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THE HOROFUNCTION COMPACTIFICATION OF `1-PRODUCTS

OF METRIC SPACES

BAS LEMMENS, CAM MILLIKEN, KIERAN POWER

School of Mathematics, Statistics & Actuarial Science
University of Kent,

Canterbury, CT2 7NZ, United Kingdom

Abstract. We study the horofunction compactification of the `1-product of proper geodesic metric
spaces. We provide a complete characterisation of the horofunction compactification of the product
space in terms of the horofunctions of the constituent spaces, and provide a complete characterisa-
tion of the Busemann points in terms of the Busemann points of the constituent spaces. We also
identify the parts of the horofunction boundary and the detour distance. The results are applied to
show that the horofunction compactification of the `1-product of finite dimensional normed spaces
with polyhedral or smooth unit balls is naturally homeomorphic to the closed dual unit ball.

1. Introduction

The horofunction compactification of metric spaces has been studied in various contexts for
about 50 years, and is generally attributed to Gromov [11]. It associates a boundary at infinity
to locally compact geodesic metric spaces, which captures certain geometric features of the metric
space. Since its inception it has found uses in numerous areas, ranging from geometric group
theory [6, 11], to Teichmüller theory [8, 10, 18, 28, 34], to dynamical systems [3, 9, 17, 24], to
complex analysis [1, 2, 4, 5, 37]. Rieffel used the horofunction compactification in his study of
noncommutative geometry [30], where he introduced a special class of horofunctions, the so-called
Busemann points. The study of Busemann points is particularly useful, as they can be used to
study the group of isometries of metric spaces and the isometric embeddings between metric spaces
[21, 27, 35, 36].

Even though the horofunction compactification of various metric spaces has been studied for
many decades, the explicit form of a particular horofunction compactification is often difficult to
compute. The horoboundary of various normed spaces has been calculated to varying degrees of
explicitness [12, 13, 15, 22, 25, 33, 36]. There has also been significant work done on calculating the
horofunction boundary of cones under the Thompson metric and Hilbert geometries [24, 25, 26, 36],
as well as symmetric spaces of non-compact type with invariant Finsler metrics [7, 14, 22], and
Teichmüller spaces [10, 34].

Although there is no real unifying approach to identifying the horofunction boundary for general
classes of metric spaces, there is some structure for products of metric spaces. Given a finite
collection of metric spaces, say (Mi, di) for i ∈ {1, . . . ,m}, a natural way to equip the product
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2 B. LEMMENS, C. MILLIKEN, K.POWER

M =
∏m
i=1Mi with a metric is by equipping it with an `p-metric,

dp(x, y) =

(
m∑
i=1

di(xi, yi)
p

)1/p

, for p ∈ [1,∞), and d∞(x, y) = max
1≤i≤m

di(xi, yi), (1.1)

where x = (x1, . . . , xm), y = (y1, . . . , ym) ∈M .
In this context it is interesting to investigate if the horofunction compactification of (M,dp)

can be expressed in terms of the horofunctions of the component metric spaces (Mi, di). In [21],
Lemmens showed that, if each (Mi, di) is a proper geodesic metric space, every horofunction h of
(M,d∞) is of the form,

h(z) = max
j∈J

hj(zj)− αj ,

for z = (z1, . . . , zm) ∈ M . Here ∅ 6= J ⊆ {1, . . . ,m}, minj∈J αj = 0, and each hj is a horofunction
of (Mi, di).

The main goal of this paper is to provide a detailed analysis for the `1-metric on M . Among
other results we will prove the following:

Theorem 1.1. If (Mi, di) is a proper geodesic metric space for i ∈ {1, . . . ,m}, then the horofunction
compactification of (M,d1) consists precisely of the functions h of the form,

h(z) =

m∑
i=1

hi(zi) (1.2)

for z = (z1, . . . , zm) ∈ M , where each hi lies in the horofunction compactification of (Mi, di).
Moreover, h is a horofunction of (M,d1) if and only if there exists a j ∈ {1, . . . ,m} such that hj is
a horofunction of (Mj , dj).

Throughout we shall simply denote the functions of the form (1.2) by h =
∑m

i=1 hi. In [21] the
Busemann points of (M,d∞) were characterised, under some additional assumptions. Due to the
nicer interplay between the `1-metric and almost-geodesics, we are able to get a characterisation
without these assumptions, which is another result of this paper.

Theorem 1.2. The horofunction h =
∑m

i=1 hi of (M,d1), as in (1.2), is a Busemann point if and
only if for each i the function hi is an internal point or Busemann point of (Mi, di), and there
exists a j such that hj is a Busemann point.

