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Abnormality detection in identifying a single-subject which deviates from the majority of a control
group dataset is a fundamental problem. Typically, the control group is characterised using standard
Normal statistics, and the detection of a single abnormal subject is in that context. However, in many
situations, the control group cannot be described by Normal statistics, making standard statistical
methods inappropriate. This paper presents a Bayesian Inference General Procedures for A Single-subject
Test (BIGPAST) designed to mitigate the effects of skewness under the assumption that the dataset
of the control group comes from the skewed Student ¢ distribution. BIGPAST operates under the
null hypothesis that the single-subject follows the same distribution as the control group. We assess
BIGPAST's performance against other methods through simulation studies. The results demonstrate that
BIGPAST is robust against deviations from normality and outperforms the existing approaches in accuracy,
nearest to the nominal accuracy 0.95. BIGPAST can reduce model misspecification errors under the
skewed Student t assumption by up to 12 times, as demonstrated in Section 3.3. We apply BIGPAST
to a Magnetoencephalography (MEG) dataset consisting of an individual with mild traumatic brain
injury and an age and gender-matched control group. For example, the previous method failed to
detect abnormalities in 8 brain areas, whereas BIGPAST successfully identified them, demonstrating its

effectiveness in detecting abnormalities in a single-subject.
© 2025 The Authors. Published by Elsevier Masson SAS. This is an open access article under the CC
BY-NC license (http://creativecommons.org/licenses/by-nc/4.0/).

Keywords:

Bayesian inference

Skewed Student ¢ distribution
Single-subject test
Magnetoencephalography (MEG)
Jeffreys prior

1. Introduction

Abnormality detection is a fundamental task in many scientific
fields, including Medicine, Psychology, Econometrics, Telehealth-
care, Neuroscience as well as other fields for Industry 5.0 [1-6].
One example of such abnormality detection lies in the detection
of traumatic brain injury (TBI), which is a fundamental problem,
with over 2.8 million individuals a year in America presenting at
an Emergency room [7]. We exemplify the use of skewed Student t
statistics in the study of brain activity as a potential biomarker for
the identification of a brain injury. We use magnetoencephalogra-
phy (MEG) to measure brain activity and compare a single individ-
ual to normal controls from age and gender-matched cohorts. Ex-
isting literature typically assumes that the dataset from the control
group follows a Normal distribution. However, extensive practical
evidence shows that the Normal distribution assumption is often
violated. This violation is frequently observed in brain Magnetoen-
cephalography (MEG) datasets. Therefore, the current approaches
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using Normal statistics could not be directly applied. Unlike the
existing literature, we assume that the dataset from the control
group belongs to a more general distributional family - the skewed
Student t distribution, which includes the Normal distribution and
Student t as special cases. The benefit of this skewed Student t dis-
tributional assumption is that it could cover a variety of empirical
behaviours and is thus more suitable for practical needs. This gen-
eralisation is essential since many brain Magnetoencephalography
(MEG) datasets show a significant level of asymmetry in the obser-
vation distribution and hence are highly skewed. It is also the case
that the high skewness not only appears in a MEG dataset but also
in other fields, such as Cybersecurity [4], Medicine [5], Economet-
ric [3], Neuroscience [8], Telehealthcare [2] and Internet of Thing
(IoT) [6] to name only a few.

The main focus of this research is the adaptability of statistical
models under the skewed student t distribution. Specifically, the
statistical challenges arise from the interplay between the mech-
anism of data observation from a single-subject, the type of hy-
pothesis (two-sided, less, greater), and the sign of the skewness
parameter, which we will discuss one by one in the following para-
graphs.

2772-5286/© 2025 The Authors. Published by Elsevier Masson SAS. This is an open access article under the CC BY-NC license (http://
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Table 1

The data generation mechanism of single-subject observa-
tions in Crawford et al. [10], Crawford and Garthwaite [11]
respectively. ‘NA’ means that the observations in the cell are
not available. ‘Positive’ means the single-subject is claimed
as abnormal, while ‘Negative’ means the single-subject is
claimed as normal.

Predicated
Positive Negative
Actual Posm\-/e NA NA
Negative no1 Noo

(a) Type I error evaluation in Crawford et al. [10]

Predicated
Positive Negative
Positive niq nio
Actual Negative NA NA

(b) Power evaluation in Crawford and Garthwaite [11]

The mechanism of data observation in Type I error and Power
test. Under the assumption that the dataset observed from the
control group follows a Normal distribution, several methods ex-
ist to compare a single-subject against a control group. Crawford
and Howell [9] proposed a t-score test defined as follows:

X —X
= s/y/m+1)/n’

where x* represents the observation of the single-subject, X de-
notes the average of n observations from the control group, and s
stands for the standard deviation of the dataset from the control
group. The test score t follows a Student ¢t distribution with n — 1
degrees of freedom. Let 8 be the prespecified significance level,
define the p value as P(t > |t1_g/2(n — 1)|) where t1_g/;(n—1) is
the (1 — B/2)-th critical value of Student t distribution with n — 1
degrees of freedom. If the p value is less than B, then one can
claim that x* has an abnormality. Moreover, under the assumption
of a skewed Student t distribution, Crawford et al. [10] examined
the effects of departures from normality on testing for a deficit in
a single-subject via using a Leptokurtic distribution with different
skewness parameters. They asserted that the t score [9] outper-
forms the z score in terms of Type I error, and the t score shows
robustness as good as the result under the Normal assumption.
Additionally, Crawford and Garthwaite [11] investigated the statis-
tical power of testing for an abnormality in a single-subject using
Monte Carlo simulations. They found that the power of t score per-
forms slightly worse than the Normal assumption results.

The simulation results for Type I error in Crawford et al. [10]
and power in Crawford and Garthwaite [11] led to the assertion
that the t score [9] is robust even when the underlying distri-
bution is skewed Student t distribution. However, the simulation
settings for generating the samples for a single-subject in Crawford
et al. [10], Crawford and Garthwaite [11] are not comprehensive
to evaluate the performance of the t score under skewed Student
t distribution. The samples of the single-subject may come from
either the distribution of the control group or a different distribu-
tion. Let c : d be the ratio of the samples from the control group
to those from a different distribution. In Crawford et al. [10], the
ratio is 100 : 0; and in Crawford and Garthwaite [11], the ratio is
0:100. Both are special cases for evaluating the Type I error and
Power, respectively.

For ¢c:d=100:0, Crawford et al. [10] generates all single-
subject observations from the distribution of the control group
to evaluate the Type I error only, see Table 1a. In Table 1a, ngq
is the number of false positives (FP) while ngg is the number of
true negatives (TN). The false positive rate (FPR, i.e., Type I er-
ror) is estimated as ngq/(np1 +npo). As there are no actual positive
observations in Table 1a, the true positive rate (TPR, i.e., power)
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can not be estimated given the simulation settings in Crawford
et al. [10]. Therefore, the comparison of Type I error rates in Craw-
ford et al. [10] is not thoroughly discussed, as the study did not
control for statistical power. Conversely, for c:d=0:100, Craw-
ford and Garthwaite [11] generate all single-subject observations
from a distribution that is different from the distribution of the
control group to evaluate the power only, see Table 1b. In Ta-
ble 1b, ny1 is the number of true positives (TP) while ng; is the
number of false negatives (FN). The true positive rate (TPR, i.e.,
power) is estimated as nq1/(n11 + nio). However, the Type I er-
ror is unavailable based on the observations. Again, Crawford and
Garthwaite [11] did not fully discuss the comparison of the power
evaluation due to the absence of Type I error. Neither Crawford
et al. [10] nor Crawford and Garthwaite [11] discussed that the
ground truth observations of a single-subject are well-mixed. For
instance, if 50% of the single-subject observations are generated
from the underlying distribution of the control group data and the
other 50% of observations come from a different distribution, the
Type 1 error and power of the t score test would differ signifi-
cantly. Direct evidence illustrated in Fig. 2c shows that the median
of powers of the Crawford-Garthwaite (CG) method and BIGPAST
under two-sided test are around 0.62 and 0.96, respectively. To ad-
dress this issue, all the simulation settings (unless specified) of the
single-subject in this paper are well-mixed, i.e., the single-subject
observations are generated from a mixture of the null and alterna-
tive distribution. The well-mixed setting is more realistic and can
provide a comprehensive evaluation of the performance of BIGPAST
test under skewed Student t assumption.

