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Abstract
We study quantum advantage in one-step rendezvous games on simple graphs analytically,
numerically, and using noisy intermediate-scale quantum (NISQ) processors. Our protocols realise
the recently discovered (Mironowicz 2023 New J. Phys. 25 013023) optimal bounds for small cycle
graphs and cubic graphs. In the case of cycle graphs, we generalise the protocols to arbitrary graph
size. The NISQ processor experiments realise the expected quantum advantage with high accuracy
for rendezvous on the complete graph K3. In contrast, for the graph 2K4, formed by two
disconnected 4-vertex complete graphs, the performance of the NISQ hardware is sub-classical,
consistent with the deeper circuit and known qubit decoherence and gate error rates.

1. Introduction

Quantum entanglement, as illustrated by the violation of Bell’s inequalities [2, 3], is a fundamental feature of
the physical Universe and the basis of an increasing number of quantum technologies [4]. Here we are
concerned with the use of quantum entanglement to allow separate agents to achieve higher levels of
coordination than would be possible classically without sending signals. The theoretical underpinning of this
possibility is provided by quantum game theory [5] which extends classical game theory [6] by allowing
players to exploit shared, entangled quantum resources. This has potential applications, for instance, for
distributing tasks efficiently within an edge computing paradigm [7], where the aim is to carry out
computational tasks on the ‘edge’ of the network, minimizing traffic.

Our particular interest is in using quantum entanglement to coordinate the actions of
spatially-separated, mobile agents that are trying to converge on the same location. A simple scenario of this
type was first introduced by Caslav et al [8]. In it, two ‘agents’ or ‘players’ start at the N and S poles of a
sphere and converge on the equator. If the players share a Bell state, they can probe it locally to decide which
direction to move and find each other with greater probability than would be possible classically.

In the present work, we are concerned with rendezvous problems. The rendezvous problem, originally
formulated by Alpern [9], involves scenarios where individuals or entities must find each other without prior
knowledge of each other’s initial locations. This contrasts with the scenario in reference [8] where initial
locations are known.

Rendezvous problems exhibit diverse variations. One of the distinguishing traits is whether the entities
conduct their moves synchronously [10–12] or asynchronously [13–15]. The reason for synchronous moves
usually lays in waiting times at the rendezvous points, or in specific travel timings. In this work we
concentrate on the synchronous variants.
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Rendezvous problems can also be classified by the environment in which they occur. The most important
distinction is between discrete environments [16, 17] (often referred to as networks [18]) and continuous
spaces such as a line [19], a circle [20], or a plane [21]. The spaces can model physical space, computer
networks and the radio-frequency spectrum, to name a few examples. The present work focuses on networks,
in particular cubic graphs and cycles, or rings [22], which have recently gained increased attention [23–25].

Areas of practical application for rendezvous protocols include distributed computing [26],
communications including cognitive radio networks [27, 28], and robotics including robot swarms and
unmanned aerial vehicles [29, 30]. Each application benefits from the unique strategies developed for solving
different variants of the rendezvous problem.

The existence of a quantum advantage in rendezvous problems has been established in principle by
recent work by one of the present authors using semi-definite programming [1]. Numerical bounds on the
optimal classical and quantum strategies for rendezvous with a small number of steps on simple graphs with
up to 8 nodes were obtained, and it was found that in many instances the optimal quantum strategies have
higher winning probabilities than any classical one. That work has recently been extended to other graph
geometries and the related problem of graph domination [31].

In order for quantum-assisted rendezvous to be realised experimentally and show practical utility we
must achieve a number of goals:

1. to develop explicit quantum algorithms that realise the recently-discovered [1, 31] quantum advantages;
2. to gain an understanding of the practical advantage when those algorithms are implemented in imperfect

quantum hardware;
3. to generalise the algorithms to more complex problems which are more directly related to real-world

situations [1, 31];
4. and, finally, to develop the necessary technologies for specific applications, such as long-lived and/or

portable quantum memories and accurate state-preparation hardware.

In the present work, we take some initial steps towards goals 1–3. In particular, we develop an explicit
algorithm that realises the known quantum advantages for some of the 1-step games on N-cycles with
3⩽ N⩽ 9 considered in reference [1] (contributing to goal No. 1), generalising them to arbitrary N
(contributing to goal No. 3), and for one of the 8-site cubic graphs in the same reference (advancing goal No.
1). Furthermore, we provide Qiskit implementations [32] of these algorithms and use them to simulate
rendezvous scenarios using simulated ideal quantum hardware as well as real quantum hardware [33]. The
former allows us to observe the emergence of quantum advantage upon averaging over a sufficient number
of trials, allowing us to confirm that our algorithms realise optimal quantum strategies (goal No. 1). The
latter allows us to start probing the practical limits when using imperfect quantum hardware (goal No. 2).
Remarkably, for the three-cycle we achieve nearly all of the expected quantum advantage using real quantum
hardware. In contrast for the eight-site cubic graphs (where we need more qubits and the quantum circuits
realising the optimal quantum strategy are much deeper) the quantum strategy performs much worse than
the optimal classical strategy, but this failure can be understood in terms of the limitations of the specific
hardware platform we used. We will discuss the implications of our results for experimental realisations of
quantum-assisted rendezvous and explore how the analytical and computational approaches we have
developed can be used to investigate more complex scenarios.

The paper is organised as follows: in section 2 we describe our conventions and methodology.
Sections 3–4 present our results for cycle graphs. Section 3 in particular presents an analytical theory for
cycle graphs with arbitrary numbers of vertices, or sites. Section 4 presents a quantum-circuit
implementation of that theory for the case of a graph with 3 sites and describes the results obtained when the
circuit is run on simulated and real quantum hardware. Sections 5 and 6 deal with cubic graphs. In section 5
we present an analytical treatment of the four-site cubic graph based on spin-1 particles. Section 6 discusses
its implementation on qubit-based machines and again presents results on simulated and real quantum
hardware for an eight-site graph composed of two independent four-site ones. Section 7 discusses our results
and section 8 presents our conclusions.

2. Conventions andmethodology

We consider cooperative rendezvous games. In them, a number of players are placed at random starting
locations with the goal of finding the other players in the least amount of time. In this work we focus on
simple scenarios where there are two players moving on an undirected graph with N sites, or vertices, joined
by equally-weighted edges. The players will be assumed to move synchronously and a single move will be
allowed before deciding whether the game has been won or lost. Furthermore, we restrict ourselves to cycle
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Figure 1. Some of the graphs considered in this work: (a) three-vertex cycle graph C3 ≡ K3; (b) five-vertex cycle graph C5; (c)
four-vertex cubic graph K4; (d) the six-vertex cubic graph formed by the vertices and edges of a rectangular prism, Y3. Note that
(a) and (c) represent complete graphs (every pair of vertices is connected by an edge) while the graph in (b) is not complete (e.g.
vertex 2 is not connected to 5). The same applies to all Cn graphs with n> 3, as well as to the graph in (d). In the rendezvous
games we consider, two players start at two randomly-selected vertices and need to maximise the chance they meet after moving
along one edge. The edges can be used in any direction (undirected graphs).

graphs and cubic graphs. Specifically, we will discuss N-vertex graphs consisting of a single cycle, denoted
CN, with N= 3,4, . . .∞ (including the complete three-vertex graph K3 ≡ C3) and two cubic graphs: the
complete four-vertex graph K4 and the eight-vertex graph 2K4 formed by two disconnected instances of K4

5.
We will assume that the vertices are labelled and that the players know these labels and can use them to
decide their moves—in other words, the players share a complete ‘map’ of the graph (labelled-network
rendezvous). On the other hand, unless stated otherwise we will force the players to follow exactly the same
algorithm (player-symmetric). Figure 1(a) displays some of the graphs we consider and establishes the
labelling conventions.

