. (3.7)

The canonical momentum, 𝜕𝐿
𝜕 ¤𝜙 = 𝑀𝜙, is conserved about a single monopole.

This is evaluated as

𝑀𝜙 = 𝑚𝑟2 ¤𝜙 − 𝑞𝑒𝑟𝐴𝜙(𝑟), (3.8)

giving an angular velocity of

¤𝜙 =
1
𝑚𝑟

(
𝑀𝜙

𝑟
+ 𝑞𝑒𝐴𝜙(𝑟)

)
. (3.9)
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We see that there is an implied periodicity in the polar position of the electron

from Eq. (3.9) if 𝑟 is an electron constrained to periodically bounce between

two radial points then 𝜙 will also be periodic. Substituting Eq. (3.9) into

Eq. (3.7) gives the following radial equation of motion

𝑚 ¥𝑟 = − 1
2𝑚

𝜕

𝜕𝑟

(
𝑀𝜙

𝑟
− 𝑞𝑒𝐴𝜙(𝑟)

)2
. (3.10)

Eqs. (3.9) and (3.10) are both dependent on the position of the electron in

the 𝑟 direction, this allows us to reframe the problem as one dimensional.

An effective one dimensional potential, 𝑉classical(r), can be derived using

𝑚 ¥𝑟 = −𝜕𝑉unscaled
classical (𝑟)

𝜕𝑟 :

𝑉unscaled
classical (𝑟) =

1
2𝑚

(
𝑀𝜙

𝑟
− 𝑞𝑒𝐴𝜙(𝑟)

)2
. (3.11)

Substituting 𝐴𝜙(𝑟), Eq. (2.6) into Eq. (3.11) and scaling the potential energy

in terms of 𝜖 using the relation in Eq. (2.9) and using the scaling relationships

Eqs. (2.9) and (2.12)𝑉unscaled
classical (𝑟) can be expressed as a dimensionless quantity

𝑉classical(𝜌):

𝑉classical(𝜌) =
2

ℏ𝜔𝑐
𝑉unscaled

classical (𝜌𝐷), (3.12)

which expanded gives

𝑉classical(𝜌) =
𝜆2

𝜌2

[
𝑀

𝜆
+

(
1 − 1√

1 + 𝜌2

)]2

, (3.13)

where

𝑀𝜙 = 𝑀ℏ (3.14)

The shape of the potential is dependent on two fixed quantities 𝜆2 and 𝑀/𝜆.

Dividing the energy values by 𝜆2 which affects the scale of the potential

Eq. (3.13) the shape of the potential and results can be generalised in terms
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of 𝑀/𝜆. The shape of 𝑉classical(𝜌)/𝜆2 is now only dependent on the value of

𝑀/𝜆. Anticipating later sections the distinction between the classical and

quantum variants of 𝑀 need to be expressed. This is a classical description,

the value of 𝑀 does not have to be restricted to integer values, as would be

the case for quantum solutions. The value of 𝑀/𝜆 is not quantised for either

classical or quantum problems as 𝜆 is not quantised owing to the fact that

𝑄𝑀 is not a quantised monopole charge. How the potential changes with

𝑀/𝜆 can be seen in Fig. 3.1. Radial energy values that are less than the peak

of the well and also at a radius that falls within the well will be bound orbits,

energy values and radius that fall outside these constraints the electron will

be unbound, this can be seen in Fig. 3.2.

3.2 Solving the Classical Problem

Previously I have described a non-dimensional classical potential for the

radial part of the electrons motion, Eq. (3.13). Following on from the non-

dimensional potential we can now give the angular velocity the same treat-

ment

¤𝜙(𝜌) = 1
𝜔𝑐

¤𝜙(𝜌𝐷), (3.15)

expanding gives

¤𝜙(𝜌) = 𝜆

𝜌2

[
𝑀

𝜆
+

(
1 − 1√

𝜌2 + 1

)]
. (3.16)

The next step is to form a non-dimensional Lagrangian by applying the

energy scalar (Eq. (2.9)) to the Lagrangian (Eq. (3.5))

𝐿(𝜌, 𝜙) = 2
ℏ𝜔𝑐

𝐿(𝜌𝐷, 𝜙(𝜌𝐷)), (3.17)
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(a)

(b)

Figure 3.1: The shape of the classical potential, V𝑐𝑙𝑎𝑠𝑠𝑖𝑐𝑎𝑙(𝜌) is dependent on
𝑀/𝜆. The y-axis is the energy of the potentials shown ,𝜖, which has been
scaled by 𝜆2. (a) 𝑀/𝜆 decreasing from 0 to -1 in step sizes of 0.10 in the
direction of the arrow. (b) 𝑀/𝜆 increasing from 0 to 0.2 in step sizes of 0.02
in the direction of the arrow.
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giving

𝐿(𝜌, 𝜙) = ¤𝜌2 + 𝜌2 ¤𝜙2 − 2 ¤𝜙𝜆
(
1 − 1√

𝜌2 + 1

)
. (3.18)

Using the Euler-Lagrange equations

𝜕𝐿(𝜌, 𝜙)
𝜕𝜌

− 𝜕

𝜕𝑡′
𝜕𝐿(𝜌, 𝜙)

𝜕 ¤𝜌 = 0, (3.19)

𝜕𝐿(𝜌, 𝜙)
𝜕𝜙(𝜌) −

𝜕

𝜕𝑡′
𝜕𝐿(𝜌, 𝜙)
𝜕 ¤𝜙(𝜌)

= 0. (3.20)

(3.21)

Solving the Euler-Lagrange equations then manipulating both to get ¥𝜌

¥𝜌 = 𝜌 ¤𝜙2(𝜌) +
¤𝜙(𝜌)𝜆𝜌

(𝜌2 + 1)
3
2
, (3.22)

and ¥𝜙(𝜌)

¥𝜙(𝜌) = −
2 ¤𝜌
𝜌

[
¤𝜙(𝜌) + 𝜆

2 (𝜌2 + 1)
3
2

]
. (3.23)

Now that we have a pair of coupled equations, ¥𝜌 and ¥𝜙, we can solve these

using the python package scipys odeint module. This requires the initial

positions, initial velocities and the time period over which to collect data.

For a bound state we can choose an initial 𝜌 as being halfway across the

width of the potential well for a chosen electron energy (see Fig. 3.2) and

the initial 𝜙 = 0. The initial velocity ¤𝜙 can be evaluated using Eq. (3.16).

The initial velocity in the radial direction can be evaluated via the potential

scaling the kinetic energy (𝐸 − 𝑉unscaled
classical (𝑟) = 𝑚𝑣2/2) by the energy scalar,

Eq. (2.9), and rearranging for velocity we get:

¤𝜌(𝜌) =
√
𝜖 −𝑉classical(𝜌). (3.24)
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Choosing an initial starting point at a radius that is outside of the well but

above the potential and with the corresponding initial radial velocity at that

position, also calculated form the potential, we can observe the scattering

states that move away from the magnetic monopole. The trajectories of the

electrons bound and scattering states can be seen for different values of 𝑀/𝜆

in Fig. 3.3

3.3 Classical results

(a)
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(b)

(c)

Figure 3.2: Potentials with a chosen electron energy of 𝜖/𝜆2 = 0.04. The
classical turning points for the bound orbits, 𝜌1,𝜌2 and 𝜌3, are shown by the
red circles in ascending order from 𝜌 = 0. (a) 𝑀/𝜆 = −0.01. (b) 𝑀/𝜆 = 0.
(c) 𝑀/𝜆 = 0.01.
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(a)

(b)
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(c)

Figure 3.3: Orbits for the potentials and electron energy seen in Fig. 3.2 with
one orbit starting within the well and one starting outside the well for the
same value of energy. The starting position outside the well is scattered away
from the monopole and unbound. The magnified section shows the bound
state within the potential well. The red circles show the classical turning
points from the potential. (a) 𝑀/𝜆 = −0.01. (b) 𝑀/𝜆 = 0. (c) 𝑀/𝜆 = 0.01.

The orbits all travel around the origin in the same direction regardless of

the value of 𝑀/𝜆, while we may think of 𝑀 as an angular momentum, it is,

in fact, a conserved canonical angular momentum. There are four distinct

types of orbit, three are seen in Fig. 3.3, the final type of orbit are circular

orbits around the origin. Evaluating 𝜕𝐿(𝜌,𝜙)
𝜕 ¤𝜙 and rearranging for ¤𝜙

¤𝜙 =
1
𝜌2

[
𝑀

2 − 𝜆
(
1 − 1

(𝜌2 + 1)
1
2

)]
. (3.25)

Substituting the angular velocity into the dimensionless radial equation of

motion, Eq. (3.22), we get:

¥𝜌 =
1
𝜌2

(
𝑀

2 − 𝜆
[
1 − 1√

𝜌2 + 1

]) [
1
𝜌

(
𝑀

2 − 𝜆
[
1 − 1√

𝜌2 + 1

])
+ 1√

𝜌2 + 1

]
.

(3.26)
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Using the equation of motion, Eq. (3.26) circular orbits are only obtained

when
1
𝜌

(
𝑀

2 − 𝜆
[
1 − 1√

𝜌2 + 1

])
+ 1√

𝜌2 + 1
= 0, (3.27)

a state where no radial force acts on the electron. Looking at Fig. 3.4 we can

see that the majority of bound orbit types are for a negative value of M.

Circular orbits are found in the troughs of 𝑉classical(𝜌) for positive values of

𝑀/𝜆 and on the potential peaks for all values of 𝑀/𝜆. These are stable and

unstable orbits, respectively. Circular orbits are not found at the bottom of

the well when 𝑀/𝜆 is negative; the bottom of the well sits at zero energy,

so the electron will not move radially and would not be subject to any force

from the magnetic field. These types of circular orbit are stable owing to

the fact that any slight perturbation will push them up the well and the

electron when it loses this extra energy can only go back to the bottom of the

potential well. The unstable circular orbits are at the peak of the potential

any perturbations here will push the electron into the well or out of the well

and into a scattering state. Since this is a purely classical description of the

system for any given radius, there is a circular orbit if a suitable value of

𝑀/𝜆 is chosen. The distribution of circular orbits can be seen in Fig. 3.4,

where we can see that the stable and unstable circular orbits separate the

bound and scattering states.

Classically bound orbits can be found at all values of 𝜌 by varying 𝑀/𝜆, 𝜆

and choosing an appropriate energy so that the electron is found within the

well.
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Figure 3.4: Relationship between angular momentum, 𝑀/𝜆, and distance
from the centre 𝜌 for circular orbits. Above the curve all orbits are unbound
below they are non-circular-bound orbits, see fig. 3.3. This plot is generated
by solving Eq. (3.27) for 𝜌 with a given value of 𝑀/𝜆.

3.4 Classical Solutions to the Problem Review

Bound orbits can be found for a given energy as long as the electron is

within the well of the 𝑉classical, outside of the potential well the electrons

are scattered. The type of bound orbit can take one of three types, Fig. 3.3,

dependent on the value of 𝑀/𝜆 but all travel the same direction about the

magnetic monopole. A type of orbit which is circular can be found, the

circular orbits form a boundary between the bound orbits and the scattered

states of the electron, see Fig. 3.4.
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Chapter 4

Semi-Classical Solutions Using the

Classical Potential

In this chapter our focus is on the semi-classical solutions to the bound

states of an electron confined to two dimensions while in the presence of a

stationary magnetic monopole. The initial investigation will be on a simple

harmonic oscillator approximation, counting the number of bound states

that can occur for a given angular momentum. The next point of interest will

be Bohr-Sommerfeld quantisation. Originally used to model the hydrogen

atom, which consists of an electron orbiting an atomic nucleus, replacing

the atomic nucleus with a magnetic monopole the old quantum theory will

be able to model the bound states.
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4.1 Harmonic Oscillator Approximation to the Num-

ber of Bound States

Having a classical solution, one of the next areas of investigation would be

a quantum mechanical solution; what can we gleam about the quantum

mechanical problem from the classical one? There are several methods that

can be utilised to approximate a quantum solution but here we use the model

of a harmonic oscillator. Assuming that the electron can be modelled as a

harmonic oscillator, bouncing between the two walls of the potential well, an

approximation for the number of quantum bound states, 𝑁𝑀/𝜆, for a chosen

𝑀/𝜆 can be evaluated. The energy of a classical harmonic oscillator can be

expressed at a quantum scale as

𝜖𝑁 =
1
2𝜔

2
0𝜌

2
𝑐 , (4.1)

where 𝜔0 is the angular frequency of the harmonic oscillator and 𝜌𝑐 is the

width of the well at the chosen energy see Fig. 4.1. The energy for a quantum

harmonic oscillator is

𝜖𝑁 = 𝜔0

(
𝑁 + 1

2

)
. (4.2)

This in turn gives us an approximation to the number of quantum states

as

𝑁 ≈ 𝜖𝑁
𝜔0

. (4.3)

Rearranging and substituting Eq. (4.1) into Eq. (4.3)

𝑁 ≈
√
𝜖𝑁√
2
𝜌𝑐 . (4.4)

The number of states is an approximation using the energy at half the height

of the well and the width at the corresponding height (Fig. 4.1), both of which
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Figure 4.1: The well of 𝑉classical(𝜌)/𝜆2 detailing the where values for the
variables 𝜌𝑐 and 𝜖𝑁/𝜆2 are taken in the potential.
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will be dependent on 𝑀/𝜆.The number of bound states, 𝑁 , for a given 𝑀/𝜆

can be stated as Scaling 𝜖𝑁 by 1/𝜆2 gives

𝑁𝑀/𝜆 ≈
√
𝜖𝑁√
2𝜆

𝜌𝑐 . (4.5)

The reason for doing this is 𝑁𝑀/𝜆 is 𝑁 scaled by 1/𝜆 so the plot, Fig. 4.2,

represents all values of 𝜆. The total number of bound states for any 𝜆 ,∑
𝑁𝑀/𝜆, is the area under the graph, 12.51, in fig. 4.2 and is scaled by 𝜆2.

This value is independent of D as the characteristic magnetic length scale is

proportional to D for a fixed value of 𝑄𝑚

∑
𝑀

𝑁𝑀/𝜆 ≈ 0.13𝜆2. (4.6)

The total number of states that has been calculated here will be returned

to during the exploration of the quantum problem. It will allow us to

compare the total number of states between the two regimes highlighting

how accurate (or not) the harmonic oscillator approximation.

4.2 The Bohr-Sommerfeld Quantisation Applied

to the Problem

Bohr-Sommerfeld quantisation is applicable to periodical motion with one

degree of freedom [38–40], a separate Bohr-Sommerfeld equation is required

for each degree of freedom. A derivation of the Bohr-Sommerfeld quanti-

sation condition can be found in Appendix A.2. Assuming the orbital mo-

mentum and radial momentum are separable, as with techniques such as

the finite difference method and WKB methods (which we will come to later

on), we can use the Bohr-Sommerfeld quantisation rule in a similar method
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Figure 4.2: The number of bound states compared to 𝑀/𝜆, both scaled by 𝜆,
by modelling the system as a simple harmonic oscillator.

as Sommerfeld applied it to the Hydrogen atom [41].

4.3 Applying Bohr-Sommerfeld Quantisation

We now have all the components required to derive the Bohr-Sommerfeld

quantisation for the electron on a plane above a magnetic monopole. Start-

ing with the circular motion the Bohr-Sommerfeld equation Eq. (A.5) be-

comes ∮
𝐿𝑑𝜙 = (𝑀 + 0) ℎ, (4.7)

where 𝐿 is the angular orbital momentum, 𝑀 is the corresponding angular

momentum quantum number, and 𝜙 is the angular coordinate. The Maslov

index 𝛾 = 0 as the start and end points of the Lagrangian paths are the same

but act in opposite directions [42]. The quantum number for the angular

momentum is given by 𝑀 = . . . ,−2,−1, 0, 1, 2, . . .. Adding in the limits of

integration of 0 and 2𝜋 and solving gives the quantised angular momentum
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as ∫ 2𝜋

0
𝐿𝑑𝜙 = 𝑀ℎ,

𝐿 = 𝑀ℏ,

(4.8)

which is the same result for Bohr-Sommerfeld quantisation for a circular orbit

as [43]. The quantisation of the radial momentum 𝑃𝑟(𝑟) is given by∮
𝑃𝑟(𝑟)𝑑𝑟 = (𝑛 + 𝛾)ℎ. (4.9)

The closed path of the electron is from position 𝑟1 to position 𝑟2 then return-

ing back to position 𝑟1. This allows us to rewrite the integral of Eq. (4.9)

as

2
∫ 𝑟2

𝑟1

𝑃𝑟(𝑟)𝑑𝑟 =
(
𝑛 + 1

2

)
ℎ. (4.10)

where 𝑛 = 1, 2, 3, . . .. 𝑟1 and 𝑟2 are given by the classical turning points

where 𝑃𝑟(𝑟) = 0. Derivation of 𝑃𝑟(𝑟) can be made through the fact that

the total energy of the system is given by 𝐸 = 1
2𝑚

(
𝑃2
𝑟 (𝑟) + 𝑃2

𝜙(𝜙)
)
, where

𝑃𝜙 = 𝑚𝑣𝑡 − 𝑒𝐴𝜙 is the polar momentum [44], where 𝑣𝑡 is the tangential

velocity. Substituting Eq. (2.6) into the 𝑃𝜙 and also putting in the quantised

angular momentum, by only allowing classical values such that 𝑀 = 𝑟𝑚𝑣𝑡 ,

results in

𝑃𝜙 =
ℏ

𝑟

[
𝑀 + 𝜆

[
1 − 𝐷

(𝐷2 + 𝑟2)
1
2

] ]
, (4.11)

where 𝜆 is given by Eq. (2.7). Now we have the components to evaluate the

total energy of the system

𝐸 =
𝑃2
𝑟 (𝑟)
2𝑚 + ℏ2

2𝑚𝑟2

[
𝑀 + 𝜆

[
1 − 𝐷

(𝐷2 + 𝑟2)
1
2

] ]2

. (4.12)

Putting the above equation in the same length scale as used in Chapter 3

and the future Section 5.2 and Appendix C for direct comparison. Rescaling
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Eq. (4.12) using Eqs. (2.9) and (2.12) and 𝑃𝜌 is the linear momentum gives

the dimensionless energy equation

𝜖 =
𝑃2
𝜌(𝜌)
ℏ2 + 𝜆2

𝜌2

[
𝑀

𝜆
+

[
1 − 1

(1 + 𝜌2)
1
2

] ]2

. (4.13)

Rearranging for the linear momentum 𝑃𝜌(𝜌)

𝑃𝜌(𝜌) = ℏ

√√√√
𝜖 − 𝜆2

𝜌2

[
𝑀

𝜆
+

[
1 − 1

(1 + 𝜌2)
1
2

] ]2

. (4.14)

Now the Bohr-Sommerfeld quantisation for the radial motion Eq. (4.10) can

be evaluated in the coordinate basis 𝜌 as

1
𝜋

∫ 𝜌2

𝜌1

√√√√
𝜖 − 𝜆2

𝜌2

[
𝑀

𝜆
+

[
1 − 1

(1 + 𝜌2)
1
2

] ]2

𝑑𝜌 =

(
𝑛 + 1

2

)
, (4.15)

where 𝑛 = 0, 1, 2, . . . and 𝑀 = . . . ,−2,−1, 0, 1, 2, . . .. The turning points 𝜌1

and 𝜌2 can be evaluated by finding the positive two roots closest to 𝜌 = 0

with the equation

𝜖 − 𝜆2

𝜌2

[
𝑀

𝜆
+

[
1 − 1

(1 + 𝜌2)
1
2

] ]2

= 0. (4.16)

For a given value of 𝜖 a pair of turning points can be derived using Eq (4.16).

Using the values of 𝜖, 𝜌1, and 𝜌2 the Bohr-Sommerfeld quantisation can be

computed and a value returned for 𝑛 using Eq. (4.15). If the value for 𝑛 is

not integer (or close enough to an integer value for an acceptable level of

accuracy) then the value of 𝜖 is not an energy eigenvalue for a bound state.

Incrementally increasing 𝜖 (this step size should be sufficiently small so as

to get as close to a integer value of 𝑛 as possible), and repeating the process

until there are no further classical turning points, all energy eigenvalues can
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be found for a given system.

4.4 Semi-Classical Solutions Using the Classical

Potential Review

The harmonic oscillator approximation shows that we should expect larger

amounts of bound states closer to 𝑀 = 0 when we move onto a quantum me-

chanical solution in the next chapter. The semi classical Bohr-Sommerfeld

quantisation results will be presented later on with the quantum mechanical

results for direct comparison. Next though we develop a one dimensional

quantum mechanical problem that we can evaluate using WKB approxima-

tion and a finite difference method.
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Chapter 5

The Electron Monopole Problem

in Quantum Mechanical

Framework

The problem is now expressed in a quantum mechanical framework. The

semi-classical technique that I use here is the WKB approximation, to pro-

duce energy eigenvalues and wavefunctions which we can compare to the

numerical finite difference solution later on. Before that however we intro-

duce a derivation of the quantum potential and compare against the classic

potential derived in Chapter 3.

5.1 The quantum Mechanical Electron Monopole

Problem

The time independent Schrödinger equation is given as

𝐻̂𝜓(𝑟, 𝜙) = 𝐸𝜓(𝑟, 𝜙), (5.1)
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where 𝐻̂ is the Hamiltonian energy operator, 𝐸 is the energy eigenvalue,

and 𝜓(𝑟, 𝜙) is corresponding energy eigenfunction in a polar position basis.

The coordinate choice is in this form as the electrons motion is centred about

a magnetic monopole below the plane. The Hamiltonian for the quantum

mechanical version of the electron in a magnetic field is

𝐻̂ =
1

2𝑚 (−𝑖ℏ∇ + 𝑞𝑒A)2 . (5.2)

Substituting into the time independent Schrödinger equation gives

1
2𝑚

[
𝑝̂ + 𝑞𝑒A𝜙(𝑟)

]2
𝜓

(
𝑟, 𝜙

)
= 𝐸𝜓

(
𝑟, 𝜙

)
. (5.3)

A solution of Ψ
(
𝑟, 𝜙

)
= 𝐺(𝑟)e𝑖𝑀𝜙 is chosen, where 𝐺(𝑟) is a function of 𝑟

and 𝑀 is the quantum angular momentum number and 𝐴𝜙(𝑟) is given by

Eq. (2.6). The Schrödinger equation is evaluated as

− ℏ2

2𝑚
𝜕2𝐺(𝑟)
𝜕𝑟2 −

ℏ2

2𝑚𝑟

𝜕𝐺(𝑟)
𝜕𝑟
+ℏ

2𝑀2𝐺(𝑟)
2𝑚𝑟2 +

𝑔ℏ𝑞𝑒𝑀𝐺(𝑟)𝐻
2𝑚𝐷2 +

𝑔2𝑞2
𝑒 𝑟

2𝐺(𝑟)𝐻2

8𝑚𝐷4 = 𝐸𝐺(𝑟),

(5.4)

where

𝑔 =
𝑄𝑚𝜇0

4𝜋 =
𝜆ℏ
𝑞𝑒

, and 𝐻 =
2𝐷2

𝑟2

(
1 − 𝐷√

𝐷2 + 𝑟2

)
. (5.5)

To produce a dimensionless radial equation (Eq. (5.6)) the scaling relation-

ship Eq. (2.9) is utilised along with Eq. (2.12). This gives a radial dimension-

less equation

−
𝑑2𝐺(𝜌)
𝑑𝜌2 − 1

𝜌

𝑑𝐺(𝜌)
𝑑𝜌
+𝑉(𝜌)𝐺(𝜌) = 𝜖𝐺(𝜌). (5.6)
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Here 𝑉(𝜌) is defined as

𝑉(𝜌) = 𝜆2

𝜌2

[
𝑀

𝜆
+

(
1 − 1√

1 + 𝜌2

)]2

. (5.7)

This coincides with the classical potential,𝑉classical(𝜌), in Eq. (3.13). However

𝑉(𝜌) does not play the role of effective potential for the quantum problem,

as we shall see now.