Before delving into the rationale behind the assumption of the
skewed Student t distribution, it is essential to review the def-
initions of heavy tails and light tails within the context of the
skewed Student t distribution. Let F(x) be the cumulative distri-
bution function of a random variable X. The right tail distribu-
tion is denoted as F(x) := Pr(X > x) while the left tail distribu-
tion is denoted as F(x) := Pr(X < x). F is said to have a right
heavy tail if limy_, 1o exp(tx)F(x) = oo for all t > 0, and have a
right light tail if exp(tx)F(x) = 0(1) for large positive x and some
constant t > 0. Similarly, F is said to have a left heavy tail if
limy_, _ oo exp(tx)F (x) = oo for all t > 0, and have a left light tail if
exp(tx)F(x) = 0(1) for small negative x and some constant t > 0.
In other words, light tails decay to zero much faster than the
exponential distribution, whereas heavy tails decay much slower,
see Fig. 1.

It is well-known that the Student t distribution is symmetric
and has two heavy tails. The skewed Student t distribution is a
generalisation of the Student t distribution [12]. Let f(z|«, V) be
the skewed Student t density function [13], defined as follows:

fzla,v) =2t(z|V)T(wlv + 1),
where r(z,v) =/ (v+1)/(v+2%) and w = azr(z,v), t(-|v) rep-

resents the density function of the t distribution with degrees of
freedom v, and T(-|v 4+ 1) represents the cumulative density func-
tion of the t distribution with degrees of freedom v + 1. Let &
and w be the location and scale parameters, with the substitution
Z=(x—£&)/w in Equation (1), then the skewed Student ¢t density
function is given by

zeR,aeR,v >0, (1)

fXlo, v, & ) = lf <X $|a, v). 2)
w w

The skewness parameter « changes the symmetry of Student
t distribution given the degrees of freedom v. When o =0, v is
finite, the skewed Student t distribution reduces to Student t dis-
tribution which has heavy tails. When o« =0 and v — +o0, the
skewed Student ¢ distribution reduces to the Normal distribution
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(a) Positive skewness: @ = 2 withy =3
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(b) Negative skewness: @ = =2 withv =5

Fig. 1. The heavy and light tails of the standard skewed Student t distribution for both positive and negative skewness parameters. The orange lines represent the standard
Student t density function, the green lines represent the curve of exp(—|x|). The vertical lines are quantiles: tg s, to.o5 (resp. t5.05~t3.95) are 5% and 95% quantiles of
the standard Student t distribution (resp. the standard skewed Student t distribution). In (a), to.os = —2.353, to.95 = 2.353, o5 = —0.398, tj o5 = 3.169. In (b), toos =

—2.015, to g5 = 2.015, £} s = —2.568, tf g5 = 0.370.

which has lighter tails; When |o| — oo and v < 400, the skewed
Student t distribution reduces to the half Student t distribution
which can be tuned to allow for a heavy tail (v — 1) or a light tail
(large v). Therefore, for other settings of («, v), the skewed Stu-
dent t distribution may have one light tail and one heavy tail. The
sign of « dictates whether the heavy tail is on the left or right side
of the distribution, see Fig. 1. In Fig. 1a, the skewness is positive,
and the standard skewed Student t distribution has a right heavy
tail and a left light tail. Conversely, in Fig. 1b, the skewness is neg-
ative, the standard skewed Student t distribution has a right light
tail and a left heavy tail, see the zoomed insets in Figs. 1a and 1b
respectively.

The effect of hypothesis (two-sided, less, greater). In this pa-
per, we consider three kinds of alternative hypotheses: “less than”
(<), “greater than” (>) and “two-sided”. For clarity, we refer to
the alternative hypothesis with symbol (<) as the one-sided test
(less), and the alternative hypothesis with symbol (>) as the one-
sided test (greater). Under the assumption of symmetric distribu-
tions (e.g., Normal or Student t), one-sided tests, either “less” or
“greater”, share the same absolute critical value given the same
significance level. However, under the assumption of the skewed
Student t distribution, the absolute critical value of the one-sided
test (less) is different from the absolute critical value of the one-
sided test (greater) due to the relationship between skewness and
heavy tails. Hence, under the assumption of a skewed Student t
distribution, there are six combinations of hypothesis tests: the
one-sided test (less), the one-sided test (greater), and the two-
sided test, each with either a positive or negative skewness pa-
rameter.

The interaction effect of hypothesis type and skewness sign.
Let us look into the parameter settings in Crawford et al. [10]. They
set o < 0 and only considered the one-sided test (less). The obser-
vations of the control group and single-subject are generated from
the same skewed Student t distribution with the same skewness
parameter. Furthermore, the observations of the single-subject are
all negative, as described in Table 1a. They used the t statistic to
test the abnormalities of the single-subject. Fig. 1b describes a sim-
ilar skewness parameter setting as in Crawford et al. [10]. Given
the significance level 0.05, the critical value of the one-sided test
(less) for the t test is tggs = —2.015 while the critical value of
the one-sided test (less) for the skewed t test is tj,. = —2.568.
Apparently, to.0s > tj o5, Which implies that if some single-subject
observation x* is claimed as abnormal by tf 5, then x* must be
claimed as abnormal by tg 5.

Motivation to reduce the model misspecification error. Let’s
define the model misspecification error for the one-sided test (less)
as the probability Pr¢(tf o5 < x < to.0s) where Pr¢(:) is the probabil-
ity under the Student ¢ distribution. In Fig. 1b, the model mis-

specification error for the one-sided test (less) is Pr;(—2.568 <
x < —2.015) ~ 0.0249. However, if we consider the one-sided test
(greater) under the same settings, the model misspecification er-
ror for the one-sided test (greater) is Pr;(0.0370 < x < 2.015) ~
0.3131. The model misspecification error for the one-sided test
(greater) is almost 12 times higher than that for the one-sided
test (less). This means that the one-sided test (less) is more robust
than the one-sided test (greater) when o < 0. Under the settings
of o < 0, one-sided test (less) and not well-mixed observations
of single-subject, Crawford et al. [10] claimed that the t score is
robust in terms of Type I error even under skewed Student t dis-
tribution. However, this assertion does not hold if the one-sided
test (less) is replaced with the one-sided test (greater). For the
power comparison, Crawford and Garthwaite [11] make a similar
statement. However, by using a similar discussion to the above, we
can find that the robustness statement for the power only holds
for the specific settings in their paper.