Following [1] we introduce Boolean variablesW,E,S defining the type of game played on a given graph.
They determine, respectively, whether waiting is a valid move, whether players can meet on edges upon
transposition of their locations, and whether the initial random positions include the possibility of starting
on the same vertex. Unless otherwise specified we will consider the case where waiting is not allowed (W = 0),
players cannot meet on edges (E= 0), and the initial location may be the same for both players (S= 1).

In quantum-assisted rendezvous games players (conventionally named ‘Alice’, or A, and ‘Bob’, B) are
provided with distinct, but entangled parts of a shared quantum system. We now state our assumptions
about the nature of this shared quantum memory and the way the players use it to decide their moves. The
quantum memory consists of 2 qudits, one for each player. Each qudit is a d-state system, where d equals the
degree of the vertices of the graph. In other words, we will work with two qubits in the case of cycle graphs
and two qutrits for cubic graphs6. When a player probes their qudit, they use the result to decide which of the
d edges available to them they will take. Prior to the measurement, each player executes a unitary
transformation of their qudit in the form of a rotation of their measurement angles which depends
exclusively on the site the player find themselves in.

5 In this context ‘cubic’ has a strictly topological meaning namely that each vertex has degree 3 (in other words, it is connected to three
other vertices via three distinct edges). By definition cycle graphs cannot be cubic as all their vertices have degree 2. In complete graphs
every vertex is connected to every other vertex.
6 In practice, as we shall see below, the quantum-circuit implementation of our simulations will require describing the two qutrits using
four qubits.

3
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It is worth noting that the above assumptions do not exhaust the possibilities. For instance, additional
quantum advantage might, in principle, be gained using a greater number of qudits. And both the classical
and quantum-assisted games might improve if the two players follow different strategies. These variations are
discussed in section 7.

There is a subtlety in the definition of S= 1 regarding whether players are allowed to check if they are on
the same site before they make their move or not. We will refer to these two variants as the ‘check-first’ and
‘check-later’ versions of the game, respectively. If we adopt the former definition, the winning probabilities of
a given strategy for S= 1 and S= 0 are related via:

PS=0 =
NPS=1 − 1

N− 1
(1)

where N is the number of vertices on the graph. The proof is very simple and can be found in appendix [1]
adopts the opposite definition and as a result the winning probabilities obtained in that work for S= 0 and
S= 1 do not have the simple relationship captured by equation (1). Here we will state explicitly the definition
we are using in each case.

3. Cycle graphs: theory

In this section we propose an ansatz strategy for cycle graphs CN and optimize it for N= 3,4, . . . ,∞. For
clarity we start with a detailed discussion of the complete three-site cycle graph K3 ≡ C3 and then we present
the general theory for CN.

3.1. Three-site cycle graph
We start with the graph shown in figure 1(a). The adjacency list for this graph is {{2,3},{1,3},{1,2}}7

To establish quantum advantage the strategy needs to be compared to the optimal classical one. There are
a number of optimal classical strategies for rendezvous in this scenario. In one of them each player goes to
the lowest numerical index available:

1→ 2, 2→ 1, 3→ 1. We can record all possible starting locations of each player and decide whether they
meet (W) or do not meet (L) whilst following this particular strategy8, resulting in a ‘win-loss table’. This is
table 1.

Due to the deterministic nature of our strategy, each action in the grid is certain to happen if the players
start on the corresponding vertices. Therefore the conditional probability of winning the game if Alice starts
on vertex a and Bob stars on vertex b is P(win|a,b) = 1 or 0 depending on whether there is a W or L on the
table, respectively. From this the probability of rendezvous Pw is trivially calculated as

Pw =
1

9

3∑
a,b=1

P(win|a,b) = 5

9
. (2)

The above success rate depends on the prior agreement of the players to use the same optimal strategy
(go-to-lowest or go-to-highest). Consider now the case when Alice and Bob have not been allowed to agree
on a protocol beforehand. They may then choose between the two available optimal strategies by flipping
coin. The resulting win-loss table is shown in table 1. Since Alice’s and Bob’s coins are uncorrelated, this
results in them making the same choice only half of the time. This leads to an overall reduction of the
winning probability which becomes

Pw =
1

9

3∑
a,b=1

1

4

1∑
n,m=0

P(win|a,b;n,m) =
1

3
. (3)

Here, P(win|a,b;n,m) is the conditional probability that the game is won is Alice starts on a, Bob starts on b,
and their respective coin-toss outcomes are n andm. This is 1 for the cases marked W in table 1, 0 otherwise.
Note that the table implicitly assumes the check-later definition of S= 1 (see section 2). With the check-first
definition, we gain 6 more wins in the diagonal block and the probability of winning the game increases to
1/2. Either way the deterministic strategy (whose winning probability is independent of the definition we
adopt) is preferable.

7 We use standard set notation. Each element of the main set is a subset representing a vertex on the graph. The elements of the subset
represent the vertices that connect to it.
8 Since all optimal strategies give, by definition, the same probability of rendezvous we only need to analyse one of them.

4
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Table 1.Win-lose table for our rendezvous one-step game on the graph C3 ≡ K3 (figure 1(a)). In (a) Alice and Bob have previously
agreed to use the same optimum classical strategy. In (b) the players independently decide which of the two optimal strategies to choose
by the flip of a coin (or by examining a qubit). In both tables, the first column shows the vertex a= 1,2,3 Alice starts on at the start of
the game and the first row shows the vertex b= 1,2,3 Bob starts on. In (b) the second column and row, respectively, show the results of
the two coin flips n,m= 0,1. W means that the players win the game, L that they lose. The second table assumes the check-later
definition of S= 1 introduced in section 2 (with the check-first definition, the diagonal 2 × 2 blocks become solid wins).

(a)

Bob

1 2 3

Alice
1 W L L
2 L W W
3 L W W

(b)

Bob

1 2 3

0 1 0 1 0 1

Alice

1
0 W L L L L W
1 L W L W L L

2
0 L L W L W L
1 L W L W L L

3
0 L L W L W L
1 W L L L L W

At first sight, the superiority of the optimal, deterministic strategy can be simply understood by the
introduction of the new variables n,m= 0,1 that represent the results of Alice’s and Bob’s coin tosses. Each
of the nine entries in table 1 becomes a 4× 4 grid in table 1. Not all the entries on the grid coming from a
winning entry in the first table represent wins. However, on closer inspection one realises that the grids
representing losing entries in the second table now contain wins as well. Therefore, the probabilistic strategy
introduces new routes to winning the game. This fact can be exploited to find quantum strategies that
improve on the optimal classical strategy.

We now consider the quantum case. In line with the assumptions introduced in section 2 we give each
player one qubit of an entangled pair. Instead of choosing between the go-to-lowest and go-to-highest moves
randomly, each player measures their qubit and chooses according to the result of their measurement (‘0’→
go-to-lowest, ‘1’→ go-to-highest). We will adopt a maximally-entangled, EPR pair [34] ansatz for the initial
quantum state |ψ⟩i shared by Alice and Bob:

|ψ⟩i =
1√
2
(|0⟩⊗ |0⟩+ |1⟩⊗ |1⟩) . (4)

Here, |0⟩ and |1⟩ represent pure computational-basis states. Physically they could correspond, for example,
to spin-up and spin-down states of a spin- 12 particle

9. The order of the kets indicates who holds each qubit:
Alice (first) or Bob (second).

If Alice and Bob measure their qubits in the computational basis, equation (4) ensures that they obtain
the same result. This rules out the off-diagonal elements for the 4× 4 blocks in table 1 and reduces it to two
versions of table 1 corresponding to (n,m) = (0,0) and (1, 1), respectively [in the second copy, the wins at
(a,b) = (3,2) and (2, 3) are replaced with losses, while the losses at (2, 1) and (1, 2) become wins]. The result
is that we obtain the same winning probability (2) as when using the optimal classical strategy.

The above result realises the bound obtained for local hidden-variables (LHV) theories in [1]. Indeed, the
same outcome could be obtained by issuing Alice and Bob, before the start of the game, with sealed envelopes
containing their instructions10.