Using the substitution 𝐺(𝜌) = 𝜓(𝜌)𝜌− 1
2 a one dimensional Schrödinger equa-

tion can be derived, where 𝜓(𝜌) are the solutions. The one-dimensional

Schrödinger equation is

−𝑑
2𝜓(𝜌)
𝑑𝜌2 +𝑉quantum(𝜌)𝜓(𝜌) = 𝜖𝜓(𝜌), (5.8)

with the potential 𝑉quantum(𝜌) given by

𝑉quantum(𝜌) =
𝜆2

𝜌2

(
𝑀

𝜆
+

[
1 − 1√

1 + 𝜌2

])2

− 1
4𝜌2 . (5.9)

Here the quantum angular momentum number is 𝑀 = ... − 1, 0, 1.... There

are no exact solutions to 𝜓(𝜌). Approximate methods were used to evaluate

it analytically and numerically, which we will look at next after exploring

the potential a little further.

The difference between the potentials 𝑉classical(𝜌) (Eq. (3.13)) and 𝑉quantum(𝜌)

(Eq. (5.9)) is the additional term−1/4𝜌2 found in𝑉quantum(𝜌). The differences

between the two potentials can be seen in Fig. 5.1. As the absolute value

of 𝑀 increases 𝑉quantum(𝜌) and 𝑉classical(𝜌) align. This happens quicker for

positive values of 𝑀 compared to negative values of 𝑀. The shape of the

potential for 𝑀 = 0 tends to a negative infinite energy as 𝜌 goes to zero in

the quantum case, while the classical potential goes to zero.

42



The Schrödinger equation has different potentials than its classical counter-

part in all but one and three dimensions [45, 46], this is the cause for the

discrepancy between the classical and quantum potentials but both are cor-

rect in their respective regime. A description of this is given in Appendix B

where using the correct technique is required to get the correct quantum

mechanical problem.

5.2 A Semi-Classical Solution Utilising The WKB

Approximation

The WKB approximation allows an analytic solution to Schrödinger equation

to be evaluated. It is a semi-classical theory utilising a quantum potential but

assuming that a particle behaves classically. The WKB method has allowed

regions where energy is greater than the potential energy and disallowed

regions where energy is less than the potential energy.

5.3 The WKB Wavefunction

Plotting the potential for M=1,𝜆 = 100 gives the curve shown in Fig. 5.2.
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(a)

(b)

Figure 5.1: The comparison of the classical and quantum potentials with
potential energy 𝜖 (a) M in the range 0 to -7, (b) M in the range 0 to 3.
𝑉quantum is different form 𝑉classical for low values of 𝑀, as 𝑀 is increased
both potentials converge onto the same function.
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Figure 5.2: Plot of the potential 𝑉𝑞𝑢𝑎𝑛𝑡𝑢𝑚(𝜌) for 𝑀 = 1 and 𝜆 = 100. The
red circles 𝜌1, 𝜌2, 𝜌3 are the classical turning points of an electron with
an energy of 𝜖 = 400 in this example. The classical turning points are
the 𝜌 coordinates at the intersection of a chosen energy with the potential.
The intersection of the potential and the turning points forms four different
regions in the potential two classically allowed regions 2 and 4 and two
classically disallowed regions 1 and 3. Each one of these regions produces
part of the piecewise wavefunction of the WKB approximation.

For a given value of 𝜖 between 200 and 950 there are three turning points.

This splits the potential in to four sections, see Fig. 5.2. Each one of these

sections will produce part of a WKB wave function. Using the method de-

tailed in Appendix A.3 we can obtain the wavefunctions and their respective

energies.

The first section to tackle is section 1. In section 1 an exponentially decreasing

wavefunction is expected which decreases as 𝜌 decreases due to 𝜖 < 𝑉(𝜌).

The appropriate choice is Eq. (A.22) with 𝐷 = 0 and 𝜌 < 𝜌1

𝜓1(𝜌) =
𝐶√
|𝑃(𝜌)|

exp
[∫ 𝜌

𝜌1

𝑃(𝜌′)𝑑𝜌′
]
. (5.10)

The third section follows the same logic except that the wave function should

be decreasing as 𝜌 increases. Once again the appropriate choice is Eq. (A.22)
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with 𝐶 = 0 and 𝜌 > 𝜌2

𝜓3(𝜌) =
𝐷√
|𝑃(𝜌)|

exp
[
−

∫ 𝜌

𝜌2

𝑃(𝜌′)𝑑𝜌′
]
. (5.11)

To get the appropriate wavefunction for section four the connection formula

Eq. (A.34) needs to be used. Before it can be used the wavefunction for

section 3 needs to be reworked so that the limits of the integral are from the

turning point at 𝜌3 to 𝜌 where 𝜌2 < 𝜌 < 𝜌3 giving a exponential in section 3

as

𝜓3(𝜌) =
𝐷√
|𝑃(𝜌)|

exp(𝐽) exp
[
−

∫ 𝜌

𝜌3

𝑃(𝜌′)𝑑𝜌′
]
, (5.12)

where

𝐽 = −
∫ 𝜌3

𝜌2

𝑃(𝜌)𝑑𝜌. (5.13)

Now that 𝜓3(𝜌) is in a form that can be used with the connection formula

the wave function for section 4 can be chosen from the connection formula

Eq. (A.34) where 𝜌 > 𝜌3

𝜓4(𝜌) =
2𝐷√
|𝑃(𝜌)|

exp(𝐽) cos
[
−

∫ 𝜌

𝜌3

𝑃(𝜌′)𝑑𝑟′ − 𝜋
4

]
. (5.14)

Section two the wave function is generated from the connection formula

from left hand turning point 𝜌1 < 𝜌 (Eq. (A.32)) and right hand turning

point 𝜌2 > 𝜌 (Eq. (A.34)) have to be equal to one another at a position 𝜌

where 𝜌1 < 𝜌 < 𝜌2 giving

2𝐶√
|𝑃(𝜌)|

cos
[∫ 𝜌

𝜌1

𝑃(𝜌′)𝑑𝜌′ − 𝜋
4

]
=

2𝐷√
|𝑃(𝜌)|

cos
[
−

∫ 𝜌

𝜌1

𝑃(𝜌′)𝑑𝑟′ − 𝜋
4

]
. (5.15)

Either side of Eq. (5.15) can be used as the wave function of section 2 as long

as the following conditions are met. The condition that 𝐷 = (−1)𝑛𝐶 means

that the sign of the constant 𝐷 on all subsequent wave functions to the right
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of section two will have the opposite sign values changed, this is so that the

wavefunctions for each section remain the same phase. I now set 𝐶 = 𝐶𝑛 and

𝐷 = (−1)𝑛𝐶𝑛 to represent our normalisation constant for a quantum number

of a given wavefunction. The WKB approximation produces a piecewise

wave function 𝜓WKB𝑛 (𝜌)

𝜓WKB𝑛 (𝜌) =



𝐶𝑛√
|𝑃𝑛(𝜌)|

exp
[∫ 𝜌1

𝜌
𝑃𝑛(𝜌′)𝑑𝜌′

]
𝜌 < 𝜌1

𝐶𝑛√
|𝑃𝑛(𝜌)|

cos
[∫ 𝜌

𝜌1
𝑃𝑛(𝜌′)𝑑𝜌′ − 𝜋

4

]
𝜌1 < 𝜌 < 𝜌2

(−1)𝑛𝐶𝑛√
|𝑃𝑛(𝜌)|

exp
[
−

∫ 𝜌

𝜌2
𝑃𝑛(𝜌′)𝑑𝜌′

]
𝜌2 < 𝜌 < 𝜌3

2(−1)𝑛𝐶𝑛√
|𝑃𝑛(𝜌)|

exp(𝐽𝑛) cos
[
−

∫ 𝜌

𝜌3
𝑃𝑛(𝜌′)𝑑𝜌′ − 𝜋

4

]
𝜌3 < 𝜌,

(5.16)

where

𝐽𝑛 = −
∫ 𝜌3

𝜌2

𝑃𝑛(𝜌)𝑑𝜌. (5.17)

𝜌1, 𝜌2 and 𝜌3 are the classical turning points at which 𝜖 = 𝑉quantum(𝜌𝑖)

where 𝑖 = 1, 2, 3. At the classical turning points 𝑝𝑛(𝜌) = 0 a singularity in

the wave function, 𝜓WKB𝑛 (𝜌), is produced. The singularity causes spikes in

the wave function at these points. The normalization coefficient, 𝐶𝑛 , of the

wavefunction is evaluated as

𝐶𝑛 =

(∫ 𝜌2

𝜌1

1
𝑃𝑛(𝜌)

cos2
[∫ 𝜌

𝜌1

𝑃𝑛(𝜌′)𝑑𝜌′ −
𝜋
4

]
𝑑𝜌

)− 1
2

. (5.18)

The normalization has been chosen to be done over the width of the well at

𝜖𝑛 , as the majority of the quasi-bound wave function’s amplitude is within

the well.
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The integral of the momentum over the width of the well is equal to the

energy of a simple harmonic oscillator [27, 47, 48]∫ 𝜌2

𝜌1

𝑃𝑛(𝜌)𝑑𝜌 =

(
𝑛 + 1

2

)
𝜋, (5.19)

where 𝑃𝑛(𝜌) =
√
𝜖𝑛 −𝑉quantum(𝜌). The WKB approximation energy eigen-

values are given by solving Eq. (5.19) for 𝜖𝑛 .

Before I discuss or present the results obtained from the WKB approximation

I move onto a numerical analysis utilising the Finite difference method. The

purpose of this is so that I can compare and contrast the analytical and

numerical results side by side.

5.4 The Electron Monopole Problem in Quantum

Mechanical Framework Review

The differences between the classical and the quantum potentials are small

and become negligible for high values of |𝑀 |. At 𝑀 = 0 the greatest di-

vergence between the two potentials happens, as the quantum potential has

negative energy values below 𝜌 ≈ 0.1 while the classical case the potential

energy goes to 0.

The analytical WKB method produced a piecewise wavefunction formed

from the classically allowed and disallowed regions of the quantum po-

tential. Each of these regions has its own wavefunction that connects to

the wavefunction in the preceding or next region. The energy eigenval-

ues are solved by evaluating Eq. (5.19) which is the same equation as the

energy values obtained using the corrected Bohr-Sommerfeld quantisation
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Eq. (4.15), the difference being the WKB approximation uses 𝑉quantum rather

than 𝑉classical.

The method for how the finite difference model was applied to the problem

can be found in Appendix C.

As will be shown in the Chapter 7 the states found are quasi bound which

means that they will decay and scatter in time, but how much time? The

next chapter looks at the half lives of these quasi bound states.
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Chapter 6

Lifetimes

The quasi-bound states decay after a period of time. In this chapter we look at

three different methods of evaluating this time. Firstly we shall use a lifetime

derived from the WKB approximation, secondly a lifetime calculated using

the finite difference method, and finally a lifetime that was calculated using

a phase shift method.

6.1 WKB Lifetimes

The lifetime of a bound state of the electron can be modelled as the particle

bounces within the well. Each time the particle hits a well wall, there is a

probability that it will tunnel through, with each successive bounce increases

that probability. Continually adding these probabilities until the running

total reaches a 50% probability that the electron will tunnel through, at which

point we can caulate this time as being the half-life of the quasi-bound state.

The WKB wave function, Eq. (5.16) and Eq. (5.17), can be utilized to produce
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the transmission coefficient 𝐶𝑇 being

𝐶𝑇 =
|𝐸 |2

|𝐴|2
, (6.1)

where 𝐸 is the transmitted amplitude of the wavefunction 𝜌3 > 𝜌 and 𝐴 is

the incident amplitude of the wavefunction 𝜌1 < 𝜌 < 𝜌2. The transmitted

part of the wavefunction can be expressed as exponentials

𝜓WKB𝑛 (𝜌) =
(−1)𝑛𝐴1√
𝑃𝑛(𝜌)

exp (𝐽)
(
exp

[
𝑖

∫ 𝜌

𝜌3

𝑃𝑛(𝜌)𝑑𝜌 +
𝜋
4

]
+ exp

[
−𝑖

∫ 𝜌

𝜌3

𝑃𝑛(𝜌)𝑑𝜌 −
𝜋
4

] )
. (6.2)

The amplitudes of the transmitted wavefunction 𝐸 and the incident wave-

function 𝐴 can now be written as:

𝐸 =
(−1)𝑛𝐶𝑛√
𝑃𝑛(𝜌)

exp (𝐽), (6.3)

and

𝐴 =
𝐶𝑛√
|𝑃𝑛(𝜌)|

. (6.4)

The transmission coefficient, 𝐶𝑇 is

𝐶𝑇 = exp(2𝐽𝑛) = exp
(
−2

∫ 𝜌3

𝜌2

𝑃𝑛(𝜌)𝑑𝜌
)
. (6.5)

Assuming that the decay follows an exponential decay, a 50% probability of

being inside the well is 1
2 = exp

(
−

𝜏1
2
𝜏

)
, where 𝜏 is the lifetime of the quasi-

bound state and 𝜏1
2

is the half life. Assuming that this is a classical particle

bouncing inside of the the well the time (t), for a single bounce from the

potential wall and back again, can be determined from the kinetic energy,
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𝜖𝑛 =
(𝜌2−𝜌1)2

𝑡′2

𝑡′ =
(𝜌2 − 𝜌1)√

𝜖𝑛
. (6.6)

Assuming that with each bounce 𝐶𝑇 is increased by a factor of itself, until it

reaches a value where probability of transmission is 100%. The time taken

to perform the adequate number of bounces is 𝜏

𝜏 = 𝑡′/𝐶𝑇 , (6.7)

with a half-life

𝜏1
2
= 𝜏 ln 2. (6.8)

The half life, 𝜏1
2
, is

𝜏1
2
≈

(𝜌2 − 𝜌1)
√
𝜖𝑛 exp

(
−2

∫ 𝜌3

𝜌2
𝑃𝑛(𝜌)𝑑𝜌

) ln (2). (6.9)

The results of the lifetimes for 𝜆 = 100 and M=-5 to 5 can be seen in Fig. 6.1.

6.2 Finite Difference Lifetimes

For a chosen quasi-bound state the potential can be altered so that the am-

plitude of the wave function, 𝜁𝑛(𝜌), exponentially decays to zero outside the

well, see Fig. 6.2. We can create a new wave function, Ψ(𝑟) comprised out of

the continuation of eigenfunctions, 𝜓𝑛(𝜌), mapped onto a chosen state 𝜁𝑛(𝜌)

such that

Ψ(𝜌, 𝑡) =
𝑁∑
𝑛=0

𝐶𝑛𝜓𝑛(𝜌)𝑒−𝑖𝜖𝑛 𝑡
′
, where 𝐶𝑛 = ⟨𝜁(𝜌)|𝜓𝑛(𝜌)⟩ (6.10)
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Figure 6.1: ln(𝜏1/2) for different values of M for the WKB approximation,
𝜆 = 100. The half-life decreases as the quantum number increases, these
states are higher energy and the thickness of the potential wells wall becomes
thinner.

Figure 6.2: The potential, 𝑉𝑞𝑢𝑎𝑛𝑡𝑢𝑚(𝜌) (dashed black line), was adjusted to a
new potential, 𝑉quantum adjusted(𝜌) (solid black line) leaving the well the same
shape but removing the sloping tail. The resulting wave functions 𝜁𝑛(𝜌) are
now fully bound within the adjusted well. This example is for the values
𝑀 = 1 and 𝜆 = 100.
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Ψ(𝜌, 𝑡) can be evolved through time while calculating the probability that

the electron is still within the well. The time when the probability reaches

fifty percent can be taken as an estimate of the quasi-bound states half-life,

Fig. 6.3.

Increasing the range of 𝜌 and reducing step size, ℎ, both increase the memory

requirements required to calculate the results. Increasing the range of 𝜌

allows for the wave function to evolve without reflecting off the boundary

and self-interfering within the well. This reduces the accuracy for a given

value of h. Reducing h increases the precision of the calculation. The

result of these considerations is a balancing act to fully utilise the available

computing power to be able to accurately calculate the half-life and fit a

curve for the remainder of the decay. This can be seen in Fig. 6.3. The

lifetimes calculated via this method are limited to those that do not cause

self-interference before a half-life can be evaluated, excluding results with

long lifetimes. This can be overcome with more computing power required

for longer half-lives.

6.3 Phase Shift Lifetimes

Following the method in [49] Eq. (5.6) can be rewritten in terms of 𝑧 and

𝑢(𝑧), the new position variable 𝑧 =
√
𝜖𝜌 and the new solution𝐺(𝑧) = 𝑢(𝑧)/

√
𝑧

respectively. When 𝜆 = 0 the solution to the monopole problem must return

the free electron radial solution Eq. (6.13). When 𝜆 = 0 V(z) reduces to the

centrifugal term

𝑉(𝑧)𝜆=0 =
𝑀2 − 1

4
𝑧2 . (6.11)
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Figure 6.3: The estimated decay in probability of the electron being found
within the potential well for 𝑀 = 1 and 𝜆 = 100 and 𝑛 = 5, evaluated with
the finite difference method. The equation of the curve in this example is
probability of being inside the potential well ≈ 0.921 exp(−0.293𝑡′) + 0.031.
The half-life shown in this plot is 𝜏1/2 ≈ 2.3. Where 𝑡′ = 𝜔𝑐 𝑡

2 = ℏ𝑡
2𝑚𝐷2 .

This can be rewritten as

𝑉(𝑧)𝜆=0 =
𝐿(𝐿 + 1)

𝑧2 , (6.12)

where the values of 𝐿 for the above two equations to stay equivalent are:

𝐿 = 𝑀 − 1
2 for 𝑀 ≥ 0, 𝐿 = −𝑀 − 1

2 for 𝑀 ≤ 0, and 𝐿 = −1
2 for 𝑀 = 0. The free

electron radial solution is

𝑢(𝑧) = 𝐶(𝑧) sin(𝑧 + 𝜇(𝑧)), (6.13)

where 𝜇(𝑧) is the variable phase. For 𝑧 >> 1 we obtain

𝑢(𝑧) ≈
√

2
𝜋

sin
(
𝑧 − 𝐿

𝜋
2

)
. (6.14)
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The Schrödinger equation in terms of 𝑢(𝑧) including a magnetic monopole

is

−𝜕
2𝑢(𝑧)
𝜕𝑧2 + (𝑉(𝑧) − 1)𝑢(𝑧) = 0, (6.15)

where

𝑉(𝑧) = 1
𝑧2

©­­­«−
1
4 +

𝑀 + 𝜆
©­­«1 − 1√

1 + 𝑧2

𝜖

ª®®¬


2ª®®®¬ . (6.16)

The solution to which is

𝑢(𝑧) =
√

2
𝜋

sin
(
𝑧 − 𝐿

𝜋
2 + 𝛿𝐿

)
, (6.17)

where a phase shift, 𝛿𝐿 has to be added due to the presence of the magnetic

monopole. At large distances from the monopole, the free electron radial

solution should be realised. Comparing Eq. (6.17) and Eq. (6.13) the phase

shift can be expressed as

𝛿𝐿 = 𝐿
𝜋
2 + lim

𝑧→∞
𝜇(𝑧). (6.18)

Differentiating Eq. (6.13) gives

𝜕𝑢(𝑧)
𝜕𝑧

=
𝜕𝐶(𝑧)
𝜕𝑧

sin (𝑧 + 𝜇(𝑧)) + 𝐶(𝑧)
(
1 +

𝜕𝜇(𝑧)
𝜕𝑧

)
cos (𝑧 + 𝜇(𝑧)) . (6.19)

The first derivative of 𝑢(𝑧) is required to be 𝜕𝑢(𝑧)
𝜕𝑧 = 𝐶(𝑧)𝑐𝑜𝑠(𝑧 + 𝜇(𝑧)), as

described by [50], for this to be the case with Eq. (6.19) the following must

be true
𝜕𝐶(𝑧)
𝜕𝑧

sin (𝑧 + 𝜇(𝑧)) = −𝐶(𝑧)
𝜕𝜇(𝑧)
𝜕𝑧

cos (𝑧 + 𝜇(𝑧)) . (6.20)

Taking the second derivative of 𝑢(𝑧)

𝜕2𝑢(𝑧)
𝜕𝑧2 =

𝜕𝐶(𝑧)
𝜕𝑧

cos (𝑧 + 𝜇(𝑧)) − 𝐶(𝑧)
(
1 +

𝜕𝜇(𝑧)
𝜕𝑧

)
sin (𝑧 + 𝜇(𝑧)) . (6.21)
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Substituting 𝜕𝐶(𝑧)
𝜕𝑧 from Eq. (6.20) into Eq. (6.21)

𝜕2𝑢(𝑧)
𝜕𝑧2 = −𝐶(𝑧)

𝜕𝜇(𝑧)
𝜕𝑧

1
sin (𝑧 + 𝜇(𝑧)) − 𝐶(𝑧)𝑠𝑖𝑛(𝑧 + 𝜇(𝑧)). (6.22)

Substituting Eq. (6.22) and Eq. (6.13) into the Schrödinger Equation Eq. (6.15)

gives

𝐶(𝑧)
𝜕𝜇(𝑧)
𝜕𝑧

1
sin(𝑧 + 𝜇(𝑧)) +𝐶(𝑧) sin(𝑧+𝜇(𝑧))+ (𝑉(𝑧)− 1)𝐶(𝑧) sin(𝑧+𝜇(𝑧)) = 0.

(6.23)

So,

𝜕𝜇(𝑧)
𝜕𝑧

= −𝑉(𝑧) sin(𝑧 + 𝜇(𝑧)),

𝜕𝜇(𝑧)
𝜕𝑧

= −
©­­­«−

1
4 +

𝑀 + 𝜆
©­­«1 − 1√

1 + 𝑧2

𝜆𝜖

ª®®¬


2ª®®®¬
sin2(𝑧 + 𝜇(𝑧))

𝑧2 .

(6.24)

This allows Eq. (6.18) to be rewritten as

𝛿𝑙 = 𝐿
𝜋
2 +

𝜕𝜇(𝑧)
𝜕𝑧

����
∞
. (6.25)

Equation Eq. (6.25) cannot be evaluated exactly. Using numerical methods

it can be approximated very closely by choosing a sufficiently high value of

𝑧. For 𝜆 = 0, we require that 𝜕𝜇(𝑧)
𝜕𝑧 is approximately equal to (1 − 2𝑀)𝜋4 for

𝑀 ≥ 0 and (1 + 2𝑀)𝜋4 for 𝑀 ≤ 0. This allows a variety of z-values to be

evaluated so the approximation of Eq. (6.24) is adequate, the results of this

can be seen in Table 6.1 and Fig. 6.4. In Table 6.1 and Fig. 6.4 the results for

negative and positive values of M are the same. This is due to the 𝑀2 term

in Eq. (6.24) when 𝜆 = 0.

To solve Eq. (6.24) using the fourth order Runge-Kutta method, see Ap-

pendix A.5, the initial conditions need to be known. At 𝑧 = 0 we must have
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𝑧 𝑀 = −4 𝑀 = −3 𝑀 = −2 𝑀 = −1 𝑀 = 0
100 -5.41878629 -3.88335873 -2.33739599 -0.78165724 0.78414519
1000 -5.48991364 -3.92261499 -2.35431984 -0.78502309 0.78527319
2000 -5.49385036 -3.92480292 -2.35525716 -0.78521063 0.78533568
∞ -5.49778714 -3.92699081 -2.35619449 -0.78539816 0.78539816

𝑧 𝑀 = 1 𝑀 = 2 𝑀 = 3 𝑀 = 4
100 -0.78165724 -2.33739599 -3.88335873 -5.41878629
1000 -0.78502309 -2.35431984 -3.92261499 -5.48991364
2000 -0.78521063 -2.35525716 -3.92480292 -5.49385036
∞ -0.78539816 -2.35619449 -3.92699081 -5.49778714

Table 6.1: Tables comparing the values 𝜇(𝑧) for various M when 𝜆 = 0. The
value of 𝜇(2000) is >99.9% the value of 𝜇(∞) for all values of 𝑀.

a solution equal to zero, so from Eq. (6.13), 𝜇(0) = 0. If in the limit 𝑧 → 0 the

following is true to remove the singularity at 𝑧 = 0 in Eq. (6.24)

𝜇(𝑧) = 𝜇0𝑧 + 𝒪(𝑧2). (6.26)

Then in the limit of 𝑧 → 0 Eq. (6.24) becomes

𝜇0 = −
(
𝑀2 − 1

4

)
(𝜇0 + 1)2 , (6.27)

giving the initial conditions required, 𝜇0, as

𝜇0 =


−𝑀− 1

2
𝑀+ 1

2
𝑀 ≥ 0

−𝑀+ 1
2

𝑀− 1
2

𝑀 ≤ 0.
(6.28)

Plotting 𝛿𝐿 against 𝜖 can be seen in Fig. 6.5. Each step in Fig. 6.5 occurs at

an energy eigenvalue, 𝜖𝑛 . Determining the line width, Γ, using curve fitting

with the equation 𝛿𝐿(𝜖) = 𝛼 + arctan
( 𝜖−𝜖𝑛

Γ

)
, where 𝛼 is 𝛿𝐿(𝜖𝑛), the half-life

is

𝜏1
2
=

1
2Γ ln (2). (6.29)
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Figure 6.4: Plot showing the dependence of 𝜇(𝑧) for differing values of 𝑀.
The behaviour of positive and negative 𝑀 are identical for all 𝑧.

