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Abstract

Interconnected structures are commonly found in process networks. In this paper, an output consensus framework is
proposed for a class of continuous interconnected linear heterogeneous systems subject to disturbances and constraints.
The distributed output consensus control strategy is developed by combining integral sliding mode control with model
predictive control. The integral sliding mode control is designed to eliminate a class of matched disturbances. The model
predictive control plays two main roles: On the one hand, it drives the system states to track the steady state values so as
to achieve output consensus; on the other hand, it helps to deal with interconnections and constraints existing in systems.
In the meantime, a distributed iterative algorithm is designed to acquire the system steady states. A simulation example
and an experiment relating to control of systems of interconnected CSTRs are presented to validate the effectiveness

and superiority of the proposed method.
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1. Introduction

In industrial processes, plants frequently manufacture
product using multiple pieces of equipment simultaneous-
ly to improve production efficiency and expand produc-
tion scale. This is common in mass production. Consider
for example the saponification reaction as a representative
industrial process. This is widely used in detergent man-
ufacturing and food processing. A typical saponification
reaction is the reaction of sodium hydroxide with ethyl ac-
etate to produce sodium acetate and ethanol. The process
is usually carried out in a continuous stirred-tank reac-
tor (CSTR) to increase the conversion rate (Danish et al.,
2015). In addition, part of the product is recycled to the
original reactor in order to speed up the reaction rate and
increase the yield (Chupa et al., 2012). Moreover, there
are typically several tanks performing the same chemical
reaction so that production is increased and it is necessary
to maintain the same temperature and concentration for
all reactors. This makes the control of the saponification
reaction system more complicated. Such complex process
systems can be summed up as coupled systems, or called
interconnected systems, and the interconnection refers to
the recycling process of the material.

Distributed control has become a popular candidate
for the control of complex process systems in recent years.
It can reduce communication costs and improve produc-
tion efficiency (Antonelli, 2013; Li et al., 2017; Zhou et al.,
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2020). Using distributed control and with an objective of
coordination, cooperative control across controlled object-
s characterized by multiple subsystems has been widely
used in various fields such as chemical process networks
(Tippett et al., 2015), unmanned aerial vehicle formation
(Murray, 2007) and collaborative surgery using medical
robots (Haidegger, 2019). Consensus control is a class of
cooperative control which requires the outputs of all sub-
systems to converge to the same value. The approach has
broad application in mass production systems and it is sig-
nificant to solve the consensus problem for interconnected
systems from the perspective of both theoretical research
and practical application.

From the point of view of practical application in pro-
cess networks, there are several open problems of interest
in the consensus control of interconnected systems. First,
external disturbances widely exist in reality. For a dis-
tributed system, perturbations in one subsystem may af-
fect the other subsystems either through information net-
works or the presence of interconnection. Secondly, con-
straints on a distributed system are important elements
that must be considered when control algorithms are ap-
plied in practice. Unlike in theoretical calculations, the in-
puts and outputs of an actual system are usually limited.
For instance, there is a threshold value for a reactor valve
in a chemical process, and the temperature and pressure
of a product in the process must be kept within a certain
range. Thirdly, interconnections are non-negligible and
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difficult to decouple in a chemical process that is dominat-
ed by material and energy exchange (Zhang et al., 2019).
Once one subsystem fails and the corresponding state is
unstable, it may have an adverse impact on the other sub-
systems due to the coupling. Moreover, the existence of
coupling makes the study of stability for autonomous sys-
tems challenging. Fourthly, heterogeneity also brings chal-
lenges to the control of distributed systems. In a physical
production process, even if the same product is produced,
different equipment may have different intrinsic character-
istics with different structure, which would be described
by different mathematical models. Different dimension-
s and values within the system structure bring differen-
t challenges to the control design of the whole system
when compared with homogeneous systems. Overall, a
consensus problem should be solved for an interconnected
heterogeneous system in the presence of disturbances and
constraints. Unfortunately, the existing results for such a
problem are not yet available.

Recent research work has considered consensus control
for individual sub-problems. When considering the distur-
bance rejection problem, robust control methods are an ef-
fective approach. In John et al. (2023), a distributed H
consensus control is applied to a physically interconnect-
ed linear system to suppress disturbances. In Wang et al.
(2020), a disturbance observer based synchronization con-
troller is proposed to estimate and eliminate exogenous
disturbances for networked interconnected motion system-
s. In Wang et al. (2016), a distributed output consensus
problem is considered based on an adaptive technique for a
class of non-identical dynamic systems with uncertain in-
terconnections and external disturbances. Compared with
these methods, an integral sliding mode control (ISMC)
is simple and mature in design and has strong robust-
ness. From the initial instant, systems have insensitiv-
ity to matched disturbances under the action of ISMC
with a well-designed sliding surface (Utkin et al., 1996;
Zhang et al., 2022; Castanos et al., 2006; Rubagotti et al.,
2011). In the case where there are constraints on the con-
trol signal, in some research, anti-windup compensators
are utilized to deal with the potential constraint, i.e., the
input saturation problem (Rehan et al., 2020; Lu et al.,
2022). However, the nonlinear theory related to the satu-
ration problem is still maturing, and frequent input satu-
ration may not be suitable for the long-term operation of
actuators. Model predictive control (MPC) seeks to min-
imize operating costs while accommodating constraints,
and thus input and output violations can be avoided wher-
ever possible through optimal control. In addition, MPC
can not only deal with constraints, but also achieve a co-
operative control that is able to stabilize strongly inter-
connected systems by means of synthesizing global perfor-
mance indices (Conte et al., 2013).

Motivated by the above discussions, in this paper an
output consensus control framework is proposed for dis-
tributed interconnected heterogeneous linear systems that
are subject to disturbances and constraints. Firstly, out-

put consensus is achieved by virtue of a consensus algo-
rithm and MPC tracking method. By using a finite-time
consensus algorithm, a target output is acquired. The cor-
responding steady states are optimized by a distributed
optimization algorithm. Proving the convergence of the
optimization algorithm to the steady-state solution is a
particularly challenging problem. Then state tracking is
implemented using MPC. When the tracking errors go to
zero, the system outputs correspondingly come to consen-
sus. Because output consensus is achieved by tracking,
the exact consensus value can be obtained and adjusted by
setting different initial values. In Zhang et al. (2022) and
Li et al. (2014), consensus is achieved by distributed ISM-
C and distributed adaptive control, respectively. However,
the obtained results provide input-to-state stability or ul-
timate boundedness, and hence the final consensus values
are only available following convergence of the algorith-
m. In Wang et al. (2016), though the system matrices can
have different parameters, the dimensions are required to
be the same for all the interconnected systems, which limit-
s the scope of application of the output consensus algorith-
m. In Liu et al. (2023) and Liu et al. (2024), distributed
partial state and output consensus is studied, respectively,
but the interconnections between the systems is limited
and the systems are assumed to be in series. The coupling
characteristics have no such requirements in this paper.
Secondly, a class of disturbances are dealt with by ISM-
C where matched disturbances are eliminated. Compared
with only using MPC in Xiao et al. (2022), the proposed
method is more robust and less affected by disturbances.
Thirdly, state couplings and input/output constraints are
dealt with by the use of MPC, and an optimal MPC gain
can be achieved. In Hirche et al. (2020), output consen-
sus for heterogeneous systems is realized using an MPC
tracking method by augmenting systems. Nevertheless,
the method is only suitable for discrete systems and cannot
be applied in the continuous case. The main contributions
of this paper are twofold. On the one hand, a distributed
iterative optimization algorithm is presented to determine
the steady state solution of continuous coupled systems
and the corresponding convergence proof is given. On the
other hand, a novel output consensus control framework is
proposed using an MPC tracking strategy for a continuous
heterogeneous system.