To go beyond what is allowed by classical and LHV theories we need to violate Bell’s inequalities [36, 37]
by having Alice and Bob rotate their measurement axes by different amounts before making their
measurements. They do this by applying a rotation to their qubit around the y axis,

R̂y (θ) = e−i 12 θiσ̂y , (5)

9 When discussing change of basis for a measurement, we will use the usual convention where measuring the qubit in the computational
basis is equivalent to measuring the spin component along the z axis, and other measurements can be obtained by rotations around the
x,y,z axes.
10 There is a subtle physical difference, though: in the case when two entangled qubits are used to coordinate the actions, the outcome is
not pre-determined (unless we adopt a non-local hidden variables interpretation of QuantumMechanics [35]).

5
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where θi is an angle that depends on the vertex the player has started on (i = 1,2,3). The final state after the
rotations is

|ψ⟩f =
[
R̂y (θa)⊗ R̂y (θb)

]
|ψ⟩i

=
1√
2

[
cos

(
θb − θa

2

)
|00⟩− sin

(
θa − θb

2

)
|01⟩

+ sin

(
θa − θb

2

)
|10⟩+ cos

(
θb − θa

2

)
|11⟩

]
, (6)

where we have used the habitual shorthand for tensor-product states (e.g. |01⟩ ≡ |0⟩⊗ |1⟩) . Projecting onto
the computational-basis states yields the following conditional probabilities for the possible measurement
outcomes 00,01,10, and 11:

(
P0,0a,b P0,1a,b

P1,0a,b P1,1a,b

)
=

1

2

cos2
(

θb−θa
2

)
sin2

(
θa−θb

2

)
sin2

(
θa−θb

2

)
cos2

(
θb−θa

2

)
 . (7)

For a given pair of values of the site indices a and b, this matrix gives the probabilities of the lose (L) and win
(W) outcomes in the corresponding 2 × 2 block of table 1. Note that these probabilities are conditional
upon Alice having started on site a and Bob on site b i.e. Pn,ma,b ≡ P(n,m|a,b) whence

∑
n,mPn,ma,b = 1. If both

players start on the same square (a= b) we obtain Pn,ma,b = 1
2δn,m as in the LHV strategy above. However, for

off-diagonal blocks (a ̸= b) there is finite probability for Alice and Bob to obtain different measurement
outcomes (n ̸=m). This in particular opens the possibility of winning when (a,b) = (1,2),(1,3),(2,1) or
(3, 1) which are certain losses for the go-to-lowest optimal classical strategy.

Summation of Pn,ma,b over all combinations of starting sites a,b and measurement outcomes n,m leading to
a win gives, after normalisation,

Pw =
1

9

(
3+ 2P1,11,2 + 2P0,11,3 + 2P0,02,3

)
. (8)

Substituting the explicit forms of the conditional probabilities Pn,ma,b from equation (7) yields the following
expression for the overall winning probability:

Pw =
1

9

[
3+ cos2

(
θ2 − θ1

2

)
+ sin2

(
θ3 − θ1

2

)
+ cos2

(
θ3 − θ2

2

)]
. (9)

Evidently Pw ∝ constant+ cos2(α)+ sin2(α+β)+ cos2(β) where α≡ (θ2 − θ1)/2 and β ≡ (θ3 − θ2)/2.
This is maximised by α= β = π/3 which determines the angles θ1,θ2,θ3 up to an arbitrary offset. Choosing
the offset for convenience so that the first angle is zero we obtain

θ1 = 0,θ2 =
π

3
andθ3 =

2π

3
. (10)

Substituting these angles back into equation (9) yields

Pw =
5

9
+

1

36
(11)

which is in good agreement with the value 0.58333 quoted in [1] and shows a quantum advantage in the
form of a probability increase equal to 1/36≈ 0.028 when compared to (2).

3.2.N-site cycle graphs
In the previous section, we have shown how to evaluate the probability of rendezvous for a cycle graph with
N = 3 vertices in detail. Here we show how to generalise this for cycle graphs with N > 3. The vertices of the
graph are labelled 1,2,3, · · ·N in order as shown in figure 1(c) for N = 5. Once again, Alice and Bob follow
the conditions of the game defined in section 2.

6
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Table 2. Probability of winning a one-step rendezvous game on a N-vertex cycle graph for the case when players are not allowed to wait,
they may start on the same vertex, and they may or may not meet on edges, as indicated (W= 0,S= 1, and E= 0,1, respectively). For
the classical results PcN they adopt the strategy of moving to the adjacent vertex with the lowest-indexed label. The numbers are exact
fractions but are written as numerical values to facilitate comparison with [1] and with the quantum mechanical probabilities PqN.

P E N = 3 N = 4 N = 5 N = 6 N = 7 N = 8 N = 9

PcN 0 0.5556 0.5000 0.3600 0.2778 0.2245 0.1875 0.1605
PqN 0 0.5833 0.5000 0.3809 0.2917 0.2786 0.2500 0.2189
PcN 1 0.7778 0.6250 0.4400 0.3889 0.3469 0.3125 0.2593
PqN 1 0.8333 0.6250 0.4500 0.4167 0.3660 0.3125 0.2778

3.2.1. Classical probabilities
The probability PcN of a successful rendezvous using the classical strategy of going to the lowest numerically
indexed vertex can be calculated trivially for cycle graphs with any number of vertices N. For N > 3 it is
given by

PcN =
N+ 4

N2
. (12)

This formula applies irrespective of which of the two definitions of S= 1 introduced in section 2 is adopted
(check-first or check-later). Clearly as N→∞,

NPcN → 1. (13)

for this deterministic strategy. The first few values (3⩽ N⩽ 9) are shown in the first line of table 2. We
conjecture this classical strategy to be optimal with the check-later definition. In particular, it fares better
than the random (coin-tossing) strategy which yields

Pr,laterN =
1

N
. (14)

In contrast, with the check-first definition the strategy where the players decide between go-to-highest and
go-to-lowest by the flip of a coin gives,

Pr,firstN =
3

2N
, (15)

which beats the winning probability in equation (12) for N > 8 . The asymptotic winning probability for
large N for this strategy obeys

NPr,firstN → 3

2
. (16)

3.2.2. Quantum probabilities with E= 0
The quantum strategy for CN (N > 3) is analogous to that employed for N = 3. Specifically, we provide Alice
and Bob with the same shared quantum state as in the N = 3 case (equation (4)). As in the N = 3 case, both
Alice and Bob rotate their apparatuses through an angle θa(b) according to the index a(b) of the vertex they
are currently occupying. They then measure the spin of their particle and move according to the same
strategy defined in section 3.1. The conditional probability Pn,ma,b that the outcome of Alice’s measurement will
be n while that of Bob’s will bem, given their starting sites a,b, is evidently still given by equation (7). Note
that this depends only on θa − θb, but not on θa and θb separately.

The derivation of the probability of rendezvous proceeds entirely analogously to the N = 3 case. If both
players start at the same vertex (a= b) then θ= 0, both players will obtain the same measurement, and hence
they will definitely rendezvous irrespectfully of the definition we adopt for S= 1 (see section 2). If they start
on different vertices there are a number of possible outcomes, some of which lead to rendezvous and others
not, whose corresponding probabilities depend only on θ. For arbitrary N equation (8) generalises to

PqN =
1

N2

[
N+ 2

(
P0,01,3 + P1,02,4 + P1,03,5 + . . .+ P1,0N−3,N−1 + P1,1N−2,N + P1,1N−1,1 + P0,0N,2

)]
. (17)

Here we have taken into account that for one-step games Alice and Bob con only rendezvous if they start on
the same site or the shortest path between them passes through exactly one intermediate vertex. We have also
made use of the symmetry Pn,mi,j = Pm,n

j,i .

7
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Figure 2.Winning probability function for a five-vertex cycle graph as given by equation (19), plotted against the measurement
angle increment θ.

