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Abstract

Exact and trusty prediction of pollutant emissions is pivotal for optimal combustion control in biomass cogeneration
systems, which possess multiple variables, high-volume data streams, and dynamic characteristics. Aiming at the
multivariate dynamic systems, this paper extends a classical fast relevance vector regression (FRVR) algorithm into
a multivariate form to accomplish synchronous multi-pollutant prediction. Meanwhile, a flexible and effective online
training strategy is proposed to solve the problems of low accuracy of multi-step prediction and lack of dynamic
updating capability. First, the given dataset is divided utilizing the k-means clustering method to enhance the clustering
of similar features and expedite the prediction process. Then, the classical FRVR algorithm is extended into a multiple-
output form, enabling the simultaneous prediction of multiple pollutant emissions. Moreover, the incremental learning
method is introduced into the proposed multivariate FRVR model to improve its dynamic performance and online
learning ability. Finally, the proposed method’s effectiveness is verified through a biomass cogeneration systems case.
Experimental findings fully illustrate that the proposed method provides the lower RMSE and MAE while runtime
decreases by 50% and R2 reaches 96%. The proposed method significantly outperforms others, showing excellent
potential in the pollutant prediction field.

Keywords: Extended fast relevance vector regression algorithm, incremental learning method, k-means clustering
method, pollutant emission prediction.

1. Introduction

Compared with fossil fuels, biomass energy has
gained increasing attention as renewable energy, which
has a vital effect in reconstructing energy distributions
(Valente et al. (2020)), optimizing the ecological envi-
ronment (Xu et al. (2023)), and promoting industrial de-
velopment (Li et al. (2024); Nunes et al. (2014)) . These
advantages have directly contributed to the fact that
biomass cogeneration systems attract broad attention in
many important fields and industrial applications (Qiu
(2013)). However, biomass combustion process pro-
duces large amounts of nitrogen oxide (NOx) and sul-
fur dioxide (SO2), causing ozonosphere destruction and
global warming, which seriously damages the ecosys-
tem and endangers human health (Jin et al. (2022)).
Therefore, mitigating pollutant emissions has emerged

∗Corresponding author
Email address: hdfzj@zjut.edu.cn (Defeng He)

as a pivotal issue for biomass cogeneration systems.
Flue gas purification and combustion process monitor-
ing are being developed to decrease greenhouse gas pro-
duction and pollutant emissions (Chen et al. (2023)).
However, regardless of implementing reduction strate-
gies for emissions, exact and trusty prediction of pollu-
tant emissions is a basic premise (Han et al. (2022)).

There are three categories of research on pollutant
emissions concentration prediction. The first category
involves direct monitoring of pollutant emissions us-
ing continuous emission monitoring systems (CEMS)
(Nazari et al. (2010)). Nevertheless, the CEMS is dif-
ficult to ensure economic and continuous measurement
due to high-cost maintenance and frequent offline cal-
ibration. (Yang et al. (2020b)). The second category
is applying computational fluid dynamics (CFD) analy-
sis models to predict pollutant emissions (Kang et al.
(2017); Park et al. (2017)). However, the pollutants
emission from biomass combustion is a dynamic and
time-varying process that contains many complicated

Preprint submitted to June 13, 2024



physical and chemical reactions (Li et al. (2022); Chen
et al. (2023)). Establishing a precise model to describe
this process is challenging. And even if it can be es-
tablished, the model parameters are not easy to esti-
mate. The third category is utilizing data-driven meth-
ods to learn regularities from large-scale data character-
istics. It is widely applicable across multiple domains
due to adaptation to complex patterns and strong gen-
eralization ability (Li et al. (2021)). Data-driven meth-
ods mainly use artificial neural networks (ANN), sup-
port vector machine (SVM), relevance vector regression
(RVR), and their variations to predict pollutant emis-
sions. ANNs have high non-linear approximation ca-
pabilities and do not require accurate modelling of the
combustion process (Chen et al. (2024)). The extreme
learning machine (ELM) was built to accurately pre-
dict NOx emissions (Tan et al. (2016)), achieving a pre-
diction model with a mean absolute error (MAE) of
only 0.92%. However, the training process of ANNs
requires large amounts of high-quality data, which is
highly challenging to acquire in the actual industrial
process. The SVM algorithm is also extensively applied
in pollutant emission prediction (Lv et al. (2013)). It
was applied to build a non-linear relationship between
operating variables and nitrogen oxides to predict boiler
nitrogen oxide emission (Zhou et al. (2012)). The least
squares support vector machine (LSSVM) was estab-
lished to analyze the flame image feature for pollutant
emissions prediction (Li et al. (2015)). However, these
algorithms can only provide point estimation and have
strict restrictions on kernel functions. The RVR algo-
rithm, similar to the SVM algorithm, has been proposed
with good learning ability, easy training process, and
probability distribution prediction.

