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Abstract

In the first part of the thesis, we propose a novel objective Bayesian method
with an application in vector autoregressive models when the normal-Wishart
prior, with v degrees of freedom, is considered. In particular, we depart from the
current approach of setting v = m + 1 in the Wishart prior of an m—dimensional
covariance matrix by setting a loss-based prior on v. By doing so, we have been
able to exploit any information about v in the data and achieve better predictive
performance than the method currently used in the literature. We show how this
works well on both simulated and real data sets, where, in the latter case, we used
data of macroeconometric nature as well as viral data. In addition, we explain
why we believe we achieve better performance by showing that the data appear
to suggest a value of v far from the canonical m + 1 value.

In the second part of the thesis, we introduce a variational Bayesian inference
algorithm that performs variable selection in linear regression models. The algo-
rithm is based on a combination of a spike-and-slab prior with a normal-gamma
prior on the coefficients. The spike-and-slab prior is widely considered the “gold
standard” for sparse Bayesian problems, and the normal-gamma prior is a hierar-
chical shrinkage prior that generalises the Bayesian LASSO. The algorithm also
combines two types of updates, one for the initial iterations and one for the later
ones. This hybrid updating scheme results in both high accuracy and speed of con-
vergence. Simulations and real data examples demonstrate the competitiveness

of the algorithm against recent variable selection methods. We also modify our



method to perform variable selection on two types of generalised linear models.
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Chapter 1

Introduction

1.1 Motivation

Hierarchical models are an essential element of Bayesian statistics. Model pa-
rameters are assigned prior distributions parametrised by hyperparameters. The
hierarchy can be extended by assigning priors to the hyperparameters and so
forth. The hyperparameters at the end of the hierarchy can either be specified
using subjective information or estimated from the data to allow for a more ob-
jective approach to our analysis. In Bayesian regression, hierarchical models are
very flexible tools, as different choices of priors and their hyperparameters lead to
different marginal priors imposed on model parameters. This can be very useful,
depending on our goal; for instance, we might want to induce shrinkage on weak
coefficients, and a prior with density concentrated at the origin and heavy tails is
desired.

The motivation behind this thesis stems from contemporary statistical chal-
lenges, such as estimating and forecasting multivariate time series models in
macroeconomic studies or finding the smallest set of features that can accurately
predict an outcome in a regression problem, when both the number of true predic-

tors and the sample size are far less than the total number of available predictors.



Since we approach statistics from a Bayesian point of view, we are particularly
interested in examining how the structure and parametrisation of hierarchical
models influence performance, with an emphasis on improving prediction accu-
racy, inference speed, and objectivity.

Therefore, with our thesis, we attempt to complement statistical literature
in two ways. Firstly, we present a new prior for a hyperparameter of a very
popular hierarchical prior that has so far been given a fixed value. Secondly, we
demonstrate how a combination of hierarchical priors can help us construct an

efficient algorithm for performing Bayesian variable selection in regression.

1.2 General overview

This thesis makes contributions to two quite different areas of Bayesian statistics.
We begin with the construction of a novel prior for the degrees of freedom of the
Wishart distribution. Until this thesis, there was no other treatment of this pa-
rameter in the related literature other than setting it equal to the dimension of the
matrix being modelled by the Wishart distribution plus one. Since it is uncom-
mon for a practitioner to have any prior beliefs regarding the degrees of freedom,
we follow existing methodology for constructing objective prior distributions, and
the resultant prior has no tunable parameters. Our work draws motivation from
Bayesian vector autoregressive (BVAR)! models, where the Wishart distribution
is used as a prior for the precision matrix of the vector of errors, which is assumed
to follow a zero-mean multivariate normal distribution. The degrees of freedom
control the mean and variance of the Wishart distribution, and thus control the
uncertainty around the precision matrix. We have found the standard practice

of fixing the degrees of freedom to a specific value to be rather restricting when

1See (Koop et al., 2010) for an introduction on BVAR models.



analysing real datasets. For example, lengthy macroeconomic time series span-
ning several decades might contain periods with varying uncertainty around the
errors, and the degrees of freedom should be allowed to vary. We support this
position by using our prior to estimate the degrees of freedom of a BVAR model
fit on a US macroeconomy dataset and monitor how our estimates change over
the years using a rolling window analysis.

We then turn our focus to the widely addressed problem of variable selection
in regression. In particular, we study problems in which there are many more pre-
dictors than observations (D > N), samples are correlated, and each predictor
has a weak effect. Typical examples are gene expression and genetic association
studies, where we might take measurements of tens of thousands of predictors
while observations might be in the hundreds. These types of problems are be-
coming increasingly challenging in our era as more high-throughput measurement
tools become available, allowing us to collect massive amounts of data. To this
end, we propose a Bayesian model that is inferred by approximating the posterior
distribution of its parameters using variational inference and test our method on

highly demanding scenarios.

1.3 Organisation of the thesis

e Chapter 2 contains theoretical background on topics related to this thesis.
It provides a basic review of objective Bayesian methods for constructing
prior distributions for both continuous and discrete parameters, an intro-
duction to Bayesian variable selection through shrinkage and spike-and-slab
priors, and variational inference. It also contains a literature review of meth-
ods that use spike-and-slab priors and are relevant and competitive with our

work in Chapter 4.

e Chapter 3 introduces a loss-based prior distribution for the degrees of



freedom of the Wishart distribution. Necessary theoretical results about the
construction of the prior are contained in the chapter. BVAR models are
used as a testing ground, where our novel prior is used as a hyperprior in the
independent normal-Wishart prior assigned to the coefficients. By assigning
a prior to the degrees of freedom, we are able to learn this parameter from
the data and make comparisons against a fixed value, which has been the

popular treatment of this parameter so far.

e Chapter 4 presents a variable selection method that is a direct antagonist
to the methods reviewed in the last section of Chapter 2. It begins with the
specification of a hierarchical prior for a Bayesian linear regression model,
combining the spike-and-slab and the normal-gamma shrinkage prior (con-
trary to other methods that employ a normal or a double exponential slab
distribution). The resulting model has three global parameters that govern
all predictors and regulate overall sparsity and coefficient shrinkage. The
contribution of Chapter 4 is a variational expectation-maximisation algo-
rithm that approximates the posteriors of the local parameters using known
distributions and estimates the three global parameters from the data. It
does so by optimising a multi-parameter objective function. Our focus is on
sparse D > N scenarios. In such scenarios, as we explain in Section 4.3,
the variational algorithm faces an increased risk of getting trapped in poor
local optima?, especially during its initial iterations. To reduce that risk,
we devise a simple strategy. We propose an updating scheme that begins
by optimising the objective function with respect to variational parameters
using costly updates that contain matrix operations until a criterion is met,

and then switches to faster updates until convergence. We demonstrate the

2For a discussion on the problem of variational methods being subject to poor local optima
we refer the reader to Altosaar et al. (2017). Examples of this problem can also be found in
Beal (2003) and in MacKay (2003).



efficiency of our algorithm in challenging simulation studies, where it outper-
forms three modern Bayesian variable selection methods. The algorithm is
then modified to perform variable selection in two generalised linear models
via gradient ascent optimisation of the variational objective function, and

additional simulated and real data analysis is performed.

Chapter 5 concludes the thesis and presents some ideas on how the prior
distribution presented in Chapter 3 can be useful to other models, how to
extend the work in Chapter 4, and directions for further research on variable

selection.

Appendix contains additional simulation studies for Chapter 3 and deriva-

tion of expressions for both Chapter 3 and Chapter 4.



Chapter 2

Literature review

In this chapter, we review some very relevant methodologies to our work in the
remainder of the thesis. We begin by reviewing literature on constructing objective
Bayesian priors, which is the core of Chapter 3. Sufficient theoretical background
on Bayesian vector autoregressive models is contained within Chapter 3. We
then review basic theory on variable selection and variational inference, which
are fundamental to our work in Chapter 4, as well as some very relevant and

competitive methods to the one we propose.

2.1 Objective Bayesian methods

Traditionally, objective Bayesian analysis is performed with the use of objective
prior distributions. Such distributions are designed to be minimally informative in
some sense. Over the last few decades, several methodologies have been proposed
on how to construct noninformative priors. We discuss some of them briefly.
The Jeffreys prior (Jeffreys, 1939) is defined in terms of the Fisher information

matrix:

m(0) o |Z(9)]2,



where Z(#) is the Fisher information matrix with entries:

2

06,00,

[I(G)L.j = —Fp log p(X;8)|.

Jeffreys priors work well for single-parameter models, but they can exhibit prob-
lematic behaviour in multi-parameter models.

Reference priors (Bernardo, 1979; Berger and Bernardo, 1992) are equivalent
to Jeffreys priors for one-dimensional parameters, and they have been more suc-
cessful for higher-dimensional problems. As mentioned in Berger et al. (2009),
reference priors have been rigorously defined in specific contexts and heuristically
defined in general, but a rigorous general definition has been missing from the sta-
tistical literature. To understand the idea of reference priors, one can think the
construction of a reference prior as an optimisation problem. The prior is chosen
in a way that maximises the expected Kullback-Leibler divergence! (Kullback and
Leibler, 1951) between the posterior and the prior. We can define the optimisation

problem as choosing the prior 7%(6) that maximises the expected information:

7(0) = arg m(%?: 1(0,x%),

where 1(6,x) is the information to be expected from the observation vector x:

1(6, %) // (6]x)p(x) log (<(|9))dxd9

_ / P()KL(p(0])]|7(6))dx.

By maximising the expected KL divergence, the prior has a minimum impact
while at the same time the data have a maximum effect on the posterior. For

an explicit form of the reference prior, see Bernardo and Smith (1994) or Berger

LOther suitable divergences or distances can be chosen as well. We denote the Kullback-
Leibler divergence by KL for the remaining of the thesis.



et al. (2009).

Another concept is the maximum entropy prior; information on this method-
ology can be found in Jaynes (2003). The idea behind the maximum entropy
prior is that the amount of information contained in a probability distribution
can be measured by the Shannon entropy (Shannon, 1948). The larger the en-
tropy of a probability distribution is, the less information it contains and thus
the less informative it is considered. Maximum entropy prescribes choosing the
prior with the maximal entropy, among a set of possible priors. As an exam-
ple, for a discrete parameter, we would choose the prior m(f) that maximises
H(0) = = yco m(0)log () subject to »,.q m(0) = 1.

The interested reader can resort to Kass and Wasserman (1996) for a compre-
hensive review of methods for constructing noninformative priors for continuous
parameter spaces.

Objective priors can also be constructed for discrete parameter spaces. Direct
application of standard reference prior theory to a discrete parameter yields a
constant (uniform) prior. To this end, Berger et al. (2012) proposed a methodology
that embeds the discrete structure of the parameter space into a continuous one,
and then applies the reference prior methodology to the continuous structure.
They proposed four approaches for the embedding. In the first approach, the
discrete parameter is simply treated as continuous and a reference prior is found.
In the second approach, a hyperprior is introduced in the modelling hierarchy and
a reference prior is found for its continuous hyperparameter. In the third approach,
the asymptotic distribution of a consistent estimator of 6 is considered, and then a
reference prior is found for the parameter in the asymptotic distribution, treating
it as continuous. In the fourth approach, a limiting operation is used in order
to transform the problem into a continuous one, and then the ordinary reference
prior methodology is applied. Not all approaches are suitable for all problems.

The resulting continuous prior might be appropriately discretised if necessary.



Another approach, which is also the one that is adopted in this thesis, is
presented in Villa and Walker (2015). A prior constructed via this method, assigns
to each parameter # € © a mass given by the formula:

7(0) exp{ min KL (f(:v|9)||f(:z|9’))} —1. (2.1.1)

1
0'£0€0

The term inside the exponential in (2.1.1) is the KL divergence measured from
the model parametrised by 6, to its nearest model, parametrised by €. This
divergence represents the utility or worth that each parameter 6 has. If 6 is the true
parameter and is removed, the posterior distribution accumulates asymptotically
at the nearest ¢’ € O in terms of KL divergence (Berk, 1966). Thus, we can
quantify the loss in information we would incur if we remove 6 while it is the
true parameter. This method is suitable for the needs of our thesis, since the KL
divergence for Wishart distributions is available in closed form. It has also been
applied successfully on the degrees of freedom of a Student ¢ distribution (Villa
and Walker, 2014) as well as the multivariate ¢ distribution and the ¢t-copula (Villa
and Rubio, 2018).

2.2 Penalised regression and its Bayesian ver-
sion

In regression analysis, penalised regression is one of the standard tools in the
practitioner’s apparatus that is used to identify and estimate the effect of relevant
variables for predicting an outcome in cases where there are many predictors and
(possibly) few data. From a frequentist point of view, penalised regression usually

amounts to the following optimisation problem:

A

1
= ing —|ly — Bol — X B3 2.2.1
6= wgmin{ lly — 61~ XBI3-+ Al . 221



1
where [|3]|, = (Z?Zl |Bj\q) " is the penalisation term, y = (y1,...,yn)" is an
N-dimensional response vector, X is the design matrix, 8 = (B1,...,8p)" is
the vector of regression coefficients, and [y is the intercept. The parameter A
regulates the shrinkage level, with larger values causing more shrinkage towards
zero, while A = 0 results in ordinary least squares (OLS) estimation. The penalty
term, governed by parameter ¢, decides what type of penalisation is imposed on
B. For example, ¢ = 1 leads to the least absolute shrinkage and selection operator
(LASSO; Tibshirani, 1996) penalty, and g = 2 leads to the ridge regression penalty
(Hoerl and Kennard, 1970). Other penalty terms include the elastic net (Zou and

Hastie, 2005) penalty:
Ao|[Bll2 + M8l

which is a combination of LASSO and ridge penalties; the adaptive LASSO (Zou,
2006):

D
A 18011851,
j=1

where Bf is an initial estimate (e.g. OLS) and A is a positive parameter; the group

LASSO penalty (Yuan and Lin, 2006):

G
> lBlla,
g=1

which is useful when predictors are grouped in some way, for example in linear
regression with categorical explanatory variables, where each one may have several
levels and can be expressed through a group of dummy variables; or the fused

LASSO penalty (Tibshirani et al., 2005):

D D
A1 Z 18] + A2 Z |B; — Bi—1l,
=1 j=2

10



which is useful in problems with variables that can be ordered in some meaningful
way, and we want neighbouring coefficients to be similar to each other, besides
being sparse. The first penalty term promotes sparsity in the coefficients, and the
second one promotes sparsity in their differences.

Most estimations obtained using (2.2.1) also have a Bayesian equivalent as the
posterior mode under an appropriate prior on 8. For example, the ,[;' obtained
via LASSO penalisation is equivalent to the posterior mode under independent
Laplace priors on each 3;, with a common hyperparameter. If we also condition
on the error variance o, the Laplace becomes the Bayesian LASSO prior (Park

and Casella, 2008):
D

p(BIA %) =11 #e‘”ﬁﬂm. (2.2.2)

j=1
Conditioning on ¢? guarantees a unimodal full posterior. Similarly, Kyung et al.
(2010) proposed Bayesian equivalents to grouped and fused LASSO penalties, and
Li and Lin (2010) proposed the Bayesian version of elastic net. These are typical
examples of Bayesian penalisation techniques, and the priors they use are referred
to as shrinkage priors, as they aim to shrink small effects towards zero. Many
of these shrinkage priors are presented as scale mixtures of normal distributions
(see, for example, Andrews and Mallows, 1974; West, 1987). In a normal scale
mixture, a normal prior is assigned to f;, i.e. §; ~ N (0,7;), and then a prior (or
a hierarchy of priors) is assigned to the variance 7;, which serves as the mixing
density. The type of prior and its parameters govern the level of shrinkage and
decide the shape of the marginal prior that is imposed on ;.

There is an extensive literature on shrinkage priors, and we briefly present

one example here. The hyperlasso (Griffin and Brown, 2007, 2011) is a Bayesian

11



analogue to the adaptive LASSO, obtained through the following normal mixture:

ﬂj|7—j NN(O,TJ'), (223)

7|75 ~ Expon(y;),
Y|y, A ~ Ga(v, A72).

This normal-exponential-gamma prior belongs to the class of global-local shrink-
age priors (Polson and Scott, 2011), since it has a local variance component 7;,
which is specific to each predictor, and two global parameters, v and A, that are
common for all predictors and control the heaviness of the tails and the scale of
the prior. The density of the marginal distribution of 3;, the normal-exponential-
gamma probability density function, can be expressed as

v

7T-(ﬁj) = ﬁ

1
2\I'(v + 1/2) exp (71)\26]2> D_s041/2)(A|B51),

where D, (z) is the parabolic cylinder function (Olver et al., 2010, Ch. 12). Figure
2.2.1 presents a graphical model representation of hyperlasso, along with contour
plots of the penalty (negative log density of the joint prior for two variables)
induced by hyperlasso. This penalty is an example of a non-convex penalty. This
can be seen by connecting with a line two points in the contour — the line will
lie outside of the contour.
Another popular prior for 3 is the spike-and-slab prior (Mitchell and Beauchamp,

1988; George and McCulloch, 1993). We consider two types of spike-and-slab pri-

ors:

Bjlzj, 01 ~ (1 — 2;)d0(B;) + 2ip(B;]61), (2.2.4)

and

Bjlzj, 60,61 ~ (1 = 2;)p(B;|00) + 2;p(5;161). (2.2.5)
We refer to priors of the forms in (2.2.4) and (2.2.5) as discrete spike-and-slab

12
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Figure 2.2.1: (a) Graphical model representation of hyperlasso. Notice that, contrary
to the Bayesian LASSO prior in (2.2.2), the prior on f; is not conditioned on the error
variance 2. (b) Bivariate contour plots of the hyperlasso penalty (negative log-prior)
for three combinations of v and .