The remainder of the paper is organized as follows. In
Section 11, some basic concepts are presented and the prob-
lem considered is formulated. In Section III, an ISMC is
designed to suppress disturbances. In Section IV, a dis-
tributed MPC tracking control is designed and analyzed.
In Section V, a consensus algorithm is given and output
consensus is proved to be achieved asymptotically. In Sec-
tion VI, simulation and experiment results are analysed
and finally Section VII concludes the paper.

Notation: 0,, and 0,,«,, denote an n-row vector and
an n X m matrix respectively where the elements are 0.
I, denotes an m x m identity matrix. dim () denotes
the dimension of a matrix. denotes the Euclidean




norm unless specifically stated. For a vector w € R",
||w||?D £ wT Pw, where P € R"™ ™. For a symmetric ma-
trix P, Amin (P) and Ajaq (P) denote the minimal and
maximal eigenvalues of P respectively. @ > 0(> 0) or
Q < 0(< 0) indicate @ is positive (semi-)definite or nega-
tive (semi-)definite. For a matrix D € R™*™ the column-
s of DY e R"("=m) gpan the null space of DT, i.e.,
DTDt = Omx(n—m)- For a vector z = [z1,--- ,zn]T €
R™, sig(2)® = [|z21]%sgn (z1), -+, |2zn|“sgn (2,)]", where
sgn (+) is the sign function defined by

1, 2z >0
sgn (z;) = 0, z=0 (1)
-1, 2z <0

fori=1,2,...,n.

Definition 1: (Undirected Graph) Let G = (W, &, A) de-
note an undirected graph which consists of N nodes V =
{v1,...,un}, a set of undirected edges € CV x V, and a
weighted adjacency matrix A = (ai;) v - An undirected
edge &;; in the undirected graph G is denoted by a pair of
unordered nodes (v;,v;), which indicates v; can exchange
information with v, v; and v; are neighbours. The weights
ai;; = aj; > 0 in the weighted adjacency matrix A if and
only if the edge (v;,v;) exists, and a;; = 0 otherwise. As-
sume there is no self loop in the undirected graph, hence,
Qg5 — 0.

Definition 2: (Connectivity) A path is a sequence of con-
nected edges in an undirected graph, and an undirected
graph is connected if there is a path between every pair of
vertices.

2. Preliminaries and problem formulation

Consider a collection of N subsystems with continuous
linear dynamics

@ (t) = Awzi (t) + Z Aija; (t) + By (ui (1) + ¢i (,1))
JEN;
yi (t) = Ciz; (t),i €N
®)
where x; € R™, u; € R™ and y; € RP denote the state,
input, and output. ¢; € R™ denotes a class of disturbance
contributions which are matched. This is a function of
the full system state and time. A;;, B;, and C; are the
state, input and output matrices of a subsystem and have
compatible dimensions. The term > A;;z; is a state
JEN;
coupling term. N = {1,--- | N}, which represents the set
of all subsystems. N; £ {j|Aij # On,xn,,j € N,j #i},
which includes subsystems that are coupled to subsystem
i. Besides, N; £ {j|a;; > 0,j € N}, which is the set of
subsystems that can exchange information with subsystem
i, and j is named as the neighbour of i.

Remark 1: In process system control, interconnection is
a common form indicating the exchange of matter and
energy among subsystems. Some cascade and parallel sys-
tems are typical coupled systems abstracted from the prac-
tical process control (Huang et al., 2010; Zhang et al., 2021).
Therefore, the dynamics (2) is a class of systems with prac-
tical significance.

The control input for system (2) is shown as

ui () = ui™™ () +u™* (1) (3)

1
where u{*™ is a discontinuous control and "7 is an MPC
that will be designed later.

The inputs and outputs are subject to constraints as
follows

[[ui"™ @) + ™ @] < Uy (4)

lys I <Y (5)

where Uf; and ) are known constants.

Remark 2: It is well known that sliding mode control
is robust to matched disturbances on the sliding phase.
Because the initial states are known, the ISMC eliminates
the reaching phase on which the system is only sensitive to
matched disturbances. Therefore, it has better robustness
than the conventional sliding mode control. Traditional
ISMC utilizes state feedback in nominal control, which
may not guarantee the performance of the system. The
application of MPC into the nominal control not only can
ensure this by optimizing the performance index, but also
can solve input and output constraints of the system.

To facilitate the exposition, system (2) can be equiva-
lently described as

; () = Auz; (t) + Anyzn; (B) + Bi (ui () + 65 (2, 1))
Y (t) = Cix; (t) i€ N
- (6)
where 2y, € RISV " denotes a stack of subsystem states

TLiX‘E 5
in MV, and Ay, ER 1N

In addition, system (2) can be expressed in a compact
form as follows

T (t)=Ax(t)+ B (u(t) + ¢ (x,1)) 7)

y(t) =Cx(t)
N N
2 i 2 ™ N
where z € Ri=t | u € Ri=t and y € R™P denote
N

i

lumped state, input and output vectors. ¢ € Riglm de-
notes the lumped matched disturbance effects. A, B, C are
the system state matrix, input matrix and output matrix
which have appropriate dimensions.

The following basic assumptions are initially imposed
on system (2).

Assumption 1: The matrix pair (A4, B) in system (7) is
stabilizable.



Assumption 2: The matrix B; in system (2) has full col-
umn rank, i.e., rank (B;) = m;.

Assumption 3: The disturbance term ¢; (x,t) is unknown
but bounded, i.e., ||¢; (z,t)]| < B; < U,;, where 5, € R is a
known constant, and U; satisfies (4).

Assumption 4: The undirected communication graph g
is connected, and N; C \N;.

Remark 3: The assumptions above are essential for many
control systems. Assumption 1 is conventionally used in
the distributed control of interconnected heterogeneous
systems (Mark et al., 2021; Bai et al., 2019), and the as-
sumption can be easily extended from discrete-time sys-
tems to continuous-time systems. Assumption 2 is wide-
ly used in sliding mode control to facilitate controller de-
sign (Castanos et al., 2006; Rubagotti et al., 2011). As-
sumption 3 specifies a class of disturbance effects, and
is a common condition used to bound the external dis-
turbances (Galvan-Guerra et al., 2022; Incremona et al.,
2017; Liao et al., 2015). Assumption 4 indicates that any
two subsystems with state coupling have information trans-
fer.