The RVR algorithm is a sparse probabilistic regres-
sion model based on a Bayesian framework (Tipping
(2001)). This algorithm relieves the computational ef-
fort of non-linear regression problems via kernel func-
tions and provides good prediction accuracy and spar-
sity. It is widely used in industrial fields, such as the
prediction of remaining useful life (RUL) of equipment,
fault diagnosis, and so on (Liu et al. (2015); Wang
et al. (2021)). An RVR algorithm was proposed for
predicting the remaining useful life of rolling bearings
(Guo & He (2022)). The RVR algorithm was also uti-
lized to find relevant vectors for representing the battery
capacity fade, where an empirical degradation model
was developed for the conditional parameters (Jia et al.
(2021)). However, these RVR algorithms are limited
to regression from multiple input variables to a single
output variable (Tipping & Faul (2003)). While multi-
variate outputs commonly exist in numerical industrial

applications, especially biomass cogeneration systems.
To overcome this disadvantage, the RVR algorithm has
been extended to multiple output forms. For example,
an RVR algorithm was proposed for learning a map-
ping from image features to state space in a one-to-
many mapping (Thayananthan et al. (2006); Thayanan-
than et al. (2008)). However, this algorithm is only an
integration of several different RVRs without realizing
the simultaneous output of multivariate variables under
an RVR framework. It is still a single variable RVR
algorithm in essence. A multivariate RVR (MRVR) al-
gorithm was extended based on a matrix Gaussian dis-
tribution to achieve multi-step prediction of capacitor
performance degradation (Wang et al. (2021)). In this
paper, the MFRVR algorithm is extended to a multivari-
ate form, which improves the computational time and
solves multivariate regression compared to the classical
RVR algorithm.

An ideal model for the dynamic prediction of pollu-
tant emission should describe the non-linear, delayed,
and multivariate coupled nature of the combustion pro-
cess. However, most existing data-driven algorithms
only apply to the offline case and cannot achieve dy-
namic updates (Yang et al. (2020a)). A modified long-
short term memory (LSTM) is designed to construct
a dynamic prediction model for SCR systems outlet
NOx emissions (Xie et al. (2020)). However, the model
suffered from error accumulation, which resulted in
poor prediction accuracy. Although the above meth-
ods are outstanding in non-linear modelling, they can-
not achieve satisfactory results regarding dynamic char-
acteristics (Chen & Huang (2023)).

Motivated by the above discussions, a dynamic mul-
tivariate prediction framework is established by extend-
ing the FRVR algorithm into a multivariate form and
integrating the incremental learning method. Firstly,
a dataset is partitioned into a fixed number of smaller
datasets by applying the k-means method since the
FRVR algorithm is suitable for small samples, but the
biomass systems are lengthy processes. Secondly, the
FRVR algorithm is extended into a multi-output form to
predict multiple pollutant emissions from biomass co-
generation systems. Finally, an incremental learning
method is added to the MFRVR algorithm for online
learning and dynamic training. The contributions and
novelty of this paper are as follows.

1) The classical FRVR algorithm is extended into a
multi-output form by introducing a matrix Gaus-
sian distribution of weights. Compared with the
classical RVR algorithm and its deformations, this
paper can simultaneously achieve multipollutant
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emissions prediction with a high prediction accu-
racy.

2) An incremental learning method is incorporated
into the MFRVR algorithm for dynamic updating
pollutant models and real-time monitoring of pol-
lutant prediction in biomass cogeneration systems.
Compared to similar research algorithms, the pro-
posed method has more precise online prediction
capability and low computational complexity.