£
-
1
=

(

and continuous spike-and-slab priors, respectively. do(/3;) is a point mass at zero,
p(B;]61) is a continuous density serving as the slab distribution, and in (2.2.5),
p(B;]00) is a continuous density highly concentrated about zero. Both formulations

include the latent variable z;, which is a binary indicator that takes the values

1 if predictor j is included in the model,

0 otherwise.

The discrete spike-and-slab prior has the ability to shrink a coefficient exactly to
zero and thus to effectively exclude a covariate from the model. A typical choice

of a prior distribution on z; is a Bernoulli distribution

p(zlp) = p* (1 = p)'==. (2.2.6)

13
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Figure 2.2.2: (a) A discrete spike-and-slab prior, with a normal slab and point mass at
zero. (b) Two Laplace densities p(5;|\) = %e‘”ﬁj‘. Solid line (A = 10) represents a spike
distribution, while dashed line (A = 1) represents a slab distribution in a continuous
spike-and-slab prior.

Parameter p can be either fixed, given a hyperpior (e.g. a beta distribution),
estimated empirically, or integrated out to simplify a Monte Carlo simulation.

Spike-and-slab priors offer great flexibility in the choices of the spike and the
slab densities; Figure 2.2.2 shows combinations of normal and Laplace densities.
This flexibility is not restricted to continuous symmetric densities. In the context
of Bayesian nonparametrics (BNP), a Dirichlet process (Ferguson, 1973) or even
a hierarchical Dirichlet process (Teh et al., 2006) can be used as a slab, along with
the point mass at the spike. Also, again in the context of BNP, a spike-and-slab
prior can be used to create a base measure for a Dirichlet process prior (Barcella
et al., 2016, 2017).

Bayesian computation in the context of Bayesian regression with spike-and-
slab priors can be conducted via Gibbs sampling algorithms (see, for example,
George and McCulloch, 1997; Narisetty et al., 2019). However, such approaches
do not scale well to large datasets with many variables, and we discuss some

alternative methods in Section 2.4.
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2.3 Overview of variational inference

The following review of basic variational inference theory is based on introductory
readings such as Blei et al. (2017),Zhang et al. (2019),0rmerod and Wand (2010),
as well as Chapter 10 of Bishop (2006).

2.3.1 A peek at variational methods

In Bayesian statistics, we are interested in computing the conditional (or posterior)
density of latent variables, given observations. Let x be a set of observed variables,
and z be a set of latent variables, which may include hidden variables and model
parameters, with joint density p(z,x). Bayesian inference is then based on the

posterior density:

p(zx) =L

The denominator p(x) = [ p(z,x)dz is the marginal likelihood of the data
and is also known as the evidence. This quantity is available in closed form
only for simple models. When not analytically available, practitioners resort to
approximate inference methods, such as Markov chain Monte Carlo (MCMC,
see, for example, Robert et al. (2004)), Laplace approximation (Tierney et al.,
1989; MacKay, 1992), or expectation-maximisation (EM, Dempster et al. (1977)).
An alternative method is variational inference (VI), which transforms statistical
inference into an optimisation problem. The idea is to approximate the intractable
posterior with a simpler distribution of known form.

In VI, we select a variational distribution ¢(z) parameterised by a set of vari-
ational parameters. The goal is to find the best set of variational parameters
that make the Kullback-Leibler divergence between ¢(z) and p(z|x) as small as
possible. If we denote the variational parameters by A, then variational inference

can be described as solving the optimisation problem:
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¢"(z) = argmin KL(q(z|A)[[p(z[x)),
where ¢*(z) is the best approximation of p(z|x). We have that:

A a0 100 12N
KL(a(z}) Ip(z})) = [ afal)log 5255

_ / a(zI\) log ¢(z|A) dz / 4(z|\) log p(z]x)dz

=/q<z|A>1ogq 21 \)dz /q 2I\) log p(z, x)dz + log p(x).

(2.3.1)

The intractable log-evidence term log p(x) in (2.3.1) does not depend on the vari-
ational parameters, and the negative of the other two terms can be used as an

alternative objective function:

L(q) = /q(z) log péz(,z))() dz, (2.3.2)

where A is omitted to ease notation. The three quantities, £(q), KL(q||p) (as
defined in (2.3.1) without the arguments) and log p(x) are connected via the fol-
lowing equation, which also gives a decomposition of the log marginal likelihood

for an arbitrary density g¢:

log p(x) = L(q) + KL(q||p).

Clearly, maximising £(q) is equivalent to minimising KL(g||p). The objective
function L£(q) is also referred to as the evidence lower bound (ELBO) as it lower
bounds the log-evidence: logp(x) > L(q) for any g, since KL(q||p) is always a
non-negative quantity.

Another way to derive the ELBO is by using Jensen’s inequality (Jensen, 1906)
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and the concavity of the logarithm:

log p(x) = log/p(z,x)dz

VI provides the means to approximate the posterior distribution as well as the
marginal likelihood by optimising the ELBO. The lower bound is attained when
KL(ql||p) is zero, which only happens when ¢(z) equals the posterior p(z|x). This
never occurs in non-trivial problems, as the intractability of the posterior is the

reason why one resorts to approximate inference in the first place.

2.3.2 Mean-field approximations

Variational distribution ¢(z) should be chosen in a way that it is complex enough
to approximate the posterior as closely as possible, while at the same time be-
ing simple enough to provide a tractable approximation. A very common and
very simple choice is a fully factorised distribution, referred to as a mean-field
distribution. An approximation of this kind assumes that all latent variables are

independent, and each is governed by its own set of variational parameters:

q(z|X) = quzm-). (2.3.3)

This factorised form is the only assumption made about the variational distri-
bution, and there are no further restrictions imposed on the individual factors
¢i(zi|Ai). Mean-field variational inference (MFVI) has its origins in an approxi-
mation framework developed in the field of statistical mechanics called mean-field

theory (Parisi, 1988).
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2.3.3 Coordinate ascent equations

From all possible distributions of the form of (2.3.3), we need to find the one for
which the lower bound £(g) is maximised. We therefore need to perform a free-
form optimisation of £(q) with respect to all the individual factors ¢;(z;) (where
again dependence on \;’s is omitted), which is achieved by optimising each factor
in turn, in an iterative scheme. This is accomplished by inserting (2.3.3) into

(2.3.2), which gives the following expression of the ELBO:

L(q) = /HQ@(Zi){Ing<Z,X) _ ;10g gi(z:) Yz
_ /Qj(zj>{/10gp(z,x)HQi(Zi)dZi}de —/qj(Zj)logqj(Zj)dzj + const

i#£]
= /qj(zj)E#j [logp(z,x)]dzj — /qj(zj) log g;(z;)dz; + const.

(2.3.4)

The notation [E;.; denotes an expectation with respect to the variational distri-
bution over all latent variables in z except for z;. If we define a new distribution
p(x, z;) by the relation logp(x, z;) = E#j[logp(z,x)] + const, then equation
(2.3.4) assumes the form of a negative KL divergence between ¢;(2;) and p(x, z;).
This can be optimised with respect to ¢;(z;) by keeping all distributions {qi#}

fixed, which yields the optimal solution ¢}(z;) as:

log ¢} (2j) = Eiz;[log p(z,%)] + const. (2.3.5)

Equation (2.3.5) can be exponentiated to give:

q;(2;) o< exp{Ei# [log p(z, x)] }, (2.3.6)

which can then be normalised by dividing with [ exp{Ei# [log p(z, X)} }dzj. This

turns out to be a very useful result in practice, as it says that for each factor in
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(2.3.3) we simply take the log of the joint distribution over all variables, observed

and latent, and then average with respect to those variables not in that factor.
Cycling through equations (2.3.5) (or 2.3.6) and updating factors g¢;(z;) in

turn underlies the coordinate ascent variational inference (CAVI), presented in

Algorithm 1.

Algorithm 1 CAVI for obtaining the optimal densities under mean-field approx-
imation.

Initialise: ¢i(21),...qum(2n)
1: while ELBO has not converged do

2 for j € {1,..,M} do

3 Set ¢;(z;) ox exp{Eix;[logp(z,x)] }
4: end for

5 Compute ELBO

6: end while

Practical implementation of Algorithm 1 requires that factors g;(z;) are avail-
able in closed form. This is the case when we are working with conditionally
conjugate models within the exponential family. Working with exponential family
models greatly simplifies variational inference, and this simplicity has motivated
extensive research on variational methods. Two examples are the study of the-
oretical properties of variational approximations (Wang and Titterington, 2012)
and stochastic variational inference (SVI, Hoffman et al., 2013), a method that
scales VI up to massive data. In the case of non-conjugate models, a very typical
example being Bayesian logistic regression, CAVI cannot be directly applied, and
other solutions have been studied (e.g. Wang and Blei, 2013).

All in all, literature on VI is quite extensive, and the reader is referred to (Blei

et al., 2017) for a comprehensive review.
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2.4 Computational methods for spike-and-slab
models

In this section, we review the most relevant methods that employ spike-and-slab
priors on the coefficients of Bayesian linear regression models in high-dimensional
settings. These methods, conduct inference using either VI or EM algorithms and
have appeared in the literature in recent years.

Logsdon et al. (2010) introduced variational inference in genome-wide associ-
ation (GWA) studies. They partitioned the covariates into having either positive,
negative, or zero effects and proposed the following prior with one spike and two

slabs:

Bj ~ (1= ps. — ps_)00(B;) + pa.N+(0,05,) + ps_N_(0,05_),
(psy>ps-,1 — pa. — ps_) ~ Dir(1,1,1),
050~ X1
where N, N_ are positive and negative truncated normal distributions respec-
tively, Dir denotes the Dirichlet distribution, and x;? denotes the inverse chi-
squared distribution with one degree of freedom.
Carbonetto and Stephens (2012) applied VI to a Bayesian linear model with
a discrete spike-and-slab prior with a normal slab and assessed the performance
of their algorithm in GWA studies. They computed the low-dimensional poste-
rior distribution of the hyperparameters using importance sampling, where they
replaced the intractable marginal likelihood in the importance weights with its
corresponding evidence lower bound obtained from the variational approxima-
tion. They compared the results of their method with posterior inference via
MCMC and also inferred a Bayesian logistic regression model using a modified

version of their algorithm.
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You et al. (2014) studied the variational posterior for a Bayesian linear regres-
sion model with a normal prior on the coefficients and an inverse gamma prior on
the error variance. They provided theoretical results on the consistency of their
estimators and introduced two variational information criteria: the variational
Akaike and the variational Bayesian information criteria. Ormerod et al. (2017)
extended their work and applied variational inference to the Bernoulli-Gaussian
model and provided similar consistency results. The Bernoulli-Gaussian model
was introduced by Kuo and Mallick (1998) and is also known as the binary mask
model. It is similar to a linear model with a discrete spike-and-slab prior, in
the sense that it also introduces binary indices. It has the following hierarchical

representation:

yilxi, 8,2, 0% ~ N(Z 2B @i, %),
J

z; ~ Bern(py),
ﬁj ~ N(O7 U?a)

Ray and Szab¢ (2022) studied a variational approximation to a discrete spike-
and-slab model with Laplace slabs and provided theoretical results. They used

the following hierarchical prior on 3;:

Bjlzj ~ zjLap(A) + (1 — 2;)d0(5;),
zjlpj ~ Bern(p;),

pj ~ Beta(ag, bp).

This setting is very close to the one proposed in this thesis. We briefly present
here five key points of their work which we treat differently in Chapter 4. Firstly,
probabilities p; vary for each j and the prior inclusion probability equals p(z; =

1) = ag/(ag + by), which is the mean of the beta prior on p;. Secondly, regarding
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the error variance o2, instead of assigning a prior to it, they calculate an empirical

estimation 62 as in Reid et al. (2016):

62 = !
- N-—-M

ly — X BslI2.

where ,35\ is the vector of coefficients estimated by LASSO, ) is the regularisation
parameter selected via cross-validation, and M is the number of non-zero elements
in B;\. Thirdly, due to the Laplace slab, the ELBO contains the expectation of |3;]
with respect to f;’s variational distribution (N (p;, s7)), which is the mean of a
folded normal distribution: s; \/Z/_We*“?/(zsﬂz) + i (1 —2®(—p;/s;)), where ®(-) is
the cumulative density function of the standard normal distribution. Since there
are variational parameters inside ®(-), direct optimisation of the ELBO is not
possible and they resort to numerical methods which inevitably make the process
slower. A fourth point is that they use the maximal change in binary entropy of
the posterior inclusion probabilities to monitor convergence. The problem with
this quantity is that it does not change monotonically per iteration. Finally, a
fifth feature of their work is their proposed initialisation scheme. They proposed
taking a preliminary ridge regression estimation of the coefficients, upon which the
ordering of the updating process is determined. They do so to deal with situations
where all non-zero coefficients are gathered in one part of the signal. We have
found this scheme unsuitable for non-trivial examples, and this has motivated us
to develop an alternative initialisation process. Finally, the authors follow the
same procedure for a Bayesian logistic regression model (Ray et al., 2020).
Rockova and George (2014) developed an expectation-maximisation algorithm
that fits linear models with a continuous spike-and-slab prior, which is a mixture
of normal distributions, on the coefficients. Rockova and George (2018) proposed
the spike-and-slab LASSO (SSLASSO), which employs a spike-and-slab mixture

of double-exponential distributions and provided an implementation via EM and
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coordinate-wise optimisation.

Tang et al. (2017a) extended the SSLASSO framework to generalised linear
models in order to analyse large-scale molecular data. Tang et al. (2018) further
extended the framework to include group-specific priors and Tang et al. (2017b)
to a Cox proportional hazard model. These methods are implemented in the

BhGLM (Yi et al., 2019) package in R (R Core Team, 2021).
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Chapter 3

Loss-based prior for the degrees
of freedom of the Wishart

distribution

3.1 Introduction

Vector autoregressive (VAR) models are widely used by macroeconomists and
central bankers for analysing and forecasting time series related to finance or
economic problems. In particular, VAR models are flexible multivariate time
series models that capture interdependencies among multiple variables of interest.
They were introduced by Sims (1980) and have more recently been used to analyse
the dynamic properties of economic variables.

In order to avoid overparametrisation and overfitting issues, Bayesian inference
for VAR models has been successfully introduced (e.g. Doan et al., 1984; Litter-
man, 1986; Sims and Zha, 1998). In the recent literature, different prior speci-
fications for the matrix of coefficients of the VAR models have been developed.
In particular, Doan et al. (1984) and Litterman (1986) introduced a set of prior

distributions that centre the whole system on a multivariate random walk. To
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deal with high-dimensional models and the forecasting of macroeconomic scenar-
ios (e.g. Banbura et al., 2010; Carriero et al., 2015, 2019; Huber and Feldkircher,
2019), hierarchical models have been introduced to address dimensionality issues.
For instance, George et al. (2008) introduced stochastic search variable selection
(SSVS) priors, while recent papers show improvements in inference and forecast-
ing when dealing with parametric (e.g. normal-gamma or Dirichlet-Laplace, see
Huber and Feldkircher (2019) and Cross et al. (2020)) and nonparametric (e.g.
Bayesian additive regression trees (BART), see Huber and Rossini (2020), and
Dirichlet process, see Billio et al. (2019)) shrinkage priors.

In the case of constant volatility models, all the approaches described pre-
viously assign a Wishart prior distribution to the precision matrix of the error
terms. Thus, a very common choice for the prior of the parameters of the VAR
model is the normal-Wishart distribution, where the vector of coefficients follows
a priori a normal distribution and the error precision matrix follows a Wishart
distribution. The advantage of this representation is the possibility of having
closed-form conditional posterior distributions, which have the same form as the
prior distributions.

In the usual representation of the Wishart distribution, we infer the degrees
of freedom and the scale matrix. In particular, in the VAR representation, the
degrees of freedom are assumed a priori to be equal to the size of the variable of
interest plus one. As far as we are aware, no investigation has been done regarding
this assumption, and in this chapter, we address this issue. In particular, we
assume a hyperprior for the degrees of freedom by following the literature on
loss-based priors (see Villa and Walker, 2015).

As stated in the simulation and empirical studies, the use of a hyperprior on
the degrees of freedom leads to better results compared to fixing the value of the
degrees of freedom a priori. This result provides the opportunity to investigate

different values for the degrees of freedom. The aim of this chapter is to contribute
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to the literature on multivariate time series by introducing a novel hyperprior on
the degrees of freedom.

We illustrate the improved performance of our hyperprior compared to fixing
the degrees of freedom by applying our approach to two different datasets. In
the first application, to assess how our model performs in a typical real-data
application, we forecast different macroeconomic variables in the US using the
FRED dataset (McCracken and Ng, 2020). We study the merits of our approach
by considering three datasets of differing sizes, namely, a small (with m = 3), a
medium (with m = 7), and a large (with m = 15) dataset. The second dataset
analysed is the Google Dengue Trends (GDT) for ten different countries (Carneiro
and Mylonakis, 2009; Strauss et al., 2017). In both applications, we perform
out-of-sample predictions to measure the forecasting accuracy of our approach
compared to the normal-Wishart prior with fixed degrees of freedom. Comparing
the two priors reveals that our approach improves forecasting accuracy in terms
of point and density forecasting measures.

