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Abstract: We extend the approach proposed in Mikhailov et al. (Commun Math Phys
393:1063-1104, 2022) to tackle the integrability problem for evolutionary differential—
difference equations (DAEs) on free associative algebras, also referred to as nonabelian
DAE:s. This approach enables us to derive necessary integrability conditions, determine
the integrability of a given equation, and make progress in the classification of inte-
grable nonabelian DAEs. This work involves establishing symbolic representations for
the nonabelian difference algebra, difference operators, and formal series, as well as
introducing a quasi-local extension for the algebra of formal series within the context
of symbolic representations. Applying this formalism, we solve the classification prob-
lem of integrable skew-symmetric quasi-linear nonabelian equations of orders (—1, 1),
(-2, 2), and (-3, 3), consequently revealing some new equations in the process.

1. Introduction

In the recent paper [1], Mikhailov, Novikov and Wang presented the perturbative symme-
try approach for evolutionary differential-difference equations (DAEs), which is based
on establishing a symbolic representation for the difference polynomial ring and in-
troducing its quasi-local extension. This approach enabled the derivation of necessary
integrability conditions for evolutionary DAEs of arbitrary order and consequently al-
lowed one to solve some classification problems of integrable equations for any given
order. In this framework, the existence of higher symmetries of a DAE, or more precisely,
an infinite hierarchy of higher symmetries, is taken as the criterion for its integrability.

This paper can be considered as an extension of this research, transitioning from the
commutative (abelian) case to the noncommutative (nonabelian) case. Our focus lies in
exploring the integrability conditions for evolutionary DAEs when the field variables
take values in an associative, but noncommutative algebra. Typical examples of asso-
ciative algebras include matrix or operator algebras. Matrix formulations of integrable
equations trace back to the very beginning of integrable systems theory. The first matrix
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integrable equation, known as the matrix KdV equation, was introduced by P. Lax in
[2]. One striking feature observed early on in integrable matrix equations is that their
algebraic structures such as symmetries, conservation laws, and Lax representations are
independent of individual matrix entries and the sizes of matrices. Instead, they are ex-
pressed as polynomials or formal series in field variables. Consequently, field variables
can be treated as elements of an associative, noncommutative algebra. When consid-
ering nonabelian DAEs, we exclusively employ the intrinsic algebraic operations of
multiplication, addition and scalar multiplication, irrespective of any specific concrete
realisation.

The systematic classification of integrable partial differential equations (PDEs) with
field variables in an associative algebra was initiated by Olver and Sokolov [3,4]. They
provided a comprehensive list of integrable scalar evolution PDEs of this type, charac-
terised by higher order symmetries. The completeness of this classification was demon-
strated in [5]. In 2000, Mikhailov and Sokolov [6] successfully developed the theory of
integrable ordinary differential equations on associative algebras. They solved a number
of classification problems using the existence of hierarchies of first integrals and/or sym-
metries as a criterion for integrability. In a recent contribution [7], Adler and Sokolov
extended classifications to nonabelian generalisations of integrable systems of nonlinear
Schrodinger and Boussinesq types. Their approach relied on both the existence of higher
conservation laws and higher symmetries, which are determined by their corresponding
abelian integrable systems. Additionally, the classification of non-abelian Painlevé type
systems was addressed in [8], introducing non-abelian constants into the equations.

Nonabelian integrable DAEs have historically emerged as direct matrix generali-
sations of scalar DAEs and as discretisations of matrix integrable PDEs. The matrix
Volterra chain was initially introduced in [9]. Further examples of integrable DAEs on
associative algebras, including the nonabelian Bogoyavlensky equation, were obtained
in [10]. The matrix Toda lattice initially originated from a discrete version of the prin-
cipal chiral field model [11,12] and has recently appeared in the study of matrix-valued
Hermite polynomials [13]. The algebraic structures underlying these equations, such as
recursion operators and Hamiltonian structures, have been extensively investigated in
[14,15].

The symmetry approach based on a concept of formal recursion operator has been
formulated and developed in works of Shabat and co-authors (see for example review pa-
pers [16—18]). It has become one of powerful tools for addressing the integrability prob-
lem. Formal recursion operator carries information about integrability, remaining robust
even in the presence of gaps within the infinite hierarchy of symmetries or conservation
laws. There have been numerous exhaustive classification results of abelian integrable
PDEs including nonlocal and/or non-evolutionary equations such as the Benjamin-Ono
equation and the Camassa—Holm equation. The symmetry approach has recently been
extended to DAEs in [1] following the introduction of symbolic representation of the
difference polynomial ring and its proper ring extension. However, the exploration of
this approach in the realm of nonabelian integrable systems has remained uncharted
territory.

In this paper, we develop the perturbative symmetry approach, built upon the recent
work in [1], to investigate the integrability problem concerning evolutionary DAEs

up=F(up,...,uy), p=<gqcelk, (1)

of order (p, q), where u = u(n, t) is a function of a discrete variable n € Z and a
continuous variable r € C, taking values in an associative algebra. We adopt standard
notation:
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Up = Sku(n, ty=un+k,t), u; =ou,

and S is the shift operator. One main challenge from the abelian to nonabelian case is to
distinguish between the noncommutative multiplication on the left and on the right. This
requires building a symbolic representation, taking into account of the noncommutative
multiplication, for a nonabelian difference polynomial ring, a ring of difference opera-
tors, quasi-local extensions of rings and formal pseudo-difference series with quasi-local
coefficients.

Similar to the abelian scenario in [1], the integrability conditions for (1) are given in
terms of the coefficients of a canonical formal recursion operator. We prove that if an
equation possesses an infinite dimensional algebra of symmetries, irrespective of their
orders, then it possesses a unique canonical formal recursion operator. The coefficients
of the canonical formal recursion operator can be explicitly determined in terms of the
symbolic representation of the equation. Moreover, if the equation is integrable, these
coefficients must be quasi-local. We apply the developed formalism to classify integrable
quasi-linear skew-symmetric equations (1) of orders (—1, 1), (—2, 2) and (-3, 3).

We start the paper with the fundamental algebraic framework necessary for investi-
gating nonabelian evolutionary DAEs. In Sect. 2 we introduce essential definitions and
concepts of nonabelian difference algebra. This includes the grading of the algebra,
derivations, evolutionary derivations, as well as algebras of local difference operators
and formal series. We then define algebras of symmetries and approximate symmetries
as well as the notion of integrability and approximate integrability in Sect. 3.

The symbolic representation serves as the primary computational tool. In Sect.4
we define the symbolic representation of the nonabelian difference algebra, difference
operators and formal series. We formulate criteria of approximate integrability in the
symbolic representation. For any given evolutionary equation we provide a recursive for-
mula for the coefficients of its symmetries (Theorem 1). We show that these coefficients
are uniquely determined by the linear part of the symmetry. This result can be used to
determine the existence of fixed-order symmetries as well as to derive the integrability
conditions if the orders of symmetries are known.

The main result on universal integrability conditions for evolutionary DAEs on free
associative algebras is Theorem 3 presented in Sect.5. The universal integrability con-
ditions are the conditions on the coefficients of the canonical formal recursion operator:
the coefficients must be quasi-local. The proof is based on computation of fractional
powers of formal series with local coefficients. It is shown that coefficients of fractional
powers of local formal series are quasi-local, i.e. belong to the appropriate algebraic
extension of the algebra of formal series. Furthermore, for any given equation these
coefficients are recursively determined in terms of the symbolic representation of the
equation (Theorem 2).

In Sect.6 we apply the developed theory to classify integrable quasi-linear skew-
symmetric equations (1) of orders (—1, 1), (=2, 2) and (—3, 3). We list only equations
that do not possess symmetries of lower orders. We prove integrability of each of these
equations either by providing their Lax representations or by giving an explicit Miura
type transformation to a known integrable equation. We present below two examples of
new equations, to the best of our knowledge, resulting from the classification:

Uy =uuy ... up(u+a) — Ww+a)u_y, ... u_ju, neN )
where « is constant, and

Uy = (wu—_1+ D(uuy + Duy —u_o(u_qu+ 1) (uju+1). 3
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Equation (2) possesses the Lax representation L; = [A, L],
L=w+0)S"+ S, A=uuy...un(1+18"),

where « is an essential constant and cannot be removed via invertible transformations.
The reduction o = 0 of this equation appears in [10].
Equation (3) possesses the Lax representation

L=pP7'Q, P=(1-52u'. 0= ((um + 1) (uouy + 1)S? — 1) u”!
A= (uyu+ D (uquy + 1)S? —u_y ((uuy + Doy +1) — Huy' — 572

The abelian version of this equation was found and studied in [19].
We conclude the paper by provide a brief summary of our results and concluding
remarks on the implications and potential directions for future studies.

2. Derivations, Difference Operators and Formal Series

In this section, we introduce basic definitions and notations of objects and constructions
for nonabelian difference algebras required for the aims of this paper. The detailed
abelian analogue can be found, for example, in [1]. Further details regarding Hamiltonian
structures of nonabelian DAEs, as well as their connection to the problem of quantization
of integrable systems, can be found in [14,20].

2.1. Difference algebra. Let A = (u,, n € Z) be a free associative unital algebra over
C generated by an infinite set of non-commuting variables u,,, n € Z, and a unit element
e, defined as

e-flup,...,ug) = flup,....ug)-e= f(up,...,ug), fup,...,uy) €2l

Elements of algebra are polynomials (over C) in variables u,,, n € Z. We use the notation
a-e=ua, o €C, and write u instead of 1 without causing a confusion.
We define on 2( an automorphism S : 2 — 2l by the action

S(fup,...,ug)) = flupst, ..., uge1), Se)=e, flup,...,uy) €,

and call the automorphism S the shift operator. The algebra 2( together with the shift
operator S is a difference algebra.
Similar to the commutative case, the reflection 7 defined by

T(uy) =u_y,, 7T(@b)=TWb)T(a), T(e)=e, a,beX, 4)

is also an automorphism on 2. It can be written as a composition of the transposition 7
and an involution /, defined as follows:

T(up) =u,, T@b)=TMbB)T (@), T)=e a,bel ®)
and
I(uy) =u_y, Iab)=1I1]I®), I(e)=e, a,be

Note that the transposition 7 is only relevant in the noncommutative setting.
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The automorphism 7 is also an involution, thereby inducing a Z; grading on 2I:
A=Weoa, A°0.20=2° a0 o' =2 . 2°=2" Al A" =20,
where
W ={aeUA|T@=(-Da), i=01

For any element a € 2, one can presentitasa = a’+a', where a® = %(a +7T(a)) € A0
anda! = %(a — T (a)) € AL, We refer to elements of A° as symmetric and elements of

Al as skew-symmetric. In Sect. 6, we are going to classify integrable nonabelian DAEs
of the form u; = f with f € AL,

2.2. Derivations. A derivation D of the algebra 2 is a C-linear map satisfying the
Leibnitz’s rule

D(af +pg) =aD(f)+BD(g), D(fg) =D(f)g+fD(g), fged apeC.

