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Abstract

Motivated by the search for an appropriate notion of a cluster superalgebra,
incorporating Grassmann variables, Ovsienko and Tabachnikov considered
the extension of various recurrence relations with the Laurent phenomenon to
the ring of dual numbers. Furthermore, by iterating recurrences with specific
numerical values, some particular well-known integer sequences, such as the
Fibonacci sequence, Markoff numbers, and Somos sequences, were shown to
produce associated ‘shadow’ sequences when they were extended to the dual
numbers. Here we consider the most general version of the Somos-5 recurrence
defined over the ring of dual numbers D with complex coefficients, that is the
ring C[¢] modulo the relation £2 = 0. We present three different ways to present
the general solution of the initial value problem for Somos-5 and its shadow
part: in analytic form, using the Weierstrass sigma function with arguments in
D; in terms of the solution of a linear difference equation; and using Hankel
determinants constructed from [D-valued moments, via a connection with a
Quispel-Roberts—Thompson map over the dual numbers.
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1. Introduction

Supersymmetry is a proposed physical framework in which bosons and fermions can be treated
on the same footing. In terms of algebra, this means that one should work with a Z,-graded ring
that is a direct sum of even and odd components, and one can then define geometric structures
(supergeometry) by working over such a ring. One of the simplest examples, corresponding to
the minimal case of N =1 supersymmetry in physics [3], is to extend the real numbers R by
two Grassmann variables £, &, satisfying

£]§k+£k§]:()7 J7k:1a2a (11)
which produces the ring
REREGE) @ (RGORE) =Ry DRy, (1.2)

whose even part Ry = R @ R¢ &, contains nilpotent elements, namely the multiples of € =
&1&,. The ring (or R-algebra) corresponding to the even part D = Ry, that is

D=R®Re with &> =0,

is known as the set of dual numbers, and was first introduced by Clifford. Replacing R by
C or another field (or a ring) gives analogues of the dual numbers, which are useful in com-
puter algebra (for automatic differentiation) and in algebraic geometry (for defining the tan-
gent space of an algebraic variety). For the purposes of this paper, it will be convenient to take
the complex numbers as the ambient field, and work with the commutative C-algebra of dual
numbers D = D ® C given by

D={x+ye|x,yeC,e?=0},

which is isomorphic to the quotient C[e] / (?).

Although the algebraic and geometric aspects of supergeometry have been developed for
some time, it seems that certain arithmetic aspects of superalgebras have only begun to be
explored very recently. There are two especially noteworthy examples: the ‘shadows’ of
integer sequences [11, 25, 27, 28]; and the notion of supersymmetric continued fractions asso-
ciated with the supermodular group OSp(1]2,7Z) [5], namely the supergroup OSp(1]2) with
coefficients in the ring Z[&;,&;] with two Grassmann variables satisfying (1.1). Both of the
latter examples have come about as a byproduct of the search, starting with [24], for an appro-
priate notion of a cluster superalgebra, including mutations of both even and odd cluster vari-
ables, together with supersymmetric analogues of related objects like frieze patterns and snake
graphs [19-21, 26].

The general philosophy of shadow sequences is explained in the paper [27], where Ovsienko
considers integer sequences that are obtained by replacing variables x,, in nonlinear recurrence
relations by dual variables X, = x,, + y,& € D, as well as taking D-valued coefficients in any
such recurrence. Working in D (where we can regard € on its own as a single Grassmann
variable), the resulting recurrence relation for X, can be split into its odd and even parts in
terms of powers of €, with the original recurrence relation is recovered in the even (¢°) part.
The remaining odd (¢') part defines the new associated sequence of values y,, satisfying an
inhomogeneous linear relation in terms of the x,, and coefficients of the original equation and
their new dual parts. If we restrict the coefficients to be C-valued, then the sequence (y,)
is referred to as a ‘shadow’ of the original sequence (x,): in that case, y, is a solution of a
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homogeneous linear reurrence, which is just the linearization of the original recurrence around
x,. Hence a single original sequence (x,) has multiple shadows, belonging to a vector space
with the same dimension as the original nonlinear recurrence relations that it satisfies; but
in the case of integer sequences x, € Z generated by nonlinear recurrence, the problem of
characterizing its integer shadows y, € Z appears to be an interesting arithmetical question.
As an example, Ovsienko demonstrates that the tetrahedral numbers may be obtained as a
shadow of the natural numbers when they are viewed as solutions of the nonlinear relation

Xpp1Xn—1 :xi —1. (1.3)

The latter is one of the simplest examples of a recurrence which exhibits the Laurent
phenomenon [8], meaning that if the two initial values xp,x; are viewed as variables then
all of the iterates are Laurent polynomials in these variables with integer coefficients: x, €
ZxE ¥ for all n.

Another example of the Laurent phenomenon is provided by the Somos-5 recurrence,

XnXn45 = OXp41Xn44 + an+2xn+3 (1.4)

with coefficients «, 8. In this case, the Laurent property for (1.4) means all iterates of the
recurrence are Laurent polynomials in the initial 5 entries xg,x,x2,x3,%4 With coefficients
belonging to the polynomial ring Z[a, 3], i.e.

+1 A1 41+l k]
xneZ[a,,B,xO XD ,Xy X5, X ], VneZ. (1.5)

It follows that setting all five initial conditions x; =1 for j =0,1,2,3,4 and taking «, 3 €
Z ensures that the whole sequence (x,) consists of integers for all n. The original example
considered is when o = # = 1, commonly referred to as the Somos-5 sequence, in which case
first few terms are given by

1,1,1,1,1,2,3,5,11,37,83,274, 1217, ..., (1.6)

this being the OEIS sequence A006721 [22]. However, there are considerably more choices
of initial conditions and coeffcients that give rise to integer sequences, due to the way that the
recurrence is connected with elliptic curves (see below).

Shadow sequences obtained from an analogous recurrence of fourth order, namely Somos-4
given by

2
XpXppd = Xy 1 X3 + 8%, 40, (L7

were presented for general initial conditions by one of us in [11]. Sequences of Somos type,
or Gale-Robinson sequences, have many structural similarities with Somos-4 and Somos-5
sequences: they inherit the Laurent property via reduction from partial difference equations,
specifically the octahedron/cube recurrences (a.k.a. the discrete Hirota/Miwa equations) [8,
18], which means they can also be interpreted as discrete integrable systems [10].

The purpose of this article is to explore how Somos-5 sequences extend to sequences of
dual numbers, and to determine explicit expressions for the shadow sequences defined by this
change. In the next section we describe basic properties of Somos-5 and its extension to .
Section 3 presents analytic formulae in terms of Weierstrass functions. The fourth section
provides a derivation of a complete set of shadow Somos-5 sequences, given by a combina-
tion of analytic and algebraic expressions, based on variation of parameters for a linear differ-
ence equation, while the fifth section presents Hankel determinant formulae for dual Somos-5
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sequences, making use of recent results from [13]. Section 6 is concerned with the Quispel—
Roberts—Thompson (QRT) map associated with Somos-5, and the interpretation of its dual
number version as a discrete integrable system, via the construction of a compatible pen-
cil of Poisson brackets (a bi-Hamiltonian structure). We end with some brief comments and
conclusions.

2. Somos-5 recurrence and dual version

We begin by briefly reviewing some properties of the Somos-5 recurrence, which are summar-
ized in [12]. The recurrence (1.4) has a 2-invariant given by

2
XnXn4a + QX

K, ="t 2.1)
Xn+1Xn+3

it is straightforward to verify directly from the recurrence that this satisfies the period 2 con-
dition K,, = K, . This leads immediately to two independent invariant quantities /,J for the
Somos-5 recurrence, which are obtained from the product and sum, respectively, of the odd
and even values of this 2-invariant, according to

1=Ky +Kup1, (2.2)
KnKn -
J= %ﬂ (2.3)

(where it is assumed that « # 0). These invariants can both be given explicitly in terms of the
coefficients «, 5 and any 5 adjacent iterates, by solving the following pair of homogeneous
relations of degree 5 in x;:

2 2 3
XX 1 502X 4 3%n 44l = XX 2% 4+ 0 (X 4 X4 3% 44
3 3 2 2
+XnXy 2 X 44 + XnXng 1%, 3) + BXo s Xnp2Xnys, (2.4)
22 2 2
XnXn - 1Xn4+2Xn+3Xn+4d = XX 1 3Xn 4 + XnX; 1 X0 g
2 2 2 2
+ 0 (410 42X 44 + XX 220 13)
3
+ Bt 1, 2 X3 (2.5)
These relations allow I, J to be simply computed from any set of 5 initial conditions, and then
they are both constant along each orbit of (1.4). Both relations also extend directly to the case
of dual numbers.