In principle, optimizing the strategy involves finding the best values for all the angles θ1,θ2, . . . ,θN. In
view of the result we obtained for N = 3, equation (10), it would seem reasonable to take θj = ( j− 1)θ. This
ansatz, however, leads to a winning probability below the optimal bounds given in [1]. The reason can be
understood simply as follows: the terms contributing to a win in equation (17) involve Alice and Bob getting
different measurement outcomes in all cases except when one of them starts on vertices numbers 1 or N, in
which case identical measurement outcomes are required. According to equation (7) the different-outcome
probabilities are given by a sin2 function while the equal-outcome probabilities are given by a cos2. This
introduces a tension in the optimization of the angle θ: increasing θ from zero improves the contribution
from pairs of vertices not involving 1 or N while it reduces the contribution from those sites. However, this
tension comes from our choice of labels, which makes sites 1 and N special. But the graph has cyclic
symmetry so there should be no special sites. Indeed, the tension can be relieved by adding a π/2 phase shift
at sites 1 and N. That turns the cos2 terms into sin2 and so effectively undoes the artifact of the labelling
convention. We thus take

θj = ( j− 1)θ+π
(
δj,1 + δj,N

)
. (18)

Adopting this procedure we find for N = 5, for example,

Pq5 =
1

25

[
5+ 3sin2 θ+ 2sin2

(
3θ

2

)]
. (19)

A plot of this quantity is shown in figure 2. We take its maximum value which occurs at 1.257 radians and is
equal to 0.3809. This is the number given in table 4 of [1] which confirms that this strategy is optimal.

We can use equation (17) to evaluate the winning probability for any value of N. In the general case we
obtain

PqN =
1

N2

[
N+(N− 2) sin2 θ+ 2sin2

(
N− 2

2
θ

)]
. (20)

Substituting the values of θ that maximise PqN in this formula agrees with all the results found numerically in
[1] for quantum-assisted rendezvous on cycle graphs with E= 0. In the first row of table 3 we show the values
of θ that produce the maximum probabilities for given values of N.

For large N equation (20) takes the asymptotic form PqN ∼ 1
N

(
1+ sin2 θ

)
which is maximised by the

angle θ = π/2, giving

lim
N→∞

NPq,max
N = 2 (21)

8
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Table 3. The value of θ that gives the maximum PN for cyclic graphs with N vertices. We have restricted ourselves to 0 ⩽ θmax ⩽ 180o as
there is reflection symmetry about θ = 180o. For the 6-vertex graph, there are two maxima for E= 0 and for the five-vertex graph, there
are two values for E= 1.

θmax(
o) N= 3 N= 4 N= 5 N= 6 N= 7 N= 8 N= 9

E= 0 120 90 72 60 120 102.86 90 80
E= 1 120 90 72 144 60 102.86 90 120

for the optimal winning probability Pq,max
N . This represents an improvement by a factor of 2 and 4/3 ,

respectively, compared to the optimal classical winning probabilities in equations (13) and (16).

3.2.3. The quantum probabilities with E= 1
If we allow meeting upon position transposition, E= 1, the generalisation of equation (20) is simple. The
players have won if the players happen to be on adjacent vertices and move towards each other. Again it soon
becomes apparent that there is a pattern and for E= 1 we get,

PqN =
1

N2

[
N+(N− 2) sin2 θ+ 2sin2

(
N− 2

2
θ

)
+ sin2

(
N− 1

2
θ

)
+(N− 1) sin2

(
θ

2

)]
. (22)

This formula also reproduces the numerical results found in [1] for cyclic graphs when E= 1. In the second
row of table 3 we show the values of θ that produce the maximum probabilities for given values of N for
E= 1. For very large values of N and E= 1 we have PqN ∼ 1

N

(
1+ sin2 θ+ sin2 θ

2

)
. This is maximised by

θ = arccos(−1/4) giving, after some trigonometric manipulation,

lim
N→∞

NPqN =
41

16
. (23)

3.2.4. Optimal non-signalling probabilities
In [1] the rendezvous problem was also analysed for non-signalling theories (NSTs) which include Quantum
Mechanics as a particular case but also allow for even greater degree of correlation between Alice’s and Bob’s
measurements. It is interesting to observe that, within our present approach, the optimal rendezvous
probabilities allowed by NST can be understood by imagining that Alice and Bob can choose their measuring
angles in such way that all the terms in equations (20) and (22) can be maximised simultaneously i.e. all the
winning trigonometric quantities in the two equations for PN become 1 (a mathematical impossibility). For
E= 0 (equation (20)) that recipe yields

PN =
1

N2
(N+N− 2+ 2) =

2

N
. (24)

Substituting N= 3,4,5,6,7,8, and 9 we obtain 0.66667, 0.5000, 0.40000, 0.33333, 0.28571, 0.25000 and
0.22222. These numbers reproduce the results for the non-signalling probability in row 4 of table 4 of [1] .
Similarly for E= 1 (equation (22)) we get

PN =
1

N2
(N+N− 2+ 2+ 1+N− 1) =

3

N
. (25)

Substituting N= 3,4,5,6,7,8, and 9 we obtain 1.0000, 0.75000, 0.60000, 0.50000, 0.42857, 0.37500 and
0.33333. These numbers reproduce the results in row 8 of table 4 of [1].

Intriguingly, there are values of N for which the NST limit can be reached within ordinary quantum
theory. For E= 0 it suffices to find integers ν,µ for which

N− 2

2
=

2µ+ 1

2ν+ 1
. (26)

Then, the optimal angle is θmax =
π
2 (2ν+ 1) . This is satisfied for N = 4 taking ν = µ= 1 and for N = 8

taking ν = 1,µ= 4.However, in both cases the classical, local hidden variables, quantum, and NST winning
probabilities coincide ([1], table 4). Since the purpose of the present paper is to investigate physically-
attainable optimal rendezvous strategies we leave a full discussion of NST for subsequent work.

9
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4. Cycle graphs: simulation

We now turn to the simulation of the rendezvous scenario on K3 using noisy, intermediate-scale quantum
(NISQ) processors. Figure 3 summarises schematically our approach. In a real-life implementation
(figure 3(a)) the quantum (grey) and classical (white) steps would be interleaved: from left to right, first a
quantum state is prepared and each player is provided with one part of the quantum system; then the players
are assigned their locations and they independently decide their measurement angles; the players carry out
projective quantum measurements of their respective subs-systems; and, finally, each player makes their
move according to their measurement and the result of the game is recorded. While it is possible, for the
simple games considered in the present work, to simulate all four steps classically, when using NISQ
hardware it is not practical to intercalate the quantum and classical steps due to limitations of current
implementations of classical feedforward [38]. Instead, one must carry out all the quantum operations in a
single step. Figure 3(b) shows the most straight-forward way to achieve this: again from left to right, first the
player locations and corresponding measurement angles are generated on a classical computer; then, a
single-shot job is submitted to the quantum processor. This job creates the state, applies the two rotations
and provides a single outcome for each of the two measurements (one for each qubit); finally, the classical
computer decides and records the outcome of the game and the process re-starts. Unfortunately, this method
requires submitting a new job to the quantum processor each time a new set of initial positions is generated
and therefore incurs a large overhead due to the need to frequently reset the quantum processor. In practice
we were not able to average over more than about 103 runs of the game using this technique. This difficulty
can be overcome using the approach depicted in figure 3(c): instead of intercalating the quantum and
classical steps, we first use the quantum computer to create a table containing a large number of
measurement outcomes for each of the combinations of measurement angles compatible with a given
strategy. We then simulate many instances of the game classically, looking up the results of Alice’s and Bob’s
measurements in the previously-generated table. With this ‘quantum table’ method we were able to average
over 106 initial positions. When the quantum computer is ideal (or a simulation) all three ways of simulating
a rendezvous game are, of course, equivalent.

We simulated one-step, E= 0, S= 1, rendezvous games on K3 using the optimal classical and quantum
strategies described in section 3.111. In each case we generated a finite number 2n of initial positions of the
players and recorded the fraction of these where the game was won. This quantity was compared to the
predictions made for the winning probability in equations (11) and (2) for the classical and quantum
strategies, respectively, which can be interpreted as predictions of the fraction of wins in the limit n→∞.