Moreover, we also investigate the model misspecification er-
ror between Normal and skewed Student t distributions in Fig. 3.
The z score will always have model misspecification error under
the skewed Student t distribution assumption. Neither the z score
test, the t score test, nor even the Crawford-Garthwaite Bayesian
method [1] can eliminate the model misspecification error.

The rationale for this paper’s assumption of the skewed Stu-
dent t distribution for the underlying proposal can be attributed
to the fact that it can help eliminate model misspecification er-
rors, provided that the underlying distribution is a special case of
the skewed Student t distribution. These special cases encompass
the regular Student t distribution (o = 0), skewed Normal distri-
bution (v — o0), half Normal distribution (o« — 400, v — o0), and
Normal distribution (¢ =0, v — 00) as special cases. To show the
elimination of model misspecification error, simulation results with
a Normal assumption but using BIGPAST method can be found in
Table S4 of the online supplementary material.

We can conclude that the interplay between skewness (whether
positive or negative), the type of hypothesis (‘two-sided’, ‘less’, or
‘greater’), and the single-subject observations (whether well-mixed
or not) significantly influences both the Type I error rate and the
power of the t score test under the assumption of the skewed Stu-
dent t distribution. The key contributions are:

e This paper introduces a Bayesian Inference General Procedures
for A Single-subject Test (BIGPAST) framework, which employs
the nested sampling technique under the skewed Student t as-
sumption to fully discuss the test performance in different set-
tings (i.e., the combinations of the sign of «, type of hypothesis
and well-mixed single-subject observations).



J. Li, G. Green, S.J.A. Carr et al.

e We propose a Jeffreys prior, which is defined by explicit math-
ematical formulas. We evaluate BIGPAST’s performance against
the existing approaches through simulation studies. The results
demonstrate that BIGPAST is robust against departures from
normality and surpasses the existing methods based on the as-
sumption of a Normal distribution in terms of Type I error,
power and accuracy.

The remainder of the paper is organised as follows. In Section 2,
we introduce the Bayesian inference procedures for comparing a
single-subject with a control group under the skewed Student t
distribution. In Section 3, we conduct a comprehensive set of sim-
ulation studies to evaluate the performance of the proposed BIG-
PAST method. In Section 4, we apply the BIGPAST method to a
MEG dataset comprising an individual with mild traumatic brain
injury and a control group. Finally, we summarise our findings and
discuss future research directions in Section 5.

2. Bayesian inference procedures for single-subject’s
abnormality detection

In this section, we introduce Bayesian inference procedures to
compare a single-subject with a control group, assuming that the
control group observations follow a skewed Student t distribution.
First, we should verify whether the assumption holds. For practical
applications, we recommend employing a modified version of the
general goodness-of-fit test [14] tailored explicitly for the skewed
Student t distribution in the goodness-of-fit section of the online
supplementary material. From now on, we assume that the control
group data follows a skewed Student t distribution in the subse-
quent sections.

2.1. Bayesian Inference General Procedures for a Single-subject Test
(BIGPAST)

Let x* denote the observation of a single-subject. We aim to
test whether x* is a random sample from the same distribution as
the control group. Let f.(r, v, &, w) represent the skewed Student
t density function of x1,x2, ..., x5. The hypothesis testing can be
formulated as follows:

Hl X 7(' fC(av UV‘é::’a))v

where  represents that x* is not an observation from
fe(a, v, &, w). We propose the Bayesian inference general proce-
dures for a single-subject test under the null hypothesis #g. The
procedures are as follows:

Ho:x*~ fe(a,v, &, ) v.s.

1. Choose the proposed Jeffery prior m/(a, v, &, w) (defined be-
low) as the joint prior of o, v, &, w.

2. Compute the posterior distribution of «,v,&, @ based on
the control group sample X = (x1,X2,...,X;) and the prior
al(a,v, &, w). By Bayes’s Theorem, we have

(o, v, & wlX) «<IXlo, v, & o)rd (@, € w),

where [(X|a, Vv, &, w) = ]_[?:1 fexila, v, &, w) is the likelihood
function.

3. Draw m samples of «, v, &, w from the posterior distribution
7 (a, v, &, w|X) using the Metropolis-Hastings algorithm [15]. Al-
gorithm 1 lists the details of sampling, the samples are denoted
as aj,vj, &, wj, j=1,2,...,m.

4. For each «j,vj,&;,wj, draw s random samples from the

skewed Student t distribution, denoted as Xqj,X2j,...,Xs,
j=1,2,...,m. Sort the observations Xqj,Xj,...,Xsj, j=1,2,
...,m, in ascending order and label them as x(1), X2), ..., X(B)

where B =ms.
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5. Given the significance level 8 and x, the credible interval of x*
is [x(1Bg/2))> X(rB(1—g/2)» ), where [-| and [-] are the floor and
ceiling functions, respectively. If x* is not in the credible inter-
val, then reject the null hypothesis Hg at the significance level

B.

Algorithm 1: Metropolis-Hastings Algorithm.
Data: Initial parameters: («o, Vo, &0, wo), data: X, size mg = 10000, burn-in:
b =0.4, step size: § =0.5.
Result: Samples from the posterior distribution
1 ng <4,
2 ® <« zeros matrix with dimension:(mg, ngp);
3 (aold’ vold’ EOld,wOId) <« (@0, Vo, £0, W0);
4 i< 0;
5 while i <mg do
6 | v poldy 5T (—voM/5) +u, DV /8)];
7 py < log ®(v°!d/8) — log D (VW /8);
8 | 0" %4507 [D(—w/8) + U, D(@/8)];
9 Do < log @ (! /5) — log ®(w"eW/5);

10 ahew aold +eq;

11 Enew (;Eo]dJres;

12 Prew < log(Ir ("W, pnew gnew new |y,
13 Pold < log(7r (aold. vOld’ EOld’ wOId\X));

14 A < Pnew — Pold + Pv + P’
15 if log(u) < A then

16 | (aold’ Vold’ SOId» wold) P (anew‘ pnew Enew7 w"eW);
17 end

18 Oli,:] < (aold’ vo]d. éold7 wold);

19 i<—i+1;

20 end

21 return O[|mg *xb| +1:,:];

In Algorithm 1, the Metropolis-Hastings algorithm draws sam-
ples from the posterior distribution. The step size § is set to
0.5, and the burn-in rate b is set to 0.4. The algorithm returns
the samples after the burn-in period. u,, ug, u are random num-
bers drawn from the uniform distribution U(0, 1). €, and €; are
drawn from the Normal distribution with mean zero and stan-
dard deviation &. A brief explanation of Algorithm 1 is as fol-
lows:

e Lines 6-9: Draw the new parameters V™" and w"" from the
proposal distributions. As v and w are positive, the proposal
distributions for v and w are the truncated normal distributions
with mean v°!d, 4 and standard deviation 8, respectively.

e Lines 10-11: Draw the new parameters ™" and £"W from the
proposal distributions. The proposal distributions for o and &
are normal distributions with mean «°!d, £ and standard de-
viation &, respectively.

e Lines 12-13: Compute the logarithm of the posterior distribu-
tion for the new and old parameters.

e Lines 14-19: Compute the acceptance rate A and update the
parameters. The truncated proposal distributions do not have
symmetric densities, so we have to adjust the acceptance rate
A by adding the logarithm of the ratios, i.e., p, and p,, to the
acceptance rate A in line 14.