To extend the recurrence relation (1.4) to the dual numbers D in the most general way
possible, we write the dual Somos-5 recurrence as

XoXnts = aXp 1 Xnqa + BXni2Xny3, (2.6)

with not only dual number variables X,, = x,, + y,&, but also coefficients a, 8 € D, which can
be expanded as

a=a® +aWg¢, B=p80 430,
In their paper [25], Ovsienko and Tabachnikov consider the specific cases

XoXars = (14+00e) Xop1Xoss + X2 Xois, @.7)
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XoXrs = Xus Xoa + (14 80) Xo2Xo 3. 2.8)

In the context of more general Gale-Robinson sequences, showing these produce integer
sequences for xp = x| = x = x3 = x4 = 1 and an arbitrary set of 5 integer initial values y; € Z
for 0 <j < 4.

We can immediately expand the general case into its odd and even parts, giving the system:

XnXn+5 = a(o)xn+1xn+4 + ﬂ(o)xn+2xn+37 (29)

in the even (£°) part and

XnYn+5 + YnXn45 — a(O) (-xn+1yn+4 +yn+1xn+4) - 6(0) (xn+2yn+3 + yr1+2-xn+3)

= O((l)x11+]xn+4 + /B(l)xn+2xn+3a (210)

in the odd (¢') part. Clearly the even part recovers the original Somos-5 recurrence (1.4) for x,,,
with coefficients a(?), 3(9), as expected. The odd part gives the inhomogeneous linear relation
for the new sequence (v, ). The homogeneous version of (2.10), corresponding to a(!) = (1) =
0, gives the shadow sequence y, in the sense defined by Ovsienko [27], and is the linearization
of the even part. Five linearly independent shadow sequences can then be specified implicitly
in terms of 5 independent sets of initial conditions yg,y1, V2,3, V4, but in what follows we will
derive 5 specific shadow sequences related to the base sequence x,,, using the explicit solution
to the Somos-5 recurrence.

Fomin and Zelevinsky’s original proofs of the Laurent property for Somos-5 and other
sequences including Somos-4 [8] are based on treating the initial data as formal variables. The
same method carries over directly to (2.6) with dual numbers, because the dual version has the
same form as (1.4) and D is a commutative ring. Thus we see that X,, has the Laurent property
in its coefficients and initial data, that is

X, =Z [, B.X5 X X5 XL X (2.11)

Upon splitting the relation (2.6) into its even and odd parts, we can state a more precise version
of the Laurent property for each part, by making use of the standard reciprocal formula for dual
numbers:

(x+ye) =x (1 —xlye). (2.12)

Thus we see that the two parts of the system, (2.9) and (2.10), together have the Laurent prop-
erty in the sense that

X, €Z {a(o),ﬂ(o),xoﬂ,xlil,xzil,x3i17xfl} , VnelZ. (2.13)

Yn € Z [a(O)aﬁ(O)aa(l)vﬁ(l)vx()i]axlilvxzt]ax3i17x4i]7y07y17y2ay37y4i| ) VneZ. (214)

Also note that to iterate the dual Somos-5 for numerical values at any particular step n, we
require x,, # 0 in order to determine x,, 5. This means that if we take the 5 dual initial data to be
units, i.e. Xo,X1,X2,X3,X4 € D* where D* = {x+ ye € D|x # 0}, then the Laurent property
ensures that the whole orbit (X,,),cz can be defined by evaluating suitable Laurent polynomials
in these 5 initial values.
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The conserved quantities likewise carry over to the dual system, as an analogous 2-invariant
K, € D can be defined with exactly the same formula (2.1) but replacing each x; — X; and
with o € D. Thus dual invariants (first integrals) I = I +1M¢ and J = J© + JWe can be
found. To find these explicitly it is best to simply take the original homogeneous relations (2.4)
and (2.5), and change all terms to their dual counterparts, xo — Xy etc.

In what follows, the first integral J € D will play a central role, so we consider it first. For
J, the even part of the dual version of (2.5) yields precisely the same formula as (2.5) does for
J©), as expected, but with the parameters replaced by o(?), 3(0):

2.2 2 2 0 2 2 2 2 0 3
J(O) o XnXn3Xn+4 +‘x"‘xn+1xn+4 + Oé( ) (xn+1xn+2xﬂ+4 +x”l‘xn+2xn+3) + B( )xﬂ+1xn+2xn+3

XnXn+1Xn4-2Xn4-3Xn+4

(2.15)

As it stands, dualizing (2.5) and taking the odd part gives a relation for J() which includes
J©) as well. After substituting for J(°), we can get an expression for J(!) in terms of the initial
data and coefficients alone:

4 N
D, — ijo Cn(")xn-;,‘yn—w‘

XnXn4+-1Xn4-2Xn4-3Xn+4

J = (2.16)

where

0 02 2 0 3 22
C,(, ) = ol )xn+1x,,+2xn+4 + ¢ )xn+1xn+2xn+3 — XX 1 3 X014, (2.17)

1) _ 0 2 2 2 2 2.2 2 2
Cr(t ) = a( ) (xnxil+2xn+3 - xn+1xn+2xn+4) +xnxn+3xn+4 — XXt 1%Xn4-45 (2.18)
Q) _ 22 2 2 0 (2 .2 2 2
Cn = X Xn+3Xn+4 +'x"xn+1'xn+4 & (‘xn+1xn+2x”+4 + xnxn+2xn+3) (2 19)
0 3 ’
- Zﬁ( )xn+1xn+2xn+3a

3) _ (0 (2 .2 2 .2 2 .2 2.2
Cr(t )= Oé( ) (xn+1xn+2xn+4 7ann+2)€n+3) +xﬂxn+1xn+4 = XpXn3Xn+4, (2.20)
4 0, 2 .2 0 3 2 2
CY = aOxx2 032 5+ BOx 102X 3 — XX 1 X g 221
(2 2 2 2
D, =al (xn+lxn+2x"+4 + Xn Xy 2 Xnt-4 +xﬂxn+2x2n+3)

+ B X012 5% 3 (2.22)

As we might expect, there are many symmetries in this expression. This would be even more
apparent if we shifted n down by two to see how the n — j and n + j terms forj = 0, 1,2 balance
each other in many expressions. We will use this expression later when examining one of the
linearly independent shadow sequences of Somos-5 and note some of its other properties.

For completeness, we also include the form of the second dual invariant, / € D. Similarly
the even part gives I() by the same expression (2.4) for the original I. The odd part of I can
then be found from the odd component, to yield

> 4 7, ~1
J0 = B 2o AT 2.23)
XnXn+41Xn4+2Xn4+3Xn+4 ’

where

0 0).3 0).2 2 2 2
ASL ) = ol )xn+lxn+3x,,+4 + ,6’( )xn+1xn+2xn+3 = X X0 12X, 1 4, (2.24)
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Afl]) = xianrgxiH +a® [xnxf’[+2xn+4 — 2xi+1xn+3xn+4]
A AR TS I (2.25)
AP = a0 ¥} X3 Xnpa — 2600 4 2Xnsd + XnXnp 1043 5 (2.26)
Aff) = xﬁxnﬂxi it al® [x,,x?l Lo Xngd — 2XpXn g lxi +3]
— BORZ X225, (2.27)
A,(f) = a(o)x,,anxZH + B(O)xﬁ+1xn+2xz+3 — xﬁxn+2x,21+4, (2.28)
B, =a [x,31+1xn+3xn+4 + x,lxi+2xn+4 +xnxn+1x,3l+3}
+ B8R X225 (2.29)
The quantity 7 is considerably less useful in studying the Somos-5 shadow solutions, essen-
tially because the quantity J leads to a connection with elliptic curves, which leads to explicit

analytic solutions of the recurrence in terms of Weierstrass functions, as described in the next
section.