For the quantum case, the circuit shown in figure 4 was used for the quantum part of the simulation
(grey boxes in figures 3(b) and (c)). The Hadamard and CNOT gates are used to create the initial state |ψi⟩ in
equation (4). This is followed by two rotations, one on each qubit, by the angles θa,θb corresponding to the
indices a,b of Alice’s and Bob’s initial locations, respectively. These angles are given in equation (10). Since
the rotations are only needed when Alice and Bob start on different vertices, this means that there are six
distinct quantum circuits that need to be run. In the quantum-table method we ran each of these circuits
20 000 times. The table was probed pseudo-randomly for each instance of the game. Note that in a real-life
implementation (figure 3(a)) the first two gates take place when Alice and Bob are in communication, while
the rotations and measurements are local operations they carry out independently of each other on their
respective qubits. However, in order to optimise the performance of the quantum circuit we did not impose
this constraint.

The simulations using quantum hardware were run on IBM Quantum processors [33]. Specifically, we
used ibm_brisbane to generate the quantum measurement outcomes when using the quantum table
method. For the one-shot-per-job method (not shown), we used the systems ibm_perth, ibm_lagos, and
ibm_nairobi12. Unfortunately, as noted above it was not possible obtain converged averages over a
sufficient number of runs with this method—though the results we obtained were consistent with the
quantum table method at the values of n we could reach. For the simulations of quantum processors on
classical hardware we used the AerSimulator class provided by Qiskit [32] running on local devices.

In the simulations, we used both the check-first and check-later definition of S= 1 (see section 2) Due to
the structure of the conditional probability matrix (7) both variants are the same for this particular problem
(when Alice and Bob start on the same site, our ansatz ensures that they remain on the same site after they
move).

11 We remind the reader that for this particular game both optimal strategies, classical and quantum, give results that are independent of
the definition to adopt for S= 1 (section 2).
12 Due to the time-consuming nature of the one-shot-per-job method, we automatically selected the least busy system each time we ran
a quantum circuit.
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Figure 3. Schematic flow diagrams of a real-life implementation of quantum rendezvous (a), and quantum simulations using the
one-shot-per-job approach (b) and the quantum table approach (c).

Figure 4. Quantum circuit used in our simulations of rendezvous games on the three-vertex cycle graph K3. From top to bottom,
the first qubit represents the quantum subs-system held by Alice and the second qubit that held by Bob.

Our results are shown in figure 5 as a function of the base-2 logarithm of the number of trials, n. As
expected, classical-computer simulations of both the classical and quantum rendezvous strategies (stars and
circles, respectively) converge well towards the predicted values (equations (2) and (11), respectively). The
simulations of the quantum strategy using the quantum-table method and real quantum hardware (squares)
also appear to converge well towards a fixed value which is much closer to that predicted by equation (11)
than to the classical result in equation (2). This is in spite of the limitations of the quantum processor used
(finite decoherence times and limited gate fidelity). This suggests that it is possible to achieve quantum
advantage in rendezvous using existing technology, though we note that in most real applications it would be
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Figure 5. One-step rendezvous of two players on the three-vertex cycle graph K3 (figure 1(a)) with no waiting, no meeting on
edges (E= 0), and the possibility that players may start on the same site (S= 1) for both check first. Panel (a) corresponds to the
check-first variant of S= 1 and panel (b) to the check-later variant. The solid lines with symbols show the results of simulations:
optimal classical strategy (stars); optimal quantum strategy simulated using classical hardware (circles); and optimal quantum
strategy simulated using real NISQ hardware and the quantum table approach (squares). The dashed lines show the winning
probabilities predicted by the theory in section 3.1 for the optimal classical strategy (lower line) and the optimal quantum strategy
(upper line). See the main text for details and interpretation.

necessary to maintain entanglement over longer distances than the 1–2mm separation between qubits in the
quantum processor [39] and maintain it for longer times than the execution time of our quantum circuits
(∼10−4 s).

We end by noting that the quantum strategy we have considered is not optimal with the check-first
definition of S= 1. There is a better strategy that consists of using the qubits to convert the player-symmetric
game into a player-asymmetric one using the general procedure described in section 7.2. Alice and Bob can
then effectively use the optimal classical, player-asymmetric strategy which has higher winning probability
than the quantum, player-symmetric one. In contrast, with the check-later definition of S= 1 the conversion
to an asymmetric strategy is not advantageous because it guarantees that Alice and Bob move away from each
other when they start on the same site.

5. Cubic graphs: theory

In a cycle graph, all vertices have two edges. In this section we generalise to cubic graphs where each vertex
has three edges . Two examples are shown in figure 1(panels (c) and (d)). This implies that the players need
to choose where to move from among three options, rather than two.

For simplicity we focus first on the simplest case, namely the four-vertex graph K4 formed by the vertices
and edges of a tetrahedron (figure 1(c)). Since this graph is complete all vertices are equivalent and the
classical probabilities can be evaluated easily by hand.

As before, Alice and Bob initially enter the graph at random positions. Similarly to K3, the optimum
classical strategy on K4 consists of moving to the adjacent site with the lowest index. There are now, however,
four sites the player can start at and three edges to choose from. We thus obtain the win/lose matrix shown in
table 4(a). There are 16 possibilities of which 10 lead to winning the game so probability of rendezvous in
this case is clearly Pw = 5/8= 0.625. The question now is: can we do better than this by adopting a quantum
strategy?

As in the case of K3 it is illustrative to consider first an alternative classical strategy where the players
choose which edge to take randomly. Since each player faces a three-way choice they need to use a
three-valued random variable (a three-sided coin toss). This results in the win-loss table 4. There are now
(4× 3)2 = 144 possibilities, of which only 36 lead to a win so the probability of winning is reduced to
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Table 4.Win-lose table for our rendezvous one-step game on the graph K4 (figure 1(a)). In table (a) Alice and Bob have previously
agreed to use the same optimum classical strategy. In table (b) the players decide which of the three sites available to them they will visit
by the flip of a three-sided coin (or by examining a qutrit). In both tables, the first column shows the vertex a= 1,2,3,4 Alice is on at
the start of the game and the first row shows the vertex b= 1,2,3,4 Bob starts on. In table (b) the second column and row, respectively,
show the results of the two coin flips SAz ,S

B
z =−1,0,1. W means that the players win the game, L that they lose.

(a)

Bob

1 2 3 4

Alice

1 W L L L
2 L W W W
3 L W W W
4 L W W W

(b)

Bob

1 2 3 4

−1 0 +1 −1 0 +1 −1 0 +1 −1 0 +1

Alice

1
−1 W L L L L L L W L L W L
0 L W L L W L L L L L L W
+1 L L W L L W L L W L L L

2
−1 L L L W L L W L L W L L
0 L W L L W L L L L L L W
+1 L L W L L W L L W L L L

3
−1 L L L W L L W L L W L L
0 W L L L L L L W L L W L
+1 L L W L L W L L W L L L

4
−1 L L L W L L W L L W L L
0 W L L L L L L W L L W L
+1 L W L L W L L L L L L W

Pw = 1/4= 0.25. This is much lower than with the optimal classical strategy. However, as we saw with K3,
here too the random coin toss opens up the possibility of winning the game for combinations of starting sites
for which the optimal classical strategy does not allow it—in this case, when Alice starts on site 1 and Bob
starts on sites 2,3 or 4, or vice versa. A quantum strategy can exploit this by introducing correlations between
the coin tosses that depend on the starting sites.

Given the 3-way nature of the choice for cubic graphs, it is natural to work with three-state quantum
systems (qutrits) which we will conceptualise as spin-1 particles. Each player has one of an entangled pair of
such particles with them. The z component of the spin of each particle can now take on any one of the three
values Sz =−1, 0, or+1 and when the players measure this it will correspond to moving to the adjacent
vertex with the lowest, middle or highest label respectively. The initial entangled state of the particles is

|ψ⟩i =
1√
3
(| − 1⟩⊗ |− 1⟩+ |0⟩⊗ |0⟩+ |1⟩⊗ |1⟩) (27)

which is a generalisation of (4). Here the number inside the first ket in each term is the value of Sz as
measured by Alice and the number inside the second ket is Sz as measured by Bob.

