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Abstract. In this study, we conduct atomistic-level molecular dynamics simulations on fixed-sized silicon-
germanium (Si;—Gez) crystals to elucidate the effects of dopant concentration on the crystalline inter-
planar distances. Our calculations consider a range of Ge dopant concentrations between pure Si (0%) and
15%, and for both the optimised system state and a temperature of 300K. We observe a linear relationship
between Ge concentration and inter-planar distance and lattice constant, in line with the approximation
of Vegard’s Law, and other experimental and computational results. These findings will be employed in
conjunction with future studies to establish precise tolerances for use in crystal growth, crucial for the
manufacture of crystals intended for emerging gamma-ray crystal-based light source technologies.

1 Introduction

Doping has long been used to alter and improve the
properties of materials. The introduction of impurities
to a base material can lead to significant modification
of properties, such as electrical conductivity, optical
properties, and crystalline structure. In this context,
dopant atoms have the capacity to induce structural
changes in the material, thus allowing for the precise
tuning of the particular properties of a crystal for spe-
cific applications. These include existing technologies,
such as solid-state lasers [1] and high-speed photode-
tectors [2-4]. Doping can also be employed in emerging
technologies, including gamma-ray crystal-based light
sources (CLSs) [5-8].

Gamma-ray CLSs represent a novel, cutting-edge
technology designed to generate short-wavelength (A <
1A) electromagnetic radiation with high brilliance [5-
7,9]. A detailed explanation of the underlying principles
governing their operation is beyond the scope of this
current paper. However, these mechanisms are thor-
oughly described in Refs. [5,6] and the review arti-
cle Ref. [7]. The key mechanism is the propagation
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of beams of ultra-relativistic electrons and positrons
through oriented crystals (known as channelling [10]),
leading to the production of radiation of different types.
The crystals used for gamma-ray CLSs can take var-
ious forms, including linear, bent, or periodically bent
configurations (see Figure 1 in Ref. [7]). Notably, bent
and periodically bent crystals offer the unique capa-
bility to fine-tune the wavelength and brilliance of the
emitted light by adjusting the bending angle. This is
attributed to the respective generation of synchrotron-
like and undulator-like radiation [5,12], along with the
occurrence of channelling radiation [13]. The details of
these specific mechanisms are described in Refs. [5-7].
Multiple approaches for producing bent and periodi-
cally crystals have been developed, including mechan-
ical bending [14,15], etching [16], scratching [17], laser
ablation [18], acoustic waves [19-22], and crystal dop-
ing [23]. While all of these techniques can be used for
the production of periodically bent crystals, bent crys-
tals are generally produced through surface deforma-
tions. Details on the design and production of bent
crystals can be found in Ref. [24]. The focus of this
study revolves around the controlled periodic bending
in crystals through the introduction of dopant atoms.
The principle of producing periodically bent crystals
through doping is as follows: A dopant element, with a
crystalline lattice constant slightly different from that
of the base crystal, is introduced into the base crystal.
This mismatch between lattice constants will produce
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Fig. 1 Diagram of a portion of a Sii_,Ge, crystal ori-
ented to highlight the crystalline planes. The inter-planar
distances di and ds are shown, and Si atoms are shown in
yellow, and Ge atoms in red. Image generated using VESTA
[11]

a strain within the crystal, causing a change in the
separation d between neighbouring crystalline planes,
leading to the bending of crystallographic planes [25].
When the dopant element has a larger lattice constant
than the base crystal, it leads to an increase of the
inter-planar distance. Conversely, a smaller lattice con-
stant causes a decrease in the inter-planar distance. Fig-
ure 1 shows a portion of a Si crystal doped with Ge
atoms, and highlights the planes within the crystalline
structure and their respective inter-planar distances d;
and dy. These inter-planar distances will depend on the
concentration of dopant atoms within each plane. By
increasing the concentration of dopant atoms, for exam-
ple, along the (100) crystal plane, the inter-planar dis-
tance is also systematically increased along this plane.
Consequently, this will result in crystal bending along
the (110) plane. Figure 2 shows a single Si unit cell,
highlighting the (110) plane. Figures 1 and 2 in Ref.
[26], and Figure 4 in Ref. [25] illustrate this bending
mechanism. If, at a certain stage, the dopant concen-
tration is intentionally reduced in a systematic man-
ner, the inter-planar distances would likewise decrease,
resulting in the formation of a periodically bent struc-
ture.