Figure 6.5: The phase shift for 𝑀 = 1 and 𝜆 = 100. The inset plot highlights
the jump in the phase shift at a quasi-bound state.
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Γ can be seen in the inset of Fig. 6.5 the sharp jump in the phase shift

happens at energies where a quasi-bound state is found. The energy of

the quasi-bound states agree with those from the finite difference and WKB

approximation methods.

6.4 Lifetimes Review

All techniques show that the longest lifetimes are found at the bottom of

the potential well and the shortest lifetimes belong to the higher energy

electrons. The finite difference method has limitations to the length of the

lifetime that can be accurately calculated. The simulation is set within a

finite domain and as such any electron that has tunnelled out of the well can

bounce off the boundary and tunnel back in again rather than scattering.

The WKB and phase shift methods produce results for the longer lifetimes

that are expected at the bottom of the potential well. A comparison between

the lifetime techniques can only take place over the values that the finite

difference method is able to calculate, for that reason only the shortest lived

lifetimes are compared between techniques. These techniques can be applied

to the various monopole like sources to see what length of lifetimes we could

expect experimentally. These results can be found in the next Chapter.
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Chapter 7

The Monopole Electron Problem:

Results, Discussion and

Conclusion

The first results we will look at in this chapter are the energies of the bound

states with a comparison between the methods (finite difference, WKB and

Bohr-Sommerfeld), and how close was the harmonic oscillator approxima-

tion to the actual number of bound states for a given 𝜆. Following this we

investigate the minimum monopole charge that would be required to form a

single bound state with different values of 𝑀. Looking at the different tech-

niques for producing monopoles, will any be of sufficient strength to quasi-

bind an electron and what half-life of that state could be expected.
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Figure 7.1: The quasi-bound state wave functions calculated numerically
with the finite difference method (solid line) and the wave functions de-
rived using the WKB approximation (dashed line). The singularities at
the classical turning points are artefacts of the WKB approximation, where
𝜖 = 𝑉quantum(𝜌1,2). The quasi-bound solutions are for𝑉quantum(𝜌)with values
of 𝑀 = 1 and 𝜆 = 100 is represented here.
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7.1 Binding an Electron to a Magnetic Monopole

(a)

(b)

Figure 7.2: Comparison of eigenvalues for the WKB approximation, Bohr-
Sommerfeld quantisation and Finite difference method. (a) The full spec-
trum of the quasi bound states for 𝑀 = 1 and 𝜆 = 100. (b) Magnified view
of the 𝑛 = 0 and 𝑛 = 5 states from (a).
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(a)

(b)

Figure 7.3: (a) Maximum number of quasi-bound states for different values
of 𝜆 defined in Eq. (2.7). Evaluated with the finite difference method, the
WKB approximation gives very similar results. (b) Number of quasi-bound
states and 𝑀 scaled by 𝜆 with the number of states produced by a quantum
harmonic oscillator in the classic potential scaled by 4.3𝜆 to equal the total
number of quantum states.
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In Fig. 7.1 the wave functions depicted only show the quasi-bound states.

At the chosen scale, the wave function appears to be zero outside the well,

but this is not the case; magnified, this component of the wave function is

sinusoidal. This is the case for both methods used. The probability of finding

the electron outside the well is always non-zero, so the bound states are, in

fact, quasi-bound. The results from the WKB approximation, the Bohr-

Sommerfeld quantisation, and the finite difference method become closer

with higher quantum numbers. Using 𝑉quantum(𝜌) in the Bohr-Sommerfeld

quantisation, the energy eigenvalues are closer to the WKB results, as seen

in Fig. 7.2.

This is in stark contrast to the classical case where the bound states are

permanently bound and there is a continuum of them to be found within

the confines of the potential well. A bound state can be formed for any radius

in the classical model with a given value of𝜆 and choosing the correct energy.

This is not the case for the quantum solution. We find that for large values of

negative momentum, where the well is shallow and wide, no quasi-bound

states are found.

When a comparison of the number of bound states of the quantum solution

with the quantum harmonic oscillator approximation is done, Fig. 7.3b,

a similarity in the distribution of states for different values of 𝑀. The

highest number of bound states for both the quantum harmonic oscillator

approximation and finite difference method occurs for 𝑀 = 0. The total

number of bound states,
∑

𝑁𝑀 , that can be found for the quantum solution

is given by the area under each graph, which can be written as

∑
𝑁𝑀 ≈ 0.03𝜆2. (7.1)
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As we can see in Eq. (7.1) the number of quasi-bound states are scaled by

𝜆2. This is the same scaling obtained using the approximation of quantum

harmonic oscillators in the classical potential case, Eq. (4.6). The difference is

the total number of states generated; classically, 𝑀 can take any non-integer

value, but in the quantum case 𝑀 is integer, so the number of states that

can be found in the quantum mechanical regime is less. The fact that 𝑀

is an integer causes the stepped plot, Fig. 7.3a, found with the quantum

model rather than the smooth slope seen with the classical model, Fig. 4.2.

Re-scaling the quantum model so that the total number of quantum bound

states, 𝑁 , by 1/𝜆, we can see the similarity in the distribution of states in

relation to 𝑀/𝜆 in Fig. 7.3b.

7.2 Minimum Monopole Charge Required for a

single Quasi-Bound State.

There is a value of𝜆 for a given 𝑀 that will produce a single bound state, any

value lower no bound state will be found. Increasing the value of 𝜆 more

quasi-bound states are found for a chosen value of 𝑀. In Fig. 7.4 the value

of 𝜆 required is less for negative values of 𝑀 to obtain a quasi-bound state

when compared to its positive counterpart. The minimum value of ~18𝑄𝐷

that will produce a single quasi-bound state is when the angular momentum

quantum number is zero, as seen in Fig. 7.4.

Barring the discovery of a magnetic monopole close approximations to one

can be found either made by humans or found in nature. Three sources of

monopole analogues are magnetic needles, spin-ice, and artificial spin-ice.

What would the requirements be for each to realise a bound state?
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Figure 7.4: Minimum values of 𝜆 and 𝑄𝑚 required to produce a single quasi
bound state dependent on the angular momentum quantum number, 𝑀.
Evaluated using the finite difference method, the WKB approximation gives
very similar results. The inset plot highlights the minimum value of 𝜆 that
a quasi-bound state can be found.

7.3 Expected half-life

The minimum monopole charge required for a single quasi-bound electron

is 18𝑄𝐷 with the angular momentum quantum number 𝑀 = 0. The di-

mensionless half-life is 𝜏1/2 = 1.16 for the minimum charge required for a

quasi-bound state. The half-life in seconds is given by

𝑡(𝐷) = 2𝑡′𝑚𝑒𝐷
2

ℏ
. (7.2)

Using this equation and the distances between monopoles in the various

monopole analogues we can make an approximation of lifetimes one might

expect.
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7.3.1 Magnetic Needle

The magnetic needle in [12] has a magnetic charge of approximately ~6𝑄𝐷 ,

the needle would have to increase its charge by ~12𝑄𝐷 to meet the minimum

charge required for a bound state with 𝑀 = 0. The tip of the needle can be

modelled as a spherical monopole charge with a radius of 100𝑛𝑚 (the radius

of the tip of the needle). At the surface of the sphere, I assume the same

magnetic field strength is applied to the needle used to magnetise it, which

is ~0.15T. The monopole charge at the needle tip modelled this way is

𝑄𝑚 =
4𝐵𝜋𝑟2

𝜇0
. (7.3)

Reference [12] applied a 0.15T magnetic field to the needle, so 𝑄𝑚 = 1.909 ×

10−8Am, assuming the field of the magnetically charged needle matched

the field that was applied. A unit of Dirac charge is given by Eq. (2.8),

𝑄𝐷 = 3.291 × 10−9Am. This gives a resulting magnetic needle charge of

≈ 5𝑄𝐷 , which is in good agreement with the observed value of ~6𝑄𝐷 . If a

magnetic field strength at the tip of the needle can reach a value of ~0.60T

then the magnetic charge of the needle tip will be ~18𝑄𝐷 , the threshold

to find a quasi-bound state. The aperture radius around the needle tip

is approximately 10𝜇𝑚 [12], so if we assume the electron is found at half

this distance then the approximate half-life is 5 × 10−7s for the threshold

charge.

7.3.2 Spin-Ice

The charge of a monopole in spin-ice is given by [7]

𝑄𝑚 =
𝜇

𝜇𝑏

𝛼𝜆𝐶

𝜋𝑎𝑑
𝑄𝐷 ,

𝑄𝑚 ≈
𝑄𝐷

8000 .
(7.4)
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Here 𝛼 is the fine structure constant, 𝜇𝑏 is the Bohr magneton, 𝜆𝐶 is the

Compton wavelength for an electron, 𝜇 is the magnetic permeability, and

𝑎𝑑 is the diamond lattice bond length. The required charge of a monopole

in spin-ice would need to be 144000 times larger to achieve the minimum

charge of 18𝑄𝐷 for a single bound state. In [7] the authors state that the

charge of the spin-ice can be tuned by changing the pressure applied to it,

causing changes in the value of 𝜇/𝑎𝑑, if a pressure can be achieved such

that
𝜇

𝑎𝑑
=

18𝜇𝑏𝜋

𝛼𝜆𝐶
, (7.5)

then a spin-ice monopole will be sufficient to form a quasi-bound state for

an electron of M=0. The pressures needed are so great that realistically this

could not be achieved.

7.3.3 Artificial Spin-Ice

The magnetic charge at any given lattice site is given by [9, 10]

𝑄𝛼 =
∑
±𝑞𝑖 , (7.6)

where 𝑄𝛼 is the magnetic charge at the monopole site 𝛼 and 𝑞𝑖 is the charge

of a magnetic dipole that is separated by the lattice spacing, where one-

half of the dipole is in one lattice site and the other half is in an adjacent

lattice site. For the purpose of an example, we assume a square lattice so

each lattice site has four charges sitting on it, all of the same magnitude of

charge |𝑞 |. 𝑄𝛼 can take values of 𝑄𝛼 = ±2𝑞 and 𝑄𝛼 = ±4𝑞. To reach a

value where 𝑄𝛼 = 18𝑄𝐷 the values of 𝑞𝑖 would need to be 𝑞𝑖 = 9𝑄𝐷 for

𝑄𝛼 = ±2𝑞 and 𝑞𝑖 = 4.5𝑄𝐷 for 𝑄𝛼 = ±4𝑞. The distance given by [10] range

from 100 − 1000𝑛𝑚 so the lifetimes of the minimum charge in artificial spin

ice are in the range 2 − 200 × 10−10𝑠.
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Figure 7.5: Plot of the highest energy bound state half-lives ln(𝜏1/2) for
𝑀 = −9..5, where 𝜆 = 100.

7.4 Comparison of Lifetimes from the Different

Methods

In Fig. 7.5, we compare the estimates of the lifetimes obtained with three

different methods, considering the highest energy quasi-bound states for

several values of 𝑀 and 𝜆 = 100. We can see good agreement between

the various methods for the shorter lifetimes. Lifetimes can be very eas-

ily computed with the WKB method in contrast to the finite difference and

phase-shift methods, for which there are limited results due to the restric-

tions of the method.

7.5 Conclusion

Classically through the use of Lagrangian mechanics we see four distinct

trajectories for an electron. Three trajectories are bound whilst the last type

is scattering. A bound orbit is only formed when the electrons energy
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is within the potential well for a given value of 𝑀/𝜆, Figs. 3.2a to 3.2c,

anywhere outside of this well a scattering orbit is formed. The three types

of orbit are dependent on the value of 𝑀 and 𝜆, Figs. 3.3a to 3.3c, but in

each orbit type the motion around the origin located above the magnetic

monopole is in the same direction.

The classical solution allows for a continuum of bound states within the

potential well, the semi classical and quantum solution do not, Fig. 7.3b.

Inside of the potential well there are a finite number of states quantum

mechanically, Fig. 7.1, outside of the well we have a continuum of states

Fig. C.1. The states that have a non zero component of wavefunction inside

the potential well are quasi bound states, these states will eventually tunnel

out of the well and form a scattering state , Fig. 6.3 with a half life dependent

on quantum number 𝑀 Fig. 7.5, 𝜖 and 𝜆.

Future direction for this research is to consider arrangements of magnetic

monopoles. Fig. 7.6 is an exploratory attempt I have made in this area, to

potentially produce magnetic traps that could be utilised in particle and

plasma containment.

Other areas that still require investigation is the effect of spin on these re-

sults and would a quasi-bound state of multiple electrons confined in two

dimensions be possible?
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Figure 7.6: Three dimensional wavefunction for an electron’s interaction
with eight magnetic monopoles with strength 𝜆 = 100 in an circular ar-
rangement (black dots) below the plane. The wavefunction is for quantum
number 𝑛 = 3. The colour of the wavefunction is to distinguish between
the positive (yellow), negative (purple) and near zero components (green)
easier in a three dimensional plot. The wavefunction forms a disk on non-
zero amplitude outside of the potential well as seen in the one-dimensional
wavefunctions seen earlier as these states are still quasi-bound, the lifetimes
of these states of multiple monopoles have not been investigated. Inside
the well we see that there are two peaks one positive and one negative as
time evolves these peaks rotate around the well, showing that the electron
probability density rotates around the centre as time increases.
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Chapter 8

Magnetohydrodynamics of an 2D

Electron Gas in a Magnetic Field

The aim of this second project is to investigate whether a monopole’s mag-

netic field can be measured using the Hall effect. Since the magnetic field

of a monopole is non-uniform the position of the electrons across the plane

of a Hall Sensor need to be known. To model this plasma as a fluid we will

use magnetohydrodynamics which allows for the interactions of charged

particles and magnetic fields to be taken into account which fluid dynamics

does not.

Initially we will take a look at the equations of magnetohydrodynamics and

the Hall effect. Following on we develop equations of motion for both a

uniform magnetic field and non uniform magnetic field. Then we calcu-

late the Hall voltage from the magnetohydrodynamic framework. Finally

we develop dimensionless equations of motion and Hall voltage ready for

computation.
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8.1 An Introduction to Magnetohydrodynamics and

the Hall effect

For MHD to be applicable the assumption is made that the characteristic

distances are much greater than the mean free path for the electrons (addi-

tionally the characteristic time has to be greater than the mean free time but

that is not relevant for our derivation as we are looking at a steady state, the

velocity of the electron fluid does not change with respect to time) [51]. The

self consistent set of equations of Magnetohydrodynamics (MHD) are given

by [52–54] as:

Continuity Equation
𝜕𝜌

𝜕𝑡
+ ∇ · (𝜌V) = 0, (8.1)

Momentum Equation 𝜌

(
𝜕

𝜕𝑡
+V · ∇

)
V = J × B − ∇𝑝, (8.2)

Amperes Law 𝜇0J = ∇ × B, (8.3)

Faraday’ Law 𝜕B
𝜕𝑡

= −∇ × E, (8.4)

Ohms Law E +V × B = 𝜂J, (8.5)

Divergence Constraint ∇ · B = 0, (8.6)

Adiabatic Energy Equation 𝑑

𝑑𝑡

(
𝑝

𝜌𝜆

)
= 0. (8.7)

Here B is the magnetic field strength, V is the plasma velocity, J is the current

density, E is the electric field vector, 𝜌 is the mass density, 𝑝 is the plasma

pressure, 𝜆 is the ratio of specific heats 𝜆 = 𝐶𝑃/𝐶𝑉 , where 𝐶𝑃 is the specific

heat of the fluid at constant pressure and 𝐶𝑉 is the specific heat of the fluid

at constant volume), 𝑡 is time and 𝜂 is the resistivity. A very extensively

modelled MHD problem is that of Hartmann flow, where a plasma flows

between two plates with an applied magnetic field and electric field both

normal to the velocity as well as to each other [55–57]. Using a similar
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model we will investigate the Hall effect, first with uniform magnetic fields

and then with non-uniform fields produced by magnetic monopoles. The

model will be a mono layer (a material that is a single atom thick such as

graphene, often called two dimensional materials) substrate containing a

two dimensional electron gas which we will model as a charged fluid using

MHD. This will form our sensor plane. One of the most well known two

dimensional materials is Graphene, first discovered in 1948 [58] and fully

isolated in 2004, using the now famous sticky tape method of graphene

production [59]. The other materials that we will investigate as a substrate

are Silicon [60], Gallium Arsenide. Silicon and Gallium Arsenide are both

semi-conductors that have been extensively used in Hall effect devices.

An electric field is applied in the direction of fluid flow and a magnetic field

normal to the surface of the sensor plane, this will produce the conditions

necessary to produce the Hall effect. To discuss the Hall effect we need to

introduce its cause the Lorentz Force.
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Figure 8.1: The Force felt by a postpositively charged particle particle is in
the positive 𝑥 direction while experiencing a magnetic field perpendicular
to is motion in the 𝑦 direction.

When a current passes through a magnetic field perpendicular to itself it

experiences the Lorentz force, [61]

F = 𝑞𝑒(E +V × B), (8.8)

where 𝐹 is the force acting on a particle with charge 𝑞𝑒 = −1.602 × 10−19C.

In two dimensions that force, 𝐹𝑥 , in the 𝑥 direction is

𝐹𝑥 = 𝑞𝑒
(
𝐸𝑥 −𝑉𝑦𝐵𝑧

)
, (8.9)
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as can be seen in Fig. 8.1. In the 𝑦 direction we have the force, 𝐹𝑦 , as

𝐹𝑦 = 𝑞𝑒
(
𝐸𝑦 +𝑉𝑥𝐵𝑧

)
. (8.10)

In 1879 Edwin Hall discovered that if a metal plate that has a current applied

over it then is placed in a magnetic field of several kilogauss, [62], normal

to the surface of the metal plate, then a voltage will form transversely to the

current. This is called the Hall effect [63]. The Hall voltage can be easily

derived from setting the Lorentz force in the 𝑥 direction to zero since there

cannot be a current travelling in that direction off of the plane. The electric

field 𝐸𝑥 must oppose any effects produced by 𝑉𝑦𝐵𝑧 , [64], so

0 = 𝐸𝑥 +𝑉𝑦𝐵𝑧 ,

−𝐸𝑥 = 𝑉𝑦𝐵𝑧 ,

𝑉H = 𝑉𝑦𝐵𝑧𝑤,

(8.11)

where 𝑉𝐻 = −𝐸𝑥/𝑑𝑥 = −𝐸𝑥/𝑤 and 𝑤 is the width of the plane. This can

be rewritten in term of 𝑅𝐻 and 𝐼𝑦 , the Hall coefficient and current in the 𝑦

direction respectively

𝑉H =
𝑅H𝐼𝑦𝐵𝑧

𝑇
, (8.12)

where 𝑅H = −1/𝑛𝑞𝑒 m3C−1, 𝐼𝑦 = 𝑛𝑞𝑒𝑣𝑦𝑤𝑇 A. 𝑇 is the thickness of the plane

in metres and 𝑛 is the number density of electrons for a given material per

unit volume. The Hall voltage is inversely proportional to the thickness of

the sensor plane, but this equation does not work for a two dimensional

plane as the Hall voltage approaches infinity as the thickness approaches

zero. To evaluate a two dimensional Hall voltage we need to revaluate the

current and the Hall coefficient in two dimensions. For two dimensions the

Hall coefficient 𝑅H2D = 1/𝑛𝑞𝑒 has units of m2C−1 and the current is now
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the charge flowing through a line segment of the two dimensional plane

𝐼𝑦 = 𝑛𝑞𝑒𝑣𝑦𝑤, where 𝑛 is now chosen as a two dimensional number density

of electrons per metre squared. The Hall voltage for a two dimensional

electron gas is then

𝑉HC = 𝑅H2D𝐼𝑦𝐵𝑧 . (8.13)

The second issue with Eq. (8.12) is that the relationship becomes more com-

plicated with position dependent magnetic fields, for example the case of a

monopole where the magnetic field in the 𝑧 direction will be dependent on

𝑥, 𝑦 and 𝑧 positions within the Hall sensor. Removing one of these parame-

ters by utilising a two dimensional sensor so that for a fixed arrangement of

monopoles beneath the field at the sensor plane is only dependent on the 𝑥

and 𝑦 coordinates see Figs. 8.2a to 8.2d.

Using magnetohydrodynamics I shall look at the behaviour of an electron

fluid firstly in uniform magnetic fields with a two dimensional Hall sensor

then move on to non-uniform magnetic fields. Exploring what type of results

can be expected from actual materials with the same magnetic fields from

monopoles as placed in various configurations Figs. 8.2a to 8.2d.

8.2 Equations of Motion for a Two Dimensional

Steady State Plasma Flow

To include the Hall effect into the equations of Magnetohydrodynamics a

Hall effect term is added into to Ohms Law, Eq. (8.5), [65]

E +V × B − 1
𝑛𝑞𝑞
(J × B) = 𝜂J, (8.14)
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(a) (b)

(c) (d)

Figure 8.2: The magnetic fields for arrangements of monopoles, the value
of the colour bars are in Tesla (a) A single magnetic monopole at the centre
of the Hall sensor (b) Two oppositely charged magnetic monopole arranged
vertically above one another the lower being a negatively charged Dirac
monopole and the upper being a positively charged Dirac monopole, (c)
Two oppositely charged magnetic monopoles arranged horizontally from
one another the left side is a positively charged Dirac monopole and the
right side is a negatively charged Dirac monopole, and (d) Randomly placed
Dirac magnetic monopoles of opposite charges but equal in number.
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where 𝑛𝑞 is the number of charged particles and 𝑞 is the electric charge of a

particle. Rearranging for J × B

J × B = 𝑛𝑞𝑞(V × B + E − 𝜂J). (8.15)

Substituting Eq. (8.15) into the momentum equation, Eq. (8.2) gives

𝜌

(
𝜕

𝜕𝑡
+V · ∇

)
V = 𝑛𝑞𝑞(V × B + E − 𝜂J) − ∇𝑝. (8.16)

We are looking for a static solution so that any changes to the flow of the

plasma with respect to time are equal to zero

𝜌 (V · ∇)V = 𝑛𝑞𝑞(V × B + E − 𝜂J) − ∇𝑝. (8.17)

Evaluating this as a two dimensional plasma so that velocity is V = 𝑉𝑥i+𝑉𝑦j

and J = 𝑛𝑞𝑞V gives

𝑉𝑥
𝜕𝑉𝑥

𝜕𝑥
i +𝑉𝑦

𝜕𝑉𝑥

𝜕𝑦
i +𝑉𝑥

𝜕𝑉𝑦

𝜕𝑥
j +𝑉𝑦

𝜕𝑉𝑦

𝜕𝑦
j =

𝑛𝑞𝑞

𝜌

(
𝑉𝑦𝐵𝑧i −𝑉𝑥𝐵𝑧j + 𝐸𝑦j

− 𝜂𝑛𝑞𝑞𝑉𝑥i − 𝜂𝑛𝑞𝑞𝑉𝑦j − 1
𝑛𝑞𝑞

𝑑𝑝

𝑑𝑥
i − 1

𝑛𝑞𝑞

𝑑𝑝

𝑑𝑦
j
)
. (8.18)

Separating out into the two directions we get the following pair of equations,

in the 𝑥 and 𝑦 directions respectively:(
𝑉𝑥

𝜕

𝜕𝑥
+𝑉𝑦

𝜕

𝜕𝑦

)
𝑉𝑥 =

𝑛𝑞𝑞

𝜌

(
𝑉𝑦𝐵𝑧 − 𝜂𝑛𝑞𝑞𝑉𝑥 −

1
𝑛𝑞𝑞

𝑑𝑝

𝑑𝑥

)
, (8.19)

and (
𝑉𝑥

𝜕

𝜕𝑥
+𝑉𝑦

𝜕

𝜕𝑦

)
𝑉𝑦 = −

𝑛𝑞𝑞

𝜌

(
𝑉𝑥𝐵𝑧 + 𝐸𝑦 − 𝜂𝑛𝑞𝑞𝑉𝑦 −

1
𝑛𝑞𝑞

𝑑𝑝

𝑑𝑦

)
. (8.20)
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These equations are stationary Burgers’ type equations which are derived

in fluid dynamics with a viscosity term, 𝜈. In one dimension the stationary

Burgers equation for a viscid fluid is

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑢

𝜕𝑢

𝜕𝑦
= 𝜈

(
𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2

)
, (8.21)

where 𝑢 is the fluids velocity as a function of 𝑥 and 𝑦 [66, 67]. This means

that viscosity of the electron fluid will be very low [68] as the electrons are

constantly being scattered by impurities in the material or the structure of

the material itself.