Definition 3: (Output Consensus) Output consensus is
said to be achieved for the distributed heterogeneous sys-
tem (2) if

Jim [y (t) — 5 (8)]] = 0,3, j € N ®)

This paper concentrates on utilizing local information
to develop a distributed control for system (2) such that
output consensus can be achieved even if each subsystem
(2) is affected by a class of disturbances and subjected to
constraints.

Before presenting the main results, the following lem-
mas are given.

Lemma 1: (Kothare et al., 1996) (Schur Complement) Let
S11 = SlTl, Soo = S2T2_ Then the linear matrix inequality

S11 Si2
>0 9
[Sﬂ SQJ ©)
is equivalent to the matrix inequalities

Soo > 0, S — 51255215%; >0 (10)

and

S > 0, Soo — SSSﬂlslg >0 (11)

Lemma 2: Let V (t) be decreasing and piecewise first-
order continuous differentiable. For any v € R™, if there
exits a, 3,7 > 0 such that

allo (8)[* < V (¢8) < Bllv ()]

V (t) < —yllv @®)], a-e.

then
lv ()] < Ba~te™/? v (0)]?

Thus, v (t) — 0 when ¢ — oco.

The proof of Lemma 2 is provided in the Appendix.

Lemma 3: (Xu et al., 2006) (Admissibility of Singular Sys-
tem) For the unforced discrete-time singular system

Ez(k+1) = Az (k) (15)

where E, A € R"*" and rank (E) < n. The pair (E,fl) is
admissible if and only if there exists a symmetric matrix

P such that
ETPE >0

ATPA-ETPE <0

where the matrix P is nonsingular.

(16)

Remark 4: Admissibility includes regularity, causality and
stability, which are crucial characteristics of a singular sys-
tem. Regularity guarantees the existence and uniqueness
of a solution to a given singular system. Causality implies
the state of a singular system at a particular instant only
depends on its state in the past rather than in the future
(Xu et al., 2006). Stability means the system is asymptot-
ically stable in the Lyapunov sense (Zhang et al., 2003).

3. Distributed ISMC design

This section aims to design an ISMC for system (2).
To simplify the notation, some of the function arguments
will be omitted for brevity.

The sliding function is presented as follows

si (t) = B;" (z; (t) — z; (0))

t
- B/ (/ Aiiri () + An,zn, (7) + Biw ™ (7) dT) ’
0
1e€N
(17)
where B £ (BiTBi)leZ-T € R™i*™i is the left inverse of
B;, x; (0) is the initial value.
The corresponding sliding surface is

{xi| s; (t) = Opn,,Vi=1,2,--- N} (18)
where s; (t) is defined in (17).
The discontinuous control ui*™ is given by
ism si (L
uf (1) = —pi ) (19)

s @)l

where the control gain p; satisfies 8; < p; < U; with §;
and U; satisfying Assumption 3. s; (¢) is defined in (17).

Theorem 1: Suppose Assumptions 2-4 hold. The discon-
tinuous control (19) can keep the system (2) on the sliding
surface (18) from the initial time.

The proof of Theorem 1 is provided in the Appendix.

It follows from Theorem 1 that the system (2) will be
driven to the sliding surface and maintain a sliding motion
on the surface (18) in spite of the presence of the matched
disturbances (Utkin et al., 1996).



4. Distributed MPC design

In this section, the steady state for each subsystem
is acquired by solving a steady-state target tracking op-
timization problem, and state tracking for the distribut-
ed disturbed system is then considered utilizing the MPC
method.

When the system (2) is restricted to the sliding sur-
face (18), combining (17) and let $; () = O,,, then the
equivalent discontinuous control uisi™ is given by

uieq (t) = =i (,t) (20)

Substituting (20) into (6), the system dynamics can be
described as

i‘z’ (t) = A“JLL (t) + ANZ TN; (t) + Bi’u;npc (t) (21)

Yi (t) =Ciz; (t) ;i€ N
In order to design an MPC that satisfies the input con-
straint (4), the scope for u; *“ must be acquired. Accord-
ing to (19), the norm of the local discontinuous control
input is ||u!*™ (t)|| = p;, and then w;""* fulfills the follow-
ing condition

lug™ (DI < Ui = pi (22)

4.1. Steady-state target problem

In this subsection, a local steady state subject to con-
straints is defined and determined to achieve distributed
system tracking.

Define a feasible initial output target ys; (0) for each
subsystem. Exchange yg; (0) with its neighbours, and ac-
quire a new y,; through the following finite time consensus
law (Wang et al., 2010)

Jsi = 00 Y aijsig (yYs; — ysi)™ (23)
JEN;

where 0 < o; < 1, §; > 0.
According to system (21), the dynamics for a steady
state system are given by

Bsi = Ajiei + AN, Ton, + Biug,© (24)

Ysi = Ci.’L'Si7i eN (25)

where z5; € R™ and u.;"* € R™i denote the steady state
> o

and steady MPC input respectively, while x5, € RI<Vi
denotes a stack of steady states in N;. For every given
target output ys;, when the subsystem achieves output
tracking and reaches the equilibrium point (not necessarily
the origin), it can be obtained that @4 = 0,,,. Therefore,
(24) is equivalent to

Aiixsi + ANisti + Biugjpc = Onz (26)

The candidate target function is therefore given by

1 2 2
> (il + 212,

o mpe
Tsi Uy 2

s.t. Auxe + AMJUsM- + Biuzpc = Om

Cizsi = Ysi (27)
|Cizgl <wY

gl < w (Us = ps)

1€N

where Qg;, Rs; > 0 are weighting matrices, w € (0,1), and
U; and Y satisty (4) and (5) respectively. The above op-
timization problem can be solved using the CVX toolbox
(Grant et al., 2005).

Remark 5: In (27), the parameter w is limited to the
range (0,1) in order to ensure that there are feasible so-
lutions not only for the steady state x,; and steady input
u,’°, but also for the state z; and input u;""°. Since w
can be arbitrarily close to 1, the constraints on the steady
state and steady input in (27) can be used as a reliable
approximation to the maximal constraints (Hirche et al.,

2020; Limon et al., 2008; Gilbert et al., 1991).

The solvability of equations (25) and (26) is vital for
solving optimization problem (27), so the condition for
solvability of the equations is given subsequently.

Write (25) and (26) in centralised form

A B . 0~
s _ S on,
i=1 Ys
N N

where z, € Ri; nl, ul'’P¢ e R; " and y, € RNV? de-
note lumped steady state, steady input and target output
vectors.