Steps 3, 4 and 5 employ the nested sampling method to deter-
mine the critical interval. One popular way is to use the following
steps 3’ and 4':

3’ Obtain the maximum posterior estimators of «, v, &, @ by max-
imising the posterior distribution mx(c, v, &, w|x), denoted as
&map, DMaP, EMAP, OMAP-

4’ Given the significance level g, the credible interval of x* given

X is [x%"/’“zp,x']"[fg/z], where x%"/}[’ and x']‘"_"g |, are the /2 and
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1 — B/2 quantiles of  (&map, Pmap, §MAp, WMAP|X), respectively.
If x* does not fall within this credible interval, then the null
hypothesis Ho can be rejected at the significance level 8.

However, in practice, we found that the maximum posterior es-
timation is time-consuming, and the steps 3’ and 4’ do not per-
form better than the steps 3, 4 and 5, see the comparison study
in Section 3.4. Therefore, we recommend using the nested sam-
pling method to determine the critical interval.

Moreover, when o — +o0o or —oo, the skewed Student t dis-
tribution degenerates to half Student t distribution. Then, the two-
sided credible interval in Step 5 above should be slightly modified
as [X(l),x((B(l—Bﬂ)] if & — 400 or [X(\_B/SJ)yX(B)] if & > —o0.

2.2. Jeffreys priors

In Bayesian probability, Jeffreys prior [16] refers to a prior den-
sity function proportional to the square root of the determinant
of the Fisher information matrix. In this section, we proposed an
explicit Jeffery prior for the parameters of the skewed Student t
distribution and compared it to existing priors.

In the literature, two types of priors are commonly used for
& and w in Equation (2): the partial information prior [17,18]
and the independence Jeffreys prior [19,20]. Both of these priors
assume that the joint prior of & and w, denoted as =« (¢, w), is pro-
portional to w~!. Consequently, the joint prior of o, v, £, w can be
expressed as follows:

n(a,v,é,w)ocw_17t(a,v).

The joint prior of o and v, m(w,v), may be specified by the
Jeffreys prior [21] or the natural informative prior [22]. Branco
et al. [21] proposed the following prior for the general skewed Stu-
dent t density function:

—3/4

nB(oe,v,s,a))oca)’] (80{2—1—712) T (v),

where m (v) is proposed by [23] for the Student ¢ distribution and
given by

1% 172 a) ) v+1
woa(25) o (3)- v () -

where (M (.) is the trigamma function, i.e., the second derivative
of log(I"(-)). Here, I'(-) is the Gamma function. When o — +o0,
the order of w8 (c, v, &, w) with respect to « is 0(a—3/2) [21].
Dette et al. [22] proposed the so-called natural informative
prior of the parameter o based on the total variation distance,

which is given by
1 an”'@ | 1 ot
B(61,62) T 2

—tan () 621 1
X —_— — —
T 2 (14 a?)
where B(-,-) represents the Beta function. When 6; =1,6, =1,
the prior BTV (x|1, 1) reduces to the standard Cauchy prior. Simi-

larly, Dette et al. [22] constructed the joint prior of «, v, &, @ based
on BTV (x|1,1) as

2(v43) }”2
v+ 12|

BTV (alb1,62) =

-1
xPa, v, & 0) xo ln! (1 +oz2) T ),

which is order of O(x~2) when o — +o0.
A notable concern with n'B(oc,v,S;‘,a)) and nD(a,v,E,a)) is
that the marginal prior of v is independent of «. However, given
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that the skewed Student t distribution is a generalisation of the
Student t distribution, the marginal prior of v should ideally de-
pend on . We propose the Jeffreys prior for the skewed Student t
density function, as detailed in Theorem 1.

Theorem 1. Let f(z|, V) be the skewed Student t density function, de-
fined as follows:

fzlo,v) =2tV T(w|v+1), zeR,aeR,v>0,
wherer(z,v) =/ (v+1)/(v +2z2) and w = azr(z, v). Given any v >

0, let wJ («t, v) represent the joint Jeffreys prior for o and v. We have
H]((X,I))O( Iaalvv_lgwa (3)

and the joint prior of e, v, &, w is given by

v, 0 o 'n! (@), (4)
where
nr(gﬂ)z(zﬁ(%,vﬂ;”zﬂ; = >72F1 <%,v+2;”2i1;70°2‘2 ))
I ~ v+1 v+1
aa azl"(m)z 5
2

2.2 2
Iy=E h2(w)L‘)+13) _,_11[; (log v 2)
4(v+22) 4 V+2z
1 2-1\°
+ZE[<T) }

+d? +d,E [log

2] 5o (iiz) (52)]

P mal (5 + )
T s op)r () ()
o?
X((U+4)H5—( (2v+3)+§v+3)av+1)HG>’
O+
and

i v 2 v v+1 2
[l -6 ) (122)
M (¥y_ o (rtl
<V (2) v <2 )
a222(u+1)}_ w520 (% +1)
a(v+22)’ | 8u2r (4)B (5. 1) B (41 1)
X ((V+3)Hy — (v +3)Hy — H3 + Ha) .

E | h*(w)

Furthermore, we define d, == —3v (%) + 3 (Vziz) + 2¢y * g1(v),

where c,, is a constant that depends solely on v. The hypergeometric
functions, denoted as Hy, Hy, H3, Ha, Hs, Hg, along with h(w) and
g1(v) are defined in the proof. ,F1 (a, b; c; d) represents the hyperge-
ometric function. The term 03_H is defined in Lemma S1 of the online
supplementary material. The functions y (-) and v (-) represent the

digamma and trigamma function respectively.
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Table 2
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Comparison of the mean absolute deviation (MAD) among m/ with ¢, =0 and ¢, =1, 8, xP, and the
Uniform prior. The estimation with a Uniform prior distribution is generally equivalent to the maximum
likelihood estimation (MLE). Each entry in the table represents the MAD, calculated based on 1000 repli-

cations.
. (a,v)

Parameters  Priors (—1,1) (=10,10) (=30,30) (=50,50) (-1,50) (=50,1)
7l.c,=0 0156 1.089 9.402 11.839 0471 8415
mlc,=1 0162 2009 9105 11.072 0.457 7703

o nb 0142 1901 9399 14.267 0.497 11.489
P 0142 1913 9122 14.362 0532 11.807
Uniform 0146 2451 236974 375183 0385 612510
nlc,=0 0079 2612 6130 6.656 14.321 0.064
mlc,=1 008 2418 5.474 6210 8.961 0.063

v nB 0064  2.642 15143 20.924 35187  0.061
xP 0063 2671 15.247 21.587 35319  0.061
Uniform 0064 13619 82.848 50.030 27.068 0.062
ml,c,=0 0136 0035 0.017 0.012 0.344 0.017
nlc,=1 0148 0035 0.016 0.011 0333 0.013

£ nb 0104 0028 0.018 0.013 0373 0.012
P2 0105  0.029 0.019 0.014 0.401 0.013
Uniform 0105 0026 0.016 0.010 0.261 0.011
mlc,=0 0120 0071 0.049 0.041 0156 0.088
mlc,=1 0128 0067 0.046 0.039 0143 0.085

w nb 0099 0076 0.076 0.064 0199 0.085
P 0099 0078 0.079 0.068 0211 0.086
Uniform 0099 0070 0.047 0.040 0109 0.083

The proof of Theorem 1 can be found in the online sup-
plementary material. Upon applying a Taylor expansion, we find
that as @ — 0, the order of m/(«, v, &, w) with respect to « is
0(1 + o?). Conversely, as o« — +o0, the order becomes 0 (a~3/2),
aligning with the findings of Branco et al. [21]. The computa-
tion of m/ (a, v, &, w) relies solely on the basic functions provided
by the Python packages scipy and numpy. As such, the formulas
in Theorem 1 can be directly implemented to define a function
for computing the Jeffreys prior. Additionally, we have developed
a Python package, skewt-scipy (https://pypi.org/project/skewt-
scipy/), for the skewed Student t distribution.