Both Alice and Bob rotate their measuring apparatus according to which vertex they are currently
occupying. They then measure the value of Sz for their particle and move according to the following strategy:

1. if they measure Sz =−1 they move to the adjacent vertex with the lowest label
2. if they measure Sz = 0 they move to the adjacent vertex with the middle-sized label
3. if they measure Sz = 1 they move to the adjacent vertex with the highest label.

Bob and Alice start with their apparatus for measuring the spins in the same direction. They then enter
the graph and rotate their apparatus by an amount in three dimensions. Each player applies a rotation matrix
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Table 5. One of the sets of rotation angles that yield the maximum probability of rendezvous for the graph K4, shown in figure 1(c).

Site

1 2 3 4

Angle
α 4.0841 0.4538 0.4538 0.0262
β 2.4784 3.2638 2.7925 3.0543
γ 1.5708 4.9393 4.4244 0.7069

of the form

R̂(α,β,γ) =

cosβ cosγ sinα sinβ cosγ− cosα sinγ cosα sinβ cosγ+ sinα sinγ
cosβ sinγ sinα sinβ sinγ+ cosαcosγ cosα sinβ sinγ− sinαcosγ
− sinβ sinαcosβ cosαcosβ

 (28)

where α, β, and γ are Euler angles about axes x, y and z respectively and depend on the site the player has
started on. The combined action of the two players on the initial state of equation (27) gives a new state

|ψ⟩f = R̂(αa,βa,γa)⊗ R̂(αb,βb,γb) |ψ⟩i (29)

where αa,βa,γa are the rotation angles corresponding to the site a Alice starts on and αb,βb,γb correspond to
Bob’s site, b. This equation is the cubic-graph equivalent of (6).

As before, we project the rotated state |ψ⟩f onto |n⟩⊗ |m⟩ to obtain the probability that Alice’s
measurement will yield any particular value, n=−1, 0, or 1, in combination with any other particular value
of Bob’s,m=−1,0,1, given the starting sites a,b. We thus obtain the cubic equivalent of equation (7):

Pnmab =
∣∣(⟨n| ⊗ ⟨m|) |ψ⟩f

∣∣2 (30)

=
1

3

∣∣∣∣∣∣
∑

k=−1,0,1

⟨n|R̂(αa,βa,γa) |k⟩⟨m|R̂(αb,βb,γb) |k⟩

∣∣∣∣∣∣
2

=
1

3

∣∣∣⟨n|R̂(αa,βa,γa) R̂(αb,βb,γb)
† |m⟩

∣∣∣2 .
The matrix Pn,ma,b can be used to obtain the probability of winning the game with a given strategy (i.e. for a
given way to choose the angles α,β,γ for each site). This is implemented as follows. We define a cumulative
probability which is initially zero. Alice and Bob are placed at random positions a,b on the graph. Pn,ma,b then
defines the probability that Alice will move along the edge corresponding to the measurement value n and
that Bob will move along the edge corresponding tom edge. If there is a non-zero value of Pn,ma,b that connects
a to b then the value of Pn,ma,b is added to the cumulative probability. This game is played a large number of
times to get a sufficiently well-defined average over the starting positions and moves. Then the cumulative
probability divided by the number of games played is the average probability of rendezvous. As a concrete
example, suppose the game is being played on the graph K4 (figure 1(c)) and that Alice starts at site 4 and
Bob starts at site 1. If Alice takes the path to the adjacent vertex with the middle label (n= 0) and Bob takes
the path to the adjacent vertex with the lowest label (m=−1) we say this occurs with probability P0,−1

4,1 . This

move does result in rendezvous (both Alice and Bob go to site 2) so we add P0,−1
4,1 to the cumulative

probability. On the other hand, for the same starting positions the combination n=m= 0 does not result in
rendezvous (Alice goes to site 1 while Bob goes to site 3) so we do not add P0,04,1 to the cumulative probability.

In practice we have had to use of order 109 trials for convergence to four significant figures for the
probability of winning. We also have to find the maximum value of that converged probability as a function
of the values that α, β and γ take on each vertex. The result of this outer, 12-variable optimization loop for
K4 is given in table 5. The symmetry of the graph means there are a number of degenerate sets of angles and
we just display one of them here. Clearly as all sites are equivalent interchanging the sets of angles between
sites leads to an identical result. Thus, if Alice and Bob rotate their apparatuses by the angles shown in table 5
according to which vertex they start on, the probability of rendezvous is 0.645, which is 0.020 more than the
best classical strategy.

The calculations above have been performed for a number of cubic graphs which are defined by their
adjacency lists in table 6. The results are shown in table 7 which compares the quantum strategy (bottom
row) to the classical case where the strategy adopted is to move to the adjacent vertex with the lowest valued
label is shown in the upper row (top row). We used the check-later definition of S= 1 (see section 2).
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Table 6. Adjacency lists for a few cubic graphs. The nomenclature ‘cubic-n’ in the first column is the same used in [1]. In addition,
standard names have been provided for the triangular prism, tetrahedron, and cube graphs (Y3, K4 and Q3, respectively) as well as for
the graph formed by two disconnected tetrahedra (2K4).

Y3 (cubic-2) {{2,3,4},{1,3,5},{1,2,6},{1,5,6},{2,4,6},{3,4,5}}

K4 {{2,3,4},{1,3,4},{1,2,4},{1,2,3}}
2K4 (cubic-4) {{3,5,7},{4,6,8},{1,5,7},{2,6,8},{1,3,7},{2,4,8}{1,3,5}{2,4,6}}
cubic-6 {{2,3,4},{1,3,6},{1,2,8},{1,5,7},{4,6,8},{2,5,7},{4,6,8},{3,5,7}}
Q3 (cubic-7) {{2,4,5},{1,3,6},{2,4,7},{1,3,8},{1,6,8},{2,5,7},{3,6,8},{4,5,7}}

Table 7. Probability of one-step rendezvous using for cubic graphs with E= 0, S= 1, and no waiting allowed.

Y3 (cubic-2) K4 cubic-6 Q3 (cubic-7)

Classical 0.3889 0.6250 0.3437 0.3125
Quantum 0.4945 0.6450 0.3451 0.3225

The numbers presented in table 7 are in agreement with the numerical results in [1]. There is a small
difference in the final digit for the graph cubic-6 which we attribute to the level of precision to which we have
optimised the angles in the procedure above. As can be seen from the table there is a quantum advantage for
all the graphs studied. This was typically an increment of order 0.03 or less, however in the case of cubic-2 it
was almost 0.25. Similar advantage was observed for these graphs in [1], although the particular case of
cubic-2 was not reported there13.

6. Cubic graphs: simulation

To simulate quantum-assisted rendezvous on a cubic graph we translate the protocol developed in section 5,
based on qutrits, to qubit language. A simple way to achieve this is to issue Alice and Bob with two qubits each
and replace the entangled state of two spin-1 particles (27) with the following state involving four qubits14:

|ψ⟩i =
1√
3
(|00⟩⊗ |00⟩+ |01⟩⊗ |01⟩+ |10⟩⊗ |10⟩) . (31)

The state in equation (31) is equivalent to that in equation (27) if we make the identifications |00⟩ ≡ |− 1⟩,
|01⟩ ≡ |0⟩, and |10⟩ ≡ |1⟩.

We note that the two qubits possessed by one of the players span a 16-dimensional Hilbert space
compared to 9 dimensions for two spin-1 particles. Our anstaz, however, has zero overlap with any state
involving the |11⟩ state of Alice’s or Bob’s qubits. The rotation of Alice’s (or Bob’s) spin-1 particle is
effectively described by

R̂(α,β,γ) =

 R̂(α,β,γ)
0
0
0

0 0 0 1

 (32)

where R̂(α,β,γ) is the 3× 3 matrix in (28). The equivalent of the rotated state (29) is thus

R̂(αa,βa,γa)⊗R̂(αb,βb,γb) |ψ⟩i = |ψ⟩f.

