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CrossMark
Abstract

We consider discrete dynamical systems obtained as deformations of mutations
in cluster algebras associated with finite-dimensional simple Lie algebras. The
original (undeformed) dynamical systems provide the simplest examples of
Zamolodchikov periodicity: they are affine birational maps for which every
orbit is periodic with the same period. Following on from preliminary work
by one of us with Kouloukas, here we present integrable maps obtained from
deformations of cluster mutations related to the simple root systems Aj, C,,
B3 and D4. We further show how new cluster algebras arise, by considering
Laurentification, that is, a lifting to a higher-dimensional map expressed in a set
of new variables (tau functions), for which the dynamics exhibits the Laurent
property. For the integrable map obtained by deformation of type Aj, which
already appeared in our previous work, we show that there is a commuting map
of Quispel-Roberts—Thompson (QRT) type which is built from a composition
of mutations and a permutation applied to the same cluster algebra of rank 6,
with an additional 2 frozen variables. Furthermore, both the deformed A; map
and the QRT map correspond to translation by a generator in the Mordell-Weil
group of a rational elliptic surface of rank two, and the underlying cluster
algebra comes from a quiver that is mutation equivalent to the g-Painlevé 111
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quiver found by Okubo. The deformed integrable maps of types C,, Bz and Dy
are also related to elliptic surfaces. From a dynamical systems viewpoint, the
message of the paper is that special families of birational maps with completely
periodic dynamics under iteration admit natural deformations that are aperiodic
yet completely integrable.

Keywords: integrable map, cluster algebra, Laurent phenomenon,
Zamolodchikov periodicity

1. Introduction

The recurrence relation of second order given by
Xn2Xn = Xp4-1 +1 (LD

is commonly referred to by the name Lyness [26], after the British schoolteacher who observed
that any pair of initial values x,x; produces the cycle of values

Xo4+1 xp4+x+1 x+1
X1,X2, ) ) )
X1 X1X2 X2

repeating with period 5. The Lyness five-cycle has many avatars, including the associahedron
K4 [8] and Abel’s pentagon identity [29], while it also arises as one of the frieze patterns found
by Coxeter [2], who revealed a much earlier connection with the results of Gauss on the pen-
tagramma mirificum (see [3] for an interesting but somewhat idiosyncratic historical account
of the latter). More recently, (1.1) was found by Zamolodchikov in the context of integrable
quantum field theory, as one among many functional relations (Y-systems) that were observed
to display periodic behavior; and a general axiomatic framework for describing such relations
soon appeared in the shape of coefficient mutations in Fomin and Zelevinsky’s theory of cluster
algebras [6, 7]. Due to its relevance to Yangians, quantum affine algebras and solvable lattice
models, the theory of Y-systems and other associated relations (T-systems and Q-systems) has
now been extended considerably, and cluster algebras and other techniques have been applied
extensively to resolve Zamolodchikov’s periodicity conjecture for Y-systems [22, 23].

The starting point of the recent work [20] was the observation that (1.1) admits a 2-
parameter deformation,

Xn+2%n = AXpt1 + b, (1.2)

with parameters a, b, which is also often referred to as the Lyness map [36]. This deformed
map no longer has periodic orbits, except when the parameters are constrained to the case
b = a® (which gives (1.1) when a = 1). Also, while (1.1) corresponds to a mutation in a cluster
algebra, and the five-cycle corresponds to a sequence of seeds (in the cluster algebra of finite
type A;, to be precise), the deformed map does not have this property. However, (1.2) preserves
the same log-canonical symplectic structure

dx; Adxy
W=
X1X2
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as (1.1), and has a rational first integral for any a, b, so it is an integrable map in the Liouville
sense [1, 27, 39]. Moreover, the general Lyness map admits a lift from the plane to seven-
dimensional affine space, defined by the transformation

TnTn+5
Xy = ———2 (1.3)
Tn+2Tn+3
where the tau function 7, satisfies the bilinear recurrence
Tud7Tn = AT 6Tnt1 + D TugaToys, (1.4

and (as pointed out in [10]) this particular Somos-7 relation is generated by mutations in a
cluster algebra of rank 7, with the parameters a, b regarded as frozen variables.

In [20], we derived the most general deformation of a cluster mutation that preserves the
same symplectic (or more generally, presymplectic) structure, and showed how other Liouville
integrable maps arise as deformations of cluster maps that exhibit Zamolodchikov periodicity.
In particular, in addition to (1.2), which is the deformation of the type A, cluster map, we
found integrable maps from deformations of types Az and A4. The purpose of this article is
twofold: firstly, we aim to get a better understanding of the deformed A3 map, together with
another commuting map of the kind considered by Quispel, Roberts and Thompson (QRT)
[34]; and secondly, we begin to investigate the result of applying an analogous deformation
process to cluster algebras associated with other Dynkin types (including examples of the non-
simply laced case). We are conducting a separate, parallel, investigation that is concerned with
analyzing the deformations of higher rank cluster algebras of type A [12].

1.1. Zamolodchikov periodicity and cluster mutations

Some of the simplest examples of cluster algebras are provided by starting from the Cartan
matrix C of a finite-dimensional Lie algebra and then constructing an associated companion
matrix B, called the exchange matrix, which is skew-symmetrizable (i.e. there is a diagonal
integer matrix D such that BD is skew-symmetric). The exchange matrix B is the raw combin-
atorial data that is needed to define a cluster algebra.

Although the general definition of a cluster algebra is rather intricate, and appears somewhat
complicated at first sight, one of the original motivations behind this definition was the remark-
able phenomenon called Zamolodchikov periodicity. It was observed by Zamolodchikov in
[40] that for a certain family of integrable quantum field theories, namely deformations of
conformal field theories associated with simple Lie algebras, the thermodynamic Bethe ansatz
allowed the form factors of correlation functions to be determined from systems of differ-
ence equations called Y-systems, and the solutions of these equations were conjectured to
be periodic with the period being the same for any initial data (namely the Coxeter number
plus 2).

A general cluster algebra involves two sets of variables: cluster variables, and coefficients.
The generators of the algebra (given by clusters) are defined recursively by a process called
mutation, which modifies the cluster variables and the coefficients at each step. The muta-
tion formula for coefficients is modeled on Y-systems, while cluster mutation corresponds to
so-called T-systems (see [23] for full details). One of Fomin and Zelevinsky’s first important
results was to classify cluster algebras of finite type: they showed that cluster algebras with
finitely many cluster variables correspond precisely to B matrices whose Cartan companions
C define Lie algebras of finite type [7]. So this part of the theory of cluster algebras mirrors

3
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Dynkin’s classification, and eventually this led to a method to prove Zamolodchikov’s period-
icity conjectures for Y-systems, and various generalizations thereof.

Below we will just be concerned with exchange relations for cluster variables without
coefficients (coefficient-free cluster algebras). However, even without coefficients, T-systems
provide another avatar of Zamolodchikov periodicity: sequences of mutations in coefficient-
free cluster algebras associated with Dynkin diagrams of finite type produce periodic maps.
To set the scene, a coefficient-free cluster algebra .A(x, B) of rank* N is constructed by starting
from a seed (x, B), which consists of an initial cluster x, that is an N-tuple x = (x1,...,xy), and
an exchange matrix B = (b;) € Maty(Z), which is required to be skew-symmetrizable. Then
the mutation 1 in the direction k produces the new seed (x’,B’) = u(x, B), where B’ = (b;)
is obtained via matrix mutation, as specified by

r_ )b ifi =korj =k, s
Y | by +sgn (ba) [buby) . otherwise, :
and the new cluster x’ = (xj’ ) is defined by cluster mutation, that is
- N (bu] N [—bu] .
_)C(: xkl (Hi:l'xik ++Hi:1xi k +) for] :k (16)

! X forj # k.

(In the above, [r]+ = max(r,0) for r € R.) The cluster algebra A(x,B) is the subalgebra of
Q(x) generated by the union of all cluster variables obtained from arbitrary sequences of muta-
tions applied to the initial seed. The cluster variables satisfy the Laurent property: they belong
to Z[xlil yeen ,xﬁl], the ring of Laurent polynomials in the variables from the initial cluster x.

T-systems are functional relations between variables that can be constructed from compos-
itions of cluster mutations, as in (1.6). For Y-systems, one requires the more general setup of
cluster algebras with coefficients [6], requiring the introduction of another N-tuple of coef-
ficient variables y = (y,...,yy), which are subject to their own set of rules for coefficient
mutation. However, our starting point in what follows will be periodic relations between cluster
variables x; (essentially, T-systems rather than Y-systems), so we will omit any further discus-
sion of coefficient mutation. Nevertheless, when we construct deformations we will be led to
consider exchange relations between cluster variables involving additional frozen variables,
which provide a natural way to treat coefficients appearing in these relations that are con-
stant (they do not mutate). For further background material, the reader is referred to [20] and
references.

1.2. Outline of the paper

In the next section we briefly review the construction of the integrable deformation of the Aj
map from [20], which reduces to a Liouville integrable map in the plane, depending on two
arbitrary parameters, that preserves a pencil of biquadratic curves. As such, there is an associ-
ated QRT map associated with the same invariant pencil, and these two birational maps in the
plane commute with one another. We proceed to show that the two maps admit a simultaneous
Laurentification, in the sense defined in [14], meaning that they each admit a lift to maps with

4 The reader unfamiliar with the terminology of cluster algebras should be advised that the word rank here refers to
the number of cluster variables in each seed; in the finite type case, this happens to coincide with the rank of the root
system of the associated Dynkin diagram.
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the Laurent property, acting on the same six-dimensional space of tau functions. Moreover,
the tau functions correspond to cluster variables in a skew-symmetric cluster algebra of rank
6, extended by an additional 2 frozen variables (associated with the two arbitrary parameters).
The lift is such that each of the maps is obtained by composing a suitable sequence of cluster
mutations with a permutation. The fact that the two maps commute means that the tau func-
tions take values on the lattice Z2, and we are able to obtain an explicit formula for the degrees
of all tau functions on the lattice, as Laurent polynomials in six initial data.

Section 3 concerns the construction of an integrable deformation of the C, cluster map,
which is given by a one-parameter family of symplectic maps in the plane, and we show that
this lifts to a cluster algebra of rank 5 extended by a single frozen variable. Sections 4 and 5
are concerned with integrable deformations of the periodic cluster maps of types B3 and Dy,
respectively. The situation is more complicated for these latter two examples, as we find that in
each case the periodic map admits more than one inequivalent deformation that is integrable.
Nevertheless, we are able to find tau functions for each of the different deformations in these
cases as well.

Overall, the message of the paper is the observation that (in all examples studied so far)
the simplest cluster algebras of all, namely the finite type cluster algebras, hide within them
cluster algebras that are much larger (in the sense that they are both higher rank, and infinite),
whose more intricate structure is revealed via deformation. From the point of view of discrete
dynamical systems, the message is that there are special families of birational maps with com-
pletely periodic dynamics under iteration, which admit natural deformations that are aperiodic
yet completely integrable.

2. Integrable deformation of the A; cluster map
The Cartan matrix for the Az root system is

2 -1 0

0
B=| -1 o 1 |. @2.1)
0

We begin with a seed (x,B) and consider sequences of mutations in the associated cluster
algebra.

2.1. Periodic map from the A cluster algebra

Starting from the exchange matrix (2.1), we consider the following sequence of three mutations
acting on an initial cluster X = (x1,x2,x3):

M1t (x17x23x3) = (x1/7-x27x3)a xllxl =x2+ 13
pa s (xf,x2,x3) = (x],x5,x3), X% = x{x3+ 1, (2.2)
p3t o (x,x0,x3) = (X7, x3,%3) x3x3 = x5+ L.
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At each step, a prime is affixed only to the cluster variable that is mutated. The matrix (2.1) is
cluster mutation-periodic with respect to this sequence of mutations, in the sense that

papap (B) = B,

and the corresponding cluster map ¢ given by the composition
W Iz Iz
(x17x27-x3) ’—l> (x{7-x2ax3) '_2> (xllaxérxfi) '_3> (xllrxérxé)
is periodic with period 6 = 4 4 2 (two more than the Coxeter number of Aj):

P = K3topl, SDG (x) =x.

In order to interpret the above map ( and its deformations in terms of Liouville integrability,
we need to reduce it to a symplectic map in 2D. To begin with, we note that, by theorem 1.3 in
[20], the log-canonical presymplectic 2-form w associated with the matrix (2.1) is preserved
by the action of ¢, that is

1 1
w = ——dx; Adxp; + —dxy Adxs, " (W) =w. (2.3)
X1X2 X2X3
The matrix B has rank two, with the nullspace kerB spanned by (1,0,1)7, and imB =
(kerB)* =< vy, v, >, spanned by the vectors

VIZ(Ovlao)Tv V2:(_13031)T'

Then the monomial quantities

B (2.4)

= Xv = = XV =

uj 1 X2, up 2 x|

provide (local) coordinates for the leaves of the null foliation for w, transverse to the flow of

the null vector field x; 9y, + x30,;, and, from computing ¢* (1) and ©*(u2), we find that the
rational map

. 3 2
o X=(x1,xz,a(c§) : E: (uy,u) (2.5)
intertwines ¢ with the birational symplectic map ¢ given by
¢ c? - C?
U= () o (bl wtl) 2.6)
that is
pm=mp,  P(O)=0,
where 7% (W) = w is the pullback of the symplectic form
W= Ldul A duy 2.7

ujuz

under 7.
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It is clear that the reduced map ¢ in (2.6) must also be periodic, because it arises from the
pullback of ¢ on the monomials (2.4), but in fact, its period is 3 (half that of ): $*(u) = u.
Thus any symmetric function averaged over the period of an orbit is an invariant (first integral)
for the map ¢. In particular, the functions

3 3 3

Ki=[[@Y  w)=2+> @)Y ), K=Y (¢ )

Jj=1 Jj=1 Jj=1

provide two independent invariants. Both of the latter are Laurent polynomials in u;,u;, with
the first being given by

u 2 1 1
Ki=uywy+wm+—+—+—+—+2
Uy Uy Uy uiup (2.8)

=m; +my +m3 + 2my + ms + mg + const,
where we have labeled the non-constant Laurent monomials appearing above by

up 1 1 1
my=u, Mp=U, M3=—, My=—, M3=—, Mg=_——.
uj uj Uz uyuz
An integrable deformation of the map ¢ can be obtained by introducing parameters into the
mutations i1, 12, 143 and finding conditions on the parameters such that an analogue of one of
these invariants survives under the deformation.

2.2. Deformed As map

In the Aj case, the particular deformed mutations previously considered in [20] are of the same
form as (2.2), but with constant parameters a;,b; (j = 1,2,3) introduced into the exchange
relations as follows:

i xjxp =aix, +by,

W2 X3X2 = axx|x3 + by, (2.9)
. / _ /

M3 1 X3x3 = azx; +bs.

The deformed mutations above, which we denote by the same symbols 1; as in the undeformed
case, destroy the Laurent property: they do not generate Laurent polynomials in x;,x,,x3 and
the parameters a;, b;. Nevertheless, as shown in [20], the map ¢ = p3pop; formed from the
composition of the exchange relations (2.9) still preserves the same presymplectic form, that is
©*(w) = w withw as in (2.3). Moreover, the reduction to the leaves of the null foliation defined
by w produces a birational map in 2D, which can be written in terms of the same coordinates
up,up asin (2.4).

Before considering the deformed 2D map, there is a further simplification to be made, by
considering the freedom to rescale the cluster variables, so that x; — \;x;, xj’ — A jxj’ with arbit-
rary A; # 0 for j = 1,2,3. Exploiting this freedom means that, given generic non-zero para-
meters a;, b; in (2.9), we can always make a choice of coordinates so that 3 of the 6 parameters
in the deformed map ¢ can be removed. Following [20], we scale the parameters in (2.9) so
that

bz—)C, az—)d, b3—)€, al,bl,a3%1.
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With this choice of scale for the parameters of the deformation, we can reduce the composition
@ = uzip 1 to a 2D map on the leaves of the null foliation for w, given by

Qo c? -
o duyuy+duy+c dur+c e—c (210)
u= (ul’uz) = ( uy ’ ujuy uz(ul—i-l)) '

According to theorem 1.3 in [20], the above map preserves the same rational symplectic form
on C? as before, that is p*(0) = @, with

w =dlogu; ANdlogus,. 2.11)

For the deformed map to be integrable in the Liouville sense, we require that at least one
of the invariants K, K, identified for the periodic map must survive the deformation. Thus we
begin by considering a deformed version of K, given by taking arbitrary linear combinations
of the Laurent monomials m; appearing in (2.8), so that

K| = kimy + komy 4+ k3m3 4+ kaMy + KsMms + kKgMg + const, (2.12)

where x; are coefficients. Without loss of generality, we can fix the leading coefficient k| = 1.
Then a direct calculation shows that this rational function is invariant if and only if the follow-
ing conditions hold:

c=e, Ky = K3 = K5 = dKq, mz(c—&—dz)m, Ke = cdKy.

If we impose these conditions, then the reduced map becomes

e ()~ (M eas ) @

and by fixing x; = 1 and adding the constant ¢ + 1 to the given linear combination of m;, we
find that ¢*(K;) = K, with the invariant K; taking the factorized form

K (w1 +dus +¢) (i +1)ur +d). (2.14)
uiuy

The conclusion of this calculation with the rational function K is stated in theorem 2.1
in [20]: when a; = a3 = b; = 1 and b, = b3 = ¢, a, = d (for arbitrary c,d) the deformed Aj
map (2.9) reduces to the map (2.13) in the plane, which is integrable in the Liouville sense.

2.3. Compatible QRT map

The family of level sets of the invariant K, given by fixing the value K| = &, defines a pencil
of biquadratic curves, of which a generic member has genus 1, that is

(ur +duy +¢) ((ur + V) up +d) = Kuyus. (2.15)

Each curve in such a pencil admits the pair of involutions

th s (uy,up) — (uJ{,ug) , Ly (ur,up) — (ul,uD , (2.16)
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referred to as the horizontal switch and the vertical switch [4], defined by mapping each point
on the curve to the other intersection point with a horizontal/vertical line, respectively. Using
the Vieta formula for the product of the roots of a quadratic, it is clear that each of these
involutions is a birational map, and is given by a formula that is independent of the parameter
value «. Then their composition

¢ =Ly lp
can be written as
U cC* - C?
= = (dur+c) (ur+d) Wi +c 2.17)
u= (Mhuz) — (ul,uz) = ( i ,uz(ﬁH_l)) .

By construction, the map (2.17) preserves the same first integral (2.14) as (2.13) does (so
’(/AJ*(Kl) = K), as well as leaving the same symplectic form (2.11) invariant (so z/AJ*(o”J) =w).
Hence 1& is a Liouville integrable map in the plane. From standard arguments about QRT maps
(see e.g. [4]), we can infer a lot more: on each generic fiber of the pencil, either of the two maps
1 and ¢ acts as an automorphism without fixed points, and since a generic fiber has genus 1,
this implies that both maps must act as translation by a point in the abelian group law of the

corresponding elliptic curve; hence it follows that the two maps commute, that is
V-p=p-, (2.18)

a fact which is readily verified by direct calculation. An interesting question is whether this
commutativity is trivial, as would be the case if the two maps were both iterated powers of the
same (possibly simpler) birational map. Neither map can be a power of the other, because 1[)
becomes an involution (period 2) when ¢ = d = 1, while in that case ¢ is the reduction of the
Aj cluster map, hence has period 3. However, we will see below that in fact the maps 1/3 and
¢ are independent of one another, in the sense that (for generic values of the parameters c, d)
the Mordell-Weil group of the corresponding elliptic surface has rank 2, and they correspond
to independent translations in this group.

2.4. Laurentification and cluster structure of commuting maps

To make contact with the notation used in [20], and to avoid excessive use of indices, we will
use (y, w) to denote the coordinates of u € C?, so that

u= (u17u2) = (y,w).

It will further be convenient to adopt the convention that iterates of ¢ are denoted by a lower
index n, so that the coordinates along an orbit are labeled thus:
@" () = (Yn, W) -
One of the main results on the deformed Az map in our previous work was that it admits
Laurentification, in the sense that we can lift ¢ to a map in 6 dimensions that has the Laurent
property, related via the monomial map

~ o Thn—1Tn+2 o On+1Tn

T: Yp=m————) Wy

, = , (2.19)
TnTn+1 OnTn+1



J. Phys. A: Math. Theor. 57 (2024) 415201 AN W Hone et al

Figure 1. The initial quiver 0 associated with the extended exchange matrix (2.22).

where 7 :C® — C2, and the sequence of tau functions o,,7, satisfy the pair of bilinear
equations

Op42Thn—1 = dJnJrlTn +C0nTn+17

(2.20)
Th4+30n = Tp+10n+2 + dTn+20n+1~

(Note that the index on 7, has been shifted compared with [20].)
A set of initial data for (2.20) is provided by a set of six tau functions, namely

x! = (1_1,70,71,72,00,01) = (9)1<j<6°

It is possible to prove directly that under iteration, the bilinear system (2.20) generates Laurent
polynomials in these initial data, belonging to the ring Z|[c,d, Titll,Tgtl 77'1:tl 7T2:t1]. However,
this is more easily seen as a consequence of the fact that each of the bilinear equations cor-
respond to mutations in a cluster algebra, whose coefficient-free part is given by an exchange

matrix B obtained by pulling back the symplectic form (2.11) by 7, as in (2.19), to find

o= (@) =Y by 2.21)

where all the indices above run from 1 to 6. The matrix Bf = (l;,-j)lg,- J<6 18 skew-symmetric,
and is the 6 X 6 square submatrix appearing at the top of the extended 8 x 6 exchange matrix
B given by

0 1 -1 0 -1 1
10 2 -1 1 -1
I 2 0 1 1 -1

. 0 1 -1 0 -1 1

B=1 "1 -1 -1 1 o o (222)
11 1 -1 0 0
10 0 -1 1 -1
1 -1 1 1 0 0

The quiver Q associated with B = (b;;) is shown in figure 1: the convention is that |b;| is the
number of arrows between node i and node j, with the sign fixed according to whether |b;|
arrows run i — j or vice versa.

Remark 2.1. Note that the subquiver of Q in figure 1 containing the 6 unfrozen nodes is muta-
tion equivalent to the quiver that was shown by Okubo to produce the g-Painlevé III equation
via an appropriate sequence of coefficient mutations (cf. figure 21 in [32]).