For any derivation D of 2 we have D(e) = 0 for the derivation of the unit in 2. Each
derivation can be uniquely defined by its action on the generators u, of 2.

For any two derivations D, D’ their commutator [D, D'] = Do D' — D' oDisalso a
derivation on 2. Any C-linear combination of derivations is a derivation, and any triple
of derivations D, D', D" satisfies the Jacobi identity

[D, [D', D" +[D",[D, D11 +[D, [D", D]l = 0,

and thus the set of derivations of 2 is a Lie algebra.
Define derivations X, k € Z as

Xi(uj) = Spju,
and let
X=X
keZ
The difference algebra 2l has a natural grading
A=PA, A, ={f €AIX()=pf} 6)
p=0

Every element f € 2 can be uniquely represented as a sum of homogeneous components
=X p>0 fps fp € 2Up (some components may be equal to zero). The subspace o
consists of elements of the form « - ¢ = «, o € C, while the subspaces 2, s, ...
consist of linear, quadratic etc polynomials in generators u . The projection ry, : 24 — 2y
selecting k-th homogeneous component is defined as

m(f) = (Y fo) = fr- (7

p>0

An important class of derivations of a difference algebra 2 are evolutionary deriva-
tions:
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Definition 1. A derivation D is called evolutionary if it commutes with the shift operator
S.

An evolutionary derivation is completely defined by its action on the generator u, that
is

D) =a, Dug) = S*@), aec.

The element a € 2 is called the characteristic of an evolutionary derivation. We denote
by D, an evolutionary derivation with the characteristic a.

A commutator of two evolutionary derivations D, and D}, is also an evolutionary
derivation D, = [D,, Dp] with the characteristic ¢ = D, (b) — Dj(a). Evolutionary
derivations form a Lie subalgebra of the Lie algebra of derivations on .

The notion of an evolutionary derivation allows to introduce a Lie algebra structure
on 2: for every a, b € 2, we define a Lie bracket as

la, b] = Dy (b) — Dy(a).

Definition 2. The Fréchet derivative of an element f € 2 denoted by f,: 2 — 2 is
defined so that

fola) = % flutp+€SP (@), ... g +e57@)| o Vaex )

As an example, we take f = u;,u;, ...u;,. Then

k
fela) = Z”il Co U, (S”a) Uipy - Ui -
=1

The Fréchet derivative is closely related to evolutionary vector fields, namely,
fi@) =Dy(f), Vaell
Thus, the Lie bracket becomes
[a, b] = by(a) —ax(b), a,be . 9
It is easy to see that the Lie algebra 2l is graded with respect to the natural grading (6):

[, 0] C Apym—1, (m,m) #(0,0).

2.3. Difference operators and formal difference series. In this section, we extend the
notion of difference operators/formal series (for the abelian case, refer to [1]) to the
non-commutative case and introduce the algebra of formal series 2((S)).

Let £, and R, be the left and right multiplication operators on the algebra 2!, defined
as:

Lao(f)=af and Ra(f) = fa,
where a, f € 2. These operators satisfy the following relations:

EaRb = Rbﬁav £a£b = ACab and RyRp = Rpa
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for all a,b € 2. We denote by M the algebra of the left and right multiplication
operators. This algebra inherits the natural grading (6) on 2(:

M= @ Mpg: MpgMp g CMpip geq's (10)
p.9=0

where each element in the C-linear subspace M, , is a finite linear combination of
terms of the form £, Ry, a € A, b € 2,. We represent it as

k
Mpq = { Zﬁaw)Rbm 1a™) € Ay, bV € Uy k € N}. (11)
y=1

Definition 3. A local difference operator of order ord B := (p, q) is of the form
q . . .
B = Zb(’)S’, b e M, P £0, b9 £0, pgeZ p<gq
i=p

and its total order is Ord B := q — p. A local formal difference series B is defined as

B=>Y b0s" pO="73" bj."k), b;.",j eMjp bV £0, peZ.  (12)
i<p J-k=0

We note here that in the case of a local difference operator the coefficients b are
finite linear combinations of left and right multiplication operators, while in the case of
formal series we allow these coefficients to be formal series in £, R themself, i.e. we
allow infinite summation over j and/or k in (12).

The action of a local difference operator on 2 is well-defined as

LiRyS"(h) = fS"(h)g, f.g.heA nel.
The action of a formal series on 2l is generally not well-defined.
The Fréchet derivative of any element in 2, as defined by (8), serves as an example

of a local difference operator. For a non-constant element f € 2{, we define its order
and total order as those for f.

Example 1. Consider the nonabelian Volterra equation
Uy =uuy —u_ju = f. (13)
Note that
fe=LyS+Ry, — Ly, —RuS™"

Thus the nonabelian Volterra equation has the order (—1, 1) and the total order 2.
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Local formal series on 2 form a unital associative non-commutative algebra 2(((S)) with
the standard addition and the composition rule (defined on monomials) given by

EngSn o £f/Rg/Sm = ﬁfsrl(f/)Rsn(g/)gSn+m, f, g, f/, g/ € Ql, n,me Z.

The action of an evolutionary derivation D, on an element £ R, SEin A((S)) is defined
as

Da(LRgS") = LD,(5)RS' +LfRD, ()8 = L1@ReS +LyRe, @S- (14)

Thus it is well-defined on any formal series in 2((S)).
The algebra 2((S)) inherits the natural grading (10) on M:

A((S)) = EB Ap (8, Apg((8)) - Ap g ((8) T Apiprgeg((5),  (15)
P,4=0

where each C-linear subspace 2, , ((S)) consists of formal series defined by (12) when
b e M, ,.

3. Symmetries and Approximate Symmetries

We begin with defining evolutionary DAEs on free associative algebras. Assume that
the generators uy of the free associative algebra 2l depend on ¢ € C. We identify every
evolutionary derivation Dy of 2 with a DAE on 2, namely,

w=Dsw)=f, fe (16)

In particular, we have u, ; = S"(f), n € Z. The order of a DAE is the order of f,
that is, the order of its Fréchet derivative f.. Evolution with respect to ¢ of any element
a € 2 is therefore given by a; = Dr(a) = a«(f).

We call an evolutionary equation (16) skew-symmetric if f is skew-symmetric, i.e.,
f € ! satisfying 7 (f) = — f under the action of automorphism 7" defined by (4).

3.1. Symmetries of evolutionary DAEs.

Definition 4. We say that g € 2 is a symmetry of a DAE (16) if the Lie bracket (9)
between f and g vanishes, that is, [g, f] = 0.

For every element g € 2, we associate an evolutionary derivation D,. The condition
that g is a symmetry of (16) is equivalent to the evolutionary derivation D, commuting
with the evolutionary derivation Dy, i.e. [Dy, Dg| = 0. 1f we assume that the generators
uy also depend on t € C, the conventional way of representing a symmetry of equation
(16) is to associate the evolutionary derivation D, with a DAE:

u; =Dy(u) =g.

A linear combination ag| + g2, where «, 8 € C, of two symmetries g; and g», as well
as their Lie bracket [g], g»] are also symmetries of the equation (16). Thus the set of all
symmetries of the equation (16), denoted by

Cr={gedllg f1=0},

forms a Lie subalgebra of 2. This subalgebra is the centraliser of f € 2.

The characteristic property of integrable systems is the existence of an infinite-
dimensional Lie algebra of symmetries. Therefore, we adopt the following definition
of integrability:
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Definition 5. A nonabelian DAE (16) is called integrable if its Lie algebra of symmetries
Cy is infinite dimensional and contains symmetries of arbitrarily high total order, in
the sense that for every N € N, the equation possesses a symmetry g of total order
Ord g > N.

Example 2. For the nonabelian Volterra equation (13), one can directly verify that

Ur = UUIU) — U_2U_1U + uu% + u2u1 — uzlu — u,1u2

is a symmetry of order (—2, 2) and the total order 4. It is known that the nonabelian
Volterra equation possesses infinitely many symmetries of order (—n, n), n € N. These

can be explicitly found either from the Lax representation [10] or by means of the
recursion operator [15].

3.2. Approximate symmetries. Based on the gradation on 2, we shall introduce the
notion of approximate symmetries.

Consider a nonabelian DAE (16) and represent f as a sum of homogeneous compo-
nents

f=fo++fn, fr €W, k=0,....N.

According to Definition 4 the element g = go+---+ gy, g €2, i =0,....,Misa
symmetry if [ f, g] = 0. Due to the natural gradation on the Lie algebra 2, the vanishing
of the Lie bracket is equivalent to

P
D L gpil =0, p=0.1....N+M, (17
k=0

where we assume f; = 0, k > N and gp = 0, k' > M. We call g an approximate

symmetry of degree s or s-approximate symmetry if the first s + 2 relations of (17) with

0 < p < s+ 1 are satisfied. In other words, g is an approximate symmetry of degree s

if

m(Lf,8) =0, k=0,...,s.
Similar to symmetries, all s-approximate symmetries form a Lie subalgebra of 2:

Cy={geUAlm(g, fD=0, k=0,1,... s}

Note that there is no obstruction to replace the free associative algebra 2 by an algebra
of formal series defined as

A=) fil f € W),
k=0

One can then consider equations and their symmetries defined by formal series in 2.
The definition of integrability, identical to the abelian case [1], for formal series is as
follows:
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Definition 6. A nonabelian DAE (16) for f € 2 is called s-approximate integrable if
its Lie algebra C% is infinite dimensional and contains s-approximate symmetries of ar-
bitrarily high total order. The equation is called formally integrable if it is s-approximate
integrable for arbitrarily large s.

Any integrable equation is formally integrable, while the converse is not necessarily
true as there is no assumption regarding the convergence of formal series and their
approximate symmetries. Conditions of s-approximate integrability can be explicitly
written and verified for a given equation. Moreover, these are necessary integrability
conditions suitable for classification of integrable equations. The natural approach for
formulating these conditions is through symbolic representation, a concept that will be
elaborated upon in the subsequent sections.

4. Symbolic Representation

Symbolic representation was first applied in the area of integrable systems by Gel’fand
and Dikii [21] and later further developed in the framework of the symmetry approach
in works of Beukers, Sanders, Wang, Mikhailov, Novikov and van der Kamp [22,23].
In [1] the method of symbolic representation was extended to the abelian difference
algebra as well as difference operators and formal series. Now we extend the approach
to the nonabelian case.