The rest of the paper is arranged as follows. First,
Section 2 proposes an MFRVR algorithm by extend-
ing the FRVR algorithm into a multi-output format.
Then, Section 3 provides a detailed introduction to the
k-means clustering method and the incremental learn-
ing method for establishing an IMFRVR model. Sub-
sequently, in Section 4, the accuracy and complexity
of the IMFRVR model are extensively compared with
other existing methods through the biomass cogenera-
tion systems case. At last, further summarizes the pa-
per, and some related thoughts for future works are dis-
cussed in Section 5.

2. Multivariable Fast Relevance Vector Regression

2.1. Regression model establishment

Given a collected input-output dataset {xi, ti}
N
i=1,

where xi ∈ RU×1 is sample input vector, ti ∈ R1×V is
corresponding target vector, N represents sample size,
V is the dimensions of the multivariate space, and U
denotes the input variables size. A dynamic model be
formulated via MFRVR as

ti = y (xi,W) + εi (1)

where W = [w0,w1, · · · ,wN]T ∈ R(N+1)×V denotes the
weight matrix; εi ∈ R1×V is assumed to be a zero
mean Gaussian distributed random error vector with a
covariance matrix D ∈ RV×V . The D can be decom-
posed as D = RBRT, where R ∈ RV×V ; B = diag {β1 ,
β2, · · · , βv} ∈ RV×V , in which diag(·) describes a diago-
nal matrix, and βi is the variance of random error vector
εi.

Eq. (1) can be expressed in matrix format as

T = ΦW + E, (2)

where T = [t1, t2, · · · , tN]T ∈ RN×V repre-
sents a pollutant emission prediction matrix; E =

[ε1, ε2, · · · , εN]T ∈ RN×V is a random error ma-
trix; and Φ =

[
φ (x1) ,φ (x2) , · · · ,φ (xN)

]T
∈

RN×(N+1) is a design matrix, in which φ (xi) =

[1,K (xi, x1) ,K (xi, x2) , · · · ,K (xi, xN)] ∈ R1×(N+1)

denotes a basis vector, K (xi, xs) ∈ R(N+1)×1 is a Gaus-
sian kernel function between the vector xi and xs(s =
1, · · · ,N) in this study.

Due to the neglect of R by Bishop (2006) and the
supposed independent Gaussian random error, the prob-
ability density function (PDF) of T conditioned on W
and B can be given by

p(T |W, B) = (2π)−
VN
2 |B|−

N
2

exp
(
−

1
2

tr
(
B−1(T −ΦW)T(T −ΦW)

)) (3)

where tr(·) is the trace of the matrix, and | · | expresses
the determinant of a square matrix.

As many hyperparameters in the model as training
samples, the model might overly learn complex pat-
terns. So, the direct adoption of the maximum likeli-
hood function to estimate the hyperparameters would
produce over-fitting (Bishop (2006)). To prevent over-
fitting of the model (2), a zero mean Gaussian prior dis-
tribution with a diagonal covariance matrix A is intro-
duced for W, where W is assumed to be related to B.
Following this, the prior PDF of weight W is determined
as

p(W | α, B) = (2π)−
V(N+1)

2 |B|−
N+1

2 |A|
V
2

exp
(
−

1
2

tr
(
B−1WT AW

)) (4)

where A−1 = diag
[
α−1

0 , α
−1
1 , · · · , α

−1
N

]
∈ R(N+1)×(N+1),

α−1
i (i = 0, · · · ,N) denotes the precision of weight wi.

It means a zero mean Gaussian prior distribution with
among rows inverse variances α = [α0, α1, · · · , αN]T ∈

R(N+1)×1 for W. Thus, each weight wi has an indepen-
dent hyperparameter associated with it, regulating the
strength of the prior thereon. In general, the initial value
of precision α−1

i set as a large number to ensure the spar-
sity of the model. In other words, the prior weight wi is
more centrally distributed around zero.