10
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To specify the cluster algebra that contains the appropriate sequence of tau functions, we
proceed to extend the initial data, in order to get an extended cluster

X = (T-1,70,71,72,00,01,6,d) = (%) ¢ s>

which includes the coefficients ¢ = X7 and d = Xg as additional frozen variables (which are not
allowed to be mutated). Then we see that the pair of successive mutations

,l~1,1 : )~Cl/)~61 = 568562566 +5C75€35€5, (2 23)

,l~1,5 : 565/565 = 568564566 +5Cll)~63 ’
together correspond to iterations of (2.20), provided that these two mutations are composed
with the inverse of the cyclic permutation p = (123456) (which only acts on the non-frozen
variables). More precisely, we have

psin (B)=p(B), 7-¢=¢-7, (2.24)
where the lifted map ¢ acts as the shift n — n + 1 on the tau functions, that is, it acts as

~ 1~ ~ .
Y=p H5U1: (Tn—l7Tn77—n+la7_n+270—nao—n+lacad) = (Tn;Tn+177—n+ZaTn+370—n+l;O—n+2;cad)
(2.25)

for all n, but leaves B invariant, since ¢(B) = p~jisji; (B) = B from (2.24).

As described above, the map ¢ is the reduction to the plane of the integrable deformation
of the Aj cluster map. The preceding observations about the map ¢ in (2.25), which is the
Laurentification of (¢, were summarized in theorem 2.3 in [20]. To go beyond the latter, we now
explain how the same ideas can be extended to the QRT map (2.17) that commutes with (2.13).
To do this, it will initially be convenient to abuse notation by adding an index m to the pair of
coordinates (y, w), and write the sequence of points on an orbit as

ij (w) = (Yms W) -

To avoid creating any confusion, we henceforth take the convention that the letters m, n are used
exclusively to label iterates of v, @, respectively. Then a lift of 1) to a map in 6 dimensions is
defined by

7 Vi = nme W, — fm—i-lem
m é‘m em 3 m é.m 9m+1 )

where the tau functions 7, X, &m, Om satisfy the bilinear system

(2.26)

Nm+-1 Xm = d£m+19m + C£m9m+l>
Xm+1Mm = §m+19m + d€m9m+la
2.27
§m+2 am = C§m+19m+1 + Xm+1"Tm+1, ( )

em+2 €m - §m+lem+1 + Xm+1Mm+1-

The above bilinear system for the QRT map has the Laurent property, as summarized in the
following result, which is a direct analogue of theorem 2.3 in [20].

Theorem 2.2. The tau function sequences (M), (Xm), (&m), (Om) for the integrable map (2.17)
consist of elements of the ring of Laurent polynomials with positive coefficients, lying in
Z~olc,d, XOﬂ,OOﬂ, Oil ,noil,ﬂlil, lil] being generated by the action of a permutation com-
posed with a sequence of mutations in the cluster algebra defined by the quiver in figure 1.

1
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Proof. Setting m =0 in (2.26), the pullback of the symplectic form (2.11) is

~ ek N0 X0 §100 - dx; Adx;
= 1 1 27 — E i
w=T <d0g<€000>/\dog(€001>> b;; PR

1<i <j<6

which coincides precisely with (2.21), for the same 6 X 6 skew-symmetric submatrix Bf =
(bjj), if we identify the unfrozen variables as

XT - (X0790>€O7n07917§1) = ('%J)lgjgﬁ

Extending this to the full matrix B, as in (2.22), with the same frozen variables as before,
namely ¢ = X7 and d = Xg, we see that repeatedly applying the sequence of four successive
mutations

fur o X{X) = XgXoXg 4 X7X3Xs,
st X4X4 = XnXe + XgX3Xs,
o )~62/)~62 = X7X5X¢ + )~C{)~Ci,
/13 : )~C3/)~C3 = .%5566 +)~Cl/)~€£

(2.28)

is equivalent to iterating the bilinear system (2.27), provided that these four mutations are
composed with the inverse of the cyclic permutation p = (14)(2536) (which only affects the
non-frozen variables). To be precise we have

fainfiafin (B) =p(B), 7=, (2.29)

where the lifted map 1/3 acts as the shift m — m + 1 on the tau functions, that is, it acts as

b =p afiafiafir : (XomsOms s My Ot Em1,€,d)
— (X171+1a0m+17€m+17nm+170m+2a£m+2acvd) (230)

for all m, but leaves B invariant, since 1;(3) = ﬁ_'ﬂmzﬂml(l}) = B from (2.29). The fact
that the sequences of tau functions generated by (2.27) consist of Laurent polynomials in the
initial cluster variables, with integer coefficients, is just the Laurent phenomenon for the cluster
algebra [6], while the coefficients being in Z+ is a consequence of the positivity conjecture,
proved for skew-symmetric exchange matrices in [25]. O

2.5. Somos relations for tau functions
A sequence (x,) generated by a quadratic recurrence relation of the form

[%/2]

XntkXn = E 0 X4 Xn+k—j (23D
Jj=1

is known as a Somos-k sequence. There are particular cases of Somos-type recurrences that
fit into the framework of cluster algebras, namely those that have a sum of two monomials on
the right-hand side of (2.31)°. One such case is that of Somos-5 sequences, which satisfy a

3 Somos recurrences with three monomials on the right can be constructed in the more general framework of LP
algebras [24].
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bilinear relation given in the form

Xn+5Xn = an+4Xn+1 + /an+3xn+2-

It turns out that the Somos-5 recurrence can be reduced to a certain QRT map, equivalent to
the recurrence

Upp1Uplp—1 = auy, + B, (232)

where u, is given by a certain ratio composed of tau functions 7, (see [15], for instance). We
refer to the above iteration as the Somos-5 QRT map.

The Laurentification of the map (2.13) in the plane produces two sequences of tau functions
0y, T The form of the substitution for y, in (2.19) is the same as was used for Somos-5 in [15],
which suggests a connection with Somos sequences. It turns out that, along each orbit of the
cluster map ¢, the tau functions o, and 7, both satisfy the same Somos-5 relation.

Theorem 2.3. Along each orbit of the cluster map @, given by iteration of the bilinear sys-
tem (2.20), the sequence of tau functions (7,) satisfies the Somos-5 relation

Tn4+5Tn = d7n+47_n+l + BTn+37_n+27 (233)
with constant coefficients given by
d:dz—c B:CK1+(C+])(d2—C>,

where K is the corresponding value of the first integral for the map (2.13), obtained from the
initial tau functions by setting

T-1T2 0170

u (2.34)

’ 2 = )
T0T1 0071

in the formula (2.14). Similarly, on each orbit of §, the sequence of tau functions (0,) satisfies
the Somos-5 relation (2.33) with the same coefficients a, [3.

Proof. As a recursion relation, the first component of the map ¢ given by (2.13) is
equivalent to

c+dyn+ 1w,
Yl = ——
Yn

while the first component of the inverse map ¢~ gives

cd+ cw, + dy,

Yn—1=
WnYn

Then a direct calculation shows that

Yn+1YnYn—1 = (dz - C) yn+cKi+(c+1) (d2 — C) ,
where K is the first integral for the map ¢ with u; = y,, u = w,,. Note that as K| is invariant
under ¢, from (2.24) we have ¢* (7*(K;)) = 7*(¢*(K1)) = 7*(K1), so K pulls back to a first
integral for the cluster map ¢, obtained by making the substitutions (2.34) in (2.14). Thus we

have shown that u, = y, satisfies the Somos-5 QRT map, in the form of the recurrence (2.32)

13
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with the required values of the coefficients &, ,/3’, and this implies immediately that 7, is a
solution of the Somos-5 relation (2.33), by substituting for y, as in (2.19). Now from the other
sequence of tau functions (¢,,) we can define the ratio

V= On—10n+2 _ YnWn+1
n - - 9
O0nOp+1 Wp—1

where the final expression on the right-hand side above is obtained from (2.19). Using

c+dw, Vn
Wn-‘rl - ) Wp—1 =
WnYn d+w,

from the second components of ¢ and ¢!, we can rewrite y in terms of y,,w, alone, and

then calculate analogous expressions for y; ; and y,_ ;. Hence we find that u,, = y;, is another

solution of the Somos-5 QRT map (2.32), with the same coefficients d,B, and as a direct
consequence the sequence (o,) also satisfies (2.33). O

Both the preceding observation and its proof were based on recognizing the specific ratio of
tau functions 7, for y, appearing in (2.19). However, a more systematic approach to deriving
and proving Somos-type relations, which does not require any a priori information, is to regard
them as linear relations between degree 2 products of tau functions. We will illustrate this
approach by considering the tau functions X,,,6,,,&u., 1, generated by iterating the bilinear
system (2.27).

Let us suppose that the sequence (&,,) generated by iteration of (2.27) satisfies a Somos-k
recurrence relation for some k. The simplest non-trivial case to try is k =4. In that case, we
write down two adjacent iterations of a Somos-4 recurrence for &,,, in the form

§m+4§m = a§m+3€m+l + 5§rzn+27 2.35
EmtsEmt1 = @lmialmpa+BEn 3. 239

A direct way to check whether such a relation is valid is to write down one more iteration of the
recurrence, and verify that a corresponding 3 x 3 determinant vanishes; and this method can
be extended to check a Somos-k relation of arbitrary order k (cf. the proof of theorem 3.4 in
the next section). In any case, the equations (2.35) provide a linear system for the coefficients
«, 3, with solution

( « ) _ < 5111+3§m+l §r2n+2 > - ( §m+4§m )

B N fm—i—4§m+2 §r2n+3 §m+5§m+l ’

so the Somos-4 relation is valid if and only if the components of the above vector are constant
(that is, independent of the index m). In the particular case at hand, we have initial data given by
the cluster x' = (0,0, &0,70,01,&1), and to determine all the terms appearing in (2.35) with
m = 0 we need to perform 4 iterations of the bilinear system (2.27). Then from solving the pair
of linear equations for the coefficients, we find that o = (¢ — 1)d, which only depends on the
parameters c,d, so is clearly constant, while 3 = 3(c,d,x") is a rather complicated rational
function (in fact, a Laurent polynomial) of ¢,d and the initial data x'. Nevertheless, under the
action of the cluster map 1[) it can be verified directly that LZ*( B) = f3, so that this coefficient
is constant along each orbit. This then suggests that 8 can be rewritten as a polynomial func-
tion of ¢,d and K, the first integral for the map (2.17), which indeed turns out to be the case.
We can apply exactly the same method to seek Somos-type relations for the other tau func-
tions X, O, N> and find that they all satisfy the same Somos-4 recurrence. The final result is
summarized as follows.
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Theorem 2.4. Along each orbit of the cluster map 1Z, given by iteration of the bilinear sys-
tem (2.27), the sequence of tau functions (&,) satisfies the Somos-4 relation

£m+4§m = a§m+3£m+] + Bgrzn-i-b (2.36)

with constant coefficients given by
a=(c—17%d, B=cK+(c+1)dPK +d +(c—1)]d,

where K is the corresponding value of the first integral (2.14) for (2.17), obtained in terms of
the initial tau functions by pulling it back via the map 7, for uy = yo, ua = wy given by (2.26)
withm = 0. Similarly, on each orbit of 1), the sequences (Xm), (0m), (nm) all satisfy the Somos-4
relation (2.36) with the same coefficients o, 3.

2.6. Tau functions on the 7?2 lattice

The preceding results show that the action of the commuting integrable birational maps (2.17)
and (2.13) in the plane lifts to a pair of commuting cluster maps ¥ and , which act on seeds
in the same cluster algebra of rank 6 (with 2 additional frozen variables). Thus far we have
used the two letters m, n to index iterations of the two different maps and/or their lifts, so now
it makes sense to combine them into a pair (m,n) € Z?, and write

m o 2
w'"s&" (u) = ()’m,nvwm,n)v (m,n) S/
as well as introducing a tau function 7, , on the 72 lattice, such that

Tm,nf 1 Tm,n+2 Tm+1,n+1 Tm,n

) Wimn =

Ympn = (2.37)

Tm,nTm,n+l Tm+1,nTm,n+1

Then the initial seed in the associated cluster algebra is (f(,fi), with the extended exchange
matrix B as in (2.22), and the initial cluster being specified by

X = (%), ¢ ;s = (To,-1,T0,0,T0,1, To2, T1,0. T11,¢,d) - (2.38)

Under the combined actions of the cluster maps 1[) and , which are equivalent to iterating
the bilinear equations given by the systems (2.27) and (2.20), respectively, a generic set of
initial values results in a complete set of tau functions defined at each point in the lattice,
that is (T,,1) (m,n)cz2- More precisely, due to the Laurent phenomenon, if each of the initial
T;; appearing in (2.38) is non-zero, then all other 7, , are obtained by evaluating suitable
Laurent polynomials at these initial values. In fact, these functions on the lattice are completely
characterized as the solution of a system of four bilinear lattice equations.

Theorem 2.5. The tau functions on 7, associated via (2.37) with combined iteration of
the commuting integrable maps (2.17) and (2.13), satisfy the following system of bilinear
equations:

Tm+l,n+2Tm,n71 = dTm+1,n+1Tm,n + CTerl,nTm,nJrly

Tm,n+2Tm+l,n71 - dTm,n+le+1,n + Tm+l,n+1Tm,na (2 39)
Tm+2,n+1Tm,n - CTm+l,n+1Tm+l,n + Tm+1,n+2Tm+l,n717 '
Tm+2,nTm,n+l - Tm+l,n+1Tm+l,n + Tm+1,n+2Tm+l,n71 .

Conversely, any solution of this system of bilinear lattice equations produces a simultaneous
solution (Y n,Wm,n) of the pair of iterated maps (2.17) and (2.13).

15
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Proof. Essentially this is just a matter of rewriting the results of theorem 2.2 with appropriate
indices in Z?, and similarly for the preceding statements about the bilinear system for the tau
functions of the map (2.13), and checking that they are compatible. First of all, for the tau
functions of the QRT map (2.17), we can identify the non-frozen part of any cluster via

(Tm,nfl; Tm,na Tm,nJrl ) Tm,n+27 Tm+l,na Tm+l,n+1) = (Xm7 9m7§m7 Ty 9m+1»£m+1) )

where the equivalence means that, going from left to right, we simply suppress the dependence
on the second index n. The action of a single iteration of the map ¢ on any such cluster,
corresponding to the shift m — m 4+ 1, is obtained by solving each of the four equations (2.39)
in turn, to obtain the transformation

w : (Tm,nflu Tm,n; Tm,n+1 ) Tm,n+27 Tm+1,n; Tm+1,n+1)
= (Tt 1,0—15 Tt 1 s Tt 1 nt 15 Tt 1025 Tt 2,05 Tt 2,041) 5

which is equivalent to one iteration of the four bilinear equations (2.27), or to the composition
of the four successive cluster mutations (2.28) together with a permutation. Similarly, for the
tau functions of the map (2.13), we can write the ‘forgetful’ equivalence

(Tm,n—h Tm,n; Tm,n—i—l ) Tm7n+2a Tm-i—l,n; Tm+l7n+l) = (Tn—tha Tn415Tn+2, Un70n+l) )

where the dependence on the first index m is suppressed upon moving from left to right. Then
an iteration of the map ¢ acting on such a cluster corresponds to the shift n — n 4+ 1, which is
achieved by solving the first equation in (2.39) to find 7}, 2, then using the second equation
in the shifted form

Tm,n+3Tm+l,n - dT)11,11+2Tm+l,n+l + Tm+1,n+2Tm,n+l

to find T}, ,,4-3, so that overall one has

@ (Tm,nfl ) Tm,m Tm,n+17 Tm,n+2> Tm+1,n7 Tm+1,n+1)
— (Tm,na Tm,n—&-l s Tm,n+27 Tm,n+3a Tm-i-l a+1s Tm+l.,l1+2) s

and clearly this is equivalent to performing one iteration of the pair of bilinear equations (2.20),
or to the composition of the two cluster mutations (2.23) together with a permuta-
tion. The converse statement follows immediately, because whenever the double sequence
(Ymns Winn) (mmyezz is specified in terms of a solution of the system (2.39) by the for-

mulae (2.37), the bilinear equations imply that zﬁ((ym,n,wmyn)) = (Vmt1.0sWms1,n) and
S (mams W) = Gmns-1,Wim,nt1) hold for all m,n. O

Remark 2.6. By theorems 2.3 and 2.4, whenever T, , is a solution of the bilinear lattice sys-
tem (2.39), it also satisfies a Somos-5 relation in n, and a Somos-4 relation in m. Moreover,
the coefficients of both of these Somos relations are constant (that is, independent of both m
and n).
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2.7 Tropical dynamics and degree growth

Following [9], it is constructive to consider the structure of the Laurent polynomials in a cluster
algebra in terms of the so-called d-vectors, which permit the degree growth of the cluster
variables to be determined from the tropical analogues of the exchange relations. In this case,
we can write each cluster of tau functions related by iteration of the lattice system (2.39) as

im,n = (Tm,n—l 3 Tm,n; Tm,n+l ) Tm,n+2a Tm+] i Tm+l,n+l) = ()?/ (m,n)) 1<j<6° (240)

where, in terms of the initial cluster X given by (2.38), the Laurent property means that we may
write
N; (m,n;X)

=~ _ J ) ) .

%j (m,n) = R T j=1,...,6, (2.41)
with the numerators N;(m,n;X) € Z[X| being polynomials in the variables of the initial cluster
X which are not divisible by any of X;,...,Xs, and the denominators being monomials whose
exponents are encoded in the integer d-vectors d;(m,n) € Z°. Then it is convenient to combine
the six d-vectors in each cluster into a 6 X 6 matrix D,, ,, that is

Dy, := (d; (m,n) dy (m,n) ds (m,n) dy(m,n) ds (m,n) dg (m,n)). (2.42)

While the degrees of the denominators grow, so that for large enough m,n all the d-vectors

belong to Zﬁ>0, the initial conditions require that

N;(0,0;x) =1 for j=1,...,6
and
Do, = —1,

where I denotes the 6 x 6 identity matrix. Due to homogeneity of the cluster variables (equi-
valently, the fact that the tau functions satisfy bilinear equations, so they all have the same
weight), the d-vectors encode everything about the degrees of the Laurent polynomials:
indeed, homogeneity requires that the total degree of each numerator (regarding c,d as fixed
constants) is

degg (N; (m,m;X)) = e'd; (m,n) +1,  e=(1,1,1,1,1,1)7,

that is, one more than the total degree of the monomial denominators.

Using standard arguments from [9], it can be shown that under the action of cluster mutation,
the components of the d-vectors satisfy the (max, +) tropical version of the exchange relations.
To be precise, the action of the cluster map ¢ = p~!/isji; on an initial cluster of d-vectors (a
tropical seed) takes the form

¢:  (di,ds,d3,d4,ds,dg) — (dz,d3,d4,d5,d6,d])

which is composed of the combination of the (max,+) analogues of the mutations fi1, fis,
namely

IO d{ +d; = max (d2 + dg,d3 —‘y—d5)7

- 2.43
fis : d5'+d5:max(d4+d6,d1’+d3), ( )

17
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followed by the inverse of the cyclic permutation p = (123456). (Note that the terms corres-
ponding to the frozen variables x7,Xg are absent from (2.43), since the components of the d-
vectors only measure degrees of the non-frozen variables appearing in the monomial denomin-
ators of cluster variables.) The action of ¢ on a tropical seed corresponds to the shiftn — n + 1
which transforms (2.42) to a new matrix D,, ,,41. Similarly, the shift m — m + 1 which trans-
forms (2.42) to a new d-vector matrix D,, 11 ,, is achieved via the action of zﬁ = p 3 fiofiafin
on a tropical seed, taking the form

’(/;Z (dl,dz,d37d47d5,d6)'_>(d4{7d57d67d1/7d§7dé)7
which is the composition of the (max,+) versions of four mutations, given by

[ d{ +d; = max (d; + de,d3 -‘rd5)7
fa (141—‘1‘(14:II'IE:IX(dz-i-(k,(h—‘y—d5)7 (2.44)
fir: dj+dy =max (ds+de,dj +d;), ’
3 d3l + d3; = max (d5 —‘rd6,d{ +d4) R
followed by the inverse of the cyclic permutation p = (14)(2536). (Note that, due to the
absence of frozen variables, in (2.44) the right-hand sides of ji; and ji4 are identical, and the
same is true for fi; and fi3.)

It was noted in the last subsection that we can determine all the seeds obtained via iteration
of ¢ and ) from a single cluster variable indexed by (m,n) € Z2, that is

Tyn — N(:%n;f‘)’
i (WLJ!)

where we identify Ny (m,n;X) = N(m,n;X) and d(m,n) = d(m,n) for all m,n. This simplifies

the analysis of the tropical dynamics considerably, as we see from (2.40) that the d-vector

matrix of any cluster is specified by the single Z?-indexed d-vector d(m,n), according to

Dy = (d(mn—1)d(m,n) d(mn+1)d(mn+2)d(m+1,n) d(m+1,n+1)).

Then, by theorem 2.5, it follows that all the components of d(m,n), and hence all components
of the d-vector matrix, satisfy the same (max,+) difference equations on the lattice, which
immediately leads to the following result.

Proposition 2.7. The matrix of d-vectors satisfies the tropical analogue of the system (2.39),
that is

Dm+1,n+2 +Dm,n71: max (Derl,nJrl + Dm,mDerl,n +Dm,n+1) 5

Dm,n+2 +Dm+1,n71: max (Dm,n+1 +Dm+1,n7Dm+1,n+l +Dm¢n) ’
Dm+2,n+1 +Dm,n: max (Derl,nJrl + Dm+1,n7Dm+1,n+2 +Dm+1,n71) )
Dm+2,n + Dm,n+1: max (Derl,nJrl + Dm+1,n7Dm+1,n+2 + Dm+1,n71) .

(2.45)

Manipulation of the above tropical equations reveals that in both the m and n directions,
the d-vectors of the lattice system satisfy linear difference equations, which allow the degree
growth to be calculated exactly. A key step in deriving the linear relations satisfied by the
d-vectors is the consideration of the tropical analogues of the symplectic coordinates (y, w),
which are defined by the (max,+) versions of the formulae (2.37), namely

18
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Yy=d(mn—1)—d(mn) —d(mn+1)+d(mn+2),

W, ,=d(m+1,n+1)—d(m+1,n)—d(mn+1)+d(m,n). (2.46)

Each component of the pair of vectors (Y, ,, W, ,) satisfies the same set of coupled difference
equations corresponding to iterations of the shifts m — m + 1 and n — n + 1, and the dynamics
of these two tropical maps turns out to be completely periodic in both lattice directions, with
periods that are inherited from the original undeformed dynamical systems (with c =d = 1).

Lemma 2.8. Each component of the vectors (2.46) satisfies the tropical analogue of the
map (2.13), namely

@trop : (Ym,n; Wm,n) — (Ym,n—i-l 9 Wm,n—H) ) (247)

where
Ym,n-ﬁ-l + Ym,n = |:Wm,n + [Ym,n]+ n ) Wm,n-i—l + Wm,n = [Wm,n]+ - Ym,m
as well as the tropical analogue of (2.17), given by

sztrop : (Ym,na Wm,n) — (‘Wm,n

- Ym,m *‘/Vm,n) . (248)

For arbitrary initial data (Yo 0, Wo,0) = (Y,W) € R?, the orbit of Purep Is periodic with period
3, and the orbit of V., is periodic with period 2.