4.1. Symbolic representation of difference algebra 2. To define the symbolic represen-
tation2A = P =0 2, of the naturally graded difference algebra 2 = €§ >0 A, we first
define an isomorphism of C-linear spaces ¢ : 2, — 2, and then extend it to difference
algebra and Lie algebra isomorphism by defining the multiplication, the action of the

shift operator, derivations and Lie bracket on 2. The isomorphism of linear spaces is
uniquely determined by its action on monomials.

Definition 7. The symbolic representation of difference monomial terms is defined as
gl g in &
pre—> 1, ¢ ujuy ..., €Uy > 0EE L EN €Ay,

Notations &1, &, . . . are reserved for the variables in the symbolic representation, while

" indicates the appropriate linear space 2, to which the symbol belongs to. We note here
that unlike the situation in the abelian case [1] the nonabelian symbolic representation
does not require symmetrisation operation.

Example 3. Here we give a few concrete examples:

uklﬂﬁéf, um'i)ﬁm’ M1M_1I£>ﬁ2§'1éz_l,

[V 3NN 2.
auuiuy + Bu_su_jur—> u3(a§2$32 + BE, 252 1), a, peC.

Under the action of the isomorphism ¢ a homogeneous polynomial f € 2, is in one-to-
one correspondence with a symbol f = i"a(&y, ..., &,), where the coefficient function
a(y, ..., &) is a Laurent polynomial in variables &, ..., &,.
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The action of automorphisms S, T, I and 7, presented in Sect.2.1, on f € 2, is
defined by

SO aEr, ... EDEL .. En TP italE. ... E);
1S araE g TS araE . &7,

The projector 7; selects the k-th homogeneous component of f € . Its symbolic
representation 7y is induced by the condition ¢y = 7. If

f=Yfied m()=fieU o(f)=i"aE.. ... &),

>0

then f := ¢ (f) =Y oo ai(&. ... &) and

M) =a | Y da. ... &)

=0
_ rk
=u"ar(§1, ..., ).
We now define the multiplication in the symbolic representation.

Definition 8. Let f € ,, g € A, and ¢ (f) = u"a(&, ..., &), ¢(g) = u"b
(gli---,;;:m).Then

() xp(g) = ﬁn+ma(§.1’ e DD, - ). (18)

Note that the symbolic representation of difference monomials (Definition 7) can be
deduced from the representation of linear monomials ¢ (uy) = ﬁé{‘ and the multiplication
rule (18). Itiseasy to verify that ¢ (f)*¢(g) = ¢ (fg) by linearity and multiplication rule

for monomials. The commutative algebra 2l = &2 equipped with the * multiplication
is isomorphic to the difference algebra 2.

4.2. Symbolic representation of difference operators and formal series. We extend the
symbolic representation to difference operators and formal series, thereby obtaining the
symbolic representation ﬁl((n)) for the algebra of formal series 24((S)).

We assign the symbol 7 to the symbolic representation of the shift operator S with
the action rule given by

n(@a&, ..., &) =u"aG,....&)& .. .&

and the composition rule, corresponding to S o f = S(f)S, defined as

noiaE. ... &) =i"aEr, ... EEr .. Enn.

Consider A = LR, St e An.m ((S)), where the grading of 2((S)) is defined by (15)
and

A

p(f)=f=i"atr,....6), (@) =g=u"bé1. ... ..
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Then its symbolic representation Ais

. ¢ ~ A A .
A=LfReS +— A=ijafaG, ..., E)b&r, ... Gn'.

Here we reserve the notation ﬁfa(él, ..., &) for the symbol of the left multiplication
operator L ¢, while #'b (L1, .. ., {n) denotes the symbol of the right multiplication op-
erator R . Referring to (11), when dealing with an operator b St where b € M P>
we adopt a shortened notation for its symbolic representation:

k
Zﬁ?ﬁ;na(y)(élv-"ssn)b(y)(glv" fm)’? - Mma(élv"'ssnvgls"'7§m)ni'
y=1

The symbolic representation ﬁlp,q ((1)) of a subspace 2, ,((S)) is the sum of the terms
in the form ﬁ,”ﬁ?a@)(sl, ...,{?,,A, Sty -, 8)n®, where s < N, and Np, € Z. We
simply denote such element in 2, 4((n)) by @] dfa(&r, ..., €y 0. C1, ..., ). Thus,
for a generic formal series B € 21((S)), following from (15), its symbolic representation

B can be written as
=D > alalapg 1. .. Epn L1 5y, (19)
p=0g¢=0

where the summation indices p, g represent the summation over elements belonging to
different subspaces 2, ;((17)), and

ﬁipﬁ;{apq(él’ R 7§p7 n, Clv s C([) =
u; u’2s<NM am(él, o Eptn o ' e ﬁlp,q((n)), Ny € Z,

()

where a,; are Laurent polynomials in C[ é R il, ,. g“ 1.

Naturally, the projector 77, 4 : Ql((n)) — 9% Pg ((n)) on formal series in the symbolic
representation becomes

ﬁp,q(é) = ﬁlp qapq(gla ~~-7€])7 n, 81,0, é‘q)

We now define the operations in the symbolic representation ﬁl((n)) To the sum of
formal series in 2A((S)) corresponds the sum of their symbolic representations in Ql((n))

The composition rule £;R ¢S’ o Ef/Rg/S = LysiRsigheS S+ in the symbolic
representation takes the form

AnAma(gla -~-,§n»77 ;17 .. ;m)o i Ama (gla . vgn/i T]’ ;lvn's;m/)

n+n
—ﬁ;”n Am+ma(§l’-' vEnm 1_[%_] H;k Sl - o s Smam’)
j=n+l k=1
a/(5n+ls ey $n+n’s 771 ;lv LR} ;m’) (20)

By linearity we extend this rule to the composition rule of formal series in ‘51( n)).

Next we state the symbolic representations for the Fréchet derivative and the action
of difference operators on 2(. Due to linearity of these operations, we only represent
them for an element in subspace 4 ,,0 < p € Z.
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Let f € 2, with a symbol f =ulb&y,... & p). The symbolic representation of its
Fréchet derivative f; (see (8)) is given by

p
fe=Y a7 al b g G ), 1)
i=1

The action rule of a difference operator on f € 2, gives rise to the action

ﬁ?ﬁ;”la(él, "'5511’ 77, é‘ls MR Cm) (ﬁpb@l, ’Ep))

n+p

= ﬁn+m+pa(€] seesEns 1_[ &is §n+p+l FIN §n+m+p)b(‘§n+l FII) §n+p)- (22)

i=n+l

Example 4. Let f = uuiuy — u_ou_ju. We know that f = A3($2532 — 51_252_1) from
Example 3. It follows from (21) that

fo=@(fo) = 76163 + yiay&in +ajon® — ipey ' — ding T — a2y
which is the symbol of
f* = Ruluz + ACuRqu + »Cuulsz - Ru,lus_z - »CM,ZRMS_I - Eu,zu,l-

By combining the symbolic representation of Fréchet derivative (21) with (22), we obtain
the symbolic representation of the Lie bracket (9).

Proposition 1. Suppose f € 2, with the symbol f =ua"a&y,...,&)and g € A, with
the symbol ¢ = u"™b(&1, ..., &y). Then

i+n—1

¢(Lfgh) =D @™ b E [ & e EmenDaE )

i=1 j=i

n i+m—1
=y @ @, g [ & G B DD ).
i=1 j=i

(23)

Proof. Directly applying (21) and (22), we obtain

G ) =Y a7 Wb EL L E L L ) (@ aEL L))
i=1
m i+n—1
=y @b, g [ & G B DA ). (24)
i=1

j=i

Then formula (23) follows from the definition of Lie bracket (9). O
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In particular, if f € 2, with the symbol f = fiw(&;), then

DAL ) =i"bEr, . ) (0D +H ) — 0 E). 25

We conclude this section with the symbolic representation for the action of an evolu-
tionary derivation Dy on an element B € 24((S)) defined by (14).

Let f = d’a&,....&) and B € 2A(S) with ¢(B) = alal'b(&,
coos&n, 81, ..., C). Using (24), we obtain

n i+p—1
A —1 A
¢(Dy(B) =y " abE, . Er, [ & &g Enpe1o 0 Gl Gn)
i=1 j=i
a(giv cees si+p—1)
m i+p—1
ANLA -1
+Zu;lu;n+p b(SI, LRI Env n, {1’ RN g‘l‘*ls l_[ ;]1 §i+p7 ceey §m+p71)
i=1 Jj=i

a(§i7 "'7€i+p—l)- (26)

4.3. Symmetries in the symbolic representation. We proceed to describe the symme-
try algebra of a given equation in symbolic representation. The findings presented in
this section bear similarities to those in the abelian case [1], albeit accounting for the
distinction in symbolic representation between the abelian and nonabelian cases.

We will only consider nonabelian evolutionary DAEs without a constant term. A
constant term in the equation can often be removed by an invertible change of variables.
Moreover, if an equation possesses N symmetries with constant terms, then taking their
linear combination one can always construct N — 1 symmetries without a constant term.
We denote the difference algebra without constant terms by 2" = @0, ; ., and similarly

the difference algebra of formal series without constant terms by A = O fil fu €
A }. Hereafter, we restrict ourselves to nonabelian DAESs of the form

u=f feWorfed. Q7

Proposition 2. Let g € A’ be a symmetry of equation (27) with a non-zero linear term,
i.e. fi = m(f) # 0. Then the symmetry g also possesses a non-zero linear term

g1 =mi(g) #0.

Proof. Assume that the symmetry g = gr + gk+1 + -, &k € 2 and g # 0 for some
k > 1, which implies 7x ([ f, g]) = [f1, gx] = 0. Let the symbolic representation of
f1 be fiw (£1) and the symbolic representation of g; be a¥b(&q, ..., &). Then it follows
from (25) that b(&y, ..., &) = 0. Thus gx = O contradicting with the assumption. O

Proposition 3. Letu, = [ € A be alinear equation. Then the algebra of its symmetries
coincides with 2y, that is, Cy = 2.

Proof. Let g = Zkzl 8k, &k € U be a symmetry of the equation u, = f € 2. Then
we must have 7 ([f, g]) = 0, k = 2,3,.... Let ﬁkbk(él, ..., &) be the symbol of
gk- Then from (25) it follows that by (&1, ..., &) = 0, which implies gy = 0 for all
k> 2. |
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Proposition 4. The Lie algebra of symmetries of equation u; = f € 2" with a non-zero
linear term f1 = m(f) # 0 is commutative.