This result allows us to characterise the parts of the horofunction boundary of (M,d1) and
determine the detour distance in Theorem 4.1. In Section 5 we will use the result to establish some
new results regarding the geometry and global topology of the horofunction compactifications of
l1-products of finite dimensional normed spaces in terms of the unit ball of the dual space.

2. Preliminaries

A metric space (M,d) is said to be proper if its closed balls are compact. A prototypical example
is a finite-dimensional normed space. Proper metric spaces are complete and separable. A path
γ : I →M is called geodesic if d(γ(t), γ(s)) = |t− s| for all t, s ∈ I. We call (M,d) a geodesic space
if for every x, y ∈ M there exists a closed interval [a, b] and a geodesic path γ : [a, b] → M with
γ(a) = x and γ(b) = y.
In the sequel the following fact will be useful (see [29, Proposition 2.6.6] for a proof).

Lemma 2.1. Suppose that (Mi, di) is a proper geodesic metric space for i ∈ {1, . . . ,m} and M =∏m
i=1Mi. Then (M,dp), where dp is the `p-metric given by (1.1), is a proper geodesic metric space

for each p ∈ [1,∞].
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Let (M,d) be any metric space. We let RM be the space of all real-valued functions on M ,
equipped with the topology of pointwise convergence. We fix some basepoint b ∈M and denote by
Lip1

b(M) the set of all h ∈ RM with h(b) = 0 and h 1-Lipschitz, i.e., |h(x)− h(y)| ≤ d(x, y) for all
x, y ∈M .

Lemma 2.2. Lip1
b(M) is a closed subset of RM .

Proof. We show that the complement is open in RM . So, suppose that h 6∈ Lip1
b(M). If |h(b)| ≥

δ > 0, then U = {g ∈ RM : |g(b) − h(b)| < δ} is an open set disjoint from Lip1
b(M). On the other

hand, if h is not 1-Lipschitz, there exist x, y ∈ M and ε > 0 such that |h(x)− h(y)| ≥ d(x, y) + ε.
In that case

W = {g ∈ RM : |g(x)− h(x)| < ε/3 and |g(y)− h(y)| < ε/3}
is open set disjoint from Lip1

b(M). Indeed, for g ∈W we have

|g(x)− g(y)| ≥ |h(x)− h(y)| − |g(x)− h(x)| − |g(y)− h(y)| ≥ d(x, y) + ε/3,

hence g 6∈ Lip1
b(M). �

Note that for any h ∈ Lip1
b(M), |h(x)| = |h(x)− h(b)| ≤ d(x, b), so

Lip1
b(M) ⊆ [−d(x, b), d(x, b)]M =

∏
x∈M

[−d(x, b), d(x, b)].

By Tychonoff’s Theorem this set is compact in the product topology, which is equivalent to the
topology of pointwise convergence. As Lip1

b(M) is closed, it follows that it too must be compact.
For any y ∈M we define the internal point hy by

hy(x) = d(x, y)− d(b, y). for x ∈M. (2.1)

It follows immediately from the triangle inequality that hy ∈ Lip1
b(M), hence, the map ι : y 7→ hy

maps M into Lip1
b(M). This map is injective, as hy = hz implies 0 = hy(z) − hy(y) + hz(y) −

hz(z) = 2d(y, z). The closure of ι(M) in Lip1
b(M) is denote by M

h
, and is called the horofunction

compactification of M . The boundary ∂M
h

= M
h\ι(M) is called the horofunction boundary

of M , and its elements are called horofunctions. The choice of basepoint is not important, as
the horofunction compactifications with a different basepoint are homeomorphic. Some readers
may be more familiar with the definition of horofunctions in which Lip1

b(M) is equipped with
the topology of uniform convergence on compact sets. However, Lip1

b(M) is an equicontinuous
family and uniformly bounded, so these topologies are equal on Lip1

b(M) as a consequence of the
generalised Ascoli Theorem [19, Ch. 7, Thm. 15]. For any metric space, the map ι is a continuous
injection, but it may fail to have a continuous inverse. If, however, (M,d) is a proper geodesic
metric space, then ι is a homeomorphism onto its image (see e.g. [34, Proposition 2.2]). So, in this

case M
h

is a compactification in the usual topological sense of the word. Furthermore, if (M,d)
is separable, then Lip1

b(M) is second countable, meaning that sequences suffice to characterise the

topology of M
h
. In particular, this leads to the following useful lemma, see [23, Lemma 2.1].

Proposition 2.3. If (M,d) is a proper geodesic metric space, a function h ∈ Lip1
b(M) is a horo-

function if and only if there exists a sequence (yn) in M , such that d(b, yn)→∞ and hyn → h.