The chapter is organised as follows. Section 3.2 describes the VAR model and
the normal-Wishart prior setup. Section 3.3 focuses on the derivation of the loss-
based prior for the degrees of freedom of the Wishart distribution. In Section 3.4,
we compare the proposed hyperprior with the benchmark assumption using data
simulated from a multivariate time series. Section 3.5 deals with real data; in
particular we forecast macroeconomic and Google Trends data. Final discussion

points and conclusions are presented in Section 3.6.
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3.2 Preliminaries

Let y; for t =1,...,T be the m x 1 vector of observations, then we can define a

VAR model with p lags as

p
Y = Z Ajyj + &, (3.2.1)
j=1

where A; is an m x m matrix of coefficients and €, an m x 1 vector of errors.
We assume that &; = (gy,...,6mt) are ii.d. for t = 1,...,T with distribution
N(0,%). Notice that we have not included an intercept term in (3.2.1); in all of

our applications, the variables are transformed so that E(y;) = 0.
Following Kadiyala and Karlsson (1997), we write the VAR model as a system

of multivariate regressions

Y =XA+FE, (3.2.2)
where Y is a T x m matrix constructed as Y = (y1,¥2,...,yr)", Xisa T x k
matrix constructed as o
L1
T2
X = ,
LT
where z; = (y," ,, 9/ o,..., y;p) is a 1 X k vector that contains the lagged response

variables, and k = mp. Some authors (e.g. Carriero et al. (2015); Cross et al.
(2020)) suggest transforming the variables (columns of Y and X)) to make them
stationary. Notice that both equations (3.2.1) and (3.2.2) imply that each of the
m variables depends upon p lags of itself and p lags of all the other m —1 variables.
Moreover, A is a k x m matrix of coefficients constructed as A = (A, Ag, ..., A,)"
and E is a T x m matrix of errors constructed as £ = (e1,...,er)'. As a

further step, we can apply the vec(-) operator on both sides of (3.2.2) and get the
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vectorised form

y=In®X)a+e, (3.2.3)

where y = vec(Y), a = vec(A), € = vec(E) with distribution € ~ N (0,2 ® Ir)
and ® is the Kronecker product. Vectors y and € are mT x 1, o is mk x 1 and
matrix I, ® X is mT x mk.

The Kronecker product I, ® X in (3.2.3) implies that all y;s are modelled
using the same set of explanatory variables. This feature does not allow for the
imposition of restrictions on specific coefficients; for example, a practitioner might
want to restrict specific coefficients on the lagged dependent variables to zero. We
do not impose restrictions in any of the applications in this chapter, and we refer
the reader to Koop et al. (2010) for an alternative formulation of the VAR model
that allows for restrictions.

The likelihood, as a function of a and 3, can be shown (Kadiyala and Karlsson,
1997) to be proportional to the product of a normal distribution for e that depends

on ¥, and a Wishart distribution for ¥~!. In particular, the likelihood function is

L, ) o Mea, @ (XTX) ) x WEMS T —k—m-—1),

~

where A = (XTX)'XTY is the OLS estimate of A', & = vec(A) and S =
(Y = XA)T(Y — X A). This form suggests that the natural conjugate prior for the

parameters of the VAR model is the normal-Wishart prior:

alX ~N(a,XeV),

ST AW, 7.

In order to explain a drawback of the natural conjugate prior, we introduce the

!The OLS estimate requires the assumption that there is no perfect multicollinearity in X,
so that X T X is invertible.
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following equation for the ith variable:

vy, = Xo, + €,

where y;, a; and €; are the ith columns of Y, A and E respectively, and ¢ =
1,...,m. Thus, «; is a k x 1 column vector that contains the coefficients of the

response variables in the ith equation, and by stacking a;s we recover a:

(897

The Kronecker product ¥ ® V in the covariance of the conditional prior of «
implies that the prior covariance matrices of the coefficients in any two equations,
only differ by a scale factor since they are both proportional to V. To avoid this
restrictive feature, we adopt a normal-Wishart prior in which « is independent of

PN

a~N(a,V),

S~ Wy, ST,

This prior is referred to as the conditionally conjugate (Murphy, 2012) or indepen-
dent (Koop et al., 2010) normal-Wishart prior, and leads to conditional posteriors
of the same forms, namely a normal for o and a Wishart for ¥~!. These condi-

tional posteriors can be used to conduct Bayesian inference via Gibbs sampling

29



(Geman and Geman, 1984; Gelfand and Smith, 1990). In particular, the condi-

tional posterior distribution of the vectorised matrix of coefficients is
oy, X' ~ N(a, V),

where V=V '+ZTA'Z) Panda=V(V 'a+Z A ly), where Z = I, ® X
and A = ¥ ® Ir. On the other hand, the conditional posterior distribution for the

precision matrix is
-1 _ —=—1
)y |a,y~W<u,S ),

where 7 = v+T and S = S+ (Y — X A)T(Y — X A). Derivations of the conditional
posterior distributions can be found in Appendix A.1, where we have used both
the matrix representation on the VAR model in (3.2.2) and its vectorised version

in (3.2.3) as well as the assumption of normality of the errors.

3.3 Loss-based hyperprior

In this section, we derive the loss-based prior distribution for the number of degrees
of freedom of the Wishart distribution. We consider the parameter v as discrete,
and to construct the prior, we employ the objective method introduced in Villa
and Walker (2015).

To illustrate the method, let us consider a Bayesian model with sampling
distribution f(x|6), characterised by the discrete parameter § € ©, and prior 7(6).
The idea is to assign a mass to each value of the parameter that is proportional to
the Kullback—Leibler divergence between the model defined by 6 and the nearest
one. In other words, if f(x|f) is the true model, and it is not chosen, then the
loss in information that one would incur is represented by the Kullback—Leibler

divergence from f(z|0) and f(x]0'), where the latter is the nearest model to the
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true one. Thus, the prior on 0 will be given by Eq. (3.3.1).

7(6)  exp {gg KL <f<x|e>||f<a:|e'>>} -1, (3.3.1)

where KL (f(x|0)]| f(z|0")) represents the Kullback—Leibler divergence between the
two models.
The probability density function of a Wishart distribution with parameters

the positive semi-definite scale matrix V' and degrees of freedom v, is given by:

WIXIV,») & X[ D2 exp(— Te(V 1 X) 2),

Z A |V T, (v)2),

where I'),(z) = amm=D/4 | J I'(z + 452) is the multivariate gamma function
and Tr(-) is the trace function. The density function is well-defined only if v >
m — 1, since I',,,(v/2) in the normalisation constant Z has either simple poles or

is negative if v < m — 1. If m = 1 and V is a scalar, the Wishart reduces to

the gamma distribution with shape parameter 5 and rate parameter % In this
chapter, we use the Wishart distribution to model (positive definite) matrices,
and thus we only consider the case v > m > 2.

The Kullback-Leibler divergence between two Wishart distributions (Beal,
2003) that share the same m x m scale matrix and differ only in the number of

degrees of freedom, say W, and W, ., is given by:

KL(W, W) = log {M} ~2on (5), (33.2)

where 1),,, is the multivariate digamma function defined as ¢,,,(z) = > ;" ¥(z +
(1 —14)/2), ¥(z) = I"(z)/T'(x) is the digamma function. If W, is well-defined,
W, 1. is also well-defined if ¢ > m — v — 1.

Application of (3.3.1) to the Wishart distribution requires finding the value
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of ¢ that minimises (3.3.2). In doing so, it is useful to consider a real-valued c,
ie. ce R:c>m —v —1, and examine the convexity of (3.3.2) as a function of
c. The second derivative of (3.3.2) with respect to ¢ is » 7" g—; log I' (421,

The second derivative of the gamma function is known as the trigamma function

(¥ (z)), and is a special case of the polygamma function defined as: ¥™(z) =

(1)t 57 T_e:fdt (Abramowitz and Stegun, 1972, Eq. 6.4.1). For odd n, as in
the case of trigamma, the polygamma function is strictly positive. Thus, the sec-
ond derivative of (3.3.2) is positive and hence, (3.3.2) is a strictly convex function
of ¢. Equation (3.3.2) has a global minimum at ¢ = 0 since KL(W, |[W,) = 0
and the Kullback—Leibler divergence is always non-negative. The two properties,
strict convexity and global minimum at ¢ = 0, imply that if we restrict ¢ to integer
values and exclude 0, i.e. ¢ € Z7 : ¢ > m—v—1, KLOW,||W,..) will be minimised

for either ¢ = —1 or ¢ = 1. Theorem 1 shows that the Kullback—Leibler divergence

between W, and W, . is minimised for ¢ = 1.

Theorem 1. Let W, and W, . denote two Wishart distributions with the same
m X m scale matriz, where v and v + ¢ represent their degrees of freedom, and
c € {—1,1}. The Kullback—Leibler divergence between W, and W, . is minimised

when ¢ =1, for any v and m such that v > m > 2.

Proof. For ¢ = 1, the Kullback—Leibler divergence is

KLOW, [W, 1) = log ' (”%1) “togTy (2) — 5en (2).

and for c = —1, it is
KLOW,|[Wy 1) = log T [ 22 ) — logT (3)+1¢ (5)
v v—1) = 1081 2 glm 9 m .

2 2

By taking the difference of the two divergences, we have
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+1 1
KLOW, |[W,41) — KLOW, |[W,_1) = log T <” ) “logT,, (” ) — (g)

2
:bg%—%(g)-

We will prove that this difference is always negative for any v, m such that v >

m > 2.

If v = m, ¢ can only be equal to 1; if ¢ = —1, W,,_; is not a well-defined
density and the difference equals —oo because log 22(17(1())) = —0o0 since ﬁ =0
(Abramowitz and Stegun, 1972, Eq. 6.1.3).

If v > m, then we can write v as v = m+ k, with k = 1,2,... and m > 2.

By proving the following inequality, we prove that the minimum Kullback-Leibler

divergence is achieved at ¢ = 1:

log {FQ(Z‘TE’;)} < ¥ (mT”“‘) | (3.3.3)

Two results that enable us to prove the inequality in (3.3.3), are the following:

T (Vgl) = Y (g>+¢<'/;1>, (3.3.4)

and

log (z — %) < ¢(x). (3.3.5)

Equation (3.3.4) comes from the definition of the multivariate digamma function.
Inequality (3.3.5) can be deduced from the following inequality which is found in
Elezovic et al. (2000):

log (¢ + 1) < w(a + 1),

for > 0, which by using the recurrence formula 1 (z+1) = ¢(z)+ 2 (Abramowitz
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and Stegun, 1972, Eq. 6.3.5), becomes
1 1
log (z + %) — - < Y(z). (3.3.6)
From (Mitrinovic et al., 1964, Eq. 2.79) we have that:
1
— <log(a+1)—loga,
a

for a > 0, and obviously #1/2 < é, thus we have:

1
- <log(a+1) —loga.
T3

By setting a = z — 1/2, we get:
log (z — 1) <log (z+ %) — . (3.3.7)

From (3.3.6) and (3.3.7) we have that log (z — ) < ¥ (z). Notice that log (z — 3)
exists only for x > 1/2, a condition that is not violated when we use the inequality
later on.

At first, we make the assumption that (3.3.3) holds for a particular m and

prove that it holds for m + 1.

log {M} < s (M)

9m+1D0 (k) 2
(I (55 ()

I'(m+ k) m+k m+k m+1+k
logd e b log { T b < g (F ]
sty | <o (M) e ()
where in the last step we have that longJ”l‘C < 1/1(%”'“) as a consequence of

the result in (3.3.5). Thus, if the inequality (3.3.3) holds for m, then it holds for

m + 1 and, more importantly, it holds for any k. The smallest value m can have
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is m = 2, for which we have

['(2+k) 2+ k
1 Sl 74 2
i < ()
(k+ 1)k 24+ k 1+k
1 —_— —_— — .
0g { 52 <v(—)tvl—
Again, we have that log (£) < ¢ (&) and log (2) < ¢ (&2) due to (3.3.5).
Thus, inequality (3.3.3) holds for m = 2 and, subsequently, it holds for any m. [

Now we can define the objective prior distribution for v, following Eq. (3.3.1),

as

F e m v+1—1
(_12)6—521-_% S (33.8)

3.3.1 Properness of the posterior for v

Let us assume that we observe one random matrix X! from the Wishart distri-
bution W(S;',v). By using the objective prior for v in Eq. (3.3.8), we obtain the

following posterior distribution for the number of degrees of freedom:

p(v|S7) o w(v)m (87w, S5t)
NG I
X {we o ) - 1} X

Iz |(mefl)/2€(* Tr(Sox~1)/2)
25155 /2T (%) '

(3.3.9)

An important aspect when using an objective prior is to ensure that the yielded
posterior is proper. The following Theorem 2 shows that the marginal posterior

for v is proper.

Theorem 2. The posterior distribution for the number of degrees of freedom v in

Eq. (3.3.9) is proper.
Proof. We prove that >~°°  p(v|E7!) < oo using Abel’s test of convergence. The
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sequence {m(v)} is bounded: 7(m) > 7(v) > 0 and is also monotone (decreasing).

We show that >0 7(37 1w, Sy') < oo using the ratio test:

yz—ly(y—m)ﬂ ‘ Q%IS()_l‘VﬂFm (g)
(1/+1)m B vl $—1{(v—m~—1)/2
Sy e, () BT
S V2T ()

2m/2|S 1|1/2F ( ! )
|2 |1/2F (l/+1 )
2m/2|5 1|1/2F( 1)

F(V—l—l—m)
lim {— —} —o,
V—00 F(%l)

so lim, o R, = 0 (Abramowitz and Stegun, 1972) and, therefore, the posterior

It follows that

for v is a proper distribution. O

We can draw a sample from p(v|X71) using a Metropolis step (Metropolis
et al., 1953) with the following simple proposal. If v = m, propose v* = m + 1.

Otherwise, propose either v* = v+ 1 or v* = v — 1 with equal probability. Accept

p(v* X~ )}

v* with probability mln{l, P ORD)

3.4 Simulation studies

In this section, we compare the performance of our loss-based hyperprior in dif-
ferent simulation studies. In particular, we use a Bayesian VAR model of order
1 with different matrix dimensions and time lengths. Since our interest in this
simulation study is to evaluate our prior when estimating the error covariance
matrix, we assign an inverse-Wishart prior to X, which is equivalent to assigning
a Wishart prior to X!, and consider two scenarios of how v is treated. More
specifically, the prior for the coefficients is a zero-mean normal distribution with
a diagonal covariance matrix (with diagonal entries equal to 10 to induce a weak

prior), while the error covariance matrix follows an inverse-Wishart with a scale
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matrix equal to I,,, and degrees of freedom equal to ¥ = m+1 (in the first scenario)
and v ~ 7(v) (in the second scenario).

As stated above, we have created different synthetic datasets for various di-
mension of the matrix in the VAR. In particular, we have studied small, medium
and large size VARs, where m is equal to 5, 10 and 20, respectively. For each
dataset, we have considered a small time dimension (7" = 30) and a medium time
dimension (7" = 100).

Moreover, we have considered different combinations for the choice of the de-
grees of freedom when generating the data. In particular, for each dimension m,
we have chosen v equal to {5,10,15} for m = 5, {10,15,20} for m = 10, and
{20, 24,26} for m = 20, respectively.

For each dataset, we run the Gibbs sampler that sequentially draws from the
conditional posterior distributions p(aly, X71), p(X7!y, ) for the first scenario,
and a second Gibbs sampler that draws from p(aly, X71), p(37 |y, a) and p(v|271)
for the second scenario. Then, for each simulated Markov chain, we estimate the
posterior means of the elements of X and calculate the mean absolute deviation
(MAD) between these estimates and the true values that generated each respective
dataset as:

1 .
MAD = —||0 — 0
16 =0l

where N = m(m+1)/2 is the number of unique elements of the covariance matrix,
f is the vector containing the unique elements of the true covariance matrix, and
6 the respective posterior means. However, all MADs calculated in this section
are close to zero and there are several extreme outliers, so we report results in

terms of the square root of MAD
RMAD = vMAD,

where RMAD is the abbreviation for root mean absolute deviation, in order to
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make boxplots more legible.

This process is repeated 250 times, and the Gibbs sampler is run for 6000
iterations, with a burn-in of 1000 iterations. For each batch of RMADs, we create
different boxplots for the two different scenarios: the fixed v and the estimated
degrees of freedom. In particular, since we are interested in the covariance ma-
trix, we have reported the RMADs for the covariance matrices for each dataset.
Figure 3.4.1 shows the results for the RMAD for the case with m = 5 and with
T = 30°. The left panel explains the results when the data are generated with
v = 5, the central panel when the data are generated with v = 10 and the right
panel with v = 15. From Figure 3.4.1, once we move from a dataset generated
with a v equal to m to a dataset with higher degrees of freedom, the differences
between the two priors increase. In fact, the left panel shows no difference be-
tween the two priors, except for the outliers, which are smaller for our proposed
hyperprior. On the other hand, increasing v to 10 and 15 leads to improvements

in the evaluation of our hyperprior.
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Figure 3.4.1: Monte Carlo simulation — root mean absolute deviations of the covariance
matrices of dimension m = 5. These empirical distributions are obtained by simulating
250 VAR(1) of sample size T' = 30. Results are reported separately for data generated
from a Wishart with v = 5 (left panel), v = 10 (central panel), and v = 15 (right panel).

These results are also confirmed in high-dimensional cases as shown in Fig-
ures 3.4.2 and 3.4.3 for the ten-dimensional and twenty-dimensional cases, respec-
tively. In Figure 3.4.2, we compare our loss-based hyperprior with the fixed v

for the data generated from a Wishart with degrees of freedom equal to 10 (left

2The results for T = 100 are available in Appendix A.2.
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panel), 15 (centre), and 20 (right). As stated above, in this scenario the results
indicate that our loss-based prior performs better than the fixed v for the cases
of 15 and 20 degrees of freedom. Regarding the smallest degrees of freedom, we
observe small differences between the two prior scenarios, but again the loss-based
prior shows better results concerning the outlier values.

Root MAD, T=30,M=10, »=10 Root MAD, T=30,M=10, »=15 Root MAD, T=30,M=10, »=20
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Figure 3.4.2: Monte Carlo simulation — root mean absolute deviations of the covariance
matrices of dimension m = 10. These empirical distributions are obtained by simulating
250 VAR(1) of sample size T' = 30. Results are reported separately for data generated
from a Wishart with v = 10 (left panel), v = 15 (central panel), and v = 20 (right
panel).