3. Analytic solution of dual Somos-5

An explicit analytic solution for the Somos-5 recurrence was given in [9], via the relation
with elliptic curves and associated functions. We will state one version of this solution here,
following the notation used in [12], and subsequently show how to extend it to dual Somos-5
sequences.

Theorem 3.1. The general solution of the initial value problem for the Somos-5 recur-
rence (1.4) over C is

1o = AxBE u 3 0 (i 1 20) 3.1)

(where the subscripts +/— apply for even and odd n respectively), given in terms of the
Weierstrass sigma function o(z) = 0(z; 82,83) associated with the elliptic curve

y? =4x’ — gox — g3 (3.2)

with the parameters g», g3, v and K appearing in (3.1) being explicitly determined from the
coefficients o, B of (1.4) and the conserved quantity J defined by (2.5), via the formulae

@ =12X-2J, g =4N —gA— i’ (3.3)
i Lo 1 (P i )

— 7 — _ = — = — . .4

p=B+al)*, A 3 ( ) —l—a) ) 1 > (2n) o (k) 3.4

The arbitrary parameter 7 is determined from the initial data, while the remaining constants
A4, By (also related to the initial data) are arbitrary up to the constraint

B, = " 'B_ = U(&)4B,. (3.5)

The solution (3.1) corresponds to a sequence of points Py + nP along the curve (3.2), for
an arbitrary initial point Py = (p(z0), 9’ (20)) translated by P = (p(x),p’(k)) = (A, ). The
proof in [9] makes use of the fact that if x,, is a solution of (1.4) then the sequence of ratios

_ Xn2X—1

(3.6)

n
Xn+1Xn
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Satisfies a nonlinear recurrence relation of second order, namely
Wi 1Wn Wy i1 = QWy, + 3, 3.7

which is a particular example of a QRT map in the plane. The conserved quantity J for Somos-5
can be rewritten in terms of two adjacent ratios (3.6), as the expression

1 1
]:wn1+wn+a( —l—)—i— b 3.8)

Wn—1 Wn Wn—1Wn

The explicit solution is found by associating the curve (3.2) with the recurrence, where the
coefficients are given in terms of the sigma function by

7 f=——- (3.9)

For fixed initial conditions, the parameters zy, < can be computed from the elliptic integrals

X0 5\
Zo:i/ d—x, n:i/ %, (3.10)
o Y o Y

where x( and a consistent relative choice of signs above must be determined from

=2
o=Ab i=0' (), 0 ()9 () = (0= X) (vt~ wo),

while the coefficients A, B can be found from the initial data. To see that the number of para-
meters in the analytic solution match the initial value problem, note that the recurrence (1.4)
requires 5 pieces of initial data to be specified, xo,x1,X2,x3, X4, say, together with 2 coefficients
a, 3, making a total of 7 parameters, while the analytic solution (3.1) is completely specified
by choosing the 7 quantities A ,A_,B_,z9, K, g2, 83. (Note that B is fixed by the other data
by the constraint (3.5), while p is determined from (3.4).)

To extend this to the dual system, we note the standard identity
O (X) = (x)+ D' (x)ye, (3.11)

for any differentiable function ® and X = x + ye € ID. This can be used to give solutions to the
dual system (2.6) in terms of the analytic solution (3.1) and derivatives.

Proposition 3.2. Given dual number parameters AL :A(io) +A$)a, B_= BSO) +B9)

5’
Zo=20 4 7:0e, K=k 4 x0e, g, =g\ 4 gVe g5 =g\ 4 ¢\, with A, B_,0(K) €

D*, and letting = —o(K)~*, BL = —u~'B_, the sequence
— A, Bl 18P
Xy =AsB 2 o (nK+2y), nez (3.12)

satisfies the dual Somos-5 recurrence (2.6) with coefficients

o (3K)
o (K)”

o (4K)

— 50 L g, — _
p=pma e o (2K)o (K)"*

a=a® +aVe= (3.13)
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In terms of even/odd components, this may be written as

1) 1)
A n| B}
X, = X+ % (i +|5]= 50 +27¢ (28 +nx®)

AP L2
+ (MUaK(o) +g2 8g§o) +g§1)8g§o)) logx,,) € (3.14)
where O denotes a partial derivative, ((z) = ((z; ggo),gg )) is the Weierstrass zeta function,

and x,, is the right-hand side of (3.12) with all parameters replaced by their even components,

(0)

ie. AL — AL, elc.

Proof. This is analogous to the proof of the analytic solution of the dual Somos-4 recurrence
in [11]. We can make use of part of the original proof of theorem 3.1 for the regular Somos-5
recurrence in [9]: in one direction, the fact that the analytic expression satisfies the recurrence
relies only on the three-term relation for the sigma function. The sigma function o(z; g2,£3) is
an analytic function of the argument z € C, and of the parameters g, g3, and so the three-term
relation holds as an identity of formal series, which is still valid when z, g», g3 are replaced
by elements of the commutative ring ID. As for the even and odd parts, we can expand the
right-hand side of (3.12) into its even and odd parts, X,, = x,, + y,&, by writing

A ) BY 15] 2] B

_ 4O L3) (0) _ (pO) ‘2 +
A+ =40 <1+A(0>s B = (BY) 1+B<0> = (8) 1+{2JB(0) :

+ +

where we used the binomial theorem, and also

0(Zy+nK;g,83) =0 (Z(()O) +nK;gz,g3) (1 +2"¢ (20 +nK;gz,g3)5)

:U(Z(()O)+HK;g2,g3) (1+z(()l)C(Zo+n/< ,gg)“gg)) )

by (3.11). Upon multiplying out and keeping only terms of order zero and one in ¢, this yields

© (RO |22 AL i BY
Xn:Aj: <B:|: ) Q2 O’(ZO +l’lK§g2vg3) 1+ (0) + \‘EJ BT:B)

+23¢ (Z(H-lm( ;g >,g§°>)> )

whose even (¢°) coefficient x, just corresponds to the solution of the regular Somos-5 recur-
rence with all parameters being the even parts of the dual ones, while at order €' above one
can see the first three terms that make up the expression for y, in (3.14). The remaining terms
at order ¢! , involving a linear combination of the partial derivatives 0, () 78 © ,8 © applied

to log x,,, follow by considering the analytic dependence of the factor il r o(z ( ) 4 nk; 182,83)
on the parameters K, g,, g3 € D and applying (3.11) to each of these variables in turn. O

As it stands, the preceding result is not a complete analogue of theorem 3.1: while (3.12)
provides a solution of the dual Somos-5 recurrence, depending on 7 dual parameters, we have
not shown that it solves the general initial value problem for (2.6). To do this, we would need to
have an analogue of the elliptic integrals (3.10) in order to reconstruct the parameters Z, K € D

9
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from «, 5 and the initial data. This would seem to require a proper theory of elliptic curves
and integrals over the dual numbers, which seems to be lacking. Nevertheless, the analytic
formulae appearing in proposition 3.2 will be useful in what follows, for the construction of
the shadow Somos-5 sequences.

4. Somos-5 shadows

Returning to the recurrence (2.10) for y,, we noted previously that the case a(!) =0 = (1),
that is

XnYnts + VnXnes — O (g s + Vnt1%044) — B (ugoVuss + YusaXurs) =0, (4.1)

corresponds to the linearization of (2.9), whose solutions are the shadow sequences in the
sense of [27]. The above homogeneous linear equation for y, is of order five, the same as the
order of (2.9), hence the shadow Somos-5 sequences form a vector space of dimension 5. In
particular, we can consider differentiating the explicit solution (3.1) with respect to suitable
parameters, in order to obtain 5 linearly independent solutions of the linearized equation (4.1).