Our quantum circuit is shown schematically in figure 6. It consists of one block where the qubits are
placed in the initial state |ψ⟩i followed by rotations applied to the first two and third and fourth qubits,
respectively. To implement this circuit on a quantum processor we need to decompose these blocks into
primitive gates. We used Qiskit’s [32] Initialize and Operator classes, respectively 15. The simulations

13 In the case of K4 the comparison has to be made to the graph 2K4 formed by the vertices and edges of two disconnected tetrahedra
(denoted as ‘cubic-4’ in [1]) as K4 was not studied in the previous work. The optimal strategy is, by construction, the same (with the same
rotation angles assigned to sites 1,3,5,7, corresponding the vertices of one tetrahedron, as to sites 2,4,6,8, corresponding to the second
tetrahedron, respectively) as there is nothing the players can do to improve their chances if they start on different tetrahedra. The winning
probabilities are simply related by P(K4) = 2P(2K4).
14 Note that we have implicitly stated the direct product ⊗ between the Hilbert space of Alice’s two qubits and Bob’s two qubits while
for the subspace of one of the players we use a more compact notation. For instance, |01⟩⊗ |00⟩ would mean that Alice’s first qubit is in
computational-basis state 0, Alice’s second qubit in state 1, and both of Bob’s qubits are in the state 0.
15 The Initialize class implements the method for synthesis of quantum circuits from [40].
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Figure 6.Quantum circuit used in our simulations of rendezvous games on cubic graphs. From top to bottom, the first two qubits
represent the part of the share quantum system held by Alice and the third and fourth qubits represent the subs-system held by
Bob.

Figure 7. One-step rendezvous of two players on the graph 2K4 with no waiting when players may start on the same site (S= 1)
and are not allowed to meet on edges (E= 0). Panel (a) corresponds to the check-first variant of S= 1 and panel (b) to the
check-later variant. The solid lines with symbols show the results of simulations: optimal classical strategy (stars); optimal
quantum strategy simulated using classical hardware (circles); and optimal quantum strategy simulated using real NISQ hardware
and the quantum table approach (squares). The dashed lines show the theoretically predicted winning probabilities, obtained by
dividing by 2 the K4 results given in table 7 for the optimal classical strategy (0.3125) and the optimal quantum strategy (0.3225).
See the main text for details and interpretation.

were carried out on local classical hardware and on the 127-qubit quantum processor ibmq_brisbane [33].
We used the standard Qiskit transpiler. Depending on the circuit (which varies with player starting position
as well as system parameters) the total number of primitive gates used ranged from 220 to 24916. In any case,
the circuit was always much deeper than that needed for cycle graphs.

In order to facilitate comparison with the results in [1] we played the game on the graph 2K4 formed by
the vertices and edges of two disconnected tetrahedra (denoted as ‘cubic-4’). As noted in footnote 13 the
winning probability can be related to that on the four-site complete graph via P(K4) = 2P(2K4). Note that
the quantum circuit is the same for any two-player, one-step game on a cubic graph—within our ansatz, only
the classical part of the algorithm changes with the graph topology.

Our results for S= 1 and E= 0,1 are shown in figures 7 and 8, respectively. We used both the check-first
and check-later definition of S= 1 (see section 2) . The simulations using classical hardware converge well
towards the theoretical prediction of the winning probability for both optimal strategies (classical and

16 In order to gain an understanding of how this splits between state-preparation and rotations, we ran additional tests where only part
of the circuit was transpiled. This resulted in circuits containing 155–173 primitive gates for state preparation and 23–30 primitive gates
for each rotation, suggesting that state preparation is the principal bottleneck.
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Figure 8. The same rendezvous game as in figure 7 except that now the players are allowed to meet on edges (E= 1). All other
variables and conventions are the same as in the earlier figure. In particular, panel (a) corresponds to the check-first variant of
S= 1 and panel (b) to the check-later variant. The dashed lines indicate the theoretically predicted winning probabilities for the
optimal classical strategy (0.375) and the optimal quantum strategy (0.39 815) from [1]. See the main text for details and
interpretation.

quantum, the latter assuming perfect quantum hardware). The quantum advantage becomes very clear above
∼ 216 trials in these simulations.

In contrast to the above, classical-computer simulations, when the optimal quantum strategy is simulated
on real quantum hardware the convergence is towards a much lower value than either the quantum or
classical predictions. We attribute this to the decoherence of the qubits and gate errors, consistent with the
high depth of the quantum circuit and relatively low quantum volume of the device.

The influence of qubit quality on our experiments can be assessed through the relaxation times T1,T2 of
the individual qubits17. Generally, our circuits took∼ 333.5− 338µs to run. The qubits we used were
labelled 3,4,5,15 on the backend. Qubits 3 and 4 have T1,T2 > 338µs. Qubit 5 has T1 > 338µs but
333.5µs< T2 <∼ 338µs. Qubit 15, on the other hand, fails in both categories with a thermal relaxation time
of T1 = 242.57µs and a dephasing time of T2 = 49.45µs. This is the only qubit whose time constants are
both below the total execution time in all instances18. Therefore, in terms of the quality of individual qubits,
it would seem that a slightly better processor with just a couple more qubits of the quality of the best we used
would perform significantly better than what we had available.

In addition to the decoherence of individual qubits, the imperfections of individual gates pose a similar
issue due to the large number ng of them involved. The probability pcirc that the circuit fails due to the failure
of an individual gate can be estimated using pcirc ≈ p

ng
gate, where pgate is the probability of failure for a single

gate. Substituting for this quantity the arithmetic average over all gates18 we obtain
22.5%<∼ pcirc <∼ 25.5%. This would therefore appear to be a major limiting factor in our NISQ processor
based simulations.

In an ideal quantum computer, none of our circuits can yield |11⟩ as the result of Alice’s or Bob’s
measurements. This can be used as a diagnostic of the error rate. Out of 240 000 measurements, we obtained
|11⟩ on 45 901 occasions, consistent with a 19.125% failure rate. We implemented a crude form of error
correction by having Alice and Bob discard their measurements when they obtained |11⟩, using instead the
optimal classical strategy of going to the lowest index instead in those cases. We offer further discussion of
error correction in section 7.

17 The qubit lifetime T1 is the decay constant for the qubit stays in the |1⟩ state without flipping to the |0⟩ state (or vice versa). The
dephasing time T2 measures how long the phase of the qubit stays.
18 T1,T2 values and gate error rates were obtained from the IBM Quantum website [33] in April 2024.
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7. Discussion

In this section we offer some additional discussion and interpretation of our results and point possible
avenues for future work.

7.1. Player-asymmetric strategies
Consider what happens when the two players start on the same site. With the check-first definition of S= 1,
the game is won automatically. With the check-later definition the players would set their measuring angles,
make a measurement, and move accordingly. Our simulations for the graphs K3 and 2K4 in this case
reproduce the values predicted by our theories and the optimal bounds found in [1]. This implies that the
optimal strategy in the check-later variant is player-symmetric and that when the two players apply the same
rotation the correlation between measurement outcomes existing before said rotation is maintained. In the
case of the K3 graph this can be understood simply by examination of the measurement outcome
probabilities Pn,ma,b given by equation (7). Firstly, we note that the probabilities depend only on the angle
difference θa − θb, and not on θa and θb individually. Secondly, when the angle difference is zero the two
players are guaranteed to make the same move. Similar consideration warrant the same outcome for the
cubic graph, involving more complex cubic rotations. On the other hand, if equation (1) is used to obtain the
S= 0 bound from our simulations for the check-first variant of S= 1 we obtain lower winning probabilities
than were reported in [1]. This indicates that the optimal S= 0 strategy differs from the S= 1 one, as would
be expected. In particular, we cannot assume that the optimal strategy for S= 0 is player-symmetric19. A
player-asymmetric strategy would not be covered by either of our ansatzes as the shared quantum state treats
both players equally and our rotation angles are assumed to depend only on the site, not the player.