In a proper geodesic metric space (M,d), it is easy to verify that, if γ : [a,∞) → M is a ge-
odesic, limt→∞ hγ(t)(z) exists for every z ∈ M . Thus every unbounded geodesic gives rise to a
horofunction. In [30], Rieffel introduced the notion of an almost-geodesic, which also always give
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rise to a horofunction. Recall that an almost-geodesic sequence is a sequence (xn) ⊆M , such that
d(b, xn)→∞, and for all ε > 0 there exists an N ∈ N, so that

d(xm, xk) + d(xk, x0)− d(xm, x0) < ε for all m ≥ k ≥ N.

In the context of proper geodesic metric spaces we call a horofunction h ∈ ∂Mh
a Busemann point

if there exists an almost-geodesic sequence (xn) such that, for all z ∈M ,

h(z) = lim
n→∞

hxn(z).

We shall use the notation ∂BM
h

to represent the set of Busemann points of M . As mentioned, in a
proper geodesic metric space every almost-geodesic sequence gives rise to a horofunction [30]. The
converse, however, need not be true, not even in finite dimensional normed spaces, see [33].

The set of Busemann points in a proper geodesic metric space can be equipped with a metric

using the detour cost, H : ∂BM
h
(M)× ∂BM

h
(M)→ [0,∞], which is given by

H(h, h′) = inf
(zn)⊆M

{lim inf
n

d(zn, b) + h′(zn) : hzn → h}.

Now one defines the detour distance, δ : ∂BM
h
(M)× ∂BM

h
(M)→ R+ ∪ {∞}, by

δ(h, h′) = H(h, h′) +H(h′, h).

It should be noted that the detour distance can be infinite. To determine the detour distance it is
often useful to use the following fact [27, Lemma 3.1]:

Lemma 2.4. If h, h′ are Busemann points, and (xn) is an almost geodesic such that (hxn) converges
to h, then

H(h, h′) = lim
n→∞

d(b, xn) + h′(xn).

The detour distance induces a partition of ∂BM
h

into different equivalence classes, where h, h′ ∈
∂M

h
are equivalent if and only if δ(h, h′) <∞. The resulting equivalence classes are metric spaces,

which are called the parts of ∂BM
h
. There is another natural equivalence relation on the whole

horofunction compactification M
h
, where the equivalence relation is given by h ∼ h′ if

sup
x∈M
|h(x)− h′(x)| <∞. (2.2)

It is known that the restriction of the equivalence classes of ∼ to the set of Busemann points
coincides with the parts, see [35, Proposition 4.5].

3. Metric compactification of `1-product spaces

For i = 1, . . . ,m, let (Mi, di), be a proper geodesic metric space with basepoint bi ∈ Mi. Now
consider the `1-product metric space (M,d1) with basepoint b = (b1, . . . , bm). In what follows,

whenever we refer to M
h
, or M

h
i , it will be with respect to these basepoints.

Lemma 3.1. For any h ∈Mh
and any j ∈ {1, . . . ,m}, there exists a unique hj ∈M

h
j , so that

h(y) =
m∑
i=1

hj(yj) for y = (y1, . . . , ym) ∈M. (3.1)

Furthermore, if h ∈ ∂Mh
, then there exists a j0, so that hj0 ∈ ∂M

h
j0. If, instead, h is an internal

point, then hj is an internal point for Mj for all j.
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Proof. There must exist a sequence (xn) = ((xn1 , . . . , x
n
m)) ⊆ M such that hxn → h. As M

h
i is

compact, we can assume, after taking a subsequence, that hxni converges to some hi ∈M i for each
i ∈ {1, . . . ,m}. Thus, for every y ∈M ,

h(y) = lim
n→∞

d1(y, xn)− d1(b, xn) = lim
n→∞

m∑
j=1

hxnj (yj) =
m∑
j=1

hj(yj).

To prove the second assertion assume by way of contradiction that h ∈ ∂Mh
, but hj /∈ ∂M

h
j for all

j ∈ {1, . . . ,m}. Then for each j there exists a xj ∈Mj such that hj = hxj . Set x = (x1, . . . , xm) ∈
M . Now for any y ∈ M , we get that h(y) =

∑m
j=1 hxj (yj) =

∑m
j=1 (dj(yj , xj)− dj(bj , xj)) =

d1(y, x)− d1(b, x) = hx(y), which contradicts the fact that h is a horofunction.
Now suppose that h = hx for some x = (x1, . . . , xm) ∈ M . Then for each y = (y1, . . . , ym) ∈ M

we have that h(y) = d1(y, x)− d1(b, x) =
∑m

j=1 (dj(yj , xj)− dj(bj , xj)) =
∑m

j=1 hxj (yj).