Proof. The calculation of the components of the maps ¢;,, and i,mp is achieved directly by
taking the appropriate combinations of d-vectors as in (2.46), and transforming them under
the actions of ¢ = p~'jisfi; and v = p~ ! fi3fiofiafi1, respectively, according to the formulae
in (2.43) and (2.44). (As in the definition of matrix mutation (1.5), in order to write the trop-
ical maps concisely we have found it convenient to use the notation [r] = max(r,0) for real
numbers 7.) Proving that any real orbit of the map (2.47) has period 3 can be checked directly
via a tedious case-by-case analysis, by considering the action on pairs of values (¥, W) € R?
lying in different sectors of the plane; we leave the details as an exercise for the reader. It can
also be proved by adapting known results about dynamics on tropical elliptic curves [30]. For
the map (2.48) the analysis is more straightforward: the second component gives the relation

(8 + 1) Wm,n = Wm+1.n + Wm,n = 0,
where S denotes the shift operator corresponding to m — m + 1, and hence
Wm,n = (_l)m WO,n

for all m,n, which oscillates with period 2 in m. Together with the first component of (2.48)
this also implies that

Ym+l,n + Ym,n = |Wm,n| = |W0,n| - (82 - 1) Ym,n = (S - 1) |W0,n

:O’

$0 Y424 = Yo n as required. O

Remark 2.9. The preceding lemma is actually much stronger than what is needed to calculate
the exact growth of the d-vectors appearing in the matrices (2.42) that are generated by tropical
mutations applied to the specific initial seed Dy o = —I, which is all that is required to calculate
the degree growth of clusters generated by the lattice system (2.39). Indeed, all we really
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require is that a particular set of initial conditions for the maps ¢, and @,mp should have
periodic orbits of length 3 and 2, respectively. The exact periodicity of these particular orbits
follows directly from the known Zamolodchikov periods of the original undeformed maps with
¢ = d = 1, since these specific initial conditions correspond precisely to the d-vectors obtained
from seeds of the As cluster algebra, as generated by the cluster mutations (2.2).

We can now determine a system of linear difference equations satisfied by the d-vectors.

Lemma2.10. Let S, T denote the shift operators correspondingtom — m~+ 1 andn —n+ 1,
respectively. Then any solution of the tropical lattice system (2.45) satisfies a linear ordinary
difference equation of order 4 in the m direction, namely

(§*-28*+28-1)D,,, =0 (2.49)
and a linear ordinary difference equation of order 6 in the n direction, that is

(T~ TS T+ T4 T —1) Dy =0, (2.50)
together with the mixed linear relations

(S=D)(T°=1)Dpp=0, (S*—=1)(T —1) Dy, =0. 2.51)

Proof. We begin by noting that, from the definitions (2.46), each component of Y,,, , and W,,, ,,
can be rewritten in the form

Ym,n = (7-3 - 7—2 -7+ 1) dm,nfb Wm,n = (S - 1) (T_ 1) dm,m

respectively, where the scalar d,, , represents any component of a d-vector. The ordinary dif-
ference equation of order 6 in the n direction follows immediately from the period 3 behavior
of the map @p noted above, as we have

0= (T3 ~1) Y= (T = 1) (T> = T* =T +1) dr,

and since this holds for each element of D, ,, this produces the relation (2.50). Similarly,
considering shifts in m, from the proof of the previous lemma we have

(S+DWyp=0= (S*=1)(T —1)dn, =0,

which immediately yields the second mixed relation in (2.51). On the other hand, the first
linear relation in (2.51) is a direct consequence of the lattice system for D, ,: it follows by
subtracting the second equation in (2.45) from the first, since the right-hand sides of these two
equations are identical. The most involved part of the proof is to derive the ordinary difference
equation of order 4 in the m direction. To show this, we introduce the 4th order difference
operator that appears, which is

L:=(E-1) (S+1)=8"-28+25-1.
Now for convenience we revert to using the previous notation from (2.42) for the first four
components in a cluster of d-vectors, writing d(m,n — 1),d(m,n),d(m,n+1),d(m,n+2) as
d;,d,,ds,ds, and note that, in this notation, the first relation in (2.51) is equivalent to

(871) (d47d1):0 - ﬁ(d4*d]):0,
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while the right-hand sides of the third and fourth equations in (2.45) are the same, so that
subtracting them implies the relation

(§2—1) (d3—dy) =0 = L (d3 —d,) =0,

and the definition of Y,, ,, in (2.46) and the two-periodicity in m, as in lemma 2.8, yields the
relation

(S*—1)(ds—d3—dr+d;) =0 = L (dy—d3—dr+d;) =0.

Hence we see that three independent linear combinations of the quantities d;,d,,ds,d4 are
annihilated by the operator L, so it suffices to obtain one more independent combination lying
in the kernel. If we add the third and fourth equations in (2.45), and subtract twice the first
entry in the max from both sides, followed by using Y,,,12 , = Y,,,,» once again, then we find

(S—1)7 (2 +d3) =2[Yps14], = L (d2+d3) =0,

+

which is the desired fourth linearly independent relation. Hence each component of the quad-
ruple d;,d;,d3,dy4 lies in the kernel of £, and the required result (2.49) follows. O

These linear relations mean that it is a fairly straightforward matter to obtain the explicit
solution for the double sequence of d-vector matrices D,, , subject to specifying the initial
cluster of d-vectors via Dy o = —1.

Theorem 2.11. The matrix of d-vectors for the tau function solutions of the system of bilinear
lattice equations (2.39), generated by the initial cluster of d-vectors

DO,O = (d(07_1) d(070) d(ovl) d(ovz) d(lvo) d(lvl)) = _Ia
is given by the exact formula

Dy = (’”7 + %) ee’ + 2 (éeT— eéT) + 2 (ef” —fel) +E— G (e—2¢) (eT - 2éT)

_%ggT‘f‘ (F+ (_l)mG) 6271'1”/3 4 (F* + (_1>mG*) 627””/3
(2.52)
for (m,n) € Z?, where star denotes the complex conjugate, and
4 11 2 -13 2 -7
11 14 11 2 5 2
_ 1 2 11 14 11 2 5 Ly R
Ei_% -13 2 11 14 =7 2 ] F——ﬁhh , Gf_gkk ,
2 05 2 -7 14 11
-7 2 5 2 11 14

with the constant vectors

el =(1,1,1,1,1,1), ¢’ =(0,0,0,0,1,1), 7 =(0,1,2,3,1,2), g’ =(1,-1,1,—-1,-1,1),
W — (1,6727“/37827[—1/3,1,6727”/37627“/3)7 K — (1’6727r1/3,627r1/3’17627r1/37ei7r1/3)

(and the dagger means Hermitian conjugate).
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Proof. This is mostly a straightforward exercise in solving linear difference equations with
matrix coefficients. The action of the maps ¢ and v on an initial cluster of d-vectors given by
the matrix Do o = —/ can be used to produce a complete set of matrices on a six-point stencil
on Z?, namely Dy, —1,D0,0,D0,1,D0,2,D1,0,D1,1. Fixing the values of D,, , on these 6 points
completely specifies an initial value problem for (2.45), the matrix version of the tropical
lattice equations. The linear ordinary difference equation (2.50) has the characteristic roots

2mi,,  —2mi
1,1,1,—1,e m/?’,e 7r1/3’ so in order to find the explicit formula for D,, ,, we can begin by
writing down a general solution of this linear equation in the form

2 2
D = Agn® +Bon+Co+ Dy (—1)" +Eoe B 4Ese™ B, (253)

where a priori the coefficient matrices Ag, By, etc are all functions of m. Then, upon applying
the first mixed relation in (2.51) to the above formula, we find

(S—1) (A (6n+9) +3By — 2Dy (—1)") =0

for all n, which implies that the coefficients Ay, By and Dy are all constants (independent of
m). Similarly, applying the second mixed relation in (2.51) to the general formula (2.53) for
D, , then implies that

(8 —1)Ey=0=(8>—1) Eg,
so these last two coefficients must both be period 2 functions of m, and we may write
Ey=F+(-1)"G

for some constant matrices F, G, and Ej is given by the same formula with F, G replaced by
their complex conjugates (since the d-vectors are all real). This only leaves the m-dependence
of the coefficient Cy undetermined, but then the pure linear relation in m, namely (2.49),
requires that all the coefficients in (2.53) must lie in the kernel of the operator £, so in particular
LCy =0, hence Cy must have the general form

C0:C1m2—|—C2m—|—C3+C4 (—1)m

It remains to generate a sufficient number of matrices D,,, (for small m,n) via the sys-
tem (2.45), in order to fix the exact values of the constant coefficients Ay, By, C;,Cs,C3,Cq4, Dy,
as well as F, G and their complex conjugates, which reduces the problem to solving systems
of linear equations with computer algebra. O

Remark 2.12. The fact that the coefficients of the quadratic terms m? and n? are non-zero,
with no mn terms in the formula (2.52), can be used to show that the maps 1]} and ¢ correspond
to independent translations along each fiber of the pencil of curves (2.15). This means that the
Mordell-Weil group of the associated rational elliptic surface has minimal rank 2 (for generic
parameters c,d). More detailed arguments that show why the rank should be exactly 2 are
relegated to the first appendix.

3. Integrable deformation of the C, cluster map

In this section, we consider deformations of the periodic cluster map constructed from the
cluster algebra of type C,.
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3.1. Deformed C, map

The Cartan matrix for the C, root system is

2 -1
“(%3)

and this is the companion to the exchange matrix B = (b;;) given by

0 1
B:<20>, 3.1)

which is obtained from C by removing the diagonal terms and adjusting the signs of the
off-diagonal terms appropriately (with the requirement that if b;; # 0, then bj; should have
the opposite sign). The latter matrix is skew-symmetrizable, since for D = diag(1,2) we
have that

QO =BD = (wij)

is the skew-symmetric matrix

0 2
a=( % 5) 62

(Note that, up to switching x; <> x, this example is equivalent to the case of B,, which has the
transpose of the Cartan matrix for C,. )

Starting from an initial cluster x = (x,x;), we consider a pair of deformed mutations, of
the form

pr: (x1,x) = (x,x2), x{x1 = a3 + by,

3.3
o (xf,x) = (x,x3), X3X2 = apx{ + by. (3-3)

One can confirm that, after applying the corresponding pair of matrix mutations, namely /|
followed by p,, according to the rule (1.5), the exchange matrix (3.1) is mutation periodic
under this composition of mutations, that is to say

p2pt1 (B) = B.

So, similarly to the situation for the skew form (2.3) constructed from the exchange matrix of
type Az, by a minor variation on theorem 1.3 in [20], adjusting the presymplectic structure to
the skew-symmetrizable setting (see [21], for instance), the map ¢ = uy ) composed from the
pair of deformed cluster mutations (3.3) preserves the log-canonical two-form

2
= idlogx; Adlogx; = ——dx; Adxs. 3.4
w Zw] ogx, ogy =~ dv Adry (3.4

i<j

The latter is the skew form built from the coefficients of the matrix €2 in (3.2), obtained from
skew-symmetrization of (3.1). In other words, ¢*(w) = w, and since the two-form (3.4) is
non-degenerate in this case, the deformed C, cluster map ¢ is symplectic, for arbitrary values
of the parameters a;,b;. However, note that when these parameters take generic values, the
composition of transformations in (3.3) is not a cluster map, because it does not generate
Laurent polynomials in x, x5.
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The original undeformed mutations obtained from the exchange matrix (3.1), which gener-
ate the cluster algebra of type C,, are recovered by setting all the parameters a;,b; in (3.3) to 1.
Since the Coxeter number of C; is 4, Zamolodchikov periodicity implies that the undeformed
cluster map ¢ = pppq has period 3 = % (4+2), so that

0 =pop1  (Withay=bj=ay=by=1) = ¢’ (x)=x.

Therefore, due to the periodicity, for any function f: C?> — C, the associated symmetric func-
tion given by the product over an orbit, that is

K =TV (& =TT(Y ),
j=0 j=0

is invariant under the cluster map ¢. Here we consider

= 2 1
H  (x2) =xn+= + 2 . (3.5)
= X2 X1 XX

Before proceeding further with the general deformed case, for arbitrary non-zero paramet-
ers a;,b;, we can apply rescaling x; — A\;x; to each cluster variable, with a suitable choice of
parameters (A, \;) € (C*)Z, in order to arrange it so that a; = 1 = a,, which simplifies the
calculations. With the remaining parameters b, b, fixed, the iteration of the deformed map ¢
is given by a system of recurrences

X1 X1,0= x2 a +by,

3.6
X2 n41X2,0= X1 -1 + D2. (3.6)

An invariant function for this deformed map can be constructed by the same procedure as was
used in [20], and described for type Az above, whereby we modify each Laurent monomial
in (3.5) by inserting arbitrary coefficients «; in front of each monomial, similarly to (2.12), so
that (after fixing the leading coefficient to be 1) we have

R2X1 KR3X? K4

K= x2+—+ +==4 = (3.7)
X2 X2 X1 X1X2

Next, we proceed to impose the condition of invariance on this Laurent polynomial, that is
p* (K) K, which puts constraints on the coefficients r; and b;. This gives rise to a necessary
and sufficient condition for the deformed map (3.6) to be Liouville integrable, leading to the
following result.

Theorem 3.1. The necessary and sufficient condition for a rational function of the form (3.7)
to be a first integral for the map defined by (3.6) is that

by =by =, (3.8)

in which case K is given by

- 1+ X X
ke n 2 B (3.9)
X x4 ox o xm
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Hence the deformed symplectic map ¢ given by

p cCt - C?

x=(x1,0) = x'=(x],x})= (M x{ﬁ) . (3.10)

X1 7 X
is Liouville integrable whenever the condition (3.8) holds.

Proof. The proof follows from an explicit calculation, which is best achieved using a computer
algebra package such as MAPLE: assuming that a first integral of the form (3.7) exists, the
equation np*(f() = K can be rewritten as an identity between two polynomials in x;,x,, and
then comparing coefficients at each degree yields a set of linear equations in the coefficients
k;; this linear system has a solution if and only if (3.8) holds. O

Remark 3.2. The level sets of the first integral (3.9) are biquadratic curves, hence we can con-
struct a QRT map given by the composition of two involutions, of the same form as in (2.16).
However, comparison with the formula (3.10) shows that in this case, on the biquadratic
pencil

x1 (02)” 4 (14 B)x1 + (1) + (00) + 8 = Rxpx

corresponding to the level sets K= k, the transformation p is the horizontal switch, and p,
is the vertical switch (see [4]), hence the map ¢ = u, - ) coincides with the QRT map.

We have seen that, when the parameters satisfy the constraints (3.8), the symplectic map
given by (3.6) is Liouville integrable. However, as already mentioned above, the general
deformed cluster map ¢ is not itself a cluster map, and this continues to be true for the con-
strained version (3.10), since for 5 # 1 the sequence of pairs of coordinates ¢"(x) generated
by the latter map do not belong to the ring of Laurent polynomials in x,x,. In an attempt to
resolve this issue, we must go a step further, and try to apply Laurentification, analogously to
what was carried out in [20] for deformed maps of type A in low dimension (and described
for deformed Aj in the previous section).

3.2. Laurentification of deformed type Co map

As we saw for the case of the deformed A; map in the previous section, the word
Laurentification refers to a transformation that lifts a given birational map to a map acting
on a new set of coordinates in higher dimensions, where the lifted map possesses the Laurent
property. Several methods have been used to achieve Laurentification, such as the recursive
factorization approach taken in [14] (see also [37, 38] for some related results and observa-
tions). Here we consider another method, introduced in [18], which involves the singularity
pattern of the iterates of the deformed map . Instead of performing a general analysis of
singularities, we apply an empirical version of p-adic analysis, which is done by inspecting
the prime factorization of the terms given by the iteration. To see the procedure, we consider
the rational orbit of the map (3.10) obtained by setting the value of the initial cluster to be
(x1,x2) = (x1,0,%2,0) = (1,1), with parameters b; = 2 = b,, and find the prime factorizations
of the numerators and denominators of successive terms, as in the table below:

n 1 2 3 4 5 6 7 8

X 3 32 19 569 172107 139-3299 457737691 3-457-81689827
Ln 5 112 32.232 8112 80892 77230392

X 5 11 3.23 5-811 11-8089 3.7.23-23039 13-173-811-3793 5%.41-39461-8089
2,n 5 511 3.11.23 3.23.811 811-8089 7-23039-8089 7-13-173-23039-3793
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We can see that for each of the primes p =5,11,23,811,8089 (for instance), the p-adic
norms of x; , and x, , exhibit the patterns

pi L L, pA 1, 1
pi % p,p, pt L

|x1,n

™ (3.11)

Furthermore, other primes, such as p = 19,569, 107,139,3299, appear successively as factors
in the numerator of x; ,, but not in x, ,. This suggests that there should be the following sin-
gularity patterns:

Pattern 1: ..., (R,0),(R,0), (ooz,oo) ,(R,0),...
Pattern2: ...,(0,R),...,

where R denotes a regular (non-zero) finite value. Then we introduce two tau-functions 7,
o, associated with pattern 1 and pattern 2, respectively, in order to arrange it so that, for
isolated values of n, at n = n,, say, we have Tny = 0 (mod p) for the first set of primes, and Opy =
0 (mod p) for the second set. Then, to recover the two different singularity patterns, we define
a monomial rational map 7 : C3 — C2, which is specified by the following transformation of
dependent variables:

On TnTn+3
y  X2on =

T X1 = 3.12)

s

T,%+1 B Tn4+1Tn+2 .
When the two expressions (3.12) are substituted directly into the components (3.6) of ¢, with
the parameters constrained so that b; = 3 = b,, one obtains the system of recurrence relations

_n2 2 2.2
OnOnp41 = BTn+1Tn+2 + Ty Th+3s (3 13)
) .
TaTntd = BTy + Ont1-

Pt B B

[ =2, then we obtain a pair of integer sequences, with the first few terms presented in the
following table:

If we iterate the latter pair of equations with initial values (o9, 79, 71,72,73) = (1,1,1,1,1) and

n 0 1 2 3 4 5 6 7
O 3 9 19 569 30923 458561 457737691 111996752817
Thtd 5 11 69 811 8089 161273 8530457 202237625

Observe that the primes appearing separately as isolated factors in each of these integer
sequences are the same ones that were identified as factors of the numerators and denominators
in the previous table.

The system of recurrence relations (3.13) can be interpreted as iteration of a birational map
1 : C — C? which is intertwined with ¢ via 7, that is

w: (0—077—077—177—277-3)'_>(O—17T177—27T377—4)7 90'71—:71—'/(#'

Then we would like to identify the initial data for the map v as an initial cluster in a seed for
a cluster algebra of rank 5, so that X = (X, X2,%3,%4,Xs) = (09,70, 71,72, 73). To verify that the
Laurent property holds when the deformed map ¢ is lifted to the map v on the space of tau
functions, we need to find a cluster algebra structure defined by an initial seed (X,B), for a
suitable exchange matrix B € Mats(Z). We will then proceed to show that this extends to a
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seed (X, B), where the initial cluster X = (X, 8) includes the parameter 3 as a frozen variable,
and B is an extended 6 x 5 exchange matrix (with an additional row to incorporate the frozen
variable).

To start with, we calculate the pullback of the symplectic form (3.4) by the rational map T,
to obtain the presymplectic form

~ 2 0 -4 0 0

Q=@)=|-2 4 0 -4 4 (3.14)
2 0 4 0 0
2 0 -4 0 0

Similar to the matrix in (3.2), the Q can be expressed as a product Q =BD of skew-
symmetrizable matrix B and diagonal matrix D. By post-multiplying by the diagonal matrix
D~ =diag(1,1/2,1/2,1/2,1/2), this gives the 5 x 5 exchange matrix

0 -1 1 1 -1

2 0 -2 0 0
B=OD"'=B;)=|-2 2 0 -2 2. (3.15)

-2 0 2 0 0

2 0 -2 0 0

Now observe that if we apply the composition of mutations fiyfi; defined by the latter
exchange matrix, applying the mutation fi; associated with index 1, followed by the muta-
tion fi, associated with index 2, then the initial cluster X = (o, 70,71, 72,73) gets transformed
to finfi1 (X) = (X{,%3,%3,%4,%5) = (01,74, 71,72,73), where the new cluster variables o1, 74 are
obtained from a single iteration of each of the recurrences in (3.13), setting n=0 and =1
therein. To generate the general sequence of mutations for tau functions that corresponds
to (3.13) with arbitrary (3, it is necessary to extend the initial cluster to X = (X, ) by inserting
the frozen variable 3, and then a further calculation shows that we can define the extended
exchange matrix

0 -1 1 1 -1
2 0 -2 0 0

ol 2 0 22 2

B=15 0 2 0o o] (3.16)
2 0 -2 0 0
10 0 0 1

which is obtained by inserting an extra row at the bottom of (3.15). The form of the recur-
rence system (3.13) also requires that we permute the cluster variables after applying the two
mutations ji; and fiy.

Theorem 3.3. Let p be the permutation (2345). Then 1 = p~'fiojiy is a cluster map
that fixes the extended exchange matrix B. Iteration of 1 generates two sequences of
tau functions (oy,), (7,) satisfying the system (3.13). The tau functions are elements of

+1 41 _+1 _+1 _+1
Z>0[5700 sTog »T1 2Ty 573 ]
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Proof. Consider the cluster algebra with initial cluster X = (o9, 79,71,72,73,3) and extended
exchange matrix B. One can see that, by applying cluster mutation to (oo, 70, 71,72, 73,3) =
(X1,%2,X3,X4,%5,X6) in direction 1, mutation [i; gives the exchange relation

2.2, .22
o100 = BTiT + 1573,

producing the new cluster fi; (X) = (o1, 79,71, 72,73,/3) and the mutated exchange matrix B, =
1 (B) given by

0 1 -1 -1 1
-2 0 0 2 0
|2 0o o -2 0
12 =2 2 0o =2
-2 0 0 2 0

1 -1 0 0 0

Following this up with a mutation in direction 2, applying fi, gives the new cluster variable 74
defined by the following relation:

2
TaTo = B3 + 071

The new cluster is then fip /i1 (X) = (o7, 74,71, 72,73, 3). Therefore applying the composition of
mutations fi, and [i; generates this pair of exchange relations, which corresponds to a single
iteration of the map 1, but requires an additional cyclic permutation of the middle 4 variables
to obtain ¢ (X) = (oy,71,72,73, 74, 3). Furthermore, we see that the combination of two matrix
mutations is equivalent to a permutation of order 4 acting on the corresponding 4 non-frozen
labels, namely p = (2345), i.e.

fiafiy (B) =PBP,=p (B)

where P; and P, are the row and column permutation matrices

1 00000 L0 0 0 o0
0000O0T1 0
010000 00 100
Pi=10 0100 ol P=]00010 (3.17)
00001
000T100 01000
0000O0 1

Thus we have shown that the extended exchange matrix B given by (3.16) is cluster mutation
periodic in the generalized sense defined in [29], so that 7,/1(3) = B, where the cluster map
Y = p~'[ipfi; generates two sequences of tau functions satisfying the coupled system (3.13).
Hence, by the Laurent phenomenon in the cluster algebra, it follows that iteration of the
map v on the space of tau functions produces Laurent polynomials that are elements of
Z>0[ﬁ,06t1,7'5|:1,Tlil,’l'zil,’r;tl] (where each monomial that appears has a positive integer
coefficient, due to positivity [13, 25]). O
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3.3. Connection with Somos-5 and a special Somos-7 recurrence

Analogously to the observation made for the case of A3 in the previous section, we note that the
formula for x; , in (3.12) corresponds to the substitution used for Somos-5 in [15]. This allows
us to establish a connection between the system (3.13) and a suitable Somos-5 recurrence
relation.