Lemma 4.1. For fixed coefficients o), 3, the Somos-5 shadow equation (4.1) has 5 linearly
independent solutions, which can be chosen as follows:

; 0 fornodd,
30 = { f (4.2)
X, forneven,
y X, fornodd,
i = I (4.3)
0 forneven,
y,(liii) =nx, 4.4)
™ =¢ (z(()o) + nﬁ:(o)) Xn 4.5)
(0) dol® dol0
) _ o dr 1) 83
Yn ' = xn0y0) 1og (xn) = Xn <d.](0)a“(°) + Wagéo) + W%‘” logx,  (4.6)

Proof. For fixed «,3 € C, the solution (3.1) depends on the 5 complex parameters
AL ,A_,B_,z7p,J, which can be chosen arbitrarily, so we can obtain independent solutions
of the linearized equation by differentiating with respect to each of these in turn. In the con-
text of the dual equation, we wish to consider each of these parameters as the even part of a
corresponding dual number, so that they should acquire a superscript (0), but for the purposes
of this proof the superscripts are omitted. The parameters A appear alternately in even/odd
terms, and the derivatives with respect to these scaling parameters are proportional to x, for
each choice of parity of n, hence produce the alternating forms of (4.2) and (4.3) above. Using
the constraint of (3.5) to rewrite B in terms of B_, B_ appears in both odd and even terms,
and the derivative with respect to B_ up to scaling brings down a L%J factor on each term,
giving | 4] x,. Then we can set P — 0 4 | 4] x, to obtain the simpler form of (4.4). The
fourth solution, as in (4.5), contains the Weierstrass zeta function ((z) = ((z;g2,83) for the
same g7, g3 as in the solution, which comes from taking the derivative of o(zp + n) and using
the definition

o' (z;82,83)

((z;82,83) = .
( ) 0(2;:82,83)
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The final linearly independent solution, y,SV), is found using the derivative with respect to the

quantity J, the conserved quantity of the Somos-5 sequence, defined by (2.5), since the para-
meters k, g, g3 appearing in the formula (3.1) all depend on this quantity. The dependence
on J is not straightforward, since it is determined by variations of the sigma function both
with respect to its argument as a quasiperiodic function on the torus C/A, and with respect to
the modular parameters g;, g3 which determine the period lattice A of the elliptic curve (3.2).
Hence (4.6) is best left in the form of a sum of logarithmic derivatives of x, with respect to the
quantities x, g2, g3. O

There are several different ways to construct these explicit shadow solutions. On the one
hand, notice that the result of lemma 4.1 can be viewed as a corollary of proposition 3.12,
since when a(!) = (1) =0 the odd part of the solution (3.14) satisfies the homogeneous

equation (4.1): the freedom of choice in the pair of parameters Ag) gives linear combina-

tions of y,(zi) and y,(qii); terms involving the parameters Bil) (of which only one can be chosen

freely) results in including multiples of y,(Lﬁi); the parameter zg) produces linear combinations

of y,(,iv); and the last three logarithmic derivatives correspond to the inclusion of the fifth lin-

early independent solution y,SV). On the other hand, it is also easy to verify that yf,i) , yflii) , y,(,iii)
are shadow solutions by direct substitution.

Example 4.2. The solution y,(,iii) = nx, can be shown to satisfy the linear homogeneous recur-
rence as follows: Substituting y,, = nx,, into the left-hand side of (4.1) produces

(n+5) XpXpt5 + XXy 5 — a©® (n+4) xp1Xnpa + (M4 1) X041 X014)

—pO ((n43) xpa2%043 + (n+3) Xp10%043)

which is equal to

(0)

(2n+5) (xnxn+5 — O %, 1 X pa — B xn+2xn+3) =0,

since x,, is a solution of the original Somos-5 recurrence (1.4) with o — a(®), 5 — 5O,

Similar direct substitutions verify that y,(,i) and y,(fi) are shadow solutions, and even more

straightforward to check is their sum y, = yfli) + ysi) = x,. Compared with the analogous res-
ults for Somos-4 in [11], where the original sequence is also a shadow, the fact that the split-
ting of the original solution x, into its odd and even index components are separate shadow
solutions for Somos-5 is not unexpected: it is a consequence of the fact that the nonlinear
recurrence admits a symmetry whereby the odd and even terms of the sequence can be scaled
independently.

The solution y,(,w) is more complicated, being expressed in terms of the Weierstrass ¢ func-
tion associated with the elliptic curve (3.2). To obtain algebraic relations for this shadow, we

note that from the solution (3.1), after shifting the index, the ratios w,, in (3.6) are given by

_ c(zo+(n—1)k)o(z0+ (n+2)k)

o (k) o (0 - 1) o (0 (5 1)) =C(C o+ (n+1)r) =((20+nr)+0), “4.7)

Wn

for C= ZEi’;Z and ¢ = {(k) — ¢(2k), where the second equality (used in [13] in connection
with solutions of the Volterra lattice) follows from addition formulae for Weierstrass functions.

We can compare this formula directly with the shadow solution y,(liv).

1
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Lemma 4.3. Up to subtracting multiples of yn ,yfl”) ,yfll”) and overall scale, a fourth linearly

5()

independent shadow sequence for Somos-5 is y, ~ given by
n—1
—(iv i) | = (i 0 i i
i ):anWFC(yfl D ey — (257 (0 + ))) (4.8)
forw, = )T;iz which satisfies
(0)
Wnsiwet = a® 4 2 4.9)

wy

Proof. Using the formula (4.7) but with parameters zo — z(()o), x — k©_ and so forth, we have

the telescopic sum

Zw] (( +nn<>)—c(zé°)+(n—1)n(°))+E+---+§(z§,°>+n(°))—C(zf,O))JrE)
—C(C( )Jrn/-c())JrnEfC(z(()O))),

and upon multiplying by x,, and comparing with the result of lemma 4.1, we obtain (4.8). [
Upon computing another telescopic sum, namely xnyl(gr)l — Xy 1)—,}(1“)’ we find a first order
inhomogeneous linear relation for this alternative fourth shadow solution.

Corollary 4.4. The terms of the shadow Somos-5 sequence (y,(f”)) satisfy the relation

xnj),(;\z = xn+lj)£llv) + Xp—1Xp42- (410)

To look into the final sequence y,(,v) we return to the conserved quantity J as defined by

the relation (2.5). We noted previously that extending to dual numbers changes this to a dual

quantity given by J = J© + Je where J© fulfills the same role as the original conserved

quantity and J!) relates to the y, sequence and is given by (2.16). We can rewrite this equation
in terms of a linear operator acting on y, by defining

4
:Z cx LS, 4.11)
F,=D, J( )xllxn+lxn+2x11+3xn+47 (4.12)

where S is the shift operator that sends n — n + 1. Then (2.16) can be rewritten as
L, (yn) =Fy, (4.13)

which, for fixed J(U, is a linear inhomogeneous difference equation of order 4 for y,, reducing
the order by 1 from the original recurrence (2.10) for y,,.
The 4th order homogeneous equation that arises when ') = (1) = 0 and J(") = 0, namely

L, (yn) =0, (4.14)
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is the linearization of the equation defining J(*), whose solutions form a vector space of dimen-
sion 4, spanned by the 4 linearly independent shadow solutions y,(f),y,(lﬁ),y,(,m),y,giv). A fifth
linearly independent shadow solution for Somos-5, such as y,(lv), then arises from an inhomo-
genous solution of (4.13), by keeping a(!) = 8(1) = 0, but taking a non-zero value J(!) 0.
The other dual invariant / has even/odd components I() and I(!) which are functionally inde-
pendent of the components of J, so the values taken by / depend on the orbits of dual Somos-5;
but here we will not pursue the analogous linear equation obtained from I(!) any further.