In conclusion, Figure 3.4.3 shows the results for the twenty-dimensional case.
Also in this case, we have reported three different figures for data generated from
a Wishart with 20 degrees of freedom (left panel), 24 (centre), and 26 (right)
with T" equal to 30. In this case, the improvements are less evident than in the
previous case for the left and centre panels. However, in the case of 24 degrees of
freedom, our loss-based hyperprior outperforms the fixed v prior. This result is
strong when we use data generated from a Wishart with 26 degrees of freedom,
as shown in the right panel of Figure 3.4.3.

These results are confirmed for a higher number of observations, namely T
equal to 100, as shown in Appendix A.2. We use the same combinations of v and
m with the only difference being in T". As expected, in this simulation study with
a larger sample size, the impact of the objective hyperprior is less extensive and
overall RMAD is lower for both priors.

Similarly to the sample size of T' = 30, in the cases when v = m (left panels
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Figure 3.4.3: Monte Carlo simulation — root mean absolute deviations of the covariance
matrices of dimension m = 20. These empirical distributions are obtained by simulating
250 VAR(1) of sample size T' = 30. Results are reported separately for data generated
from a Wishart with v = 20 (left panel), v = 24 (central panel), and v = 26 (right
panel).

of Figures A.2.1,A.2.2/A.2.3) there are subtle differences between the two priors.
When we move to data generated with higher degrees of freedom (central panels),
the improvement in performance is less evident than in the 7" = 30 case. Median
RMAD might be lower with the objective prior, but boxplots exhibit a larger
interquartile range and more distant outliers. Finally, in the higher v datasets that
we examine (right panels), we get a clearer picture. There are less outliers, and

the interquartile ranges for the two priors overlap only in the m = 20 dimension.

3.5 Forecasting of real data

In this section, we compare the results of our loss-based hyperprior with the fixed v
prior in two different real data applications. The first real data application deals
with macroeconomic variables from the FRED dataset, and we consider three
different sizes: small (3 variables), medium (7 variables), and large (15 variables)
datasets. On the other hand, in the second application, we use Dengue fever data
from 10 different countries across the world.

In both applications, we evaluate the performance of our loss-based hyperprior
by forecasting one-step-ahead values. We compare the predictive ability of the two
priors using both a point and a density forecasting measure. Regarding the point

forecasting measure, we use the root mean square error (denoted by RMSE), which
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T—1 1
1 2
] : (3.5.1)

RMSE; = [ﬁ ;(?Ji,tﬂ — Yizs1)’
where R is the length of the rolling window, ;1 is the observation for the ith
variable and g; 441 is the one-step-ahead prediction for the 7th variable.

In addition, we evaluate the density forecasting accuracy using the average
continuous ranked probability score (CRPS) introduced by Matheson and Winkler
(1976). The use of the CRPS has some advantages over other scoring functions,
as it does a better job of rewarding values from the predictive density that are
close to the outcome and is less sensitive to outliers (see Gneiting and Raftery

(2007) for a comparison with other score functions). The CRPS is defined such

that a lower number is a better score and is given by:

“+o00

CRPS;(y141) = /_ (F(2) = Ly < 2))%dz (3.5.2)

=Es Vit — yepr| = 05K |[Yiin — Y],

where F' is the cumulative distribution function associated with the posterior
predictive density, f, 1(y;41 < 2) is an indicator function taking the value 1 if
Y41 < z and 0 otherwise, and Y41, Y}, are independent random draws from the

posterior predictive density.

3.5.1 Macroeconomic data

In this experiment, we use a subset of the FRED-QD dataset from McCracken and
Ng (2020). The data are at a quarterly frequency and the time period spans from
1959Q2 to 2019Q3. All variables are transformed to be stationary by following
McCracken and Ng (2020). In terms of forecasting, this choice leads to more
stable predictive densities. Following Huber and Feldkircher (2019), we use three

sets of variables to estimate a small-scale, medium-scale, and a large-scale VAR.
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The small-scale VAR only includes the real GDP growth, the GDP deflator, and
the Federal Funds Rate (FFR). The medium-scale VAR additionally uses data
on investment, consumption growth, and hours worked. The large-scale VAR
includes 15 different variables. Given the quarterly frequency of our data, we
include p = 5 lags for all the models considered in this section.

We estimate the models by running the Gibbs sampler for 6000 iterations and
discarding the first 1000 iterations as burn-in. Regarding the forecasting exercise,
Huber and Feldkircher (2019) use an expanding window with an initial length of
144 quarters that expands until the end of this dataset. We, instead, follow Clark
and McCracken (2010), and use a rolling window of 60 quarters (fixed length)
in order to compare the two priors across a wider horizon, and we make one-
step ahead forecasts. The lags, the rolling window length, as well as the data
transformations, all impact when we begin making forecasts. In the first seven
rows of the data, there are five rows with missing values caused by lags (p = 5)
and two more rows with missing values caused by the data transformations. Thus,
all three quarters of 1959 and all four quarters of 1960 are lost. Since the rolling
window is 60 quarters, or equivalently 15 years, the first forecast is made for
1976Q1.

Before examining the forecasting exercise, we briefly present the results of
the estimated degrees of freedom using a rolling window estimation. Both the
forecasts and the degrees of freedom estimates are made for the same period.
Figure 3.5.1 shows the results of the estimated degrees of freedom together with
the 95% highest posterior density (HPD) and the degrees of freedom used in the
normal-Wishart scenario with fixed v (in red). The left panel shows the results
for the small-scale VAR, the central panel for the medium-scale VAR, and the
right panel for the large-scale VAR.

In Figure 3.5.1, we find strong evidence of changes in the estimated degrees

of freedom over time. The left panel shows a “jump” in the degrees of freedom
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after 2000 and a fall around 2009, strongly related to the Lehman Brothers failure.
This “jump” also occurs in the medium-scale and large-scale VARs, though in the

latter case it is smaller.
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Figure 3.5.1: Estimated degrees of freedom (solid line) for the loss based hyperprior by
using a rolling window of 60 quarters with the 95% HPD (dotted lines) and the fixed v
(red dashed line) for the macroeconomic data. Left panel for the small-case; centre for
the medium-scale and right for the large-scale.

Moving to the forecasting analysis, we report the point and density forecasting
measures in the same table for the three different cases. Table 1 shows the RMSE
(left panel) and the CRPS (right panel) for the small-case VAR. In this table, we
report the ratio between the two models. When the ratio is less than 1, it means
that the model with the loss-based hyperprior is outperforming the benchmark
model with fixed v. In the point forecasting measure, the benchmark model is
outperforming our hyperprior for the GDP and the Federal Reserve Fund by a
very small margin. On the other hand, for the GDP deflator, our hyperprior leads
to an improvement of around 20% compared to the benchmark. This result is
confirmed for the average CRPS, where our loss-based hyperprior outperforms
the benchmark model by 15% for real GDP growth and the GDP deflator, and
by 2% for the Federal Reserve Funds Rate.

Moving to the medium-scale model, Table 2 presents the point and density
measures for the 7 different variables analysed. In this scenario, the situation
is similar to the small-case VAR regarding both point and density forecasting
measures. The main change is related to the GDP, as the model with the hy-

perprior is outperforming the benchmark one by around 4% in point forecasting,
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RMSE CRPS
fixedv v~m(v) ratio |fixedv v~ w(v) ratio
GDPC1 0.010  0.010 1.006 | 0.045  0.039 0.866
GDPCTPI 0.004  0.003 0.811 | 0.045  0.039 0.868
FEDFUNDS | 0.946  0.953 1.006 | 0.388  0.381 0.981

Table 1: RMSE and average CRPS for the small-case VAR for each prior. The first
column refers to the variable, the second to the Gibbs sampler with fixed v and the
third with our loss-based hyperprior.

while for the Federal Funds Rate, the situation does not change in terms of point
forecasting. As in the small-scale VAR, the model with the hyperprior shows bet-
ter results compared to the benchmark model across the 7 variables in terms of
CRPS. In particular, for the three variables of interest (the GDP, GDP deflator,
and the Federal Funds Rate), the hyperprior model outperforms the benchmark

by margins between 3% and 15%. This is also confirmed for the other variables

analysed.
RMSE CRPS

fixedv v~m(v) ratio |fixedv v~ m(v) ratio
GDPC1 0.008  0.007 0.959 | 0.058  0.049 0.857
GDPCTPI 0.004  0.004 0.971 | 0.058  0.050 0.865
FEDFUNDS 0.941  0.947 1.006 | 0.391  0.381 0.974
PCECC96 0.006  0.006 1.018 | 0.058  0.050 0.860
GPDIC1 0.032  0.032 1.003 | 0.061  0.053 0.866
AWHMAN 0.264  0.260 0.984 | 0.150  0.144 0.957
CES2000000008x | 0.007  0.007 0.909 | 0.059  0.051 0.859

Table 2: RMSE and average CRPS for the medium-case VAR for each prior. The first
column refers to the variable, the second to the Gibbs sampler with fixed v and the
third with our loss-based hyperprior.

In conclusion, we report the results for the large-scale VAR with 15 variables in
Table 3. In this scenario, the three main variables of interest follow the improve-
ments shown in the medium-scale VAR. Regarding the point forecasting measure,
the loss-based hyperprior improves performance compared to the benchmark by
around 10% for GDP and its deflator, while for the FFR, the two priors show

very similar results. The average CRPS demonstrates that the improvement is
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stronger for every variable, particularly for the FFR. Looking at all 15 variables
analysed, the loss-based hyperprior model always outperforms the benchmark in

a density forecasting scenario.

RMSE CRPS

fixed v v~m7(v) ratio |fixedv v~ mw(v) ratio
GDPC1 0.009  0.008 0.910 | 0.077  0.070 0.913
GDPCTPI 0.005  0.004 0.909 | 0.078  0.070 0.908
FEDFUNDS 0.949  0.952 1.002 | 0.397  0.391 0.983
PCECC96 0.007  0.007 0.973 | 0.078  0.071 0.911
GPDIC1 0.032  0.031 0.984 | 0.080  0.073 0.914
AWHMAN 0.247  0.246 0.994 | 0.150 0.144 0.964
CES2000000008x | 0.008  0.007 0.880 | 0.079  0.072 0.906
PRFIx 0.040  0.040 0.999 | 0.082  0.075 0.916
INDPRO 0.014  0.013 0.908 | 0.081 0.073 0.905
CUMFNS 1.028 1.018 0.991 | 0.544  0.533 0.980
SRVPRD 0.007  0.006 0.944 | 0.081 0.074 0.913
PCECTPI 0.008  0.007 0.904 | 0.082  0.075 0.912
GPDICTPI 0.007  0.008 1.117 | 0.082  0.075 0.907
CPIAUCSL 0.009  0.009 1.003 | 0.083  0.076 0.912
SP500 0.067  0.066 0.993 | 0.090  0.083 0.919

Table 3: RMSE and average CRPS for the large-case VAR for each prior. The first
column refers to the variable, the second to the Gibbs sampler with fixed v and the
third with our loss-based hyperprior.

3.5.2 Dengue data

In the second application, we show the performance of our loss-based hyper-
prior using the GDT data. Dengue fever is a viral infection transmitted by
mosquitoes and is particularly present in South American and Asian countries.
Recently, Google has developed a query-based reporting system for infectious dis-
eases (Carneiro and Mylonakis, 2009; Strauss et al., 2017), while previously its
accuracy has been assessed for flu (Polgreen et al., 2008; Davis et al., 2016).
Google Trends tracks Dengue fever incidence based on internet search pat-
terns and clusters weekly queries for key terms related to the disease. We use

GDT data from January 2011 to December 2014 for Argentina, Bolivia, Brazil,
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India, Indonesia, Mexico, the Philippines, Singapore, Thailand, and Venezuela,
thus having 10 response variables. Following Davis et al. (2016), we examine a
vector autoregressive model with two lags and run a forecasting exercise. The
data exhibit annual seasonality, and internet searches about Dengue fever peak at
different periods throughout the year across the 10 countries. Thus, it is reason-
able to use a rolling window of at least one year to estimate the VAR parameters,
taking into account all the different patterns in the data. We run the forecasting
analysis using three different rolling window lengths: R = {52,104,156}. The
two priors compared very similarly in these three settings, and we only report the
results for R = 104 here. We take first-order differences of the variables to achieve
stationarity. This, together with the lags, causes the loss of the first three rows of
the data. Thus, in the rolling window analysis, the first forecast is made for the
fourth week of 2013.

Prior to running the forecasting exercise, we examine the in-sample analysis for
the ten countries and, in particular, observe the movement of the posterior mean
of the degrees of freedom using our loss-based hyperprior. Again, the estimation
of the degrees of freedom is considered for the same period as the forecasts. As
stated above, we have run a rolling window estimation and, in Figure 3.5.2, we
report the posterior means of the degrees of freedom with our hyperprior (solid
black line), the 95% HPD in dotted lines, and the fixed value of v equal to 11
(red dashed line), which is used in the benchmark model. The estimated number
of degrees of freedom has some fluctuations at the beginning of the forecasting
period, then decreases and remains stationary.

Moving to the forecasting exercise, we evaluate the forecasting accuracy using
a point and a density forecasting measure. Table 4 shows the results for each
country, and except for Argentina, the proposed loss-based hyperprior leads to
better results in terms of RMSE compared to the benchmark prior in all the

countries. The improvements are greater when we look at the average CRPS for
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Figure 3.5.2: Estimated degrees of freedom (solid line) for the loss based hyperprior by
using a rolling window of 104 weekly data with the 95% HPD (dotted lines) and the
fixed v (red dashed line) for the Dengue data.

each country, ranging from 1% for Argentina to 3% for India and Brazil.

RMSE CRPS
fixed v v~m7(v) ratio |fixedv v~ m7(v) ratio
Argentina | 0.328 0.329 1.002 | 0.174 0.172 0.992

Bolivia 0.228  0.227 0.993 | 0.145  0.144 0.989
Brazil 0.279  0.277 0.991 | 0.152  0.149 0.979
India 0.226  0.224 0.992 | 0.147  0.144 0.977
Indonesia | 0.235  0.233 0.994 | 0.140  0.138 0.986
Mexico 0.273  0.271 0.994 | 0.150  0.148 0.989

Philippines | 0.231  0.230 0.996 | 0.134  0.131 0.979
Singapore | 0.687  0.685 0.997 1 0.326  0.323 0.991
Thailand 0.372  0.372 0.997 | 0.189  0.187 0.987
Venezuela | 0.291  0.289 0.992 | 0.161  0.160 0.991

Table 4: RMSE and average CRPS for the GDT data for each prior. The first column
refers to the variable, the second to the Gibbs sampler with fixed v and the third with
our loss-based hyperprior.

3.6 Discussions

We have presented a novel method to perform forecasting in Bayesian VAR mod-
els, where a hyperprior is assigned to the number of degrees of freedom of the
covariance matrix for the normal-Wishart prior. In particular, our hyperprior can
be considered objective, in the sense that it takes into consideration only the in-
trinsic properties of the model, i.e. the sampling distribution plus the prior. The

method has been compared with what is currently used in the literature when no
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information about the parameter values of the normal-Wishart prior is available,
which is by setting v = m + 1.

The analysis of simulated data has shown that when the true value of v is close
to m+1, both approaches perform in a similar way. However, as one would expect,
the farther the true v is from m + 1, the better the performance of the proposed
method is. To illustrate in practice the advantage of having a loss-based prior
on v, we have analysed its performance in terms of prediction on two datasets.
One concerns macroeconomic variables from the FRED dataset, and the other the
analysis of Dengue fever data. For both datasets, it appears that the proposed
method outperforms the one currently widely used, particularly when the CRPS
index is considered.

In support of our results, we have estimated the number of degrees of freedom
on rolling windows. This analysis has shown that the data contain information
for a value of v always above the value of m + 1, which justifies the use of the
proposed method. In other words, as the data appear to have been “generated” by
a Bayesian model with a relatively large number of degrees of freedom, by setting
v = m + 1, one impacts the predictive performance of the model. On the other
hand, by assuming uncertainty in the value of v, i.e. assigning an objective prior
to it, the model is free to “choose” the most appropriate value of the parameter
and, even considering the extra uncertainty that this implies, the results are better

than the previous method.
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Chapter 4

A generalised Laplace
spike-and-slab model for Bayesian

variable selection

4.1 Introduction

In this chapter, we focus on the problem of estimating a sparse regression coef-
ficient vector in a high-dimensional setting. Dealing with such a problem is of
central interest in statistics, machine learning, and related fields.

Consider the classical multiple linear regression model where we assume that
a vector of responses y = (y1,...,yn)' is modelled as a linear function of D

predictor variables that form the columns of a design matrix X of dimensions

N x D, as:

y = X3 + €, (4.1.1)
where B = (B1,...,8p)" is a D-dimensional vector of coefficients, and € =
(€1,...,en)" is an N-dimensional vector of errors, assumed to be generated from a

normal distribution N (0, 0?Iy). We assume that the response and the predictors

are zero-centred, so that we do not need to include an intercept term in (4.1.1),

49



and that the predictors are also standardised to have unit variance.

The task is to estimate the vector of coefficients 3. The problem becomes more
challenging when D is large and at the same time only a small proportion of 3;s are
expected to be non-zero. Our goal is to find a sparse solution in which the majority
of coefficients are exactly zero or very close to it, and to successfully identify those
features that can truly explain the response variable y and correspond to non-zero
coefficients.

There are two main approaches to the variable selection problem. One ap-
proach is through likelihood penalisation, where we minimise a function that
comprises the model’s log-likelihood plus a penalty (or regularisation) term on
B, with respect to the regression parameters (see, for example, Tibshirani (1996,
2011); Zou and Hastie (2005)). The other approach to this problem is through
Bayesian methods, which is the scope of this chapter.