Theorem 3.4. The sequence of tau functions (7,) generated by iteration of (3.13) satisfies a

Somos-5 relation with coefficients that are constant along each orbit, given by

TnTn4+5 = CTn+lTn+4 + 07n+27—n+3 (318)

where the coefficients are
¢=1-8, 0=pK, (3.19)

with K being the value of the first integral (3.9). Hence u, = X2, satisfies the Somos-5 QRT
map (2.32) with coefficients & = (, 8 =0 as in (3.19) along any orbit of the deformed C,
map (3.10).

Proof. The first three iterations of the Somos-5 sequence can be represented in matrix
form as

T0T5 TiT4 ToT3 1
TITe ToTs T3T4 —( | =0. (3.20)
T™T7 T3Te TaTs —0

M

As the vector v = (1,—n,—6)T is non-zero, det(M) = 0 is a necessary condition for the tau
functions 7, obtained from (3.13) to satisfy (3.18). With the help of MAPLE software, we can
easily confirm that the relation holds. The coefficients { and 6 can be found by computing the
kernel of M, which turns out to be independent under shifting the indices of each tau function
(n — n+ 1): to be precise, ( = 1 — f3 is just a constant (independent of tau functions), while

g BUBTE +00) 73 +7573) (i + 00)
B OOTOTITATS ’

but this is just 8 times the first integral (3.9) lifted to the space of tau functions. Hence the
vector v is constant along each orbit, and remains in the kernel of the matrix M when the
replacement 7, — 7,41 is made for each tau function appearing therein. O

We have seen that, subject to the condition b; = 3 = b,, the variable u, = x, , satisfying
one half of the system (3.6), also satisfies the Somos-5 QRT map (2.32) with appropriate
coefficients &, 3. This suggests that each invariant curve for the deformed map ¢, given by a
level set of (3.9), is birationally equivalent to a corresponding elliptic curve associated with a
level set of the Somos-5 QRT map. According to [19], each such curve is also isomorphic to
a curve that corresponds to a level set of the Lyness map

Wit 1Wn—1 = Cwy + 0 (3.21)
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(for suitable ¢ and 6), which is the integrable deformation of the periodic map of type A,.
Applying the results from [19], it can be shown that the iterates x, , of the deformed C, map
 are also associated with the Lyness map, via the transformation

0 _ 17'11—17n+4

Wy =X+ == .
" " C C Tn+1Tn+2

The above substitution is consistent with the fact that 7, satisfies the bilinear recurrence

Tn+7Tn = ng—Q—GTn—&-l + éTn+37n+4~ (3.22)

which a special type of Somos-7 recurrence, namely the same as (1.3) associated with the
Lyness map (1.2). This is another type of Somos sequence generated by a sequence of muta-
tions in a cluster algebra of rank 7 (for further detail see [10, 11]). The same Somos-7 relation
will also be seen to appear in the next section.

Remark 3.5. Another way to see that the existence of the special Somos-7 relation (3.22)
follows from theorem 3.4, is to apply a result from [15] (see also [33]), which says that every
Somos-5 sequence also satisfies a Somos-k relation of odd order, for each odd integer k > 7: so
every Somos-5 is also a Somos-7. The converse is not quite true, however: every Somos-7 does
satisfy a relation of Somos-5 type, but generically it has one coefficient that is periodic with
period 3, rather than having two constant coefficients ¢, as in (3.18). This result is proved in
appendix B, along with a number of results about the Somos-7 recurrence (3.22) that have not
been collected elsewhere.

3.4. Tropicalization and degree growth for deformed C, map

Given an initial cluster X = (o9, 79, 71,72, 73,3) for the deformed C, cluster map, as in the-
orem 3.3, we can associate a tropical cluster of d-vectors in Z, encapsulated in the matrix

(d() €y e € 63) = —[, (323)

where I denotes the 5 x 5 identity matrix. The Laurent property implies that the sequences of
tau functions o, 7, generated by the system (3.13) take the form

N ® N (%)

~d, Tn = ~e, )

On

with the numerators N,(,1)7N,(,2) being polynomials in Z[X] that are not divisible by any of the

initial cluster variables, while the basic results on d-vectors in [9] imply that the sequences
d,, e, appearing as exponents in the denominators satisfy the (max,+) version of this system,
given by

dn+l + dn = 2max (en+2 + €+1,€,43 + en) 5

(3.24)
€44 + €, = max (29n+27 dn+1) .

(Note that, as for the tropical version of deformed Aj in the previous section, we do not count
degrees with respect to frozen variables, so there are no terms corresponding to the parameter
B in the system.)
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We now consider the tropical analogue of the map 7 defined in (3.12), which leads us to
introduce the quantities

Xl,n - dn - 2en+17 X2,n =€;43 — €42 — €441 +e, (325)

The dynamics of these combinations of the d-vectors holds the key to their degree growth.
Lemma 3.6. Wheneverd,, e, satisfy the system (3.24), each component of the quantities (3.25)
is a solution of the tropical (or ultradiscrete) ORT map @y defined by

X1 +X1,=2X2,] (3.26)
X2,n+1 +X2,n: [Xl,n—i-l 4 '

Given arbitrary initial data (X170,X270) € R?, the orbit of the latter map is periodic with
period 3.

Proof. The map ¢op presented in (3.26) is the (max,+) analogue of the QRT map (3.10),
which follows immediately from the system (3.24) by rearranging and rewriting it in terms of
the components of the quantities defined in (3.25). The fact that every orbit is period 3 can be
checked by a direct case-by-case analysis for initial data in different sectors of the plane. It can
also be deduced from Nobe’s general results on periods of ultradiscrete QRT maps [30]. [

Remark 3.7. For the main case of interest, the initial tropical cluster in (3.23) produces the
pair of vectors of initial values

Xi0=(-1,0,2,0,00",  X50=(0,—1,1,1,—1)"
for (3.26), and this initial pair produces the subsequent pairs of terms
Xi1=(1,0,0,2,00", X, =(1,1,-1,1,1)"  and  X;,=(1,2,0,0,2)",
X, =(0,1,1,—1,1)"

under iteration, with the iterates repeating thereafter. The components of these vectors are all
built from two particular orbits of the scalar map (3.26), namely

(—=1,0) = (1,1) — (1,0), (0,—1) = (0,1) — (2,1), (3.27)

which correspond precisely to the sequence of pairs of d-vectors arising from the
Zamolodchikov periodicity of the orbit of the original undeformed C, map, defined by (3.3)
with all parameters a;, b; set to 1. Indeed, these two orbits can be read off from the denomin-
ators in the corresponding sequence of C; cluster variables, viz.

2
B+1 x%—|—x1+1> . (x%—k(x]—i—l) x1—|—1>.

X123 "X

(x1,%2) — (

X1 ’ X1X2

For finite type cluster algebras, it is known that there is a direct correspondence between cluster
variables and a specific subset of the roots in the associated root system, whereby the coeffi-
cients of linear combinations of simple roots determine the d-vectors (see e.g. theorem 4.10 in
[5]). In this case, the pairs of d-vectors corresponding to the exponents of xj,x; in the monomi-
als above are given by the sequence of 2 x 2 matrices

(0 5)=lo )= (V)
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whose first and second rows, respectively, yield the two orbits (3.27) above, while the columns
correspond to the sequence of pairs of roots (—ay, —ap) = (ay, a1 + ) = (g + 202, a7)
in the C; root system. To determine the degree growth of the tau functions generated by (3.13),
we only need to make use of the fact that these particular sequences have period 3, rather than
the more general result of lemma 3.6.

Theorem 3.8. All sequences of d-vectors d,,, e, that are solutions of the (max, +) system (3.24)
lie in the kernel of the 6th order linear difference operator

L=(T=1)(T*=1)(T-1).

Hence the particular d-vectors corresponding to the sequences of tau functions o, T, produced
by (3.13) give the leading order degree growth

2 2

d,— % (LL,LLD) +0(m), e =—

12(1,1,1,1,1)T+0(n). (3.28)

Proof. The second relation in (3.25) can be written as (72 — 1)(7 — 1) e, = X»,,, and then by
lemma 3.6 we have

Le,=(T*=1)(T*=1)(T-1)e,=(T"-1)Xs,=0,

which shows that e, is annihilated by the linear operator £ (which is the same operator that
appeared in (2.50) in the deformed A3 case). Then the first relation in (3.25) implies that

ﬁdn = ﬁ (Yl,n - en+1) = (T2 - l) (T_ 1) (Yl,n+3 - Yl,n) - ["en+1 = 07

as required, where we used the fact that Y , has period 3, from the same lemma. Now for the
particular tropical seed (3.23), which corresponds to the d-vectors of the initial set of tau func-
tions in (3.13), we can use (max, +) relations (3.24) to calculate more terms in the sequence of
d-vectors. We can also use the corresponding 3-periodic sequence of solutions of the tropical
QRT map, as presented in remark 3.7, to generate additional terms of the sequence (e,) from
the formula

€43 = €42 + €,+1— €, + X2,n7
which produces
e4:(1a1a07070)T7 e5:(1a2517050)T7

so thate;, 0 < j < 5 provide enough initial values to generate the 6 vector constants that specify

the explicit solution of the linear difference equation Le, =0 in terms of its characteristic
roots. In fact, for this choice of initial values it is straightforward to show by induction that the
components of e, take the form

€ = (érlven+37en+27en+l,en)7
so these vectors are completely specified by the following two scalar recurrence sequences:

(2,):  0,0,0,0,1,1,2,3,4,5,7,8,10,12,14,16,19,21,...;
(e):  0,0,0,—1,0,0,0,1,2,2,4,5,6,8,10,11,14,16,....
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The sequences ¢,,e, determine, respectively, the exponents of o, and the exponents of the
other 7; forj = 0,1,2,3, that appear in the denominators of 7,,. We omit the full details of the
explicit formula for the sequence of vectors e,, and merely note that we can determine the
leading order behavior e, = an?(1 + o(n)) by calculating the constant vector

(T =1)(T*—1) e, = 12a=(1,1,1,1,1)",

which fixes the value of a. Similarly, a simple inductive argument can be used to show that d,,
has components of the form

dn = (Eina dn+37 dn+27 le'l ’ d”) )

specified by the scalars d,,d,. The latter two scalar sequences determine, respectively, the
exponents of og, and the exponents of the other 7; for j = 0,1,2,3, that appear in the denom-
inators of o,,; their initial terms are as follows:

(d):  —1,1,1,1,3,5,5,9,11,13,17,21,23,29,33,37,43,49, ... .;
(d,) : 0,0,0,0,0,2,2,4,6,8,10,14,16,20,24,28,32,38, ...

We omit the complete details of the explicit formula for d,,, but rather make use of the first
relation in (3.25) once again, to see that the leading order behavior of the sequence is found
from

d, =2e,. +X;, =2an’(1+o0(n)),

with the same constant vector a, since X , has period 3. Together, this yields the required
expression for the leading order quadratic growth of d,, e, as in (3.28), with an O(n) correction
in each case. O

4. Integrable deformations of the B; cluster map

In this section, we consider the deformation of a 3D periodic cluster map which arises from
mutations in the cluster algebra of type Bs. The original cluster map in three dimensions has
period 4 = 1(6+2), which is § x (Coxeter number +2), and as before our aim is to con-
struct parameter-families of deformations of this map that result in aperiodic dynamics that is
Liouville integrable. However, in contrast to all the examples previously considered here and
in [20], for the B3 case we find that there is more than one distinct family of deformations that
is integrable (in fact, precisely two distinct 1-parameter families, up to equivalence via scaling
transformations).

4.1. Deformed map B3

For the B3 root system, the Cartan matrix is
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which is the companion of the skew-symmetrizable exchange matrix
0
B=| -1 0 1 |,
0

Skew-symmetrizability of B is seen from the fact that 2 = BD = (w;;) is skew-symmetric,
where D = diag(2,1,1) and

0o 2 0
Q=1 -2 0 1
0 -1 0

We now consider the sequence of deformed mutations

prc (x1,x2,x3) = (x{,X2,X3), x{x1 = by +ayxa,

2
pa o (x],x0,x3) = (x],x5,%3), xX3x3 = by +aa (x{)" x3, 4.1
pac (s x3,x3) = (x],5,%3) x3x3 = by + asxj,

where a;,b; are arbitrary parameters. With a generic choice of these parameters, the Laurent
property no longer holds for these mutations, so the map ¢ = p3 o1 does not have the Laurent
property; moreover, it is no longer completely periodic with period 4. However, similarly to the
C, case, by a minor variation on theorem 1.3 in [20], generalizing it to the skew-symmetrizable
case, it is not hard to see that the deformed map ¢ given by the composition of transform-
ations (4.1) preserves the same presymplectic form w =3, <jwijdlogxi Adlogx; as in the
undeformed case.

Before considering the deformed case (4.1) further, there are two ways to simplify the cal-
culations. Firstly, assuming the case of generic parameter values a;b; # 0 for all i, we apply
the scaling action of the three-dimensional algebraic torus (C*)3, given by x; — \;x;, \; # 0,
and use this to remove three parameters, so that we may set

a—1, i=123,

without loss of generality, but keep b; arbitrary for i = 1,2,3. Having simplified the space of
parameters, the map ¢ is equivalent to the iteration of the system of recurrences

X\ p1X1,0 = X2,0 + b1,

_ 2
X2,n41%2,0 = X] g1 X3,0 + b2, 4.2)
X3, n41X3,0 = X2, n41 + D3.

Secondly, because we are in an odd-dimensional situation where necessarily det(€2) = 0 and
w is degenerate, we can use

kerQ=<(1,0,2)" >,  imQ= (kerQ)" =< (0,1,0)",(-2,0,1)" >

to generate the one-parameter scaling group (xj,x,x3) — (Ax1,x2,A%x3), A € C* (obtained
from the null vector field x;d,, + 2x30,, by exponentiation), and the projection 7 : C* — C2
onto its monomial invariants,

X3

V[ Y1 = X2, y2=7.
X
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On the (y;,y2)-plane, ¢ induces the reduced map ¢, such that 7 - ¢ = ¢ - m, where

>

I ! ((y1 +51)*y +bz) 43
Y2 ~ =1 (1+ b3yi+by ) ’ .3)
1 y2(n+b1)?

The reduced map is symplectic, that is to say ¢* (&) = @, where the non-degenerate two-form
preserved by ¢ is

w = dlogy; Adlogys, 0 = w. 4.4)

In the original case where all parameters are 1, the reduced map (4.3) withb; = by = b3 =1
has period 4, because x; 4 = X2, and x37n+4/x%7n+4 = x37n/x%7,1 for all n. In that case we can
construct two functionally independent first integrals in the plane, K, K(") say. Here we will
just focus on one of these, namely

K0:=320 (") (1)
=y N I 3R+ R4+ 2+ S+ o

yiy2 oy

4.5)

which satisfies ¢* (K()) = K() when by = by = b3 = 1.

Next, we modify K() by inserting constant coefficients in front of each of the Laurent
monomials in y;,y, that appear, fixing the coefficient of the first term to be 1 without loss of
generality, to obtain

K= y1y2+CIYI+C2y2+C3y*+C4y;+ + +7+7+7' (4.6)
Y1 Yy yr » yl yiy2 )’1YZ

If we assume that these modified first integrals are preserved by the deformed map ¢ given
by (4.3), then this puts a finite number of constraints on the coefficients c; and the parameters
b;, which leads to finding necessary and sufficient conditions for the deformed symplectic map
to be Liouville integrable. Thus we obtain the following result.

Theorem 4.1. For the deformed symplectic map (4.3) to admit a first integral of the form (4.6),
it is necessary and sufficient that the parameters b; should satisfy either

by=by, b3=1, 4.7
or

by = by = b}. (4.8)
Ifwe fix by = 3, then in the case that the constraint (4.7) holds, the first integral takes the form

i 36+2 28 2 1
Ki=ymint@B+ntppr2yplzy P2, 1,20, 2 1
Y1 1 Y1 2 J’1 yiy2  yiy2

(4.9)
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while in the case that (4.8) holds, the first integral is

¢ 282 +28+1 1 2p3%
K2=y1y2+y1+(2ﬁ+1)y2+5(5+2)&+52)%+M+7+£2
Y1 R Y1 Y2 4
2 2
+1
+ £ +§7_ (4.10)
yiy2 yiy2

Hence the map ¢ given by (4.3) is Liouville integrable whenever either condition (4.7) or (4.8)
holds.

Thus we arrive at two 1-parameter families of integrable maps of the plane associated with
the deformation of the B3 cluster map, namely

. ' ((y1+/3)2yz+ﬁ>
S < g Uil e

which has the first integral K 1 given by (4.9), and

4.12)

. <y1 )H ! ((y1+5)2yz+52)

y —1 B (i+1) ) ’
? N (1 t 0B

with the first integral K, as in (4.10). So each map has an invariant pencil of genus 1 curves
of degree 5 and bidegree (3, 2); that is too high for a QRT map, where the bidegree is (2,2)
[4]. Clearly the maps coincide for 5 =1 when the map is completely periodic with period 4
(corresponding to a pencil of elliptic curves with 4-torsion). However, it seems that the maps
cannot be birationally conjugate to one another for other values of 3; one way to see this is to
look at the j-invariants of the curves in each pencil, which are rational functions of /3 and the
value of the invariant k/ =k (for j = 1,2, respectively): the factorizations of the two differ-
ent j-invariants have polynomial factors in their denominators that appear with quite different
degrees, and this could be used to show that there is no automorphism of C(3, ) which trans-
forms one elliptic fibration into the other; or perhaps there is a geometrical way to see this
more easily. It is possible to see that the two maps cannot be conjugate to one another more
directly, by considering the fixed points: for generic (3, in the affine plane C? the map (4.11)
has three fixed points outside the line y; = 0 where it is singular, whereas the map (4.12) only
has one fixed point outside this line.

4.2. The deformed map ¢1 for B

Let us consider the deformed map (4.11), which can be rewritten as the pair of recurrence
relations

2
Yenr1Yin= (V10 +B) Y2+ B,
(4.13)
Y2,n+1Y2,0Y1,n (yl,n + B) = (yl,n + ﬁ)yZ,n +1.

Following the same process as in the previous section, we study the singularity structures of
the deformed map (4.11) by observing the p-adic properties of iterates defined over Q. Then
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we find that there are two singularity patterns for y; , and y; ,, namely

Pattern 1 : (y1,4,52,0) = ..., (R,00"), (00",R), (0",0'), (R,0%), (R,00%) ,...
(4.14)
Pattern 2 : (y1.n,Y24) =-.-,(0,R),....

This indicates that the y; , and y, ,, can be written in terms of tau functions 7, and 7, as

2
U Tn+1Tn+2

y  Y2on = Pn (415)

Yin =

- b
Th+2Th+3 7';%7'}1+4

where the quantity p, is an additional prefactor. However, substituting these expressions dir-
ectly into (4.13) gives rise to relations between tau functions that are not in the form of cluster
exchange relations. So in addition to p-adic analysis, we proceed to consider the singularity
patterns more closely via explicit analysis with the introduction of a small quantity e.

A discrete dynamical system defined by a birational map can have two types of singularities:
the points in phase space at which the map is undefined, and the points where the Jacobian of
the map vanishes. From (4.11), one can see that the deformed map ¢; possesses a singularity
at y; = —f3. Performing singularity analysis by setting y; , = —5 + ¢, we find the confined
singularity pattern

(-G (D) (D-(5) e

where C,C’ are regular values, and when € — 0 the subsequent terms are not indeterminate
(they are generic, regular values). By comparing (4.16) with (4.14), it is clear that (4.16) cor-
responds to Pattern 1, but with more detail revealed. The detailed form of the singularity pattern
suggests another way to relate y; , to the tau function 7,, after shifting by the parameter S,
expressing it as

Tn+5Tn

Yip=—F+ (4.17)

)
Tn+3Tn+2

where ¥, is another prefactor. Defining a new variable w, = y; + 3 leads to a system of three
recurrence relations, expressed in terms of w,,y; , and y, ,. Furthermore, subtracting the first
relation in (4.13) from w, times the second and removing a common factor of y; , results in
simplifying the recurrence for y ,, yielding the three equations

Wn=Y1n + Bv
YLt 110 = Wayan + 5, (4.18)
V2t 1Y2.aWE = Y1 + 1.

The way that the tau function 7, appears in (4.17) suggests that there is a close connection
between the iteration of w,, in (4.18) and the Lyness map.

Theorem 4.2. Under the iteration of (4.18), the quantity w, satisfies the Lyness recurrence
Wk 1Wa1 = aw, + 3, (4.19)

where the coefficients along each orbit of the map ¢ are & =1— (8 and B =Bk, +28%*+
8+1
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Proof. By following the same approach as used in the proof of theorem 3.4, after setting the
prefactor 1%, — 1 in (4.17), one can show that 7, satisfies a special Somos-7 relation of the
same form as (3.22), namely

Tn+7Tn = &Tn+67-n+l + ﬁTn+3Tn+4- (4.20)

where & = 1 — 3, and the coefficient 3 is given as above in terms of 3 and the conserved

quantity K;. Then from (4.17) and the first relation in (4.18), it is clear that w,, is given in

terms of the tau function 7, by
W, = Tn+5Tn

_ 7 421
Tn+3Tn+2

and from this it is an immediate consequence that w,, satisfies the Lyness recurrence (4.19)
with these coefficients, which are constant along each orbit. O

As noted in the introduction, the special Somos-7 recurrence (4.20) corresponds to a cluster
algebra of rank 7, where (7,,) is a sequence of cluster variables and the coefficients &, 3 are
regarded as frozen variables; and in that setting, the associated exchange matrix has rank 2
(for further details, see [11]). In the discussion of the deformed C, map, we already noted that
there is a close connection between this special Somos-7 relation and Somos-5. This leads to
a related result for the map defined by (4.13).