Examining the other sequences y,(li) , y,(lii) , y,(lm) , y,(,iv) as solutions to this homogeneous
equation, we can note some identities for the coefficients of the operator L,. For y,(f), L, (yf,l)) =

0 gives

4 (1) (3)
. C,’ +C for n odd
— E C Wyl R n )
0 " s {C,(,O) + CS[Z) + C,(,4) for n even. (4.15)

j=0

The corresponding equations obtained from L, (y,(,ii)) = 0 are the same but with n odd/even
switched, so hence we must have C,S") + C,(lz) + C,(14) =0 and C,gl) + C,(,3) =0 for all n; and
from the original definitions of the coefficients C, ,Ej Vin (2.17), we can see that these are satisfied
identically. By taking the sum y,(f) + y,(fi)
get the equation L, (x,) = 0, which corresponds to the identity Z;:o c

the equation L, (y,(liii)) = 0, we obtain the identity

of these two shadow solutions, from (4.2) and (4.3) we
) Upon examining

4 4
0= ¢V n+j)=nY_ P+ +2cP +3cP) +4ch. (4.16)
j=0 j=0

Hence, by making use of Z;‘t:() C,Sj ) — 0 and the other relations for the coefficients C,Ej ), we

find that C,(lz), ,(13) and C,(l4) can be written in terms of C,(,O) and C,(ll), thus:
c® =2 -V, c® = -, P =c+c. (@417)

The relations (4.17) allow us to rewrite the homogeneous equation (4.14) in a much simpler
way, which makes the first three independent shadow solutions even more obvious. Indeed, if
we define

Yn = Xn¥n,
then the homogeneous equation becomes

Ly (Yn) = XnXnt 1% +2%013%n44Ln (Yn) = 0, (4.18)
where a short calculation with the above relation yields the 4th order difference operator

L= [E0 S+ 1)+ EVS|(S+1)(S-17, 4.19)
where

~ Xn4+-1Xn+2 x2 XnXn+3
O = Ot g(0) Tnb2  _Snondd (4.20)
XnXn4-3 XnXn4-4 Xn4-1Xn42

13
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65[1) _ Oé(()) <xn+2xn+3 _ xn+]xn+2> + XnXn+3 _ Xn4+1Xn+4 ) (4.21)
Xn1Xx+4 XnXn4-3 Xn1Xn4-2 Xn+2Xn4-3

Due to the factorized cubic part of L, with constant coefficients, namely (S 4 1)(S — 1), it is

clear that the kernel of this operator has a 3-dimensional subspace spanned by ¥, =1, Y, =n

and Y, = (—1)", and multiplying by x, we immediately find the subspace of kerL, spanned

by y’gl) 7y’gu)’ ’(1111) .

We now present an algebraic formula for the general solution of the 5th order recur-
rence (2.10) for y,, which is based on applying the method of variation of parameters in the
discrete setting (see [6]) to the 4th order equation (4.13). The main observation to make ini-
tially is that every solution of (2.10) is also a solution of (4.13), for some value of the first
integral J(!). Hence, to solve the original problem, it is sufficient to find the general solution
of the 4th order equation with an arbitrary parameter J(!).

For variation of parameters we start with any 4 linear independent solutions of the homo-

geneous equation (4.14), y,, , y,(,“)7 y,(lm), y,(liv) say, and assume that the solution of the full

inhomogeneous problem (4.13) takes the form

=3 030, 4.22)
j

where f,f’ ) are some coefficient functions, as yet undetermined, and the sum runs over j =1, ii,
iii, iv. Before we substitute this into the equation, we first set the constraints

Z(f,ffl f,ff)y,ff 0 for k=123, (4.23)

which also implies that

yi1+k:Zf y;f_{_)ka k:0717273'
J

Then substituting this form of y, into (4.13) and applying the constraints (4.23) gives
Ly (yn) = Cr(L ) n_-‘:4 (fn(-:-)l n >Yn(-:-) + Zﬂ;Ln ()’n(j))
J Jj

= C(4)xnj:4 (f;z(fl _fn(j )yn(i)47
J

as the shadow sequences y,g e kerL, for j =1, ii, iii, iv. Hence, from (4.13), we have

C(4)xn_4:4 (fn+1 —Ja ) )yn(jr)4 = F,
J

which, together with the 3 constraints (4.23), gives a system of 4 simultaneous equations for
the differences

5n(./) ::ﬁg_)l _fn(.i)’

and solvmg this linear system then determines the functions f; ) , up to a set of arbitrary con-
stants fo , corresponding to the choice of initial conditions.

14
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Theorem 4.5. A general solution of (2.10) can be given in the form

Yo = an(/')yn(j)’ (4.24)

J

where the sum runs over j = i,ii,iii,iv for the 4 shadow sequences y,(f), y,(fi), y,(fii)7 y,(,iv). The

coefficients f,sj ) are given by

n—1
£9 =D 1350 (4.25)
k=0

for arbitrary constants féj ), and

i (i) (ii) (i) (iv) |71
o > AR y'gf)l d (i i, iv)
S| xapaFu Vs Yata wir vein| | d(iiii,iv) w6
5(1‘:‘:‘) - o) (i) (if) (iii) (iv) d(i,ii,iv) | .
i no Prs s Tnis s Inss R
5,$w) () (ii) (i) (i) d(i,ii, iii)

yn+4 yn+4 yn+4 yn+4
where
a b c)
yr(HZl yy(l-qzl yr(l+
d(a,b, C) = yr(fgz y’(lljzz y’(ﬁzz . 4.27)

(a) (b) (c)
n+3 yn+3 n+3

Proof. The variation of parameters method reduces the problem to solving the linear system

RO (5) (8
n+2 yn_—_&-Z yn_—_&TZ yn_—&-2 5" _
(i) (i1) (i1i) (iv) 5(111) - 0
KR (I A W 0)
1 11 111 v 1v
yn+4 yn+4 yn+4 yn+4 6” ( " ) Xn+4Fn
The four independent shadow sequences y,gj) € kerL, for j = i, ii, iii, iv can be chosen
arbitrarily. O

We end this section by presenting some explicit examples of shadow sequences.

Example 4.6. Taking the sequence x,, to be the original well-known Somos-5 sequence (1.6),

ie. with a = =xp =x; =x, =x3 =x4 = 1, we immediately find the first three shadow

sequences in terms of these x, from (4.2)—(4.4). For the fourth shadow sequence y,(fv), we

can take )7,(1“) given by (4.8) in terms of x,, and the quantities w,, which can either be calcu-
lated directly from the x, using (3.6), or found recursively using (4.9) with w; = w, = 1. The

n =0 term is fixed to be )7((,”) = 0 (an empty sum) which is consistent with the relation (4.10).

For y") we must solve (4.13) for a(!) = 3() =0 and J( =£ 0. For simplicity we start with
y,(qv) =0forn=0,1,2,3 and set J') = —1 to cancel the — sign in F,, which gives yf‘v) =1,
and the rest of the sequence is found by continuing with the definition of J(!) or by iterating
the base recurrence (4.1). Numerical values up to n = 10 are given in table 1.

The 5 sequences are linearly independent, as can be seen clearly for these values by
considering the initial conditions as yo,y1,y2,V3,ys4 and the corresponding vectors y(/) =

(y(()j ),ygj ),ygj ),ygj ),yé(‘j )) for j = i,ii,iii,iv,v. Then we can explicitly expand the standard basis

15
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Table 1. The original Somos-5 sequence (1.6) and 5 linearly independent Shadow
sequences associated with it.

n o 1 2 3 4 5 6 7 8 9 10
Xn 11 1 11 2 3 5 11 37 83
yi 1 0o 1 0 1 0 3 0 11 0 83
Yy 1 0 10 2 5 0 37 0
-9 1 2 3 4 10 18 35 88 333 830
yWooo 2 3 4 6 15 25 49 130 475 1147
w0 o0 0o 0 1 1 2 5 17 23 118

for C° in terms of these vectors as
e =y 4y y) 4 (i) 4 i)
. 3 o1 .
_ (iv) _ 2 (i) 2 (i)
() y 2)’ + 2y i
&5 = y(I¥) _ 2y _ (i) _ i)
1 .. . 3
i (if) _ (@v) 2 (i)
€4 2y y '+ 2y s
€5 = y(V)v

which shows that {y'i),y(ii),ylii),y(iv),y(v)} span the space of initial conditions (although
not as a Z-module).