7.2. Larger numbers of qudits
In our work we have only used two-qudit systems, with one qudit held by each player (although a four-qubit
system was used to effectively simulate a two-qutrit system in the case of the quantum-circuit
implementation of the problem for cubic graphs). Increasing the number of available qudits is an interesting
prospect for future work in this field as we may be able to lower the depth of the circuit by developing other
strategies that use more qubits and fewer gates. Indeed our quantum-circuit implementations of rendezvous
strategies use only up to four qubits, meaning our circuits are fairly narrow by the standards of present
technology, while in the case of the cubic graphs the circuits were much deeper and run into difficulties due
to qubit relaxation and gate errors, as discussed in section 6. Future explorations of trade-offs between
number of qubits and number of gates are therefore attractive.

In addition to the above benefit, including more qudits will allow us to develop symmetric strategies that
encompass the set of asymmetric strategies. For instance, one could use an additional pair of qubits in the
Bell state

|ψ⟩= 1√
2
(|0⟩⊗ |1⟩+ |1⟩⊗ |0⟩) (33)

to assign one of two roles to the players. If Alice holds the first of these additional qubits and Bob holds the
second, then a measurement in the computational basis guarantees that both players will not be given the
same role and that because either player can be chosen for either role the strategy is still symmetric. This
would provide a means to increase the quantum advantage in a player-symmetric game by converting it,
through the addition of this auxiliary qubit, into a player-asymmetric game with higher winning probability.
It remains to be determined whether adding qudits can be used to increase quantum advantage within the
player-asymmetric sector.

Here, we observe that the advantage of utilizing a quantum strategy with the state (33) is not intrinsically
quantum in nature, but rather serves to break the symmetry between the agents by exploiting a separable
state. It serves the role of a shared randomness, which has been shown to be a vivid resource for multi-partite
protocols in various other applications [41–43]. Breaking the symmetry between agents has been shown to
greatly increase rendezvous protocol performance in traditional (classical) rendezvous solutions [44–47]. To
understand this, take into account the scenario where Bob and Alice are not symmetric and where Bob
always goes in the counter-clockwise direction, whereas Alice always walks on a ring in the so-called
clock-wise manner [18, 48–50]. If Alice and Bob switch roles, the success chance will remain exactly the
same. The significance of quantum resources in the presented strategy is to effectively decide which of the
parties is following clock-wise and which counter-clock-wise.

19 At first sight, this might appear to contradict lemma 1 of [31]. Note, however, that the cited work uses the mentioned check-later
variant, therefore, there is no contradiction.
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To illustrate the role of symmetry breaking with quantum resources, let us the consider again the
two-player, single-step rendezvous task on the three-cycle, when the agents cannot start in the same positions
(S= 0) and they can only adopt symmetric strategies. The best classical strategy succeeds, on average, 1

3 of
the time. The optimal deterministic strategy is the following: 1→ 2, 2→ 1, 3→ 2. Thus, if one of the parties
starts in node 1 and the other in node 2, they exchange their positions and thus lose the game. If one of the
parties starts in node 1 and the other in node 3, on the other hand, they both move to node 2 and thus they
win the game. Finally, if they start on 2 and 3 they end up on sites 1 and 2, losing the game. The probability
of winning is thus 1

3 .
The best quantum strategy uses the separable state (33). We see that this state is symmetric with respect

to both parties. Since the agents are symmetric, then their measurements are also equal, and are given as
follows. The agents use a measurement in the computational basis, with result 0 meaning that the agent move
clock-wise, and the result 1 meaning that the agent move counter-clock-wise. The success probability is

Pw =
(
P0,11,2 + P1,02,1 + P1,01,3 + P0,13,1 + P0,12,3 + P1,03,2

)
/6= 0.5>

1

3
. (34)

Thus, we see that for certain cases the quantum advantage is obtained with Bell non-locality of entangled
states, whereas in some other cases the role of quantum resources is to serve as an alternative to a classical
mechanism of symmetry breaking.

7.3. More complex problems and error correction
The failure to realise the expected winning probability using NISQ hardware for the cubic graph 2K4 leaves
room for improvement using error mitigation and error correction. The scope for application of such
techniques in a real-world rendezvous scenario, however, is limited. Error mitigation is based on running the
same experiment many times and then building a weighted average of the results obtained and it is most
useful when the main aim is to obtain an expectation value. However, Alice and Bob can only run their
experiment once in each instance of a rendezvous game and a mere expectation value would, in any case, be
of no use to them. Likewise, many true quantum error correction techniques rely on non-local operations.
Thus while error correction may be used to build the shared quantum state |ψ⟩j it is not obvious that it can
be employed to fix errors taking place while carrying out the rotations and measurements, without
introducing communication between Alice and Bob. That said, as we noted above in our case most of the
error comes from setting up the state. Moreover error correction is useful, more generally, when the
quantum computer is being used simply as a device to compute the conditional probabilities Pn,ma,b needed to
construct the win-loss table. This is not the focus of the present work, where the NISQ processors were used
as a first approximant to a real-world implementation of quantum-assisted rendezvous. Indeed for games
such as those considered here, involving two-way and three-way choices, the probabilities are easily
calculated using classical machines. However for a more complex problem involving many-way choices a
much larger number of qudits may be needed and then the implementation of the calculation in a quantum
computer may be useful for exploring different possible strategies in search of one yielding the highest
possible quantum advantage. In that case, quantum error correction could be used to keep the calculation
accurate without regard for whether Alice and Bob are effectively communicating. Once a successful strategy
has been found, specialised hardware could be created to realise that protocol with very high fidelity.

8. Conclusion

In conclusion, building upon the foundational work of one of the present authors [1], which established a
quantum advantage in rendezvous problems, our research has made significant strides in this domain. We
have successfully developed explicit algorithms for one-step games Nmax = 1, specifically targeting cycle
graphs with N ranging from 3 to infinity, as well as small cubic graphs. For the latter, a natural formulation
using three-state qudits was introduced, as well as a qubit-based implementation more amenable to existing
quantum computers. Our simulations of these algorithms on classical computers have demonstrated clear
convergence towards quantum advantage. When these quantum games were simulated using real NISQ
hardware, we observed a near full quantum advantage for the N = 3 cycle graph problem. In contrast, for the
cubic graph, we encountered sub-classical performance, consistent with the known error rates of the
hardware we used and the much deeper quantum circuits.

Our findings validate some of the theoretical advantages proposed by the earlier work [1] and provide a
route towards possible experimental implementations, as well as highlighting the practical challenges and
limitations when implementing these strategies on current quantum hardware. There is clearly a wide-open
field for future investigations involving more complex graph topologies (including those with vertices of
degree> 3) and more than two players.
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Appendix. Proof of the relationship between winning probabilities for S= 0 and S= 1

If we adopt the check-first definition of S= 1 (see section 2), the probability of winning the game for S= 0
can be obtained from the probability of winning the same game for S= 1, and vice versa.

The probability of winning the game on an N-vertex graph when players cannot start on the same vertex
is evidently

PS=0 =
Nwins

N2 −N
, (35)

where N2 −N gives the number of distinct, valid starting positions and Nwins is the number of those starting
positions leading to a win if the strategy is deterministic. For probabilistic strategies (including
quantum-assisted strategies) Nwins represents an average of that quantity over many trials. On the other
hand, with the same strategy, the probability of winning when starting on the same site is allowed is given by

PS=1 =
Nwins +N

N2
, (36)

where we have added N additional starting positions to the denominator, corresponding to players starting
on the same vertex, and N additional wins to the numerator, as in these cases the game is won automatically.
Solving the first of these two equations for Nwins and substituting in the second equation we obtain

PS=1 =
(N− 1)PS=0 + 1

N
, (37)

which can be inverted to find equation (1).
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