Proof. By Proposition 2 a symmetry of equation u; = f € 2’ with a non-zero linear
term f; = m1(f) # O must contain a linear term. Let g, i be two symmetries. Then
[g, ] is a symmetry without a linear term implying that [g, h] = 0. O

For a given DAE, using symbolic representation, we are able to explicitly present its
symmetries as follows:

Theorem 1. Consider a nonabelian DAE

w=f fed, f=ioE)+) d‘a@,... &), oE)#0. (28)

k>2
Let g € A be a symmetry. Then the coefficients Ay of its symbolic representation
g=0Q(EN+Y A&, ... &) (29)
k>2

can be determined recursively:

G%(&1, &)
A , =" ,6), 30
2(81,62) Gw(§1,§'2)a2(€1 £2) (30)
1
A1, .. 80 = GoG &) (G2, ....&0a &l ..., &)
k=1 j ith—j
+ZZAJ'(§1,-~-,&'—1, 1_[ &, Eivkat—j» - s E1— iy oo Eivk—j)
j=2i=1 s=i
k=1 j ith—j
—szj(&,m»%i—l, l_[ & s Eivkr1—jr -+ o> ED) Ak —j Gis oo Eik—j) |
j=2i=1 s=i
(31
where k > 3 and
G &1, g =x([[6) =) xE), x=0, Q. (32)

i=1 i=1

Proof. Since g is a symmetry of equation (28), we have [ f, g] = 0, which is equivalent
to e ([f, g) =0, ie,,

(@ f.gD) =0, k=1,2,... (33)

in symbolic representation. When k = 1, it is zero for any choices of w(&1) and Q2 (&7).
When k = 2, vanishing of 72 (¢ (Lf. g1)) = [@(&1), A2 (&1, 62)] + [ax (&1, 62), Q(ED] is

equivalent to
ﬁz(Az(&, £) (&) +0(6) — 0¢15)) — a1, ) (RED + Q&) — Q(El&)))
=0

using (25). Taking into account the notation defined by (32), we obtain the expression of
Ay (&1, &) asin (30). Vanishing of 77 (¢ ([ f, g])) for k > 3 is equivalent to the expression
of Ap(&1, ..., &) asin (31). |
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From Theorem 1 it follows that a symmetry g is uniquely determined by its linear
part 2(&1). For a given €2 (&), all subsequent coefficients Ay (&1, ..., &) can be found
recursively by formulae (30) and (31) in terms of the symbolic representation of the
equation. However, it does not imply that every evolutionary equation possesses sym-
metries. To represent an element of the difference algebra 2l coefficients Ax (&1, . .., &)
must be Laurent polynomials. For a generic €2 (§1), coefficients A (&1, ..., &) given by
(30)—(31) are rational functions as these expressions contain denominators G (unless
w(&1) = const — see Example 7 below). In order to define symbols of elements of the
difference algebra 2, these denominators must cancel with appropriate factors in the
numerators.

We call a linear term 2 (£1), Q&) € C[&;, El_l] admissible for the equation (28)
if it is a linear term of a symmetry of the equation, i.e., all the coefficients Ay given by
(30)—(31) are Laurent polynomials. As a C-linear combination of symmetries is again a
symmetry, the set of all admissible linear terms is a vector space over C. We denote this
space by V. For an integrable equation, the algebra of its symmetries and the vector
space V are infinite dimensional.

Note that g is an approximate symmetry of degree s if coefficients Ax(&q, ..., &),
k =2, ...,s are Laurent polynomials. When f € 2 is a formal series, g€ 2l with the
symbolic representation (29) is a symmetry if its coefficients Ay are Laurent polynomials
for arbitrary large k.

Example 5. Consider the nonabelian Volterra equation (13). Note that the right hand side
of the equation does not contain a linear term. However, we introduce a shift transfor-
mation

u —>u;+1, i €7, (34)
which leads to
Uy = f:=uy —u_1+uu; —u_1u,
whose symbolic representation is
¢(f) = dwE) +Pa @, &), oE) =& -§& ', oG .H=5h-§"

Itis known (see e.g. [15]) that the equation possesses an infinite hierarchy of symmetries
with linear terms €2 (£1) = @i(gF — &,7%), thatis, a(sk — &) e Vp, k=2,3,....
In the case k = 2, from the Theorem 1 it follows that

(I+&)(1+&)(EEE - 1)

Az(§1,8) = = ’
A3(81,62,83) = E1525 = 1)(51&2& +&& +E + 1),
51 52
and A;(&1,...,&) =0, s > 3. This corresponds to

g=ur—up+Ww+upur —uo+u_1)+W@+up)u; —u_1(u+u_y)
tuuiuy —u_pu_ju+u(u+up)uy —u_1(u+u_)u.

By the inverse transformation of (34), i.e., u; — u; — 1, we obtain the symmetry of
(13):

Uy = uuiy —u_ou_u+u(u+u))uy —u_1(u+u_p)u—4uu; —u_qu).
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As the equation itself is a trivial symmetry, we can remove the last term (the linear
combination of symmetries is again a symmetry) and obtain the same symmetry as in
the Example 2.

Example 6. Consider the nonabelian additive Bogoyavlensky equation

Uy =u (Zul) (Zu,) u, neN, n>l1.

i=1

We introduce a linear term by the transformation (34) and consider instead

n n n n
=Zui —Zu,i+u (Zu,) — (Zu,) u. 35)
i=1 i=1 i=1 i=1
The expression for symbolic representation of the linear term iw (&]) is

E{H—l -1
g -1~
It is known that equation (35) possesses symmetries with linear terms (in the symbolic

representation) given by 4Q(§) = i ((P(z,:l))" —_ (P(g;‘))") Lk o=23,... [0
Theorem 1 can be used to find the exact symbolic representations of symmetries for any
fixedk =2,3,....

wE) = PE) - PE), PE) =&+ "+ +1=

Example 7. Consider the following nonabelian DAE:

uy =(xu+ka, fi €A, aeCr,
k>2

whose linear term in the symbolic representation is i, i.e., @(§]) = a = const. This
leads to the denominators G* (&1, ...,&) = —(k — )a = const in (30) and (31).
Therefore, this equation possesses symmetries with any choice of a linear term 72 (§}).
In fact, this equation is linearisable by an explicit changes of variables.

Let fy = i*ar (&1, ..., &),k =2,3,....Thenw = u+Y 4., Wi, Wi € 2y satisfies
a linear equation

w; = aw,
where the symbolic representations of Wy, i.e., ¢ (W) = ik by (&1, ..., &) are deter-
mined by

by(E1, &) = —a” 'itar (&1, &),
and for p > 2,

1

bpér,.... &) = map(fl, o Ep)
p—1 k i+p—k
b s &t i, & ey
ot(l—p) kzz; k(%-l 51 1 }j[l S] §1+p+1 k sp)

api1—kGis .- Eivpi).



11 Page 18 of 38 V. Novikov, J. P. Wang

Theorem 1 serves as an integrability test for a given equation or a class of equations
if we assume the existence of a symmetry with a specified linear term #€2(£1). In such
cases, the integrability conditions are that Ax(&y,...,&), k = 2,3, ... are Laurent
polynomials. However, if the assumption of €2 (1) is incorrect, the test is inconclusive.
It is a challenging problem to identify the vector space of admissible linear terms. In
the differential case this problem had been solved for scalar polynomial evolutionary
equations [24], two-component systems of evolutionary equations [25-28], and odd
order non-evolutionary equations [29]. It remains an open problem to describe the sets
of admissible linear terms for the scalar abelian and nonabelian D AEs. In the subsequent
section, we will formulate the necessary integrability conditions in the universal form,
independent on the structure of the vector space of admissible linear terms.

5. The Symmetry Approach and Integrability Conditions

The goal of the symmetry approach is to find necessary conditions for the existence of
an infinite-dimensional algebra of symmetries for a given equation. This formalism was
originally proposed and subsequently developed by Shabat and his team for the case of
abelian PDEs (see e.g., [16—18]). The integrability conditions were formulated in terms
of a formal recursion operator. Namely, the existence of an infinite-dimensional algebra
of symmetries for an equation implies the existence of a formal pseudo-differential series
of an arbitrary order, particularly of order 1, with coefficients belonging to an appropri-
ate differential field/ring or its extension. This approach allows us to obtain necessary
integrability conditions explicitly, which can be used not only as an integrability test for
a given equation but also to solve classification problems by producing complete lists
of integrable PDEs. Later, the formalism was extended to integro-differential equations
[30,31], some non-evolutionary PDEs [32], and partial-difference and DAEs [1,33-35].

The universality of these integrability conditions means that the existence of the
formal recursion operator follows from the existence of an infinite-dimensional algebra
of symmetries and does not depend on the structure of the symmetry algebra. Deriving
these conditions requires the existence of fractional powers of formal series. It is known
that in both abelian and nonabelian cases of formal difference series, their fractional
powers with coefficients in 2 or M correspondingly may not exist. To address this issue
in the abelian case, the quasi-local extension of the difference algebra was introduced [1].
In this section, we first provide this extension in the nonabelian case and subsequently
formulate the integrability conditions in universal form, i.e., independent of the structure
of the symmetry algebra.

5.1. Quasi-local extension of the algebra of formal series QAI((n)). In Sect. 4.2, we have
introduced the symbolic representation Ql((n)) for the algebra of formal series 2A((S)). A
generic element Bin QAl( (1)) is given by (19). In what follows it is convenient to consider
more general formal series.

Let R be the set of formal series whose coefficients are rational functions in their
variables, that is,

R: Z ﬁlpﬁgapq(glv""g[?s , §lv~"7§q) |apq GC(EL-“»%—[J’ 7’»;17-”»;41)
p.q=0
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This set is a non-commutative algebra over C if we equip it with the natural ad-
dition, multiplication by constants and the composition rule (20). Clearly, we have

Ql((n)) C 'R, while the converse is not true, i.e., a generic element of R is not a
symbolic representation of a formal series in 2(((S)). The algebra R admits the same
natural grading R = @p, ¢>0 Rp.q> where R 4 consists of elements of the form

AP nd
u ura,,q(él,...,ép, n, {1,...,{q).

Definition 9. An expression ij'it)'a(&1, ..., &4, 0, C1, ..., {m) € R is called k-local if
its first k coefficients of its power expansion at  — 00

a(gla "'757!7 77» ;17 "'7{1’”) = Z a(S)(%'lv"'vglh é‘lv "'7é‘m)ns’ pnm S Z

S=Pnm

are Laurent polynomials in all variables &1, ..., &,, &1, ..., Cm-
A formal series A = Zp,qzo ﬁlpﬁ?al,q(él, e Epon 81,0, 8y) € Ris called k-

local if all its terms are k-local. We call the formal series A local if it is k-local for all
k € N.