For the Bayesian estimation of v, we anticipate that m/(x, v,
£, w) will outperform w8, v, &, w). Because m/(x, v, &, w) de-
pends on «, unlike 7 (v) in w8, v, &, w) is independent of o.
This is verified by the comparison in Section 3.1. The Jeffreys prior
ad(a,v, &, w) is a suitable choice for the skewed Student t density
function, see Table 2. Table 2 also shows that the BIGPAST based
on the Jeffreys prior w/(x, v, £, w) is robust to detecting the de-
partures from normality and outperforms the existing approaches
based on the assumption that the data come from a Normal distri-
bution.

3. Simulation
3.1. Jeffreys prior comparison study

In this section, we conduct a comparative analysis of our
proposed prior w/(x, v, &, w) against the priors w8(a, v, &, w)
and JtD(a,v,é,a)). We evaluate these priors under six differ-
ent parameter settings for (o, v): (—1,1), (—=10,10), (—30, 30),
(-50, 50), (—1,50), and (—50,1). For each setting, the location
and scale parameters are fixed at & = —2, w = +/2. To simplify the
notation, we use w/, w8, and mP as shorthand for n/(a, v, £, ®),
a8, v, & w), and P (o, v, &, w), respectively. For each parame-
ter setting, we generate N = 1000 samples, each with a sample
size of n =500, from the skewed Student t density function. We
then numerically minimise the negative logarithm of the poste-
rior distribution to obtain the maximum posterior estimators of
o, v, &, . The performance of different priors is evaluated using
the mean absolute deviation (MAD) from the true parameter. Al-

ternative metric distances may also be applicable in this context;
however, a detailed discussion of these alternatives is beyond the
scope of this paper. The MAD is calculated as 1/N Zf; 16; — 6],
where 6 is the true parameter and f; is the i-th maximum pos-
terior estimator of 6. Our comparative study also includes the
maximum likelihood estimators (MLE). The results are presented
in Table 2.

As demonstrated in Table 2, when || and v are less than 30,
the performance of m/ aligns closely with that of w8 and n? in
terms of estimating o and v. However, for larger values of || and
v, md outperforms both w® and m°. Furthermore, m/, 78, and
a2 all outperform the maximum likelihood estimators (MLE) for
larger || and v. In terms of estimating the location & and scale w,
the mean absolute deviations (MADs) of all priors are comparable
to the MLE. These results underscore the efficacy of @/ for the
skewed Student t density function, particularly when || and v
exceed 30.

3.2. Comparison with existing approaches

To evaluate the performance of BIGPAST in comparison to the z-
score, t-score [9], Crawford-Garthwaite Bayesian approach [1], and
Anderson-Darling non-parametric approach [24] for abnormality
detection in a single-subject against a control group, we adopt the
“severe skew (y1 = —0.7)" settings from Section 3.1.1 in Crawford
et al. [10]. The parameter )7 is a measure of skewness in Craw-
ford et al. [10]. This setting is equivalent to parameter settings:
o=-323,v=7,&=0,and w =1 in the definition of our skewed
Student t distribution. The single-subject and control group ob-
servations are generated from f(x| — 3.23,7,0,1). We consider
sample sizes of 50, 100, 200, and 400 for the control group. The
simulation code in this section can be found in GitHub reposi-
tory: BIGPAST. Given a significance level of 0.05, a one-sided test
(less) and ¢:d=100:0, we record the abnormality detection re-
sults using the z-score, t-score, hyperbolic arcsine transformation
(log(x + +/x%2 + 1), x € R), Crawford-Garthwaite Bayesian method,
Anderson-Darling method, and BIGPAST. Other transformations for
x € R are applicable; however, determining the optimal transfor-
mation is beyond the scope of this paper. Therefore, we will only
consider the hyperbolic arcsine transformation in this study. This
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Table 3

The table presents the simulation results for false positive rate (FPR) and accuracy
(ACC), derived from single-subject observations that are exclusively negative, with
a one-sided test (less). Each entry in the table is computed based on one million
test outcomes. The abbreviations ‘CG’, ‘CG-HA’ and ‘AD’ denote Crawford-Garthwaite
Bayesian method, Crawford-Garthwaite Bayesian method based on hyperbolic arc-
sine transformation, and Anderson-Darling methods, respectively.
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Table 4

The simulation results of false positive rate (FPR), true positive rate (TPR) and accu-
racy (ACC), derived from single-subject observations that consist of 50% positive and
50% negative, are presented under a two-sided test. Each cell in the resulting table
is calculated based on one million test outcomes. ‘CG’, ‘CG-HA’ and ‘AD’ denote the
Crawford-Garthwaite Bayesian method, the Crawford-Garthwaite Bayesian method
based on hyperbolic arcsine transformation and the Anderson-Darling methods, re-

n z t CG-HA (G AD BIGPAST spectively.
50 0.0700 00664 00544 0.0664 00733  0.0519 n z t CG-HA (G AD BIGPAST
ppr 100 00696 00678 00550 00678 00566  0.0537 50 01320 01182 00450 01182 01107  0.0428
200 00666 0.0657 00567 00657 0.0576  0.0526 ppr 100 01269 01199 00569 01199 00782 00349
400 00679 00674 00554 00674 0.0562  0.0521 200 01207 01166 00333 01167 0.0644  0.0334
400 01236 01215 00338 01215 0.0368  0.0187
50 09300 09336 09456 09336 09267  0.9481
acc 100 09304 09322 09450 09322 09434 09463 50 0.6908  0.6502 0.8595 0.6502 09101  0.8327
200 09334 09343 09433 09343 09424 09474 mpr 100 06597 06415 08917 06416 09356  0.8992
400 09321 09326 09446 09326 09438  0.9479 200 06420 06312 09196 06311 09655  0.9552
400 06316 06264 09229 06264 09660  0.9413
procedure is repeated one million times as Crawford et al. [10]. The 50 07794 07660  0.9072 07660  0.8997  0.8949
results, presented in Table 3, indicate that BIGPAST outperforms ACC ;gg g-;ggg g-;ggg g-gg‘z‘ g';ggg gg;g; 8'323;
the other methods in terms of false positive rate (FPR) and ac- 200 07540 07525 09445 07524 09646 09613

curacy (i.e., ACC=(TP+TN)/(TP+TN+FP+FN).) when all single-subject
observations are from the ground truth distribution.

Given that all single-subject observations are from ground truth
distribution, implying a negative underlying result, the true posi-
tive rate and false negative rate (Type II error) are undefined. To
address this, we modify the generation of single-subject obser-
vations such that 50% yield negative results and the remaining
50% yield positive results, i.e., ¢ :d =50 :50. Even in the case of
c:d=100:0, Table 3 demonstrates that BIGPAST outperforms the
other methods. To balance the trade-off between the false positive
rate (FPR) and the true positive rate (TPR), we will focus on the
case of ¢:d=>50:50 for the remainder of this section. Addition-
ally, results for the case of c:d =80: 20 are provided in the online
supplementary material, see Table S3.