5. Hankel determinant formulae

Using a combinatorial approach and determinant identities, Hankel determinant formulae for
Somos-5 sequences were derived in [4], while in recent work on discrete integrable systems
related to the Volterra lattice, a different set of Hankel determinant formulae were found by
one of us via the connection with Stieltjes continued fractions [13]. In the notation used in the
latter work, the sequence of Hankel determinants is specified by

(5.1

Ayi_1 =det (Si+j_1) Ay, = det (SH__,‘)

ij=12,....k° ij=12,...k

for k> 1, with A_, = A_; = Ay = 1, where the entries s; (the moments) are defined by the
recursion relation

j—1 j—2
si=8j-1+ Zsisjfi +7 Zsisjfifl (5.2)

i=1 i=1

for j > 3, with initial values s; = wy, s, = wiw,, and

c 1 [
M =—2w — 517 N=— (] - Cz) — wa. (5.3)
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Here, as usual, the w,, are given by the recurrence (3.7), which is the QRT map associated with
the Somos-5 relation (1.4) via the substitution

XnXn+43 (5.4)

w, =

Xn+1Xn+2
(and the reader should note that in this section we have made an overall shift of index compared
with (3.6), in order to be consistent with the conventions used in [13]). The remaining constants
c1,¢2, which appear in the coefficients v;,7, defined by (5.3), can be fixed from a related
elliptic curve, or by a variety of relations to the other parameters. They can be written

cp=-2 (Oé +wi +wo +W1> =-2J,
wo

2 ~
cz:4a+%:4a+.]2:12/1)\,

where the substitution (5.4) has been used to obtain the extra equalities in each line above,
rewriting cy,c, in terms of other constants used earlier, namely the first integral J defined
in (2.5), and fi, X as in (3.4). Equivalently, the sequence of moments s;, and the corresponding
Hankel determinants, are completely determined by fixing the values of sy, s, and the coeffi-
cients 71,7 in (5.2). The w, can then be given in terms of these determinants by

An—SAn o XnXn+3

w, = = .
AnflAan Xn+1Xn+2

So the A, generate a Somos-5 sequence with x; = x, = x3 = 1,x4 = s51,X5 = 53, if we identify

Xp = An—3-

Example 5.1. For the original Somos-5 sequence we have xo = x| =x, =x3=x=a=[=
1 and J =5, thus s; = w; = 1 and s, = wyw, = 2. From the above, the entries of the Hankel
matrices are found recursively using

J—1 =2
§; = 3Sj,1 + ZS,’SJ;[ -3 ZS,’SJ‘,,‘,h (55)

i=1 i=1

which recovers example 3.9 in [13], and the Hankel determinants A, = x, 43 can be seen to
reproduce the original Somos-5 sequence (1.6).

In [13], integrable maps and Hankel determinant solutions are constructed from continued
fraction expansions on hyperelliptic curves of arbitrary genus g, but for what follows it will be
convenient to paraphrase the main results about Hankel determinants in the case g = 1, which
correspond to Somos-5 sequences in the following way.

Proposition 5.2. Suppose that a sequence (A,),>_» is specified by A_, = A_j =Ay=1,
and Hankel determinants A1, Ao given by (5.1) for k > 1, with entries given by the moment
sequence (s;) obtained from the recursion (5.2) forj > 3, for a fixed choice of coefficients 1,7,
and initial values s1,s,. Then A, is a solution of the Somos-5 recurrence

An—i-SAn—Z = OéAn—Q—ZAn—l + 5An+lAn7 n =0,
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where the coefficients o and (3 are given by

= —781 — 52, B = (11 +72) 52+ 7287 + 25152, (5.6)
and the resulting value of the first integral J is

J = +2s1. (5.7

Note that fixing initial values A_, = A_; = Ag = 1 means that there are just 4 free para-
meters $1,52,71,7%2, compared with the 7 parameters required to specify the general initial
value problem for Somos-5. However, other initial values for the sequences can be obtained,
and the missing degrees of freedom can be restored, by applying the 3-parameter group of
scaling symmetries

Xop—1 — A_X_1, Xok — Aj X, X, — B"x, (5.8)

for arbitrary non-zero constants A_,A;,B € C*.

Hankel determinant formulae for negative values of the index n are also presented in [13],
given by a similar formula and recursion for the entries. The scaling symmetries above can
be applied in order to ensure the positive and negative index formulae line up to form a full
sequence for all n € Z.

As with the explicit form of the Somos-5 solution previously, because D is a commutative
ring, the above Hankel determinant formula extends directly to the dual numbers, simply by
taking all variables and constants to be in D.

Proposition 5.3. Suppose that constants v,,v, € D and s1,s, € D* are given, and A_, =
A_y = Ag = 1. Then the sequence (A,) defined from the Hankel determinants

Agj—1 = det (SH_]‘_]) Ay = det (SH_]‘) k>1, 5.9

ij=12,...k ij=1,2,....k°

© 4 (1)

with entries given by the sequence of moments s; = s; € € D generated recursively from

8j = Y18j—1 +ZSiSj—i+’YZZSiSj—i—17 Jj=3, (5.10)
is a solution of the dual Somos-5 recurrence
AN VA WD R ¢ VA W VA WIS I S G VA I WA W n=0, (5.11)

where the coefficients a« = o9 + aVe and B = B + e are given by

a©® = 00 _ 0 g0) — [0 (O)+71(0)S§0)+’y(0)( (0)) 12500 (5.12)

and
o) — _W(O)S(l) —’y(l)s(o) —s§1)7 (5.13)
5(1) (1)+,y(1) ()+%(1)S§0)+7(0) (1 )_~_72( )( (0)>

+2fy§°>s§”s§°>+2s“) O 42500580, (5.14)
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and the components of the resulting dual first integral J = J© + JV¢ take the values
JO =40 LoD fori =0, 1. (5.15)

The constants 71,7y, can also be given explicitly in terms of an initial set of values of x,,, y,,
via the formulae

X1 X, X1X XoX
SO OJ s iy A gl s gy O (5.16)
X2X3 X2X3  X1X2
and
X, X X1Y2X. X1Y3X
SO O LI RN Ribe I BLELY (5.17)
X2X3 X2X3 X3X3 X2X3
(1) _ Y14 @_%_x'”f‘* MjL%_xﬂiﬁ_)Lﬂf_J(l)’ (5.18)
X2X3 X2X3 X3X3 X2 X3 X1X2 X1X2 X1X2 X1X5

which can be obtained via the formulae for the coefficients 7,7, in terms of the w, and J from
[13], and using (2.12) to expand into even/odd components after changing all variables into
dual numbers. Assuming x; =x, =x3 = 1 and y; = y, = y3 = 0 to match up with the initial
terms of the sequence (4A,), with A_, = A_; = A = 1, this simplifies considerably, to give

’71(0) =JO 2y, 72(0) = x4 +x9 —JO, (5.19)
and
A = g0 oy, W = y4+yo - IO, (5.20)

The Hankel determinant formulae can now be demonstrated to recover some of the dual
Somos-5 sequences that were found previously in the literature.

Example 5.4. To obtain the Shadow sequence .’ as in example 4.6, we have a(®) = 30 =
xo=x1=x,=x3=x4=1and oV =30 =y, =y, =y, = y3 =0 with J() = —1. Hence
A, =A_1=A¢g=1 from A, =x,43+ ys+3¢ as required. Then J© =5 can be found

from (2.5) using the initial values of x,. Hence Sgo) = Qﬁ;‘

formula (2.12). Similarly, Sgo) = x5 = 2 which can be found using the recurrence for the x,,.