2.2. Hyperparameter optimization
Based on Bayes’ theorem, the connection between

the prior PDF and the posterior PDF can be expressed
as

p(W | T,α, B) =
p(T |W, B)p(W | α, B)

p(T | α, B)
(5)

The posterior PDF of weight W is formulated as fol-
lows

p(W | T,α, B) = (2π)−
V(N+1)

2 |B|−
N+1

2 |Σ|−
V
2

× exp
(
−

1
2

tr
(
B−1(W − M)TΣ−1(W − M)

)) (6)
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In Eq. (6), the mean M and the covariance Σ are

M = ΣΦTT (7)

and
Σ =

(
ΦTΦ + A

)−1
(8)

respectively.
The hyperparameters α and B can be estimated by

Bayes’ theorem in the following form

p(α, B | T) ∝ p(T | α, B)p(α, B) (9)

If the priors of hyperparameters α and B are relatively
flat, they can be estimated by maximizing the marginal
likelihood function p(T | α, B) in the evidence frame-
work. p(T | α, B) can be derived by integrating over W
as

p(T | α, B) =
∫

p(T |W, B)p(W | α, B)dW

= (2π)−
VN
2 |B|−

N
2
∣∣∣I +ΦA−1ΦT

∣∣∣− V
2

×

∫
exp

(
−

1
2

tr
(
B−1TT

(
I +ΦA−1ΦT

)−1
T
)

dW,

(10)
The In-marginal likelihood function of Eq. (10) is

represented in the following manner

L(α, B) = ln p(T | α, B)

= −
1
2

[VN ln(2π) + N ln |B| + V ln |C|

+tr
(
B−1TTC−1T

)]
,

(11)

Let C = I + ΦA−1ΦT ∈ RN×N . Considering the de-
pendence of L(α, B) on a single hyperparameter α−1

i ,C
is decomposed as

C = I+
∑
m,i

α−1
m φmφ

T
m+α

−1
i φiφ

T
i = C−i+α

−1
i φiφ

T
i , (12)

where C−i denotes the matrix C with the contribution of
basis vector φi removed and substituting Eq. (12) into
Eq. (11), there is

L(α, B) = −
1
2

[VN ln(2π) + N ln |B| + V ln |C−i|

+tr
(
B−1TTC−1

−i T
)]
−

1
2

[
−V lnαi + V ln

(
αi + φ

T
i C−1
−i φi

)
+tr

B−1TT C−1
−i φiφ

T
i C−1
−i

αi + φT
i C−1
−i φi

T
 ,

(13)

Eq. (11) can be further written as

L(α, B) = L (α−i, B)

+
1
2

V lnα−i − V ln (α−i + si) +
tr

(
B−1qT

i qi

)
αi + si


= L (α−i, B) + ℓ (αi, B)

(14)

where si
def
= φT

i C−1
−i φi is the sparsity factor, which mea-

sures the extent that basis vector φi overlaps those al-
ready present in MFRVR model. qi

def
= φT

i C−1
−i T rep-

resents the quality factor, which measures the error of
the model with that the basis vector φi excluded. Gen-
erally, L(α, B) has now been divided into L (α−i, B),
the marginal likelihood with φi excluded; and ℓ (αi, B),
where terms in αi are now conveniently isolated. This
decomposition of the ln marginal likelihood function
can greatly simplify the hyperparameter-solving pro-
cess, thus reducing the computational load of the model
and accelerating runtime speed.
L(α, B) has a unique maximum concerning αi by tak-

ing the derivative of the hyperparameter αi in Eq. (14)
and making it zero. And there is

αi =


s2

i
tr(B−1 qT

i qi)
V −si

, if tr(B−1 qT
i qi)

V > si

∞, if tr(B−1 qT
i qi)

V ≤ si

(15)

Similarly, L(α, B) has a unique maximum concern-
ing B by taking the derivative of the hyperparameter B
in Eq. (11) and making it a zero matrix. There is

B =
TT(T −ΦM)

N
(16)

2.3. Prediction based on MFRVR
Given a new sample x∗ the procedure for predicting

the mean y∗ and a variance matrix σ2
∗ is obtained as fol-

lows:
Firstly, the initial values of α and B are chosen and

substituted into Eq. (7) and Eq. (8) to compute M and
Σ. Then, Eq. (15) and Eq. (16) are utilized to estimate
the hyperparameters. Subsequently, Eq. (7) and Eq. (8)
are applied again to re-estimate the posterior mean and
covariance by substituting them back into Eq. (15) and
Eq. (16). These estimation steps iterate gradually until
convergence.