The observations are generated using the method described
in Section 3.4. The true positive rate and false positive rate for
the z score, t score, hyperbolic arcsine transformation, Crawford-
Garthwaite Bayesian method, Anderson-Darling method, and BIG-
PAST, pertaining to a two-sided test, are presented in Table 4.
Similar simulations have been conducted for the one-sided test
(greater) and one-sided test (less), with the results detailed in the
online supplementary material, see Tables S1 and S2.

From Table 4, we can conclude that BIGPAST outperforms the t-
score and Crawford-Garthwaite methods in terms of false positive
rate (FPR) and accuracy (ACC) when the single-subject observations
are mixed. As Normal distribution is a special case of skewed Stu-
dent ¢t distribution (¢ =0, v — +00), the performance of BIGPAST
is still as good as those of t-score and Crawford-Garthwaite meth-
ods when the underlying distribution is the Normal distribution,
see Table S4 of the online supplementary material. The results are
not surprising because the errors in this context originate from two
primary sources: model misspecification and inherent randomness.
Notably, BIGPAST can effectively mitigate the errors arising from
model misspecification; see Fig. 3 in the next section.

3.3. Model misspecification error

In this section, we conduct a comparative analysis of the BIG-
PAST, CG, and AD methodologies under varying alternative hy-
potheses and parameter configurations. The predetermined signif-
icance level is 0.05. The skewness parameter « and degrees of
freedom v are assigned values from the sets (1, 10), (1,5), (2,5),
and (3, 5), respectively. The location and scale of the skewed Stu-
dent t distribution are set to 0 and 1, respectively. Other sample
settings include a sample size n =100, ¢, = 1, and a Metropolis-
Hastings sampling size of 2000. The comparison procedures are as
follows: Firstly, N = 200 independent samples are randomly gener-
ated from the skewed Student t distribution with parameters o

and v. Secondly, m = 1000 single-subjects are randomly drawn,
and the BIGPAST, CG, and AD tests are conducted on each of the N
samples. Thirdly, for each of N samples, the Type I error (false pos-
itive rate), power (true positive rate), and accuracy are calculated
based on the m = 1000 single-subjects. Finally, the Type I error,
power, and accuracy are reported in the form of box plots for the
four skewed Student t parameter settings, as shown in Fig. 2 and
S5 to S7 in online supplementary material.

Under the mechanism of these parameter settings, the model is
misspecified for the CG test. The theoretical assumption of CG test
is the Normal distribution, the mean and variance can be directly
computed from the skewed Student t distribution by @ =48b,, v >
1and 62 =v/(v—2)— (b,8)%, v > 2, where

NONEICE))] o
by=""—22 7 1, §=—u—.
N O JTia?

We utilise the total variation distance to quantify the dispar-
ity between skewed Student t (for BIGPAST) and Normal (for CG)
distributions. The total variation distances of the aforementioned
four settings are: 0.057, 0.111, 0.155 and 0.186, respectively, as
illustrated in Fig. 2, S5a, S6a and S7a of the online supplemen-
tary material. In the context of a two-sided hypothesis test, the
divergence between the BIGPAST and CG methodologies becomes
larger as the total variation distance increases, as shown in Fig. 2
and S5 to S7 of the online supplementary material. The result of
the AD approach demonstrates robustness for different total vari-
ation distances but performs significantly worse than BIGPAST in
terms of Type I error, as seen in Fig. 2b. The AD approach also
performs slightly worse than BIGPAST in terms of accuracy, as de-
picted in Fig. 2d.

The complexity of the one-sided test (either ‘greater’ or ‘less’)
compared to the two-sided test due to the skewed Student t dis-
tribution increases due to the skewed Student ¢ distribution having
light and heavy tails. The model misspecification error impacts
the tails of the skewed Student t distribution differently. When
o > 0 (resp. o < 0), the skewed Student t distribution has a right
(resp. left) heavy tail. In this paragraph, we explore the scenario
where the direction of the alternative hypothesis is ‘greater’, i.e.,
one-sided test (greater). If we implement the CG test, the 95%
quantile of the Normal distribution is less than the 95% quantile
of the skewed Student t distribution. Consequently, the Type I er-
ror of the CG test exceeds that of the BIGPAST test, leading to a
higher power for the CG test, as shown in Figs. 2b and 2c. This
can be explained by the light-red region between the 95% quantile
of skewed Student ¢ distribution and the 95% quantile of Normal
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Fig. 2. The comparison results of BIGPAST, CG and AD approaches under three alternative hypotheses: ‘two-sided’, ‘less’ and ‘greater’ respectively when o = 3 and v = 5. Fig. 2a
shows the densities of skewed Student t and Normal distributions, the 12 and o of Normal distribution are equal to the mean and variance of skewed Student t distribution.
In fact, the Normal distribution is the theoretical assumption of the CG test when the sample comes from the skewed Student t distribution. TV distance is short for total

variation distance. Each box plot summarises over 200 independent replications.

distribution, as depicted in Fig. 3b. Theoretically, all single-case ob-
servations from this region will be classified as positive by the CG
test and as negative by the BIGPAST test, leading us to refer to
this region as the false positive region. The error generated by the
false positive region arises from model misspecification rather than
sampling randomness, as illustrated in Fig. 3.

Conversely, for the light tail of the skewed Student t distribu-
tion, the 5% quantile of the Normal distribution is less than the 5%
quantile of the skewed Student t distribution. Given that the alter-
native is ‘less’ and o > 0, the region between the 5% quantile of
skewed Student t distribution and the 5% quantile of the Normal
distribution is referred to as the false negative region other than
the false positive region. Because all the single-case observations
from this region will be classified as negative by the CG test but as
positive by the BIGPAST test. Consequently, the theoretical Type I
error is zero, excluding the random error of sampling, as depicted
in Fig. 2b. The power of the CG test, i.e., the actual positive rate, is
lower than that of the BIGPAST test, as illustrated in Fig. 2c.

For the left skewed Student t distribution (a < 0), we can ob-
tain similar results just by reflecting the densities in line x = 0.
This will not be detailed here. From the preceding discussion, we
can conclude that (1) The difference between the BIGPAST and CG
methodologies becomes more significant in terms of Type I error,
power, and accuracy as the total variation distance increases; (2)
Assuming a skewed Student t distribution, the BIGPAST approach
outperforms the CG approach in terms of accuracy due to the pres-
ence of model misspecification error; (3) Given the asymmetry
between the light and heavy tails of the skewed Student t distribu-
tion, we recommend using a two-sided test instead of a one-sided
test. This is because the combinations of a one-sided test (‘less’ or
‘greater’) and the sign of « significantly influence the evaluation of
detection.

For the left skewed Student t distribution (e < 0), we can ob-
tain similar results just by reflecting the densities in line x = 0.
This will not be detailed here. From the preceding discussion, we
can conclude that (1) The difference between the BIGPAST and CG
methodologies becomes more significant in terms of Type I error,
power, and accuracy as the total variation distance increases; (2)
Assuming a skewed Student t distribution, the BIGPAST approach
outperforms the CG approach in terms of accuracy due to the pres-
ence of model misspecification error; (3) Given the asymmetry
between the light and heavy tails of the skewed Student ¢ distribu-
tion, we recommend using a two-sided test instead of a one-sided
test. This is because the combinations of a one-sided test (‘less’ or
‘greater’) and the sign of « significantly influence the evaluation of
detection.