Clearly, every formal series in ﬁl((n)) is local.

We now address the problem of extracting roots of a formal series. Let AecRbea
formal series of the form

A=nV+ 3 ilidapy ... Epn 1, L), NeN (36)
p+q=1

We formally seek a formal series (N-th root)

B=n+ Y alilbpgE. ... .&p 001, ... L) R (37)
p+q=1

such that BN = A. Using the composition rule (20) to compute BY and equating the
projections 7 , (BN — A) =0, p+q > 0, we find

p=1,qg=0:n""ONE)b10E, n) — aior,n) =0, (38)
p=0,qg=1:0""ONE)bo1(, &1) — a0 (n, ¢1) =0, (39)
ptqg>1: 77N71®N(§1 &l Lbpg Gy Ep L Sy 8g) + fg
_apq(glv"'7sp7 1, {17"'7{(]) :07 (40)
where the function ® y is given by
N-1 £V -1
ONE)=1+&+---+§& =§? (41)

and the functions f),, are completely determined by b/, p'+¢' < p +q.
Relations (38)—(40) form a triangular system of equations for functions b, which
can be found successively:

a1, n) 1—-N ao1(n, ¢1) 1—N
b ) = ——— ;b , = —— ; 42
101, 1) onGn 01(1, &1) On () (42)
bpq(fla ”-7§pv 1, 1, "-7§q) — apq(%_], '-~5§P7 N, 815ty fq) - qunl—N’(43)

®N(Sl~--§p§l---§q)
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where p + g > 1. Therefore, there exists a formal series B € R such that BY = A.
Assume that the formal series A is local. Then from the relations (42)—(43), it follows

that for a generic A, the formal series B is not local as the denominators of b pq given by

(42)—(43) contain Laurent polynomials ®y (&1 ...§,¢1 . .. {y): the locality occurs if and

only if apy(&1,...,6p,10,81,...,84) — fpq are divisible by Oy (&1 ...&p01 ... ¢y) for
every p +q > 0, where we take f19 = fo1 = 0. We therefore consider ©® y-quasi-local

extension of the algebra of formal series ﬁl((n)).

LetOy = @;l (), where ®y (n) is given by (41). The action of a pseudo-difference
operator Oy on an element i}'it)'a(§1, ..., &, 0, C1, ..., {u) is defined as

P _ anam @& E S )
GN(ulura(g::lv"'7%]’!1777;17"'1;”1))_ulur @N(S]éné-]{m) .

We now define the sequence of extensions

A6V () = A, AL ) = A ) | Jov @AMy, s=0.1....,

where the horizontal line denotes the closure under addition and multiplication opera-
tions. The index s shows the maximal “nesting" degree of the operator 6y . Clearly,

96" (M) = Am) < AV () c AV () < ...
which depends on N > 1 in the definition of the operator O = @;,1 (n) defined as (41).
Definition 10. An element i)' a(&y, ..., &y, 0,1, ..., &) € R is called k-quasi-

!
local if there exist N > 0 such that the first k£ terms of its power expansion at  — 00

ajata, .. g Gt = Y afaraV @, gL G G pam €2

L=Pnm

belong to QvlﬁN) ((n)) for some s > 0.

A formal series A = Zp,gzo iy it apg &1, ... Ep. 0. L1y ..., ) is called k-quasi-
local if all its terms are k-quasi-local. A formal series is called quasi-local if it is k-quasi-
local for every k € N.

Note that @y (£)|©nk (&), k € N. We have AN (7)) ¢ AN () fork € N, 5 €
N. We say that an element/formal series is quasi-local with the minimal extension of
order N if N is the minimal number such that the coefficients of the expansion belong

to QvlﬁN)((n)) for some s € N.
From the computation above of the N-th root of a formal series (36), it follows

Proposition 5. Let
AA:r)N+ Z ﬁfﬁgapq(‘glw--,%'p,n’glv---’é‘q), NEN’
prq=1

be a formal series whose terms apq, p +q =< s are local. Then there exists a unique
formal series

B=n+ Y allbpgr. ... Ep 0.0 L),
p+q=1

satisfying BN = A, whose terms ﬁfﬁfbpq, p +q < s are quasi-local.
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Proof. Fromrelations (42)—(43) follows thatifa,,, p+q < sarelocal,forall p+qg <'s
we have 4 ifb,, € A (). =

This proposition can naturally be extended to formal series beginning with vy (n) €
C[n, n~'1: polynomials generated by 1 and n~! over C.

Proposition 6. Let

A=vym+ Y afalapyEr, ... 600, ¢1, ... 8), ¥ €Cln,n~']

ptg=>1

be a formal series whose terms apq, p+q =< s are local and v (n) # const. Then there
exists a unique formal series

é:n+ Z ﬁlpﬁgbpq(sl7"'s§pvnagls"'aé-q)s
p+qzl

whose terms bpg, p +q < s are quasi-local, satisfying w(é) = A.

5.2. Canonical formal recursion operator. We proceed with deriving the necessary in-
tegrability conditions in their universal form.
Consider nonabelian DAEs (27) of order (—n, n) in the form

= f@ops o) =Y fp, [L#0, fpeAp, (44)

p=1

. I Lo . .
where f is either a polynomial in 2’ or a formal series in 2( . The symbolic representation
of equation (44) is presented as

= f=hw@E)+)Y ilapG.....&). apEr. ... &) eCIET .. &5,
p=2
(45)

We assume that (1) # const (see Example 7 for w (&) = const).

Definition 11. A quasi-local formal series

A=Y+ Y alalypeE .. Ep .G, Y € Clnn~'l (46)

p+q=1
is called a formal recursion operator for equation (45) if A satisfies
Ar— faoA+Ao for =0, (47)
where A; = DJ;(A) given by (26).

Equation (47) is linear in A, and for every v () € C[n, n~'] and every f , it possesses
a unique formal solution A € R. Namely, the following theorem holds:
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Theorem 2. Let A be a formal series of the form (46) satisfying (47). For every ¥ (n) in
Cln, n~ 1, the coefficients of the series can be recursively determined from the following
system:

Y& — () _¥@n -y
Yio(€1, 1 W“Z(Sly m, Yo, &) = TGea ax(n, &1), (48)
YpgErs-.os Eps, L1y ey gq)Gw(gl vvvvv EpsC1ynns Lqom) =

= ('l/(gl~~~‘§p§1~~~§qn)7'l/(77))ap+q+l(‘§l ~~~~~ Epy N, 81seens g'q)

i+i'=p,

Jjt+i'=q i+’

+ > (vfl-,-(sl,.. o [ a]‘[a Cjratsor Cjagt)
i+j>1, s=i+l s'=1

i'+j'>1

Aira ot Givts ooy ity M 815w Er)

i+ J
—aivjr11, .-, &ism 1_[ &s l—[ Csts Cjrels oo o Civj )iy Givts s i’ M Gl e Cj/))

s=i+l  s'=1

p— k+p—i

+Z Z‘/ﬁq(éh k-1, l_[ s Ekep—itls s Eps 8ty es S)ap—ivt Gs -+ vy Ekp—i)
1;0 kj 1 o
+ZZ‘/fpj(§1 ’’’’’ Epa 181y Ck—-1, l_[ Css Shrg—j+ls -+ $)q— 1 (s v ooy Ckig—j)>
j=0 k=1
J (49)
where both p and q are nonnegative integers and p +q > 1.
Proof. To prove the statement it is sufficient to observe that relations
Fpg(Ar — fuo A+ Ao fi) =0
are linear with respect t0 ¥4 (61, ...,&p, 1, {1, ..., &y), and thus to resolve these re-
cursively. O

Similar to Theorem 1, this theorem does not imply that every equation (45) possesses
a formal recursion operator since for a generic equation (45), the coefficients of the
formal series A given by (48)—(49) are not necessarily quasi-local. In the next theorem
we show that if the equation is integrable, i.e., it possesses an infinite hierarchy of
symmetries, the obtained formal series must be quasi-local. Therefore, the conditions
of quasi-locality of coefficients of formal series A given by Theorem 2 are necessary
integrability conditions for equation (44).

Theorem 3. If equation (44) is integrable, then a formal series

A=n+ Y @il PpgEr . Epn L1 L) (50)
p+q=1

satisfying (47) is quasi-local.

The proof follows a similar structure to that of Theorem 4 in [1]. Nevertheless, we present
the details here for the sake of completeness.
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Proof. By Definition 5, the integrable equation (44) possesses an infinite sequence of
symmetries of increasing total orders. Let

g=0QE)+ Y Ay, .... &)
p=2
be the symbolic representation of a symmetry u, = g. Since w(&;) # 0 we have by
Proposition 2 that the symmetries have non-vanishing linear part and thus €2 (&) # 0.
By Definition 4 we have [g, f] = 0. Therefore

([g: f])*=§*,z+§*0f*—f*,r—f*0§*=0, (51)

where g, is the Fréchet derivative of g:

Be=Q+ Y Al ApgriEr . Ep L1 Gy,
p+q>0

f* is the Fréchet derivative of f :

fe=om+ Y alilapgnE .. &0 5,

p+q>0

and f*,f denotes the action of the evolutionary derivation D, on f* We may rearrange
(51) as

§*,z+§*0f*—f;0§*=f*,t- (52)

Denote by deg, the highest power of 1 of a Laurent formal series. We have deg,, ( f*) =n.
Let deg, (2()) = M, so deg,(¢+) > M, and M can be chosen arbitrary large. We

substitute f;, 8+ in equation (52) and notice that the degree of the right hand side of the
equation is deg+(f*,,) < n, while deg+(f* 0 gx) =deg,(gx 0 f;) > n + M. Therefore,
for every p + ¢ > 0 at least first M — n terms of the power expansion of g, at n — oo
in the form

AD A k
it AS) @ Ep Gt k= MM =1, ]

satisfy equation (47) with ¥ () = Q(n). It follows from Theorem 2 that the solution of
equation (47) exists and is unique. Thus we identify these terms with &} i} w,(],;) (&, ...,
Ep L1,y §q)77k ofthepowerexpansionofﬁlpﬁflﬁpq(él, o Epan L, gg)aty —
00. Since g, is local, the obtained solution A of equation (47) is M-local.

Consequently, as deduced from Proposition 6, there exists an M-quasi-local formal
series (50). Since M can be chosen arbitrary large, this formal series is quasi-local. O

If A in the form of (50) is a formal recursion operator for equation (45), for any
v(n) € Cln, r;_l], A = ¥ (A) is also a formal recursion operator of the equation
starting with (). Coefficients of such a formal series can be determined using (48)
and (49). A constant is a trivial formal recursion operator. We call the formal recursion
operator (50) starting with ¥ () = n the canonical formal recursion operator.