Bayesian variable selection is performed using sparsity-inducing priors. In
Section 2.2, we discussed shrinkage priors, as well as discrete and continuous
spike-and-slab priors. Discrete spike-and-slab priors are methodologically more
ideal for sparse problems, since they put a probability mass on 3; = 0, but they
pose significant computational challenges for standard simulation-based inference
methods when D is too large. Shrinkage priors are more convenient computation-
ally — most of them can be expressed as scale mixtures of normals (see Van Erp
et al. (2019) for a review of shrinkage priors), and efficient Gibbs samplers can
be constructed. However, the probability p(f8; = 0) is never positive and a truly
sparse solution can be achieved by ad hoc treatment such as the credible interval
criterion or the scaled neighbourhood criterion (Li and Lin, 2010).

In this chapter, we examine the use of a hybrid prior specification, that uses

a hierarchical shrinkage prior as a slab in a discrete spike-and-slab prior for the
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model coefficients of the linear model in (4.1.1). The hierarchical prior, in partic-

ular, is a normal-Gamma prior, and the overall prior can be expressed as:

Bjsmilzg ~ {sz(O,Tj) +(1 - Zj)5o(5j)}Ga(Tj|>\, 1/2+%), (4.1.2)

where z; is a binary variable that is 1 if the jth feature is included in the model
and 0 otherwise, and dy(3;) is a point mass at zero. Brown and Griffin (2010)
proposed the normal-gamma as a shrinkage prior in linear regression and briefly
discussed its potential use as a slab distribution in a discrete spike-and-slab prior.
However, they did not pursue this line of research further. The marginal prior
that is induced on the coefficients that are in a slab has the following density

function:

NGB\ ) = / N(0,7,)Ga(r|\, 1/27%)dr,
s (4.1.3)

= Ty P K181

This distribution was introduced as the variance-gamma distribution in the finan-
cial literature (Madan and Seneta, 1990) and it is also known as the generalised
Laplace or Bessel function distribution. Its negative log-density resembles that of
hyperlasso (see Figure 2.2.1b). If the mixing distribution, in this Gaussian scale
mixture, is a Ga(7;|1,~%/2) distribution, then the marginal prior is equivalent to
the Laplace or double exponential distribution. C is the modified Bessel function

of the second kind, and by using equations 10.27.3 and 10.30.2 of Olver et al.

(2010), we can see that the density at 0 is FQ(\l;\%_FO('i)'). Brown and Griffin (2010)
specify priors for A and +, in which case, the marginal prior on f; is no longer the
one in (4.1.3). In our method, we compute empirical Bayes estimates of A and ~y
instead of assigning priors to them.

MCMC methods for computing the posterior distribution corresponding to a

spike-and-slab prior can be highly inefficient when D is large enough, due to the
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high number of possible submodels they have to search through (Castillo et al.,
2015).

In our approach, we conduct posterior inference using variational methods (see,
for example, Jordan et al., 1999; Beal, 2003; Blei et al., 2017). Carbonetto and
Stephens (2012) were among the first to apply variational inference to a model
with a spike-and-slab prior; they assumed a common prior variance 7 for all §;s
and sampled from its posterior using importance sampling. We instead assume an
individual 7; for each f3; and approximate each posterior distribution via a varia-
tional approximation. The resulting algorithm, based on the aforementioned prior
setup, has all variational updates in closed form which makes it very competitive
in terms of speed. It is also very accurate compared to other similar algorithms
that have recently appeared in the literature. Empirical Bayes estimates for the
three global parameters (A, v and the prior inclusion probability p: z; ~ Bern(p))
can also be easily obtained via a variational-EM scheme (see, for example, Blei
et al. (2003) for a variational-EM scheme applied to a topic model, or Braun and
McAuliffe (2010) for an example of variational EM in a multi-level discrete choice
modelling problem).

The chapter is structured as follows. Section 4.2 describes the optimal varia-
tional posterior densities that approximate the posterior when a normal-gamma
prior is used, the modifications required when the prior in (4.1.2) is used, as well as
the variational objective function and the resulting coordinate ascent algorithm.
Section 4.3 describes an initialisation scheme. Section 4.4 presents some simula-
tion studies and comparisons with competitive methods. Section 4.5 presents an
application on a high-dimensional gene expression dataset. Section 4.6 provides
extensions of our method to two generalised linear models, along with additional

simulated and real data applications. Section 4.7 concludes the chapter.
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4.1.1 Notation

We symbolise vectors with boldface lower-case letters (e.g. y), matrices with
boldface upper-case letters (e.g. X), and scalars by either lower-case or upper-
case letters (e.g. d, D). Angled brackets denote the expectation of the random
variable in their argument with respect to the variational posterior density, e.g.

(r) = p if ¢() is a normal distribution A (p, 0?). ||-||2 denotes the Ly norm, e.g.

1
182 = (Zle |ﬁj]2) y The operator diag(-) denotes both a vector-to-matrix
and a matrix-to-vector operator depending on the argument; if the argument is a
vector, then it denotes a diagonal matrix with diagonal entries the elements of the
argument, and if the argument is a matrix, then it denotes a column vector con-
taining the diagonal entries of the argument. Finally, the symbols ® and @ denote
the Hadamard (also known as element-wise) product and division, respectively, of

two matrices with the same dimensions.

4.2 Variational posterior approximations

4.2.1 Model with normal-gamma prior

We first examine the optimal variational densities for the case where a normal-
gamma prior is employed, before we move into the spike-and-slab model. In this
case, all ;s are modelled jointly with a multivariate normal prior with diagonal

covariance:

Y|X7/6a02 ~ N(X,@,O‘QIN)

B~ N(0,A = diag(T = (11, 7o, . . - ,TD)T))
(4.2.1)

7~ Ga(\, 1/(297))

0'2 ~ IG(CQ, dg)
This hierarchical model is depicted in a directed acyclic graph, in Figure 4.2.1.
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Figure 4.2.1: Graphical representation of the hierarchical model in (4.2.1).

The joint distribution of all variables is given by

ply. B, 7,0°|X) = p(y|X, 8,0%)p(a*)p(BIA) [ [ p(7;) (4.2.2)

Jj=1

and we approximate the posterior distribution p(3, T, o%|y, X) with the variational

posterior distribution given in the factorised form:

9(8,7,0%) = q(c®)a(B) | [ a(m)-

D

j=1
For each factor, we apply Eq. (2.3.5), i.e. we take the logarithm of the joint
distribution over all variables and then take the expectation of it with respect to

the variables not in that factor in order to obtain the optimal variational densities.

Starting by 7;:

log q(7;) = log p(7;) + (log p(B;|7;)) + const

1
= (A —1)log(r;) — — —log7; —

1
2—727']- 5 BJQ) + const,

1
27
7j
where p(3;|7;) is a marginal of p(B|A) i.e. is a zero-mean normal with variance

7;, or equivalently:

.1 _11 g2
a(7y) o 7 exp T ——exp 27,
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which is recognised as a generalised inverse-Gaussian distribution parametrised:

GIG(r=A—3,9= TIQ,hj = (67)). In the same way, for 3:

log q(8) = (log p(y|X, B,0°)) + (log p(B|A)) + const

1

{50 - x8) oy - X8} + {387 A )8} + const

which results in a normal distribution after completing the square:

9(8) = N(u, %),

with

and finally, it is ¢(0?) = IG(c, d) with

C:CO+57

d=dy+ %{(y —Xp)' (y — Xp) + Tr(X'XZ) }.

The required moments are: (7) = p3 435, (07%) = £, and (A™") = diag((t7")),

@
where (771 = ((r; 1), (1), ..., (5"))T; all moments related to the GIG distri-
bution can be found in Appendix B.1.

In summary, the optimal variational posteriors for 3, 7;, and o2 are a multivari-
ate normal, a generalised inverse-Gaussian, and an inverse-gamma respectively.
These distributions, though with different parameters, appear as the conditional
posteriors of 3, 7;, and ¢? in the Gibbs sampler used in Brown and Griffin (2010).

The relationship between mean-field variational inference and Gibbs sampling is

discussed in Blei and Jordan (2006) and also in Blei et al. (2017).
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4.2.2 Model with hybrid prior

Figure 4.2.2: Graphical representation of the hierarchical model in (4.2.3) .

In order to fit the model with the spike-and-slab prior in (4.1.2), the following
hierarchical model is used, in which each 3; is modelled independently, and a

Bernoulli variable is introduced:

yIX, 8,0 ~ N(XB,0°Iy)

Biljs 25 ~ 2N (0,75) + (1 — 27)00(5;)

7 ~ Ga(\, 1/(277)) (4.2.3)
zj ~ Bern(p)

0'2 ~ IG(C(), do)

with the joint distribution being:

D D

p(y, B, 71,02 z|X) = p(y|X, B,0*)p(c?) Hp(ﬁj, il i, A y) Hp(zj|p). (4.2.4)

J=1 J=1
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In the spike-and-slab model, equations (2.3.5) and (2.3.6) for finding the op-
timal variational densities are not easily applicable due to the prior not being
absolutely continuous, and we also need to avoid a multivariate normal varia-
tional posterior with the costly matrix operations associated with the covariance
matrix. To this end, we select variational factors that resemble the ones in Sec-
tion 4.2.1, and optimise the ELBO with respect to their individual variational
parameters using standard calculus. Thus, the new factorised distribution has

one additional set of factors for the binary variables:

D
q(B,T,2,0° H (Bj, 7, %) (4.2.5)

Similarly to Carbonetto and Stephens (2012), we approximate the joint pos-
terior of 3; and z; with a distribution that resembles the discrete spike-and-slab
prior:

(B, 2;) = (N (15, 52) 7 (1 — )0 (B;)) 7,

which implies that ¢(z;) is a Bernoulli:

Q; if z; =1,

q(z) =
1 —o; ifz; =0.

While in the model (4.2.3) all z;s share a global parameter p, which is the prior
inclusion probability, in the variational posterior each z; has its own individual
parameter «; that serves as the posterior inclusion probability. We use this poste-
rior inclusion probability to conduct variable selection: if o; > 0.5 then predictor
7 is included in the model, otherwise it is not.

The variational density for the 7;’s retains the same form of a generalised
inverse Gaussian distribution with parameters v = \ — %, g= 5 h;= (532>zj:1,

Y

but now the last parameter is h; = (87]z; = 1) = p? + 5.
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The density ¢(0?) remains an inverse-gamma with parameters:

C:CO+ 57
and

d=dy+0.5((y — Xw) (y — Xw) + Tr(X ' XW)),

where w is a vector with entries w; = (f;) = a;p; and W = cov(3) is a diagonal
matrix with diagonal entries var(8;) = a; (13 + s3) — (a;p5)°.

For the calculation of the variational objective function in Section 4.2.3, it
is convenient to have KL divergences between variational posteriors and priors

analytically. Since q(8;, z;) = q(B;]2j)q(2;), we have the following:
z; _
KL(q(B52))Ilp(B;l75, %)) = 5](1055 m—logs]+7 (15 +s7) — 1),  (4.2.6)

which is a KL divergence between two normal distributions if z; = 1, and 0 if
z; = 0 since in that case both distributions are identical (point masses at 0). Also
useful is the KL divergence between two inverse-gamma distributions:
NG d dy —d

log —
T(co) + ¢o ogd0+c p

KL(q(0®)[Ip(c?)) = (c — co)tb(c) — log (4.2.7)

4.2.3 Variational lower bound

Following (2.3.2), we construct the ELBO, denoted by £, which is the expectation
of the logarithm of the joint distribution in (4.2.4) with respect to the variational
distribution in (4.2.5). The ELBO breaks down to the expected log-likelihood
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plus negative KL divergences between the variational densities and the priors:

7ﬁ7 ) b 2X
L= Z/// T,Z,0° ) log (y(&:;,;g )dﬁdeO'Q

= (logp(y|X.B8,0%)) = > [{(log q(B;]z;)) — (log p(B;|73, 2;))]

Jj=1

)

D

— Y [ey((log g(m;)) = (log p(73)))] — (log q(0?)) + (log p(c?))

7j=1
D

Z (log q(z;)) + (log p(z;))],

Jj=1

and by inserting only the expectations that contain the variational parameters

whose updates we do not have, namely p;, s7, and a; (terms w and W also

2
7

contain i, s?, and Oéj), we get:

o)

2

£:

N (log 27 + (log o)) — < ((y — Xw) " (y — Xw) + Tr(XXW))

o)
2

|
MGMIH

((log 7j) —log 57 + (75 ') (13 + s5) — 1)
1

.
Il

a;((log q(73)) — (log p(73)))

Mb

1

— (log q(0?)) 4 (log p(c®))

1 —q;
_Zajlog——Z(l—aj)log 1—,0]'

7=1

<
I

(4.2.8)

The second line in (4.2.8) follows from (4.2.6), the third line contains the entropy
of a GIG distribution and the negative cross-entropy of a gamma distribution
relative to a GIG distribution, which can be found in Appendix B.1, the fourth
line follows from (4.2.7), and the fifth line is a negative KL divergence between
q(z;) and p(z;). The explicit form of the ELBO, with all expectations substituted

by their analytic expressions, can be found in Appendix B.2.
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4.2.4 Coordinate ascent variational inference

Optimising (4.2.8) with respect to p;, s?, and «; gives the respective updates
for the three variational parameters. Derivations can be found in Appendix B.3.
Algorithm 2 provides the detailed steps of the CAVTI for obtaining the optimal ap-
proximations. The variational parameter ¢, which remains constant per iteration
of CAVI, is computed once at the beginning of the initialisation process (see Sec-

tion 4.3). In the E-step of this variational-EM scheme, we update the variational

2
7

parameters f; ,s5, o, h;, and d. In the M-step, we compute empirical Bayes
estimates of the global parameters A, 7, and p (see Appendix B.4). After the
M-step, the variational parameters v and g must be updated since they depend
on A and -, respectively. The algorithm requires input of A, v, p, ¢o, and dy. In
all our examples we have used: A = 1, v = 1/4/2 and p = 0.05, which serve as
starting points rather than expressing any prior beliefs.

We can also optimise the ELBO with respect to ¢q and dy, which are global
parameters but do not govern the coefficients (see Figure 4.2.2), by adding the
updates

¢ +— arg max{—cotp(c) + log I'(co) + co(logd — log do) },

co

d
do — —Cop,
C

N
C(—Co‘i‘?,

to the M-step. We conducted part of the experiments of this chapter using the
aforementioned modification in the M-step, and noticed no substantial difference
in the outcome while the algorithm ran for considerably more iterations until
stopping. In particular, in the real data analysis of Section 4.5, the algorithm
selected the same variables as it did without the updates for ¢y and dy, while
it ran for roughly four times more iterations. We also tested this modification

on some scenarios of the simulations studies (see Section 4.4) and again we had
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longer computation times with no improvement in accuracy. Therefore, we chose
not to include the two updates in the final version of our algorithm. Instead, we

set ¢y = dy = 0.01 to induce a weak prior on 2.

Algorithm 2 CAVI for linear model with spike-and-slab - normal - gamma prior

Input: Design matrix X, response vector y, parameters \,v,p,co,do.
Output: Variational parameters: g, c, d, v, and pu;, s?, aj,hj, forj=1,...,D.
1: Run Algorithm 3 for initialisation.
2:n<+1
- while R,, > toll do
Perform the E-step
for j € {1,..D} do
5 (5XTX)54 ()
[j (( V)i = 2opry (X X wjunpine) s
hj < ,u + s
Update log =
end for
10:  d+do+ 0.5((y — Xw) " (y — Xw) + Tr(XTXW))
Perform the M-step

J Qj T]) 2
oy (%EAZI o )
12: A < argmax, {— Z?Zl a;(logT(A) + Alog(2+?) — Alog \/h;/g) }
D

13 pe =Y
Update v and g and check for convergence

w

. (4.2.9)

1—

14: l/<—)\—%
1
15: g<—7—2

16: Compute R, according to Eq. (4.3.2)
17: n<—n+1
18: end while

In line 8 of Algorithm 2, o is updated in terms of its log-odds:

Wi+ s

o
log - = log Lp Ta <(XTY)juj - (X'X);; ~ 3 X X k)

k#j
_%(aogm log s? + (771 (u2 + 57) — 1)
- (¢

log q(7;)) — (log p(;))).-
(4.2.9)
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4.3 Initialisation and stopping

The main interest rests in the parameters (,uj)f:l since they determine the esti-
mates for the regression coefficients. In Algorithm 2, these parameters are updated
sequentially, and the update of each p; takes into account all other parameter val-
ues (fu)kz;. A potential issue can arise when D is very large and the non-zero
coefficients are located towards the end of the coefficient vector. Consider an
example in which D = 10000 and the first relevant predictor is at j = 9000,
thus Bgooo # 0. Algorithm 2 will update each p; starting from j7 = 1. Until it
reaches the first relevant feature, it will have updated all prior j;s having used

an inaccurate value of jggg. Inevitably it will update pggoo using poorly updated

8999
j=1-

parameters (i) Eventually, it will update the remaining parameters based
on a poorly updated pgppo. In a situation like the one we just described, CAVI
can get trapped in poor local optima and provide an inaccurate solution. We can
alleviate this problem with the following initialisation procedure.

The objective function, ELBO, can be optimised with respect to the vector p
instead of each ;. By expressing £ in terms of g and keeping only the terms

that contain it, we get:

((y — Xw) (y — Xuw) + Te(X"XW)) — 2 By,

Ly =—(07?) 5

N —

where w = Ap, B=A(A™!) and A is a diagonal matrix with diagonal elements

the variational parameters a;. Then, the derivative with respect to p is:

%E[u] = () (AXTy —AX'XAp - X'X©A(I-A)u) — By,

where we have used that: Tr(X'XA O ppu' © I —-A)) = o' XX AT -
A)p, which is the part of the term Tr(X"XW) that depends on p. Setting this
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derivative equal to 0 and solving for p gives the update:
p= (00 HAX XA+ (0 )X XOA(I-A)+B) 'AXy.  (43.1)

The matrix inversion in (4.3.1) can be done via the Woodbury identity (Woodbury,
1950).