Theorem 4.3. Under iteration of (4.13), the quantity v, =y , + 1 satisfies the Somos-5 QRT
map, in the form

Vot 1VaVno1 = vy + 3 (4.22)

where the coefficients along each orbit of the map $, are given by & = K, + 3+ 3 and 3 =
(B—1)é

Proof. This result, including the above formulae for the coefficients &, B, is a consequence
of theorem 1 in [19], which states that each invariant curve of the Lyness map is birationally
equivalent to an invariant curve corresponding to the Somos-5 QRT map, and hence there is
a direct correspondence between the orbits of the two maps, whenever the parameters of the
maps related to each other in a specific way. See also proposition B.2 in the second appendix
below. O

Recall from the discussion around theorem 3.4 that a substitution of the form

TraaT
= An+4 An—&-l (423)
Tn+3Tn+2
relates (4.22) directly to the Somos-5 recurrence, that is
Tut5Tn = OTn1Tnta + BTut2Tnts- (4.24)

Now the substitution (4.23) and the definition of the quantity v, implies that

7A-n+472n+1
Yin = —1+ = = y
Tn+3Tn+2

but in general this is not compatible with the substitution (4.21) that relates w, to a solution
of (4.20), in the sense that the tau functions 7,, and 7, need not be the same, but instead they
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are related by a gauge factor that depends on n. Rather, the most general way to relate v, to 7,
is to write

r T;
Vo= Y1+ 1 =& 22 (4.25)
Tn+3Tn+2

with another prefactor £, that depends on n. It will turn out that, with an appropriate choice of
gauge, this quantity is periodic with period 3. (See theorem 4.4 below, and appendix B.)

Observe that, with the extra variable v added to y;,y, and w, the map defined by (4.13) is
equivalent to iteration of a system of four equations, namely

Wn:yl,n+ﬁ7
2
y1n+1y1n:Wy2Jz+6>
ALYl = Wib2, 4.26
Vn:yl,n+17 ( )

2 __
Y2 n+1Y2.nWy = Vn+1,

and upon substituting for y;,y, from (4.15), for w from (4.17), and for v from (4.25) the most
general set of relations between the tau functions is found to be the following:

Ty Tn4+5Tn = ﬂTn+3Tn+2 + My

2 2 2 2
M+1Tn = Pn (ﬂn) Tot5Tne1 T BT"+4TH+37-"+2’

(4.27)
gnTn+4Tn+l = Tn4+3Tn+2 + Mns

Pn+1Pn (?9”)2 =&nt1-

Theorem 4.4. There is a choice of gauge which fixes 9, — 1 in the system (4.27), and implies
that §,43 =&, and py4¢ = pp for all n, with

5 3
Hpiznfj:k1+ﬁ+3. (4.28)
i=0 j=1

In that case, the system corresponds to a lift of the deformed B3 map (| to a birational map
on an extended space of tau functions, that is

Q2 (70,71, 72,73, T4, M0, P0, B) = (71,72, 73,74, 75,11, p1, 3) , (4.29)

where the sequences (1), (1) possess the Laurent property, but the periodic coefficients p,
do not.

Proof. By definition, in the context of the tau function formulae (4.15), a gauge transforma-
tion is any transformation of the tau functions which leaves the variables y; ,,y> , invariant. If
we make the replacement 7, — g, 7,, Where the dependence of g, on 7 is arbitrary, then clearly
replacing 7, — gn+28n+3 1. leaves y; , the same, while replacing p, — g,%gn+4g;+21 & +12 On
leaves y, , unchanged. Now in (4.17), regardless of what non-zero prefactor ¢}, appears to
begin with, we can always make the replacement ¥,, — gn428n+38, 1 & _&519,, =1; to be pre-
cise, this is achieved by specifying any solution of a linear difference equation of order 5 for
log g,. With that choice of gauge, the variable w, is given in terms of 7, by (4.21), and the
sequence (7,) satisfies the special Somos-7 recurrence (4.20), as in the proof of theorem 4.2.
However, as already mentioned above, in general the prefactor &, appearing in (4.25) can-
not be simultaneously fixed to be 1 (rather, fixing &, — 1, so that 7, satisfies the Somos-5
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relation (4.24), is a different gauge choice). Thus, in the ‘Somos-7 gauge’, where 6, = 1, the
system of recurrences (4.27) becomes

Th+5Th = ﬁ Tn+3Tn+2 + My
— 2 2 + /8 2
Tn+1"1m = Pn Tn+5Tn+1 Tn+4Tn+3Tn+27 (4 30)
£n+1 Tn+5Tn+2 = Tn+4Tn+3 + Th+1,
Pn+1Pn = §n+1

(having shifted n — n+ 1 in the third relation). In the above, an extended ‘cluster’ of initial
data, including the fixed parameter (‘frozen variable’) 3, is given by (70,71, 72,73, 74,70, 20, 5)>
and via (4.15) this fixes initial data y, = (y1,0,¥2,0) for the map ¢;. Now iterating each of the
equations (4.30) one by one, in order, starting from n = 0, produces in turn 7s,7;,&;, p1, giving
the image of the lifted map & as in (4.29). Notice that the intermediate step of finding £; can
be skipped: for each n, by combining the last two relations, we have

Pn+1Pn = Dot Tints 1 Tl .

Th+5Th+2
Hence the first two relations in (4.30) appear like a pair of cluster exchange relations, with one
of them having a coefficient p, that is non-autonomous (dependent on ). Upon iteration of the
map ®, we obtain the three sequences (7,), (1,), (pn), which together specify the orbit y, =
& (y,), as well as the sequence (&,) of intermediate values, which appear in the formula (4.25)
for the quantities v,,. Now consider the ring of Laurent polynomials

+1 41 1 _+1 41 +1 1
R:Z[ﬁﬂ—o yT1 »To T3 T4 5Ty 5P }
Direct calculation of three steps of ® shows by inspection that £;,&, € R, and

T3T2 + Mo
53:77) =& ER,

T4T]

hence the sequence (£,) has period 3, or in other words (77 — 1) &, = 0 (where T denotes the
shift operator that sends n — n + 1). Then, upon taking logarithms on both sides of the fourth
relation in (4.30), we have

(T+ 1) logpn:h)gfn-H - (T3*1) (T+l) logpn:O
= (T°—1)logp, = (T° = 1) (T° +1) logp, =0,

hence the sequence (p,) has period 6, as required. However, while pg, p1, p5s € R, we find that
02,3, p4 € R: the latter three terms have non-monomial factors appearing in their denomin-
ators, so they cannot be cluster variables. A direct calculation shows that the product of three
adjacent &, is

&S =K +B+3€R,

where here K| is used to denote the value of the invariant along an orbit of the lifted map @,
considered as a function of 7y, 1,72, 73, 74, Mo, Po, 3; hence K, € R, and using the fourth rela-
tion in (4.30) once more, we see that the latter product is equal to pop1p2p3p4p5, SO (4.28)
holds, as required. Next, we claim that 7,7, € R. To see this, we just need to show that
T, € R for all n, since if this holds then the first relation in (4.30) implies immediately that
M = TntsTn — B Tut3Tus2 € R. So we consider the aforementioned fact that, due to the gauge
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choice, 7, satisfies the special Somos-7 recurrence (4.20), which has coefficients d,B, and
there is an associated Lyness invariant quantity (see [19], for instance), which we denote by K.
Then, by a minor modification of theorem 3.7 in [16] and its proof, it follows that the Somos-7
recurrence has the strong Laurent property, in the sense that 7,, € R for all n > 0, where

D 2 :|:1 :|:1 +1 _+1
R=7Z|&,5,K,1 Ty T 77'477'577'6}.

(For further details, see theorem B.5 in the second appendix below.) By inspection of the first
two iterates of ®, we can verify directly that 75,7 € R, while from theorem 4.2 we have & =
1-5, 3 =pBK; +28*+3+1 and a short exphclt calculation with computer algebra shows
that K = K1 + 25 + 2. Since, as already noted, K € R onan orbit of @, it follows that &, 3, K €
R, hence R is a subring of R. Thus we see that 7, € R for n > 0, and an analogous argument
extends this to n < 0 and completes the proof of the theorem. O

Remark 4.5. The first two relations in (4.30) resemble exchange relations in a cluster algebra,
but the third and fourth relations (which define p,) do not. Thus, the sequence of tau functions
cannot be produced by cluster exchange relations with frozen variables alone. Nevertheless,
this can be considered an ‘almost Laurentification’ of the deformed map: the tau functions 7,
and 7, are Laurent polynomials, while the periodic quantities p, only contain a finite number
of non-monomial factors in their denominators, so this is an example of the extended Laurent
property [28], where only a finite extension of the ring R is required. The coefficients p, are
reminiscent of y-variables in a cluster algebra with coefficients, which can be used to generate
non-autonomous difference equations, including those of discrete Painlevé type [17, 32]. We
have attempted to construct the relations (4.30) from a suitable Y-system, by pulling back the
two-form (4.4) to derive an associated exchange matrix (cf. the formulae (4.42)—(4.44) for the
case of the map ¢, below), but as yet we have not succeeded in doing this in a consistent way.

4.3. Deformed map . for Bs

The action of the deformed map ¢, given by (4.12) is equivalent to iteration of the coupled
pair of recurrences

Vi1V 10 = Way2,u + B2, 4.31)
y27n+1y2,nyl,nwi = W,21y2,n + 62 (yl’" + 1) ’

where for convenience we made use of the same variable w, =y, ,+ § as in the previous
discussion of the map ;. Subtracting the first relation from the second gives rise to a simplified
relation for y; ,41, and thus iterates of the map are generated by the system of four relations

Wn=Y1,n + 57
— 2 2
V1n+1Y1,n - Wiy2,n + 52 5 (4.32)
V1= Yi,n+1 + B 9
Y2t 1Y2,0 W = Vi 1

where, in contrast to (4.26), there is a different definition for the quantity v, =y, + 6% B
looking into the prime factorization of some orbits of (4.32) defined over Q, we observe the
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following confined singularity patterns:

Pattern 1 : (y1.0,Y2.0,Wn) = ..., (R,0,R),(R,00,R) , (00,R,00),(00,0,00),(R,0,R),...
Pattern 2 : (Y11, ¥2,0,Wn) = --., (R, R,0), (R,00%,0) ...
Pattern 3 : (y1,4,¥2,0:Wn) = ..., (0,R,R),....

(4.33)

(The corresponding patterns for v, have been omitted.) We introduce tau functions 7,,, o, and
1, which correspond to Patterns 1,2 and 3, respectively, such that y; ,,, 2, and w, = y; , + 3
can be written as

n Tn+4Tn+1T, Op4+10
Vip= |y, = T, Tkl (4.34)
Tn+2Tn+1 0, Tn+3 Tn+2Tn+1
and then the fourth equation in (4.32) immediately implies that
Tn+4Tn—1
Vo =y 7= (4.35)
Tn+2Tn+1

Upon inspecting the structure of a particular singularity further by approaching it in the
limit of a small parameter € — 0, one can see that the singularities of y; , and y , in Pattern 1
correspond to the sequence

C _52 -1 OO1 OOl -1 _52
(_m>_><01 >—>(ool>—>(—l)_>(01)_><01>_><c’) (4.36)

with C,C’ being regular values, which propagates from the point (C, —%) where

the Jacobian of the deformed map ¢, is zero. Noting that the value y; = —1 appears in the
singularity pattern, we can consider another variable u, = y; , + 1, and find that

Tn+3Tn

Up =Yin+ 1= fn (4.37)

Tn4-2Tn41 ’
where the prefactor £, cannot be removed without a change of gauge, which would modify
the form of some of the expressions in (4.35). (As explained in appendix B, the quantity &, is
periodic with period 3.)

Notice that the ratios of tau functions in (4.35) and (4.37) are identical to the substitutions
associated with the Lyness map and Somos-5 QRT map, respectively. This suggests that the
quantities v, =y, + (% and u, = ¥1,» + 1 should provide solutions of these maps under iter-
ation, as described by the following statement.

Theorem 4.6. The quantities v, generated under iteration of the system of recurrences (4.32)
satisfy the Lyness map which is equivalent to the recurrence

Vnt1Vn—1 = YVn + 57 (4.38)

where the coefficients along each orbit of the $, are specified by v = 1 — 2 and 6 = 2K, +
2B(B% + 1), and the associated sequence of tau functions (1,,) related via (4.35) satisfies the
Somos-7 recurrence

Tn+7Tn = Y Tn+6Tn+1 + 57—n+47—n+3- (439)
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The corresponding iterates of u, = y1,, + 1 satisfy the Somos-5 QRT map which is given by
the recurrence

U Unly— 1 = Aty + 0, (4.40)

where 4 = Ky + 26 +2 and § = (8 — 1)A.

Proof. This follows from analogous arguments to those used in proving theorems 4.2 and 4.3.
For a more detailed explanation of the connection between the Lyness map (4.38) and the
Somos-5 QRT map (4.40), see proposition B.2 in the second appendix below. O

The tau function expressions (4.34) and (4.35) can be substituted directly into (4.32), giving
rise to the system of equations
Op4+10n = BTnJrZTn«H + T s
1Tl = TutaTaOy 1 + B2 Tat3Trs 2Tt 1 (4.41)
TutsTn = B Tut3Tug2 + i

Since the three recurrences above are all of the right form for an exchange relation, it appears
likely that their iteration can be described by a sequence of cluster mutations in an appropriate
cluster algebra. To verify this is the case, we set the initial cluster to be

X= (xlax27x3ax47x57'x6ax7) = (7}0,0’0,7’0,7’[,7—2,7—377-4)7

and then determine a new exchange matrix via the pullback of the symplectic form (4.4) by the
rational map 7 : C” — C? defined by the equations for 1,0,y2,0) € C? given by setting n =10
in (4.34). As a result, one finds a presymplectic form on the space of tau functions, written in
terms of the cluster variables x; for 1 < j < 7 as

p=7"w=> Qydlogk; Adlogk;,
ij
where the 7 x 7 matrix  is given by

o -2 1 1 0 -1 1

2 0 0 -2 -2 0 0
-1 0 0 1 1 0 O
Q=|-1 2 -1 0o 1 1 -—1}{. (4.42)
0 2 -1 -1 0 1 -1
1 0 0 -1 -1 0 O
-1 0 0 1 1 0 O

Given the skew-symmetric matrix () as above, a skew-symmetrizable exchange matrix B
such that BD = €2 can be determined by post-multiplying with the diagonal matrix D~! =
diag(1,1/2,1,1,1,1,1), to obtain

0 -1 1 1 0 -1 1

2 0 0 -2 -2 0 0

-1 0 0 1 1 0 0
B=OD"'=(B;)=|-1 1 -1 0 1 1 -1]. (4.43)

0 1 -1 -1 0 1 -1

1 0 0 -1 -1 0 O

-1 0 0 1 1 0 0



J. Phys. A: Math. Theor. 57 (2024) 415201 AN W Hone et al

The matrix B above generates a coefficient-free cluster algebra, but both the parameter 5 and
its square appear in front of some of the terms in (4.41). To incorporate this into the exchange
relations, we extend the initial cluster by adding the frozen variable x3 =  and adjoining an
extra row with entries (0,1,0,0,0,0,—2) to the exchange matrix B. Then we can obtain the
following statement, which constitutes the Laurentification of the deformed B3 map ¢,.

Theorem 4.7. Let (f(,B) be given as an initial seed which is composed of the extended initial
cluster

X= (%/)1<j<8 = (77070-0,70771772773’7-476)
together with the associated extended exchange matrix

0 -1 1 1 0 -1 1

2 0 o -2 -2 0 0
-1 0 0 1 1 0 0
- -1 1 -1 0 1 I -1
B= 0 1 -1 -1 O I -1’ 444
1 0 0o -1 -1 O 0
-1 0 0 1 1 0 0
0 1 0 0 0o 0 =2

and consider the permutation p = (34567). Then the iteration of the cluster map p =
p~ ' i3 i1 fiy is equivalent to the system of recurrences (4.41), and for all n € Z the tau functions
Ty On, Ty are elements of the Laurent polynomial ring 7|3, 773:1 ,(73:1 , Toil , Tlil ,Tzil ,7'3:H , T4i1 ),

with positive integer coefficients.

Proof. Let us consider the seed (X',B’) = jizjifi2(X,B) = that arises from applying the
sequence of mutations fi3/i /1> to the given initial seed, where (as usual) we use fi; to denote
mutations in the cluster algebra associated with Laurentification of the deformed map. The
new cluster is X' = (¥{,%},%},%4,%s,%6,%7,%3), where the new cluster variables (with primes)
are obtained from the exchange relations

X5Xy = XgXaXs + X1,

e S N2% (2 N2% o N2~ =

X1 = (¥s) X (X5)" X + (2) X337, (4.45)

X% = (Xg)” Xske + 1,

while the mutated exchange matrix B’ = ji3/i; iz (B) is given by

0o -1 1 1 1 0 -1
2 0 o0 0 -2 -2 0
-1 0 0 O 1 1 0
-1 0 0 O 1 1 0
-1 1 -1 -1 O 1 1 (4.46)
0 1 -1 -1 -1 0 1
1 o o o0 -1 -1 0
0 1 -2 0 0 0 O

For the new cluster variables, if we identify X’ = 11, X2’ = 01, X3’ = 75 and replace all vari-
ables x; for 4 < i < 8 with the corresponding tau functions and frozen variable from the original
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cluster X, then we find that the exchange relations (4.45) are equivalent to the recurrence for-
mulae (4.41) for n=0. As for the exchange matrix B’, we can rewrite it in the following way:

f3 [ 12 (3) =PBP,=p (B> .

In the above, the action of the permutation p = (34567) is equivalent to applying the row and
column permutation matrices

1 000000 O L0000 00
01000000
0100000
0000O0O0T 0
00100000 000 1000
Pi=1o 0010000l P=l0000100 (4.47)
0000O0TDO0
00001000
000000 1
0000O0T1UO0O0 0010000
0000O0O0O0 1

Hence we see that the cluster map defined by ¢ = p~'jisfi i, satisfies w(f?) =B, and its
action on any cluster is equivalent to the shift » — n+ 1 on the indices of the tau functions.
Since they are cluster variables, these tau functions exhibit the Laurent property. Moreover,
the cluster variables are Laurent polynomials with positive integer coefficients, due to the
positivity property [13, 25]. O

4.4. Tropicalization and degree growth for deformed B3 cluster map

We have seen that deformation of the periodic dynamics in type B3 yields two integrable sym-
plectic maps, but only the second map ¢, given by (4.31) has been shown to correspond to
mutations in a cluster algebra, as in theorem 4.7. By the Laurent property, we can write the
tau functions generated by the system (4.41) in the form

_ Nlgl) (%) o NrEZ) (%) __ Nrg3) (%)
Tn id" 9 n ien 9 n )A(f”
and find that the corresponding d-vectors d,,, e,,f, € Z’ satisfy the (max,+) tropical relations

€,+1 + €, = max (fn+2 + fn+l;dn) )
dnJrl + dn = max (fn+4 + fn + 2en+17fn+3 + 2fn+2 + fn+1) ) (448)
fn+5 + fn = max (f11+3 + fn+2a dn—H ) s

where, as usual, the tropical relations do not contain analogues of coefficient terms associated
with the parameter 3, since the denominators of the tau functions only depend on the non-
frozen variables 1, 0¢, 7o, T1, T2, T3, T4 in the initial cluster X.

To determine the growth of the d-vectors in this case, we introduce the tropical analogues
of the substitutions (4.34) and (4.35), namely

Yl,n = dn - fn+2 - fl1+]7 Y2,n = fn+4 - fn+3 + fn+1 + fn - Zem

4.49
Wn = en+l+en_ n+2_fn+la Vn = fn+4_fn+2_fn+1+fn—la ( )

which turn out to produce periodic quantities under iteration. These substitutions allow us to
derive the tropical version of the system (4.32) for the map ¢».
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Lemma 4.8. The combinations of d-vectors defined by (4.49) satisfy the tropical analogue of
the deformed B3 map (p,, given by the following system of four equations:

Wn - [Yl,n]+ 5
Yl,n+l + Yl,n = [Q.Wn + Y2,n}+ )
Vn+1 = [Yl,n+1]+ )
Y27n+1 + Y2-,” + 2Wn = Vn+1 .

(4.50)

Given arbitrary initial values (Y o,Y2 o) € R?, every component of this system is periodic with
period 4.

Proof. The (max,+) equations relating Y; ,, Y2 ,, W, and V,, follow directly from the substi-
tutions (4.49) and the tropical analogues of the exchange relations that produce (4.48). Observe
that, from the point of view of the dynamics of the main variables Y, ,, Y5 ,, the third equation
in (4.50) is redundant, since from the first equation it is clear that

vV, =W, (4.51)
for all n, so we could omit the third equation and replace the fourth one by
YZ,n—H + Y2,n + 2Wn = Wn+1 .

For the vector system (4.50), a set of initial data consists of a pair of vectors Y o, Y> o, but
we can view each component as a piecewise linear map ¢» s R? — R?, and check directly
that any pair arbitrary initial values (¥, o, Y2 0) € R? produces a sequence of points in the plane
that repeats with period 4; or in other words, (952,tmp)4 =1id. This can be verified by case-by-
case analysis, which we leave to the reader. O

We now show how we can use Somos sequences to simplify the calculation of degree growth
for tau functions, by using a tropical analogue of theorem 4.6.

Lemma4.9. The d-vectorsf, € 7 that specify the denominators of tau functions T, generated
by the system (4.48) satisfy the tropical Somos-7 relation

f,17+f, =max (f,46 +fi41,¢+ Fopa +£143), (4.52)
and the corresponding quantity V, defined in (4.49) satisfies the ultradiscrete Lyness map

Vut1 + Vo =max (V,,¢), (4.53)
where c is the constant vector

c=(2,2,1,1,1,1,1)".

Proof. Upon substituting the expression 7,, = N,(13) (x) %" into the Somos-7 recurrence (4.39)
and comparing denominators on each side, we see that the first term on the right has denom-
inator X"+ since the coefficient ~ in front of this term is a constant that is independent
of cluster variables; but the coefficient § appearing in front of the second term is linear in the
first integral K, as given in (4.10), and pulling this back to a function of the tau functions
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via the map 7 : C’ — C? defined by the substitutions for y; o,y in (4.34) gives a Laurent
polynomial that takes the form

. P(x)
™ (6) =52 ,
?700'07'()’1'17'27'37'4

for a certain polynomial P, which means that the denominator of the second term on the right-

hand side is 7"+ with the given constant vector ¢. Hence f,, satisfies the given (max,+)

version of Somos-7, and it follows immediately that V,, is a solution of the corresponding
analogue of the Lyness map (4.38), which is the relation (4.53) with the same constant ¢. [

The seed X = (10, 00,70, T1, 72, T3, T4, 3) gives the initial cluster of d-vectors specified by the
matrix

(doeofofy 26584 ) =—1, (4.54)
where I here denotes the 7 x 7 identity matrix. This provides the initial data
Yi0=(-1,0,0,1,1,0,00",  Ya0=(0,2,—1,-1,0,1,—1)"
for the vector form of the map ¥, (op, as in (4.50), and gives
Vo =W =[Y0], =(0,0,0,1,1,0,0)".

As for the other root systems considered previously, the precise form of these vectors, and the
fact that they produce an orbit with period 4, is related to the Zamolodchikov periodicity of the
original B3 cluster map, given by (4.2) with b} = b, = b3 = 1. After applying a single iteration
of the map ¢, op to these initial vectors, we find

Y =[Yi], =Vi=W;=(1,2,001,10", Y;=(1,0,1,—-1,-1,0,1)".