The above equation (28) is a typical nonhomogeneous
linear matrix equation whose solution exists if and only if

A B
rank C 0 N
Npx 32 m;
= (29)
A B 0~
=rank | [C 0 N o=
Npx 2 m;

i=1 Ys

In what follows, a distributed iterative algorithm is de-
signed to solve the optimization problem (27). Before that,
to clarify, in the following algorithm, the candidate func-
tion (27) is rewritten as

im0, + e e 1)
st Auzs (k+1)+ Ay zsn, (B) + Biull? (k+ 1) = 0,
Cizsi (k+1) = yai

|Cizsi (k+1)|| <wY

Jug™ (5 + V|| Sw Us = pi) i €N

S



where k denotes the iteration count.

Algorithm 1. (Steady state target algorithm)

Step 1 (Initialization). For each subsystem, after giving
Ysi and setting an arbitrary initial value z4; (0), let Kk = 1
and x4 (k) = x4 (0).

Step 2 (Exchange and Solving). Exchange x4, (k) with
its neighbours, solve the steady state target problem (30),
acquire 4 (k + 1) and u ;" (k + 1).

Step 3 (Judgement). If |z (k + 1) — 2 (k)| < € with
€ being a pre-decided small enough constant, stop itera-
tion, and zg = g (k+ 1), ul’" = ul’ (k + 1); other-

wise, let kK = k + 1 and go back to Step 2.

Theorem 2: Suppose condition (29) holds, after applying
distributed iterative steady-state target Algorithm 1, the
solution of the optimization problem (30) will eventually
converge to some optimal value if there exists a symmetric
nonsingular matrix P such that

Zlszl 2 Odim(Zl)

NI

xdim(Z) (31)
T ST 5 5
Z2 PZy — Zl Pz < Odim(Zl)xdim(Z1)

where Z; and Z, are square matrices augmented by Z;

and Z,. The diagonal blocks of Z; are [AC“ 0 B } for
7 PXM;

1 € N. The diagonal blocks of Zs are zeros, and the rest

are |: A’L] O’niXm]'

0p><nj

plement the columns of Z; and Zs with zeros such that

} for i,5 € N. If Np > m;, sup-
Opxm]

_ _ (% ni+Np)><(§: ni+Np) .

71,2y € R\i=t i=1 ; if Np < m;, supple-
ment the rows of Z; and Z5 with zeros such that 7y, Z5 €
N N

> (ni+mg)x ;(””mi)

Ri=1

selse, Zy = 71 and Zy = Zs.

Proof: As condition (29) holds, (28) is solvable. Assume

there exists a solution pair (z%,u7"?**) making (25) and
(26) true, that is,

Aiix:i + A x;f -+ Biugpc’* =0,,

Nz /\/1 . i (32)

Cirg = Ysi

Define the iteration errors as

er., (K+1) =g (k+1)—a

€,,mpe ([4; + 1) — uzpc (H + 1) _ u;npc,*

(33)

Subtract (33) from (30), and describe the result in the
following centralized fashion

Zie(k+1) = —Zse (k) (34)
T
_ |, T T T
where e = [ewsl,euzpc7 .. aemsweu:}&c} .

N N
When Np > m;, <Z n; —|—Np> > > (ng +my), Le.,
i=1 i=1
the row dimensions are larger than the column dimensions
of Z; and Z,. After making the matrices square, the rows

of iteration error e should be augmented by supplement-

ing variables so that the following new equation (35) still
N

holds. Consider the case when Np < my, (Z n; + Np> <
i=1

N 2

> (n; +m;), i.e., the row dimensions are smaller than the

i=1

column dimensions of Z; and Z,. After making the ma-

trices square, the original iteration error e does not need

to be augmented. Note that, in both cases, extending ma-

trices and variables will not affect the convergence of the

iteration error e. As Z1 = Z1 and Zs = Z> when Np = m;,

the extended equation in all three cases can be expressed

as B B

Z1e(k+ 1) = —Zse (k) (35)

According to Lemma 3, if the symmetric nonsingular
matrix P fulfills (31), then (35) is stable, & goes to zero
asymptotically, so x4 (k+1) — 2% and ul," (k +1) —
uP@* when Kk — oo.

4.2. Distributed MPC tracking problem

Given the steady-state solutions, the following tracking
objective function will be minimized

Ji (t) = /0 i (¢ + 7It) — zsill5,,

2
+ ) g (- 7lt) =gl (36)
JEN;
[P (4 718) = i, dr
where 7 > 0, Qii, Qij, Ri > 0, z; (¢t + 7|t) and u;"™" (¢t + 7t)
denote the predicted state and MPC respectively at the in-
stant t + 7 computed by the optimization problem at the
instant t.
For the sliding dynamics (21), the MPC input is de-
signed as
w Pt 7|t) = K (2 (E+ 7[t) — 2si) + ulil®, (37)
where K is a control gain that is updated at each sampling
instant kT (k =0,1,2---), and T denotes the sampling in-
terval; ; (t + 7|t) is a continuous function that follows dy-
namics (21) in the interval 7 € [0,7). Thus, u; *° (t + 7|t
is actually a piecewise continuous function.

Theorem 3: Consider system (21), and suppose Assump-
tions 1-4 hold. The MPC gain matrix K; = K-X[l can
minimize J; (t) subject to the MPC constraint (22) and
output constraint (5) with Y;, X; being determined from
the solution of the following optimization problem

mr’l')lfliln K (38)
. [—Xi v ] <0, (39)
S mpc —
s = U — pi — [l |)? L,

X,CT

[?«X 1 —<y—||cixsi>21p] =0 (40)



_nzInl OniXmi Qiil/QX Onlx > nj
JER
_n 1/2 v/

* nzjmi Rz Yz quxjeENi nj | < O,i eN (42)

* * AuX; + BYi + X; Ay + YT BT i AN,

* * * niQN;
—Xi () — ws Pre-multiply the above i lity by |(z; — )"

<0 (41) re-multiply the above inequality by |(x;(t + 7|t) — z4;)
* -1 -7

where * denotes the symmetric parts of matrices, n; > 0,

> ongx > omy
X, >0, X; = Py, Qv, € RRMi 5N s a di-

agonal block matrix composed of Q;; (j € N;), and Ay, €

nixX », nj

R 7N isarow block matrix composed of A;; (j € NV;).

Proof: Combining (21), (24) and (37), it can be obtained

that
Cbi(t + T‘t) — Ty

+ ANz (JSM (t + T‘t) - xSNi)

2 ny
JEN;

— lL’si) (43)

where zn;,, 2sn; € R denotes column vectors com-
posed by x; and z; (j € N;) respectively.

Term (36) is similarly dealt with. It can be rewritten
as

o0
2
3O = [l (4710 = il v
0

+llon, (E+7It) — zan |l5y,, dri €N

(44)

For system (43), consider a candidate Lyapunov func-
tion as

Vi (@i (), xi) = [|li (1)

where P; > 0.
From (43) and (45), the derivative of V; (x; (t),xs;) is
shown as

— 2sillp,i €N (45)

v (2 (t+7[t), xs1)

= (zi(t + 7]t) — 26))" Ps (Aii + B K;) (wi(t + 7]t) — 25:)

T (it 4+ 7It) — 25i) " (Ais + BiK) Pi (2i(t + 7]t) — 247)
+ (zp, (E+ T|E) — 2sp7,) AMTPi (xi(t+ 7T[t) — xs;)
+ (zi(t+7|t) — msz) PiApn, (zpr, (E+ T|t) — Zsar,)
(46)

It is first necessary to prove that J; (¢) is minimized by
the specified Kj;.