All that is left is to prove uniqueness. Suppose h ∈ Mh
and h =

∑m
i=1 hi =

∑m
i=1 h

′
i for some

hi, h
′
i ∈ M

h
i . Then for each i and yi ∈ Mi we consider z ∈ M where zi = yi, and zj = bj for all

j 6= i. The above equation immediately gives that hi(yi) = h′i(yi), which completes the proof. �

We thus see that every horofunction on M is of the form (3.1). Conversely:

Lemma 3.2. If hj ∈ M
h
j for j ∈ {1, . . . ,m} and h : M → R is given by h(y) =

∑m
i=1 hj(yj) for

y = (y1, . . . , ym) ∈M , then h ∈Mh
. If, in addition, there exists a j0 ∈ {1, . . . ,m} with hj0 ∈ ∂M

h
j0,

then h ∈ ∂Mh
.

Proof. As each Mj is proper, there exists a sequence (xnj ) in Mj such that hxnj → hj . Let xn =

(xn1 , . . . , x
n
m) ∈M , then for each y = (y1, . . . , ym) ∈M and n ∈ N we have that

hxn(y) =
m∑
j=1

(
dj(yj , x

n
j )− dj(bj , xnj )

)
=

m∑
j=1

hxnj (yj)
n−→ h(y),

hence h ∈Mh
.

Suppose there exists a j0 ∈ {1, . . . ,m} such that hj0 ∈ ∂M
h
j0 . Using Proposition 2.3, we know

that dj0(bj0 , x
n
j0

)→∞. By the definition of the metric d1, we get that d1(b, xn)→∞ as well, hence

h ∈ ∂Mh
by Proposition 2.3. �

Lemmas 3.1 and 3.2 immediately give Theorem 1.1. Theorem 1.1 has some immediate conse-
quences.

Example 3.2. In [12], Guttiérez gives a complete description of the horoboundary compactification

of (Rn, ‖ · ‖1). Taking the basepoint b = 0 he showed that h ∈ ∂(Rn, ‖ · ‖1)
h

if and only if h = hIε,z
where ∅ 6= I ⊆ {1, . . . , n}, an ε ∈ {1,−1}I and z ∈ RI , such that, for all x ∈ Rn,

hIε,z(x) =
∑
i∈I

εixi +
∑
j /∈I

|xj − zj | − |zj |.

This, in fact, now follows immediately from Theorem 1.1 applied to (Mi, di) = (R, | · |), as it can
be easily checked that the horofunction boundary on (R, | · |) consists only of the two maps: x 7→ x
and x 7→ −x.
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We also get a topological characterisation of the horofunction compactification of (M,d) as a
corollary of Theorem 1.1:

Corollary 3.3. The map ϕ : M
h →

∏m
i=1M

h
i defined by h 7→ (h1, . . . , hm), where h =

∑m
i=1 hi ∈

M
h

is given by (3.1), is a homeomorphism.

Proof. Theorem 1.1 guarantees that ϕ is well defined and bijective. Both M
h

and
∏m
i=1M

h
i are

metrisable, so it suffices to check the sequential continuity of ϕ. Let (hn) be a sequence converging

to some h ∈ Mh
where hn =

∑m
i=1 h

n
i . For any n ∈ N, ϕ(hn) = (hn1 , . . . , h

n
m), which provides, for

each j ∈ {1, . . . ,m}, a sequence (hnj ) ⊆ M
h
j . We also know that ϕ(h) = (h1, . . . , hm), with each

hj ∈M
h
j . Furthermore, for any i ∈ {1, . . . ,m}, and any yi ∈Mi, we can define a z ∈M by setting

zi = yi, and zj = bj for all j 6= i, which means

hni (yi) = hni (yi) +
∑
j 6=i

hnj (bj) = hn(z)→ h(z) = hi(yi) +
∑
j 6=i

hj(bj) = hi(yi).

Thus, each (hni ) converges to hi in M
h
i , so ϕ(hn) converges to ϕ(h) in

∏m
i=jM

h
j . Therefore, ϕ is a

continuous bijection between compact Hausdorff spaces, hence ϕ is a homeomorphism. �

4. The Busemann Points and Boundary Structure of (M,d1)

We are now in a position to prove Theorem 1.2 and classify the Busemann points.

Proof of Theorem 1.2. Let h =
∑m

i=1 hi ∈ M
h
. For each i ∈ {1, . . . ,m} with hi ∈ ∂BM

h
, there

exists an almost-geodesic sequence (xni ) in Mi such that hxni converges to hi. For all other i there

exists xi ∈ Mi such that hi = hxi . Now let xn = (xn1 , . . . , x
n
m) and note that d1(b, xn) → ∞, as

dj(bj , x
n
j ) → ∞. It follows from the definition of the `1-metric that (xn) is an almost-geodesic

sequence in M . As (hxn) converges to h, h is a Busemann point.
Conversely, suppose that h is a Busemann point and that hxn → h, where (xn) is an almost-

geodesic sequence in M . Fix an ε > 0 and write xn = (xn1 , . . . , x
n
m). Note that, by Proposition 2.3,

there exists j such that dj(bj , x
n
j )→∞. By definition there exists an L, so that

m∑
i=1

di(bi, x
r
i ) ≥

m∑
i=1

di(bi, x
s
i ) + di(x

r
i , x

s
i )− ε for all r ≥ s ≥ L.