The two terms that remain unknown in Eqs. (8.19) and (8.20) are the resis-

tivity, 𝜂 and the pressure term 𝑝. The resistivity, 𝜂, is given as [69]

𝜂 =
E
j𝑐
, (8.22)

where j𝑐 is the current density.

The final part of these equations that needs to be looked at is the pressure

term 1
𝜌∇·𝑃. There are two sources of pressure within the electron gas, namely

the degeneracy pressure, 𝑃𝑑, and the pressure caused by the electrostatic

repulsion, 𝑃𝑠 , such that 𝑃 = 𝑃𝑑(𝜌) + 𝑃𝑠(𝜌). Starting with the degeneracy

pressure we have the equation [70, 71]

𝑃𝑑 =

(
3𝜋2) 2

3 ℏ2

5𝑚𝑒
𝜌

5
3 . (8.23)

The electrostatic pressure is caused by charges in in the fluid exerting a

pressure on neighbouring charges.
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Figure 8.3: The electric field at 𝑞2 is dependent on the electric field produced
by the charges either side 𝑞1 and 𝑞3 which are a distance of Δ𝑥 from 𝑞2.

Fig. 8.3 shows a charge, 𝑞2, flanked either side by charges 𝑞1 and 𝑞2. The cen-

tral charge 𝑞2 has an electric field at its location dependent on the strengths

and distances of the two charges either side of it 𝑞1 and 𝑞3. We assume that

each of these charges are comprised of an integer number, 𝑛𝑞 , of electron

charges, 𝑞𝑒 , such that 𝑞𝑚 = 𝑛𝑞𝑚𝑞𝑒 . The electric fields at 𝑞2 in the 𝑥 direction

can be calculated as

𝐸𝑥 = 𝐸1𝑥 + 𝐸2𝑥 =
𝑞1 − 𝑞3

𝜖04𝜋Δ𝑥2 , (8.24)

derived from Maxwell’s equation. Rewriting E in terms of number density

then in terms of mass density using 𝜌 = 𝑚𝑒𝑛𝑞/(Δ𝑥Δ𝑦), where Δ𝑦 is the

distance between two charges in the 𝑦 direction

𝐸𝑥 = −
𝑞𝑒

(
𝑛𝑞3 − 𝑛𝑞1

)
𝜖04𝜋Δ𝑥2 = −

𝑞𝑒 (𝜌3 − 𝜌1)Δ𝑦
𝑚𝑒𝜖04𝜋Δ𝑥 . (8.25)

The force experienced by 𝑞2 is then

𝐹𝑥 = 𝑛𝑞2𝑞𝑒𝐸𝑥 = −
𝑛𝑞2𝑞

2
𝑒 (𝜌3 − 𝜌1)Δ𝑦
𝑚𝑒4𝜋Δ𝑥

= −
𝜌2𝑞

2
𝑒 (𝜌3 − 𝜌1)Δ𝑦2

𝑚2
𝑒 𝜖04𝜋

. (8.26)

The shear pressure in the 𝑥 direction caused by 𝐹𝑥 is then given by

𝑃𝑠𝑥 = − 𝐹𝑥

Δ𝑥Δ𝑦
= −𝜌2𝑞

2
𝑒 (𝜌3 − 𝜌1)Δ𝑦
𝑚2

𝑒 𝜖04𝜋Δ𝑥
. (8.27)

A similar derivation can be performed for the shear pressure in the 𝑦 di-
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rection, where the charges are aligned in the 𝑦 direction rather than the 𝑥

direction

𝑃𝑠𝑦 = −𝜌2𝑞
2
𝑒 (𝜌3 − 𝜌1)Δ𝑥
𝑚2

𝑒 𝜖04𝜋Δ𝑦
. (8.28)

The next step is to take the derivative of the pressure term. Since the central

difference approximation is

𝑓 ′(𝑥) =
𝑓 (𝑥 + ℎ) − 𝑓 (𝑥 − ℎ)

2ℎ , (8.29)

so the derivative of 𝜌 in the 𝑥 direction is

𝜕𝜌

𝜕𝑥
=

𝜌3 − 𝜌1

2Δ𝑥 , (8.30)

and in the 𝑦 direction
𝜕𝜌

𝜕𝑦
=

𝜌3 − 𝜌1

2Δ𝑦 . (8.31)

Eq. (8.30) can be substituted into Eq. (8.27) and Eq. (8.31) substituted into

Eq. (8.28). We can now evaluate ∇𝑃 as a combination of the degeneracy and

static pressures in the two directions

∇𝑃 =


(
3𝜋2) 2

3 ℏ2

5𝑚𝑒𝜌
𝜕

𝜕𝑥
𝜌

5
3 − 𝜌𝑞2

𝑒Δ𝑦

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌

𝜕𝑥

 i +

(
3𝜋2) 2

3 ℏ2

5𝑚𝑒𝜌
𝜕

𝜕𝑦
𝜌

5
3 − 𝜌𝑞2

𝑒Δ𝑥

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌

𝜕𝑦

 j.

(8.32)

Evaluating the constants of the degeneracy pressure and the static pressure

terms within the acceleration term. In the x direction we get:

1
𝜌
𝜕𝑃𝑑

𝜕𝑥
≈ 2.33 × 10−38 1

𝜌

𝜕𝜌
5
3

𝜕𝑥
, (8.33)

1
𝜌
𝜕𝑃𝑠𝑥

𝜕𝑥
≈ 5.56 × 1032Δ𝑦

𝜕𝜌

𝜕𝑥
. (8.34)

Comparing Eq. (8.33) and Eq. (8.34) we see that 1
𝜌
𝜕𝜌

5
3

𝜕𝑥 would need to be ap-
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proximately seventy orders of magnitude greater than Δ𝑦
𝜕𝜌
𝜕𝑥 to put both of

these sources of acceleration on equal footing. This shows that any accel-

eration due to degeneracy pressure is negligible. We can now rewrite our

acceleration term due to pressure as

1
𝜌
∇𝑃 = −

𝑞2
𝑒Δ𝑦

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌

𝜕𝑥
i −

𝑞2
𝑒Δ𝑥

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌

𝜕𝑦
j. (8.35)

Substituting Eq. (8.35) into Eqs. (8.19) and (8.20), we get the following equa-

tions of motion in the 𝑥 and 𝑦 directions:(
𝑉𝑥

𝜕

𝜕𝑥
+𝑉𝑦

𝜕

𝜕𝑦

)
𝑉𝑥 =

𝑛𝑞𝑞

𝜌

(
𝑉𝑦𝐵𝑧 − 𝜂𝑛𝑞𝑞𝑉𝑥 −

1
𝑛𝑞𝑞

𝜌𝑞2Δ𝑦

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌

𝜕𝑥

)
, (8.36)

and(
𝑉𝑥

𝜕

𝜕𝑥
+𝑉𝑦

𝜕

𝜕𝑦

)
𝑉𝑦 =

𝑛𝑞𝑞

𝜌

(
−𝑉𝑥𝐵𝑧 + 𝐸𝑦 − 𝜂𝑛𝑞𝑞𝑉𝑦 −

1
𝑛𝑞𝑞

𝜌𝑞2Δ𝑥

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌

𝜕𝑦

)
.

(8.37)

The final equation that we will require is the continuity equation, Eq. (8.1).

For a steady state there is no change in the mass density of the fluid in time

so 𝜕𝜌
𝜕𝑡 = 0 giving the steady state continuity equation, Eq. (8.1), as

∇ · (𝜌V) = 0. (8.38)

Expanding Eq. (8.38) gives

𝜌
𝜕𝑉𝑥

𝜕𝑥
+ 𝜌

𝜕𝑉𝑦

𝜕𝑦
+𝑉𝑥

𝜕𝜌

𝜕𝑥
+𝑉𝑦

𝜕𝜌

𝜕𝑦
= 0. (8.39)
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8.3 Non Uniform Magnetic Fields from Magnetic

Monopoles

Name Derivative Form Integral Form

Gauss’ Law ∇ · E =
𝑞𝜌
𝜖0

∫
E · 𝑑A =

∭ 𝜌
𝜖0
𝑑𝑉

Gauss’ law
for magnetism ∇ · B = 0

∫
B · 𝑑A = 0

Faraday law ∇ × E = −𝜕B
𝜕𝑡

∮
E · 𝑑l = −

∫
𝜕B
𝜕𝑡 · 𝑑A

Ampères law ∇ × B = 𝜇0J + 𝜇0𝜖0
𝜕E
𝜕𝑡

∮
𝐶

B · 𝑑l = 𝜇0

(
𝐼 + 𝜖0

∫
𝑠
𝜕E
𝜕𝑡 .𝑑A

)
Table 8.1: The Maxwell equations in derivative and integral forms [26, 72],
where 𝑞𝜌 is the electrical charge density, 𝑞 is the enclosed electrical charge,
𝐼 is current, the permeability of free space 𝜇0 = 1.257 × 10−6 NA−2 and the
permittivity of free space 𝜖0 = 8.854 × 10−12 Fm−1.

In a non uniform magnetic field, produced by a magnetic monopoles dis-

tributed under the plane, the magnitude will be position dependent so will

take the form B(𝑥, 𝑦) on our two dimensional plane. The specific type of non

dimensional field we will investigate is produced by a magnetic monopole,

which is analogous to the electric field produced by an electrically charged

particle.

The electric field of a charged particle in spherical coordinates can be eval-

uated using the integral form of the Gauss’ Law, this gives an electric field

equation

E(𝑅) =
𝑞

𝜖04𝜋𝑅2 𝑅̂, (8.40)
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where 𝑅 is the radial distance away from the charged particle. The magnetic

field for a magnetically charged particle can be evaluated in the same manner

but with a slight change to the no monopole law or Faraday Law producing

an integrable version
∮

B · 𝑑A = 𝑄𝑚𝜇0, which allows magnetic monopoles,

[24,25]. This new Faraday law can be solved in spherical coordinates giving

the result Eq. (2.2).

Looking ahead to solving this equation via a two dimensional finite differ-

ence method, we need to evaluate the magnetic field present at any two

dimensional element of the charged fluid, Fig. 8.4. The electron fluid trav-

elling across the two dimensional plane will only feel any force that occurs

in the 𝑧 direction. Evaluating the Lorentz force at any given point of the

fluid

F = 𝑞 (V × B) = (𝑉𝑦𝐵𝑧 −𝑉𝑧𝐵𝑦)𝑖 + (𝑉𝑧𝐵𝑥 −𝑉𝑥𝐵𝑧)𝑗 + (𝑉𝑥𝐵𝑦 −𝑉𝑦𝐵𝑥)𝑘. (8.41)

The electrons have 𝑉𝑧 = 0 and are confined to the two dimensional plane.

They cannot be accelerated in the 𝑧 direction which implies that 𝐵𝑦 = 𝐵𝑥 = 0

leaving the Lorentz force as

F = 𝑉𝑦𝐵𝑧 𝑖 −𝑉𝑥𝐵𝑧 𝑗. (8.42)

Thus the only part of the magnetic field that the charged fluid would interact

with is

B = 0𝑖 + 0𝑗 + 𝐵𝑧𝑘. (8.43)

Using Pythagoras we see that that 𝑅 is equal to

𝑅(𝑥, 𝑦) =
√
𝐷2 + 𝑟2 =

√
𝐷2 + (𝑥 − 𝑥𝑚)2 + (𝑦 − 𝑦𝑚)2, (8.44)
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Figure 8.4: Diagram of the magnetic field acting upon a two dimensional
element of charged fluid laying in the 𝑥, 𝑦 plane. 𝑟 is the radial distance
from the plane above the monopole to the centre of the element, 𝐷 is the
distance between the monopole and the plane, 𝑅 is the distance between
the monopole and the element, 𝐵 is the magnetic field at the element in the
direction of 𝑅̂ and 𝐵𝑧 is the magnetic field in the direction perpendicular to
the plane with a Cartesian coordinates system of 𝑥, 𝑦).
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where 𝑥, 𝑦 is the position of an electron and 𝑥𝑚 , 𝑦𝑚 are the coordinates of

the magnetic monopole. We also note that:

cos(𝜃) = 𝐵𝑧

𝐵
, (8.45)

and

cos(𝜃) = 𝐷

𝑅
. (8.46)

Setting Eq. (8.45) equal to Eq. (8.46) and then applying a small amount of

algebra we return

𝐵𝑧(𝑥, 𝑦) =
𝐵𝐷

𝑅(𝑥, 𝑦) =
𝑄𝑚𝐷𝜇0

4𝜋𝑅(𝑥, 𝑦)3 . (8.47)

We can rewrite our equations of motion but now using the position de-

pendent magnetic field. Since the magnetic field from each monopole is

additive at each point on the plane we get the equations of motion for a two

dimensional plasma interacting with monopoles as:(
𝑉𝑥

𝜕

𝜕𝑥
+𝑉𝑦

𝜕

𝜕𝑦

)
𝑉𝑥 =

𝑛𝑞𝑞

𝜌

(
𝑉𝑦

∑
𝐵𝑧(𝑥, 𝑦) − 𝜂𝑛𝑞𝑞𝑉𝑥 −

1
𝑛𝑞𝑞

𝜌𝑞2Δ𝑦

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌

𝜕𝑥

)
,

(8.48)

and(
𝑉𝑥

𝜕

𝜕𝑥
+𝑉𝑦

𝜕

𝜕𝑦

)
𝑉𝑦 =

𝑛𝑞𝑞

𝜌

(
−𝑉𝑥

∑
𝐵𝑧(𝑥, 𝑦) + 𝐸𝑦 − 𝜂𝑛𝑞𝑞𝑉𝑦 −

1
𝑛𝑞𝑞

𝜌𝑞2Δ𝑥

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌

𝜕𝑦

)
.

(8.49)

8.4 Hall Voltage from MHD

The Classic Hall voltage is given as

𝑉HC = 𝑣𝑦𝐵𝑧𝑤, (8.50)
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where 𝑤 is the width of the plane that the Hall voltage is being measured.

This is easily derived form the Lorentz Force equation and setting the Force

equal to zero in the 𝑥 direction, as was seen in the introduction. I shall

recreate this but utilising the equations of motion derived previously, namely

the Burgers type equation in the 𝑥 direction

The force on the fluid is set to zero by the addition of an electric force that

opposes it, 𝐸𝑥 . This can be broken down into two components one electric

field to oppose the Lorentz force, 𝐸𝑏
𝑥 , and another to oppose the the force

generated by the electrostatic repulsion between electrons, 𝐸𝑎
𝑥 .(

𝑉𝑥
𝜕

𝜕𝑥
+𝑉𝑦

𝜕

𝜕𝑦

)
𝑉𝑥 =

𝑛𝑞𝑞

𝜌

(
𝐵𝑧𝑉𝑦 − 𝜂𝑛𝑞𝑞𝑉𝑥 −

1
𝑛𝑞𝑞

𝜌𝑞2Δ𝑦

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌

𝜕𝑥
+ 𝐸𝑎

𝑥 − 𝐸𝑏
𝑥

)
.

(8.51)

The opposing forces of electric fields, 𝐸𝑎
𝑥 and 𝐸𝑏

𝑥 , and the Lorentz and elec-

trostatic cancel each other, then there can be no movement of the charged

particles in the 𝑥 direction, so we can set 𝑣𝑥 = 0 in this scenario. The al-

ternative way of viewing this is that there is no current in the 𝑥 direction

across the plane so this can be achieved by having no charged particles or no

velocity in the 𝑥 direction; since the fluid is comprised of charged particles

then 𝑉̃𝑥 = 0 has to be true. This gives the following equation

0 = 𝑛𝑞𝑞𝑉𝑦𝐵𝑧 −
𝜌𝑞2Δ𝑦

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌

𝜕𝑥
+ 𝑛𝑞𝑞𝐸

𝑎
𝑥 − 𝑛𝑞𝑞𝐸

𝑏
𝑥 , (8.52)

moving the 𝐸𝑎
𝑥 term to the right

−𝑛𝑞𝑞𝐸
𝑎
𝑥 = 𝑛𝑞𝑞𝑉𝑦𝐵𝑧 −

𝜌𝑞2Δ𝑦

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌

𝜕𝑥
− 𝑛𝑞𝑞𝐸

𝑏
𝑥 . (8.53)
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Since −
∫
𝐸𝑑𝑥 = −𝐸Δ𝑥 = 𝑉 (where 𝑉 is voltage)

𝑛𝑞𝑞𝑉HMHD = −
(
𝑛𝑞𝑞𝑉𝑦𝐵𝑧 −

𝜌𝑞2Δ𝑦

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌

𝜕𝑥
− 𝑛𝑞𝑞𝐸

𝑏
𝑥

)
Δ𝑥. (8.54)

When the fluid has reached a steady state forces produced by the magnetic

field and that of the pressure are equal the𝑉HMHD = 𝑉HC this can be achieved

by choosing −𝐸𝑏
𝑥𝑤 = 𝑉HC = 𝑉𝑦𝐵𝑧Δ𝑥 so

𝑉HMHD = − 1
𝑛𝑞𝑞

(
2𝑛𝑞𝑞𝑉𝑦𝐵𝑧 −

𝜌𝑞2Δ𝑦

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌

𝜕𝑥

)
Δ𝑥, (8.55)

this can be expressed in terms of the current as

𝑉HMHD = 𝑅H

(2𝐼𝑦𝐵𝑧

𝑇
− 𝜌𝑞2𝐴

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌

𝜕𝑥

)
, (8.56)

where 𝐼𝑦 is the current in the 𝑦 direction. For a two dimensional Hall sensor

plane we need to utilise the two dimensional Hall coefficient 𝑅H2D

𝑉HMHD = 𝑅H2D

(
2𝐼𝑦𝐵𝑧 −

𝜌𝑞2𝐴

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌

𝜕𝑥

)
. (8.57)

The Hall coefficient for both the classical and magnetohydrodynamic Hall

voltage remains the same, 𝑅H = −1/𝑛𝑞𝑞 m3C−1 for the three dimensional

Hall sensor and 𝑅H2D = −1/𝑛𝑞𝑞 m2C−1 for a two dimensional Hall sen-

sor.
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8.5 Characteristic Equations of Motion and Hall

Voltage

Choosing the parameters:

V = 𝑈Ṽ, 𝑥 = 𝐿𝑥̃, 𝑦 = 𝐿𝑦̃, and 𝜌 = 𝜉𝜌̃. (8.58)

𝑈 is the scaling parameter for the dimensionless velocity Ṽ, 𝐿 is the scaling

parameter for the dimensionless distance 𝑥̃ and 𝑦̃ and 𝜉 is the scaling pa-

rameter for the dimensionless variable 𝜌̃. Substituting these variables into

the static solution Eq. (8.17) gives

𝜉𝑈2

𝐿
𝜌̃

(
Ṽ · ∇̃

)
Ṽ = 𝑛𝑞𝑞E + 𝑛𝑞𝑞𝑈Ṽ × B − 𝜂𝑛2

𝑞𝑞
2𝑈Ṽ − 1

𝐿
∇̃𝑝. (8.59)

Rearranging gives

(
Ṽ · ∇̃

)
Ṽ =

1
𝜌̃

[
𝑛𝑞𝑞𝐿

𝜉𝑈2 E +
𝑛𝑞𝑞𝐿

𝜉𝑈
Ṽ × B −

𝑛2
𝑞𝑞

2𝐿𝜂

𝜉𝑈
Ṽ − 1

𝜉𝑈2 ∇̃𝑝
]
. (8.60)

Separating this out into the two directions gives in the 𝑥 direction

(
𝑉̃𝑥

𝜕

𝜕𝑥̃
+ 𝑉̃𝑦

𝜕

𝜕𝑦̃

)
𝑉̃𝑥 =

1
𝜌̃

[
𝑛𝑞𝑞𝐿𝐵𝑧

𝜉𝑈
𝑉̃𝑦 −

𝑛2
𝑞𝑞

2𝐿𝜂

𝜉𝑈2 𝑉̃𝑥 −
1
𝜉𝑈

𝜕

𝜕𝑥̃
𝑝

]
, (8.61)

and in the 𝑦 direction

(
𝑉̃𝑥

𝜕

𝜕𝑥̃
+ 𝑉̃𝑦

𝜕

𝜕𝑦̃

)
𝑉̃𝑦 =

1
𝜌̃

[
𝑛𝑞𝑞𝐿

𝜉𝑈2 𝐸𝑦 −
𝑛𝑞𝑞𝐿𝐵𝑧

𝜉𝑈
𝑉̃𝑥 −

𝑛2
𝑞𝑞

2𝐿𝜂

𝜉𝑈
𝑉̃𝑦 −

1
𝜉𝑈2

𝜕

𝜕𝑦̃
𝑝

]
.

(8.62)

Choosing

𝐿 =
𝜉𝑈2

𝑞𝐸𝑦
, (8.63)
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this choice is made due to the applied electric field in the 𝑦 direction is

constant for any given simulation and will only accelerate the fluid in the

𝑦 direction. This then enables the 𝐸𝑦 term to be scaled to 1. Substitut-

ing 𝐿 into the other terms gives the following equation of motion in the 𝑥

direction(
𝑉̃𝑥

𝜕

𝜕𝑥̃
+ 𝑉̃𝑦

𝜕

𝜕𝑦̃

)
𝑉̃𝑥 =

1
𝜌̃

[
𝑛𝑞𝑈𝐵𝑧

𝐸𝑦
𝑉̃𝑦 −

𝑛2
𝑞𝑞𝑈𝜂

𝐸𝑦
𝑉̃𝑥 −

1
𝜉𝑈2

𝜕

𝜕𝑥̃
𝑝

]
, (8.64)

in the 𝑦 direction the equation of motion becomes

(
𝑉̃𝑥

𝜕

𝜕𝑥̃
+ 𝑉̃𝑦

𝜕

𝜕𝑦̃

)
𝑉̃𝑦 =

1
𝜌̃

[
𝑛𝑞 −

𝑛𝑞𝑈𝐵𝑧

𝐸𝑦
𝑉̃𝑥 −

𝑛2
𝑞𝑞𝑈𝜂

𝐸𝑦
𝑉̃𝑦 −

1
𝜉𝑈2

𝜕

𝜕𝑦̃
𝑝

]
. (8.65)

Substituting in the pressure term from the static repulsion with the relevant

scale lengths for the mass density applied gives for the 𝑥 direction

(
𝑉̃𝑥

𝜕

𝜕𝑥̃
+ 𝑉̃𝑦

𝜕

𝜕𝑦̃

)
𝑉̃𝑥 =

1
𝜌̃

[
𝑛𝑞𝑈𝐵𝑧

𝐸𝑦
𝑉̃𝑦 −

𝑛2
𝑞𝑞𝑈𝜂

𝐸𝑦
𝑉̃𝑥

]
− 1
𝑈2

𝑞2Δ𝑥𝜉

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌̃

𝜕𝑥̃
, (8.66)

and in the 𝑦 direction

(
𝑉̃𝑥

𝜕

𝜕𝑥̃
+ 𝑉̃𝑦

𝜕

𝜕𝑦̃

)
𝑉̃𝑦 =

1
𝜌̃

[
𝑛𝑞 −

𝑛𝑞𝑈𝐵𝑧

𝐸𝑦
𝑉̃𝑥 −

𝑛2
𝑞𝑞𝑈𝜂

𝐸𝑦
𝑉̃𝑦

]
− 1
𝑈2

𝑞2Δ𝑦𝜉

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌̃

𝜕𝑦̃
.