This update can be used in a preliminary CAVI (Algorithm 3) that provides an
initialisation of the variational parameters, which are then passed into Algorithm
2. In Algorithm 3, we also introduce the vectors h = (hy,...,hy)" and s =
(s2,...,8%)" to facilitate vectorised updates for the parameters included. The
transition from Algorithm 3 to 2 is determined by the relative change in £ at nth

iteration:
|£n - En—l’

Rn - )
1L,

(4.3.2)

which is also the criterion to monitor convergence in Algorithm 2. When R, falls
below a tolerance level tol2, Algorithm 3 stops and we transition to Algorithm
2, and when R, falls below a tolerance level toll, we declare convergence and
Algorithm 2 stops. Obviously, tol2 > toll. It is important to choose tol2 so
that Algorithm 3 climbs the ELBO high enough but at the same time does not
spend too much time doing the costly updates of (4.3.1). Empirically, through
the simulation studies we conducted, we have found that setting tol2 = 0.1 serves
this purpose well. We also set toll = 107%; with this choice, the process does not
stop too early and does not waste iterations either.

Figure 4.3.1 demonstrates the initialisation scheme on the high-dimensional
Bardet—Biedl Syndrome dataset, which we analyse in Section 4.5, by showing
how the ELBO and R, evolve until convergence is reached. In this example,
initialisation takes 5 iterations, and then the updates in Algorithm 2 are used

until convergence.

63



It can be reasonable to consider using Algorithm 3 solely. However, the tran-
sitioning scheme is more preferable for two reasons. Firstly, it has shown better
performance in both simulated and real data applications. Secondly, in a D > N
scenario, when both D and N are large (or even when just D is large), the matrix
inversion in (4.3.1) can be time-demanding even via the Woodbury identity, which
only needs inversion of an N x N matrix, as it requires many matrix multiplica-
tions.

Regarding the initial values of the variational parameters, we set all a;s equal
to 1, i.e. A = I, other values we tried caused the matrix that is inverted in
(4.3.1) to be singular. We also set all ;s equal to 0 as we expect most model
coefficients to be 0. The two choices are contradictory, as «; = 1 means that
the jth covariate should be included in the model and p; = 0 means that its

coefficient is 0. However, convergence is not affected by these choices. Lastly, we

D
Jj=1

use (s?) = 0.1; practically, any small number is suitable since these variational
parameters will almost certainly become even smaller than this initial choice.
For the remainder of the thesis, we refer to Algorithm 2 as SSNG, after the
initials of the two priors: spike-and-slab - normal-gamma. As mentioned in Section
4.1, the input data (y,X) are transformed as follows: y is zero-centred, and
each column in X is zero-centred and also standardised to have unit variance.
After SSNG has converged, we calculate the estimate for the coefficient vector as:
B = (aju; /0x,)i-1, where oy, is the standard deviation of the jth column of X
prior to standardisation. If we want to calculate the fitted values of the model
or to make out-of-sample predictions, we need to insert an intercept term in 3
and add a column of ones to the matrix of the predictors. The intercept term is

created as: By = § — X' 3, where ¥ is the mean of y and X is a D x 1 vector of

the means of the columns of X prior to them being zero-centred.
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Algorithm 3 CAVI for initial iterations

Input: Design matrix X, response vector y.
Output: Variational parameters: g,c, d, v, and p;, s?, aj,hj, forj=1,...,D.

1: C(—Co‘i‘%
2: V<—)\—%
3:g<—$2
4: n+1

Perform the E-step

5. while R,, > tol2 do

6 pe (0 ((0DAXTXA + ()X X O A(I-A) +B) 'AX Ty
7 s+ 10 ((0H)diag(XTX) + (7))

8: h—pop+s

9: for j € {1,..D} do

10: Update log = according to Eq. 4.2.9

11: end for ’

122 d<do+0.5((y — Xw) " (y — Xw) + Tr(X'XW))
Perform the M-step

1
D i)\ 2
13: w(%—%i}fii?)

14: A < argmax, {— Zgl‘)=1 a;(logT(A) + Alog(2+?) — Alog \/h;/g) }
D

15 p #

Update v and ¢ and check for convergence
16: Vi A— %
17: g 7%
18: Compute R, according to Eq. (4.3.2)
19: n<n+1

20: end while
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Figure 4.3.1: (a) ELBO vs iteration for the Bardet-Biedl Syndrome data analysis. The
vertical dashed line indicates the fifth iteration, on which R, falls below tol2. (b)
Relative change vs iteration for the same analysis.
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4.4 Simulation studies

In this section, we evaluate the proposed algorithm in three scenarios of simulated
data and compare it against three competitive methods. The three scenarios, all
with D > N, differ in how the non-zero coefficients are located in the signal. In
the first case, the non-zero coefficients are spread randomly across the signal; in
the second case, they form mini-batches that are spread across the signal; and
in the third case, they form a single batch randomly located in the signal. They
also differ in other characteristics such as correlation among covariates and error
variance.

The competitors fit linear regression models with spike-and-slab priors. How-
ever, they conduct inference using different algorithms and employ different slab

distributions.

e varbvs: An R package (Carbonetto et al., 2017) that implements the meth-
ods in Carbonetto and Stephens (2012). It employs a discrete spike-and-slab
prior with a normal slab and combines variational inference with importance

sampling.

e sparsevb: An R package that performs variational inference on a discrete
spike-and-slab model with Laplace slabs (Ray and Szabd, 2022). It addresses
the ordering issue explained in Section 4.3 by obtaining an initial estimation
of the coefficients using the glmnet package (Friedman et al., 2010), based

on which it determines the updating order.

e SSLASSO: An R package that implements the methods in Rockova and
George (2018). It utilises expectation-maximisation and coordinate-wise
optimisation. Sparsity is induced by a continuous spike-and-slab prior with
both the spike and the slab being Laplace distributions. We set the variance

argument as “unknown”, so the error variance is considered unknown and
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estimated from the data. This version of SSLASSO is described in Moran

et al. (2019).

For each of the scenarios, 100 datasets are simulated from the model in (4.1.1).
Design matrices are drawn from a multivariate normal distribution with a zero
mean and a covariance matrix constructed to match the correlation requirement
of each scenario. Each competitive method is fitted to each dataset and a number

of statistics are calculated. We calculate the false discovery rate:

FP
FDR = ————
R FP + TP’
and the true positive rate:
TP
TPR = —
P )

where FP is the number of false positives, TP is the number of true positives,
and P is the total number of real positives. The Euclidean distance (or L? norm)

between real and estimated model coefficients is calculated as:

D 1
~ N 2
L= 18- Bl = (5, - 57
j=1
and the root mean square prediction error between fitted values and the response
is:

N 1
1 AT 2\’
RMSPE = (NZ([& T; — i) > :

i=1
where x; is a column vector with the entries of the ith row of X. We also count the
time in seconds that each method takes per dataset. Comparisons in time can be
considered to be somewhat biased since our algorithm is implemented in Matlab,
while the competitors are implemented in R using the powerful Rcpp interface

(Eddelbuettel and Frangois, 2011).
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4.4.1 Scenario 1

In the first scenario, there are N = 200 samples and D = 800 covariates. There
are 20 non-zero coefficients, which are randomly located in the coefficient vector

2 = 25, and the covariates are

and are all equal to 10. The error variance is o
weakly correlated with a Pearson correlation coefficient of r = 0.3. Table 5 reports
the average statistics over 100 simulated datasets, with parentheses showing the

respective standard deviations.

Method FDR TPR Ly RMSPE Time
SSNG  0.00(0.01) 1 2.11(0.39)  4.62(0.23)  0.48(0.09)
varbvs  0.00(0.01) 1 2.11(0.38)  4.65(0.24)  5.16(0.89)
sparsevb  0.04(0.04) 1 2.69(0.55)  4.70(0.22)  2.25(0.68)
SSLASSO 0.00(0.01) 0.56(0.05) 36.80(3.40) 29.35(2.73) 0.03(0.01)

Table 5: Comparison statistics for the first scenario.

SSNG and varbvs perform very similarly, both in terms of variable selection
and parameter estimation, while sparsevb’s performance is slightly inferior. The
three methods achieve a perfect TPR score in all 100 simulated datasets. SSNG
and varbvs have a near-zero FDR, while sparsevb has a slightly higher one at
0.04. Of the three methods, SSNG is by far the fastest, taking an average of 0.48
seconds per dataset.

Despite this being a trivial example, with the non-zero coefficients being very
distant from zero, SSLASSO performs considerably worse than the other three
methods. It is the fastest among the competitors; however, its Ly, and RMSPE
statistics are too high. It also exhibits a near-zero FDR, like SSNG and varbvs,
but this comes together with a TPR of 0.56, which means that SSLASSO is
very conservative in including variables in the model. Possible reasons behind
SSLASSO’s much inferior performance to the other methods are the high error
variance (0 = 25) and SSLASSO’s sensitivity to initialisation (i.e. its default

settings are not suitable for this scenario).
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4.4.2 Scenario 2

This example is a modified version of the one used in Rockova and George (2014).
In the initial example (N = 100, D = 1000), the data are generated with a vector
of coefficients specified as B = (3,2,1,0,0,...,0)". To make the example more
challenging, the batch of non-zero coefficients (3,2, 1) appears 10 times at random
locations, resulting in a total of 30 non-zero coefficients.. Similarly to the initial
example, predictor values for each observation are simulated from N (0, X)), where
% = (ri;)P—; with r;; = 0.6/, The error variance is 0 = 3. Table 6 reports the

averaged statistics over the 100 datasets generated for this scenario.

Method FDR TPR Ly RMSPE Time

SSNG  0.02(0.03) 0.69(0.11) 4.76(1.59) 2.22(0.69) 0.47(0.05)
varbvs  0.07(0.08) 0.32(0.10) 10.61(1.30) 5.28(1.65) 1.17(0.27)
sparsevb  0.33(0.18) 0.51(0.13) 9.42(5.11) 2.16(0.85) 1.75(3.39)
SSLASSO 0.02(0.10) 0.32(0.13) 9.90(1.20) 5.62(1.53) 0.16(0.03)

Table 6: Comparison statistics for the second scenario.

This is a far more challenging example than the previous one. The main dif-
ficulty lies in identifying the coefficients equal to 1, since they are adjacent to
higher values and neighbouring variables are correlated. Again, SSNG performs
best overall; it has the lowest Ly and the highest TPR, and it ties with SSLASSO
for the lowest FDR, though with lower standard deviation. Of the four com-
petitors, sparsevb has the lowest RMSPE, which is attributed to the many false
discoveries it makes (FDR=0.33). Lastly, varbvs and SSLASSO perform very
similarly, with SSLASSO being the fastest overall.

4.4.3 Scenario 3

In the third scenario, the non-zero elements of the coefficient vector form a single
batch: {3,...,3,2.5,...,2.5,2,...,2,1.5,...,1.5,1,...,1}. Each value appears

4 times, resulting in a total of 20 non-zero coefficients. The design matrix is
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generated from a standard normal distribution with dimensions N = 100, D =
600. The error variance is 02 = 0.25. We conduct the experiment three times,
using different correlation coefficients among the covariates: 0, 0.4 and 0.8.

This simulation study is specifically designed to demonstrate the value of the
initialisation process of SSNG. Of the four competitors, only SSNG and sparsevb
have some sort of mechanism to deal with the issue discussed in Section 4.3,
when all non-zero coefficients are gathered in one location of the coefficient vector.
When there is no correlation (Table 7), SSNG and varbvs perform comparably, and
sparsevb follows closely. In the case of mild correlation (r = 0.4, Table 8), SSNG
retains the highly polarised FDR and TPR scores and remains superior overall
in parameter estimation and prediction, while sparsevb outperforms varbvs in all
aspects. In the extreme case where all covariates are highly correlated (r = 0.8,
Table 9), we see that the two methods that don’t take into account the ordering
of the updates, i.e. varbvs and SSLASSO, show very poor performance. The two
methods are heavily outperformed by sparsevb and SSNG, with the latter, once

again, providing the best results overall.

Method FDR TPR Ly RMSPE Time
SSNG 0.00(0.01) 0.99(0.08) 0.33(0.78) 0.46(0.49) 0.17(0.02)
varbvs  0.00(0.03) 0.96(0.17) 0.59(1.65) 0.64(1.12) 0.40(0.11)

sparsevb  0.18(0.29) 0.91(0.13) 1.97(2.46) 0.57(0.39) 0.47(0.15)

SSLASSO 0 0.71(0.07) 3.08(0.69) 2.40(0.46) 0.35(0.08)
Table 7: Comparison statistics for the third scenario(r = 0).

Method FDR TPR L, RMSPE Time
SSNG 0.00(0.08) 0.99(0.01) 0.33(0.28) 0.45(0.07) 0.18(0.02)

varbvs  0.31(0.30) 0.63(0.35) 5.47(4.96) 1.78(1.32) 4.28(1.14)

sparsevb  0.28(0.31) 0.80(0.20) 3.85(3.72) 0.79(0.34) 0.92(0.20)
SSLASSO 0.28(0.21) 0.21(0.06) 12.16(1.51) 7.38(0.82) 0.07(0.01)

Table 8: Comparison statistics for the third scenario(r = 0.4).
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Method FDR TPR Lo RMSPE Time

SSNG  0.22(0.12) 0.87(0.07) 2.45(1.11) 0.68(0.18) 0.25(0.06)
varbvs  0.74(0.15) 0.08(0.06) 16.58(2.32) 4.74(0.90) 10.66(3.25)
sparsevb  0.43(0.18) 0.43(0.11) 8.22(1.91) 1.85(0.29) 1.51(0.30)
SSLASSO 0.52(0.28) 0.11(0.06) 17.75(1.96) 5.65(0.76) 0.03(0.00)

Table 9: Comparison statistics for the third scenario(r = 0.8).

4.5 A real data application

We further assess the SSNG algorithm by analysing a microarray dataset of
gene expression measurements from the eye tissue of 120 laboratory rats (Rat-
tus norvegicus). The aim of this analysis is to identify genes that are associated
with the gene TRIM32 (Tripartite motif-containing protein 32). TRIM32 has been
identified as a gene that causes the Bardet-Biedl syndrome (BBS), a pleiotropic,
autosomal recessive disorder characterised by obesity, pigmentary retinopathy,
polydactyly, renal abnormalities, learning disabilities, and hypogenitalism (Chi-
ang et al., 2006).

The complete dataset, which consists of 31,099 probe sets, has also been used
in Bai et al. (2020) in order to compare the SSLASSO methodology with the
LASSO penalty, the smoothly clipped absolute deviation (SCAD) penalty (Fan
and Li, 2001), and the minimax concave penalty (MCP) (Zhang, 2010). We
perform the analysis as in Bai et al. (2020) for a fair comparison. We include
the 10,000 probe sets whose logarithms exhibit the highest variances, and thus,
N = 120 and D = 10,000. On this reduced dataset, we run SSNG and also
assess predictive accuracy via cross-validation. We randomly split the data into a
training dataset (Y ain, Xerain) consisting of 90 observations and a testing dataset
(Vtest, Xtest) consisting of the remaining 30 observations. We run SSNG on the
training data, estimate Btrain; and compute the mean squared prediction error
(MSPE) on the testing set: MSPE = 3—10 Z?&(Bjmmxi,test — Yitest)?, Where y; e 18

the ith entry of yiess and X; g5t is @ column vector with the entries of the 7th row
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of Xyesi- We conduct 100 repetitions of this process and take the average of the
MSPEs. Table 10 shows the resulting number of selected probe sets and average
MSPE for this analysis, along with the respective results for SSLASSO, LASSO,
SCAD, and MCP taken from Bai et al. (2020).

MSPE Number of selected probe sets

SSNG 0.013 2
SSLASSO 0.011 28
LASSO 0.012 32
SCAD 0.015 44
MCP 3.699 9

Table 10: Average mean square prediction errors and the numbers of selected probe
sets for the BBS data analysis. The results for SSLASSO, LASSO, SCAD and MCP are
taken from Bai et al. (2020); the same analysis also appears in Tadesse and Vannucci
(2021).

According to the GeneCards (https://www.genecards.org) database of hu-
man genes, there are 25 proteins that are known to interact with TRIM32. With
the aforementioned dimensionality reduction imposed on the original dataset of
31,099 genes, out of these 25 proteins, only the gene SCGB1A1 is included in the
10,000 that take part in the analysis. SSNG is able to identify SCGB1A1 plus one
more gene with probe ID “1390539_at”, about which no information is available.
Bai et al. (2020) mention that SSLASSO selects SCGB1A1 plus 27 additional
genes, and that LASSO selects 32 genes in total, without commenting on which
these genes are. By selecting only 2 genes, SSNG manages to achieve an MSPE of
0.013, which is slightly higher than the MSPE of SSLASSO (0.011) and LASSO
(0.012). Thus, by selecting the most parsimonious model, SSNG is able to predict

the response roughly as well as models with many more predictors.
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4.6 Extensions to generalised linear models

Generalised linear models (GLMSs), first introduced by Nelder and Wedderburn
(1972), build on linear regression to provide a flexible class of predictive models.
GLMs consist of three components: the conditional probability model of response
y given the covariates, the linear predictor, and the link function. The response
density is assumed to be in the exponential family; examples include the binomial,
the Poisson, the multinomial distribution, and others (see McCullagh and Nelder
(1989)).

Here, we extend SSNG to perform variable selection when the response is as-
sumed to follow either a gamma or a Poisson distribution. Sparse gamma regres-
sion can be useful when the response variable is right-skewed and non-negative,
e.g. when modelling insurance claims (De Jong and Heller, 2008). Sparse Poisson
regression is used in image reconstruction and deblurring applications (see, for
example, Jia (2019) and Guastavino and Benvenuto (2019)).

This is easily accomplished by simply changing the expected log-likelihood part
of the ELBO in (4.2.8) with the expected log-likelihood of the response under a
gamma or Poisson distribution. We begin with the case of gamma.