For any k ∈ {1, . . . ,m}, we can subtract
∑

i 6=k di(bi, x
r
i ) from both sides in the above inequality to

get

dk(bk, x
r
k) ≥ dk(bk, xsk) + dk(x

r
k, x

s
k) +

m∑
i 6=k

(di(bi, x
s
i ) + di(x

r
i , x

s
i )− di(bi, xri ))− ε

≥ dk(bk, xsk) + dk(x
r
k, x

s
k)− ε.

This implies that the sequence (xnk) is an almost geodesic for each k with dk(bk, x
n
k) → ∞, hence

hxnk converges to a Busemann point hk of ∂M
h
k for those k. If dk(bk, x

n
k) remains bounded, then

we claim that (xnk) is a Cauchy sequence in (Mk, dk). To see this we first show that dk(bk, x
n
k)

converges to ∆ = lim supn dk(bk, x
n
k). Indeed, if we let ε > 0 be given, then there exists an s

such that ∆ − dk(bk, xsk) < ε, and for all r ≥ s we have that ∆ + ε > dk(bk, x
r
k) and dk(bk, x

r
k) ≥

dk(bk, x
s
k) + dk(x

r
k, x

s
k)− ε. Now note that for r ≥ s we have that

−ε < ∆− dk(bk, xrk) ≤ ∆− (dk(bk, x
s
k) + dk(x

r
k, x

s
k)− ε) ≤ ∆− dk(bk, xsk) + ε < 2ε,
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which gives the desired conclusion. Thus for all r ≥ s we have that

dk(x
r
k, x

s
k) ≤ dk(bk, xrk)− dk(bk, xsk) + ε ≤ 2ε,

which implies that (xnk) is a Cauchy sequence. As (Mk, dk) is complete, (xnk) converges to some xk,
hence hxnk converges to the internal point hxk . �

The above lemma means that, for any h ∈ ∂BM
h
, there exists a ∅ 6= I ⊆ {1, . . . ,m} and a

decomposition

h =
∑
i∈I

hi +
∑
j 6∈I

hxj ,

where hi is a Busemann point for each i ∈ I.

Theorem 4.1. Two Busemann points

h =
∑
i∈I

hi +
∑
j 6∈I

hxj and h′ =
∑
i∈I′

h′i +
∑
j 6∈I′

hyj

are in the same part of the Busemann boundary if and only if I ′ = I and, for each i ∈ I, the
Busemann points hi and h′i are in the same part. Furthermore, if h and h′ are Busemann points
in the same part, then the detour distance between them is given by

δ(h, h′) =
∑
i∈I

δ(hi, h
′
i) + 2

∑
j 6∈I

dj(xj , yj).

Proof. First assume we are given two Busemann points

h =
∑
i∈I

h′i +
∑
j 6∈I

hxj and h′ =
∑
i∈I′

h′i +
∑
j 6∈I′

hyj , (4.1)

where I ′ = I and for each i ∈ I the Busemann point hi and h′i are in the same part. Let (xn) be
an almost-geodesic sequence such that hxn → h, and (yn) an almost geodesic sequence such that
hyn → h′. The proof of Theorem 1.2 shows that, for all i ∈ I, the sequences (xni ) and (yni ) are also
almost-geodesic sequences in Mi, and for all j 6∈ I we have that xnj → xj and ynj → yj . By Lemma
2.4 we know that

H(h, h′) = lim
n→∞

d1(b, xn) + h′(xn)

= lim
n→∞

∑
i∈I

di(bi, x
n
i ) + h′i(x

n
i ) +

∑
j 6∈I

dj(bj , x
n
j ) + hyj (x

n
j )

=
∑
i∈I

H(hi, h
′
i) +

∑
j 6∈I

dj(bj , xj) + hyj (xj) <∞,

where the last inequality follows from the assumption that hi and h′i are in the same part of the
boundary for each i ∈ I. A symmetrical argument shows similarly that H(h′, h) < ∞, so we
conclude that h and h′ lie in the same part of the horofunction boundary.