Note that, since the sequences Y , and Y , both have period 4, it follows that the associated
sequence of quantities V,, = [¥; ,]+ does as well, and this is the same as W, as already noted
in (4.51). By making further iterations of (; yop, We record that the next two values of the
vector V,, are

V,=(2,2,1,0,0,1,1)",  V3=(1,0,1,1,0,0,1)",

with all subsequent terms determined from V14 =V,,.
Another way to see the periodicity of the quantities V, is by noting that (4.53), or rather its
scalar version

Va1 + Va1 = max (Vy,c), (4.55)

is just one particular example of the family of ultradiscrete QRT maps considered by Nobe. In
the specific case of interest here, the first two components of the vectors V( and V|, and the
first two components of the vector ¢, correspond to two different period 4 orbits of the scalar
relation (4.55) with parameter value ¢ = 2, namely

(0,1) = (1,2) = (2,1) = (1,0) and  (0,2) — (2,2) — (2,0) — (0,0), (4.56)
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respectively, while the other five components of these vectors correspond to the same period
4 orbit of (4.55) with parameter value ¢ = 1, that is

(0,0) = (0,1) = (1,1) = (1,0). (4.57)

However, note that, from the result of theorem 4 in [30], choosing different initial data and/or
different values of ¢ in (4.55) can produce orbits with a different (arbitrarily large) period.

Theorem 4.10. The d-vectors d,,e,,f, satisfying the (max, +) system (4.48) all lie in the ker-
nel of the linear difference operator

L= (T*+1) (TP = 1) (T*=1).

For the tau functions n,,0,,T, generated by (4.41), the leading order degree growth of their
denominators is given by

d,=2an*4+0(n), e,=an’+0(n), f,=an’*+0(n),

with a=—(2,2,1,1,1,1,1)".

2 (
Proof. By definition, we have
V,= (TS -7 -T*+ 1) fu1,
but since the sequence V,, has period 4, this gives
(TH=1) Vo = (T = 1) (T* = 1) (T° = 1) £, = L, =0.
Then, given that f, lies in the kernel of EN, from the first formula in (4.49) we find
Ld, =L (f2+E1 + Y1) = Lo+ Lot + (T2 = 1) (T° = 1) (Y1044 — Y1,0) =0,

where we used the fact that Y , has period 4. Similarly, the second formula in (4.49) and the
fact that Y, , has period 4 gives

. 1 -~
Le, = 5 L (fn+4 — fn+3 +fn+1 +f, — Y2,n) =0.

Thus the first part of the statement is proved.
For the second part of the statement, note that the value of V, calculated above requires
that

f_=(0,0,0,0,0,0,1)",
and we can use the relation
fn+4 = Vn + fn+2 + fn—i—l - fn—l 5

together with the four-periodicity of V,, to extend the initial values given in (4.54) and thereby
produce (f;) 1< <7, providing the required number of terms to completely solve the initial
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value problem for the linear difference equation Lf,=0.In passing, we note that this sequence
of d-vectors has the particular form

fn = (f;gl)7f;$2)7 ,5?47f,$?37fr§?27f;5?17f153)> )

given in terms of the three scalar sequences

D) 0,0,0,0,0,0,1,2,2,3,5,6,7,9,11,13,15,17,20,23,25,28,32, ...,
f2): 0,0,0,0,0,0,2,2,2,4,6,6,8,10,12,14,16,18,22,24,26,30,34, .. .,
) 1,0,0,0,0,—1,0,0,0,0,1,1,2,2,3,4,5,5,7,8,9,10,12, ...,

which determine the degrees of 19, og and 7; for 0 < j < 4, respectively, that appear in the
denominator of the tau functions 7,. For the leading order quadratic growth of f, we find

f,~an® where (T+1)(T*—1)(T°—1)f, =48a=(4,4,2,2,2,2,2)",

with the value of the constant a being determined above from the initial values f_y,... f;.
Then from the first two formulae in (4.49), together with the four-periodicity of Y, and Y5 ,,
we have

1
d, ~ fn+2 +fn+1 ~2f, ~ 23}12, €, ~ 5 (fn+4 - fn+3 +fn+1 +fn) ~f, ~ an27

with the same constant a. This completely fixes the quadratic leading order behavior of the
d-vectors, and in each case the correction term is O(n). O

Remark 4.11. Although they do not appear to be generated by simple cluster mutations, the
Laurent polynomials 7,7, produced by iteration of (4.29), associated with the other deformed
B3 map ¢, are also connected to a Somos-7 recurrence, namely (4.20), so it should be possible
to calculate their degrees by adapting the preceding arguments suitably.

5. Integrable deformations of the D, cluster map

In this section, we consider the deformation of a cluster map in 4D, which is composed of
mutations in the cluster algebra of type D4. We will show that there are two essentially different
choices of the deformation parameters that yield a discrete integrable system, each of which
lifts to a cluster map in higher dimensions via Laurentification.

5.1 Deformed D4 cluster map

The Cartan matrix for the D, root system is

2 -1 0 O
-1 2 -1 -1
0o -1 2 0
0o -1 0 2

(5.1
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The corresponding exchange matrix is

0o -1 0 O
1 0 -1 -1
B= 0 1 0 0 (5.2)
0 1 0 O
The deformed mutations with parameters a;,b; for 1 < j < 4 take the form
M1t (xlax27x37x4) = (x]/a 27x3ax4)7 .X].x]/ = bl +aix
M2t (x]/ax27x37x4) = (x]/ 27x3a~x4)7 x2~x2/ = b2 +a2x3x4x]/
/ / / / (5‘3)
w3 s (x],x5,X3,x4) — (X{,%5,%5,%4) , x3x5 = b3 +azx;
pa s (x], x5, X5, x4) — (x{,x5,%5,%4) Xax) = by + asx}.

The deformed map ¢ = pap3po e reduces to the original cluster map when we fix the para-
meters a; = 1 = b; for all i. The Coxeter number for Dy is 6, and the periodicity for the cluster
map is period 4 = (6 +2), i.e

¢ (x,B) = (p(x),B) (withaj=1=b;)) = ¢*(x)=x. (54)

As usual, we can reduce the number of parameters in the problem by rescaling each of the
cluster variables independently, x; — A;x;, and choose the scalings so that the parameters a;
are removed and the sequence of deformed mutations can be rewritten as

X nt1X1,0 = X2,0 + b1,

X2,n+1X2.n = X3,n X4, nX1,n+1 + b27 (5 5)
X3 n41X3,0 = X2 py1 + b3, '
X4 n41X4,0 = X2 nt-1 + ba.

Since the exchange matrix is skew-symmetric, by the result of theorem 1.3 in [20] the
deformed map preserves the presymplectic form w given by

W= 7dX1/\dX2+7dXQ/\dX3+7dXQ A dxy. (5.6)
X1X2

Now since B is degenerate and of rank 2, one can reduce the birational map ¢ from 4D to a
2-dimensional symplectic map. The null space and image of B are given by

ker(B) =< (1,0,0,1)",(1,0,1,0) >,  im (B) =< (0,1,0,0)",(=1,0,1,1)" >. (5.7

Hence the null distribution of the presymplectic form w is spanned by the two commuting
vector fields vi = x; 0y, + x40, and vy = x; 0y, + x30x,. The space of leaves of the null foliation
has local coordinates

)Cg)C4

Yi=X2, Y= (5.8)
X1

Then the rational map defined by

T cC* —» C?

5.9
X = ()C],)CZ,X3,)C4) — y:(ylayZ) ( )
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reduces the cluster map ¢ to the 2D symplectic map

@ c -
v=(ny) ((bl +y1)y2 +bs 7 (ba+y2)y1 +biyr + l;z)((b3 +y2)y1 +biy2 +b2)) ’
i y2y7(b1 +y1)
(5.10)
which is intertwined with ¢ via 7, so that
QT =T P, ¢ (W) =w,
where 77* (@) = w is the pullback of the symplectic form
. 1
w=——dy; Ady, 5.11)

Yiy2

under 7. When all of the parameters b; = 1, the reduced map ¢ has period 4, and one of the
first integrals associated with this map takes the form

3 3 3 2.2
KZZ(SZ’*)i(ﬂ): (1+y1) +(2+5y1+y1)y2+(1+y1) Y2. (5.12)

i—0 yiva

L

By applying the same procedure as in the previous examples, we suppose that there is an
analogous first integral that is compatible with the deformed map (5.10), taking the form
- ! Q oo o o o
K=yit+apy+20 B2, 0 0 Jn, B 8,5

> 5 (5.13)
Y2 V1 Y2 V1 Y1 y2yr o yr o Y2

where «; are undetermined parameters. Then imposing the requirement that K should be pre-
served, so that ¢*(K) = K, constrains these parameters and leads us to find necessary and
sufficient conditions for the map ¢ to be integrable, as follows.

Theorem 5.1. For the deformed symplectic map ¢ to admit the first integral (5.13), it is neces-
sary and sufficient for the parameters b; to satisfy one of the following sets of conditions:

(1) b2:b4:b1b3; (51461)
(2) by = by = b3by; (5.14b)
(3) bz = b3 = b1b4. (5146)

Hence in each of these cases, the deformed map ¢ given by (5.10) is Liouville integrable,
preserving the function

- b +1 by+bs+1 bi+by+bs+bs+1 b
K:y1+y2+yfl+(1 )y2+ 3T 04 42 2T 03104 +17)’2

» Y1 » Y1 )’%
b3bs+b3+b 2b bsb
+ 304 3 4 +TZ+ z 4 (515)
yiy2 AT yiy2

Remark 5.2. Observe that the form of the original deformed mutations (5.5) remains invariant
under switching x3 <> x4, b3 <+ by, and similarly for the form of the reduced map ¢ in (5.10)
and the first integral (5.15) when these last two parameters are switched. Hence cases (1) and
(3) are equivalent to one another, and (1) and (2) are really the only two distinct cases to
consider in theorem 5.1.
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For the two essentially distinct cases of the reduced map obtained by deformation of the
Dy cluster map, as identified in the preceding theorem, we have two 2-parameter families of
integrable maps given by ¢, ¢, respectively, where

Pr: <J’1>H<(b1+y1)h+b1b3, [(bl+Y1)YZ+b1b§(y1+1)}~[y2+b3}) (5.16)
Y2 V1 yiy2

. (n ((b3b4 +y1)y2+b3bs [(ba+y2)y1 +b3bs (y2 + 1)] - [(b3 +y2) y1 + b3bs (y2+1)])
©y: — ’ 2
2 Y1 bayiya (b3bs +y1)
(5.17)

where the coefficients in each map are fixed in cases (1) and (2), respectively. The correspond-
ing invariant functions K, K, are given by

- b +1 bs+bibs+1 by +2bbs+bs+1 b
K1:y1+y2+;)1+(1 )y2+ 3 103 + 1 103 3 + 1y2
2

Y1 Y2 Y1 y%
by (b1bs+b; +1 2bb b, b?
phalbabatbitl) 2 =2 (5.18)
yiy2 Y1 yiy2
= biby+ 1 bs+bs+1 2bsby+bs+bs+1  bsb
K2:y1+y2+y—1+(34 )y2+ 31704 4 22304703 T D4 + 3;)’2
Y2 Y1 Y2 Y1 A
b3bs+b3+b 2b3b. bsb
p2RT ST R IR (5.19)
yiy2 B Yiy2

which are the particular relevant cases of the function (5.15). The level sets of each of the latter
functions gives a pencil of plane curves, of which the generic member has genus 1 and hence
corresponds to an elliptic curve. It turns out that the two functions above become equivalent to
one another when b3 = 1, upon identifying the remaining parameters b; and b4 in each case,
although the associated maps ¢, (, remain distinct from one another.

Remark 5.3. Since both sets of curves corresponding to K| and K, have bidegree (3,2), they
do not correspond to QRT maps, which come from curves of bidegree (2,2) (that is, biquadratic
curves).

5.2. The deformed map (4 for Dy

The iteration of the deformed map ¢; can be written as the following system of recurrence
relations:

ViptiVia= (b1 +y1,0)y2,0 + b1D3 (5.20)
Y2t 1Y2m01 0= (b1 +y1.0) Y20 + 5163 (1.0 + 1)) (v, + b3) - '

Applying the p-adic method as used in previous cases, we choose some rational values for the
parameters and initial conditions, and observe the orbit of the map (; as a sequence in Q2.
Then we find three different singularity patterns, given by

Pattern 1 : (yi0,y20) =, (R,Ol) , (R,ool) , (ool,ool) , (ool,R) , (R,Ol) ,(R,R)...
Pattern 2 : (yy,4,52,1) = ..., (0',R), (5.21)
Pattern 3 : (yi,n,y20) =, (R,Ol) , (R,ool) e
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By associating a tau function with each pattern, so that 7,,,7,, 0, correspond to patterns 1,2,3
respectively, we are led to the change of variables
n On+1Tn—2Tn+2

Yin = sy V2=
Tn—1Tn OnTnTn+1

(5.22)

If we directly substitute these variables into the recurrences (5.21), then we obtain the relations

2
(blTnflTn + rn) Opn41Th—2Tn+2 + blb37_n717-n Tn+10n

ng1rn =
On
(01530, T T 1 4+ b10n 1 Tu—2Tny 2] (5.23)
. [(blTn—lTn + rn) On41Tn—2Tn+2 + bleUnTnTn+l (Tn—lTn + rn)]
Op42Tp+3 = 5
b\1riTh—20y,

To simplify the above relations and decouple them in such a way that they represent
exchange relations, it is helpful to observe the full singularity pattern in 4D, which emerges
from applying the sequence of deformed mutations (5.5) subject to the conditions by = by =
B = b1bs. Using the p-adic method in this case suggests making a transformation on the level
of the x-variables, defined by

On n Op+1 Tn—2Tn+2

X1,n = Pn X2n = X3.n = Pn , X4 = ,
Th—1 Tn—1Tn Tn Tn—1Tn+1

(5.24)

where the extra prefactor p, corresponds to an additional singularity pattern, appearing only
on this level. By a short calculation, one can confirm that these new formulae are consistent
with the expression for y, , previously given in (5.22), since we have

_ MaXan  On+1Tn—1 Tn—2Tn+2  On+1Tn—2Tn+2

Y2.n
xl,n OnTh Tn—1Tn+1 OnTnTh+1

as required. Thus, with the parameters constrained as in (5.14a), the iteration of the deformed
map (5.5) is equivalent to a system of four relations, namely

Pn+1Pn0On+10n = b1 Ty 1Ty + 1,

2 2
Fnt1¥n = Pnt1Pn0pq 1 Tn+2Tn—2 + b1b3Ty 1T T,

(5.25)
Pn+1Pn0n+20n4+1 = b3Tn+lTn + Tn4-1,

Th43Th—2 = bleTnTn+] + Yn4-1-

By incorporating the above relations into (5.23), and eliminating p,, we are able to decouple
them into a total of three recurrences, which all take the form of exchange relations, given by

Op42Fn = b30nTnTn+1 + Op41Th—2Tn+2

Tn410n = Opt 1 Tnd2Tn—2 + b On4+2TnTn—1 (5.26)

Tnt3Tn—2 = b1b3 Ty Tyt + Tagr

Next, in order to confirm that this gives a cluster map defined on a suitable space of tau func-
tions, we need to build an appropriate exchange matrix which produces (5.26) via a sequence
of mutations. Firstly, let us combine the initial tau functions into a cluster in a seed for a
coefficient-free cluster algebra, by setting

(jél7-%27i3a5€475€535€6,5c775€8) = (003O—larOaT—ZaT—bTOaTlaTZ)7
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Figure 2. Extended quiver associated with the deformed Dy cluster map 1.

and let 77y : C® — C? be the rational map defined by (5.22). Then, upon taking the pullback of
the symplectic form (5.11) by 7, we find

o=7 @)=Y b dlog¥ Adlogi; (5.27)

1<i<j<8

where the coefficients are combined into the matrix B(!) = (l;i(jl)) given by

o o0 -1 O 1 1 0 0
0 0 1 0o -1 -1 0 O
1 -1 0 -1 O 1 I -1
= (1 0 0 1 0o -1 -1 0 O
B = -1 1 0 1 0o -1 -1 1 (5.28)
-1 1 -1 1 1 0o -1 1
o o0 -1 O 1 1 0 0
0 0 1 0o -1 -1 0 O

We proceed to add two extra rows, associated with the frozen variables b; and b3, to the
bottom of the exchange matrix (5.28), which will result in the construction of the extended
exchange matrix B shown in (5.29) below. Figure 2 depicts the quiver associated with the full
matrix B(D.

Theorem 5.4. Given the extended initial cluster
X= (%/)ISJSIO = (UO,UI;rO)7—7277717707T1a7-27b17b3) 3

and the permutation py = (123)(45678), the iteration of the cluster map ¥ = p| ' fiafir ji3
defined by the extended exchange matrix BW in (5.29) with square submatrix (5.28)
is equivalent to the system of recurrences (5.26), which generates elements of

+1 _+1 +1 _+1 _+1 _+1 _+1 _+1
Z>0[b1>b3;0—0 YO 5Fy »T0T15Tg 71 7T, ]
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Proof. Let us consider the initial seed (x,B(!)) containing the extended initial cluster X as
above, with the corresponding extended exchange matrix given by

o o -1t 0 1 1 0 O

0 0 1 0 -1 -1 0 0
I -1 0 -1 0 1 1 -1
0 0 1 0 -1 -1 0 0

o |-1 1 0 1 0 -1 -1 1

e I e S S (5:29)
0 0 -1 0 1 1 0 0
0 0 1 0 -1 -1 0 0
10 0 0 0 0 0 I
0 1 -1 0 0 0 0 1

Applying cluster mutation fi3 at node 3, followed by /i and ji4, will give the exchange relations
X33 = X10%1X6X7 + XoXaXsg,
)~Cl/)~C1 = XpX4Xg + XoX3 /5C55C6, (5.30)
X4X4 = XoX10X6X7 + X1,

which have the same form as the expressions in (5.26). Under this sequence of mutations, the
extended exchange matrix B(!) satisfies the relation

Hafby i3 (B(l)) =pi (B(l)) —P,BDP,

where the action of the permutation p; = (123)(45678) on the rows/columns is represented
by the matrices

(e

P =

—_— O OO oo oo

S oo oo~ OO
[cNoNoBeNoNe e
S oo oo o —O
[ NeNeNe ==l
S OO~ OO OO
=Nl eloNoNeNe)
=N NeleNoNoNeNe]

SO OO oo O

[sNeoNeoBoloNeNe A=
SO DD OO
S oo oo OO OO
S OO OoO R OO OOO
SO O, ODDODODOOO
SO OO oo OO
SO OoODOoOOoO R OO0
O = OO DODDODOoOOOO
— O oo oo oo oo

(5.31)

It follows that B() is preserved by the action of the associated cluster map, that is (é(l)) =
B, where 1 = Py 'fiapu1pi3, and the combination of the inverse permutation with the
exchange relations in (5.30) precisely corresponds to the shift of index n — n + 1 acting on the
tau functions in each cluster, reproducing the iteration of the system (5.26). Hence this cluster
map is a Laurentification of the deformed D4 map ¢;, generating Laurent polynomials in the
initial cluster variables, and positivity for skew-symmetric cluster algebras [25] implies that
their coefficients are positive integers. O

Remark 5.5. The subquiver in figure 2 consisting of the 8 unfrozen nodes is mutation equival-
ent to another particular quiver presented by Okubo, which enables a g-Painlevé VI equation
to be constructed from an appropriate combination of coefficient mutations [32].
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5.3. The deformed map o for Dy

Let us now consider iteration of the map ¢, given by (5.17), which can be written as the
recurrence

Vit Y= (b3bs +y1.0) y2,n + b3bs
y2,n+1y2,ny%,nb4 (b3bs + y1,0) = ((ba +y2,0) yi,u + b3bs (y2,0 + 1)) (b3 + y2,1) yi,0 + b3ba (2,0 +1)).
(5.32)

Repeating the same procedure as in the previous sections, we find three singularity patterns
which arise from orbits of (5.32), namely

Pattern 1 : (y14,y20) = -, (R,ool) , (ool,ool) , (ool,R) , (R,Ol) , (R,ool) ,(R,R)...
Pattern 2 : (y10,Y2.0) =---, (Ol,R) yee
Pattern 3 : (y1,4,y2,1) = ..., (R,0'),....

(5.33)

By relating the singularities appearing in each pattern with new variables, we define the fol-
lowing variable transformation, in an attempt to Laurentify the deformed map ¢»:

f]n pn7ﬁn72
T V= (5.34)
Th—1Tn Th+1TnTh—3

Yin =

By substituting these expressions into (5.32), we find a rather complicated system of equations:
in particular, the resulting expression for the product p,ip, cannot be considered as an
exchange relation, as it is not immediately given as a binomial expression in the other vari-
ables. To resolve this problem, we look at the singularity patterns in the original 4D deformed
map (5.5) with by = b, = b3b4, and introduce variable transformations corresponding to these.
This suggests that the x; should be expressed as

Tn+1Tn—3 Mn rnén Oy
Xion = <= y X2 = T2 y X3n = x5 Xan= 3%
TnTn—2 TnTn—1 Tn Tnfn

where &, satisfies &,&,41 = ‘:— By directly substituting these variables into (5.5), we find a
system of equations written as follows:

7A—n+27ﬁn—3 - b3b4'f_n'f_n—1 +77n7

At 1Tin = FnOnFn_aFnga + b3baFy 1 727
M+1"Mn = O nTn—2Tn+2 3 4Tn+lTn Th—1,
;'11+16n = b37ﬁn7ﬁn+l +77n+la

é-n-i-l;.n - b47ﬁn7cn+l + ﬁn+l~

(5.35)

Also, by observing the singularity pattern for y; ,, explicitly from (5.32), one can see that y; ,
should satisfy the relation
Tnp2Tn—
Wi = Vi + baby = =, (5.36)
TnTh—1
which is in agreement with what is found by combining (5.34) with the first recurrence
in (5.35). Furthermore, by setting p, = 7,,0,, the relation for p, | p, obtained from (5.32) fol-
lows by taking the product of the last two expressions in (5.35).
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Figure 3. Extended quiver associated with the deformed Dy cluster map 1),.

Using the above, we can consider (y;,0,2,0) = (¥1,y2) and define a rational map 7 : C? —
C? by

- 7o GofoT—2
Uy === Vo= <T==<-
T-170 T1IT0T-3

The exchange matrix describing the cluster dynamics (5.35) is found by pulling back the sym-
plectic form @, as in (5.11), via the rational map 7, to obtain the presymplectic form

b
B=7; (@)=Y diAdi.