3.4. Comparison study with other frameworks

This section is dedicated to assessing the performance of the
proposed BIGPAST methodology and existing approaches when a
control group is present. The first approach is a variant of BIGPAST
based on the maximum a posteriori (MAP) estimation displayed in
steps 3’ and 4'.

The second approach is a non-Bayesian approach that relies on
maximum likelihood estimation (MLE). This approach assumes that
the control group follows a skewed Student t distribution. The MLE
procedures can be outlined as follows:

1’ Obtain the maximum likelihood estimators of «,v,&,w by
maximising the likelihood function I(X|, v, &, w). These estima-
tors are denoted as &L, VMLE, éMLE, DMLE-

2’ Given the significance level B, the confidence interval of x*

given X is [xg"/LzE,x'l‘"_Lg 121, where xy/LZE and x'l\"_L% ) are the /2
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Fig. 3. Model misspecification error on the light and heavy tails for one-sided test.

and 1— B/2 quantiles of fo(GmLe, DMLE, EMLE, DMLE), Tespectively.
If x* does not fall within this confidence interval, then the null
hypothesis Ho can be rejected at the significance level 8.

The third approach is a non-parametric (NP) approach. Given
group data x and a significance level 8, we can derive the em-
pirical confidence interval [Xl(\lli*ﬂ/zj)v XI(\I[I;*(I—ﬁ/Zﬂ)] where xl(‘ﬁ*ﬂm)
and XI(\I[E*(l—ﬂ/Zﬂ) are the empirical quantiles of x at 8/2 and
1 — B/2, respectively. If x* does not fall within this empirical con-
fidence interval, then the null hypothesis o can be rejected at
the significance level B. The NP approach does not rely on any
distributional assumptions. Given that our BIGPAST methodology
employs the Metropolis-Hastings sampler in Step 3, we will refer
to the four approaches above: MH, MAP, MLE, and NP, respectively.

We now outline the data generation mechanism for a single-
subject and control group. Given the parameters «,v,§,®, we
randomly draw N independent control groups X1, X, ..., Xy from
fe(a, v, &, w). The following is a straightforward method for gen-
erating single-subject data. Define S := (—00, q2.5%] U [q97.5%, 00)
and Sy = (q2.5%. q5%] U [qos%. q97.5%) where q2.5%, 5%, q95%, 497.5%
are 0.025, 0.05, 0.95, 0.975 quantiles of f.(x, v, &, w). We draw
ki and k; random copies of single-subjects xT...,le,x,tlﬂ,...,
xl’;] +ky respectively from the uniform distributions defined on S
and S,. Let K = kq +k;. At the significance level of 0.05, the ground
truth for the first ki single-subjects is negative, while the ground
truth for the remaining k, single-subjects is positive. In the sim-
ulation, we first apply the MH, MAP, MLE, and NP approaches to
Xi,i=1,2,...,N to obtain the four types of intervals. Next, we
conduct the hypothesis tests by comparing X* = (x],x3,..., %)
with each type of intervals. Finally, we compute the false discovery
rate (FDR) and accuracy (ACC) defined by

M FpM M TPM L TNM
FDRl = ﬁ’ CCI =,

TP;*" + FP; K
where i =1,2,..., N, TP, FP, and TN represent the number of true
positive, false positive and true negative, respectively. M could be
one of MH, MAP, MLE, NP.

The parameters settings are as follows: we consider ten combi-
nations of («, v): (0,3), (1,3), (3,3), (5,5), (10,10), (20,20), (30,30),
(50,50), (5,50) and (50,5) with fixed & = —2 and w =2. In MH ap-
proach, we let m = 5000, s =100 and ¢, = 1. The other parameter
settings are N =400, n = 100, k; = ky = 1000, B8 = 0.05. The re-
sults are presented in Table 5 and Fig. 4.

Table 5 displays the FDR and ACC of the four approaches. The
MH and MAP methods consistently outperform the NP and MLE
methods in terms of FDR and ACC. When || <3 and v < 3, both

Table 5

The average false discovery rate (FDR) and accuracy (ACC) for the MH, MAP, MLE,
and NP methods were calculated over 400 repetitions. In this context, MH refers
to the original BIGPAST method, MAP denotes the Bayesian inference framework
based on maximum a posteriori estimation, MLE represents the method based on
maximum likelihood estimation, and NP signifies the non-parametric method.

@.v) FDR ACC
’ MH MAP NP MLE MH MAP NP MLE

(0,3) 0174 0165 0216 0266 0.865 0.872 0.833 0.787
(1,3) 0158 0145 0201 0257 0.877 0.888 0.845 0.797
(3.3) 0142 0129 0197 0254 0.891 0.901 0.849 0.798
(5,5) 0131 0136 0206 0255 0905 0.899 0.846 0.803
(10,10) 0118 0145 0200 0259 0915 0894 0.851 0.797
(20,20) 0132 0157 0190 0255 0907 0.886 0.861 0.803
(30,30) 0132 0171 0188 0261 0907 0875 0.862 0.796
(50,50) 0134 0184 0193 0254 0906 0864 0.859 0.801
(5,50) 0144 0158 0185 0261 0.898 0.885 0.865 0.796
(50,5) 0139 0165 0218 0249 0.899 0.876 0.834 0.805

the FDR and ACC of the MAP approach surpass those of the MH
approach. This is expected, as the MAP approach provides more
accurate estimation of the underlying parameters of the skewed
Student t distribution when || and v are small, as is shown in
column 3 of Table 2. When |¢| or v is large, the FDR and ACC
of the MH approach perform better than those of the MAP ap-
proach. This can be attributed to the randomness of parameters
in the Metropolis-Hastings sampler. However, the MAP approach
fails to estimate the underlying parameters when « or v is large,
as is shown in column 4 of Table 2, and lacks randomness of pa-
rameters. The box plots in Fig. 4 clearly illustrate the comparison
between the MH and MAP approaches. The results demonstrate
that the FDR of MH (i.e. BIGPAST) is generally lower than others,
and the ACC of MH (i.e. BIGPAST) is generally greater than other
methods in conducting hypothesis tests for single-subject data.

4. Real data analysis

This dataset is derived from a mild traumatic brain injury
(mTBI) study conducted by Innovision-IP Ltd. It comprises a func-
tional time series of Magnetoencephalography (MEG) data and an
anatomical T1-weighted Magnetic Resonance Imaging (MRI) scan
for 103 healthy subjects and one patient with mild traumatic
brain injury. The MEG data, recorded from 306 sensors, was pre-
processed using the ‘MNE-Python’ package [25]. The MEG data
were analysed to reconstruct the source generators using a min-
imum norm inverse method. The MRI data were pre-processed
with the ‘FreeSurfer’ package [26]. The standard FreeSurfer pipeline
(detailed on their website) was followed and includes motion cor-
rection, intensity normalisation, skull-stripping, normalisation to
template space and segmentation of the cortex and subcortical
structures using the Desikan-Killiany atlas. This results in 68 re-
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Fig. 4. The box plots for false discovery rate (FDR) and accuracy (ACC) of the MH, MAP, MLE, and NP approaches for three distinct skewness parameters: low (o« = 0), medium
(e =5), and high (o = 50). In this context, MH refers to the original BIGPAST method, MAP denotes the Bayesian inference framework based on maximum a posteriori
estimation, MLE represents the method based on maximum likelihood estimation, and NP signifies the non-parametric method.

gions covering the entire cortex. For each cortical region, we calcu-
late the average of source powers within this region. This process
yields a control group dataset with dimensions 103 x 68 x 100 and
a patient dataset with dimensions 68 x 100. To simplify, we treat
the epochs as repeated observations and take averages over them
to reduce the data’s complexity. Consequently, the control group
dataset has dimensions 103 x 68, and the patient dataset is re-
duced to a vector of length 68.