From Lemma 1 and K; = Y; X, !, (42) is equivalent to

KIRK; + Qi + P; (Aii + BiK;) + (Aii + BiKi)TPi PiANi:|
* Qw;

IN
o

(47)

(xpr (t+T|t) — xSNi)T} and post-multiply by the trans-
pose. It is obtained that

(zi(t +7[t) — 25)" (KT RiK; + Qui) (wilt + 7[t) — x4:)
+ (xi(t + 7)t) — x%) P, (A + BiK;) (mi(t + 7[t) — 24)
+ (@it +7)t) — 25i) " (Asi + BiK) Py (i (t + 7]t) — 24:)
+ (i (t+7It) — 2on ) AN, TPy (23t + T[t) — 240)

+ (@it + 7lt) = 200) T PA, (oa (E+ TIE) — 2on)

+ (mM (t+7lt) — Tsy, ) Qu, (x/\/i(t+7|t) — msNi) <0

(48)
In conjunction with (46), the above inequality is equivalent
to .
V;; (IEl (t + T|t) 7$si)

2
< —lla; (t+T]t) — xsi”KiTRiKH—Qn (49)

2
= llzws 4+ 71t) —zanillgy,

Integrate the inequality (49) on both sides with respec-
t to the predicting time 7 from 0 to co, and consider
Vi (x;(t + oo|t),xs;) > 0. Then, the upper bound of the
performance function can be written as

7 (t) axsi)

On the other hand, from Lemma 1, (41) is equivalent to

Ji(t) <Vi(z (50)

(1) = il < 1 (51)
Further, from X; = Pi_lni, the above inequality can be
transformed to

Vi (@i (t),zsi) < mi (52)

Using (50) and (52), it is concluded that 7; is the upper
bound of J;(t), i.e., J;(t) < n;. Therefore, the minimiza-
tion of J;(t) can be transformed into the minimization of
7n;. This yields the expression (38).

Next, it will be shown that the MPC constraint (22)
and output constraint (5) are satisfied.

From Lemma 1, (39) is equivalent to

ViX; 'V < Ui = pi = [[uli)) I, (53)
which is also equivalent to
Ao (X PYTYVXH2) < U= pi = 1) (54)



From (49), (51) can be written as

2

X2 @+ - <1 o)

From (55) and K; = YZ-le, the left side of the inequality
(54) is
Ao (X_—1/21/iTme1/2)

2
> Ao (X7V2VTYXTV2) XV it 7t - )

= max [ViX @it 4 7lt) — )|

= max [|K; (i(t + 7t) — 220)

(56)
It follows that

max | K (zi(t 4+ 7|t) — zs)|| < Ui — pi — |JulP|l (B7)
Further,
manx ([ (wa(t +71t) = si) | + 1)
> IP;(}){ | K (@i(t+ 7[t) — zsi) + uli?|| (58)
= max 75 (¢ + 710
As a result, max lu; " (t + 7|t)|| < U; — ps, i-e., MPC con-

straint (22) is fulfilled.
From Lemma 1, (40) is equivalent to

CiXiCl < (¥ = ||Cizail))*1, (59)

The inequality (59) holds if and only if the following con-
dition holds

1/2 1/2 2
Mnas (X[ 2CTCX[?) < 0 = I Caail)® - (60)
From (55), the left side of the above inequality is

Amax (Xj/ 20ToxY 2)

2
> Ao (X 2OT O [ X2 (i 71e) = )

= m;‘ié( ||Cz ({L‘i(t + Tlt) - m'si)”Q

(61)
Combining (60) and (61), it follows that

max [|C; (i(t + 7[t) — wsi) | <V = [|Cazas| (62)

In addition,
max ([|C; (zi(t +7[t) — @) || + [|Cisill)

> max i (@it + T|t) — 25:) + Ciwgi|

= max |Cui(t + 710

— max (¢ + 71t)|

Hence, max ly:(t + T]t)]] < Y, i.e., output constraint (5)
is fulfilled.

Remark 6: There are three points that need to be illus-
trated regarding the calculation burden resulting from the
linear matrix inequalities required to solve the optimiza-
tion problem (38)-(42). Firstly, a distributed approach is
adopted so that the linear matrix inequalities can be calcu-
lated in parallel and no global information is required, thus
reducing the computational load. Secondly, process sys-
tems, such as petrochemical production processes, unlike
multi-agent systems with rigid bodies as nodes, generally
have only several devices as nodes, and the dimensions of
the node state matrices are not high, so the linear matrix
inequalities will not be large. Thirdly, process systems are
mostly slowly time-varying systems and tend to possess
long operating periods, which gives sufficient time for the
calculation.

The following algorithm is provided to design the MPC.

Algorithm 2. (MPC algorithm)

Step 1 (Initialization). For each subsystem i, set k = 0,
give an initial value z; (0) and a sampling interval 7.

Step 2 (Exchange and Optimization). At each instant
t, exchange x; (t) with its neighbours. At the instant ¢t =
kT, solve the optimization problem (38)-(42) to obtain
K 1, where K, denotes the acquired control gain at the
time instant k7.

Step 3 (MPC). For t € [KT, (k+ 1) T), apply u; ¥ (t) =
K (2 (t) — zs;) +ul;’® to each system. Go back to Step
2.

Theorem 4: Suppose Assumptions 1-4 hold. Given ini-
tial state x; (0), the MPC input (37) can make (21) achieve
steady state tracking asymptotically with the state feed-
back matrix K; satisfying Theorem 3.

Proof: The proof is divided into two parts. In Part I, the
feasibility of the optimization problem (38)-(42) is proved.
In Part II, the robust stability of the closed-loop system
formed by applying the control (37) in the system (21)
is analysed. In fact, X;,Y;, K;, P; should be written as
Xi ke, Yi gy Ki i, P i to distinguish the different optimal val-
ues acquired at different sampling instants. In Part I, the
subscript k is omitted for brevity, while in Part II, they
are displayed for the robust stability proof.

Part I. In the optimization problem (38)-(42), only
(41) depends on time t explicitly, thus, only the feasi-
bility of (41) needs to be proved. Since (49) holds, and
R;,Qii,Qij > 0 (j € N), then V; (z; (t + 7|t) ,25) < O.
As a result, if (52) holds, V; (z; (t + 7|t) , zsi) < n; for any
7> 0.