Now if we choose to order the coordinates and identify them with variables in a coefficient-free
cluster algebra as

(5C1 7-;"27)23355475(53)?67-%77)28) = (%—37?‘07770?6—03%—13%07%1 772—2) )
then we see that the map 7, is equivalent to 7, defined by (5.22) in case (1) above, so that

X3 )~C2)~C4568

1= == V2= ==
X5X6 X1X6X7

@)

and the exchange matrix with entries l~9,-j

is identical to the one obtained previously, that is
B® —pgm (5.37)

as in (5.28).

To obtain an extended version of B®) that includes b3, b, as frozen variables and repro-
duces (5.35) from a suitable sequence of mutations, we need to construct two extra rows as
in (5.38) below. The result of this is represented by the quiver in figure 3, with two frozen
nodes.
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Theorem 5.6. Given the extended initial cluster
X = (XJ)lgjgl() - (72737 ?‘0,’]?075'0,’?‘,1,%07%1,%,2,b3,b4) 3

and the permutation p, = (24)(18567), the iteration of the cluster map 1, = p; o ftaflsfii
defined by the extended exchange matrix B® in (5.38) with square submatrix (5.28)
is equivalent to the system of recurrences (5.35), which generates elements of
Z>0[b3vb47%Btlvﬁ(itlva-atl77ﬁit3l77A—it2177ﬁit117%0i17%1i1]'

Proof. From (5.37) we note that the coefficient-free cluster algebra is identical to that specified
by the same 8 x 8 exchange matrix as was found in case (1) previously, but we need to extend
it in such a way that, once b3 and b4 are included as frozen variables, it is compatible with the
four relations in (5.35) (whereas in case (1) there were only three relations). In this way, we
construct a 10 x 8 extended exchange matrix B from B® = B(), given by

0O 0 -1 0 1 1 0 o
0 o 1 0o -1 -1 0 O
1 -1 0 -1 0 1 1 -1
0 o0 1 0o -1 -1 0 O
<2 -1 1 0 1 0o -1 -1 1
B = -1 1 -1 1 1 o -1 1| (5.38)
0O 0 -1 0 1 1 0 o
0 o 1 0o -1 -1 0 O
-1 1 o o o o o0 o0
-1 0 0 1 0o 0 0 O

and we note that the last two rows are different from B(") in (5.29) (as can be seen by comparing
the frozen nodes 9 and 10 in figures 2 and 3).

Next, by applying a sequence of mutations starting with mutation /i; at node 1 and success-
ively mutating at nodes 3,4 and 2, we find that the nodes are permuted by the given permutation
p2 = (24)(18567), so that

fa fia fi3 fi (Bz> =m (Bz) )
which is equivalent to the action of a suitable pair of row/column permutation matrices on B>.

check that the corresponding combination of cluster mutations with a permutation is equivalent
to one iteration of the relations (5.35). Then as usual, because they are cluster variables, the
iterates are elements of the corresponding ring of Laurent polynomials, with positive integer
coefficients. O

Remark 5.7. Since the subquiver with 8 unfrozen nodes in figure 3 is the same as that in
figure 2, it is also mutation equivalent to the quiver associated with the g-Painlevé VI equation
in [32].

5.4. Connection with special Somos-7 relation

Similarly to what we have seen for the examples of deformations in types A and B, on fixed
level sets of these deformed D4 maps we find that the orbits of suitable tau functions satisfy a
special Somos-7 relation, which is related to the Lyness map.
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Theorem 5.8. For each integrable case of the deformed D4 map, the variable w, =y, , + 3
satisfies the Lyness map in the form

WptiWp—1 = (l - ﬁ)wn +57 (539)
where in case (1) we have
B = bbs, § = BK, + 2B + b + b3,

on each level set of the invariant function K, given in (5.18), while in case (2) the parameters
are specified by

B = b3by, § = BKy + 2% + b3 + ba,

with kz as in (5.19). Furthermore, in case (1) we can express w, by the formula

Wy = Tn+27—n73’ (5.40)

TnTn—1

where the tau function T, satisfies the special Somos-7 relation

Tn+1Tn = (1 - ﬂ) Tn+6Tn+1 5Tn+47—n+37 (5.41)

and for case (2) we have the same expression as (5.40) except that T, is replaced by T,, where
the latter satisfies the same relation (5.41) but with the modified expression for 3 and 9, as
above. Similarly, in each case the quantity

"AVn =Vin +1
satisfies the Somos-5 QRT map, in the form of the recurrence
"AVn—i-l WyWp_1 = Cwn + 9, (5.42)

where, for the appropriate value of 3 in each case, the coefficients are given by 0 = (8 —1)¢
with

case (1) : C=Ki+b +b3+2, case (2) : C=Ky)+bs+bs+2.

The proof of the preceding statements is very similar to what was done before for the other
examples, so it is omitted. The fact that the quantity w, satisfies the Somos-5 QRT map (5.42)
also means that there is a corresponding Somos-5 relation for 7, and 7,, but with a periodic
coefficient: for further details of this, see appendix B.

5.5. Tropicalization and degree growth for deformed D4 cluster maps

We have shown above that the two distinct integrable deformations of type Dy, given by (5.16)
and (5.17), both correspond to cluster maps based on the same coefficient-free cluster algebra,
but with a pair of frozen variables adjoined in two different ways in each case. The fact that
the underlying coefficient-free cluster algebra is the same means that the tropical dynamics
associated with the degree growth of the cluster variables is almost identical for these two
cases, so it is convenient to describe them simultaneously and remark briefly on the minor
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differences between them. Also, because the analysis of the tropical dynamics is very similar
to that for the other examples previously considered, we will be more sparing with the details.

In both cases, we denote the extended initial cluster by X, as described in theorems 5.4 and
5.6. Then we can write the cluster variables for case (1) in the form

N ) _NP®) N ®)

1, ) I'n = & ) Th = )A(d” )

On

with three sets of d-vectors associated with the three different types of tau function, while for
case (2) we can write the sequences of cluster variables as

Z

Ve NE L N _NY®)
) n— Ai.” bl n —

id” X X i n

T =

where in the latter case there are four different sets of d-vectors with their corresponding
sequences of tau functions. In the first case, the d-vectors satisfy the (max,+) version of the
system (5.26), given by

fn+2 + €, = max (fn + dn + dn+] afn-',-] + dn—2 + dn+2) 5
€41 + fn = max (fnJrl + dn+2 + dn727fn+2 + dn + dnfl) 5 (543)
dn+3 + dn—Z = max (dn + dn+l »€nt1 ) 5

and in the second case, we find the (max,+) version of (5.35), namely
an+2 + &n73 = max (an + &nflaén> ;

én-‘,—l + én = max (fn + gn + &n—2 + &n+27 aan—H + 2&n + an—l) )
(5.44)

fn+1 + gn — max (&,, + an+1,én+1) s
gnﬂ + i.n = max (an + an-{-laén—i-l) .

In both cases, the initial cluster of d-vectors is specified in terms of the 8 x 8 identity matrix,
denoted 7, with the initial cluster for case (1) being ordered as

(fo f1 €y d,2 d,1 d() d1 dz) = —[, (545)

whereas in case (2) the ordering of the initial cluster is
(&_3 féo &, d_; do d, &_2) -1 (5.46)
The ordering of the initial d-vectors in the initial clusters (5.45) and (5.46), respectively,
corresponds in each case to the ordering of the initial tau functions in the set of unfrozen seed
variables (¥,X2,...,Xs). The same ordering determines the appropriate tropical analogues of

the symplectic coordinates y;,y, that satisfy the maps (5.16) and (5.17), namely

Yl,n =€, — dnfl - dnv Y2,n =Ip41 — fn + dn+2 - dn+1 - dn + dn72
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in case (1), and
Y],n = én - &n—l - an: Y2,n = i‘n + gn - an+l - an + &n—z - &n—3

in case (2). We find that the (max,+) dynamical systems (5.43) and (5.44) lead to the same
ultradiscrete map for the vectors Y; ,,Y> , in each case.

Lemma 5.9. The ultradiscrete analogues of (5.20) and (5.32), which are satisfied by the vec-
tors Y1 ,, Y2 ,, are the same in each case, being given by the following system of equations:

Wn - [Yl,n]+ 5
Yl,nJrl + Yl,n = [Wn + Y2,n]+ ; (547)
Y2,n+1 + Y2,n + 2Yl,n =2 [Y2,n}+ + er

Given arbitrary initial values (Y o,Y> o) € R?, every component of this system is periodic with
period 4.

Proof. Since this is very similar to the proof of lemma 4.8, it is omitted. O
The quantity W,, appearing in the system (5.47) is given as a combination of d-vectors by
W,=dp2—dy—dy— +dy3 (5.48)

in case (1), associated with denominators of the tau functions 7,, and by
W,=d,so—d,—d,_; +d,_3 (5.49)

in case (2), which is a combination of d-vectors associated with denominators of the tau func-
tions 7;. By the results of theorem 5.8, each of these tau functions satisfies a Somos-7 relation
of the form (5.41), with a coefficient § that can be written in terms of the initial cluster variables
as a Laurent polynomial of the form

X1XQX%X4X5XGX7)C8

forj = 1,2, respectively, with a suitable polynomial P; in the numerator, and the same form of
the denominator in both cases. This immediately yields the following analogue of lemma 4.9.

Lemma 5.10. The d-vectors d,, € Z8 that specify the denominators of tau functions T, gener-
ated by the system (5.43) satisfy the tropical Somos-7 relation

dn+7 + dn = max (dn+6 + dn+l ) c + dn+4 + dn+3) ) (550)
with the constant vector
¢=(1,1,2,1,1,1,1,1)",

and the d-vectors d,, € 78 that specify the denominators of tau functions 7, generated by (5.44)
satisfy exactly the same relation. Also, the corresponding quantity W, defined by either (5.48)
or (5.49), satisfies the ultradiscrete Lyness map

W,i1+W,_; =max(W,,¢), (5.51)
with the same constant €.
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Due to the way that the initial seeds for the d-vectors are combined in (5.45) and (5.46), in
each case the initial tau functions correspond to the same initial values

Yi0=(0,0,-1,0,1,1,0,0",  Yz0=(1,-1,0,-1,0,1,1,-1)"
for the system (5.47). These initial values produce the period 4 orbit

W, = (0,0,0,0,1,1,0,0)" W, = (1,0,1,0,0,1,1,0)" , W, = (1,1,2,1,0,0,1,1)",
W3 =(0,1,1,1,1,0,0,1)",

in which the third component corresponds to an orbit of the scalar map (4.55) with ¢ =2,
namely the first orbit listed in (4.56), while every other component corresponds to the
orbit (4.57) of the same scalar map with ¢ = 1. This allows the d-vectors for the tau func-
tions to be completely determined in both case (1) and case (2). Since the steps of the proof
of the following result are very similar to those for theorem 4.10, we leave the details for the
reader.

Theorem 5.11. The d-vectors d,,e,,f, satisfying the (max,+) system (5.43), as well as the
d-vectors d,, €, f,, g, satisfying (5.44), all lie in the kernel of the linear difference operator

L=(T*+1) (TP = 1) (T -1).

For the tau functions generated by (5.26) and (5.35), the leading order degree growth of their
denominators is given by

d,=an*+0(n), e,=2an*+0(n), f,=an’+0(n)
in case (1), and
d,=an’+0(n), & =2an”+0(n), t,=an’+0(n), g, =an’+0(n)

in case (2), with the same constant vector

1 T
= (1,1,2,1,1,1,1,1
324(777)))’)

in each case.

6. Open problems and concluding remarks

The results in this paper constitute a further proof of concept of the idea introduced by one of
us with Kouloukas in [20], that periodic dynamical systems arising from Zamolodchikov peri-
odicity of cluster maps associated with finite type simple Lie algebras admit natural deforma-
tions to discrete dynamical systems that are completely integrable in the Liouville sense (but
no longer completely periodic), and further that this dynamics can be lifted to an enlarged
phase space where the Laurent property holds (Laurentification). In all of the low rank cases
considered here, over C the level sets of first integrals are one-dimensional tori, so the spaces
of initial conditions correspond to elliptic surfaces. This is just like the well known situation
for QRT maps [4], which have been studied for a long time [34]; and indeed, the examples
of Aj and C, treated above are related to particular cases of QRT maps. However, despite the
prior results on Laurentification obtained in [14], we do not know of any procedure to endow
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an arbitrary QRT map with the structure of a cluster algebra. However, if we interpret these
examples over Q (rather than C), then the Zamolodchikov periodicity of the original system
can be viewed as providing a family of elliptic curves with a rational torsion point of prescribed
order.

Our results on tropical dynamics of d-vectors indicate that Zamolodchikov periodicity plays
an essential role in determining the slow (quadratic) growth of degrees of tau functions for these
discrete integrable systems. In the first appendix below, we present the derivation of an addi-
tional formula (A.6) in the Az case, which suggests that the tropical dynamics of d-vectors for
cluster variables provides an efficient way to calculate the degrees of maps in projective space.
We expect that the same approach can be applied to many other birational maps, shedding light
on some of the unexplained observations in [37, 38].

Compared with our previous results, which were all in type A, the examples of B3 and D4
considered here have revealed the new feature that the same Zamolodchikov period dynamics
can be deformed to an integrable map in more than one distinct way. Nevertheless, there seem
to be very close connections between the two cases obtained for Bs; and the close connections
between the case (1) and case (2) deformations for D, are even more apparent, given that the
underlying coefficient-free cluster algebra is the same for both.

The situation for higher rank Lie algebras becomes even more interesting, since with more
degrees of freedom one finds that the level sets of first integrals are abelian varieties of dimen-
sion greater than 1. In [20] it was shown that the periodic cluster map associated with the
A4 root system has a 2-parameter integrable deformation, which lifts by Laurentification to a
cluster map in 11 dimensions, with 2 additional frozen variables. Recently, this construction
has been generalized to 2-parameter deformations of A,y cluster maps for all N > 1, which
lift to cluster maps in dimension 4N + 3 associated with a special family of quivers [12]. The
complete description of this construction, and analogous results for the odd rank case (A1),
will be the subject of future work. In addition to this, we have recently found extensions of the
results given here to types B and D in higher rank, which are also under investigation.
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Appendix A. Elliptic surface and degree growth for deformed A; map

Here we consider the action of the maps ¢ and 1& on the elliptic surface defined by the first
integral (2.15) in the deformed Aj case. Let (v, w) be a pair of inhomogeneous coordinates for
P! xPlandletY = % and W= % Then P! x P! is covered by four charts: (v, w), (Y, w), (v, W)
and (Y, W). For example, the point (c0,00) € P! x P! corresponds to (¥, W) = (0,0). On each
chart, K is written as
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y+dw+c)(+Dw+d) (1+dwY+cY)((1+Y)w+dY)

K, = -
w Yw

WA+ W) ((y+1)+dW)  (WHdY +cYW) ((1 4 Y) 4 dYW)

N yWw N YW ’

The pencil defined by K has 8 base points on P! x P!

() (y,w) = (0,—9),
2) (y,w) =(0,-4),
(3) (va) = (7630)’
) (Y,w) =(0,0),

) (Y,w/Y)=(0,—d),
(6) (va) = (7170 >
(7) (Y, W) =(0,0),

®) (Y,W/Y) = (0,-d)

We consider the generic situation where the values of the parameters ¢, d are such that none
of these base points coincide, which means that we should assume

c#0,1, d+#0, c#d*. (A.1)

Note that the points (5) and (8) are infinitely near (4) and (7), respectively. Blowing up P! x
P! at these 8 points, we obtain an elliptic surface X on which K;: X — P! gives an elliptic
fibration (see figures 4 and 5). The commuting maps ¢ and 1/}, which were originally defined
in (2.10) and (2.17) using the affine chart (y,w) = (u;,u2), both extend to automorphisms
on X.

Let us use intersection theory to calculate degree growth for ¢ and 1[) As a basis of Pic(X),
it is common to use

HyunvElw .. 7E8
where H, (resp. H,,) is the total transform of the class {y = const} (resp. {w = const}) and
E; is the total transform of the exceptional class of the ith blowup. For convenience, however,
here we use the basis

[Dl]v"'a[Dd ) [C2]7[C3] ) [C5]7[C3]

(see figure 5). The matrix representations for ¢ and 7,2 with respect to this basis are

0010000 0 —10
0001000 1 0 0
0000100 1 1 0
0000010 0 1 0

v._|1 000000 -1 1 0

710100000 —1 0 0

0 0 -1 0
0 1 0 0
0o 1 1 1
1 -1 1 0
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l
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Figure 4. Blow-ups needed to obtain an elliptic surface from the pencil defined by K.
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D

Co — 1T —

» |

Dy Ds

Figure 5. The elliptic surface X'. The curves D;, D4, D, and Dg are the strict trans-
forms of the curves {y = 0}, {y = oo}, {w =0} and {w = oo} in P! x P', respectively.
The curves Dy, ..., Dg have self-intersection (—2) and their intersection pattern forms
the Dynkin diagram of type Ag') (cf. [31]). The curves Cy,C»,C3,Cs, Cg, Cs have self-
intersection (—1).

and

00 O01O0O0 1 0 O 0

o 00O01O0 0 0 0 -1

00 0O0O0OT1 O 0 1 0

1.0 000 0 0 0 1 1

Moo 01 00O0O0 1 0 1 2
10 01 000 1 0 O 1|’

1 0 O 0

-1 0 -1 -1

0O 0 1 0

1 1 1 2

respectively, where the entries of the empty blocks are all zero. The intersection matrix on
Pic(X') with respect to our basis is

-2 1 O 0 1 1 0 0 0
1 =21 0 0 0 0 1 0 0
0O 1 -2 1 0 0 0 0 1 0
0o 0 1 -2 1 0 0 0 0 0
4o |0 0 0 1 -2 1 0 0 0 1
11 0 0 0 1 =2 0 0 0 O
1 0 0 0 0 0 -1 0 0 0
o 1 0 0 0 0 0 -1 0 0
o 0 1 0 0 0 0 0 -1 0
o 0 0 0 1 0 0 0 0 -1
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As in figure 6, X’ can be blown down to P2 as well. Since the total transform of the class of
lines in P? is

[D2] +2[D3] + [D4] + [C5] +2[C5],
the degrees with respect to IP? can be calculated as
deg(¢") =h"-AxM%h
and
deg (w) = b’ AxM?h,
where
h=(0,1,2,1,0,0,0,1,2,0)".

A direct calculation shows that

ol 1 (06 164
n‘L‘EcnzM@—u(o% 0,4

and
N S o T U
am My =3 (04,6 0,4)
where 16 4 is the matrix of size 6 x 4 with all the entries 1. Hence we have

deg (¢") = an +0(n) (A.2)

and
deg (1//") - %mz +O(m). (A3)

The calculation of the degree growth in P2, as above, can also be derived from the tropical
dynamics of the d-vectors, as determined in theorem 2.11. Indeed, the non-frozen variables in
a cluster associated with the deformed A3z map ¢, and the QRT map 1/3 that commutes with it,
determine a point in P? according to

~ o~ o~ o~~~ ~ o~ o~ ~ \2 ~ ~ o~ o~

(X1,%2,X3,X4,%5,X6) > (xlxm : (X2)" X6 :szsxs) ,
so the choice of initial seed

(5617-%27563356475653566) = (Xﬂ lﬂZ7 17 17Y)

corresponds to an arbitrary point X = (X : Y: Z) € P?. Thus we can determine the action of ¢
and ¢, and count the degrees of iterates of these maps, via the induced action obtained from the
cluster maps ¢ and . For instance, by considering ¢"(X,1,Z,1,1,Y), we find the sequence

@n (X) = (TnflanLZO—n : (Tn)zanJrl : TnTnJrlUn) ‘X € IF)Z, (A4)
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e X
1
{ ¢
Pl x P! P2

Figure 6. The elliptic surface X’ can be obtained by blowing up P? at 9 points, instead
of P! x P! at 8 points. The centres of the blow-ups on P in this figure are (1:0:0)and
(0:1:0), where (y: w: 1) are inhomogeneous coordinates on P2,

where the subscript X on the right-hand side denotes the fact that we substitute the initial val-
ues X =71 =X, m=19=1,3=m1=Z,x4s=7=1,X5=09=1, Xx¢ =01 = Y into each
Laurent polynomial that appears. More generally, applying a combination of the two maps
(associated with shifts in m, n respectively), for any (m,n) € Z? we can compose m steps of 1
with n steps of ¢, to obtain the (m, n) combined iterate, in the form

NiNyNs (N2)2N6 - NaN;N; )(m n;X) (A.5)

PP (X) = (Xd1+d4+d5 T x2atds C xdotditds

where the dependence on m,n and X indicates the fact that numerator polynomials N;(m, n; X)
in (2.41) are evaluated at (¥1,%,,X3,%4,%5,%) = (X,1,Z,1,1,Y), and for the denominators we
write

X;i — Xb'lrdj(m,n) ngdj(m,n) Zb;'d,»(m,n)’

where by denotes the kth standard basis vector in R®. This leads to an exact formula for the
degrees of the combined iterates of the two maps in P2, expressed in terms of the associated
d-vectors defined on the Z? lattice.
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Theorem A.1. For generic complex coefficients c,d, the degrees of the combined iterates of
the maps 1 and ¢ in P* are given by

deg (1"¢") = (by + b3 +bg)" (d (m,n) +d(mn+1)+d (m+1,m) + 1 (3 (=1)")
+ max (Y,E,lzl, W,&‘,,{,O) + max (Y,EBBL, W;SSEL,O) + max (Yn(f?u Wr$16,21;0> ;
(A.6)
k

where Y,Sf ),,, W,(n)n respectively denote the kth component of each of the vectors defined in (2.46),
that is

Yr51k1)1 = bI{Ym,m Wr$1k;)1 = bljc-wm,n'

Proof. Each of the entries for the three homogeneous coordinates in (A.5) corresponds to a
product of three cluster variables with X, Y, Z and 1 substituted appropriately, hence they are all
Laurent polynomials in the homogeneous coordinates (X : Y : Z) of the initial point in P2, In
order to calculate the degrees of the iterates in P2, we need to remove the denominators, which
are monomials in X, Y, Z, so that what remains is a coprime triple of homogeneous polynomials
in these coordinates; then the degree deg(t&m@”) of the combined (m, n) iterate of the maps
is the common degree of these three polynomials. We can clear the denominators in (A.5) by
multiplying by suitable powers of the projective coordinates X, Y, Z. So for instance, to clear the
powers of X, we must take the maximum of the exponents of X that appear in the denominators
of the three homogeneous coordinates in the formula (A.5), and multiply through by

me(b{(dl +ds+ds),b] (2d2+dg),b] (da-+d3+ds) ) ’

where each d-vector d; is evaluated at (m,n) € Z°, corresponding to column j of the matrix
D,, , determined in theorem 2.11. If we focus on the third entry in (A.5), then we see that the
effect of rescaling by this power of X is to produce an overall prefactor of

xmax (b (di —dy—d;+-d) b] (d—ds —ds+do),0) _ ymax(¥,{1),w1).0)
)
where the second equality above follows by rewriting each d-vector d;(m, n) above as an appro-
priate shift of a single vector d(m,n) defined on Z2, and then noting that Y,,, and W, are

given by the relevant combinations of the latter vector, as in (2.46), with the first component of

each, namely Yﬁnl),, and W,(,,IL corresponding to the exponent of the homogeneous coordinate X.