Secondly, the estimated hyperparameter values α̂ and
B̂ are substituted into Eq. (3) and Eq. (5).

Finally, the predictive distribution of t∗ is joint nor-
mal distributed as

p
(
t∗ | T, α̂, B̂

)
= N

(
t∗ | y∗,σ

2
∗

)
(17)
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with
y∗ = Φ (x∗)T M (18)

σ2
∗ = B̂

(
1 +Φ (x∗)T ΣΦ (x∗)

)
(19)

The prediction variance σ2
∗ can be regarded as the

sum of two parts of noise: the estimated random error
on the training data B̂ and random error caused by the
weight posterior uncertainty B̂Φ (x∗)T ΣΦ (x∗).

3. MFRVR based dynamic prediction

Most algorithms employ a retraining method to
achieve dynamic prediction. With the continuous in-
crease of samples, a novel model can be obtained by re-
training all samples. However, this training method can
bring a heavy computational burden, resulting in slower
update speeds and an inability to adapt to new data on
time. Therefore, an extended incremental MFRVR (IM-
FRVR) prediction model is proposed for the online pre-
diction of pollutant emissions with high prediction ac-
curacy. The framework of IMFRVR based dynamic pre-
diction is shown in Fig.1, which consists of the follow-
ing four steps.

Step 1: Pre-processing. The complete ensem-
ble empirical mode decomposition with adaptive noise
(CEEMDAN) method is presented to remove the noise
of samples. The maximal information coefficient (MIC)
method is adopted to reduce the dimensionality of the
sample.

Step 2: The k-means clustering method for sam-
ples. The k-means clustering method is to divide the
data into k clusters, where the data points within the
same cluster are as similar as possible, and the differ-
ences between different clusters are as significant as
possible. First, the elbow method is adopted to de-
termine the optimal k value. It calculates the sum of
squared errors (SSE) for different k values. As the k
value increases, the SSE rapidly decreases. When the k
value reaches the optimal value, the decreasing of SSE
slows down, forming an elbow. Then, each data cal-
culates its distance to each cluster centre and assigns
it to the cluster whose centre is closest. Each cluster
recomputes the mean of all data points in it and sets
these means as the new cluster centers. Next, repeat the
above steps until the cluster centre no longer changes.
Finally, small datasets A1 . . . Ak is obtained by the k-
means clustering method.

Step 3: Modeling offline training process. The
clustered datasets A1 . . . Ak trains separately the

MFRVR model established in the second section. Af-
ter completing the training, the relevance vector corre-
sponding to each small dataset can be obtained. And the
relevance vector sets of RV1 . . .RVk forms the RV sets.

Step 4: Incremental learning process. Compos-
ing the new sample dataset by merging the sample data
set B with the RV sets, and incremental training the
MFRVR model with it. Then, the prediction value
datasets C, along with the upper and lower boundaries
of the confidence interval, which are generated by the
trained MFRVR model.

In this paper, the training algorithm of the MFRVR
model adopts the EM optimization algorithm. Its it-
erative calculations in the E-step and M-step include
matrix-vector multiplication, vector inner product, ma-
trix trace, matrix multiplication, and matrix inversion.
Among them, the complexities of matrix multiplication
and matrix inversion require a large amount of computa-
tion, reaching O

(
N3

)
(N is the dimension of the matrix

determined by the number of samples). On the other
hand, the prediction process mainly involves calcula-
tions of vector inner products and matrix-vector mul-
tiplication. Due to the high sparsity of MFRVR, only
the multiplications involving non-zero values in W need
to be computed, significantly improving computational
efficiency. Based on the above analysis, the main fac-
tors affecting the computational efficiency of MFRVR
training are matrix multiplication and matrix inversion,
which are determined by the number of samples. Re-
ducing the size of online samples can effectively im-
prove the efficiency of online training. As a result,
a simple and low-computational incremental learning
strategy is proposed for the MFRVR model.