Conversely, assume that h and h′ are of the form (4.1), and lie in the same part. Thus H(h, h′) <
∞ and H(h′, h) < ∞. We can assume that hxn → h and hyn → h′ for almost-geodesic sequences
(xn) and (yn). The proof of Theorem 1.2 shows that (xni ) and (yni ) are almost-geodesic sequences
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for i ∈ I. Moreover, xnj → xj and ynj → yj for j 6∈ I. Using Lemma 2.4,

H(h, h′) = lim
n→∞

∑
i∈I∩I′

(
di(bi, x

n
i ) + h′i(x

n
i )
)

+
∑
j∈I\I′

(
dj(bj , x

n
j ) + hyj (x

n
j )
)

+
∑
i∈I′\I

(
di(bi, x

n
i ) + h′i(x

n
i )
)

+
∑
j /∈I∪I′

(
dj(bj , x

n
j ) + hyj (x

n
j )
)
.

The sum of the two terms in each of the above four sums is non-negative for all indices, so for
H(h, h′) to be finite it is required that the limit of each sum of two terms within the sums is finite.
For i /∈ I, (xni ) is bounded, so we need only be concerned with instances where i ∈ I. In particular,
we require that ∑

j∈I\I′
dj(bj , x

n
j ) + hyj (x

n
j ) <∞,

but hyj (x
n
j ) ≥ −dj(bj , yj) for each j ∈ I\I ′, whereas dj(bj , x

n
j )

n−→ ∞, so this is only possible if

I ⊆ I ′. A symmetrical argument applied to H(h′, h) shows that I ′ ⊆ I, meaning that I = I ′. Thus,

H(h, h′) = lim
n→∞

∑
i∈I

di(bi, x
n
i ) + h′i(x

n
i ) +

∑
j 6∈I

dj(bj , x
n
j ) + hyj (x

n
j ), and

H(h′, h) = lim
n→∞

∑
i∈I

di(bi, y
n
i ) + hi(y

n
i ) +

∑
j 6∈I

dj(bj , y
n
j ) + hxj (y

n
j ).

Using Lemma 2.4 again we find that

δ(h, h′) =
∑
i∈I

δ(hi, h
′
i) +

∑
j 6∈I

(
dj(bj , xj) + hyj (xj) + dj(bj , yj) + hxj (yj)

)
=
∑
i∈I

δ(hi, h
′
i) + 2

∑
j 6∈I

d(xj , yj),

which is finite if and only if δ(hi, h
′
i) is finite for each i ∈ I, completing the proof.

�

Example 4.2. The two horofunctions of (R, | · |) are both Busemann points. Theorem 1.2 thus allows
us to immediately conclude that the horofunctions of `1(n,R) as described in Example 3.2 are all

Busemann points. Furthermore, we see from Theorem 4.1 that two horofunctions hI
1

ε1,z1 , h
I2

ε2,z2 ∈

∂(Rn, ‖ · ‖1)
h

are in the same part if and only if I1 = I2 and ε1 = ε2, and for two such horofunctions
we see that

δ(hIε,z1 , h
I
ε,z2) = 2

∑
j /∈I

|z1j − z2j |,

which is interesting, because we see that the parts of the boundary inherit the metric structure of
the original space.

Example 4.3. Let us now consider an example from the field of several complex variables. Recall
that, for any convex domain D ⊆ Cn, the Kobayashi distance, κD, is defined as follows: if ∆ is the
open disk in C, ρ is the hyperbolic metric on ∆, and hol(∆, D) is the set of holomorphic functions
from ∆ to D, then

κD(w, z) = inf{ρ(ζ, η) : ∃ f ∈ hol(∆, D) with f(ζ) = w, and f(η) = z}.



THE HOROFUNCTION COMPACTIFICATION OF `1-PRODUCTS OF METRIC SPACES 9

Recall that we can express ρ as

ρ(w, z) = 2 tanh−1
(

1− (1− |w|2)(1− |z|2)
|1− wz|2

)
.

If D is a bounded convex domain it is known that (D,κD) is a proper geodesic metric space [1].
On the open Euclidean ball Bn ⊆ Cn it is known that

κBn(w, z) = 2 tanh−1
(

1− (1− ‖w‖2)(1− ‖z‖2)
|1− 〈w, z〉 |2

)
,

and the horofunction compactification of (Bn, κBn), with basepoint 0, is known to consist entirely
of the functions hξ, for ξ ∈ ∂Bn, where

hξ(z) = log
|1− 〈z, ξ〉 |2

1− ‖z‖2
.

Each horofunction is a Busemann point, as it arises as the limit of the geodesic t 7→ et−1
et+1ξ. If

B =
∏m
i=1B

ni is a product of open balls, the product property [20, Theorem 3.1.9] tells us that,
for any w = (w1, . . . , wm) ∈ B and z = (z1, . . . , zm) ∈ B,

κB(w, z) = max
i∈{1,...,m}

κBni (wi, zi).

Instead of the Kobayashi metric on B =
∏m
i=1B

ni we can consider the `1-metric,

d1(w, z) =
m∑
i=1

κBni (wi, zi).