According to (43) and &; = 0,,, for any 7 > 0,

z; (t+ 7[t) = z; (t) +

+Ap, (xp, (L4 TIE) — xsp, ) AT
=z, (t+T[t+7)
=z (t+7),

(64)



where 7 denotes the variable of integration, z; (t +7) £
x; (t + 7|t + 7) denotes the measured state at sampling in-
stant ¢t + 7. Thus, V; (z; (t + 7),2s) < n; for any 7 > 0.
Hence, the optimization problem (38)-(42) is feasible.
Part II. It is clear that the candidate Lyapunov func-
tion (45) meets condition (12). z; (¢) is continuously differ-
entiable and P, j; is a constant, so V; (z; (t) , z4;) is continu-

ously differentiable in each time interval ¢t € [kT, (k+ 1) T).

Thus, for all t > 0, V; (x; (t) , zs;) is plecewise continuously
differentiable.
From (49) and (64), in each interval ¢ € [kT, (k +1)T),

it follows that
Vi (@i (), 2si) < — ||z (t)

< )\mvn (K R Kz k+ QH) |

2
- xsi”KT s R K e+ Qi

@i (t) — wsil|®
(65)

which satisfies condition (13).
According to Part I, V; (z; (t + 7|t) , xs;) < 0, therefore,

i ((k+ 1) TIRT) — 2|5, , < l|2i (T + 7kT) — 2ill3, ,
(66)
for 7 € [0,T). Note that P, ;41 is an optimal value for
Vi(z; (k+1)T),xs), while P, ;, is only a feasible value
for Vi (x; (k+1)T),xs), thus,
2 2
i (k+1)T) = zsillp, ., <z (E+1)T) = 2sillp,
(67)
Recall (64). Tt can be obtained that
i ((k+ V) T) = 2l <l (BT +7) = 23],
(68)

for 7 € [0,T). Therefore, V; (x; (t),zs;) is decreasing at
the boundary point (k+ 1)7. From (65), in each time
interval ¢t € [KT,(k+1)T), Vi (z;(t),xs) is decreasing.
As a result, V; (z; (1), zs;) is decreasing in ¢ € [0, 00).

From Lemma 2, it can be concluded that when ¢t — oo,
x; — x4 for all ¢ € N i.e., all subsystems achieve steady
state tracking.

Remark 7: Note that the ISMC (19) can reject matched
disturbances completely. As a result, the MPC only needs
to stabilize the nominal system (21) in this paper. Both
the analysis and execution of MPC are done in a piecewise
continuous manner. According to the recursive feasibil-
ity and stability in Theorem 4, when the system fulfills
Assumptions 1-4, as long as the control gain is initially
feasible, i.e., K, is feasible, K; o is also feasible in the
following time ¢ > 0. That is to say, the corresponding
control u,"(t) = K, (z; (t) — zs) + ul,"° (t > 0), can
stabilize the system regardless of the sampling interval T'
in theory.

5. Output consensus for distributed heterogeneous
system

In this section, an output consensus algorithm is first
proposed and then the consensus for the distributed sys-
tem is analysed and proved.

Algorithm 3. (Output consensus algorithm)

Step 1 (Initialization). For each subsystem, give feasi-
ble ys; (0) and arbitrary z; (0).

Step 2 (Output Consensus). Exchange ys; (0) with its
neighbours, and solve (23) to acquire a new ys; .

Step 3 (Steady State Target Algorithm). Apply Algo-
rithm 1 and acquire zy; and ul;”*

Step 4 (ISMC and MPC). When t = 0, give x; (0),
exchange x;, apply ISMC (19) to make subsystems reach
the corresponding sliding surfaces; Solve K; through opti-
mization problem (38)-(41) such that a new x; (t) can be
obtained using Algorithm 2.

Step 5 (Output Calculation). Obtain y; (¢) through
system dynamics (2), and go back to Step 4.

Theorem 5: Suppose Assumptions 1-4 hold. Applying
the control input (3) to the subsystem dynamics (2), the
corresponding closed-loop system can achieve output con-
sensus and all the subsystems can achieve steady state
tracking.

Proof: In Algorithm 3, after initializing, take step 2, and
average consensus can be achieved in finite time Wang et al.

N
(2010), i.e., Ysi = ysj = > ysz (0)/N ,Vi,j € N. As a re-
k=1

sult, the new y,; is feasible.

Take step 3. Feasible x,; and u,, = can be acquired.

Take step 4. According to Theorem 1, system (2) is
on the sliding surface (18) from the initial instant. The
system dynamics (2) are transformed to (21). According to
Theorem 2, by applying MPC (37), when t — oo, x;(t) —
g for all 4 € N.

Take step 5. It can be obtained that

N
Z 19 () = ;D

mpc

lyi(t) — ysi — (y;(t) — ysy)l

I
Mz

1

<.
Il

(69)

|
KMZ

G (@i(t) = 2i) = Cj (2(t) — z5) |

1

J

< NG (zi(t

—as)

N
) = zai)ll + D NG ((2)
j=1

From the above inequality and x;(t) — x4 when t — oo, it

N
can be obtained that tli}m o lw(®) —y ()] =0, ie.,

J=1j#i
output consensus is achieved asymptotically.

6. Simulation and experimental results using in-
terconnected CSTRs

In this section, a simulation example and an exper-
iment are presented to demonstrate the validity of the



proposed method. First, a practical example is simulat-
ed. Then, temperature consensus control for the saponi-
fication reaction is carried out for interconnected CSTRs.
Both the simulation and the experimental trial are per-
formed with and without ISMC to show the effectiveness
and superiority of the proposed method in the real world.

6.1. Practical example

The process control of four interconnected CSTR sys-
tems is used for simulation by referring Sun et al. (2008)
to demonstrate the effectiveness of the proposed method.
Fig. 1 shows the process flow diagram of the CSTRs.
The four CSTRs are assumed to be well-mixed and non-
isothermal. The interconnection of the two groups of sys-
tems is broadly the same. The only difference is the recycle
rate F;. and F;. Note that the neighbour set of each reac-
tor is N1 = {2}, NQ = {1,3}, N3 = {2,4}, N4 = {3} For
an introduction to process flow, please refer to Sun et al.
(2008); Kazempour et al. (2013); Zhang et al. (2015). Ac-
cording to Sun et al. (2008), the plant model is given as

3

> FO F’r‘ Ql
Ty = — (Ty — T — (T — T; E i+ (T
1 V1(O 1)+V1(2 1) + G(1)CA1+pch1

i=1
F F >
T = -0 _ i _ )
Car = . (Cao —Car) + v (Caz —Cay) +;Rz (Th) Cax
3

. Fi F3 QE
To = — (Ty —T2) + — (Tos — T2) + Gi (T5) Cas +
2 Vg( 1 2) Vg( 03 2) ;:1 (T2) Caz eV
F F 2
: 1 3
Caz 7 (Car — Casz) + v (Caos — Caz) ;:1 R; (T>) Ca2
3
P my P n) S, Q
T5 = Vs (Tyw —T5) + Vs (Ts — T5) + 2 Gi (T5) Cas + e Vs
F F 2
Cas = 74 (Cas — Cas) + ‘;: (Cag — Cas) + ;le Ri (T5) Cas
3
. Fs Iy Qs
Te = — (Ts — Tt — (To7 — Tt Gi (Ts) C
6 V6(5 6)+V6(07 6)+E (Ts) A6+pch6

i=1
3
(Caor — Cag) — ZRL' (Ts) Cag

. F: F.
Cas = vs (Cas — Cag) + _
6 6 i=1

Ve

(70)
where 17,75, T5 and Ty denote fluid temperatures in C-
STR 1, 2, 3 and 4 respectively, Ca1,C42,C4a5 and Cag
denote fluid molar concentration of the four CSTRs, while
Q1,Q2,Q5 and Qg denote heat input rates of the corre-
Sponding CSTRs. Rz (TJ) = kiO exp (—Ei/RTj ), Gz (Tj) =
(— & H;R; (T}))/pcp for j =1,2,5,6. Other parameters
are shown in Table 1 with values and physical meanings
from Sun et al. (2008).