Theorem 3 is constructive, and it provides necessary integrability conditions for
equation (45), independent on the structure of its algebra of symmetries. Moreover, it
also provides some information of the symmetry structure of the equation. Namely, the
following proposition holds:
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Proposition 7. Assume that the equation (45) is integrable and the coefficients of its

canonical formal recursion operator belong to the minimal extension QLEN)((n)) for
some s > 0. Let

g=0QE) + Y Ay ....&)

p=2
be a symmetry of the equation with deg,(2(n)) = M > 0. Then N | M.

Proof. The coefficients of a formal recursion operator obtained from g, as described
in the proof of Theorem 3 belong to extensions QLEM)((n)). Therefore, the polynomial

On(n) = '7:_‘11 divides © (1) = ”:_‘11 which occurs if and only if N divides M. O

Theorems 2 and 3 show the advantage of symbolic representation. Explicit recurrence
formulae (48) and (49) are provided, which can be used to tackle the classification
problem of integrable nonabelian D AEs. For a given family of equations (45), the process
is as follows:

o find several first coefficients ¥,y (§1, ..., &p, 0, C1, . . ., &), starting from p+q = 1;
e Determine constraints on the equations imposed by the quasi-locality conditions of

ﬁf’/ﬂqu(gls ~-~a§pv 1, glv ey gq)

We illustrate the procedure by the following examples.

Example 8. Let us describe all integrable equations of the form
Uy = Ul +au+cruju+ couuy +C3M2, o, cl,cp,c3 €C. (53)
Its symbolic representation is of the form (45) with

wé) =& +a, ax(é1, &) =cié + b + s,

and a,(§1,...,§,) =0, p > 2. The equation is of order (0, 1) with a total order of 1.

By Theorems 2 and 3, it follows that if this equation is integrable, its canonical
formal recursion operator (y(n) = n) must be local, as the terms of the canonical
formal recursion operator must belong to subspaces ngl) ((n)). However, 6; = 1, so
Qlﬁl) ((m) =2A((n)), where s = 1, 2, .. .. Using formulae (48), we calculate the first two
coefficients of the canonical formal recursion operator (¥ (1) = n):

_ (&= D(ci&r+con+c3)n _ (&1 = Dlein+cali +¢3)n
VoG = e T —a ey T T @ e

The expansion of ¥10(&1, 1) at n — oo is of the form:

o0

Yo m) =con+ Y

i=1

E +a) (1€ + (2 +c3 — c1E + o — cs>n1_,»

G -1

k]

and a similar expansion holds for ¥;(n, ¢1). The presence of powers of & — 1 in
denominators is obstruction to the locality of i;v19(£1, n). The cancellation of these
denominators occurs if and only if c; = ¢» = ¢3 = 0 or @« = —1. In the former case the
equation is linear.
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Set o = —1. Then

on+ciér+c cin+cir+c3

Y101, n) = 1 n, Yo, &) = — n,

and thus #;Y10(&1, n), @6, Yo1(n, 1) are local.

We now consider the locality conditions of ﬁlzl/fzo(fl, &, n), w181, 1, ¢1),
12%1#02(17, C1, &2). The first term of the expansion of v¥11(§1,n,¢1) at n — oo is of
the form

aai+i—2)
§151 -1

The presence of &1 £1 —1 is the obstruction to locality of it; 41,111 (£1, 1, £1). Consequently,
as (&1 + ¢1 — 2) is not divisible by &1¢1 — 1, it follows that ¢jco = 0. Thus, we examine
twocases: ¢ 0, co =0o0rc; =0, ¢ #0.

If ¢1 # 0, then the subsequent terms in the expansion of 11 (£1, 1, {1) are

Vi1, n, 1) = +0(m™h.

cilcs+caid) _ (adi+c3)PEG,c,03)
3 E1ci L — 1)

Y€, &) = — +0(n7),

where

P(&1, L1, c1,¢3) = c1ERLE +2(c1 + c3)E1LE + 18201 — (1 + ¢3)¢f
—Q2c1 +c3)6181 — c1ér.

We observe that the polynomial &1¢; — 1 must divide P (&1, {1, c1, ¢3) for the locality of

V111, 61). As P(1, & c1e3) = —(c1 +¢3)(§1 — D7, it follows that ¢3 = —cy.
Consequently, we have

>
_ G —=Dn
Y11, n, &) = G —D@n-1

_ i = Déay
(n=1En-1

It can be easily verified that &7 20 (€1, &2, n). i, Y11 (€1, 0, 1), @7 Yoo (n, &1, &2) are
all local. This leads to the equation

, Y061, 82, 1)

v Yo2(n, 81, 8) =0.

U =uy —u+ci(uiu —uz).

Upon rescaling u; — %ui, ,i € Z,we obtain u; = (u; — u)(u + 1). By applying the
shift transformation u; — u; — 1, we arrive at one of the two nonabelian differential—
difference Burgers equations

u; = (up — uu. (54)

When ¢; # 0, upon conducting analogous computations, we arrive at the other version
of the nonabelian differential-difference Burgers equation:

u; = u(uy — u). (55)



11 Page 26 of 38 V. Novikov, J. P. Wang

We have thus demonstrated that the linear equation u; = uj + cu, alongside equations
(54) and (55), are the only integrable equations of the form (53). Equation (54) is linearis-
able by the transformation u = v (v~ L and v satisfies v; = v| — v; likewise, equation
(55) is linearisable by the transformation u = v 1o, yielding the same linear equation
on v (here we assume that the generators v;, ,i € Z are invertible in the corresponding
difference algebra generated by v;, satisfying v;v;” I = v i = D).

Example 9. Let us describe now all integrable equations of the form

ur = f =Up+odu| —du—_1 —uUu_p+ciuu +cou 1y — couU_1 — Ccluu_s,
o, cp,c € C. (56)
Note that it is skew-symmetric and that its symbolic representation is of the form (45)
with
_ 2 -1 -2 _ 2 -2 -1
o) =& +aby —as] =&, @@ &) =cal] —§ )+t —§ )
and a,(§1,...,§p) =0, p > 2.If equation (56) is integrable, then the coefficients of

the canonical formal recursion operator must belong to §l§2) ((n)) since deg, (w(n)) = 2.
Using (48) and (49), it can be verified that for p + ¢ < 2, the coefficients ﬁf al Ypq are
quasi-local for any choice of constants «, c; and ¢;. For instance, the expression for

V10(&1, ) is given by

Yo, n) = cr+ (cié1+c2)n
| (=1 (1 +E)n7 + EF + k1 + 26 + D+ 1+ &

and we look at the coefficients of expansion of ¥r19(£1, n) at n — oo. First we have

-1
(e’ + @ +agi+26+ Dy 1+6) =) S8y,

SE T Qg

)§fn

n — 0o,
where f),(&1) are polynomials in &;. This leads to

&)y

YioGLm =) T+e)r”

p=1

’

where g, (&) are Laurent polynomials. Therefore, the coefficients of this expansion at

n~P? belong to QV[E,D ((n)), since the denominators contain (1 +&1)” = ®;(&1)”.
The expression for Yo3(1, {1, {2, ¢3) is of the form

Do3(n, ¢1, &2, 83, o, ¢1, €2)
Wos(n, 1, &, 83, @, ¢1,¢2)

where functions ®q3, W3 are polynomials of their arguments, and the polynomial W3
contains the irreducible factor

@o6n? 6@, o.o.m = (e8cde —1) (v'eieded 1)
+anGi66 (166 = 1) (61526 +1)
2 (—agdedt — agdedtd —agy i}
+a 0+ ol +acktio — Liedct
—GTE T+ 030 — GG + G + 538D,

Yo3(n, 81, 82, 83) =
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The presence of this factor results in violation of quasi-locality of ¥3(7, {1, &2, £3),
unless it is canceled out by the numerator ®¢3. The cancellation occurs if and only if
a=cy=0o0ora=1andcr = cy.

In the first case the resulting nonlinear equation is

Uy =ur —u_n+cy(upu —uu_z), cy #0. 57)

Afterrescaling u; — &ui ,fori € Z, and applying the shift transformation u; — u; —1,
this equation transforms into the stretched nonabelian Volterra equation

U = Uglh — UU_.
In the second equation the resulting nonlinear equation is
Uy =up+uy—u_y—u_—o+ci(uy+ux)u —ciu(u_y +u_s), cy #0. (58)

After rescaling u; — C]—lui ,fori € Z, and applying the shift transformation u; — u; —1,
this equation transforms into the nonabelian Bogoyavlensky equation

Uy = (uy+up)u —u(u—_y +u_ys).

We make a remark on the locality conditions concerning the formal recursion operators
of integrable equations. For integrable abelian DAESs, in our previous work [1], we
conjectured the existence of ¥ () € C[n, n~'1, such that the corresponding formal
recursion operator A = ¥ (n) + Zp>() Py, (&1, ..., &p, ) is local. Extending this
conjecture to the nonabelian case, we propose that for every integrable nonabelian DAE,
there exists () € C[n, n~'], ensuring the locality of the formal recursion operator
(46). Furthermore, we speculate that this locality property holds when ¥ (1) = w(1)+.

For instance, for the stretched Volterra equation (57), the formal recursion operator is
local if we choose ¥ (17) = 12, while for the Bogoyavlensky equation (58), the locality
occurs if we choose ¥ (17) = n> + n + 1. However, the detailed investigation of this
conjecture remains beyond the scope of this paper.

6. Classification of Integrable Nonabelian DAEs

In this section we apply the integrability test developed in the previous chapter and
present the classification results of integrable nonabelian DAEs

ur = f(ufrlv U—_n+ls - '7un)7 f S Qla n = 1725 3 (59)

We impose the following conditions on the right hand side of equation (59):

(i) Non-zero linear term: 71 (f) # 0, and 71 (f) depends on u,;
(i1) Quasi-linearity: %f(eu,n, U_pils ooy Uy—1, €Uy) = 0;
(iii) Skew-symmetry: 7 (f) = —f;
(iv) No lower order symmetries.

We note that condition (i) together with condition (iii) implies that the symbolic repre-
sentation of the linear term 71 (f) is of the form ¢ (1 (f)) = Y ;_; ¢;j(§] — &, ") and
cn # 0.
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We call two equations equivalent if they are related by the transposition automorphism
T defined by (5) or by translation and scaling transformations, i.e.,

up — aug+p, t—yt, a,ycC*, pBeC, kel

In the classification lists it is sufficient to present a single representative from each equiv-
alence class. As integrable equations are members of infinite hierarchies of symmetries
and each hierarchy has a seed—a member of a minimal possible order—we only present
the seeds, removing equations possessing lower order symmetries.