In practice, doped crystals can be fabricated via a
number of methods, including diffusion [27], ion implan-
tation [28], chemical vapour deposition (CVD) [29-32],
and molecular beam epitaxy (MBE) [33], with each
technique suited to growing different types of crys-
tals. By selecting appropriate atom types and dopant
concentrations, periodically bent crystals can be pro-
duced. In the case of gamma-rray CLSs, two crystal
types have garnered significant research attention: Sili-
con crystals doped with Germanium (Si;_,Ge,), grown
through MBE [33], and Diamond crystals doped with
Boron (C;_,B,), grown via CVD [30]. Here, = denotes
the dopant concentration, where x = 0 represents the
base crystal with no dopant atoms, and x = 1 denotes
a single crystal of the dopant atom.

The design of gamma-ray CLSs places a significant
emphasis on the structure and quality of the crystals.
Low quality crystal structures with many defects lead to
dechannelling [10], in which particles are removed from
a channel. Thus, crystals of lower quality will have a
shorter dechannelling length: the distance a channelled
particle travels prior to dechannelling. Increasing the
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Fig. 2 Diagram of a Silicon crystal showing the posi-
tions of Si atoms (yellow), the unit cell (dashed lines), and
the (110) crystalline plane (blue). Image generated using
VESTA [11]

dechannelling length leads to a subsequent increase in
the intensity of the emitted radiation.

The dopant concentration can significantly influence
the quality of the grown crystal. As dopant atoms are
introduced, they induce strain within the crystal, lead-
ing to local changes in crystalline structure. These alter-
ations, when considered across the entire crystal, lead to
variation in the distances between neighbouring planes.
However, if these distances become too large, various
types of defects can emerge within the crystalline struc-
ture, including point defects and dislocations [34]. This
outcome is dependent on the constituent atoms and the
dopant concentration. For example, C;_,B, crystals
have been shown to achieve higher dopant concentra-
tions before defects begin to appear [31,35]. In order
to successfully manufacture high-quality crystals, it is
imperative that the maximum dopant concentration is
kept below a critical value [25].

Herein, we report the results of an atomisitic-level
study of the effect of dopant concentration on defect-
free Si;_,Ge, crystals, and specifically how these
parameters influence the crystalline properties of inter-
planar distance and lattice constant. Our investigation
employs molecular dynamics (MD) simulations using
the MBN Explorer [36] and MBN Studio [37] software
packages, allowing for the unique study of the direct
effect of dopant atoms on the overall crystalline struc-
ture.

This analysis holds significant relevance for the
design and practical realisation of gamma-ray CLSs.
To ensure the successful production of linear, bent, and
periodically bent crystals suitable for use in CLSs, it
is essential to identify the manufacturing tolerances of
crystal properties. These include the maximum dopant
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concentration, bending amplitude, bending period, and
minimum defect density for which effective channelling
is still possible. In this study we focus on the dopant
concentration, and the direct impact of dopant atoms
on the small-scale crystalline structure.

2 Methodology

This section outlines the computational methodology
used to generate defect-free doped Si;_,Ge, crystals,
and their subsequent atomistic-level analysis. We con-
sidered a fixed crystal size of (110 x 110 x 110) A, com-
prising a total of 66,420 atoms. Our simulations were
conducted under non-periodic boundary conditions at
room temperature, specifically 300K, consistent with
an NVT ensemble. These simulations have been per-
formed using the MBN Explorer software package [36]
for advanced multi-scale modelling of complex molecu-
lar structures and dynamics. MBN Studio [37], a multi-
task toolkit and a dedicated graphical user interface for
MBN Explorer, was utilised to construct the systems,
prepare input files, and analyse simulation outputs.