(8.67)

Going back to the definition of the dimensionless mass density 𝜌 = 𝜉𝜌̃,

assuming the fluid is only made up of the charged particles such that the

total number of particles in the fluid is equal to 𝑛𝑞 then we can say that

mass density 𝜌 = 𝑛𝑞 ∗ 𝑚𝑞/𝐴, where we have chosen area, 𝐴, as opposed

to volume due to the fluid being treated as 2 dimensional and 𝑚𝑞 is the

mass of the charged particle. The dimensionless equation for mass density
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becomes
𝑛𝑞𝑚𝑞

𝐴
= 𝜉𝜌̃. (8.68)

Rearranging we get

𝑛𝑞 =
𝐴𝜉
𝑚𝑞

𝜌̃. (8.69)

On the left side we now have a dimensionless quantity, to achieve the same

on the right side the scaling parameter has to be 𝜉 = 𝑚𝑞/𝐴 giving the result

of

𝜌̃ = 𝑛𝑞 . (8.70)

Applying this to the equations of motion, in the 𝑥 direction(
𝑉̃𝑥

𝜕

𝜕𝑥̃
+ 𝑉̃𝑦

𝜕

𝜕𝑦̃

)
𝑉̃𝑥 =

𝑈𝐵𝑧

𝐸𝑦
𝑉̃𝑦 −

𝜌̃𝑞𝑈𝜂

𝐸𝑦
𝑉̃𝑥 −

1
𝑈2

𝑞2Δ𝑥𝜉

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌̃

𝜕𝑥̃
, (8.71)

and in the 𝑦 direction(
𝑉̃𝑥

𝜕

𝜕𝑥̃
+ 𝑉̃𝑦

𝜕

𝜕𝑦̃

)
𝑉̃𝑦 = 1 − 𝑈𝐵𝑧

𝐸𝑦
𝑉̃𝑥 −

𝜌̃𝑞𝑈𝜂

𝐸𝑦
𝑉̃𝑦 −

1
𝑈2

𝑞2Δ𝑦𝜉

𝑚2
𝑒 𝜖02𝜋

𝜕𝜌̃

𝜕𝑦̃
. (8.72)

Choosing the following parameters and updating the length scaler with the

definition of 𝜉:
𝛽 =

𝑈𝐵𝑧

𝐸𝑦
,

𝛾 =
𝑞𝑈𝜂

𝐸𝑦
,

𝛼𝑥 =
1
𝑈2

𝑞2Δ𝑦𝜉

𝑚2
𝑒 𝜖02𝜋

,

𝛼𝑦 =
1
𝑈2

𝑞2Δ𝑥𝜉

𝑚2
𝑒 𝜖02𝜋

,

𝐿 =
𝑚𝑒𝑈

2

Δ𝑥Δ𝑦𝑞𝐸𝑦
m.

(8.73)
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We have the final characteristic equations of motion:(
𝑉̃𝑥

𝜕

𝜕𝑥̃
+ 𝑉̃𝑦

𝜕

𝜕𝑦̃

)
𝑉̃𝑥 = 𝛽𝑉̃𝑦 − 𝜌̃𝛾𝑉̃𝑥 − 𝛼𝑥

𝜕𝜌̃

𝜕𝑥̃
, (8.74)

and (
𝑉̃𝑥

𝜕

𝜕𝑥̃
+ 𝑉̃𝑦

𝜕

𝜕𝑦̃

)
𝑉̃𝑦 = 1 − 𝛽𝑉̃𝑥 − 𝜌̃𝛾𝑉̃𝑦 − 𝛼𝑦

𝜕𝜌̃

𝜕𝑦̃
, (8.75)

in the 𝑥 and 𝑦 directions respectively. These scaling factors apply also for a

non uniform field where the value of 𝛽 becomes position dependent as 𝐵𝑧 is

potion dependent so for magnetic monopoles we have in the 𝑥 direction(
𝑉̃𝑥

𝜕

𝜕𝑥̃
+ 𝑉̃𝑦

𝜕

𝜕𝑦̃

)
𝑉̃𝑥 =

∑
𝛽(𝑥, 𝑦)𝑉̃𝑦 − 𝜌̃𝛾𝑉̃𝑥 − 𝛼𝑥

𝜕𝜌̃

𝜕𝑥̃
, (8.76)

and in the 𝑦 direction(
𝑉̃𝑥

𝜕

𝜕𝑥̃
+ 𝑉̃𝑦

𝜕

𝜕𝑦̃

)
𝑉̃𝑦 = 1 −

∑
𝛽(𝑥, 𝑦)𝑉̃𝑥 − 𝜌̃𝛾𝑉̃𝑦 − 𝛼𝑦

𝜕𝜌̃

𝜕𝑦̃
. (8.77)

The dimensionless Hall voltage, 𝑉̃HMHD, that is derived from Eq. (8.74) in

the same manner as previously for the dimensional version gives

𝑉̃HMHD =

(
2𝛽𝑉𝑦 − 𝛼𝑥

𝜕𝜌

𝜕𝑥̃

)
Δ𝑥̃. (8.78)

The scaling factor for the Hall voltage can be derived form the classical Hall

voltage equation. Using Eqs. (8.58) and (8.73) we can substitute into the

classical Hall effect equation

𝑉HC = 𝑉̃𝑥 𝐵̃𝑧𝐸𝑦𝐿Δ𝑥̃. (8.79)

Now choosing

𝑉̃HC =
𝑉HC
𝐿𝐸𝑦

, (8.80)
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where 𝑉̃HC is the dimensionless Hall voltage, the denominator 𝐿𝐸𝑦 has units

of Volts as does the numerator. 𝑉̃HC can now be expressed as

𝑉̃HC = 𝑉̃𝑥 𝐵̃𝑧Δ𝑥̃. (8.81)

This will now allow the transformation of the dimensionless Hall voltages

into results with dimensions. Finally we can simply rewrite the continuity

equation Eq. (8.39) in terms of the dimensionless parameters

𝜌̃
𝜕𝑉̃𝑥

𝜕𝑥̃
+ 𝜌̃

𝜕𝑉̃𝑦

𝜕𝑦̃
+ 𝑉̃𝑥

𝜕𝜌̃

𝜕𝑥̃
+ 𝑉̃𝑦

𝜕𝜌̃

𝜕𝑦̃
= 0. (8.82)

8.6 Summary and Outlook

I have developed equations of motion for the electron gas in both a uniform

magnetic field and also monopole magnetic fields. The Hall voltage has

been derived from the equations of motion and takes into account the addi-

tional factor of the internal pressure of the electron gas. The characteristic

equations of motion and Hall voltage are created for generating solutions.

The next chapter we will look at how to solve the equations of motion across

the Hall sensor plane and generate the corresponding Hall voltages.
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Chapter 9

Two Dimensional Finite Difference

Method and Solutions

In this chapter we look at how we can get solutions for the equations of

motion and build a picture of how the electron gas flows across the plane

and what the corresponding Hall voltage distribution in uniform and non-

uniform magnetic fields. Following I move onto modelling two dimen-

sional materials as the Hall sensor plane and see what effect they have on

the Hall voltage. Finally different monopole distributions are modelled

across the Hall sensor plane which correspond to the magnetic fields seen

in Fig. 8.2.

9.1 Solving the Momentum and Continuity Equa-

tions via Finite Differences

To solve the equations of motion a two dimensional finite differences method

has been chosen, which will enable the equations to be discretized across the
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Figure 9.1: A diagrammatic representation of the two dimensional finite
difference method layout. The initial element in the lower left has an index
of 𝑖 , 𝑗 subsequent elements have indexes of 𝑖 + 𝑛, 𝑗 + 𝑚. Since each fluid
element once discretised has its own address then the mass density and
velocity’s can be addressed appropriately. The finite difference method will
allow the calculation of the next row of elements building up a complete
data set of velocities and mass density over the plane at each element.

plane and form two dimensional arrays containing values of the velocity and

number density of the electron fluid at all points over the sensor plane [73,74].

The finite differences method involves dividing the plane of the Hall sensor

up into a grid of elements. The aim is to calculate the value of velocity

and number of electrons at each element. Each element has its own unique

address which is denoted by the row number 𝑖 and the column number 𝑗.

Since we are going to be using the central finite difference method the grid

will extend two elements past the edges of the plane. This is so boundary
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and initial conditions can be implemented. At the elements extending past

the plane in the 𝑥 direction there is no fluid so the velocity will be equal to

0 and the number of electrons will also be zero and these will not change

value during any calculations. For the elements extending below the plane

these will populated with the initial conditions of the fluid.

Since we have the first two rows of the elements chosen with starting values

for velocity and electron number density the task is to calculate the row the

comes next, then repeat until the end of the grid.

Discretising the equations of motion using the finite differences shown in

Eqs. (A.40) and (A.41). The notation used is: 𝑉𝑥
𝑖, 𝑗

where in this example

we are representing a velocity, the superscript is the direction in which the

vector is pointing, if this is not present then there is no direction applicable.

The subscript is the element grid coordinates, 𝑖 is the 𝑥 coordinate and 𝑗

is the 𝑦 coordinate. Discretising the equation of motion in the 𝑥 direction

Eq. (8.74) gives

𝑉̃𝑥
𝑖, 𝑗

𝑉̃𝑥
𝑖+1, 𝑗 − 𝑉̃

𝑥
𝑖−1, 𝑗

2Δ𝑥̃ + 𝑉̃ 𝑦

𝑖, 𝑗

𝑉̃𝑥
𝑖, 𝑗+1 − 𝑉̃

𝑥
𝑖, 𝑗−1

2Δ𝑦̃ =

𝛽𝑧𝑉̃
𝑦

𝑖, 𝑗
− 𝛼

𝜌̃𝑖+1, 𝑗 − 𝜌̃𝑖−1, 𝑗

2Δ𝑥̃ − 𝜌̃𝑖 , 𝑗𝛾𝑉̃
𝑥
𝑖, 𝑗 , (9.1)

where Δ𝑥 and Δ𝑦 are the lengths of any given element in the 𝑥 and 𝑦

directions respectively. The same process is repeated but this time for the

equation of motion in the 𝑦̃ direction Eq. (8.75)

𝑉̃𝑥
𝑖, 𝑗

𝑉̃
𝑦

𝑖+1, 𝑗 − 𝑉̃
𝑦

𝑖−1, 𝑗

2Δ𝑥̃ + 𝑉̃ 𝑦

𝑖, 𝑗

𝑉̃
𝑦

𝑖, 𝑗+1 − 𝑉̃
𝑦

𝑖, 𝑗−1

2Δ𝑦̃ =

1 − 𝛽𝑧𝑉̃
𝑥
𝑖, 𝑗 − 𝛼

𝜌̃𝑖 , 𝑗+1 − 𝜌̃𝑖 , 𝑗−1

2Δ𝑦̃ − 𝜌̃𝑖 , 𝑗𝛾𝑉̃
𝑦

𝑖, 𝑗
. (9.2)
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Finally for the continuity equation Eq. (8.82)

𝜌̃𝑖 , 𝑗

𝑉̃𝑥
𝑖+1, 𝑗 − 𝑉̃

𝑥
𝑖−1, 𝑗

2Δ𝑥̃ + 𝜌̃
𝑉̃

𝑦

𝑖, 𝑗+1 − 𝑉̃
𝑦

𝑖, 𝑗−1

2Δ𝑦̃ +

𝑉̃𝑥
𝑖, 𝑗

𝜌̃𝑖+1, 𝑗 − 𝜌̃𝑖−1, 𝑗

2Δ𝑥̃ + 𝑉̃ 𝑦

𝑖, 𝑗

𝜌̃𝑖 , 𝑗+1 − 𝜌̃𝑖 , 𝑗−1

2Δ𝑦̃ = 0. (9.3)

Rearranging so that we have an equation that gives us the required velocity

and number density in the next element in the 𝑦 direction, so we get for

𝑉̃𝑥
𝑖, 𝑗+1

𝑉̃𝑥
𝑖, 𝑗+1 =

2Δ𝑦̃
𝑉̃

𝑦

𝑖, 𝑗

(
𝛽𝑉̃

𝑦

𝑖, 𝑗
− 𝛼

𝜌̃𝑖+1, 𝑗 − 𝜌̃𝑖−1, 𝑗

2Δ𝑥̃ −

𝑉̃𝑥
𝑖, 𝑗

𝑉̃𝑥
𝑖+1, 𝑗 − 𝑉̃

𝑥
𝑖−1, 𝑗

2Δ𝑥̃ − 𝜌̃𝑖 , 𝑗𝛾𝑉̃
𝑥
𝑖, 𝑗

)
+ 𝑉̃𝑥

𝑖, 𝑗−1. (9.4)

𝑉̃
𝑦

𝑖, 𝑗+1 in the next element in the 𝑦 direction is

𝑉̃
𝑦

𝑖, 𝑗+1 =
2Δ𝑦̃
𝑉̃

𝑦

𝑖, 𝑗

(
1 − 𝛽𝑉̃𝑥

𝑖, 𝑗 − 𝛼
𝜌̃𝑖 , 𝑗+1 − 𝜌̃𝑖 , 𝑗−1

2Δ𝑦̃ −

𝑉̃𝑥
𝑖, 𝑗

𝑉̃
𝑦

𝑖+1, 𝑗 − 𝑉̃
𝑦

𝑖−1, 𝑗

2Δ𝑥̃ − 𝜌̃𝑖 , 𝑗𝛾𝑉̃
𝑦

𝑖, 𝑗

)
+ 𝑉̃ 𝑦

𝑖, 𝑗−1. (9.5)

𝜌̃𝑖 , 𝑗+1 in the next element in the 𝑦 direction is

𝜌̃𝑖 , 𝑗+1 = 𝜌̃𝑖 , 𝑗−1 −
2Δ𝑦̃
𝑉̃

𝑦

𝑖, 𝑗

(
𝜌̃𝑖 , 𝑗

[
𝑉̃𝑥
𝑖+1, 𝑗 − 𝑉̃

𝑥
𝑖−1, 𝑗

2Δ𝑥̃ +
𝑉̃

𝑦

𝑖, 𝑗+1 − 𝑉̃
𝑦

𝑖, 𝑗−1

2Δ𝑦̃

]
+

𝑉̃𝑥
𝑖, 𝑗

𝜌̃𝑖+1, 𝑗 − 𝜌̃𝑖−1, 𝑗

2Δ𝑥̃

)
. (9.6)

Moving along the elements of a row until all the velocities and mass density

of the next row have been calculated, we can then move up a row and

repeat the process until the entire grid has been updated with the required
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velocity’s and electron number density. This excludes the elements that are

to the left and right of the Hall sensor plane as these remain at zero for all

values forming the boundary conditions.

The finite difference method is applied to Eqs. (8.50) and (8.78). The classical

Hall voltage calculated for each row of elements in the plane

𝑉̃𝐻𝐶(𝑗) =
𝑛∑
𝑖=0

𝑉̃
𝑦

𝑖, 𝑗
𝛽𝑖 , 𝑗Δ𝑥̃. (9.7)

Then the magnetohydrodynamic Hall voltage per row of elements is calcu-

lated as

𝑉̃HMHD(𝑗) =
𝑛∑
𝑖=0

(
2𝑉̃ 𝑦

𝑖, 𝑗
𝛽𝑖 , 𝑗 − 𝛼

𝜌̃𝑖+1, 𝑗 − 𝜌̃𝑖−1, 𝑗

2Δ𝑥̃

)
Δ𝑥̃. (9.8)

The equations generated for the finite difference method only take into ac-

count interaction cells that are 𝑖 ± 1 and 𝑗 ± 1, this means that long range

interactions are not taken into account. Any perturbations caused by inter-

actions with the elements that are diagonally positioned, (𝑖 + 1, 𝑗 + 1), (𝑖 +

1, 𝑗−1), (𝑖−1, 𝑗+1), (𝑖−1, 𝑗−1), from the element, (𝑖 , 𝑗) that we are interested

in, are not included in the simulation.

9.2 Applying the Finite Difference method for a

Uniform Magnetic Field

The first consideration when applying the finite difference method is the

boundary conditions along the edges of the Hall sensor plane parallel to the

𝑦 axis. The choice for 𝜌̃ is that outside the boundary the mass density of the

fluid has to be zero, this ensures that no mass from beyond the plane can

affect the fluid on the plane. The next condition is at the boundary 𝑉̃𝑥 = 0

as no fluid can travel through the boundary either exiting or entering the
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Hall sensor plane. For a fluid that contains ions such as water a no slip

boundary condition would be used to conserve the continuity [75–80] up to

that boundary. A no slip condition is the requirement that if the boundary is

not moving then the fluid that is in contact across that boundary should also

have the same velocity as it, so 𝑉̃𝑦 = 0. The simulations start with the same

initial conditions: initial velocity, 𝑉̃𝑦0 and initial mass density 𝜌̃0. The mass

density and initial velocity starts uniformly distributed, as we move up the

plane the mass density decreases as the fluid is accelerated by the applied

electric field 𝐸𝑦 . This can be seen in Fig. 9.2a. When there is no magnetic

field the edge effects of the no slip boundary condition can be seen, the

mass density moves away from the edges of the plane. When a magnetic

field is applied there is a movement of mass density to the left for a negative

magnetic field, Fig. 9.2b. While the no slip condition works for fluids that are

experiencing friction with a physical boundary restricting the fluid motion,

we wish to model a two dimensional electron gas within a material.

For an electron gas it will not be constrained using a boundary that causes

drag on the electron fluid, so a slip condition on the boundary would be

better to model. For a slip condition at the boundary we remove the require-

ment that 𝑉̃𝑦 = 0. This allows at the boundary, a non-zero velocity in the

𝑦 direction. This produces no changes in either the 𝑥 or 𝑦 velocity over the

plane. The mass density of the electron fluid remains constant across the

plane and no Hall voltage is produced, as we would expect from an absence

of magnetic field. From this point on all modelling will be with the slip

condition on the boundary.

Now applying a magnetic field for a region we can observe what happens

to an electron fluid on entering the magnetic field and also on exiting the

magnetic field. An electron fluid flowing through a uniform magnetic field
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(a) (b)

Figure 9.2: The mass density of the the fluid with no slip boundary con-
ditions (a) No applied magnetic field. Initial conditions and variables are
𝐵̃𝑧 = 0, 𝑉̃𝑦0 = 7, 𝜌̃0 = 0.2, 𝜂̃ = 0.001, 𝑃̃ = 0.01, (b) applied magnetic field
between 𝑦 = 0 to 40. Initial conditions and variables are 𝐵̃𝑧 = −0.001, 𝑦̃0 = 7,
𝜌̃0 = 0.2, 𝜂̃ = 0.001, 𝑃̃ = 0.01.

will see it mass pushed towards one side, dependent on the direction of the

magnetic field. Fig. 9.3a shows that a negative field pushes the mass of the

fluid towards the left of the sensor plane. The fluid is pushed towards the

right and side of the sensor plane for a positive magnetic field, Fig. 9.3b. In

both of these cases we see an initial fluctuation of the mass density when

entering the magnetic field and once again on exiting the magnetic region.

The fluctuation dies off allowing for a mass density that does not change

as we move further up the sensor panel. Within the magnetic field this

results in a balance being struck between Lorentz force from the magnetic

field acting upon the fluid and the internal pressure force of the plasma that

is caused by the build up of negative charge on one side of the plane. On

exiting the magnetic region the mass density homogenises across the width

of the plane. Since no magnetic field is present here the only force driving

this change is the internal pressure of the charged fluid which is dependent

on the differential of mass density, so works to once again homogenise the
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mass density of the plasma.

(a) (b)

Figure 9.3: Mass Density for a uniform magnetic field present between
𝑦 = 6 to 400, 𝑃̃ = 1 × 10−3, 𝜂̃ = 1 × 10−3, 𝜌̃0 = 100, Hall plane dimensionless
width is 10, Δ𝑥̃ = 0.01 andΔ𝑦̃ = 0.01. (a) 𝐵̃𝑧 = 1×10−3 and (b) 𝐵̃𝑧 = −1×10−3.

The 𝑥 velocities show that the fluid is sloshing from side to side once it

enters the magnetic field and then once again once it exits. The direction

of the sloshing is reversed dependent on whether the magnetic field is into

or out of the plane as can be see in Fig. 9.4a and Fig. 9.4b. This sloshing

movement lines up to the changing mass density that is seen in Figs. 9.3a

and 9.3b. Mass is driven in a sideways motion, this displacing of the mass

continues until it is decelerated by the sides of the panel where it builds up,

until accelerated in the other direction by internal pressure of the plasma.

For a negative field the fluid velocity is greater on the left side of the plane

and less on the right side of the plane compared to the fluids initial starting

velocity, Fig. 9.4a; the opposite is true for a positive magnetic field Fig. 9.4b.

The distance required for the 𝑉̃𝑦 to once again reach its original velocity

across the plane is considerably greater than that of 𝑉̃𝑥 . 𝑉̃𝑦 has a greater

magnitude the closer to the edge of the plane it is, in a uniform magnetic

field.
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(a) (b)

Figure 9.4: 𝑥 velocity for a uniform magnetic field present between 𝑦 =

6 to 400, 𝑃̃ = 1×10−3, 𝜂̃ = 1×10−3, 𝜌̃0 = 100, Hall plane dimensionless width
is 10, Δ𝑥̃ = 0.01 and Δ𝑦̃ = 0.01. (a) 𝐵̃𝑧 = 1 × 10−3 and (b) 𝐵̃𝑧 = −1 × 10−3.

(a) (b)

Figure 9.5: 𝑦 velocity for a uniform magnetic field present between 𝑦 =

6 to 400, 𝑃̃ = 1×10−3, 𝜂̃ = 1×10−3, 𝜌̃0 = 100, Hall plane dimensionless width
is 10, Δ𝑥̃ = 0.01 and Δ𝑦̃ = 0.01. (a) 𝐵̃𝑧 = 1 × 10−3 and (b) 𝐵̃𝑧 = −1 × 10−3.

𝑉HMHD oscillates about𝑉HC on entering the magnetic field, Figs. 9.6a and 9.6b,

this once again aligns with the sloshing that we see in the mass density and 𝑥

velocity, Figs. 9.3a, 9.3b, 9.4a and 9.4b the charge oscillating between the two

sides of the plane causes the 𝑉HMHD to oscillate. Further into the magnetic

field 𝑉HMHD reaches a settled point where its value is the same as that given

by𝑉HC. This is at the point when the mass density has reached a steady state
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and the 𝑥 velocity has gone to zero. On leaving the magnetic field 𝑉HMHD

oscillates once again about 𝑉HC = 0, reaching a settled state of zero itself as

the mass density homogenises and the 𝑥 velocity reaches zero.

(a) (b)

Figure 9.6: Hall voltage for a uniform magnetic field present between 𝑦 =

6 to 400, 𝑃̃ = 1×10−3, 𝜂̃ = 1×10−3, 𝜌̃0 = 100, Hall plane dimensionless width
is 10, Δ𝑥̃ = 0.01 and Δ𝑦̃ = 0.01. (a) 𝐵̃𝑧 = 1 × 10−3 and (b) 𝐵̃𝑧 = −1 × 10−3.

9.3 Applying the Finite Difference method for a

Magnetic Monopole Field

The uniform region of magnetic field is replaced by a non-uniform magnetic

field produced by a monopole we see stark differences in how the charged

fluid behaves. The magnetic field at any point on the plane caused by a

magnetic monopole is inversely proportional to 𝑅(𝑥, 𝑦)3, this means that

the highest magnetic field on the plane is felt directly over the magnetic

monopole, and this is also where we see the maximum change in mass

density.

In Figs. 9.7a and 9.7b we see that there are two jets of mass density emerging
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from the position directly above the monopole, one is a jet of lower mass den-

sity and the other a jet of higher mass density when compared to the initial

mass density. Depending on the charge of the monopole the direction of the

jets is reversed as can be seen when comparing the two figures. As we move

further up the plane the mass density returns to its initial distribution.

The 𝑥 velocity shows that the electron fluid is moving faster the closer it is

to the magnetic monopole. Once the fluid moves away from the monopole,

where the magnetic field becomes negligible, the 𝑥 velocity around the

centre of the plane reverses direction as the pressure parameter forces a

more uniform distribution of number density, Figs. 9.8a and 9.8b.