The classification strategy we employ is as follows: first, we obtain the complete list
of equations of the form (59) that satisfy necessary integrability conditions—the quasi-
locality conditions for the canonical formal recursion operator. Then, we establish the
integrability of each equation obtained by either presenting a Lax representation or by
relating the equation to a known integrable one through a difference substitution.

We formulate our classification results in three theorems corresponding ton = 1, 2, 3
in (59), respectively. The proofs of integrability are provided immediately after the
statements of the theorems. Subsequently, we outline the proof for the classification lists
collectively, as the approach remains the same for all fixed n.

Theorem 4. Every nonlinear integrable nonabelian DAE
ur = flu—r,u,uy),

satisfying conditions (1)—(iii) (n = 1), is equivalent to one of the following equations:

Up =uuy — u_1u, GV
up = — Py —u_ 1> —a?), aeC, (V1)
uy =uui(u+o)— wu+a)u_ju, aoecC. (3V1)

Proof of Integrability.. Equation (1 V) is the well-known nonabelian Volterra equation.
We present here for completeness its Lax representation (see e.g. [10]) L; = [A, L]
with

L=uS+AS™", A=—-u—u_1—2r8"2

Equation (V1) and (3V) are the modified nonabelian Volterra equations labeled as

mVL! and mVL? in [36], where the transformations among these three equations are
also presented. (V1) is related to the Volterra equation

w=ww —w_w,
by Miura transformations:
w=w+ao)(u; —a).

A Lax representation for Equation(3 V1) is

L=w+a)S™ "+ uS, A=uu(1+r8%).
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Theorem 5. Every integrable nonabelian DAE

up = fu_o,u_1,u,ui,u),

satisfying conditions (1)—(iv) (n = 2), is equivalent to one of the following equations:

Uy =uuy — U_oU,
U; =(u2 — az)ug — u_z(u2 —a?), aeC,
uy =uur(u+a) — (u+a)u_ou, «ocC,
Uy =uuiuy —u_ou_ju+u(u—_; —upu,
Uy =(u_1+wuy —u_o(uy +u)+uuy —u_iu,
Uy =uUupU_1U — uuiu_u_1u+o(uuiuy —u_ou_ju+u(u_y —uyu),
Uy =uu_juuiuy — u_ou_juuiu +o(uuiuy —u_ou_ju+u(u_y —uyu),
Uy =uuiuy —u_ou_ju+u(u —upuy —u_1(u —u_q)u,

ur = W+u_1)(uy+u)ur —u_n(u_1 +u)(uy +u)
+u(u+u_puy —u—_1(u+up)u —u(uy —u_1)u,

Uy =u(UiuaU] — U_U_2U_] — UTUU] + U_1UU_])U,

Uy =(u2 — az)(u% — az)uz — u_z(u2_1 — ()tz)(u2 — az) — (u2 — az)uluul
+ u,1uu,1(u2 — az) + 1414,1(142 — 042)141 — u,1(u2 — az)ulu,
uy =(uu—_1+ D(uuy + Duy —u_pu_ju+ 1)(uiu+1),
ur =u(uy +uz) — (U—1 +u_s)u,
Uy =UUU — U_2U_1U,
2 2

Uy =uuiuy —uU_ou_ju+u-uy —u_1u”-+u(u_y1 —up)u,

Uy =u(u+o)ui(uy +a) — (u_y +a)u_1(u+a)u
+u+)u_ju(u; +o) — (Uu_1 +)uui(u + ),

u; =uuuy(u+o) — (u+o)u_ru_qu,
up=(u+u_1)u+u)wuy+uz) — U_o+u_1)u+u_1)(u+uy),

U =(uu_1 +o)(uuy + o )uujur —u_su_qu(u_ju+a)(uiu + o),

Uy =(uu_1 + o) +a)(uuy +a)u —u(u_ju_n+a)(uu_1 +a)(uu+a).

(1V2)
(2V2)
(V2)
(4V2)
(5V2)
(6V2)
(7V2)
(3V2)

(oV5)

(10V5)

(11V5)

(1T2)
(1B2)
(2B2)
(3B2)

(4B2)

(sB2)
(6B2)
(7B2)

(sB2)
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Proof of Integrability. The list of integrable equations of order (—2, 2) naturally splits
into four sublists: equations of the stretched Volterra type (List 1), labelled with letter
“V”; equations related by nonautonomous transformations to symmetries of Volterra
type chains of order (—1, 1) in Theorem 4 (List 2), labelled with “V’”’; equations of the
relativistic Toda type (List 3), labelled with “T”’; and equations of the Bogoyavlensky
type (List 4), labelled with “B”.

List 1: Equation (1V3), (2V2) and (3V,) are the stretched versions (uy — u, k €
Z) of (1V1), (2V1) and 3Vy).
Equation (4 V3), (5V2) are related to the stretched Volterra equation

Wy = wWW2 —wW_2W
via a Miura transformations
V) w=uuy, (GGV2): w=u+u.

Equation (§V7) and (7V») are related to stretched Volterra equations

o o o o
w,:(w—§>w2(w+5)—(w+5)w_2(w—5>
2 2
w,:(wz—%) wZ—<w2—aI) w_2

correspondingly via a Miura transformation w = 5 + uu;.
List 2: Equation (3V?) is related to the first higher symmetry of the Volterra equation

GV

Uy =uuiuy —u_ru_ju+u(u+up)u; —u_1(u+u_1)u,

and

via a non-autonomous transformation u; — (—1)kuk, keZ,andt = —t.
Equation (9V?) is related to equation (3V?)

wy = wwiwr — w_ow_1w+w(w —wpw; —w_1(w —w_1)w
via a Miura transformation w = u + uj.

Equation (19V’>) is related to a symmetry of the equation (3V) with @ = 0 via

a non-autonomous transformation uy — i*ug, k € Z, where i is the imaginary
unit.
Equation (11 V5): A symmetry of the non-autonomous equation

2 2.2 2 2.2
Unt = Uy — "I upp1 — up—1(u; — a”i™")
is
2 2:2 2 2:2 2 2:2 2 2:2
Upr = (U — 1™ + a1 upgr — up—2(u,_ | + o i) (u;, — i)

2 2-2, 2 2:2
+ (U, — 1 upgUplns) — Up—1Uptty—1 (U, — i)
2 2:2 2 2:2
+ Uptty 1 (U, — T Upay — g1 Uy, — 7T Uy Uy

Under the transformation u,, — i"u,, it becomes the equation (; 1V’2).



Integrability of Nonabelian Page 31 of 38 11

List 3:

List 4:

Equation (1 T2) possesses the following Lax representation:

L=P'Q, P=(-52u" Q:((uu1+1)(u2u1+1)s2—1)u:}
A= (uyu+ D) (uyuy + 1S — u_y ((uuy + Duaug +1) — Duy' — 72

(Here we assume that every element uy, k € Z, is invertible, and we consider
the equation and the corresponding structures on a factor algebra 21/ (u kuljl -
1, u,?luk — 1), k € Z). The abelian version of this equation was found and
studied in [19].

Equation (1B») and (2B;) are additive and multiplicative versions of order (—2, 2)
of the nonabelian Bogoyavlensky chains [10]:

n n

Uy =u (Z uk> — (Z uk> u, (63)
k=1 k=1

U = UUL ... Uy —U_p ... U_1U (64)

For completeness we present here their Lax representations:
n
Equation(63) : L =uS" +AS™", A=-> u_—irs""",
k=1

Equation(64) : L =uS+AS™", A =x"luuy.. . u,8"".

Equation (3B») and (4B») are related to the additive nonabelian Bogoyavlensky
chain

wy = w(wy +wy) — (w_g +w_p)w
via Miura type transformations
GB2): w=uuy, B2 : w=W+a)ujus.

Equation (5B») is the 2-relative (corresponding to n = 2 in (65), cf. [1] for the
definition of n-relative) of the family of the nonabelian Bogoyavlensky chain:

ur=uuy... uy(u+a)— (U+a)u_y,...u_ju. (65)

Its 1-relative (corresponding to n = 1 in (65)) is 3 V.
The Lax representation of (65) is given by

L=w+a)S"+iuS, A=uuj...up(1+r8"").

The reduction o = 0 of this equation is discussed in [10].
Equation (4B2) and (7B2) are related to the multiplicative nonabelian Bogoy-
avlensky chain

Wy = WW{Wy — W_wW_|w
via Miura transformations

(6B2) : w=u+uy, (B): w=(uu;+ao)us.
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Equation (§B2): Miura type transformation w = uju + « relates this equation
to

wy = wwiwa(w —a) — (W —)w_rw_jw,
which is equivalent upon ¢ — —a to equation (5B>). O
Theorem 6. Every integrable nonabelian DAE
up = fu—3, u—p, u_y,u,uy, uz, u3),

satisfying conditions (1)—-(1v) (n = 3), is equivalent to one of the following equations:

Uy =uuz — u_3u, (1V3)

up =® — oP)uzy — u_3(u’ — o), (2V3)

u; =uuz(u+o) — (u+o)u_3u, (3V3)

Up =UU_JUIU3 — U_3U_1UU, (4V3)

Uy =unquu3z — u_3u_pu_1u — u(Uiuy — Uu_oU_1)u, (5V3)

up=(u+u_y+u_)uzs —u_z+uy+uz)+u +u) — wU_1+u_)u, (V)

Uy =(uu_su_1 +o)uujuruz — u_s3u_ru_ju(ujuru + o) — au(uiur — u_ru_1)u,

(7V3)
uy =uuupu3z(m_u_qu+o) — (uujur +)u_3u_ru_1u — au(uiuy — u_ru_1)u,
(8V3)
up =uuy +up +uz) — (U—y+u_—+u_3)u, (1B3)
Up =UUUQU3 — U_3U_2U_ UL, (2B3)
Uy =uuiuuz —u_3u_u_1u+ Cy (uujuy + u_1uu| +u_u_1u), (3B3)
Uy =uu U3 — u_3u_1u+uuy — u_ou* + Cy (u_juy) (4B3)

Uy =(u+)uuiuous —u_3u_pu_qu(u+ao)+u(m_y +o)uujuy — (u_1 +o)uujuru

(sB3)
—u_su_qu(uy +)u +uu_ru_1u(u +a) +a(Uu_1uu) — u_juuiu),
u =uuiupuz(u+ o) — (u+o)u_3u_u_1u, (6B3)
Up =UU_[UJUUQU U3 — U_3U_[U_JUU_ UL, (7B3)
Uy =(U_p+u_1+u)u_1+u+up)(u+uy+u)(uy +uy+u3) (sB3)
—(Ustugtu_1)Uu—sp+u_1+u)u_i+u+uy)(u+u;+uy)),
Uy =(uu_pu_1 +a)(uuiu—_1 +o)(uuiur + ¥)uuiurus (9B3)
— u_3u_2u_1u(u_2u_1u + ot)(ulu_lu +a)(u1u2u + O[),
Uy =(uu_ju_y +a)(uiuu—_1 + o) (uouiu + a)(uzuruy + o)u (10B3)

—u(u_qu_su_s3+o)(uu_ju_py+a)(ujuu_1 +a)(uruju + ),
where C, = L, — R,.
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Proof of Integrability. The list of integrable equations of order (—3, 3) splits into two
sublists: equations of the Volterra type (List 1) and equations of the Bogoyavlensky type
(List 2).