Then from the y, values, we find sgl) = l,sgl) = 1. We can make use of the relations for the
components of « and 3 to get the coefficients ;,~,. In fact, without using (5.12), we already
know from example 5.1 that we have 'yl(o) =3 and 750) = —3, because the even parts must

agree with the parameters for the ordinary Somos-5 over C. From the n =1 case of (5.15) we

find 71(1) = —3 and via (5.13) we get 72(1) = 2. Hence

=x4 =1 viaw;

and the reciprocal

j—1 j—2
Sj = (3—38)6‘]‘_1 —I—ZS,'SJ'_Z‘— (3—28)251‘6‘]‘_,‘_1, j=3, (5.21)
i=1 i=1
with initial moments s; = 1 4 €,s5, = 2 4 €. From this we can find the first few dual moments:
s3=T7—¢,584 =27 —18e,55 =109 — 119¢, and verify that the determinants recover the
sequence. We have A} =51 =1+¢, A =2+ ¢ and

14+e 2+4¢

rte 7og=3%2 (5.22)

-
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24+ T—c¢
A4_’75—: 27186’—5—1—55, (5.23)
1+¢ 2+4¢ 7—¢
As=12+¢ T—e¢ 27 —18¢ | =11+17¢. (5.24)
7—e 27—18 109—119
So from the even parts we can see the expected sequence x,: 1,1,1,1,1,2,3,5,11,..., while

the odd parts give the shadow sequence y,(lv) as y,: 0,0,0,0,1,1,2,5,17,....

We can also demonstrate the use of the scalings (5.8) to get other dual sequences, when we
consider an example of one of Ovsienko and Tabachnikov’s specific cases, namely (2.7).

Example 5.5. From (2.7) we have o = 14+ a(le, 3 =1. Letting ") =2 for this example,
with the usual initial conditions xg =x; =x; =x3=xs =l and yo=y; =y =y3 =y, =0
so that A_, = A_; = Ag =1, we have from (5.19) that 71(0) = 3,72(0) = —3. Similarly we
can find J) = 6 from (2.16) and thus, via (5.20), 1\") = 4,+{" = —4. Also have s; = X; = 1,
and using the full recurrence for the y,, (2.10), with the above values we find ys =2 so s, =
X5 =2+ 2¢. Hence the entries can be generated by

j—1 Jj=2
si=(B+4e) 51+ > _sisii— (3+4e) ) sisiio1, (5.25)
i=1 i=l1

which gives s3 =7 + 14e,54 = 27 4+ 78¢,55 = 109 4+ 402¢. Hence

1 2+42¢
A=y 10e T4 14e| =3F65 (5-26)
242 TH+14e|
Ba=1114e 27478¢ =0T 14 (5.27)
1 24 2¢e 74 14¢
As=|24+2 T+14e 27+78 |=11+42¢. (5.28)
7+ 14 27+78z 109+ 402¢
Hence we can see the expected sequence x,: 1,1,1,1,1,2,3,5,11,..., and we have the

sequence of odd parts y,: 0,0,0,0,0,2,6,14,42,... which can be checked via the recur-
rence (2.10). We can also demonstrate rescaling using (5.8) to get sequences with initial val-
ues other than A_, = A_; = Ay = 1. For example, to obtain the initial conditions y, = n for
n=0,...,4wecanuse A_ = A, = 1 and B = 1 4 ¢. Then by scaling the X,, = x,, + y,¢ for the
sequences above to X,, — B"X,,, we obtain the same sequence x,,: 1,1,1,1,1,2,3,5,11,... but
the alternative odd component sequence y,: 0,1,2,3,4,12,24,49,130,... which can again be
verified by (2.10). Hence sequences with other initial conditions can still be obtained from the
original Somos-5 sequence, by using the Hankel determinant formulae together with appro-
priate scalings.

6. Bi-Hamiltonian structure for dual QRT map

Iterating the recurrence (3.7) is equivalent to making iterations of the birational map

w %)
< w: ) — < wil (ot Bws?) ) D
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in the affine plane with coordinates (wy,w,), which preserves the log-canonical symplectic
form

dwi A dwy
w=—>"=
wiwa

in the sense that ¢*(w) = w. The first integral J for Somos-5 can be rewritten in terms of a
pair of coordinates (wy,w,) in the plane, by fixing n =1 in (3.8), to obtain

1 1
J:w1+w2+a<+>+ p ,
wq wo wiwp

and the family of level sets of J defines a pencil of biquadratic plane curves. The map (6.1) is
a particular example of a symmetric QRT map, and is associated with elliptic solutions of the
Volterra lattice (see [13] and references).

As already mentioned above, the substitution (3.6) relates solutions of the Somos-5 recur-
rence to iterates of the map (6.1), and we can extend this to the dual numbers by setting

Xn+2Xn7 1

Wn = )
XnJrIXn

(6.2)

where X, is a solution of (2.6). Upon expanding into even/odd components we find
Wy =wy +evn,

where the even component w,, corresponds to iterates of ¢ as before, but with the replacement

a—a®, 38— B9 in(6.1), and the odd components are given in terms of x,, and y, by

_ xn—lyn+2 _ xn—l-;cn-l-Zyn-&-l _ xn—lxn-l-jyn + xn+2yn—] ) (63)
Xn+1Xn x,hqxn Xn+1X, Xn+1Xn

Moreover, the odd components satisfy the recurrence

Wit WVt + Wi W1V + W vaot = o @ vy +aMw, + 80 (6.4)
which comes from the odd part of the recurrence for W, that is

Wyt i WaWuoy = aW, + 5, a, B €D. (6.5)

The above recurrence corresponds to the dual QRT map

. Wl W2 *
Pdual < W, ) — < wo! (a+ﬁW;1) )» (W1, W) eD*,  (6.6)

which can be written in components as the 4D map

w1 w2

v:2 — v:3 , where w3 =w; 'wy ! (a(o)wz + 5(0)) , (6.7)
| 2

Vo V3

and

V3 = —w;lwwz - Wf1W3V1 —i—wflw;l (a(o)vz +aWw, —|—B(l)> .
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Remark 6.1. In the general setting of noncommutative variables, where Wy, W, are considered
as units in an associative algebra, with parameters «;, 8 both set to 1, Duzhin and Kontsevich
discovered the map (6.6) in the form

(Wi, Wa) = (Wywaw !, (1+ W, ) wi ),
which they found was a discrete symmetry of the ODE system

Wy =WiWa— WiW, ' =Wy Wa= —WoW, + WoW, '+ Wt (6.8)

(See [14] and [29] for more details.)

We now derive a Poisson structure that is compatible with the dual QRT map ¢gya, which
is obtained simply by noticing that the dual analogue of the symplectic form w, namely

_ dW; AdW,

Q= 6.9
Wi, (6.9)

is preserved by (6.6), so that ¢%,.,(€2) = Q. Then we can expand {2 into its even and odd
components,

Q=w® 4w,
where
w® =

is the same as the original log-canonical 2-form on the (w;,w,) plane, while

1
wh = — (Vl + vz> w+ (dvi Adwy +dwy Adwy),
w1 wo wiwp

and note that each component is separately invariant under the map in the extended 4D phase
space:

Gaua (0 ) =w D, j=0,1.

Theorem 6.2. The dual QRT map g, defined by (6.7) is bi-Hamiltonian, in the sense that it
preserves the pencil of Poisson brackets { , } with parameter ¢ defined by

{wi,wa} ={wi,vi} = {wr,1n} =0,
{wa,vi} = —{wi,m} =wiw,, (6.10)
i, =wiwa (= wivy —wavy.

Furthermore, the even and odd components of the first integral J are in involution with respect
to this pencil, hence g, is a Liouville integrable map in 4D.