Similarly, by doing an analogous rescaling by powers of the other homogeneous coordinates
Y and Z, the third homogeneous coordinate in (A.5) becomes a polynomial in X, Y, Z with an
overall monomial prefactor of

semax (50, 950),0) ymax(v6),WS5).0) max (153, .3),0)
(The reader should hopefully not be confused by the double meaning of the letter Y in the above
formula: the unadorned letter denotes a homogeneous coordinate in P2, while the same letter
appearing in the exponents with indices and a numerical suffix denotes a tropical variable.) By
construction, both the first and the second entry have now also become polynomials in X, Y, Z,
also with monomial prefactors, so that in P2 we have

"G (X) = (Prun (X) 2 Quun (X) : Ry (X)) (A7)
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with Py, o, Qun, Rinn € C[X, Y, Z]; but the monomial prefactors are such that X can never divide
all three of these polynomials simultaneously, and the same is true for Y and Z. Moreover, it
follows from lemma 2.8 that the prefactors oscillate periodically, repeating with period 2 in m
and period 3 in n.

Apart from the oscillating monomial factors, the main contribution to the degree of the
iterates comes from the product of three numerator factors N;N;N; appearing in each homo-
geneous component of (A.5). There are two essential properties of these polynomials that are
inherited from the cluster algebra: firstly, due to the fact that each numerator polynomial N;
in (2.41) is not divisible by any initial cluster variable x;, it follows that, when the homogeneous
coordinates for P are substituted in, the resulting homogeneous polynomial N;(X) is not divis-
ible by X, Y or Z; and secondly, for generic values of the coefficients c, d, the cluster variables in
each cluster are pairwise coprime Laurent polynomials, meaning that for each (m,n) € Z2, the
polynomials Ny (X),Ny(X),...,Ne(X) appearing in (A.5) are themselves pairwise coprime.
(It should be noted that the latter assertion ceases to be valid in the non-generic cases (A.1),
when the numerator polynomials are reducible and have certain factors in common, which
cancel out and cause the degree to drop.) This implies that the degree of the third component
R, »(X), and hence the degree of the (m, n) combined iterate of the two maps, is equal to the
degree of the product of three numerators N,N3Nj5 appearing in (A.5), plus the degree of the
oscillating prefactor (A.7). So it remains to calculate the degree of this product of numerators,
and show that it is equal to the first line of the formula (A.6).

The products of evaluations of Laurent polynomials appearing in each entry on the right-
hand side of (A.5) have a homogeneous degree. To start with, let us fix m =0, and consider
the action of ¢ (shifting in n) on its own, with the sequence of products of three tau functions
that appear as components in (A.4). Then for the initial point in P?> we have the (common)
homogeneous degree of each of the projective coordinates, namely

hdeg (77172007 (70)201,70710()) =hdeg(X,Y,Z) =1,
and we can write the pattern of homogeneous degrees in the initial cluster as
hdeg(Tth()aThTZ;O-O,Ul) = (1,0, 1,0,0, 1),

but after a single iteration of the system (2.20) we find

Y(dY(X+Z)+cZ*) 7> (dY+cZ
hdeg(7’07'301,(71)2027717'201):hdeg< ( ( ) +e ) (@ +e ),YZ>:2,

X ’ X
where from
dY(X+2Z) +cZ? dY+cZ
™= oy =
X X

we see that the pattern of homogeneous degrees in the new cluster is
hdeg (79, 71,72,73,01,02) = (0,1,0,1,1,0);

and thereafter, with subsequent shifts in #n, this pattern repeats with period 2. A similar calcu-
lation shows that, under each shift m — m + 1, the pattern of homogeneous degrees remains
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the same; so overall it only depends on the parity of n. Hence, for all (m,n) € Z?, we see that
the homogeneous degree of the third component in (A.5) is

N>N3N
hdeg (deﬂ;; (m,n;X)) = deg (N2N3N5 (m,n; X))

1
—d (Xdz(m,n)er;(m,n)+d5(m,n)) — —(3—(=1)" :
eg S (B=(=1")

so the rest of the formula (A.6) then follows, by rewriting the sum of d-vectors in the expo-
nent of X above as d(m,n) +d(m,n+ 1) +d(m + 1,n) and taking the sum of components 1,3
and 6 of the latter vector, which correspond, respectively, to the powers of X,Z and Y in this
monomial. O

Observe that the leading order terms in (A.6) are the sum of three components of three
shifted copies of the d-vector d(m,n), and as the growth of each component of this vector is
given by the entries in (2.52), overall this contributes a factor of 3 x 3 =9 times the leading
order of any of the entries of the matrix D,, ,, so that

deg (@”’@”) - %nﬂ n %nz +Oo(m) +0mn), (A.8)

which provides an independent confirmation of the results (A.2) and (A.3) obtained from inter-
section theory. We now explain what it tells us about the Mordell-Weil group of the elliptic
surface X.

For all but a finite number of values of x € P!, the corresponding fiber

y+dw+ce)(y+1D)w+d) =ryw (A.9)

in the pencil defining X’ is birationally equivalent to a Weierstrass equation for a smooth cubic
curve, that is

E: V' =x*+A(k)x+B(k), (A.10)

for certain rational functions A, B € C(k). Hence we can regard X as an elliptic curve E/C(k)
defined over the function field C(k), with the Mordell-Weil group being the group of C(k)-
rational points. This curve has j-invariant

. £, (1)
1B = s,

for certain degree 4 polynomials of the form
4 3 2 2\
fo(k) =K —4(ct1) K34+ ((c— 1) +4d ) ,
2
g(k)=ck'—(c+1)(dc—d*) K>+ + (c—d) ((cf 1)2+4d2) .
From the latter one can read off the singular fibers, which correspond to the values of x where
the j-invariant has poles: at 0, oo and the four distinct roots of g4. One can see from j that there

are two reducible fibers: the fiber over 0, which has 2 components (double pole in j at k = 0);
and the fiber over oo, which has 6 components (pole of order 6 at kK = 00).
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Equivalently, we can view the Mordell-Weil group as the set of sections s : P! — X, which
are rational maps satisfying K (s(/@)) = r for all k € P!. To endow this with a group structure,
we must fix a zero section sy that sends x to O, the identity element in each fiber. Then the
maps ¢ and 1& correspond, respectively, to translation by certain points P; and P, in the group
law of each (generic) fiber, which are associated with sections s; and s;, say. In fact, in terms
of the biquadratic model (A.9), viewed as a curve in P! x P!, we find that we can take the
points O = (00,00), Py = (00,0), P, = (—1,00) in each fiber: these are just the base points
(7),(4),(6) previously identified in the pencil.

The Mordell-Weil group of X, or equivalently, the set of C(x)-rational points on the curve
E(C(k)), has a canonical height function /i : E(C(k)) — R, which is a quadratic form having

the property that h >0, with fz(P) = 0 iff P is a point of finite order (a torsion point), and an
associated bilinear pairing

<P, Q>=h(P+Q)—h(P)—h(Q).

The canonical height is unique, up to an overall choice of scale. In the case at hand, if we fix
the normalization to be consistent with the conventions in [35], then we can use the results in
Chapter III of the latter book, together with the explicit expression (A.8) for the degree growth
of the maps ¢ and @2 to calculate the canonical heights as follows:

) 1 . 1 N3
h(P)= 3 lim 2 deg(¢") = 7. h(P2)= 3 lim n ™ deg (zp) =,

n—oo 4’
N 1 N
h(Py+P5) = = lim n2 deg (¢"¢") —1.
3 n—o00

Having calculated the canonical heights as above, we then find the Gram matrix with entries
< P;,’P; > built from the pairing between these two points, given by

<PLPi> <PL,P>\_(ln o
<PL,Pr> <P.,Pr,> | 0 3/2 '

From this we can conclude that
h(nPyr+mPy) =nih(Pr)+n3h(Py) #0

unless n; = ny =0, which implies that P, and P, are two independent generators in the
Mordell-Weil group, and hence this group has rank at least 2. In fact, according to theorem
3.1 in [31], since the rank of T, the root lattice associated with the reducible fibers, is cal-
culated from the multiplicities of these fibers as k7= (2 — 1) 4 (6 — 1) = 6, the rank of the
Mordell-Weil group is

kE(C (k) =8—tkT=8—6=2,

as expected.

It is worthwhile to note that, if we treat the frozen variables c,d as parameters, then the j-
invariant j(E,;) above is defined over Q(c,d, k), so we can use generic rational values c,d € Q
and rational initial data for the maps to generate interesting examples of elliptic curves defined
over Q. One of the simplest cases that produces a curve E(Q) of rank 2 is the choice

c=-2, d=—1, (y,w)=(1,1) = k=-2.
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In that case, the curve (A.9) becomes
=w=2)(0+w—1)==2yw,
which has j-invariant

_ 1771561
1588

being birationally equivalent to the minimal model
Y+ t+y=x —3x+2,

where the latter has Mordell-Weil generators (x,y) = (1,0) and (—1,2)°.

Appendix B. Three-invariant for the special Somos-7 recurrence

Here we consider the special Somos-7 recurrence relation (1.4) associated with the Lyness
map, and present a number of general results about its solutions. We begin by showing that
every solution 7, also satisfies a relation of Somos-5 type with a coefficient &, that is periodic
with period 3, of the form

Tn+5Th = fn Tn+4Tn+1 — ATp43Tp+2- (Bll)

This result is connected to several of the examples in this paper, where such Somos-7 relations
appear in various places. There is another, analogous result for the Somos-5 recurrence rela-
tion itself, namely that every Somos-5 sequence satisfies a relation of Somos-4 type with one
coefficient that varies according to the parity of the index n [15]. The corresponding result for
the special Somos-7 recurrence can be stated as follows.

Proposition B.1. Suppose that the sequence (1,) satisfies the special Somos-7 relation
Tat7Tn = ATnp6Tnt 1 + D Tugd Ty, (B.12)
with constant coefficients a,b. Then the quantity

o Tn+5Tn +a Tn+3Tn+2

&n (B.13)
Tn4+4Tn+1
is periodic with period 3, that is £,+3 = &, for all n.
Proof. We begin by defining the sequence of ratios
Tn4+2Tn
fo= 220 (B.14)
7_nJrl

In terms of f;,, the Somos-7 recurrence is equivalent to the relation

Frrshuvaturafasaluiifa = afusalussfusafurr +b. (B.15)

6 See www.lmfdb.org/EllipticCurve/Q/794/a/1 for more details.
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Upon shifting n — n 4 1 and subtracting (or equivalently, applying the total difference operator
to the constant b), we find

0 3 B3 2 2 B8 B 2
Jordfrashaalnafnafort = fovshisalnisfoafuiifn

) 2 2
=a n+5fn+4fn+3fn+2 _f”+4f;’l+3f;1+2ﬁl+]) )

and then after dividing by f,1-s/2, 4 /2, 3/7 »/n+1 and rearranging, this becomes

a a
JateSatstntafnss + ——— =farsforofotifo + ——
Jntsfuta Jnt2Snt1
If we substitute for f,, with the formula (B.14), then the above equality says precisely that
£n+3 = gna
which is the required result. O

The recurrence (B.15) is equivalent to iteration of a map in 5 dimensions, that is

v (f07f1 7f27f37f4) = (f] 7f27f37f47f5)7

which corresponds to a lift of the Lyness map (1.2) lying between it and Somos-7. The proof
of the preceding result shows that, when considered as a function on the 5D phase space, the
quantity

a
Hfi’

is a three-invariant for the map W, in the sense that (U*)3(&) = &, and by viewing Somos-7
as the 7D map defined by (B.12), & lifts via (B.14) to a three-invariant for this as well.

Note that, since the three quantities &g, &;,&, are functionally independent, the three ele-
mentary symmetric functions

So+& + &, §oé1 +&1&2 + 260, &o1&2 (B.16)

provide three invariant functions that are also functionally independent; so they constitute three
first integrals, both for ¥ and for Somos-7. This is a particular case of the fact that the general
Somos-7 relation, with an extra term proportional to 7,4 57,42 included on the right-hand side,
has three functionally independent invariants, as was shown by a different method in [11]. It
was also remarked there that only one of these three first integrals survives reduction to the
plane with coordinates (ug,u;) where the Lyness map

¢L: ( Z? )H< (au Jb:lb)/uo )

is defined. To be precise, if we define the map 7 : C’ — C? by

o = fafafifo+

7075 T1Te6
T uy = —=, = —2, (B.17)
T273 T3T4

then the intermediate lift corresponds to 7 : C> — C?, given by

up = fo (f1f2)2f3, up =fi (fzf3)2f4,
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and the coordinates f; make it easy to verify that the only surviving member of the invariant
set (B.16) is the product

&oé1& = aK + b, (B.18)
where

uouy (ug+uy) + (uo—i—ul)z + (a®+b) (uo +ur) +ab

uol

K= (B.19)

is the form of the first integral for the Lyness map ¢, that is given in [19]. (As usual, we
are abusing notation slightly when we identify the left- and right-hand sides of (B.18): we
should really replace K with 7* (K) or 7*(K), depending on whether we wish to regard the &;
as functions of the quantities 7, or f;,.)

Proposition B.2. Suppose that the sequence (u,) satisfies the Lyness map, in the form of the
recurrence

Upy1Up—1 = auy, + b.
Then the quantity v,, = u, + a gives a solution of the Somos-5 QRT map, in the form
Vng1VaVno1 = 6wy + 3,  with a=aK+b, [=—ad, (B.20)
where K is the first integral associated with the Lyness map, given by (B.19).
Proof. In terms of a tau function 7, satisfying (B.12), we may write

Th+5T; Tn45Tn + ATyp43Tn42 Tn+4Tn+1
U, = n n Vi = Uy ta= n n n n =&, n+4'n+
Tn+3Tn+2 Tn+3Tn+2 Tn+3Tn+2

from (B.13). Hence, by multiplying out and cancelling the terms that appear in the product of
three adjacent v,,, we find

Tn+5Tn

Va1 VaVn—1 = En1§nn—1 = (aK+b) uy,

Tn+3Tn+2

where we have used (B.18). If we set & = aK + b and replace u, by v, — a, then we obtain the
Somos-5 QRT map in the form (B.20), as required. O

The preceding result shows how the Somos-5 QRT map in theorem 4.3 appears as a con-
sequence of the Lyness map in theorem 4.2, and also explains the connection between the
corresponding instances of these maps appearing in theorems 4.6 and 5.8. We now proceed to
present some additional results about the solutions of the special Somos-7 recurrence.

Theorem B.3. The general solution of the initial value problem for (B.12), with generic (non-
zero) values of the parameters a,b and initial data 7;, 0 < j < 6, has the form

(z0 +nz)

2nri 2ni
T, = exp (cl +entes (1) +cge 3 +cse” n7r1/3> g ( )nl , (B.21)
g (2

where o(-) = o(-;82,83) is the Weierstrass sigma function associated with the elliptic curve
E:  y?=4x—gx—gs. (B.22)
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Proof. The proof of this result goes along very similar lines to the corresponding result for
Somos-5 in [15], so we will sketch the main details and leave it for the reader to fill in the
rest. The first part of the proof requires verifying that the analytic formula does indeed sat-
isfy (B.12), viewed as a difference equation in n, while the second part is to show that it gives
the general solution, in the sense that for a generic set of coefficients a,b and initial values
7T}, it is possible to find constants ¢; and zo,2,82,£3 that solve the corresponding initial value
problem. For the first part, note that the set of gauge transformations 7, — g, 7,,, which leave
invariant both (B.12) and the image (uo,u;) of the map 7 in (B.17), consists of an algebraic
torus (C*)° defined by the equation g,g,+5(g.+28:+3) "' = 1, which implies

(T° =T =T?+1) logg, =0,

and the solution of the latter equation is precisely the exponential prefactor in (B.21) with arbit-
rary constants ¢;, 1 < j < 5. Therefore, to verify the form of the analytic solution, it remains
only to check the part involving . This can be done using standard results on Weierstrass func-
tions, and in particular the three-term relation for the sigma function, which shows that (B.21)
is a solution of (B.12) if and only if the coefficients are parametrized by z, g», g3 according to
the formulae

a=—2W o) (B.23)
0(2z)0(2) 0(3z)0(22) 0 (2)

Now for the second part, begin by observing that the total count of coefficients plus initial
values is 9, which is the same as the count of arbitrary constants c; plus parameters zo, 2, g2, &3,
s0 it is necessary to account for how these constants/parameters are determined from the initial
value problem. Ignoring the non-gauge part of the formula, the four parameters z9,z, 22,83
come from the solution of the initial value problem for the iterates of the Lyness map for given
a,b and initial data (ug, u; ), which has the form

51)" (o ur) = (i i e — o (20+nz)0 (204 (n+5)z)
(‘PL) ( 05 l) ( ny Unt )v with n a'(z0+(n+2)z)a(zo+(n—|—3)z)o-(z)12.

Then the solution to the algebraic problem of reconstructing a Weierstrass cubic curve E with
invariants g, g3 together with two points Py = (p(20),9"(20)), P = (p(z),9’(z)) € E, starting
from an initial point (ug,u;) on a fixed level curve of the first integral (B.19) for the Lyness
map, is presented explicitly in [19], Theorem 1, up to rescaling the y coordinate by a factor of
2. (Compared with (B.22), the Weierstrass curve in [19] is written as y2 = x3+Ax+B.) For
generic values of a,b, K, the affine biquadratic equation

uoy (uo +ur) + (o +ur) > + (a® +b) (uo + ) + ab — Kuguy =0

defines a smooth curve of genus 1 in P! x P!, which is birationally equivalent to a Weierstrass
cubic defined by g2, g3, with non-vanishing discriminant g5 —27g7 # 0. Given the solution
to the purely algebraic problem of determining the elliptic curve E and the (x, y) coordinates
of the pair of points Py, P, such that the orbit of the Lyness map corresponds to the sequence
Py+nP € E, it is necessary to determine the associated pair of points on the Jacobian of the
curve, that is the values zo,z € Jac(E) = C/A = E, which are found by evaluating the elliptic

integrals
ZOZ/ ) :/ )
o Y o Y
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taken modulo the lattice of periods A. Finally, once zg,z, g2, g3 have been fixed, the system of
5 linear equations

l‘l2
70 (2)

2ni 2n7ri
ci+entcy (—1)" +cqe k! +c5e” n7r1/3:log IOt S 2N
o (z0+nz)

), n=0,1,2,3,4

allows the values of the constants ¢; appearing in the gauge factor to be determined from the
initial values. O

In order to discuss Somos-k relations of higher order that are satisfied by solutions of (B.12),
it is convenient to introduce the sequence of division polynomials (a,) associated with an
elliptic curve (B.22), whose terms correspond to the multiples nP € E (see [15] and references
therein). Given the point P = (p(z),’(z)) parametrized by z € Jac(E), these can be defined
analytically by the formula

ap = ann)z . (B.24)
a(2)
From the definition, the sequence is clearly antisymmetric, in the sense that a, = —a_, for all

n. This sequence is another solution of the recurrence (B.12), corresponding to the same value
of the first integral K as for the solution (B.21), but with different initial conditions; we also
refer to (a,) as the elliptic divisibility sequence associated with (B.21). In particular, when the
parameters and initial conditions are chosen suitably, then (a,) consists entirely of integers
which satisfy the divisibility property a,|a,, whenever n|m: this is the usual meaning of the
name elliptic divisibility sequence (EDS).

In general, the terms of the EDS associated with a solution of (B.12) are determined com-
pletely as algebraic functions of a,b, K. Note that we have ag = 0,a; = 1, and the first few
terms are specified by

(a2)'=K+a, (a3)’=aK+b, a=ma, as=a’—b,
ag = —aazh, ay; = —abK—a*+a’b—b?,
ag = —ara (abK+a4 —24" +2b2) , a9 = —as (a3bK+a6 —2a*b +3a*b? — b3) .

The terms of the EDS satisfy a Somos-k r~elation for each k > 4, which means that they can be
considered as polynomials in ay,a3,a,b, K with the appropriate divisibility property, namely

a, € R* :=1Z|ar,a3,a,b,K| | ~, with nlm = a,la, in R,

where ~ denotes the equivalence relation defined by the algebraic identities (a,)* = K + a,
(a3)3 = aK + b. Now from the analytic definition (B.24) and the formula (B.21), we can use
the three-term relation for the sigma function to derive infinitely many higher Somos relations
for 7,,, which must be of odd order k = 2j + 1, but with the further requirement that k cannot be
a multiple of 3, since relations of this order are the only ones that are invariant under the gauge
transformations g, described in the proof of theorem B.2. In this way, we arrive at infinitely
many relations that can be written concisely in the following form:

A1 Tp+4  Ai_3T,
BT j 41 Tn—j = é{+4Tn+] a]~7' Z . (B.25)
J+4 n+ Jn—3

However, the above relation can be modified by making use of the Somos-7 recurrence (B.12)
to replace the product 7;,447,—3 on the right-hand side of (B.25), and further simplified by
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using the fact that the terms a; of the associated EDS satisfy the same Somos-7 relation. Thus
we arrive at

Corollary B.4. For all integers k > 7 that are odd and not a multiple of 3, every solution
of (B.12) satisfies a Somos-k relation with constant coefficients, given by

Tojb 1 Taej = O T 3Tn—2 + B Ta 1 T (B.26)
with k= 2j+ 1 and j # 1(mod 3), where

4413y 2j438j2
)= Y 17 Bj=— +3%4—2 (B.27)
’ azay ’ azay

We can now conclude this appendix with a strong version of the Laurent property for (B.12),
which was an ingredient in the proof of theorem 4.4.

Theorem B.5. The iterates of the special Somos-7 recurrence (B.12) possess the strong
Laurent property, in the sense that 7, € R for all n > 0, where

D o+l _+1 _+1 _+1
R:Z[a,b,K,TO ST 5Ty 2 Ta ,74,7577'6}.

Proof. The proof follows very closely the approach used in [16] to show analogous results
for Somos-4 and Somos-5. To begin with, it is clear that 7; € R for 0 < j < 10, taking the 7
initial data and applying (B.12) four times, which requires division by 7y, 7y, 72, 73. Thereafter,
the higher relations (Somos-11, Somos-13, etc) can be used to calculate 7; for j > 11, setting
n=jj+1,j+2in (B.26) withj > 5 (for j # 1(mod 3)), so that only divisions by 79, 71,7 are
necessary, and all 7, appearing on the right-hand side are previously determined elements of
R. The result then follows by induction, once it has been shown that the coefficients «, 5; €
Zla,b, I~(} To see this, it is enough to verify from the recursive relations satisfied by the EDS that
each a, is equal to a prefactor times an element of Z[a, b, k], where the prefactor simply repeats
the pattern 1,a,,a3,a,, 1,a,a3 with period 6, and hence for each j # 1(mod 3) the coefficients
in (B.27) are of the desired form. O
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