Note that different from Sun et al. (2008), in this pa-
per, it is assumed that Cag, Cas, Caoz and Cao7 are
known constant parameters, which is more realistic in re-
ality because constantly changing feed concentration is d-
ifficult to deal with in practice.
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Consider the operating point

(T}, Ca1,T2,Ca2,T5,Cas, Ts, Cag)
= (324K,0.718kmol /m® , 324K, 0.432kmol /m> , 324K,

0.719kmol/m® , 324K, 0.883kmol /m® )

(71)
at which the open-loop system is not stable. The con-
trol objective is to achieve temperature consensus across
four reactors by exchanging information in the presence of
input/output constraints and disturbances using the heat
input rates Q1, Q2, Qs5, Qs as control inputs.

Fa,TaCaa

Figure 1: Process flow diagram of four interconnected C-
STRs

By linearizing the plant model in (70) via evaluating
the Jacobian matrices around the given operating points
in (71), the following linear systems are obtained

1 = Az + Brug + Ajpxe +dy
y1 = Cizy
To = Agoxo + Boug + Ag1x1 + do

92 = Caxa (72)
i3 = Agzws + Bauz + Azyxy + d3

y3 = C33

&y = Agawy + Byug + Agzws +dy

ya = Cyay



Table 1. Values and physical meanings of plant model parameters

Parameters & values

Physical meanings

Fo = F4 = 4998m3/h

Fy = F5 = 39.996m? /h

F3 = F7 = 300m3/h

F, = 34.998m3/h ,F,s = 20.9988m3/h
V1 = V5 = ]..OT)’L3

V2 = VG = 3.0m3

Ty = Ty = 300.0K

Tos = To7 = 300.0K

Cao = 2.72kmol/m3 | C a4 = 2.36kmol /m?>
Caoz = 0.0515kmol/m? , C g7 = 0.504kmol /m>
A Hy = —5.0 x 10*kJ /kmol

A Hy = —5.2 x 10*kJ /kmol

A Hz = —5.4 x 10*kJ /kmol

kip = 3.0 x 105h~1

koo = 3.0 x 10°h~1

kso = 3.0 x 10°h1

Ey = 5.0 x 10*kJ /kmol

Ey = 7.53 x 10*k.J /kmol

E3 = 7.53 x 10*k.J /kmol

p = 1000.0kg/m?>

cp =0.231kJ/(kg - K)

R = 8.314kJ /(kmol - K)

Fresh feed flow rate of CSTR 1, 3
Discharge flow rate of CSTR 1, 3
Fresh feed flow rate of CSTR 2, 4
Recycle feed flow rate of CSTR 1, 3
Volume of CSTR 1, 3

Volume of CSTR 2, 4

Fresh feed temperature of CSTR 1, 3
Fresh feed temperature of CSTR 2, 4
Molar concentration of fresh feed of CSTR 1, 3
Molar concentration of fresh feed of CSTR 2, 4
Enthalpies of reactions

Enthalpies of reactions

Enthalpies of reactions
Pre-exponential constants of reactions
Pre-exponential constants of reactions
Pre-exponential constants of reactions
Activation energies of reactions
Activation energies of reactions
Activation energies of reactions
Density of fluid

Heat capacity of fluid

Gas constant

where .’
CAL T yuy = Qo =T,

xy = | hu

Ty = [CAy, T uy = Qa, 90 = T,
3 = [CAs, Ts]" us = Qs,y3 = T,
vy = [C A6, To)" ,us = Qo,ya = T

The system matrices are given as follows

A, - |739-9986  —1.0721 x 10-*
105641 —39.9728 |’
A, _ [34.9980 0
2700 34.9980]
0 13.63456
B = [0.0043} b1 = [1481.5582] Gi=[0 1],
A — [-23.3346  —6.4505 x 10~°
27| 05641 —23.3180 |’
A, _ [13:3320 0
7100 13.3320)°

0 0.5291
B2 = [0.0014} d2 = [3004.3523] G:=[0 1],

Aon = | 25:9994 —~1.0721 x 1074
37 05641 —25.9736 |
A, — |20:9988 0

100 20.9988)°

0 7.8315
Ba= [0.0043} s = [1481.5582] Gs=1[0 1],

A, _ | 23.3346 —6.4505 x 107°
40,5641 —23.3180 ’
13.3320 0
A43_[ 0 13.3320}’ (74)

0 5.0541

By = [0.0014] s = [3004.3523} Ca=[0 1]
It should be noted that there is a constant d; in the i—th
subsystem in (72) for ¢ = 1,2,3,4. This is because the
system is not linearized at the origin. Since these constants
are known, it does not affect the controller design.

To make this example better align with reality, the
following input and output constraints are assumed

0<u; <108

(75)
273.15 < y; < 353.15

Take a coordinate transformation of the above inequalities
so that the constraints satisfy (4) and (5) as follows

lui =5 x 10°|] <5 x 10°

76
lly; — 313.15]| < 40 (76)

For the simulation purpose, it is assumed that the persis-
tent disturbances are given by
¢1 = 10% cos (x12) , o = —8 x 103 sin (w15 + T22) ,

7
d)g =2x 104 sin (.’1732) s ¢4 =2X 104 COSs (t) ( )

where x12, X292 and x32 denote the second components of
x1, o and xg respectively. In addition, when ¢t = 4s,



a transient pulse disturbance with amplitude of 10° is ap-
plied to CST Ry, so as to observe the response characteris-
tics to the disturbance after the system reaches the steady
state. The other parameters are selected as

ys1 (0) = 320,241 (0) = [4.0 320]"
21 (0)=1[0 298.15]", B, = 10,
ys2 (0) = 336,245 (0) = [2.0 336]",
2(0)=[0 298.15]" , B> = 8 x 107,
yss (0) = 328,245 (0) = [4.0 328]",
23(0) = [0 298.15]", 85 = 2 x 10,
Ysa (0) = 312,254 (0) = [2.0 312]
24 (0) = [0 208.15]", B4 = 2 x 10%,