Our investigation examines Si crystals doped with Ge
at various concentrations to elucidate their influence on
the crystalline structure. Due to the lattice mismatch
between Si (as; = 5.431A) and Ge (age = 5.658A)
[38], Ge doping in Si causes an increase in the inter-
planar distance. To generate the Si crystals, the MBN
Explorer input file was configured with a single Si unit
cell. This cell was then systematically duplicated and
translated along each axis by the width of one Si lat-
tice constant. This process was repeated until the entire
volume of the simulation box was uniformly filled with
the crystal structure. Subsequently, a predetermined
percentage of Si atoms were selected at random and
replaced with Ge atoms, ensuring the amount of Ge
atoms aligned with the targeted dopant concentration:
between z = 0.00 (0%) and = = 0.15 (15%). This
method initially produces pristine crystalline structures
devoid of defects, in comparison to techniques, such
as MBE and CVD. Although it is feasible to simu-
late MBE processes through MD calculations [39], such
approaches are computationally expensive and beyond
the scope of this study. We abstained from incorporat-
ing any form of substrate typical of MBE procedures
[33], and restricted our examination to a single dopant
concentration for each instance. Consequently, the crys-
tals produced in our simulations do not exhibit the dis-
tinctive curvature or periodic distortion that are char-
acteristic of periodically bent crystals produced with a
gradient in dopant concentration. Subsequent studies
will consider these factors in more detail.

The interactions between atoms within the crystals
were simulated using the Stillinger—Weber potential
[40]. The specific parameters for this potential, along
with the atoms involved in these interactions, are sum-
marised in Table 1.

For each dopant concentration, ~ 1000 independent
crystalline structures were generated, ensuring a robust
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and statistically meaningful analysis. These geome-
tries were optimised using the MBN Explorer velocity
quenching algorithm over 10000 optimisation steps, and
using a simulation box equal to the size of the crys-
tal. Such optimisation simulations represent the crys-
tal structure at some local energy minimum state for
a given arrangement of dopant atoms. 50 of these sys-
tems were then randomly selected, with the optimised
structures as the initial geometries for MD simulations.
Each of these systems were heated to 300K using a
Langevin thermostat with damping time of 100fs over a
period of 100ps, to allow for thermalisation of the sys-
tem. To accommodate the expected crystal expansion
from atomic rearrangement, the simulation box dimen-
sions were increased to (120x120x120) A3. At all stages
of these simulations, the entire crystal was exposed to
vacuum, and no barostat was used.

For our analysis, we used the last 20 frames of the
MD simulations, which represent the state of the sys-
tems over the concluding 1ps. During this period, we
averaged the positions of the atoms in these frames
to obtain crystal structures that account for thermal
vibrations. To consider the bulk properties of the crys-
tals, we deliberately excluded the edges from our anal-
ysis due to their atypical geometry, a consequence of
non-periodic boundary interactions in the simulation
box. We established a margin of 15A from each edge of
the crystal as the exclusion zone. This specific dimen-
sion was chosen as an optimal compromise, minimising
the impact of edge artefacts while maximising the core
crystal volume available for analysis.

3 Results and discussion

As outlined in Section 1, the creation of periodically
bent Si;_,Ge, crystals is dependent on the change in
crystalline inter-planar distances by dopant Ge atoms.
By analysing the relationship between the crystalline
inter-planar distance and the dopant concentration on
an atomistic scale, it is possible to evaluate the range
of dopant concentrations for which high-quality, defect-
free crystals can be grown. The crystals considered in
this study are too small to exhibit the large-scale defect
formation that would lead to dechannelling, thus the
following analysis is considered from the viewpoint of
the direct effect of dopant atoms on the spacing of crys-
talline planes.

The simulations conducted in this study allow for an
atomistic-level investigation into the change in lattice
constant and inter-planar distance from the nominal
values of 5.431A and 1.920A, respectively, for single Si
crystal. Due to the cubic structure of the crystal, the
lattice constant, hereafter denoted to as a, is equal in all
lattice families (+£110), (0+10), and (00+£1). Corre-
spondingly, the inter-planar d(110) distance, hereafter
denoted as d, refers to the separation between adja-
cent (110) crystalline planes. In order to determine the
inter-planar distances within each crystal, atoms that
lie along the (110) planes are identified and grouped

@ Springer
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Table 1 Tables of the Stillinger-Weber potentials used for Si—Si and Ge—Ge (a), and Si—Ge (b) interactions in Ge doped

Si crystals

(a) Table of the Stillinger—Weber potential parameters for Si—Si and Ge—Ge from Ref. [40] and Ref. [39] respectively

Atoms A B D q a ~y o (A) e (eV) A References
Si-Si 7.050 0.602 4.0 0.0 1.8 1.2 2.095 2.167 21.0 [40]
Ge-Ge  7.050 0.602 4.0 0.0 1.8 1.2 2.181 1.926 31.0 [39]

(b)Table of the Stillinger—Weber potential parameters for Si-Ge from Ref. [39]