List 1: Equation (1V3), (2V3) and (3V3) are the stretched versions (uy — usy, k € Z)
of (1V1), 2V1) and (3V).
Equation (4 V3), (5V3), (6V3), (7V3) are related to the stretched Volterra chain

Wy = WW3 — W_3W
via Miura transformations

(4V3): w=wu_juiu3z, (sV3): w=uujuy,
6V3): w=u+ui+uz, (7V3): w =u_su_ru_1(uujuy + o).

Equation (§V3): transformation w = —% — ujupu3 brings the equation (gVs)

o= (005 (0= §) - (o= s ).

which is equivalent to equation (3V3).

List 2: Equation (1B3) and (B3) are additive and multiplicative versions of order (—3, 3)
of the nonabelian Bogoyavlensky chains (63) and (64).
Equation (3B3), (4B3), (sB3) are related to the additive nonabelian Bogoyavlen-
sky chain of order (—3, 3):

wy = w(wy +wr +w3) — (w_q1 +w_p +w_3)w.
via Miura transformations
(3B3) : w=uuyuz, B3): w=uuz, (sB3): w=uujur(us+a).

Equation (B3) is 3-relative of a family of multiplicative nonabelian Bogoy-
avlensky chains (65).

Equation (7B3), (8B3), (9B3) are related to the multiplicative nonabelian Bo-
goyavlensky chain of order (—3, 3):

Wy = WW{WaW3 — W_3W_2W_|W
via Miura transformations
(7B3) : w=uuy, gB3): w=u+u;+uy, (B3): w= (Uujur +a)us.

Equation (19B3): Miura type transformation w = upuu +« brings the equation
(10B3) to

w;, = wwiwrw3z(w — o) — (W — ) w_3w_ow_jw,

which is equivalent upon « — —a« to equation (¢B3). O

The proof of the classification for Theorems 4—6 relies on the following statement:
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Proposition 8. Let
u,:pr, fied; and u,:pr, ﬁe?l,'
p=1 p=1
be two integrable DAEs, such that

e The linear terms are f1 = fl =Up—U_n+ 22;11 ap(up —u_y), areC, n=
1,2,3, ~ ~
e The quadratic and cubic terms coincide: fo = f», f3 = f3.

Then the equations coincide, i.e. f, = fp, VpeN

The proof of this proposition is fully analogous to the proof of Proposition 8 in [1], and
therefore we omit it.

Sketch of the proof of classification for Theorems 4—6. For each n = 1,2, 3 the
symbolic representation of a generic equation (59) satisfying conditions (i)-(iii) is of the
form (45) with

o) =) a@E -7, @ #0,
k=1

p n—1
i is—1 I i
apr, ... &) =) Ciy.dyrnigeroip (51 ECTTEVES - 6
s=1 i1,y 1=—n+1
[s41seemslp=—n+1
—i —iy—| z—n —lg+] _ip
_Ep "'Ep:s+2 p—s+1%~p—ss+ 8 )
n—1 . )
i i —i —i
+ Y cii, & E —E T E,
i1sip=—n+1

where p > 2. In particular, for p = 2,

n—1 n—1
wELE) = Y, on@EER -5+ Y cnE'E — &7
ip=—n+l ij=—n+l
n—1
i1si —ip e —1
+ Y chnEE—ETE .
i1,ip=—n+l

The classification process splits into two steps:

Step 1. The coefficients ¢4, p +q < 3, of the canonical formal recursion operator
(¢(n) = n) can be found explicitly using (48)—(49). One can show that the terms
ﬁf ﬁ?d),,q, p +q < 3 are quasi-local for any choice of constants o and ¢;,i,, Cijisis-
The requirement of quasi-locality of terms ftf ﬁfq&pq, p +q = 3, results in a system of
polynomial equations on o and ¢;, iy, Ciyiziy» Ciyiaizis» Which are necessary integrability
conditions. The action of the re-scaling group

uy — pug, t—vt, p,veC*

on constants oy and ¢;,i,, Cijiyizs Cijinizig 1S given by

—1 -1, -1
ap = vk, Cipi, = KTV e,
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Modulo the action of this group, the set of solutions to the system of necessary integra-
bility conditions is finite. Thus we obtain the list of 3-approximately integrable equations
of the form (59).

Step 2. From Proposition 8§ it follows the the requirement of quasi-locality of terms
®pg, P +q > 3 uniquely determines the terms ub*a apiqg (&1, ..., Epyy) and imposes
further restrictions on constants o and ¢;,i,, Ci;iyi3» Cijizizis- 1he obtained sequence of
terms ilq (&1, ..., &) truncates at [ = 13, i.e. all subsequent terms are necessarily zero.
The process results in the lists of equations presented in Theorems 4-6. O

Before concluding this section, we compare our lists to the available ones for the
abelian case. Similar to nonabelian PDEs, certain integrable equations have no integrable
nonabelian lift, while others have two distinct lifts. When n = 1, we get all three known
nonabelian integrable DAEs in our considered class as listed in Theorem 4. For n = 2,
the classification of quasi-linear equations of order (—2, 2) in the form

ur=A(_1,u,upuz +Bu_,u,u))u_+C(u_y,u,u),

where A, B, and C are functions of their variables, has recently been carried out in
[37,38]. This is a wider class of equations than the one we considered. Additionally,
there is no requirement on skew-symmetricity. The authors produced complete lists of
integrable equations admitting symmetries of either orders (—n, n) for all n € N or
only even-order symmetries (—2n, 2n), where n € N. We present the correspondences
between equations in Theorem 5 to their lists using the equation labels (E.x) and (E.x")
used in [39]:

. V) _ . V) . ‘.

4V») » E.1; (V) } (@ =0) > E.2; (V) (@ #0) — E3; (4V2) = E.l";

. V) . (6V2) . . , .

(sV2) - E.4; (Vo) } (¢ # 0) — E.6; (Vi } (@ =0)—>E2; (V> — E.6";
(oV5) = E.8; (1o0V2) = E7 (@ =0); (11V2) - E.7; (1T2) — E.13/; (1B2) — E.11;
(2B2) . (4B2) . /. (7B2) /

(:B) } — E.9; (<B>) } — E.13; (4B2) — E.12/; (sBo) } — E.11".

Equations E.15 and E.14’ have no integrable lifts although they belong to the class
considered in Theorem 5. When n = 3, the class of equations considered in Theorem 6
differs from the one classified in [1]. For instance, Equations (§V3)—(3V3) and (§B3)—
(10B3) fall outside the classification presented in [1].

7. Concluding remarks

In this paper we have extended the approach proposed in [1] to the nonabelian setting
that enabled the derivation of explicit and verifiable necessary integrability conditions
for scalar evolutionary DAEs on associative algebras. We prove that if an equation

ur = f—p,...,un), f:pra fpedp
p=1

possesses an infinite dimensional algebra of symmetries, then there exists a canonical
formal recursion operator

A=n+ Y @lidgpgEr. ... Ep .01 L),

p+g=1
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where the coefficients are explicitly expressed in terms of the symbolic representation
of the equation. The requirement of quasi-locality of all terms ﬁlp ﬁ?q&pq ¢1..... 8.1,
1, ..., &g) provides explicit necessary integrability conditions for the equation. More-
over, these conditions are independent of the symmetry structure of the equation.

We applied our methodology to classify integrable quasi-linear skew-symmetric
equations of the form (59) of orders (—1, 1), (=2, 2), and (-3, 3). For each equa-
tion on the list, we presented either its Lax representation or a Miura transformation to a
known integrable equation. We conjecture that each equation in the list is a member of an
infinite family of integrable equations of arbitrarily high order. For example, equations
(5B2) and (6B3) are members of a family of multiplicative nonabelian Bogoyavlensky
equations of the form (65). The description of such families is outside the scope of this

paper.

The requirement of quasi-linearity and skew-symmetry in the classification problem
may be removed. While the classification of non-quasi-linear equations remains unre-
solved, the approach developed in this paper is suitable to tackle this problem. Indeed,
the derived integrability conditions are applicable in the case of a generic equation. It is
worth noting that all presently known integrable nonabelian non-quasi-linear equations
are related to the quasi-linear ones through either invertible or non-invertible Miura-
type transformations. This observation prompts speculation that such a relationship may
universally apply to integrable non-quasi-linear equations. Additionally, all non-skew-
symmetric equations known to the authors are either connected to linear ones or to
non-linearisable skew-symmetric equations. The verification (or refutation) of these hy-
potheses remains a challenge for further investigations.

Integrable DAEs serve as generalized symmetries for integrable discrete equations
and as Bécklund transformations for integrable PDEs (see e.g. [35,40] and references
therein). Although fully discrete equations have been and are extensively studied in the
abelian case since the beginning of integrable systems theory, the study in the nonabelian
setting remains limited. The construction of nonabelian integrable discrete systems cor-
responding to the DAEs presented in this paper, in particular, for the new integrable
equations (1T2) and (65), is of significant interest.

The nonabelian equations can also be interpreted as quantised versions of classical
systems. For instance, the nonabelian KdV equation was derived by transitioning classi-
cal fields to a quantum framework and substituting Poisson brackets with commutators
[41]. Recently, a new approach to the problem of quantisation based on the notion of
quantisation ideals was proposed by Mikhailov in [42]. This method switches the focus
from deformations of Poisson manifolds to the dynamical systems defined on quan-
tised algebras, i.e. algebras satisfying commutation relations that are compatible with
the dynamics. For a detailed exploration of this direction concerning the Volterra chain,
one may refer to [20,43]. In this new approach it is proposed to start from a dynamical
system defined on a free associative algebra. The nonabelian integrable D AEs presented
in this paper will serve as the ideal starting point for further exploring this quantisation
framework.
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