We use the shape-scale parametrisation of the gamma density function:

yf’_le_yi/ez

for y; > 0 and k,60; > 0,

where k is the shape and 6; is the scale parameter. The expectation of y; is
E(y;) = k0;. In a GLM, the mean of the response is related to the linear predictor
via the link function. In the case of gamma-GLM, we use the logarithmic link

function:

log(E(y;)) = log(kb;) = B x;, (4.6.1)

where 3 is the vector of coefficients. Thus, the observation-specific scale parameter
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can be written as:

6; = e® % /k.

Then we can write the log-likelihood function as:
N
LL = Z —log (k) — kBT x; + klog k + (k — 1) log y; — kye ™ X,
i=1

In order to obtain the expectation of the above log-likelihood, we need the expecta-
tions of B7x; and e~ % under the variational distribution. The first expectation

is straightforward: (37x;) = Zle oz, where x;; is the jth element of x;. The

. _3Tx, A J D B .
second term can be written as: e ' *i = ¢~ 2= 8 — [IiZie Fizii - Since the B;s

are 1.i.d. under the variational distribution, we have: (e=#'*) = (Hf:1 e Pi%is) =

Hf:1<e_ﬂj“ij>. For the jth term it is:
(e7P5%) = (e ™) gap + (1 — ;) (€75 gpike

Tt s? )2 o
= age TTRSE 4 (1 - ay)

2 2

= (e_mij'u‘j+mijsj/2 — 1) + 1.

This is simply a weighted mean of the expectation of e=#%ii at the slab (where 3; ~
N (pj, s3); thus, e %% follows a log-normal distribution with mean e~*"s +ols5i/2)

and at the spike (where 3; = 0; thus €’ = 1). We can now write the ELBO with

75



the expected log-likelihood for the gamma-GLM:

N D
L=—-Nlogl'(k) — /{ZZaj,ujxij + klogk + (k — 1) logy;

i=1 j=1
N D
-y ] {%‘ (emvuarst e/ — 1) + 1}
=1 j=1
D
— Z %((log 7;) — log 8? + (T_1>(#? + SJQ) — 1) (4.6.2)
j=1

D
. 1 — s
—Zajlog&—Z(l—aj)log %
=1 P33 L=p

We optimise (4.6.2) with respect to p,; and S? with numerical methods. We update
the vector p with a gradient ascent algorithm. Using gradient methods to opti-
mise an objective function in mean-field variational inference is very common; for
example, Blei and Lafferty (2007) use conjugate gradient and Newton-Raphson
algorithms for optimising an ELBO with exponential terms similar to (4.6.2). At

each iteration of CAVI, we compute the gradient g, = VL with elements:

oL _

N N
au o Z Tij+k Z yixije—mijuj—i-z?js?/Q H [Oén (e—xmunﬂfnsim_l) —I—ﬂ — 1 <7—j_1>7
J i=1 i=1

n#ij

and stepsize:
(o, — /J’nfl)T(gn —Gn1)|
1gn — Qn—ng

Cn:

Y

which is known as the Barzilai-Borwein stepsize (Barzilai and Borwein, 1988),

and update p as:

Hn — Hn—1 + Cngna

starting from p; = p, until the change in (4.6.2) is too small, for a maximum of

100 iterations (n = 1,...,100).
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To update s7, we first isolate the terms of (4.6.2) that contain it:

N

1

,C[S?] = —KJZ yie —wijpjtar;ss /2 H [Oén <€—$inu7b+$?n8%/2_1)+1:| _5(_10g SJQ»—{—S? <7_j_1>)’
= n#j

and then apply the variable transformation n; = log s? = 3? =eli:

—X ZI/‘ .S 1 . —
Ly, = _“Zy TSIy = S (=i e (), (4.6.3)
where B; = [],,_; (v, (e_wi"“"J””zznsi/2 —1) +1]. We then optimise (4.6.3) with the
Nelder-Mead method (Nelder and Mead, 1965). The parameter «; is updated by

updating its log-odds:

N
_% =1lo g— —/i,ujzww Z yi(e —wijpgelsy/2 1)Bj

=1

log

1 _
- §(<10g7j> —log 55 + (r7 1) (13 + 57) — 1)

— ((log q(73)) — (log p(7))).

We can add one more update in the M-step and optimise (4.6.2) with respect to

the shape parameter k. We can write the ELBO keeping only terms with x as:
Ly =—Nlogl'(k) + Nrlogk — kC,
—x; x2. 52
where C' = Zz]\il ngzl QT4 — Zz]\il 10g Yy + szil Yi H]D:I [Oéj (6 it s5/2
1) + 1]. The first derivative is:

% = —N¢(k)+ Nlogk + N — C.

We can find the root of this derivative using the algorithm of Brent (1971), which

searches for the root in a given interval. We first bound the derivative using the
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following inequality from Alzer (1997):

1 1
logk — — < (k) < logk — —,
K 2K

and then calculate the roots of the lower and upper bound. The two roots are
available in closed form and thus, we obtain the interval: (ﬁ, aLN)
The procedure with the Poisson-GLM is very similar. First, we substitute the

expected log-likelihood part of (4.6.2) with:

TinHn z2 s2
Z [%ZO‘J“J% I T Lo (eFemsntemsn/ — 1) 4+ 1] = log(ui!) |
i=1 n#j
Similarly, we update p with a gradient ascent algorithm, based on derivatives:

Z YiZi; — Ty Gz”#g+mwsj/2 H [an (ezin#"-i_z?”s%ﬂ - 1) + 1] - :uj< 1>'
i=1

We update s? by optimising the objective function under a variable transforma-

tion:
= 1
E[T]]} = — Zzl exzjlu]‘i’fl‘zjsj/QB _ 5( o ,'7] _|_ 677]' <7—]—1>)7 (464)

where n; = log SJQ- and B; = Hn# [an (e%“nﬂm sh/2 _ 1) 1], We then opti-
mise (4.6.4) with the Nelder-Mead method (Nelder and Mead, 1965). Finally, we

update o; by updating its log-odds:

N

=lo g T T My Z YiZiy — Z rz],u]+m”s?/2 1>Bj

=1

1
og1

1 _
— 5((10g7'j> —log s]2~ +(r 1)(,u§ + s?) — 1)

— ((log q(7;)) — (log p(73)))-
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4.6.1 A low dimensional simulation study

We compare the SSNG version for Poisson regression with the BAGLM (Yi et al.,
2019) and glmnet (Friedman et al., 2010) packages in R. We generate 100 datasets
of size N = 100 and D = 200, and all design matrices are drawn from a standard
normal distribution. There are 10 non-zero elements in 3 which are drawn from a
N(0,0.25) distribution and the response vector y is drawn from a Poi(exp(X3))
distribution, where Poi denotes the Poisson distribution. For each dataset, we
fit the three competitive methods and calculate the coefficient estimation error
18 — B||>. We repeat the simulations for D = 300, D = 400 and D = 500.
Figure 4.6.1 shows the boxplots of the estimation errors for each setup. SSNG
has the lowest median estimation error overall. BhGLM has a lower median
estimation error than glmnet, but with much higher variance. SSNG does produce
some outliers, but most of them lie below the upper whiskers of the other two
methods. In terms of convergence time, SSNG and glmnet require about 1 second
on average per dataset, for all dimensions, while BhGLM averages 13,16,22 and
29 seconds for D = 200, 300, 400 and 500 respectively. For higher dimensions, e.g.

D = 1000, BhGLM fails to converge in a reasonable time.

4.6.2 Motif data analysis

The data consist of expression ratios of N = 4443 Saccharomyces cerevisiae genes
and the corresponding D = 2155 motif-matching scores. The dataset was used
in Conlon et al. (2003) in a motif-regression approach and also in Bithlmann and
Van De Geer (2011) to demonstrate penalised regression techniques. Khalili et al.
(2011) and Zhang (2017) applied mixtures of sparse regression models in order
to deal with heterogeneity that appears in the data. Here, we use the motif

data to compare the SSNG and its gamma-GLM version, which we refer to as

SSNG-Gamma.
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Figure 4.6.1: Estimation errors of SSNG, BhGLM and glmnet for four different sizes of
datasets.

We use the expression ratios as the response variable for SSNG-Gamma and
their logarithm as the response for SSNG. The expression ratios are non-negative
and positive skewed, as shown in Figure 4.6.2a, which makes the use of gamma
regression reasonable. Although this is not a D > N scenario, the motif data
are high-dimensional and highly correlated, which makes variable selection a chal-
lenging task for this dataset. The covariates exhibit a block-diagonal sample
correlation matrix, and there is also correlation among blocks, as shown in Figure
4.6.2b.

SSNG converges after 280 iterations and selects 142 motifs, while SSNG-

Gamma converges after 37 iterations and selects 115 motifs. Figure 4.6.3a shows
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Figure 4.6.2: Distribution of expression ratios and correlation matrix of the motif data.

the evolution of ELBO per iteration for the two methods until convergence is
reached. To assess and compare predictive accuracy, a leave-1000-out cross-
validation is performed. The data are randomly split into 3443 training obser-
vations and 1000 test observations. For each training set, we fit the two versions
of SSNG and compute the RMSPE on the left-out set. This process is repeated
100 times. Since in SSNG-Gamma we use the logarithmic link (4.6.1) and in
SSNG we use the logarithm of the expression ratios as the response variable, we
calculate the RMSPE in both cases as:
RMSPE = (L %(BTxi — log yz)2> %.
1000

i=1

We also make comparisons using the negative log-likelihood (NLL), calculated on

the left-out data. For the normal-linear model, it is:

=1y = Xa)(y - Xab) + Tr(XTXW)),

1
NLL = SN (log 27 + log 6%) + 5=

where the estimates 62, and W are variational posterior means computed using

the variational parameters obtained from running SSNG on the training data. For
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the gamma-GLM, it is:
N D
NLL = NlogD(i) + & Y ajpuwi; + flog it + (i — 1) log y;
i=1 j=1

D
+ay ] [O‘j (emmuamatiis/2 — 1) 4 1} ,

where, likewise, we use variational parameters obtained from running SSNG-
Gamma on the training data, and & is the empirical Bayes estimate of the shape
parameter, obtained from the M-step of SSNG-Gamma. Figure 4.6.4 shows the
RMSPE and NLL results for the cross-validation comparison. SSNG-Gamma’s
performance is slightly inferior to that of SSNG, considering that it included 27
fewer variables (115 vs 142).

Finally, we perform a brief analysis on the 68 motifs that are selected by
both SSNG and SSNG-Gamma. These motifs exhibit a block-diagonal sample
correlation matrix (see Figure 4.6.3b), which this time has blocks of uneven sizes
and weaker correlations than the complete data. We compare the coefficient
estimates of the 68 motifs from SSNG, which is run on the complete dataset,
with the ordinary least squares estimates using only these 68 predictors in Figure
4.6.5a. Five of these variables have p-values above the 5% significance level, as

shown in Figure 4.6.5b.

4.7 Discussions

We have proposed SSNG, a scalable algorithm for estimating sparse signals in
high-dimensional problems. SSNG is based on the combination of a discrete spike-
and-slab prior with a hierarchical shrinkage prior and uses mean-field variational
inference to approximate the intractable posterior. We compared our work to
similar methods that use a normal or a Laplace distribution as a slab. Our ap-

proach, instead, uses a normal-gamma prior which is also known as the generalised
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Figure 4.6.3: (a) ELBO versus iteration for SSNG and SSNG-Gamma. (b) Sample
correlation matrix of the 68 motifs that are commonly selected by both SSNG and
SSNG-Gamma (see Table 11 for the 68 motifs).
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Figure 4.6.4: (a) Root mean squared prediction errors for SSNG and SSNG-Gamma
respectively. (b) Negative log-likelihoods for SSNG and SSNG-Gamma respectively.
The two statistics are calculated in each of the 100 repetitions in the leave-1000-out
cross validation conducted on the motif dataset.
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Figure 4.6.5: (a) Scatter plot of estimated model coefficients by OLS estimation and
SSNG. (b) p-values for the t-tests that each variable is statistically significant in the
model. Solid black horizontal line indicates the 5% significance level.

Laplace distribution and has the Laplace as a special case. The benefits of using
a Gaussian scale mixture as a slab are that the evidence lower bound and the
updates for the variational parameters are available in closed form, and that we
were able to devise a very simple, yet very efficient, initialisation scheme without
compromising speed.

Not integrating out the variance parameter (7;) in the normal-gamma prior
of each model coefficient results in additional variational distributions for these
variables (¢(7;)). Conveniently enough, the optimal ¢(7;) turns out to be a gener-
alised inverse-Gaussian, with two of its three parameters being fixed and the third
one being a function of two other variational parameters. Thus, the addition of
D variational densities to our approximation only adds minimal computational
cost to the process. Another convenience the GIG offers is that the expectations
of Tj,Tj’l,log 7; as well as the entropy and cross-entropy, are available in closed
form.

There are a few possible ways in which our work can be improved. Mean-field
variational methods are known to underestimate posterior variance. Indeed, in all

the examples presented in this chapter, s?, which is the variance of ¢(f3;), is always
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N1.9.3 N1.6.13.3 NI1.8.8.5 N1.12.3.8 P1.11.3.2 P1.12.14.5
N1.9.8 N1.7.6.3 N1.9.12.5 N1.124.8 P1.11.142 P1.8.12.6
N1.9.9 N1.7.15.3 N1.10.10.5 P1.6.4 P1.12.15.2 P1.8.11.7
N1.11.2 N1.10.7.3 N1.12.12.5 P1.11.7 P1.9.11.3 P1.12.11.6
N1.11.15 N1.11.1.3 N1.7.4.6 P1.11.13 P1.11.14.3 P1.7.88
N1.8.6.1 N1.11.10.3 N1.7.9.6 P1.12.1 P1.11.15.3 P1.11.9.8
N1.9.1.1 N1.7.11.4 N1.8.15.6 P1.12.11 P1.1294 P1.12438
N1.12.2.1 N1.7.144 NI1.11.15.6 P1.12.15 P1.12.11.4 P1.12.6.8
N1.12.6.1 N1.8.44 N1.9.13.7 P1.9.141 P1.12.134

N1.7.5.2 N1.8.13.4 NI1.12.14.7 P1.11.11.1 PI1.11.7.5

NI1.11.11.2 NI1.12.11.4 N1.6.7.8 P1.11.14.1 P1.12.7.5

N1.12.1.2  N1.7.11.5 N1.8.14.8 P1.6.142 P1.12.11.5

Table 11: Names of 68 motifs that are commonly selected by both SSNG and SSNG-
Gamma.

a very small number after the convergence of our variational algorithm. One way
to counter this phenomenon is to incorporate the linear response variational Bayes
method of Giordano et al. (2015).

Lastly, it should be noted that it can be challenging to create a binary re-
sponse version of SSNG, that is efficient in D > N scenarios. In a logistic
regression model, it is assumed that the responses y; € {0,1}, for i = 1,..., N,
are conditionally independent draws from a Bern(sigm(x; 3)) distribution, where
sigm(x) = (1 + e )1 is the sigmoid function. The log-likelihood function of the
logistic model thus contains the term log sigm(z; 3). The expectation of this term
with respect to 3 is intractable, and thus, having the ELBO in closed form is not
possible.

Jaakkola and Jordan (2000) made variational inference for a Bayesian logistic
regression model possible by introducing a tangent quadratic lower bound of the
logistic log-likelihood, which is conjugate to the Gaussian priors they assigned
to the regression coefficients. In the process of making this thesis, we were able
to create variational logistic regression versions of Algorithms 2 and 3 by using

this quadratic lower bound. However, the performance in simulation studies as
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demanding as those we conducted in Section 4.4 was not satisfactory, and we did
not pursue this matter any further.

It can be interesting to try to infer sparse binary regression models using al-
ternative techniques that have appeared in the statistical or machine learning
literature. Marlin et al. (2011) and Knowles and Minka (2011) proposed tighter
bounds than the quadratic bound of Jaakkola and Jordan (2000), which can be
used in logistic regression. Paisley et al. (2012) proposed an alternative algorithm
for directly optimising the ELBO via stochastic optimisation, with Bayesian lo-
gistic regression used as an example of their method. More recently, Durante
et al. (2019) proposed another variational approach that combines the quadratic
bound of Jaakkola and Jordan (2000) with the highly popular data augmentation
technique of Polson et al. (2013). Finally, it is worth examining the possibility of
conducting variational inference for a probit model (Albert and Chib, 1993) with

a spike-and-slab prior on its coefficients.
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Chapter 5

Discussion and future work

In Chapter 3, we created an objective prior for the degrees of freedom of a Wishart
distribution. The prior is a function of the Kullback-Leibler divergence between
Wishart distributions that share the the same scale matrix and whose degrees of
freedom differ by one. The Wishart distribution is related to the inverse-Wishart
via the following relation: if X ~ W(V,v) then Xt ~ W=V~ v), where W™!
denotes the inverse-Wishart distribution. Since the Kullback—Leibler divergence
is invariant under variable transformations, the same prior can be used as an
objective prior for the degrees of freedom of an inverse-Wishart distribution.

This enables us to use the prior in any hierarchical prior specification in which
a Wishart or an inverse-Wishart distribution is used. One such example is the
matrix-F distribution (Mulder and Pericchi, 2018), which can be used as a prior
for covariance matrices. The matrix-F distribution is available in closed form,
but it can also be conveniently presented as a Wishart mixture of inverse-Wishart
distributions or a Wishart mixture of Wishart distributions.

In a sparse regression problem, we would assign a multivariate normal prior

to the model parameters (0) and the matrix-F to its covariance matrix. As per
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Mulder and Pericchi (2018), the marginal prior that is induced on 6, which is
m(0) = //N(H;u, 2) x WS 64k —1,0) x W(; v, B)dWUdY,

for v = k (here k is the dimension of ) and 6 = 1 has a pole at the origin:
(0 = p) = oo and tails heavier than a multivariate Cauchy distribution. This is
an example of a horseshoe-type prior (Carvalho et al., 2009, 2010); i.e. a prior that
has a pole at the origin and heavy tails. Such priors are suitable for modelling
sparse signals, as the pole causes small signals to approach 0 in the posterior
while at the same time, the heavy tails allow large signals to remain large in the
posterior.