(a) (b)

Figure 9.7: Mass Density for a magnetic monopole field at position 𝛼̃ =

1 × 10−1, 𝜂̃ = ×10−3, 𝜌̃0 = 100, 𝐷̃ = 0.1, Δ𝑥̃ = 0.005 and Δ𝑦̃ = 0.005. (a)
𝑄̃𝑚 = 1 × 10−12 and (b) 𝑄̃𝑚 = −1 × 10−12.
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(a) (b)

Figure 9.8: 𝑥 velocity for a magnetic monopole field at position 𝛼̃ = 1× 10−1,
𝜂̃ = ×10−3, 𝜌̃0 = 100, 𝐷̃ = 0.1, Δ𝑥̃ = 0.005 and Δ𝑦̃ = 0.005. (a) 𝑄̃𝑚 = 1 × 10−12

and (b) 𝑄̃𝑚 = −1 × 10−12.

The 𝑦 velocity behaves in the same manner as for the uniform magnetic field.

The velocity in the 𝑦 direction is separated by a slower moving half and the

faster moving half; they take a larger distance to return to an homogenised

state when compared to 𝑉𝑦 for a uniform magnetic field. The higher mass

density is always on the side of the plane that has a higher 𝑦 velocity, Figs. 9.9a

and 9.9b. The highest and slowest velocities in the 𝑦 direction are found at

the edges of the sensor plane, the same as for the uniform magnetic field

case.

The MHD Hall voltage has a peak that is twice as large as the classic Hall

voltage as was to be expected from the derivation, Figs. 9.10a and 9.10b.

The MHD Hall voltage sloshes to the opposite voltage after passing the

monopole, corresponding to where the magnetic field of the monopole

is negligible. As with the uniform case a sloshing motion occurs in a

monopoles magnetic field but as we will see later on this is variable de-

pendent.
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(a) (b)

Figure 9.9: 𝑦 velocity for a magnetic monopole field at position 𝛼̃ = 1× 10−1,
𝜂̃ = ×10−3, 𝜌̃0 = 100, 𝐷̃ = 0.1, Δ𝑥̃ = 0.005 and Δ𝑦̃ = 0.005. (a) 𝑄̃𝑚 = 1 × 10−12

and (b) 𝑄̃𝑚 = −1 × 10−12.

(a) (b)

Figure 9.10: Hall voltage for a magnetic monopole field at position 𝛼̃ =

1 × 10−1, 𝜂̃ = ×10−3, 𝜌̃0 = 100, 𝐷̃ = 0.1, Δ𝑥̃ = 0.005 and Δ𝑦̃ = 0.005. (a)
𝑄̃𝑚 = 1 × 10−12 and (b) 𝑄̃𝑚 = −1 × 10−12.
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9.4 Exploration of the Variables in the Equations

of motion

In Appendix D.2 a detailed description of how the altering the variables

affects the Hall voltage is shown. The behaviour of each variable is looked at

with both the uniform magnetic field and one that is produced by a magnetic

monopole. One of the most important results, from the exploration of the

variables, is that there is an optimised distance for the monopole from the

plane to maximise the Hall voltage.

Given that the magnetic field perpendicular to the plane, 𝐵𝑧 , changes with

the distance away form the monopole we can go from a weak magnetic

field but a more uniform magnitude across the plane or a high magnetic

field concentrated in a small area with rest of the plane having a weak field.

Measuring the peak of the MHD Hall voltage of a single monopole it can

be seen that there is an optimal distance to measure, to produce the greatest

peak Hall voltage, that distance is approximately 10−3 to 10−4 m; this can be

seen in Fig. 9.11.
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Figure 9.11: The peak in dimensionless Hall voltage generated by magneto-
hydrodynamics, 𝑉̃𝑀𝐻𝐷 𝑝𝑒𝑎𝑘 , scaled by dimensionless monopole charge, 𝑄̃𝑚

vs distance away from the plane the magnetic monopole is, expressed in
meters, 𝐷.

9.5 Applying the MHD simulation to Real Mate-

rials

In this section we look at three different materials that have a two dimen-

sional profile, i.e. length and width but no thickness. Silicon and Gallium

Arsenide are semi-conductors that have been used extensively in Hall effect

devices, the final one being Graphene a two dimensional material that is

currently being utilised in producing experimental electronic devices with

impressive results [81, 82]. Applying the MHD simulation to Silicon, Gal-

lium Arsenide, and Graphene we can observe how each of these behave

under the same conditions but with their own specific properties of charge

carrier density and resistivity, Table 9.1.
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Material Resistivity, Electron Number
(Ωm) Density, (n/m2)

Silicon 1 1.45 × 1010

Gallium Arsenide 1 × 10−7 1.8 × 108

Graphene 2 × 10−4 1010

Table 9.1: Resistivity and charge carrier density for various materials. Resis-
tivity for the materials were sourced from the following: Silicon [83], Gal-
lium Arsenide [84], and Graphene [85]. Electron number densities sourced
from: Silicon [86,87], Gallium Arsenide [88], and Graphene [89,90]. Electron
number density in two dimensions has been extrapolated from the number
density in three dimensions by raising to the power 2/3.

Once the dimensions of the Hall sensor have been chosen, the only physical

quantities that can be altered are the applied voltage and the material of the

Hall sensor. With this in mind choosing a suitable voltage will ensure the

electron fluid flows against the resistance of the sample. Using a mono-layer

Silicon with the charge density and resistivity shown in Table 9.1, and with

dimensions of 1 × 10−3m in the 𝑥 direction and 8 × 10−2m in the 𝑦 direction

to form the Hall sensor. A uniform magnetic field of 5×10−5T (the magnetic

field strength of the Earth ranges from 2× 10−5T to 5× 10−5T [91]) is applied

across the entire width of the Hall sensor within the region 𝑦 = 2 × 10−3m

to 𝑦 = 40 × 10−3m.

The first aspect to test is changing the applied voltage observing what effect

it has on the mass density, the velocities and the Hall voltage produced by

electron fluid. I will be decreasing from a starting voltage of 5 × 10−4V to

5 × 10−6V. The step size used in this simulation is 5 × 10−6m.

Moving through Figs. 9.12a to 9.12c in all cases the mass density has shifted

towards the left of the plane. The amount of mass density that has moved
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(a) (b)

(c)

Figure 9.12: Mass density plots for a silicon monolayer material with applied
voltage: (a) 5 × 10−4 V, (b) 5 × 10−5 V, and (c) 5 × 10−6 V.

towards the left has decreased with applied voltage, this is also the case with

𝑉𝑥 , Figs. 9.13a to 9.13c, which decreases in peak magnitude with voltage. The

initial starting 𝑉𝑦 decreases with applied voltage Figs. 9.14a to 9.14c. The

Hall voltage, both the classical and the MHD, decrease with the decreasing

applied voltage. 𝑉HMHD goes form being an over-damped system, Fig. 9.15a,

to under-damped, Fig. 9.15b, to finally being a critically damped MHD Hall

voltage, Fig. 9.15c.

Next let us look at the Hall voltages produced by different materials in a

uniform magnetic field. We can compare the Hall voltages produced by
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(a) (b)

(c)

Figure 9.13: 𝑉𝑥 plots for a silicon monolayer material with applied voltage:
(a) 5 × 10−4 V, (b) 5 × 10−5 V, and (c) 5 × 10−6 V.
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(a) (b)

(c)

Figure 9.14: 𝑉𝑦 plots for a silicon monolayer material with applied voltage:
(a) 5 × 10−4 V, (b) 5 × 10−5 V, and (c) 5 × 10−6 V.
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(a) (b)

(c)

Figure 9.15: Hall voltage plots for a silicon monolayer material applied
voltage: (a) 5 × 10−4 V, (b) 5 × 10−5 V, and (c) 5 × 10−6 V.
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Silicon (Fig. 9.16a), Graphene (Fig. 9.16b), and Gallium Arsenide (Fig. 9.16c).

All three samples produce the same peak MHD Hall voltage, due to the

same initial starting velocity (which we can alter by differing the applied

voltage). How the MHD Hall voltage decays to the classical Hall voltage is

different dependent on what material the Hall sensor plane is made from.

To tell which is the better material for producing a Hall voltage we can

look at the current, voltage and power supplied to get the same classical

Hall voltages and peak MHD Hall voltage. Looking at Table 9.2 we can see

that Gallium Arsenide requires less power to produce the same Hall voltage

when compared to Silicon and Graphene, while Graphene is better than

Silicon requiring less power to generate the same Hall voltage.

Material Current (A) Voltage (V) Power (W)
Silicon 2.32 × 10−8 1.86 × 10−6 4.32 × 10−14

Graphene 1.60 × 10−8 2.56 × 10−10 4.11 × 10−18

Gallium Arsenide 2.88 × 10−12 2.31 × 10−16 6.65 × 10−28

Table 9.2: Table of current, applied voltage and power required to produce
the Hall voltages seen in Figs. 9.16a to 9.16c. We see that the lowest power
required was by the Gallium Arsenide, then Graphene and finally Silicon
was the poorest performer.
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(a) (b)

(c)

Figure 9.16: Hall voltages produced by different materials with the same
applied current and voltage (a) Silicon, (b) Graphene, and (c) Gallium Ar-
senide.

9.6 Applying the MHD Simulation to Dirac Monopoles

The following results for monopoles are utilising Dirac monopoles of charge

𝑄𝐷 , Eq. (2.8), in various arrangements. The value of 𝑛 = 1 is chosen for

the smallest Dirac monopole charge. The other parameters that have been

chosen are plane width 0.001m, plane length 0.001m. The voltage applied

117



in the 𝑦 direction is 1 × 10−3V, all monopole distances to the plane are

𝐷 = 1 × 10−4m. The step sizes used for this simulation are Δ𝑥 = 5 × 10−6,

Δ𝑦 = 5 × 10−6 and the material used is a two dimensional Silicon with

properties shown in Table 9.1.

Placing in values for real material the differences from the initial mass density

and 𝑉𝑦 are so small that they cannot be seen, as such these plots are not

shown.

The uniform field highlighted what effect material and applied voltage can

have on the Hall effect. Here I will look at how different monopole layouts

can effect the Hall voltage. Using the magnetic monopole layouts that were

shown in the introduction to this project (Figs. 8.2a to 8.2d). The greatest 𝑉𝑥

is of the order of 10−12 ms−1 see Fig. 9.17a. This explains why there is a very

small change in the mass density around the magnetic monopole. A Hall

voltage with a single peak aligned with the magnetic monopole, Fig. 9.18a

with a peak Hall voltage of approximately 6 × 10−6V.

For two monopoles positioned directly above one another, with opposite

magnetic charges, we see that 𝑉𝑥 moves to the left after passing the initial

negatively charged Dirac monopole. When reaching the second positively

charged Dirac monopole the plasma is accelerated to the right leaving𝑉𝑥 = 0,

Fig. 9.17b. The Hall voltages reach the same magnitude as that for a single

monopole𝑉HMHD ≈ 6×10−6V and𝑉HC ≈ 3×10−6V initially as a positive volt-

age concentrated over the negatively charged monopole, then as a negative

voltage centred over the positively charged monopole see Fig. 9.18b.

Arranging two oppositely charged Dirac monopoles in a horizontally aligned

configuration. They are far enough away form each other for 𝑉𝑥 to behave

as if the other monopole was not present, with both pushing the electron
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fluid in opposite directions, Fig. 9.17c. The Hall voltages on the other hand

are not as unaffected. The summation of the Hall voltages produced by

each monopole across the plane cancel out and what we are left with is a

noise. The noise likely caused by floating point rounding errors from the

computational calculation. Interestingly there is still a peak in these errors

aligned at the same 𝑦 coordinate as the two Dirac monopoles, Fig. 9.18c.

Finally looking at a random arrangement of Dirac monopoles, here higher

magnitudes of 𝑉𝑥 of the order 10−10 are achieved (compared to a single

or double monopole configuration), Fig. 9.17d. This is due to some of the

monopoles being close enough to form stronger or larger areas of magnetic

field see Fig. 8.2d. The Hall voltage is produced by varying levels of rein-

forcement and shielding of the effects of a single monopole on the electron

fluid by the monopoles that surround it, Fig. 9.18d.

9.7 Summary

The finite difference method is an established method of solving fluid dy-

namics problems and that remains the case for magnetohydrodynamics. In

a uniform field oscillations can be formed in the mass density and the Hall

voltage as the electron gas sloshes across the plane and the internal pres-

sure pushes it back in the opposing direction. Due to the short duration of

the magnetic field caused by the monopole a single peak in Hall voltage is

produced about the 𝑦 position of the magnetic monopole before returning

to zero, with less sloshing.

When real values for materials are chosen the same peak in the Hall voltage is

achieved across the three materials, but more or less power has to be applied

showing that each material has a different sensitivity to the Hall effect. The
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(a) (b)

(c) (d)

Figure 9.17: 𝑉𝑥 for arrangements of monopoles, (a) A single magnetic
monopole at the centre of the Hall sensor (b) Two oppositely charged mag-
netic monopole arranged vertically above one another the lower being a neg-
atively charged Dirac monopole and the upper being a positively charged
Dirac monopole, (c) Two oppositely charged magnetic monopoles arranged
horizontally from one another the left side is a positively charged Dirac
monopole and the right side is a negatively charged Dirac monopole, and
(d) Randomly placed Dirac magnetic monopoles of opposite charges but
equal in number.
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(a) (b)

(c) (d)

Figure 9.18: The Hall voltages for arrangements of monopoles, (a) A sin-
gle magnetic monopole at the centre of the Hall sensor (b) Two oppositely
charged magnetic monopole arranged vertically above one another the lower
being a negatively charged Dirac monopole and the upper being a positively
charged Dirac monopole, (c) Two oppositely charged magnetic monopoles
arranged horizontally from one another the left side is a positively charged
Dirac monopole and the right side is a negatively charged Dirac monopole,
and (d) Randomly placed Dirac magnetic monopoles of opposite charges
but equal in number
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decay in𝑉HMHD from the peak to a steady value is different for each material.

A single magnetic monopole with a magnetic charge of 𝑄𝐷 (at a distance

of 𝐷 = 1 × 10−4m from the surface of the Hall sensor that has dimensions

of 1mm by 1mm with an applied voltage of 10−3V) produces a peak Hall

voltage of approximately 6× 10−6V. Additional magnetic monopoles can act

to increase or decrease Hall voltage depending on monopole charge and

position.
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Chapter 10

Discussion and Conclusion

10.1 Discussion

In the derivation of the Hall voltage for an MHD regime the assumption

was made that when the electron fluid had reached a settled state and was

no longer sloshing on the plane (in the uniform field case) it should return

a Hall voltage that is the same as the classical case Eq. (8.50). The result

of this assumption is that initially when the fluid enters the magnetic field

the pressure term in Eq. (8.78) is zero so the Hall voltage is initially double.

It is only when the pressure term becomes great enough to overcome the

Lorentz force of the magnetic field that the fluid is accelerated in the opposite

direction and a build up of fluid is created on the opposite side of the plane.

This process repeats back and forth, slowly settling to a point where the

force supplied by the internal pressure of the fluid is equal and opposing

the force supplied by the magnetic field. We also have the same effect happen

on exiting the magnetic field but this time the Lorentz force is zero so the

spike in Hall voltage is driven by the pressure within the plasma itself, where

it will continue to slosh at ever decreasing amplitudes until the electron fluid
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(a) (b)

Figure 10.1: Plots of (a) magnetic field and (b) Hall voltage for a single Dirac
monopole positioned against the side of the sensor panel. The material is
Silicon, 𝐷 = 5× 10−5m, 𝐼𝑦0 = 3× 10−8A, and the applied voltage is 1× 10−3V.

becomes homogenised in the 𝑥 axis and the pressure term is once again zero

causing the MHD Hall voltage to also return to zero Volts.

In the monopole simulations run for this thesis, the monopole is placed near

to the centre of the plane. Placing the Dirac monopole at the boundary,

Fig. 10.1a, we get a Hall voltage, Fig. 10.1b, that is approximately a half of

what it was when the magnetic monopole was located at the centre of the

plane the centre of the plane, Fig. 9.18a.

The results for 𝑉HMHD and 𝑉HC for the various materials return the same

results for each type of voltage, but hide the fact that each material has a dif-

ferent sensitivity to producing a Hall voltage. The easiest way to categorize

how sensitive a material is to the Hall effect is by how large the Hall coeffi-

cient is. This remains true for a magnetohydrodynamic treatment and also

for two dimensional materials with a two dimensional Hall coefficient,

𝑅H2D =
1

𝑛𝑞𝑒
m2C−1. (10.1)
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If value of 𝑅𝐻2𝐷 is higher than in another material then the current required

to produce the same Hall voltage will be lower. This means that a lower

𝑅H2D material has a lower sensitivity to the Hall effect when compared to

another material with a higher value of 𝑅H2D.

Calculating the Hall voltages for the three different materials with the cur-

rents shown in Table 9.2, the two dimensional Hall coefficients from Ta-

ble 10.1 and the uniform magnetic field of −5 × 10−5T we get a Hall volt-

age of 5 × 105V. This calculated Hall voltage matches that seen in the 𝑉HC

simulated results, Fig. 9.16. A direct comparison between the MHD simula-

tion and the formula is not possible as the pressure gradient is not known

across the plane, but an approximate calculation of the peak in the MHD

Hall voltage (where the gradient in the mass density is negligible) as being

𝑉HMHD ≈ 2𝑉HC. As can be seen in Eqs. (8.13) and (8.57) both are proportional

to 𝑅H2D so even with the added complexity of the pressure component in

the 𝑉HMHD the 𝑅H2D is a reliable indicator of a materials sensitivity to Hall

effects.

Material 𝑛𝑞𝑒 (Cm−2) 𝑅𝐻2𝐷 (m2C−1)

Silicon −2.32 × 10−9 −4.30 × 108

Gallium Arsenide −2.90 × 10−13 −3.45 × 1012

Graphene −1.60 × 10−8 −6.24 × 108

Table 10.1: Table comparing the charge density and 𝑅𝐻2𝐷 for different ma-
terials

As we can see in Table 10.1 Gallium Arsenide is the best material of which

to construct a Hall effect device for the same applied of voltage. The Hall

voltages produced by Silicon and Graphene take more power (see Table 9.2)

to produce the same Hall voltage than that of Gallium Arsenide, the relative
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sensitivity of a material to the Hall effect both classical and MHD can be

gauged by comparing a materials 𝑅H2D value (see Table 10.1). The same

conclusions are drawn in three dimensions with experimental results and

established theoretical predictions of the Hall effect, [92,93], namely that the

Hall coefficient will dictate how sensitive a material is to the Hall effect.

10.2 Conclusion

After searching not much material could be found on using magnetohy-

drodynamics to investigate the Hall effect. The closest investigations are

currently focused on treating two dimensional electron gases on a Graphene

lattice as fluids. These investigations utilise hydrodynamics to model the

flow of the electrons, [94, 95], with experiments producing aligning re-

sults [96, 97].

Treating the flow of a two dimensional electron gas as a charged fluid in a

uniform magnetic field produces the same Hall voltage as Eq. (8.11). The

interesting result that the magnetohydrodynamic calculation gave was the

oscillation / sloshing of the electron plasma before it settled down to a consis-

tent value of Hall voltage. This sloshing movement could be seen in the mass

density and the velocity of the fluid, in the direction tangential to applied

current. When it came to the single magnetic monopole the magnetohy-

drodynamic Hall voltage overshoots the Hall voltage. In both the uniform

and non-uniform magnetic fields the cause for the discrepancy between the

Hall voltage and the Magnetohydrodynamic Hall voltage is caused by the

electrostatic pressure of the electrons between one another.

The question as to whether the Hall voltage can be useful as a means of

detecting magnetic monopoles is not as simple as the results would suggest.
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A voltage of the order 10−6V would require an appropriate voltmeter, but

this is for a Dirac monopole. Detecting spin ice with a magnetic charge

approximately 1/8000 less would be considerably more challenging. Until

a highly sensitive semi conductor that could be used as a Hall sensor is

developed the better option would be to use a SQUID device.

Future direction of the project could include a three dimensional analysis

where instead of being a two dimensional fluid it is now three dimensional.

Possible methods for solving this could be three dimensional finite difference

or even a finite volume analysis [98, 99]. Another area to be explored is

time dependency of the electron fluid. This could be achieved by adding

time dependency to the finite difference model or via a Lattice Boltzmann

simulation, [100–102]. An example of a Lattice Boltzmann simulation can be

seen in the series of figures which increase in time Figs. 10.2a to 10.2d, using

an adapted code from [103] which displays the density of the fluid but can

also be used to measure the vorticity of the fluid.

10.3 Thesis Summary

This thesis focused on two main questions the first of which is can an electron

be bound to a magnetic monopole if constrained to a plane adjacent to it?

Classically it was found that the electron can be bound for a given value

of energy and proximity to the point on the plane sitting directly above the

monopole. Outside of this the electron will scatter away from the monopole.

In a quantum mechanical framework the electron was found to be quasi-

bound, decaying over time into a scattering state. The minimum monopole

charge required to bind an electron was found to be 16𝑄𝐷 and for a magnetic

needle this resulted in a lifetime of approximately 5 × 10−7s. The binding of

an electron confined to two dimensions about a magnetic monopole could be
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(a)

(b)

(c)

(d)

Figure 10.2: Fluid density around a duck with a top hat and briefcase at
simulation ticks (a) 0, (b) 11, (c) 36 and (d) 97. Yellow is high density and
blue is low density and green lays in between the two.
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achieved experimentally with a sufficiently charged magnetic needle.

The second question was can a magnetic monopole be detected with the Hall

voltage? The answer is yes for Dirac monopoles but currently not practical

for effective monopoles in spin-ice. For a Dirac monopole at the optimum

distance form the Hall sensor plane the peak in Hall voltage was found to be

of the order 10−6V, this is of a value that specialist equipment can measure

[104]. The simulations run in this thesis has the magnetic monopoles placed

at the optimum distance form the plane and having a charge of 1𝑄𝐷 . The Hall

voltage produced by spin ice would be orders of magnitude lower due to the

monopole charge being 1/8000 of a Dirac charge and there is no guarantee

that the monopoles will form at the optimum distance. It is for this reason

while a Hall voltage would be produced detecting anything other than strong

magnetic charges the Hall effect would not be practical for this use. Currently

CERN are looking for magnetic monopoles with charge 2𝐷 to 45𝑄𝐷 in the

MoDEL experiment (Monopole and Exotics Detector at the Large Hadron

Collider) [105] and 1𝑄𝐷 to 2𝑄𝐷 in the ATLAS experiment [106]. Both of these

experiments have cost billions of pounds and are multi-national efforts due

to the scale and complexity of the design, construction and operation of the

facilities. An alternative method is MACRO [107] a large area underground

liquid scintillator detector looking for monopoles that interact with the fluid,

this experiment ran from 1988 to 2000 [108]. Currently the cheapest and

easiest way to build a monopole detector is by the induction technique,

where the monopole passes through a superconducting ring inducing a

permanent current [109]. Using the Hall effect with a two dimensional

electron gas has the potential to be both a cheaper method and one not

requiring cooling to near absolute zero temperatures.
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Appendix A

Methodologies

A.1 Lagrangian Mechanics

The Lagrangian is defined as [110]

𝐿 = 𝑇 −𝑉, (A.1)

where 𝑇 is the kinetic energy of the system and 𝑉 is the potential energy of

the system. Since the Lagrangian only concerns the energy of a system and

is a scalar, whereas a Newtonian description would require a vector based

system of equations, Lagrangian mechanics can simplify the modelling of the

problem. Applying the Lagrangian to the Euler-Lagrange equation [36, 37]

gives
𝜕𝐿

𝜕𝑞
− 𝜕

𝜕𝑡

𝜕𝐿

𝜕 ¤𝑞 = 0. (A.2)

Solving the Euler-Lagrange equation for each degree of freedom will gar-

ner equations of motion for the system being investigated. For the classical

analysis of an electron orbiting about a position above a magnetic monopole

the solutions are a pair of coupled equations of motion. One equation de-
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scribing the radial component and another describing the polar motion of

the electron. Solving this was done by setting up the coupled equations and

with the scipy odeint [111] function over a given time period. The initial con-

ditions for the calculation are dependent on the choice of coordinates of the

electron at the beginning of the calculation (it cannot be in a classically dis-

allowed region of the classical potential, see Fig. 3.1) and the chosen energy

of the electron. The initial coordinates and the energy dictate the electron’s

beginning radial and tangential velocities for the initial conditions.