T=1,Ry =In,,Qs =10 R; =107%°1,,,,,
Qi =107%°L,,,Qi; =5 x 1071, (j € Vi),
pi = Bi|| Bf || » + 0.1, 05 = 0.5,6; = 0.01,

e=10"%w=10.99,i € {1,2,3,4}

The simulation results are shown in Figs. 2-3, where
ISMPC denotes the method proposed in this paper, while
MPC denotes an approach that only adopts MPC alone.
It follows from Fig. 2 that disturbances have a reduced
effect on system states when ISMPC is used in contrast
to using MPC alone, and the states can quickly return to
the desired temperature after the transient pulse distur-
bance applied. This attributes to the strong robustness of
the sliding mode control. Hence, ISMPC is much better
than MPC regarding tracking accuracy of temperature.
This is very important in practical applications such as
fine chemical process where there are strict requirements
on temperature. From Fig. 3, disturbances have no ob-
vious impact on the molar concentration in both ISMPC
and MPC, but the anti-disturbance capability is slightly
better with ISMPC than MPC from the zooms. For ISM-
PC, the tracking accuracy depends on the size of p;. On
the one hand, from the perspective of suppressing distur-
bances, a bigger p; results in improved accuracy. On the
other hand, as can be seen from the range §; < p; < U;,
the control gain p; should be as small as possible. A small
p; not only reduces the chattering that is produced by slid-
ing mode control, but also increases the scope for u; " to
be feasible. Therefore, a suitable parameter value must be
sought to achieve a balance between different performance
requirements.

6.2. Experimental testing

In this part, the temperature consensus control exper-
iment of a saponification reaction process is carried out in
two serial CSTRs to further validate the proposed method
using the chemical process control network platform as
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Figure 2: Temperature consensus response of four inter-
connected CSTRs with respect to time

shown in Fig. 4. The CSTRs can be connected in series,
parallel and series-parallel. The chemical reaction is car-
ried out after feeding. The control process can be continu-
ously operated, and flow rate, liquid level and temperature
can be measured and controlled.

Fig. 5 shows the platform operation interface. In
this experiment, CSTRs R-102 and R-104 are used in se-
ries, and feedstock tanks V-111 and V-112 contain 0.02
kmol/m? ethyl acetate and sodium hydroxide solutions,
respectively. The tank V-113 contains warm water to s-
tore the heat needed for the experiment. The raw materi-
al first flows through R-102 for reaction, and then part of
the solution in R-102 enters R-104 for further reaction to
improve the conversion rate. In this process, the control
input is the flow of warm water into the jacket of the reac-
tors, and this experiment seeks to control the temperature
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(b) Time response of molar concentration with MPC

Figure 3: Molar concentration response of four intercon-
nected CSTRs with respect to time

in both reactors to be in consensus and maintain a desired
temperature. The initial temperature of the feedstock in
V-111 and V-112 is 26°C'. While in R-102 and R-104, the
initial temperatures are 26°C' and 25°C' respectively, and
the target temperature is 32°C. The ambient temperature
varies between 22°C and 24°C' during the experiment. De-
spite the insulation layer, both the tank V-113 and the
water pipeline still exchange heat with the environment,
resulting in heat loss, which can be regarded as external
disturbances. However, because the ambient temperature
varies very slowly, and the impact on the experiment is
indirect, the influence of the ambient temperature on the
experimental results is quite limited.

Both ISMPC and MPC methods are adopted in this
experiment, and the final temperature response over time
is shown in Fig. 6. In Fig. 7, a temperature tracking
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Figure 5: Experiment operation interface

cost function is used to further demonstrate the system
performance

Tri(t) = |ITi (t) = Tu O, 78)

i€ {R—-102,R— 104}
where T; and T, represent the real-time temperature (°C')
and steady temperature of the corresponding CSTR. Ta-
ble 2 shows the overall performance indexes of the two
methods within 10000s, i.e.

Ji

> (ITs () = T I + 1M (1) = Mo ()]

+ 115 (8) = Ty (0)I7 + 1105 (2)

+ I (6) — Fu (0)]°)
i,j € {R—102, R — 104}

M (t) ||2 (79)

where M; and F; represent the real-time molar concentra-
tion (kmol/m?*) and flow rate of water (L/h), M; and Fy;
denote the corresponding steady values.

From Fig. 6, both methods achieve temperature con-
sensus and maintain the desired value eventually. How-
ever, systems achieve consensus faster at the desired tem-
perature with ISMPC, and the transient process in (a) of
Fig. 6 is better due to the stronger robustness of ISM-
PC. From Fig. 7, the curves are steeper before they arrive
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Figure 6: Temperature consensus response of two inter-
connected CSTRs with respect to time

at 0 in ISMPC. Thus systems approach the desired tem-
perature much faster with ISMPC than that with MPC.
From Table 2, the overall performance index also reflects
the better control performance of the proposed method.
From the experimental results, the ISMPC method shows
good effect, and it also performs well when compared with
MPC.

Table 2. The overall performance index within 10000s

Method  Jgr_102 JRr-104
ISMPC  1.0130 x 105 1.0445 x 108
MPC 1.4267 x 108 1.4975 x 108
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7. Conclusions

A combined ISMC and MPC method is proposed to
solve the output consensus problem for a class of hetero-
geneous interconnected systems which are subject to con-
straints and affected by disturbances. The ISMC element
reduces the systems’ sensitivity to disturbances whilst the
MPC is utilised to achieve output consensus by state track-
ing control. The simulation example and the experimental
testing using the CSTRs shows the validity and practical-
ity of the proposed method. Future work will focus on the
case of output feedback control.
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Appendix A. The proof of Lemma 2

The inequalities (12) and (13) imply

V() <=ylo@)* < —v/BV (t) (A1)
Because V (t) is positive,
V(1) V() < —v/B,ace. (A.2)

Integrate the inequality (A.2) on both sides with respect
to ¢t. Combining (12), (14) can be obtained, then it can be
concluded that when ¢ — oo, v (t) — 0.

Appendix B. The proof of Theorem 1

Combining (6) and (19), the time derivative of s; (t) is
given by
8 (t) = B (4 (t) — Auz; (t) — Anon; (1) — Biu™ (1))

—pisi (0)/llsi (O + i (z, 1)

(B.1)
A Lyapunov candidate function is selected as
1
18Mm _ T .
vem(t) =5 252. () si (1) (B.2)

Based on (B.1), (B.2) and Assumption 3, the time
derivative of V5™ () is obtained as

N
Vi) = Y07 (05 (0)
121
= Z&T (t) (=pisi (8)/lls: D) + i (2,1))
z§1
< Z (=pi +B:) [Is: (1)]]
= (B.3)
Further,
.. N
Vi (t) = Z —oi [|si ()]
N B.4
< —Omin Z 54 (t) ( )
< —Omin 2V (t>
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where 0,5, = min {o;} and o; = p; — 5;.
7

As a result, the system (2) can be kept on the sliding

surface (18) from the initial time.
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