Figure 5.0.1 shows how the marginal prior on ¢ changes when we assign our
objective prior to v. The tails, which are heavier than those of a Cauchy distri-
bution, become even heavier. An interesting topic for future research would be
to examine whether the pole at the origin is preserved in the new marginal prior

and how such a prior can be useful in VAR models or other regression problems.

Figure 5.0.1: (a) A bivariate marginal prior with § = 1, v = k. (b) A bivariate marginal
prior with § = 1, v ~ 7(v). Plots are kernel density estimates based on 10° simulated
samples for each scenario.

In Chapter 4, we presented an algorithm that performs variable selection in
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linear and generalised linear models, based on variational approximations of poste-
rior distributions. Although we thoroughly examined its performance in simulated
and real data applications, we did not establish any theoretical results. The topic
of theoretical studies of variational approximations is relatively new and active.
For example, Ormerod et al. (2017) and Yang et al. (2020) studied the consis-
tency properties of linear models with discrete spike-and-slab priors, while Wang
and Blei (2019) explored these properties for other models, including Bayesian
generalised linear models. Such studies rely on treating the mean-field variational
posterior mean (or mode) as a point estimate and examining its consistency in the
frequentist sense. Zhou and Pati (2021) reviewed some theoretical developments
regarding discrete spike-and-slab priors, including results on variational inference.
These theoretical guarantees do not hold in general, and each existing result per-
tains to a particular model with a specific variational approximation. Therefore,
our work can be expanded by establishing similar theoretical studies.

Another direction regarding variable selection and variational inference is the
construction of algorithms that perform variable selection while taking into ac-
count a possible clustering of observations, thereby allowing for different regression
models across clusters of data. This approach to variable selection has been in-
vestigated in recent years in the context of Bayesian nonparametrics. Most of
the methods that have been proposed follow Miiller et al. (1996) and treat the
covariates as random variables, specifying an appropriate probability model on
Z = (y,X). Barcella et al. (2016) exploited this idea and proposed a covariate-
dependent Dirichlet process mixture model with a base measure defined by a
discrete spike-and-slab prior for the regression coefficients. They performed pos-
terior inference using an MCMC algorithm (Neal, 2000). More recently, Ding and
Karabatsos (2021) used slice sampling (Walker, 2007; Kalli et al., 2011) to infer

a similar model with a base measure defined by absolutely continuous shrinkage
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priors (horseshoe and normal-gamma). A review of earlier methods on covariate-
dependent Dirichlet process mixture models can be found in Barcella et al. (2017).
An issue with such methods is that they rely on MCMC techniques for posterior
inference, which limits their applications to datasets of low to moderate dimen-
sionality. Therefore, examining how variational methods for Dirichlet process
mixtures (Blei and Jordan, 2006) can help scale up these methods to higher di-

mensions is of interest, both from practical and theoretical perspectives.
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Appendix A

Appendix to Chapter 3

A.1 Derivation of conditional posteriors

Derivation of the two conditional posteriors for e and X1

aly, '~ N(@,V),

Yo,y ~ W (ﬁ,?il) ,
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where Vo=V tanday=V'a. Let Z=1, @ X and A = X @ Ir.

plyle, ) o exp{ 5 (y ~ Za) Ay — Za)}

x exp{—— y'ANy—y A Za— (Za)'N'y+ (Za)'AN ' Za)}

(

o exp{—l(yTA Yy—y' AN Za-a'Z"AN'y+a'ZTA ' Za)}

x exp{— ( 200" ZTA Ly + aTZTA_lZa)}
(a

x eXp{—— Vi — 20 al)}

where Vi = ZTA™'Z and &; = ZTA~'y. Then, the conditional posterior of a
will be:

plaly,X) < p(yla, )p(a)

x exp{— 3 (@ Vior — 20Tam) } exp{ — (o Voex — 20" ax,)}
1

S 1 —
ox exp{aTal — §aTVla — §aTV0a + aTEO}

x exp{—%(aT(Vo%-vﬁa —2a' (@ +ay))}

which is recognised as a normal distribution with variance V = (V; + V;)7! =

(V1 4+ ZTA'Z) " and mean & = V(V la+ ZTA 1y).

For the derivation of the second conditional posterior, the following form of

the likelihood is more convenient:

plyle, ) = (2m)"F |95 exp{— 5y — (1, ® X)a) (8@ )y — (1, © X)a)}

x |S|72 exp {—% Tr[(Y - XA) (Y — XA)x ] }

Obtaining the second form of the likelihood, with the trace inside the exponential

term, requires a few steps of linear algebra. Firstly, we notice that vec(Y — X A) =
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y—Un@X)a. Setu=y— (I, ® X)a) and U =Y — XA, so that:
u = vec(U) = vec(Ul,) = (I, ® U)vec(l,).

Thus, we have:

w (2@ Ir) u = vee(l,) (I, @ U) (@ Ir) (I, ® U)vec(I,,)
= vec(l,) (I, ® UT)(E ® Ir) (I, @ U)vec(I,)
= vec( T[ UTIT)] (L, @ U)vec(I,,)

=vec(l,) (X' ® UT)(I ® U)vec(Iy)

= vec(Ly) ((S7'L,) @ (UTU))vec(,,)
= vec(L,) (X' @ U U)vec(1,,)

=Tr [vec T(ET @ U U)vec(1,)]
= Tr [vec(I,)vee(L,) ('@ U'TU)]
= Tr [E 'UTU]

=T [UTUs]

Then, the conditional posterior of ¥~! will be:

p(E My, a,v, 57 o« pyla, D)p(E 7y, 57

x |2|_%|Z|_£ﬂ;71 exp {—lTr (Y —XA)T(Y - XA)E_l}} X

\)

exp {—%Tr(ﬁE_l)}
|Z 1|7u+T m— IX
exp {—% Tr[(Y — XA) (Y - XA)E ] — %Tr(ﬁZl)}

v+T—m—1

x |7 2 exp{—%Tr [(Y—XA)T(Y—XA)EI—FﬁEl]}

v+T—m—1

o 57 exp {_%Tr (Y = XA)T(Y - X% +5) El]}
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which is recognised as a W (?, §_1> with S = S+ (Y — XA)T(Y — XA) and

v=v+T.

A.2 Further simulation results

In this section we report simulation results for the case with 7" = 100. In par-
ticular, Figure A.2.1 shows the RMADs for the covariance matrix for the five-
dimensional case, where the data are generated from a Wishart distribution with
degrees of freedom equal to 5 (left), 10 (centre) and 15 (right). The same arises
in Figure A.2.2, where we have a ten-dimensional case for the covariance matrix,
and the data are generated with 10 (left), 15 (centre) and 20 (right) degrees of
freedom, respectively. In conclusion, Figure A.2.3 shows the results for the twenty-
dimensional case, where the data are generated from a Wishart distribution with

20 (left), 24 (centre) and 26 (right) degrees of freedom, respectively.

As stated in Chapter 3, the results show improvements in the use of our loss-
based prior compared to a fixed v prior when the data are generated with degrees
of freedom higher than the dimension.

Root MAD, T=100,M=5, »=5 Root MAD, T=100,M=5, »=10 Root MAD, T=100,M=5, »=15

09 E : 0.18 0.065 -
I
08 H b 0.16 0.06 El
07 H N 014 N 0.055 i .
0.6 + + —4
+ + 012 008 i
05 1 be 3 ]
T f o1 % i 0.045 }
|
0.4 0.04
I
o ‘ | ot + —
I
I
0.1 0.04 0.025

Ind. NW - fixed v Ind. NW - hyperprior on v Ind. NW - fixed »  Ind. NW - hyperprior on v Ind. NW - fixed v Ind. NW - hyperprior on v

Figure A.2.1: Monte Carlo simulation — root mean absolute deviations of the covariance
matrices of dimension m = 5. These empirical distributions are obtained by simulating
250 VAR(1) of sample size T" = 100. Results are reported separately for data generated
from a Wishart with v = 5 (left panel), v = 10 (central panel), and v = 15 (right panel).
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Root MAD, T=100,M=10, »=10 Root MAD, T=100,M=10, »=15 Root MAD, T=100,M=10, »=20

0.12 0.06
08
0.11 +
07 ; 0.055 .
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i
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+
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o1 0.04 i !
1
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Ind. NW - fixed v Ind. NW - hyperprior on v Ind. NW - fixed v Ind. NW - hyperprior on v Ind. NW - fixed v Ind. NW - hyperprior on v

Figure A.2.2: Monte Carlo simulation — root mean absolute deviations of the covariance
matrices of dimension m = 10. These empirical distributions are obtained by simulating
250 VAR(1) of sample size T" = 100. Results are reported separately for data generated
from a Wishart with v = 10 (left panel), v = 15 (central panel), and v = 20 (right
panel).

Root MAD, T=100,M=20, »=20 Root MAD, T=100,M=20, v=24 Root MAD, T=100,M=20, v=26
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* 007 + - 0.045 | |
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Ind. NW - fixed v Ind. NW - hyperprior on v Ind. NW - fixed v Ind. NW - hyperprior on Ind. NW - fixed v Ind. NW - hyperprior on v

Figure A.2.3: Monte Carlo simulation — root mean absolute deviations of the covariance
matrices of dimension m = 20. These empirical distributions are obtained by simulating
250 VAR(1) of sample size T'= 100. Results are reported separately for data generated
from a Wishart with v = 20 (left panel), v = 24 (central panel), and v = 26 (right
panel).
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Appendix B

Appendix to Chapter 4

B.1 The Generalised inverse Gaussian distribu-

tion and its moments

Variational distribution ¢(7) is a GIG(v, g, h) with density function:

The moments (1), (77!) and (log7) can be found in Jgrgensen (1982):

o \/E ICV+1<\/g_h>

)= KR

. \/§ le(@)

R T INR

vh 0
(log7) = log ﬁ + I log /Cm(\/ﬁ)‘

m=v
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Then, the calculation of the entropy is straightforward:

om

+ % (’Cy+1 (\/9_h> + K (\/9_h)> ;

m=v

(
_ Lyog (%) +1og (2, (Voh) ) = (v - H> log K (/91)|

)\5\17—)\1_16_)\27—

(logp(T)) = <log W>: Arlog Ao + (A — 1){log 7) — Ao (1) —log I'(Ay).

The derivative of the Bessel function with respect to the order, that appears

2 Kom (2)

in the logarithmic derivative 8% log ICm(z))m:V = B , can be calculated

m=v

with the following simple algorithm which is based on results from Olver et al.

(2010) and Brychkov and Geddes (2005).

o ifrveZ

v L2k Ky (2
- iICm(z)’ = :l:Q(%,!z)" Y reo %(V—jﬁg), forv=1,2,3...

— 2K, (2) = dmesc(vm) [ 2T, (2) — £TL,(2)] — 7 cot(vm)K, (2)

where Z,(z) is the modified Bessel function of the first kind, of order v, and its

formulation is:

1\ ()
T(2) = (§Z> 2 KT(v+ k + 1)

k=0

and the two derivatives with respect to order are:

%w) =T,(2)log G) - G),ﬁ (k'%<¢(+2f51)
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9
ov

1 )+ (1 )—” X (L2 ep(—p + k4 1)

T ,(z) =—I_,(2)log (52 9 El(—v+k+1)

z
2
k=0

B.2 Evidence lower bound in explicit form

By substituting all expectations in (4.2.8) and gathering the terms that contain
the logarithmic derivative of the Bessel function, we obtain the following explicit

form of the ELBO:

2
_ i %(- log 52 + (%ﬁ(f%) _ %) (15 +57) = 1)

j=1

(b0 Naz
_ ZOzj (—Elog g — 10g<2/Cu(\/9_hj)) - m (/Cu+1 <\/g_h]> + K, (M))
Vs Ky (Vghy) ) n
Nz ICV(\/g_hj) +logI'(A1) + (1.5 — A\y) log p
1

0
+ (— — A+ V)%loglCm( gh;) -

2
I(c) d  dy—d
_(C—Co>¢(6)+10gm—Cologd—o—c d

D o & 1—q;
— ) ajlog—2L — ) (1—aj)log .

j=1

L= —%N(log 21 + logd — ¥(c)) — —((y — Xw) ' (y — Xw) + Tr(X'XW))

Jj=1

— )\1 IOg )\2 + )\2

Notice the term (% —)\1+u) % log K, (1/gh;)

V=M — %, and thus, we never need to calculate the logarithmic derivative of the

. This term always equals 0 since
Bessel function. This fact enables the use of the ELBO to monitor convergence
since, despite its lengthy analytical expression, it can be calculated after every
iteration of the CAVI at a very low computational cost. In particular, according
to the Matlab Profiler, calculations of the ELBO account for less than 1% of
total computation time until convergence is reached in all examples examined in

Chapter 4. The same is also true for the Poisson and gamma GLMs.
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B.3 Derivation of Algorithm 2

In order to find the update for j;, we first isolate the terms of ELBO (4.2.8) that
contain the elements of the vector p:

Cc

Liw =5,

D
((y — Xw)" (y — Xw) + Tr(XTXW)) — %Z ozj<7'j_1>u32~.
j=1
Variational parameters (,uj)jD:l appear in the last summation term, inside vector
w, and inside matrix W. Thus, it is easier to break down the differentiation in
parts. Each p; is the expectation of ;, under the variational distribution, condi-
tioned on being on a slab: p; = E,[5;|zj=1]. If z; = 1, then o; = 1. The jth term
of the trace Tr(XTXW) becomes (X X);(a (15 + 53) — (a;p;)?) = (XTX);;57,
which does not contain ;. We also need the derivative of the quadratic term
(y — Xw) " (y — Xw) with respect to p;. For convenience with this differentiation,
we rewrite the vector w as w = Au, where A is a diagonal matrix with diagonal
elements o; = 1 and the rest being ay, for k£ # j. The derivative of the quadratic
term is:

52X AR (5 XAp) = ~2(AX (y-XAp) = ~2(AX y-ATX X Ap)

The jth element of that vector is —2(ATXTy — ATX"XApu); = —2((XTy); —
Dkt (X X)pjounpe — X" Xp;). We can then calculate the derivative of the ELBO
with respect to p; as:

8£_c

G_,uj B E((XTY)J' - Z(XTX)M%/M@ - XTX#J‘) T Hy <Ta‘_1>'

k#j
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Setting this derivative equal to 0 and solving for p; yields:

= (079~ S X ) (506X + 7))

ki

which, after finding the update for s?, becomes:

C
Wi =5 ((XT}’)j - Z(XTX)M%M> s7,

k#j

which is the required update.
Similarly, s3 = Var[$;]z; = 1], and by isolating terms with s7 we get:

C

Luil = 7o

1 1 _
(XTX),558 + 5 logs? = 53y ),

and the derivative with respect to S?Z

oL _c

0s2 2d

J

1
2

1 1
X'X)i + = -
( )]J + QSJ 2

By setting this derivative equal to 0 and solving for 332., we get the update:

5 = (§<XTX>ﬂ- ¥ <>)

To update «;, we write the vector w as w = Mo, where M = diag(p). The

derivative of the quadratic term, with respect to a is:
%(y —XMa) (y—XMa) = 2(M"X'y - M"X"XMa).

The jth element of that vector is —2(M "X Ty—M "X XMa); = —2((Xy);u;—
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115 D s (XX g, — g3 (XTX)5). The derivative of the trace term with re-

spect to «; 1s:

0
%(XTX)JJ(O@' (15 + 57) = (op15)?) = (XTX)j5(p15 + 57) — 205 (XTX) 585
J

Finally, we get the complete derivative of the ELBO with respect to «;:

oL c
o = 24 ( —2((XTy) s — 5 Y (XTX)wjoupue — ol (XTX) 55) + (XTX) (13 + s7)
J k#j
- Q%(XTX)W?)
1
- §(<10g7j> —log s5 + (77 ") (1 + 55) — 1)
— ((log q(75)) — (log p(7;)))
1 — .
+ log & + log P
Oéj 1— P

By setting % = 0 and solving for log 1_0”, we obtain equation 4.2.9.
J

Qj

B.4 Parameter estimation

A run of the CAVI algorithm moves the variational lower bound as close as possible
to the intractable marginal log-likelihood. We can then use this tractable lower
bound as a substitute for the marginal log-likelihood and, for fixed values of
the variational parameters, optimise this substitute with respect to the model
parameters © = (Ay, Ay, p), where we have re-parametrised: A\; = A and \y =
1/(29?) . This way, we obtain approximate empirical Bayes estimates for the

model parameters. This optimisation is straightforward:

o /
ryvaal Zo‘j ((X) —log Ay —log \/h;/g).
1

j=
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Setting this to 0, we get:

S ajlogy/hi/g
ZJ'D:1 Qj

(A1) = log Ag +

The inverse of the digamma function is not available in closed form, so we instead

2 ajlog\/hj/g

D
Zj:l Qj

0 using a simple Newton-Raphson algorithm based on the derivative of the digamma

approximate numerically the root of the equation (A1) —log Ao— Z

function, ¥ (z) = L4 (x), which is also known as the trigamma function. For

the general case of finding the root of ¢)(x) —y = 0, the following Newton update

is used:

Y(z) —y

Tpt1 = Tp —

pW(z)

using the following initialisation as found in Minka (2000):

exp(y) + 0.5 ify > —2.2,
Ty —

For the estimates of Ay and p, we get exact solutions:

oL < 1
8_>\2__Zaj<_)\lA_2+<Tj>>’

which gives the solution:

Ay = )‘IDZJI':; @
Zj:l (7))
And finally, . .
oL 1 1
o E;%’——p;(l—%%
giving:
p=—> Zf—l Qj _ . Zf:l a;
23—1(1 ;) + ZJ 1 ¢ D
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