Fig. 2 illustrates the incremental learning process of
the MFRVR model. First, the MFRVR model is trained
offline with the clustered small datasets to obtain the
relevant vector sets RV; then, the new datasets B and
the RV sets are combined into new datasets to train the
MFRVR model. Finally, the prediction value datasets C,
along with the upper and lower boundaries of the con-
fidence interval, are generated by the trained MFRVR
model. This process does not require storage of his-
torical data, which significantly reduces memory space
usage and space complexity. Meanwhile, it effectively
associates new samples with previous learning results,
which reduces training time and improves training effi-
ciency.
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Figure 1: The framework of IMFRVR based dynamic prediction.
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4. Experimental results and discussions

4.1. Datasets and experimental setup
The experimental study is conducted on the biomass

cogeneration systems developed by Jiaxing New Jies
Heat & Power Co. Ltd, Zhejiang Province. As shown
in Fig. 3, the biomass cogeneration systems include
biomass storage and transportation, biomass combus-
tion, water vapor circulation, steam power generation,
provides water vapor and heat, flue gas treatment, and
flue gas emission. These steps are interrelated and in-
dispensable. Fig. 4 shows the distribution diagram of

some devices of the biomass cogeneration systems, in-
cluding several key components such as the biomass cir-
culating fluidized bed boiler, primary air fan, secondary
air fan, dust collector, and induced draft fan. Gener-
ally, biomass cogeneration systems are equipped with a
distributed control system (DCS) to collect operational
data of the system. Based on the pollutant formation
mechanism and engineer recommendations, 23 param-
eters are selected as input variables shown in Table 1.
And the output variables of the data are SO2 and NOx
emission. Experimental data are collected from the op-
eration of the biomass cogeneration system on 9 August
2021, with a sampling period of 5 s. A total of 17,000
samples are obtained.

In this experiment, 2076 samples are selected, with
the training and test samples divided in a ratio of 7:3.
Each sample adopts the complete ensemble empirical
mode decomposition with adaptive noise (CEEMDAN)
method to remove the noise present in the sample. And
the maximal information coefficient (MIC) method is
used to reduce the dimensionality of the sample. The
correlation heat map for the 23 input variables is shown
in Fig. 5. Previous research indicates that a MIC value
exceeding 0.4 signifies a strong correlation between the
two variables. Therefore, after comparing and evaluat-
ing the MIC values between variables, three variables
(generator active power, primary air duct flow, and sec-
ondary air duct flow) are ultimately selected as input
variables for the subsequent model. The experiments set
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Figure 3: The schematic diagram of the biomass cogeneration systems.

incremental learning to batch mode, dividing the total
test set into four incremental sets and one small valida-
tion set. Each incremental set contains 200 samples. In
the incremental learning phase, the incremental sets are
fed into the training prediction model every 20 seconds,
for four incremental sets. It can simulate the data flow in
the biomass cogeneration process. Finally, a small val-
idation set exploit verifies the effectiveness of the pro-
posed algorithm.

Figure 4: Distribution diagram of some devices of the biomass cogen-
eration systems.

Table 1: Input variables
No Input variables
1 Garameter description
2 Instantaneous main steam flow rate
3 Main steam line outlet temperature
4 Primary air mains flow
5 Primary hot air outlet temperature
6 Secondary air mains flow
7 Secondary hot air outlet temperature
8 Smoke exhaust temperature left
9 Smoke exhaust temperature right

10 Combustion chamber sub-boiling temperature1
11 Combustion chamber sub-boiling temperature2
12 Combustion chamber boiling center temperature1
13 Combustion chamber boiling center temperature2
14 Combustion chamber boiling center temperature3
15 Combustion chamber boiling center temperature4
16 Furnace outlet temperature left
17 Furnace outlet temperature right
18 Low temperature superheater outlet oxygen left
19 Low temperature superheater outlet oxygen right
20 Cyclone outlet temperature left
21 Cyclone outlet temperature right
22 Oxygen content of air preheater outlet left
23 Oxygen content of air preheater outlet right
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Figure 5: Heat map of correlation of 23 input variables.