For each brain region of the Desikan-Killiany cortical atlas, we
apply the BIGPAST method to the control group and patient dataset
to test whether the patient significantly differs from the control
group. This real data analysis shows that the single-subject has
mTBI. However, in practice, we can calculate the observation of
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a new client and conduct the hypothesis test using BIGPAST to de-
termine whether the client significantly differs from the control
group.

We further explore the impact of waveband frequency on the
comparison between a control group and a single-subject. The
wavebands are arranged in ascending order of frequency: delta
(1-4 Hz), theta (4-8 Hz), alpha (8-12 Hz), beta (12-30 Hz), and
gamma (30-45 Hz). The subsequent results also include those of
the Crawford-Garthwaite method, denoted as CG for brevity. The
prespecified significance level is 0.05. The test results of Crawford-
Garthwaite (CG) and BIGPAST are presented in Table 6, where the
bracket (Normal, mTBI) in the third row represents that the result
of CG is Normal, but the result of BIGPAST is mTBI. The numbers in
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Fig. 5. The comparison results between the Crawford-Garthwaite (CG) and BIGPAST approaches in terms of density estimations. The light-red lines represent the skewed
Student ¢ densities, with parameters drawn from the BIGPAST approach’s posterior distribution. The light green lines depict the Normal densities, with parameters drawn
from the CG approach’s posterior distribution. The CG test is based on 10,000 densities, while the BIGPAST test is based on 5,000 densities (the first 5,000 densities are
discarded for burn-in). For clarity, each panel only displays 200 densities drawn from the CG and BIGPAST posterior distribution. The red vertical line on the x axis represents
the observation of a single-subject (i.e., a patient with mTBI). A histogram is used to demonstrate the goodness of fit for both the CG and BIGPAST approaches.

Table 6

The test results of the Crawford-Garthwaite (CG) based on Gaussian assumption
and BIGPAST approaches based on the skewed Student t assumption. The num-
bers in cells corresponding to specific brain cortical regions are 1: lh-caudal an-
terior cingulate, 2: lh-caudal middle frontal, 4: lh-entorhinal, 6: lh-fusiform, 10:
lh-isthums cingulate, 12: lh-lateral orbitofrontal, 14: lh-medial orbitofrontal, 17:
Ih-parahippocampal, 22: lh-postcentral, 24: lh-precentral, 26: lh-rostral anterior
cingulate, 35: rh-caudal anterior cingulate, 38: rh-entorhinal, 40: rh-fusiform, 47:
rh-lingual, 50: rh-paracentral, 51: rh-parahippocampal, 58: rh-precentral, 59: rh-
precuneus, 62: rh-superior frontal. The prefixes ‘lh-" and ‘rh-" indicate the left and
right hemispheres of the brain, respectively. ‘NA’ stands for ‘not available’, and ‘Oth-
ers’ represents the remaining brain cortical indices not listed in the column but can
be found in the indices in Table S5 of the online supplementary material.

The Results of Wave bands
(CG, BIGPAST) delta theta alpha beta gamma
(mTBI, mTBI) 6, 17, 4, 6, 6, 14, 6, 12, 17, 17
40, 51 17, 48 17, 40 38, 40
(Normal, mTBI) 1,10, 16,26, 1,2,24, 2,24,35 1,2,10,22, 1,2, 35
35, 50, 59, 62 35, 62 58, 59 24, 35, 59
(mTBI, Normal)  NA 14, 40 NA 14, 47 6, 40
(Normal, Normal) Others Others Others Others Others

cells are the indices of human brain regions; for example, number
1 in the “delta” column represents the caudal anterior cingulate in
the left brain hemisphere. For this brain region, CG’s result is Nor-
mal, while the result of BIGPAST is mTBI. We did not consider the
false discovery rate adjustment here as (1) steps 3 and 4 in BIG-
PAST employ the nested sampling technique, and the p-values are
hard to obtain. (2) The aim of Table 6 is to provide a comparison
between the CG and BIGPAST methods, and the FDR adjustment is
not necessary for this purpose.

The null hypothesis in this real data analysis is two-sided, with
one heavy tail and one light tail in the skewed Student t distri-
bution. The cortical region indices in row 3 of Table 6 exhibit a
positive skewness parameter, i.e., o > 0. Consequently, the light
tail is on the left, and the heavy tail is on the right. For all cortical
region indices in row 3 of Table 6, the single-subject observation
is located at the light tail of the skewed Student t distribution.
This positioning suggests a high probability of rejecting the null
hypothesis, see Fig. 5a. Similarly, for cortical regions 6 (lh-fusion,
gamma band), 14 (lh-medial orbitofrontal, theta and beta bands),
40 (rh-fusiform, theta and gamma bands), and 47 (rh-lingual, beta
band), the single-subject observation is located at the heavy tail of
the skewed Student t distribution, as shown in Fig. 5b. The skewed
Student t assumption is more appropriate for these cortical regions
than the assumption of Normal distribution. The BIGPAST approach
outperforms the CG approach in detecting the single-subject ob-
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servation at the heavy tail of the skewed Student t distribution,
as demonstrated in Fig. 5. Because the BIGPAST approach corrects
the model misspecification error at both tails compared to the CG
approach. By combining rows 2 and 3 of Table 6 and Fig. 5, we
conclude that the BIGPAST approach is more reliable than the CG
approach in hypothesis tests for single-subject data when the con-
trol group data exhibits skewness.

5. Conclusion

In this paper, we proposed a novel Bayesian inference frame-
work for the abnormality detection on a single-subject versus a
control group. Under the assumption of a Normal distribution, the
t-score [9] is capable of managing scenarios where the sample size
is fewer than 30 [27]. However, in neuroscience, the number of
epochs often exceeds 100, sometimes even reaching 1000, and the
distributions, whether over epochs or subjects, exhibit skewness.
Under these conditions, methods predicated on the assumption of
normality cease to be effective. Our proposed methodology, BIG-
PAST, leverages the skewed Student t distribution, effectively cap-
turing the inherent asymmetry of the data.

Our proposed BIGPAST methodology outperforms the existing
Crawford-Garthwaite (CG) approach in terms of accuracy, power,
and Type I error. Particularly when the control group data exhibits
skewness, BIGPAST provides a more reliable solution for hypothesis
testing on single-subject data. Furthermore, BIGPAST demonstrates
superior robustness to model misspecification errors compared to
the CG approach. The performance of the BIGPAST and CG method-
ologies is significantly influenced by the total variation distance
between the skewed Student t distribution and the Normal dis-
tribution. When this distance is large, the BIGPAST approach ex-
hibits superior accuracy compared to the CG method. The skewed
Student t distribution’s asymmetry, characterised by its light and
heavy tails, further emphasises the necessity of employing a two-
sided test over a one-sided test.

The BIGPAST framework can be readily adapted to accommo-
date other distributions, such as Sub-normal, Sub-Weibull, or Ex-
treme Value distributions. The key requirement is to identify an
appropriate prior distribution for the parameters of the chosen
distribution. A further extension of BIGPAST could encompass mul-
tivariate distributions, thereby enabling the application of the BIG-
PAST methodology to high-dimensional data in future.
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