A.2 Bohr-Sommerfeld Quantisation

The number of De-Broglie wavelengths, 𝜆𝐷𝐵, around a circular path has to

be an integer value [112] ∮
1

𝜆𝐷𝐵
𝑑𝑞 = 𝑛, (A.3)

where 𝑛 = 1, 2, 3 and q is the relevant coordinate. Substituting 𝜆𝐷𝐵 = ℎ/𝑝,

where h is Planck’s constant and p is the momentum of a particle gives∮
𝑝𝑛𝑑𝑞 = 𝑛ℎ. (A.4)

The momentum can be expressed as 𝑝𝑛 =
√

2𝑚(𝐸𝑛 −𝑉(𝑞)), with𝑚, 𝐸𝑛 and 𝑉(𝑞)

being the mass the energy and potential energy respectively. This deriva-

tion of Bohr-Sommerfeld quantisation is in agreement with [38–41,113–115].

The system we will be focusing on is integrable and as such will have a

Bohr-Sommerfeld equations for each degree of freedom. The focus of these

texts is to introduce Bohr-Sommerfeld quantisation in an historical context,

namely as the first attempt to evaluate the energy levels of a hydrogen atom.

Focusing on circular orbit, and later refined to elliptical orbits, the Bohr-

Sommerfeld quantisation condition accurately predicted the energy levels
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of a hydrogen atom before quantum mechanics. Errors occur when dealing

with non-circular systems such as the harmonic oscillator. The Schrödinger

equation evaluates energy levels of 𝐸𝑛 = (𝑛 + 1
2)ℏ𝜔, Bohr-Sommerfeld quan-

tisation gives 𝐸𝑛 = 𝑛ℏ𝜔. The Bohr-Sommerfeld quantisation is wrong by an

additive constant of 1
2ℏ𝜔.

References [27, 116] give the Bohr-Sommerfeld quantisation corrected with

a 𝛾 term as ∮
𝑃𝑑𝑞 = (𝑛 + 𝛾) ℎ. (A.5)

There are several methods to determine 𝛾 that can be applied to Bohr-

Sommerfeld quantisation. These can be complex to utilise such as Maslov

indexes [42, 117] or the Keller correction [118]. The method that I will

introduce here is simpler and produces the correct answer for two turning

points. For a given system the correction term should be the same regardless

of which method has been used to calculate it.

A.2.1 The R.B. Dingle Correction

This correction is seen in [119] and is credited to R.B. Dingle. The author

gives a book [120] (chapter 13) and a lecture he attended by Dingle as a

source of the correction. The book cited has no reference to this correction

that I have been able to find. A secondary source, [121], also refers to R.B.

Dingle where the correction was learned via lecture, but has no written

source for the correction. The corrected Bohr-Sommerfeld quantisation is

given as ∮
𝑃𝑛𝑑𝑞 =

[
𝑛 + 1

4 × the number of turning points
]
ℎ. (A.6)
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Here the Maslov correction, 𝛾, is 𝛾 = 1
4×the number of turning points. Here

the turning points are determined by the classical trajectory of the particle.

So for circular orbits there are no turning points so 𝛾 = 0. For a harmonic

oscillator there are two turning points so the 𝛾 = 1
2 , which is correct. This

fits the needs for the problem under consideration where we are considering

the polar motion about the monopole and the radial motion which will be

acting like a harmonic oscillator.

A.3 WKB approximation Applied to the Quantum

Problem

The derivation used here is of second order; higher orders can be chosen for

more accuracy but at an increased computational cost. Using the methods

described in [27,47,48] the following derivation is performed. Starting from

the Schrödinger equation scaled by the factors found in Section 2.1 we get a

dimensionless Schrödinger equation

−
𝜕2𝜓(𝜌)
𝜕𝜌2 + (𝑉(𝜌) − 𝜖)𝜓(𝜌) = 0. (A.7)

Eq. (A.7) is not suitable for WKB expansion in its current form as it lacks

a smallness factor, 𝜔2, that is required to complete the expansion of trial

solutions around it (𝜔2) as described by [48]. In a dimension-full Schrödinger

equation the smallness factor would have been ℏ. The following adaptation

can be made (then removed at a latter stage of the derivation returning the

original equation [27, 47])

−𝜔2 𝜕
2𝜓(𝜌)
𝜕𝜌2 + (𝑉(𝜌) − 𝜖)𝜓(𝜌) = 0. (A.8)
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Trying a trial solution of 𝜓(𝜌) = exp
(
𝑖
𝜔𝑆(𝜌)

)
and substituting into equation

Eq. (A.8) gives

−𝜔2
(
𝑖

𝜔
𝑆′′(𝜌) − 1

𝜔2𝑆
′(𝜌)2

)
+ (𝑉(𝜌) − 𝜖) = 0. (A.9)

Expanding 𝑆(𝜌) as a power series up to the second term gives the re-

sults:

𝑆(𝜌) = 𝑆0(𝜌) + 𝜔𝑆1(𝜌), (A.10)

𝑆′(𝜌) = 𝑆′0(𝜌) + 𝜔𝑆′1(𝜌), (A.11)

𝑆′(𝜌)2 = 𝑆′0(𝜌)2 + 𝜔2𝑆′1(𝜌)
2 + 2𝜔𝑆′0(𝜌)𝑆′1(𝜌), (A.12)

𝑆′′(𝜌) = 𝑆′′0 (𝜌) + 𝜔𝑆′′1 (𝜌). (A.13)

Substituting Eqs. (A.10) to (A.13) into Eq. (A.9) and collecting the coefficients

of the terms 𝜔0 and 𝜔1 gives the following equations:

𝑆′0(𝜌)2 + (𝑉(𝜌) − 𝜖) = 0, (A.14)

2𝑆′0(𝜌)𝑆′1(𝜌) − 𝑖𝑆′′0 (𝜌) = 0. (A.15)

Evaluating the Eq. (A.14), assuming 𝜖 > 𝑉(𝜌), gives 𝑆0(𝜌)

𝑆0(𝜌) = ±
∫ 𝜌

𝑃(𝜌′)𝑑𝜌′ where 𝑃(𝜌) =
√
𝜖 −𝑉(𝜌). (A.16)

Substituting Eq. (A.16) into Eq. (A.15) gives the following solution

𝑆1(𝜌) =
𝑖

2 ln(𝑃(𝜌)). (A.17)
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Putting both Eq. (A.16) and Eq. (A.17) into Eq. (A.10)

𝑆(𝜌) = ±
∫ 𝜌

𝑃(𝜌′)𝑑𝑥′ + 𝑖𝜔
2 ln(𝑃(𝜌)), (A.18)

then substituting into the solution 𝜓(𝜌) = exp
(
𝑖
𝜔𝑆(𝜌)

)
gives

𝜓(𝜌) = 1√
|𝑃(𝜌)|

exp
(
± 𝑖

𝜔

∫ 𝜌

𝑃(𝜌′)𝑑𝑥′
)
. (A.19)

Which can be expressed as a general solution in the form for 𝜖 > 𝑉(𝜌)

𝜓(𝜌) = 1√
|𝑃(𝜌)|

[
𝐴 exp

(
𝑖

𝜔

∫ 𝜌

𝑃(𝜌′)𝑑𝑥′
)
+ 𝐵 exp

(
− 𝑖

𝜔

∫ 𝜌

𝑃(𝜌′)𝑑𝑥′
)]

.

(A.20)

Comparing Eq. (A.7) and Eq. (A.8) it is seen that 𝜔 = 1. So the general

solution to Eq. (A.7) for 𝜖 > 𝑉(𝜌) is given by

𝜓(𝜌) = 1√
|𝑃(𝜌)|

[
𝐴 exp

(
𝑖

∫ 𝜌

𝑃(𝜌′)𝑑𝑥′
)
+ 𝐵 exp

(
−𝑖

∫ 𝜌

𝑃(𝜌′)𝑑𝑥′
)]

. (A.21)

The process can then be repeated for 𝜖 < 𝑉(𝜌) giving the general solution

of

𝜓(𝜌) = 1√
|𝑃(𝜌)|

[
𝐶 exp

(∫ 𝜌

𝑃(𝜌′)𝑑𝑥′
)
+ 𝐷 exp

(
−

∫ 𝜌

𝑃(𝜌′)𝑑𝑥′
)]

. (A.22)

A.3.1 Joining the Components of the Wavefunction

Here I will describe the connection formulas used to join one section of

the WKB approximation to another section. At a turning point the WKB

approximation breaks down, the turning points occur when classically the

momentum of the particle is 0, which is where 𝜖 = 𝑣(𝜌). When moving from

a classically allowed region to a disallowed region the wave function changes
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from a sinusoidal function to an exponential function. This describes the

Airy A and B functions. Following the derivation from [47], assuming

very near the turning point the potential is approximately linear, the time

independent Schrödinger equation is(
𝑑2

𝑑𝜌2 + 𝜔−2𝑃2(𝜌)
)
𝜓(𝜌) = 0, (A.23)

where we have expressed it in dimensionless terms as used previously. The

momentum at the turning points is described by

𝑃2(𝜌) ≈ 𝐴(𝜌 − 𝜌1), (A.24)

A is a positive constant and 𝜌1 is the turning point, giving values of 𝑃2(𝜌) >

0 for 𝜌 > 𝜌1 and 𝑃2(𝜌) < 0 for 𝜌 < 𝜌1.The Schrödinger equation, Eq. (A.23),

can be rewritten as (
𝑑2

𝑑𝑞2 + 𝑞

)
𝜓(𝑞) = 0, (A.25)

where q is a function of 𝜌 given by 𝑞(𝜌) =
(
𝜔−2𝐴

)
(𝜌 − 𝜌1). This gives the

solution to the Schrödinger equation near the turning points as

𝜓(𝑞) = 𝐶𝐴𝑖(−𝑞) + 𝐷𝐵𝑖(−𝑞), (A.26)

where C and D are arbitrary constants. The approximate Airy functions

solutions [47, 122] are

𝐴𝑖(𝑞) ≈ 𝜋−
1
2 𝑞−

1
4 cos

(
2
3 𝑞

3
2 − 𝜋

4

)
for 𝑞 →∞,

𝐴𝑖(𝑞) ≈ 1
2𝜋
− 1

2 |𝑞 |− 1
4 exp

(
2
3 |𝑞 |

3
2

)
for 𝑞 → −∞,

(A.27)
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𝐵𝑖(𝑞) ≈ −𝜋− 1
2 𝑞−

1
4 sin

(
2
3 𝑞

3
2 − 𝜋

4

)
for 𝑞 →∞,

𝐵𝑖(𝑞) ≈ 𝜋−
1
2 |𝑞 |− 1

4 exp
(
−2

3 |𝑞 |
3
2

)
for 𝑞 → −∞.

(A.28)

Applying the WKB approximation to the Schrödinger equation, Eq. (A.25),

gives the result

𝜓(𝑞) = 𝑁± (|𝑞(𝜌)|)−
1
4 exp

(
±𝑖 23[𝑞(𝜌)]

3
2

)
. (A.29)

Here 𝑁± is an arbitrary constant which varies depending on whether the

exponential term is positive or negative. Comparing this solution to the

solution of the Schrödinger equation Eq. (A.23)

𝜓(𝜌) = 𝑁±
(
|𝑝2(𝜌)|

)− 1
4 exp

(
±

∫ 𝜌

𝜌1

𝑝(𝜌′)𝑑𝜌′
)
, (A.30)

where 𝜔 = 1 to remove the smallness factor giving the solution to the

dimensionless equation. Comparing these equations it can be seen that

2
3 [𝑞(𝜌)]

3
2 =

∫ 𝜌

𝜌1

𝑝(𝜌′)𝑑𝜌′. (A.31)

Using this result and the approximate definitions of the Airy functions the

connection formulae can be derived. In a potential well there are two turning

points that mark the transition from the classically allowed region to the

disallowed region. Naturally we can approach a turning point form either

direction mathematically but a transition occurs moving from an exponential

solution in the classically forbidden region into a sinusoidal solution for a

classically allowed region and vice versa. Comparing the airy function

approximations for the limits of 𝜌 → ∞ and 𝜌 → −∞, Eq. (A.27) and

Eq. (A.28), at the turning point the two components of Airy 𝐴𝑖 must be

equal to one another the same is true for Airy 𝐵𝑖. So, for a turning point 𝜌1,
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on the left hand side, we can see that the solution must make the connection

across the turning point in the following manner

1√
|𝑃(𝜌)|

exp
[∫ 𝜌

𝜌1

|𝑃(𝜌′)| 𝑑𝜌′
]
→ 2√

|𝑃(𝜌)|
cos

[∫ 𝜌

𝜌1

𝑃(𝜌′)𝑑𝜌′ − 𝜋
4

]
, (A.32)

− 1√
|𝑃(𝜌)|

exp
[
−

∫ 𝜌

𝜌1

|𝑃(𝜌′)| 𝑑𝜌′
]
← 1√

|𝑃(𝜌)|
sin

[∫ 𝜌

𝜌1

𝑃(𝜌′)𝑑𝜌′ − 𝜋
4

]
,

(A.33)

where on the left hand side 𝜌 < 𝜌1 and on the right hand side 𝜌 > 𝜌1.

Eq. (A.32) is derived from the Airy A approximation and Eq. (A.33) is derived

from the Airy B approximation. For a turning point, 𝜌2, on the right hand

side

2√
|𝑃(𝜌)|

cos
[
−

∫ 𝜌

𝜌2

𝑃(𝜌′)𝑑𝜌′ − 𝜋
4

]
← 1√

|𝑃(𝜌)|
exp

[
−

∫ 𝜌

𝜌2

|𝑃(𝜌′)| 𝑑𝜌′
]
,

(A.34)
1√
|𝑃(𝜌)|

sin
[
−

∫ 𝜌

𝜌2

𝑃(𝜌′)𝑑𝜌′ − 𝜋
4

]
→ − 1√

|𝑃(𝜌)|
exp

[∫ 𝜌

𝜌2

|𝑃(𝜌′)| 𝑑𝜌′
]
,

(A.35)

where on the left hand side 𝜌 > 𝜌2 and on the right hand side 𝜌 < 𝜌2.

Eq. (A.34) is derived from the Airy A approximation and Eq. (A.35) is derived

from the Airy B approximation. It must also be noted that these connection

formulae are directional and dimensionless.

A.4 Finite Difference Method

I wish to discretise an eigenvalue problem containing differential operators

so that it can be solved numerically [123,124]. A trial function of 𝑓 (𝑥) is what

I wish to differentiate, performing a Taylor series expansion of 𝑓 (𝑥+Δ𝑥) and
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𝑓 (𝑥 − Δ𝑥) to 𝒪(Δ𝑥2) gives respectively

𝑓 (𝑥 + Δ𝑥) = 𝑓 (𝑥) + Δ𝑥 𝑓 ′(𝑥) + Δ𝑥2 𝑓 ′′(𝑥)
2! , (A.36)

and

𝑓 (𝑥 − Δ𝑥) = 𝑓 (𝑥) − Δ𝑥 𝑓 ′(𝑥) +
Δ𝑥2 𝑓 ′′(𝑥)

2! . (A.37)

Looking at Eq. (A.36) and Eq. (A.37), ignoring any terms with an order higher

than Δ𝑥, we arrive at a forwards and backwards finite differences definitions

of a first order derivative by rearranging for 𝑓 ′(𝑋). In the forward finite

difference the functions of the numerator are between 𝑥 and a forward point

of 𝑥 + Δ𝑥. The backwards finite difference: the difference is between a

function at point 𝑥 and one at point 𝑥 − Δ𝑥. The forwards and backwards

finite differences are respectively

𝑓 ′(𝑥) ≈
𝑓 (𝑥 + Δ𝑥) − 𝑓 (𝑥)

Δ𝑥
, (A.38)

𝑓 ′(𝑥) ≈
𝑓 (𝑥) − 𝑓 (𝑥 − Δ𝑥)

Δ𝑥
. (A.39)

A central finite difference regime can be obtained by evaluating 𝑓 (𝑥 +Δ𝑥) −

𝑓 (𝑥 − Δ𝑥) and rearranging for 𝑓 ′(𝑥)

𝑓 ′(𝑥) ≈
𝑓 (𝑥 + Δ𝑥) − 𝑓 (𝑥 − Δ𝑥)

2Δ𝑥 . (A.40)

The central finite difference is a difference in the terms of the numerator

about 𝑓 (𝑥)with a positional difference of ±Δ𝑥.

To solve the Schrödinger equation the second order differential is required,

this can be evaluated in finite difference form by summing Eq. (A.36) and
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Eq. (A.37) and rearranging for 𝑓 ′′(𝑥)

𝑓 ′′(𝑥) ≈ 𝑓 (𝑥 − Δ𝑥) − 2 𝑓 (𝑥) + 𝑓 (𝑥 + Δ𝑥)
Δ𝑥2 . (A.41)

A.5 4th Order Runge-Kutta Method

The 4th order Runge-Kutta method [125–127] can be used to solve first order

differential equations of the form

𝑑𝑦

𝑑𝑥
= 𝑓 (𝑥, 𝑦), (A.42)

where 𝑓 is a function of 𝑥 and 𝑦. The approach is iterative with a variable

step size, ℎ. Starting from a value 𝑦𝑖 (where the subscript 𝑖 indicates the

iterative step count) the subsequent value 𝑦𝑖+1 can be evaluated using

𝑦𝑖+1 = 𝑦𝑖 +
1
6 (𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4) , (A.43)

where

𝑘1 = ℎ 𝑓 (𝑥𝑖 , 𝑦𝑖) , (A.44)

𝑘2 = ℎ 𝑓

(
𝑥𝑖 +

1
2 ℎ, 𝑦𝑖 +

1
2 𝑘1

)
, (A.45)

𝑘3 = ℎ 𝑓

(
𝑥𝑖 +

1
2 ℎ, 𝑦𝑖 +

1
2 𝑘2

)
, (A.46)

𝑘4 = ℎ 𝑓 (𝑥𝑖 + ℎ, 𝑦𝑖 + 𝑘3) . (A.47)

The smaller the ℎ that is chosen; the greater the accuracy of the results, but

at the cost of computation time.
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Appendix B

Changing From Cartesian to Polar

Coordinates in Two Dimensions

The difference between the classical and quantum potentials is due to how

the change in coordinates of the Schrödinger equation is being carried out.

The first method starts with a two-dimensional Cartesian classical Hamilto-

nian and transforming into polar coordinates:

𝐻 = 𝑇 +𝑉 =
1

2𝑚

(
𝑃2
𝑥 + 𝑃2

𝑦

)
+𝑉 =

1
2𝑚

(
𝑚 ¤𝑥2 + 𝑚 ¤𝑦2

)
+𝑉. (B.1)

Using 𝑥 = 𝑟 cos
(
𝜙
)

and 𝑦 = 𝑟 sin
(
𝜙
)

and differentiating with respect to

time
𝑑𝑥

𝑑𝑡
= ¤𝑟 cos

(
𝜙
)
− 𝑟 ¤𝜙 sin

(
𝜙
)
,

𝑑𝑦

𝑑𝑡
= ¤𝑟 sin

(
𝜙
)
+ 𝑟 ¤𝜙 cos

(
𝜙
)
,

(B.2)

substituting these back into Eq. (B.1) gives:

𝐻 =
1

2𝑚

(
𝑚 ¤𝑟2 + 𝑚𝑟2 ¤𝜙2

)
+𝑉 =

1
2𝑚

(
𝑚 ¤𝑟2 + 𝑚𝑟2𝑣2

𝑟2

)
+𝑉. (B.3)
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where 𝑣 is the tangential velocity to the radial position vector. 𝑃𝑟 = 𝑚 ¤𝑟 and

𝑃𝜙 = 𝑚𝑟2𝑣2 are the linear and orbital momentum these can be substituted

in giving a final Hamiltonian:

𝐻polar =
1

2𝑚

[
𝑃2
𝑟 +

𝑃2
𝜙

𝑟2

]
+𝑉(𝑟, 𝜙). (B.4)

Using equation B.4 and assuming the identities 𝑃𝑟 = 𝑖ℏ 𝜕
𝜕𝑟 and 𝑃𝜙 = 𝑖ℏ 𝜕

𝜕𝜙 can

be substituted into the classical Hamiltonian to create a quantum Hamilto-

nian we can form a Schrödinger equation, where 𝜓c is the wave function, to

obtain

− ℏ2

2𝑚

[
𝜕2

𝜕𝑟2 +
1
𝑟2

𝜕2

𝜕𝜙2

]
𝜓c(𝑟, 𝜙) +𝑉(𝑟, 𝜙)𝜓c(𝑟, 𝜙) = 𝐸𝜓c(𝑟, 𝜙). (B.5)

The second method is to transform a Cartesian Schrödinger equation to a

polar form directly, by transforming the variables in the Laplacian.

𝑥 = 𝑟 cos(𝜙),
𝜕𝑥

𝜕𝑟
= cos(𝜙),

𝜕𝑥

𝜕𝜙
= −𝑟 sin(𝜙),

𝑦 = 𝑟 sin(𝜙),
𝜕𝑦

𝜕𝑟
= sin(𝜙),

𝜕𝑦

𝜕𝜙
= 𝑟 cos(𝜙),

(B.6)

using a dummy function u we can use the chain rule to evaluate the change

of 𝑢 with respect to 𝑟

𝜕𝑢

𝜕𝑟
=

𝜕𝑢

𝜕𝑥

𝜕𝑥

𝜕𝑟
+ 𝜕𝑢

𝜕𝑦

𝜕𝑦

𝜕𝑟
. (B.7)

Substituting in the relevant values from Eq. (B.6) gives:

𝜕𝑢

𝜕𝑟
= cos(𝜙)𝜕𝑢

𝜕𝑥
+ sin(𝜙)𝜕𝑢

𝜕𝑦
. (B.8)

Now taking the second derivative of 𝑢 with respect to 𝑟 we get
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𝜕2𝑢

𝜕𝑟2 =
𝜕

𝜕𝑟

𝜕𝑢

𝜕𝑟
,

=
𝜕𝑥

𝜕𝑟

𝜕

𝜕𝑥

𝜕𝑢

𝜕𝑟
+ 𝜕𝑦

𝜕𝑟

𝜕

𝜕𝑦

𝜕𝑢

𝜕𝑟
,

= cos(𝜙) 𝜕
𝜕𝑥

(
cos(𝜙)𝜕𝑢

𝜕𝑥
+ sin(𝜙)𝜕𝑢

𝜕𝑦

)
+ sin(𝜙) 𝜕

𝜕𝑦

(
cos(𝜙)𝜕𝑢

𝜕𝑥
+ sin(𝜙)𝜕𝑢

𝜕𝑦

)
,

= cos2(𝜙)𝜕
2𝑢

𝜕𝑥2 + sin2(𝜙)𝜕
2𝑢

𝜕𝑦2 + 2 cos(𝜙) sin(𝜙) 𝜕
2𝑢

𝜕𝑥𝜕𝑦
. (B.9)

Repeating this process but now taking the derivative of 𝑢 with respect to

𝜙
𝜕𝑢

𝜕𝜙
=

𝜕𝑢

𝜕𝑥

𝜕𝑥

𝜕𝜙
+ 𝜕𝑢

𝜕𝑦

𝜕𝑦

𝜕𝜙
. (B.10)

Once again substituting in the relevant values from Eq. (B.6) gives:

𝜕𝑢

𝜕𝜙
= −𝑟 sin(𝜙)𝜕𝑢

𝜕𝑥
+ 𝑟 cos(𝜙)𝜕𝑢

𝜕𝑦
. (B.11)

Next taking the second derivative with respect to 𝜙

𝜕2𝑢

𝜕𝜙2 =
𝜕

𝜕𝜙

𝜕𝑢

𝜕𝜙
,

=
𝜕𝑥

𝜕𝜙

𝜕

𝜕𝑥

𝜕𝑢

𝜕𝜙
+

𝜕𝑦

𝜕𝜙

𝜕

𝜕𝑥

𝜕𝑢

𝜕𝜙
,

= −𝑟 cos(𝜙) 𝜕
𝜕𝑥

(
−𝑟 sin(𝜙)𝜕𝑢

𝜕𝑥
+ 𝑟 cos(𝜙)𝜕𝑢

𝜕𝑦

)
+ 𝑟 cos(𝜙) 𝜕

𝜕𝑦

(
−𝑟 sin(𝜙)𝜕𝑢

𝜕𝑥
+ 𝑟 cos(𝜙)𝜕𝑢

𝜕𝑦

)
,

= −𝑟
(
cos(𝜙)𝜕𝑢

𝜕𝑥
+ sin(𝜙)𝜕𝑢

𝜕𝑦

)
− 2𝑟2 sin(𝜙) cos(𝜙) 𝜕

2𝑢

𝜕𝑥𝜕𝑦

+ 𝑟2 sin2(𝜙)𝜕
2𝑢

𝜕𝑥2 + 𝑟2 cos2(𝜙)𝜕
2𝑢

𝜕𝑦2 .