Proof. The form (6.9) can be written as dlog W; A dlog W5, so d€2 = 0 which implies that the
even and odd parts are both closed. Hence w(® and w(!) are both symplectic forms that are
preserved by the map ¢qua, as is the linear combination

we = Cw® 40,

22



J. Phys. A: Math. Theor. 58 (2025) 015203 J W E Harrow and AN W Hone

The 2-form w¢ is nondegenerate for any ¢ € C. Hence its inverse defines a nondegener-
ate Poisson tensor, which corresponds to the pencil of brackets {, } given in (6.10), and
©iua(We) = we implies that this bracket is preserved by the dual QRT map for all ¢. In the
form (6.6), it is clear that the map preserves the invariant J € D given by the dual analogue
of (3.8), that is

1 1 B
J=Wi+ W —+ — =JO L oM
1+ 2+0¢<Wl+ 2)+ +et,

where

1 1 (0)
JO =i +w; +a® (—I—) + 5

w1 wo W]Wz7
(0) (0) (0) (0)
« o
](1)2(1_2_52)V1+(1_2_ﬁ2)v2
wi wiws w3 wiw;
1 1 &)
o ( Ly L) B : (6.11)
Wi wa wiwz

which correspond to rewriting the conserved quantities (2.15) and (2.16) for the dual Somos-5
recurrence in terms of the coordinates for the 4D phase space. The latter define two independent
invariants for the map in 4D, and {J(©), J(} = Oforall { € C, hence the map (4, is integrable
in the Liouville sense. O

Remark 6.3. Because they are in involution, the conserved quantities (6.11) generate a pair
of commuting vector fields from any member of the Poisson pencil. Fixing ¢ =0 to obtain
the bracket corresponding to the symplectic form w(!), the first vector field is {-,J(}|.—o
given by

wi =0,
wy =0,

!/

V= —wiwy + (Oé(o)w1 +ﬂ(0)) W;17

V) =wiwy — (a(o)wz +B(0)) wi!

(with the derivative denoted by prime), while the second vector field is {-,J ) }He=0 given by

W] = —wiwy + (OC(O)W| -‘rﬁ(o)) Wz_l,
Wz = Wiwy — (OC(O)WQ -‘rﬂ(o)) W?l7
V= (—Wz +a<0)w;l) Vi — (W1 +aOwiw;? +5<0)w;2) v2+ (oc(”m +6(1)) wy ',

V) = (Wz + oz<0)W2W|72 + 5(0)""172) vi+ (w1 N OZ(O)WTI) V2T (Q(UWZ + 5(1)) er'

In terms of the original dual coordinates, the latter is

W= -—WiWr+ (aW, +B8)W, ', Wy =W Wy — (aW, +B)W; ',
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which, when oo = 8 = 1, corresponds to (6.8) (up to an overall minus sign). Observe that the
first two components 1wy, W, above are the Hamiltonian vector field produced by J(©) with the
bracket {w,w,} = wyw,, corresponding to the form w in the (w;,w,) plane, but this form
becomes degenerate when it is extended to the 4D phase space.

The map (gua provides a geometric interpretation of the shadow Somos-5 sequences. If
we take the additional parameters (') = (1) =0, then (6.7) is just the original QRT map
together with its linearization, and the points (v1,v,) are the shadow in the plane. We can
obtain a sequence of such points by using the formula (6.3), where (x,) is an ordinary Somos-
5 sequence and (y,) is any one of the shadow sequences (y,g" )) forj =1, ii, iii, iv, v, or any linear
combination of the latter. Now the first three shadows (that is, j = i, ii, iii) just correspond to the
infinitesimal action of the three-dimensional group of scaling symmetries (gauge transforma-
tions) for Somos-5, namely (5.8) for arbitrary A ,A_,B € C*. These scaling symmetries leave
w,, invariant, and by extending them to A ,A_, B € D*, at the level of the linearization in the
plane this means that they do not appear: substituting y, = yf,i) , y,(qii), yf,iii) or any linear combin-
ation thereof into (6.3) gives a trivial shadow sequence in the plane, namely (v, v,+1) = (0,0)
for all n. The fourth shadow sequence (or multiples of it) corresponds to a sequence of points
on tangent lines of the level curve of the first integral J(*) in the (wy,w,) plane: substituting

Yo = y,(fv) into (6.3) gives a sequence of points (v,, v,41) that satisfy

(0) (0) (0) (0)
(1_05_5') vy + (1— a —5> Vil+l:07 (612)

2 2
n n WnJrl W”Wn+l

which corresponds to J() = 0 (with a(!) =0, 5(1) = 0 as before). Each generic level curve of
J© has genus 1, being isomorphic to a Weierstrass elliptic curve (3.2) as in theorem 3.1, and
the vector (v,,v,+1) satisfying (6.12) is tangent to the level curve at the point (wy, wyy1).

As an example, let us consider the original Somos-5 sequence, for which the points
(Wn,Wy41) lie on the curve

1 1 1
Wy + Wnt1 +—+ +
Wy Wpt1 WpWh41

=5 (6.13)

(corresponding to J(©) = 5), and densely fill a real compact connected component of this curve
(an oval). Taking the shadow sequence y,(,w), as given in table 1, one can obtain a sequence of

vectors (v,,v,+1) satisfying the equation

1 1 1 1
(1_2_2)V"+ = Va1 =0
Wn  WiuWnii Wit1 WnWit1

for all n, which provide a tangent vector to the oval at the point (w,, w,+1 ), for each n. We have
plotted the same orbit of such tangent vectors twice, in figures 1 and 2 (points shown in red),
where they can be seen to densely fill a closed curve starting from the point (vi,v2) = (—1,1),
which is tangent to the curve (6.13) at (wy,w;) = (1,1).

The fifth shadow sequence corresponds to linear perturbations of the QRT map that are
transverse to the level curves of the first integral J(), involving modular deformations of the
underlying elliptic curve: substituting y,, = y,(lv) into (6.3), or taking this shadow sequence with
a linear combination of any of the other four, gives points (v,,v,+1) that produce a non-zero
value of the second invariant J(!) in (6.11). For the original Somos-5 sequence, the fifth shadow
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Figure 1. Plot in (vi,v2) plane of 1000 points on two different shadow orbits of the
map pqual for @« = B = 1and (w;,ws) = (1,1) with initial values (vi,v2) = (—1,1) and
(vi,v2) = (0,1), respectively. The red points, starting from (—1, 1), densely fill a closed
curve, while the black points, starting from (0, 1), appear to spiral outwards.

sequence y,(lv) is given in the last column of table 1, and we can use this to generate vectors

(Vn,Vat1) that are transverse to the level curve Jy =35, given by (6.13) above, at each point
(Wn,Wyt1). Figure 1 shows 1000 points on an orbit starting from (v;,v2) = (0, 1), which gives
JM) = —1, and figure 2 shows the same number of points on an orbit starting from (v, v,) =
(1,1), which gives J) = —2. Both of these orbits including transverse perturbations (with
points shown in black) appear to spiral gradually out from the origin.

7. Conclusion

We have shown that the main results on the dual Somos-4 sequences from [11] have exact
analogues for dual Somos-5 sequences: analytic solutions in terms of Weierstrass functions
with arguments in D; an algebraic form of the general solution for the odd parts using variation
of parameters; and exact algebraic expressions in terms of D-valued Hankel determinants. We
have also constructed explicit formulae for a complete basis of shadow Somos-5 sequences,
in the sense of [27], and showed how to reproduce other examples of dual sequences studied
by Ovsienko and Tabachnikov.

The fact that we are able to obtain so many explicit results is due to integrability lurking
in the background, which persists when we move from the shadows to dual sequences. From
a naive viewpoint, integrability just means that the original system has a certain number of
conserved quantities, and these extend in the obvious way when all variables and parameters
are replaced by dual numbers. However, there appears to be a much stronger set of properties
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s il

Figure 2. Another plot in the (vi,v,) plane, as in figure 1, but now comparing orbits of
Yaual With initial values (v1,v2) = (—1, 1) (the same red points as before) and (vi,v2) =
(1,1) (black points that spiral outwards), respectively.

that is inherited in the context of dual numbers, since we have shown that the symplectic
structure for the QRT map associated with Somos-5 extends to give a bi-Hamiltonian structure
in the dual setting, and this leads to a proof that the dual QRT map is integrable in the Liouville
sense.

Supersymmetric analogues of integrable PDEs and the construction of their associated bi-
Hamiltonian structures have been considered for several decades [7, 16, 23], and supersymmet-
ric soliton equations continue to be a subject of current interest [17]. However, some analogues
of discrete integrable systems over Grassmann algebras have only been obtained quite recently

[1, 2, 15], and there does not appear to be a fully developed theory of Liouville integrability
in this context.
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