4.2. Evaluation of IMFRVR model features
The IMFRVR model mainly contains two hyperpa-

rameters: kernel width and the number of clusters k
value. In the following, the effect of the two hyper-
parameters on the model are verified. Moreover, the
optimal parameters are obtained by analyzing exper-
imentally. To assess the effectiveness of the predic-
tion model, three evaluation criteria are employed: root
mean square error (RMSE), mean absolute square er-
ror (MAE), and determination coefficient

(
R2

)
. These

measures quantify the disparity between the actual and
predicted values, delineating:

RMS E =

√√√
1
N

N∑
i=1

(x̃i − xi)2 (20)

MAE =
1
N

N∑
i=1

|x̃i − xi| (21)

R2 = 1 −
∑N

i=1 (x̃i − xi)2∑N
i=1 (x̄i − xi)2 (22)

where N is the testing samples size; xi represents the
measured value; x̃i represents the predicted value; and
x̄i represents the average of all measurements in the test-
ing samples. RMSE quantifies the general discrepancy
between the measured and predicted values. MAE as-
sesses the resemblance between measured values and
predicted values. R2 evaluates the degree of correlation
between the measured and predicted values. A reduced
RMSE and MAE signify improved predictive capability,
while an elevated R2 value indicates greater precision in
prediction.

4.3. Selection of k value

As an important parameter in the k-means clustering
method, selecting of the k value directly determines the
partition result of the original dataset into subsets and
then affects the final experimental prediction effect. To
this end, after data preprocessing and normalization of
2000 groups of samples, SSE is chosen as the evaluation
metric, and the relationship between SSE and k values
is depicted in Fig. 6.

As the k value increases, the division of samples be-
comes more granular, and each cluster’s clustering den-
sity gradually increases, and the SSE naturally becomes
smaller. When the k value is lower than the optimal
value, raising the k value will significantly enhance the
clustering density within each cluster, resulting in a sub-
stantial reduction in the SSE. As the k value continues to
rise, the degree of clustering density reduction will be-
come slower, and the SSE gradually approach a state of
equilibrium. The relationship diagram between the SSE
and the k value is an elbow shape. The optimal value
can be determined by identifying the k value associated
with the elbow point. The optimal k value is determined
to be 10 in this paper. The clustering outcomes are de-
picted in Fig. 7. Each data cluster represents a different
color in the figure. The number of each cluster is shown
in Table 2.
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Figure 6: A coupled mass-spring-damper system.

4.4. Kernel width selection

After specifying the total number of samples and the
data for each small cluster, each cluster’s most appropri-
ate kernel width should be determined to generate the
optimal set of relevance vectors. The kernel width is
selected by the size approximation method, specifically
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Figure 7: Diagram of the clustering result.
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Figure 8: Relationship between kernel width and prediction accuracy.

within the range of [0-1]. Taking class 0 data as an ex-
ample, the relationship between pollutant emission pre-
diction accuracy and kernel width is illustrated in Fig.
8. When the kernel width is 0.6, the prediction accuracy
for both pollutants reaches its peak. Therefore, the ker-
nel width for class 0 is set to 0.6. The prediction effect
for class 0 is depicted in Fig. 9. The method described
above is applied to ascertain the optimal kernel width
and relevance vector set for each class. The final results
are shown in Table 2.

Table 2: Clustering results

Category Samples
size

Training/test
sample size

kernel
width

RV
size

0 114 57 0.6 16
1 308 154 0.3 25
2 176 88 0.5 26
3 200 100 0.4 24
4 172 86 0.5 13
5 116 58 0.6 22
6 172 86 0.5 21
7 270 135 0.3 36
8 248 124 0.3 26
9 218 109 0.4 21

Figure 9: Class 0 prediction results of SO2 and NOx.

4.5. Prediction and comparative experiments

After confirming the number of clusters method and
the kernel width of the algorithm through the above ex-
perimental part, the effectiveness of the IMFRVR model
is illustrated by a comparison experiment. IMFRVR
model is compared with four algorithms: direct incre-
mental multivariable fast relevance vector regression
(DIMFRVR), incremental fast relevance vector regres-
sion (IFRVR), retrain multivariable fast relevance vec-
tor regression (RMFRVR), and multi-output Gaussian
process regression (MOGPR).

4.5.1. Performance of different prediction methods
The IFRVR algorithm is chosen to show the superior

performance of the proposed algorithm. The IFRVR
algorithm predicts the pollutant emission in the sys-
tems separately and cannot achieve simultaneous pre-
dictions. In the experiment, the same data preprocess-
ing approaches and clustering methods are applied for
both algorithms to complete the preliminary data prepa-
ration. The incremental data is input in the form of a
data stream. Finally, the proposed algorithm’s effective-
ness is illustrated by comparing MAE, RMSE, R2, and
running time.