(B.12)
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Dividing 𝜕2𝑢/𝜕𝜙2 by 𝑟2 and substituting in 𝜕𝑢/𝜕𝑟

1
𝑟2

𝜕2𝑢

𝜕𝜙2 = −1
𝑟

𝜕𝑢

𝜕𝑟
− 2 sin(𝜙) cos(𝜙) 𝜕

2𝑢

𝜕𝑥𝜕𝑦
+ sin2(𝜙)𝜕

2𝑢

𝜕𝑥2 + cos2(𝜙)𝜕
2𝑢

𝜕𝑦2 , (B.13)

adding this to 𝜕2𝑢/𝜕𝑟2 gives:

𝜕2𝑢

𝜕𝑟2 +
1
𝑟2

𝜕2𝑢

𝜕𝜙2 = −1
𝑟

𝜕𝑢

𝜕𝑟
+ sin2 𝜙

𝜕2𝑢

𝜕𝑥2 + cos(𝜙) 𝜕
2

𝜕𝑦2

− 2 sin(𝜙) cos(𝜙) 𝜕
2𝑢

𝜕𝑥𝜕𝑦
+ cos2(𝜙)𝜕

2𝑢

𝜕𝑥2

+ 2 sin(𝜙) cos(𝜙) 𝜕
2𝑢

𝜕𝑥𝜕𝑦
+ sin2(𝜙)𝜕

2𝑢

𝜕𝑦2 , (B.14)

which can be rearranged as:

𝜕2𝑢

𝜕𝑟2 +
1
𝑟

𝜕𝑢

𝜕𝑟
+ 1

𝑟2
𝜕2𝑢

𝜕𝜙2 =
𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2 . (B.15)

Putting this into the Hamiltonian results in the following Schrödinger equa-

tion, where 𝜓q is the wave function:

− ℏ2

2𝑚

[
𝜕2

𝜕𝑟2 +
1
𝑟

𝜕

𝜕𝑟
+ 1

𝑟2
𝜕2

𝜕𝜙2

]
𝜓q(𝑟, 𝜙) +𝑉(𝑟, 𝜙)𝜓q(𝑟, 𝜙) = 𝐸𝜓q(𝑟, 𝜙) (B.16)

The difference between Eq. (B.5) and Eq. (B.16) is the additional term 𝑟−1𝜕/𝜕𝑟.

The correct method is the second, performing the transform of variables in

the Laplacian [45,46], in general an extra term will appear when performing

the transformation in 𝑛 dimensions with the exceptions being 𝑛 = 1 or

𝑛 = 3. The difference between the two methods also extends to the potential

with both producing two different potentials with the correct one having a

different form from its classical counterpart.
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Appendix C

A Numerical Solution Utilising the

Finite Differences Method

Using the finite difference method Appendix A.4, a numerical approach

where the Schrödinger equation is diagonalised, [123], to solve for 𝜓(𝜌) and

𝜖. The matrix version of the Schrödinger equation is(
− 1
ℎ2𝑻 +𝑼

)
𝜓(𝜌) = 𝜖𝜓(𝜌), (C.1)

where 𝑻 is the tridiagonal matrix corresponding to the discretization of

second order derivative, 𝑼 is the diagonalised 𝑉quantum(𝜌), 𝜓(𝜌) is a vector

of length 𝑁 , where 𝑁 is the number of discrete equal sized steps the vector

is divided into. The step size, ℎ, is given as ℎ = 𝑏−𝑎
𝑁−1 , where a and b are the
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limits of 𝜌. The corresponding matrices take the form of

©­­­­­­­­­­­«
1
ℎ2



2 −1 · · · · · · 0

−1 2 −1 ...

...
. . .

...

... −1 2 −1

0 · · · · · · −1 2


+



𝑉1 · · · · · · · · · 0
... 𝑉2

...

...
. . .

...

... 𝑉𝑁−1
...

0 · · · · · · · · · 𝑉𝑁



ª®®®®®®®®®®®¬



𝜓1

𝜓2
...

𝜓𝑁−1

𝜓𝑁


= 𝜖



𝜓1

𝜓2
...

𝜓𝑁−1

𝜓𝑁


.

(C.2)

This numerical technique is arbitrarily accurate, a small step size increases

the accuracy but also increases the computational power required to evaluate

the solutions. The other limiting factor for this particular method is that the

range of 0 to 𝜌 that can examined. As the range is limited the potential is

effectively sitting within an infinite square well with a width the range of

𝜌. There is a balancing act to be done here, choosing a range of 𝜌 that is

large enough to minimise any effects that the infinite well will have on the

solutions. Choosing a larger range of 𝜌 then requires reducing the step size

to ensure that the solutions are accurate over the range.

The values of 𝑁 = 4000, 𝑎 = 0 and 𝑏 = 20 are used to produce the wave

functions and eigenvalues with this method. The limits 𝑎 = 0 and 𝑏 = 20

were chosen so as to allow a large enough range to avoid the infinite potential

created by the limits 𝑎 and 𝑏. This range ensures that the wavefunctions

produced by the finite difference method are considered over the significant

features of the potential. Cutting off the potential by the boundary forms a

void of no eigenstates, this can be seen clearly in Fig. C.1, where the infinite

potential well has cut off the potential of the monopole creating a band

where there are no states. This is due to the two potentials producing a

forbidden region where no quantum state can be formed. The step size, ℎ,

ideally is made as small as possible; when lim
ℎ→0

the finite difference returns
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the accurate answer. Since I cannot computationally achieve an infinitesimal

step size, we are hampered by zero division errors, a need to choose ℎ to be

small enough to be accurate, but large enough to be computable. Various

different values of ℎ with fixed parameters of 𝜆 = 100, 𝑎 = 0 and 𝑏 = 20 are

explored in Table C.1. As ℎ is decreased the energy eigenvalues begin to

converge.

ℎ 𝑛 = 0 𝑛 = 1 𝑛 = 3 𝑛 = 4 𝑛 = 5 𝑛 = 6 𝑛 = 7 𝑛 = 8
2/25 280.43 434.15 561.86 664.84 815.73 886.97 941.14 946.18
1/25 285.84 451.43 596.92 722.68 828.30 910.96 911.48 958.28
1/50 287.28 455.56 604.45 733.37 840.87 922.16 923.27 -
1/100 287.68 456.64 606.37 736.01 843.89 925.31 - -
1/200 287.79 456.93 606.87 736.68 844.65 926.12 - -
1/400 287.82 457.01 606.99 736.86 844.85 926.31 - -

Table C.1: Energy eigenvalues for different step sizes, ℎ and fixed range of
𝑎 = 0 to 𝑏 = 20 and 𝜆 = 100. We can see that the as step size is decreased
the energy eigenvalues tend towards an accurate figure for this project.
Additional eigenvalues are found for the ℎ = 2/25, 1/25 and 1/50. The
additional states at 𝑛 = 7 and 𝑛 = 8 are due to the inaccuracy caused by the
choice of step size. As step size is decreased these states no longer appear in
the results.

The value of 𝑁 = 4000 was chosen as this produced accurate results over the

range and was computationally achievable. The results from this method

produce a continuum of eigenstates, see Fig. C.1. This continuum of states

contain all states that are quasi-bound and scattering. The scattering states

have a negligible presence in the potential well, so the probability of an

electron being found there is very small. The quasi-bound states have a

large amplitude inside the well and a smaller amplitude outside of it. Since

the wavefunction of the electron for these states is not zero outside of the well,

the quasi-bound state will eventually decay in time, producing a scattering

state for an infinite length 𝜌. Should 𝜌 be finite in size (as I have been

modelling) it can be seen over time the wavefunction bounces back inside

the potential well and becomes once again quasi-bound, this is discussed in
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section 6.2.

Figure C.1: The unfiltered wavefunctions for 𝑀 = 1 and 𝜆 = 100. Filtering
these wavefunctions for ones that have non-zero components inside of the
potential well will reveal the quasi-bound eigenstates. The absence of wave-
functions at values of 𝜖 ≈< 30 is due to the limitations of the computational
model.

The results are filtered for eigenfunctions that have a non-zero component

within the well of the potential. This reveals the quasi-bound states which

can be seen in Chapter 7.
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Appendix D

Exploration of the Variables in the

Equations of motion

There are five different variables that affect how the flow of the electrically

charged fluid behaves:

• Initial Charge Density.

• Magnetic field strength. For monopoles this can be altered by changing

the distance between the monopole and the plane and also the magnetic

charge of the monopole.

• Resistivity.

• Internal Pressure constant

• The width of the sensor plane.
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D.1 Effect of Variables on MHD in a Uniform

Magnetic Field

Using Figs. D.1a, D.2a, D.3a and D.4a as a baseline to compare what the

effects of changing specific variable will do to 𝜌̃, 𝑉̃𝑥 , 𝑉̃𝑦 and MHD Hall

voltage.

Decreasing the mass density of the fluid from 𝜌̃0 = 100 to 𝜌̃0 = 80, Fig. D.1b,

we can see that 𝜌̃ has more oscillations present but the peak magnitude is

reduced when compared to Fig. D.1a. The increased oscillations can be seen

in the 𝑉̃𝑥 of the electron fluid Fig. D.2b and also in the 𝑉̃𝐻𝑀𝐻𝐷 Fig. D.4b , in

the case of the 𝑥 velocity the magnitude is less than Fig. D.2a whereas the

peak in the magnetohydrodynamic Hall voltage is greater than the baseline

case Fig. D.4a, the classical Hall voltage is also greater. The distribution of

𝑉̃𝑦 , Fig. D.3b is the same as Fig. D.3a but the velocity is on average faster

than the baseline comparisons.

The next variable we change is the magnetic field strength decreasing 𝛽 from

1×10−3 to 1×10−4. The number of oscillations within mass density (Fig. D.1c),

𝑥 velocity (Fig. D.2c) and the MHD Hall voltage (Fig. D.4c) compared to

baseline case Fig. D.1a, Fig. D.2a and Fig. D.4a respectively. The peak mass

density has decreased values as is expected due to the lower magnetic field

producing a reduced Lorentz force. This also explains the decrease in 𝑥

velocity peaks and the Hall voltages. The 𝑦 velocity, Fig. D.3c, has less

range between the minimum and maximum values but the distribution of

the velocities is similar to Fig. D.3a.

Decreasing the fluid pressure term 𝛼 from 10−3 to 5 × 10−4 we see that the

mass density does not oscillate Fig. D.1d and the difference in the mass

density across the plane in the 𝑥 direction is approximately 𝜌̃0 ± 0.05. 𝑉̃𝑥 ,
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Fig. D.2d, shows a shift to the left of the plane and then dissipates as we

move up the 𝑦 axis. There are no oscillations in the 𝑉̃𝐻𝑀𝐻𝐷 , Fig. D.4d,

after the initial peak in voltage on entering the magnetic field it is quickly

damped. The reduced pressure constant reduces the force applied by the

internal pressure of the electron fluid, so now the electron fluid does not

overshoot the equilibrium point of the forces in the 𝑥 direction, that occurs

when the pressure force is equal to the Lorentz force. The distribution of

𝑉̃𝑦 , Fig. D.3d once again looks similar to the baseline case Fig. D.3a but with

higher velocity on the left hand side and a lower velocity on the right hand

side.

Changing the resistivity from 𝛾 = 10−3 tp 𝛾 = 5 × 10−4 we see larger oscilla-

tions in the 𝑦 direction of the mass density, Fig. D.1e, when compared with

Fig. D.1a the range of mass density is also greater with a decreased resistivity.

Both 𝑉̃𝑥 , Fig. D.2e, and 𝑉̃𝐻𝑀𝐻𝐷 , Fig. D.4e, have larger periods of oscillation

than compared with Figs. D.2a and D.4a respectively; in both cases the peak

values are greater than the baseline comparison case. Interestingly here we

see the only example of the distribution of 𝑉̃𝑦 , Fig. D.3e, being slightly dif-

ferent with ripples being present along the edge of the velocity patches at

either side of the plane.

Finally changing the width of the plane from 1 to 2, there is a slight oscil-

lation in the mass density, Fig. D.1f, on entering the magnetic field but this

oscillation dies out quickly when compared to Fig. D.1a; this is also the case

when comparing 𝑉̃𝑥 , Fig. D.2f, and 𝑉̃𝐻𝑀𝐻𝐷 , Fig. D.4f to Figs. D.2a and D.4a

respectively. We see double the value of Hall voltage both for 𝑉̃𝐻𝐶 and

𝑉̃𝐻𝑀𝐻𝐷 as the Hall voltage is proportional to the width of the plane which is

double that of Fig. D.4a. The reason why the oscillations decrease is that due

to the width of the plane there is less build up of electron fluid at the edges
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reducing the pressure that forms from the electrostatic repulsion. This in

turn leads to less sloshing of the electron fluid. The 𝑦 velocities, Fig. D.3f,

have a greater range of values between the minimum and maximum but the

same distribution as Fig. D.3a.

(a) (b)

(c) (d)

(e) (f)

Figure D.1: Mass density plots for with a magnetic field present between
𝑦 = 6 to 400, Δ𝑥̃ = 0.01 and Δ𝑦̃ = 0.01 (a) Initial comparison plot to compare
against other plots 𝜌0 = 100, 𝛽 = 1 × 10−3, 𝛼 = 1 × 10−3, 𝛾 = 1 × 10−3. (b)
Changing the initial mass density to 𝜌0 = 80. (c) Changing the magnetic
field to 𝛽 = 1 × 10−4. (d) Changing the fluid pressure term to 𝛼̃ = 1 × 10−2.
(e) Changing the resistivity to 𝛾 = 5× 10−4. (f) Changing the plane width to
2.

167



(a) (b)

(c) (d)

(e) (f)

Figure D.2: 𝑥 velocity plots for with a magnetic field present between 𝑦 =

6 to 400, Δ𝑥̃ = 0.01 and Δ𝑦̃ = 0.01 (a) Initial comparison plot to compare
against other plots 𝜌0 = 100, 𝛽 = 1 × 10−3, 𝛼 = 1 × 10−3, 𝛾 = 1 × 10−3. (b)
Changing the initial mass density to 𝜌0 = 80. (c) Changing the magnetic
field to 𝛽 = 1 × 10−4. (d) Changing the fluid pressure term to 𝛼̃ = 1 × 10−2.
(e) Changing the resistivity to 𝛾 = 5× 10−4. (f) Changing the plane width to
2.
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(a) (b)

(c) (d)

(e) (f)

Figure D.3: 𝑦 velocity plots for with a magnetic field present between 𝑦 =

6 to 400, Δ𝑥̃ = 0.01 and Δ𝑦̃ = 0.01 (a) Initial comparison plot to compare
against other plots 𝜌0 = 100, 𝛽 = 1 × 10−3, 𝛼 = 1 × 10−3, 𝛾 = 1 × 10−3. (b)
Changing the initial mass density to 𝜌0 = 80. (c) Changing the magnetic
field to 𝛽 = 1 × 10−4. (d) Changing the fluid pressure term to 𝛼̃ = 1 × 10−2.
(e) Changing the resistivity to 𝛾 = 5× 10−4. (f) Changing the plane width to
2.
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(a) (b)

(c) (d)

(e) (f)

Figure D.4: Hall voltage plots for with a magnetic field present between
𝑦 = 6 to 400, Δ𝑥̃ = 0.01 and Δ𝑦̃ = 0.01 (a) Initial comparison plot to compare
against other plots 𝜌0 = 100, 𝛽 = 1 × 10−3, 𝛼 = 1 × 10−3, 𝛾 = 1 × 10−3. (b)
Changing the initial mass density to 𝜌0 = 80. (c) Changing the magnetic
field to 𝛽 = 1 × 10−4. (d) Changing the fluid pressure term to 𝛼̃ = 1 × 10−2.
(e) Changing the resistivity to 𝛾 = 5× 10−4. (f) Changing the plane width to
2.
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D.2 Effect of Variables on MHD in a Non-Uniform

Magnetic Field

In this section we look at the effects of changing the variables has with a single

magnetic monopole, using Figs. D.5a, D.6a, D.7a and D.8a as a baseline to

compare what the effects of changing specific variable will do to 𝜌̃, 𝑉̃𝑥 , 𝑉̃𝑦

and MHD Hall voltage. In these series of plots we are concentrating on the

area nearest the magnetic monopole as this is where any changes will be

seen.

On decreasing the initial mass density we consider the distribution of mass,

Fig. D.5b. We see two larger jets being formed which bounce of the sides of

the plane. The angular separation of the two jets is also decreased compared

to Fig. D.5a. The peak 𝑥 velocity is higher in Fig. D.6b and the distribution

is more conical before tapering off, whereas Fig. D.6a has a more rounded

distribution when the electron fluid nears the monopole.𝑉̃𝑦 have the same

range of values between Fig. D.7b and Fig. D.7a but decreasing the mass

density the velocity is slower to accelerate nearer the sides of the Hall sensor

plane. The Hall voltage achieved (both MHD and classical), Fig. D.8b, is a

magnitude larger than the baseline case, Fig. D.8a, which is to be expected as

Hall voltage is proportional to the Hall coefficient. We see that the sloshing

in the MHD Hall voltage occurs at a point further up the plane than for the

baseline case.

The next item to look at is increasing the charge of the magnetic monopole.

We see that for 𝜌, 𝑉̃𝑥 , and 𝑉̃𝑦 (Figs. D.5c, D.6c and D.7c) the relative distribu-

tion of mass density, 𝑉̃𝑥 and 𝑉̃𝑦 is the same across the plane but are increased

by an order of two over the baseline case Figs. D.5a, D.6a and D.7a respec-

tively. The peaks in both types of Hall voltage, Fig. D.8c, occur at the same
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position as Fig. D.8a but their value is two orders of magnitude larger; the

sloshing effect happens at the same point in both examples. The Hall voltage

is proportional to the magnetic field so an increase of two orders of magni-

tude of monopole charge increase the Hall voltage proportionally.

Decreasing 𝛼, Fig. D.5d, to 10−3 we see two larger jets of mass density

form with a smaller angle of separation between them than Fig. D.5a with

a higher difference in peak magnitude between them. As with the lower

mass density we see a conical like distribution of 𝑉̃𝑥 , Fig. D.6d, the range of

values of velocity in the 𝑥 direction is the same as for the decreased mass

density case Fig. D.6b. The 𝑦 velocities, Fig. D.7d, are more narrow than

the baseline case, Fig. D.7a, and take much more of the length of the Hall

sensor to start interacting with the edges. Comparing Fig. D.8d against the

base line case, Fig. D.8a we see that the peak in the voltage occurs at the

same place and that the magnitude of this peak is the same, the difference

is in the sloshing after the monopole where the reduced pressure term has

decreased its magnitude.

Reducing the resistivity term, 𝛾, to 5× 10−4 Fig. D.5e we see two jets of mass

density that taper off slowly opposed to Fig. D.5a the range of difference in

the values of mass density is greater. Fig. D.6e shows a higher peak velocity

near the monopole compared to Fig. D.6a.𝑉̃𝑦 , Fig. D.7e, reaches its peak

velocity closer to the monopole than the baseline case, Fig. D.7a. The Hall

voltage peak, Fig. D.8e is double that of the baseline case, Fig. D.8a.

Increasing the width of the Hall sensor from 1 to 2 we see that the mass

density, Fig. D.5f, has two smaller jets that have less interaction with the side

of the Hall sensor compared with Fig. D.5a, the range of magnitude of mass

density remains the same. The 𝑥 velocity tapers of sooner in the baseline

case, Fig. D.6a, compared to the case with a wider Hall sensor Fig. D.6f. 𝑉̃𝑦 ,
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Fig. D.7f, has less interaction with the edge of the plane and the highest and

lowest velocities are concentrated towards the centre of the plane. The peak

value of the Hall voltages is the same between the increased width case,

Fig. D.8f, and the base line case, Fig. D.8a. The sloshing in the Hall voltage

is greatly reduced with the increased width reducing the number density

of charge particles in any given region reducing the force from the pressure

term pushing the electron fluid in the opposite 𝑥 direction.

The distance from the plane to the monopole is an extra variable that can be

altered in the monopole case, increasing the distance form 0.1 to 1, the mass

distribution, Fig. D.5g looks more like that seen in a uniform magnetic field,

where the mass is decreased on one side and increased on the other. The

𝑥 velocity, Fig. D.6g, is spread broadly across the plane tapering off as we

travel up it. The change from the initial 𝑦 velocity, Fig. D.7g, is concentrated

towards the edges of the Hall sensor. The Hall voltage, Fig. D.8g, produces

a peak in the same place as Fig. D.8a but the magnitude of the peaks in

the Hall voltages is approximately an order below the baseline case. The

Hall voltage is much more broadly spread now with voltage being produced

earlier and sustaining further up the plane.
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(a) (b) (c)

(d) (e) (f)

(g)

Figure D.5: Mass density plots for with a magnetic monopole (a) Initial
comparison plot to compare against other plots 𝜌̃0 = 100, 𝑄̃𝑚 = 1 × 10−12,
𝛼 = 1 × 10−1, 𝛾 = 1 × 10−3, distance of monopole to plane = 1 × 10−1. (b)
Changing the initial mass density to 𝜌̃0 = 40. (c) Changing the monopole
charge to 𝑄̃𝑚 = 1×10−10. (d) Changing the fluid pressure term to 𝛼 = 1×10−3.
(e) Changing the resistivity to 𝛾 = 5 × 10−4. (f) Changing the dimensionless
plane width to 2. (h) Changing the dimensionless monopole distance to the
plane to 1.
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(a) (b) (c)

(d) (e) (f)

(g)

Figure D.6: 𝑥 velocity plots for with a magnetic monopole (a) Initial com-
parison plot to compare against other plots 𝜌̃0 = 100, 𝑄̃𝑚 = 1 × 10−12,
𝛼 = 1 × 10−1, 𝛾 = 1 × 10−3, distance of monopole to plane = 1 × 10−1. (b)
Changing the initial mass density to 𝜌̃0 = 40. (c) Changing the monopole
charge to 𝑄̃𝑚 = 1×10−10. (d) Changing the fluid pressure term to 𝛼 = 1×10−3.
(e) Changing the resistivity to 𝛾 = 5 × 10−4. (f) Changing the dimensionless
plane width to 2. (h) Changing the dimensionless monopole distance to the
plane to 1.

175



(a) (b) (c)

(d) (e) (f)

(g)

Figure D.7: 𝑦 velocity plots for with a magnetic monopole (a) Initial com-
parison plot to compare against other plots 𝜌̃0 = 100, 𝑄̃𝑚 = 1 × 10−12,
𝛼 = 1 × 10−1, 𝛾 = 1 × 10−3, distance of monopole to plane = 1 × 10−1. (b)
Changing the initial mass density to 𝜌̃0 = 40. (c) Changing the monopole
charge to 𝑄̃𝑚 = 1×10−10. (d) Changing the fluid pressure term to 𝛼 = 1×10−3.
(e) Changing the resistivity to 𝛾 = 5 × 10−4. (f) Changing the dimensionless
plane width to 2. (h) Changing the dimensionless monopole distance to the
plane to 1.
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(a) (b) (c)

(d) (e) (f)

(g)

Figure D.8: Hall voltage plots for with a magnetic monopole (a) Initial
comparison plot to compare against other plots 𝜌̃0 = 100, 𝑄̃𝑚 = 1 × 10−12,
𝛼 = 1 × 10−1, 𝛾 = 1 × 10−3, distance of monopole to plane = 1 × 10−1. (b)
Changing the initial mass density to 𝜌̃0 = 40. (c) Changing the monopole
charge to 𝑄̃𝑚 = 1×10−10. (d) Changing the fluid pressure term to 𝛼 = 1×10−3.
(e) Changing the resistivity to 𝛾 = 5 × 10−4. (f) Changing the dimensionless
plane width to 2. (h) Changing the dimensionless monopole distance to the
plane to 1.
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