Constants oij (A) giji (eV) Xijk

A 7.05 Si—Si 2.095 Si—Si—Si 2.167 Si—Si—Si 21.0

B 0.602 Si-Ge 2.138 Si-Si-Ge  2.104 Si-Si-Ge  23.1

P 4.0 Ge—Ge 2.181 Si-Ge-Ge 2.043 Si-Ge-Ge 25.5

q 0.0 Ge-Si-Si 2.043 Ge-Si-Si 255

a 1.8 Ge-Si-Ge 1.984 Ge-Si-Ge 28.1

g 1.2 Ge-Ge—-Ge 1.926 Ge-Ge-Ge 31.0

into their respective planes. A set of coordinates that
define the position of each plane relative to all neigh-
bouring planes are then defined by taking the average
coordinates in the (110) planes. From this, the distance
between each neighbouring plane within the crystal is
determined. The inter-planar distance is then averaged
over all crystalline planes, and over all simulations for
a particular dopant concentration.

Figure 3a, b shows how the average inter-planar
distance d and lattice constant a vary with dopant
concentration in comparison to the nominal parame-
ters in single Si crystal for both the optimised struc-
ture and the system post MD at 300K. In addition,
each plot has a second y-axis that shows the relative
change in lattice constant Aa/a or inter-planar dis-
tance Ad(110)/d(110), parameters commonly used in
the manufacture of crystals [30,31]. In both plots we
observe an overall linear dependence on inter-planar
distance and lattice constant with dopant concentra-
tion. These results are compared to those of the empir-
ically derived Vegard’s Law [44], predicting a linear
proportionality between the lattice constant and the
dopant concentration:

asice() = (1 — x)as; + age. (1)

As the crystal scales in all directions, it follows that
the inter-planar distance will adhere to the same rela-
tion: d(z) = (1 — z)ds; + dgex. Comparing the lines
for the optimised structure and that of MD simulations
at 300K it is evident that for increased dopant concen-
trations the deviation of the lattice constant and inter-
planar distances increases. By conducting a linear fit of
the form y = ma + ¢, we obtain a relationship compa-
rable to Vegard’s Law, Eq. (1). In the case of Fig. 3a,
¢ = dg; = 1.920A, and Fig. 3b, ¢ = ag; = 5.431A, equiv-

@ Springer

alent to the nominal parameters for single Si crystals.
The values of the gradient m calculated for the inter-
planar distance mg and the lattice constant m, are as
follows:

— 0.067 for optimisation )
7 00.062 for T =300K

— 0.190 for optimisation (3)
“710.176 for T = 300K

Multiplying the values of mg by the ratio as;/age
yields the values of m,, as expected. This decrease in
gradient from optimisation to MD is attributed to the
thermalisation of the system, however contradicts what
one would expect from Vegard’s Law, with the lattice
constant of Si corresponding to ag; = 5.431A at 300K.
However, such a discrepancy is to be expected; it is
well documented that Vegard’s Law (which was ini-
tially empirically derived) exhibits deviations from the
results of both experimental and computational studies
of the structure of semiconductor materials. Such devi-
ations have been observed in diffraction experiments of
Ge1_;Si,[41,45] and Gej_,Sn,[45], Monte Carlo sim-
ulations of Si;_,Ge,[42] and Ge;j_,Si;[46], MD simu-
lations of Si;_,Ge, and Si;_,C.[47], and DFT simula-
tions of Ge;_,Sn,[48]. Reference [49] analyses Vegard’s
Law in the frame of thermodynamics, stating that Veg-
ard’s Law should be reclassified as an approximation.
In particular, they specify that Vegard’s Law represents
a valid approximation when the lattice constants of the
components differ by less than 5%; in the case of Si and
Ge, the lattice constants differ by ~ 4%, thus Vegard’s
Law provides a valid approximation for the change in
lattice constant.
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Fig. 3 Plots of the average inter-planar distance (a) and lattice constant (b) as a function of the dopant concentration.
The blue line shows the results of structure optimisation. The orange line shows the results of MD simulations at 300K. In
each plot a second y axis shows the relative change in inter-planar distance Ad(110)/d(110) or lattice constant Aa/a. The
lattice constant is compared to experimental data from Ref. [41] (open triangles), Ref. [42] (open stars), and Ref. [43] (open
squares), as well as the empirically derived Vegard’s Law [44] indicated by the green line. The grey dashed lines represent

the nominal values of each property in single Si crystals

Discrepancies from Vegard’s Law are often accounted
for by the modification of the linear interpolation to a
parabolic relation

asice(x) = (1 — x)agi + ager — (1 — 2)bsige, (4)

where the first two terms are the linear relation Eq.
(1), and the final term accounts for the deviation from
the linear behaviour, quantified by the bowing param-
eter bsige [50]. The values of bgige have been obtained
from a parabolic fit:

0.0424 for optimisation
bsice = { P (5)

0.0584 for T = 300K

These values are larger compared to those obtained
from other studies; bgige = 0.026A from Ref. [41],
bsice = 0.010A from Ref. [42], and bgige = 0.0253A from
Ref. [45]. Indeed, the deviation from Vegard’s Law we
observe is larger than that observed in other studies,
seen in Fig. 3. The physical explanation of this dis-
crepancy likely originates in how the crystals used in
this study have been generated. In our simulations,
the crystals start with an ideal crystalline structure,
regardless of the concentration of dopant atoms. The
structure of the crystals are then optimised to a local
energy minimum state, and are then allowed to relax as
MD simulations are conducted. In both types of sim-
ulations the crystalline structure rearranges based on
the dopant concentration. This is in contrast to crys-
tals grown through MBE or CVD, which allows for
the formation of dislocations and defects as the crys-
tal is grown. Defects typically form over size ranges
of nanometers [34], so it is not unexpected that our
~ 100A crystals show an ideal structure. In addition,
our simulations neglect the substrates typically used for
growth of crystals via MBE and CVD, and in combi-
nation with the non-periodic nature of the simulation

box, the crystals are allowed to scale in all directions,
rather than just perpendicular to the substrate. This
will impact the overall lattice constant.

4 Conclusions and outlook

In this study, we have conducted atomistic-level simu-
lations to examine the influence of dopant atoms on the
structure of small Si;_,Ge,, crystals, all within the con-
text of emerging technologies for gamma-ray crystal-
based light sources (CLSs). We have shown a linear
relationship between dopant concentration and inter-
planar distance and lattice constant between x = 0.00
and z = 0.15. The thermalisation of the system affects
the gradient of the linear relationship, with MD simu-
lations conducted at 300K resulting in a reduced lat-
tice constant as compared to the optimised structure.
Our results show similar deviations from Vegard’s Law
to Refs. [41,42,45-48], but are in agreement with Veg-
ard’s Law when it is considered as a general approxi-
mation, as outlined in Ref. [49]. We observe an overall
smaller lattice constant than Refs. [41,42]; however, we
attribute this to our crystal generation method. Our
crystals, being smaller and initially possessing an ideal
structure, exhibit a much closer resemblance to an ideal
crystal following MD simulations in comparison to the
studies referenced. Their small size means large-scale
defect formation is not possible, unlike crystals grown
through conventional means. In addition, expansion of
the crystal is not limited to a particular direction, as
would be the case if a substrate were present.

This work has developed the basis for the simulation
protocol for generating doped crystals in the context of
gamma-ray CLSs. Future studies considering additional
parameters, crystal types, and sizes will allow for the
investigation of defect formation, as well as the influ-
ence of the substrate. Furthermore, the methodology

@ Springer
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outlined in this work allows for the analysis of various
aspects, such as crystal amorphisation, thermal expan-
sion, thermal conductivity, and more.

The quality of crystals and understanding of defect
forming processes are essential for the creation of
gamma-ray CLSs. These simulations may be coupled
with experimental studies to characterise the quality
of candidate crystals, and channelling experiments run
in parallel with relativistic MD [51] channelling sim-
ulations to evaluate the efficacy of radiation produc-
tion of particular crystals. In the future more accu-
rate crystal growth methods can be considered, such
as MBE and CVD. These can be effectively explored
using stochastic processes, such as Kinetic Monte Carlo
simulations, which model the crystal growth through
probabilistic processes [52]. This approach enables sim-
ulations over significantly longer timescales than tradi-
tional MD, making it comparable to MBE and CVD
crystal growth. The recent successful integration of
stochastic dynamics into MBN Explorer [53] has opened
the door to further investigations into such stochastic
processes.

This research field is inherently multidisciplinary,
integrating simulation and experimental studies that
are essential for the realisation of emerging gamma-ray
CLSs.
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