Theorems 1.1 and 1.2 immediately show that each horofunction, h, of (B, d1) is a Busemann point,
and there exists a non-empty I ⊆ {1, . . .m}, ξi ∈ ∂Bni for each i ∈ I, and zj ∈ Bnj for each j 6∈ I,
such that for all w ∈ B,

h(w) =
∑
i∈I

hξi(wi) +
∑
j /∈I

hzj (wj). (4.4)

Moreover, if h′ ∈ ∂Bh
is a horofunction given by

h′(w) =
∑
i∈I′

hξ
′
i(wi) +

∑
j /∈I′

hz′j (wj),

then h′ is in the same part as h if, and only if, I = I ′ and ξi = ξ′i for all i ∈ I by Theorem 4.1. In
that case, the detour distance is given by

δ(h, h′) = 2
∑
i 6∈I

κBni (zi, z
′
i).

It is interesting to note that B
h

is homeomorphic to cl(B). Indeed, it can be shown that

Ψ: B
h → cl(B) given by Ψ(h)i = ξi for i ∈ I and Ψ(h)j = zj for j 6∈ I, where h is given by (4.4),

is a homeomorphism. It maps the set of internal points onto B and each part of the horofunction
boundary onto the relative interior of a boundary face of cl(B). So, in this case the horofunction
compactification coincides with the bounded symmetric domain compactification of B.
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5. `1-sums of normed spaces

There has recently been interest in understanding the global topology and geometry of the ho-
rofunction compactification of finite dimensional normed spaces, which appears to be connected to
the closed unit ball in the dual normed space. In [16, Question 6.18] Kapovich and Leeb asked the
question whether, for each finite dimensional normed space (X, ‖ · ‖) the horofunction compactifi-

cation X
h

is homeomorphic to the closed unit ball in the dual space, where the homeomorphism
maps horofunctions h ∼ h′ (see (2.2)) into the relative interior of the same boundary face of the
dual ball and the internal point onto the interior of the dual ball. Recall that in a finite dimen-
sional normed vector space, the closed unit ball can be partitioned into the disjoint collection of
the relative interior of each of its non-empty faces [31, Theorem 18.2].

Ji and Schilling answered this question affirmatively in [15] for all normed spaces with a polyhe-
dral unit ball. In addition, Schilling showed in [32] that such homeomorphisms exist for all finite
dimensional normed spaces where the norm is smooth and uniformly convex, and for all two di-
mensional normed spaces where the unit ball only has finitely many connected components that
are smooth. Further evidence was provided in [7, 22, 25] where finite dimensional normed spaces
associated to Jordan algebras are considered. It should, however, be noted that in all these cases
each horofunction is a Busemann point. It could well be the case that the relation with the dual
ball may fail if there are non-Busemann points. A characterisation of the finite dimensional normed
spaces for which all horofunctions are Busemann points was given by Walsh in [33], which contains
an explicit example with non-Busemann points.

The duality phenomenon is also known to exist for a variety of symmetric spaces of non-compact
type equipped with an invariant Finsler metric [7, 22, 25]. In that setting the horofunction com-
pactification is homeomorphic to the closed unit ball of the dual of the Finsler norm in the tangent
space at the basepoint.

The results of this paper allow us to say something about the duality phenomenon in `1-sums of
finite dimensional normed spaces. More specifically we have the following result.

Theorem 5.1. Let (Xi, ‖ · ‖i) be a finite dimensional normed space for i ∈ {1, . . . ,m}. Suppose

for each i that all horofunctions of Xi
h

are Busemann points, and that there exists a homeomor-

phism, ψi : X
h
i → BX∗i , mapping parts of the horofunction boundary onto the relative interior of

the boundary faces of the closed dual unit ball BX∗i , and the set of internal points onto the interior
of BX∗i .

If X =
∏m
i=1Xi is the `1-product, so ‖x‖ =

∑m
i=1 ‖xi‖i, then there exists a homeomorphism

Ψ: X
h → BX∗ that maps the parts onto the relative interiors of the boundary faces of the closed

dual unit ball BX∗, and the set of internal points onto the interior of BX∗.

Proof. It is well known that the dual of (X, ‖·‖) is the space (X∗, ‖·‖∞), where X∗ =
∏m
i=1X

∗
i , and

‖(x∗1, . . . , x∗m)‖∞ = maxi∈{1,...,m} ‖x∗i ‖∗i , and has the unit ball BX∗ =
∏m
j=1BX∗j . Define Ψ: X

h →
B∗X using the homeomorphism ϕ : X

h →
∏m
i=1Xi

h
given in Corollary 3.3 as follows:

Ψ(h) = (ψ1(ϕ(h)1), . . . , ψm(ϕ(h)m)).

As ϕ is a homeomorphism, and each ψi is a homeomorphism onto BX∗i , Ψ is a homeomorphism

onto BX∗ . Every face F ⊆ BX∗ is of the form
∏m
i=1 Fi, where each Fi ⊆ Xi is a face of BX∗i .

Furthermore, it follows from [31, Theorem 6.4] that relint(F ) =
∏m
i=1 relint(Fi).

To show that Ψ maps parts onto the relative interiors of the boundary faces of BX∗ let h and

h′ be Busemann points in the same part of X
h
. As a consequence of Theorem 4.1, there exists
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an I ⊆ {1, . . . ,m} nonempty, hi, h
′
i ∈ ∂X

h
i with hi and h′i are in the same part for all i ∈ I, and

xj , yj ∈ Xj for all j /∈ I, such that

Ψ(h)i =

[
ψi(hi) for i ∈ I
ψi(hxi) otherwise

and Ψ(h′)i =

[
ψi(h

′
i) for i ∈ I

ψi(hyi) otherwise.

By assumption, each coordinate homeomorphism ψi maps each part of the boundary ∂X
h
i bijectively

onto the relative interior of a proper face Fi of BX∗i , and maps the set of internal points bijectively

onto the interior of BX∗i . Thus, Ψ(h),Ψ(h′) ∈
∏m
i=1 relint(Fi), where Fi is a proper face of BX∗i for

all i ∈ I, and Fi = BX∗i for all i /∈ I, hence Ψ maps elements of the same part into the relative
interior of the same face.

Conversely, if h and h′ are Busemann points in different parts of X
h
, then there exists an i such

that Ψ(h)i and Ψ(h′)i lie in the relative interiors of different faces of BX∗i , hence Ψ(h) and Ψ(h′)
lie in the relative interiors of different faces of BX∗ . To complete the proof note that Ψ maps the
set of internal points onto the interior of BX∗ . �

Combining Theorem 5.1 with the results from [15, 32] we see that the horofunction compactifica-
tion of any finite `1-product of finite dimensional normed spaces with smooth or polyhedral norms
is homeomorphic to the closed unit ball of the dual space. We point out that this is a different
setting to the one studied by Schilling [32], where finite dimensional normed spaces (X, ‖ · ‖) are
considered with ‖x‖ = ‖x‖s + ‖x‖p, with ‖ · ‖s a smooth norm and ‖ · ‖p a polyhedral norm. Our
result covers the product space X ×X with norm ‖(x, y)‖ = ‖x‖s + ‖y‖p.

As an example we consider X = R2 × R with norm ‖(x, y, z)‖ =
√
x2 + y2 + |z|, making X the

`1-sum of the Euclidean plane and the real line. The unit ball is the bicone as depicted in Figure

1. The dual space (X∗, ‖ · ‖∗) has norm ‖(x, y, z)‖∗ = max{
√
x2 + y2, |z|}, and BX∗ is the cylinder

shown in Figure 2.

Figure 1. The closed unit ball of X. Figure 2. The closed unit ball of X∗.

It is well known that the horocompactification of R2 with the Euclidean norm consists of all
the functions hz, for z in the unit sphere of R2, where hz(x) = −〈x, z〉 for all x ∈ R2, and
the horofunction compactification of R consists solely of the functions hε, where ε ∈ {−1, 1}, and
hε(x) = −εx. It is also known that all of these horofunctions are Busemann points of their respective
spaces and each part is a singleton. Each point in the boundary of the Euclidean unit balls in R2

and in R is a face, as each point is an extreme point. In this case the maps ψ1 : R2
h → BR2 and
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ψ2 : Rh → [−1, 1], defined by

ψ1(h) =

 − tanh(‖x‖2) x
‖x‖2 if h = hx for x ∈ R2\{0}

0 if h = h0
z if h = hz

and

ψ2(h) =

[
− tanh(x) if h = hx for x ∈ R
ε if h = hε.

are homeomorphisms mapping parts of the horofunction boundaries onto the relative interiors of

the faces of the respective dual balls. Theorem 5.1 thus tells us that X
h

is homeomorphic to BX∗ ,
and the parts of the boundary can be identified precisely with the relative interiors of the faces of
the cylinder in Figure 2.

To conclude the paper, we note that in [21] a partial characterisation of the horofunction com-
pactification of the `∞-product of proper geodesic metric spaces was given. The results of this
paper completely characterise the horofunction compactification of the `1-products of proper ge-
odesic metric spaces. It would be interesting to know whether a similar characterisation exists
for other `p-products for 1 < p < ∞. Unfortunately, the techniques used here rely heavily on
linear structure of the `1-metric, and there is no direct way to generalise the arguments to the
case 1 < p < ∞. In fact, it is not even clear if there is a simple way to express the horofunction
compactification of an `2-product of finite dimensional normed spaces in terms of the horofunctions
of the normed spaces making up the product.
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