The prediction results of the two algorithms for pol-
lutant emission are shown in Fig. 10. and Fig. 11. The
pollutant emissions predicted by the IMFRVR model
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are close to the actual values. However, for the IFRVR
algorithm, there are significant differences between the
predicted and actual values at the sharp point of data.
According to Tab.3. and Tab.4., it can be observed that
the IMFRVR model exhibits better prediction accuracy
with the lower RMSE and MAE and higher R2 in con-
trast to the IFRVR algorithm. This shows that simul-
taneous prediction of pollutants not only achieves better
prediction efficiency, but also improves prediction accu-
racy, and the complexity of the algorithm itself does not
change significantly.
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Figure 10: IMFRVR and IFRVR predict SO2.
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Figure 11: IMFRVR and IFRVR predict NOx.

4.5.2. Effect of different dynamic process learning ap-
proaches

In this study, the RMFRVR model is compared to
demonstrate the effectiveness of the incremental learn-
ing idea in the proposed algorithm. The new addition
samples in the RMFRVR model are directly combined
with the original sample data to form a new sample set
for training the prediction model. In the experiments,
the same method of data processing and input of the
same form of incremental data are used for both algo-
rithms. Finally, the proposed algorithm’s effectiveness
is illustrated by MAE, RMSE, R2, and running time.

The prediction results of the two algorithms for pollu-
tant emission are shown in Fig. 12. and Fig. 13.

By analyzing Table 3 and Table 4, it is evident that
the RMSE, MAE, and R2 of the proposed model are
better than the RMFRVR model. In particular, the train-
ing time is shortened by 2.7 times, thereby address-
ing the need for real-time predicting pollutants in the
biomass cogeneration process. The inferior accuracy
of the RMFRVR model can be attributed to its learn-
ing of all training samples when inputting in incremen-
tal samples. This results in the model’s inability to ef-
fectively utilize its sparse characteristics as more incre-
mental data sets are added, consequently diminishing its
capacity to learn from large sample data and leading to
a decline in accuracy. Furthermore, the continuous ad-
dition of data sets increases the model’s computational
time, resulting in prolonged running times.
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Figure 12: IMFRVR and RMFRVR predict SO2.
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Figure 13: IMFRVR and RMFRVR predict NOx.

4.5.3. Impact of different data-processing methods
The DIMFRVR model is applied to analyze the ef-

fect of clustering in the proposed model. The DIM-
FRVR model does not cluster the train data set but in-
stead learns directly from the 2000 samples input into
the algorithm. In the experiments, both methods keep
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the same data processing process except for whether the
data is clustered. Finally, the proposed algorithm’s ef-
fectiveness is illustrated by MAE, RMSE, R2, and run-
ning time. The prediction results of the two algorithms
for pollutant emission are shown in Fig. 14. and Fig.
15.
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Figure 14: IMFRVR and DIMFRVR predict SO2.
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Figure 15: IMFRVR and DIMFRVR predict NOx.

Compared with the proposed algorithm, the DIM-
FRVR model has a larger MAE and RMSE, and a
smaller R2. This indicates that the clustering of train-
ing data can help enhance prediction accuracy. The pri-
mary reason for the suboptimal prediction accuracy of
the DIMFRVR model is that sizeable unclustered data
sets are input into the model, causing the model to learn
some useless information and decreasing prediction ac-
curacy. Conversely, the segmentation of large datasets
enables the clustering of data with similar characteris-
tics, thereby facilitating the extraction of more pertinent
information by the prediction model. The prolonged
computational time of the DIMFRVR model can be at-
tributed to the direct input of large unclustered datasets
into the prediction model, which increases the computa-
tional complexity of the EM algorithm optimization hy-
perparameter process. Simultaneously, extensive sam-

ple data makes the DIMFRVR model more suscepti-
ble to noise interference. This results in the sparsity
of weights being less evident than in small samples, di-
rectly affecting operating efficiency. Deformation meth-
ods based on the RVR principle demonstrate superior
performance on small sample datasets. Therefore, clus-
tering sample data is imperative to improve the accuracy
and efficiency of pollutant emission predictions.

4.5.4. Impact of different multi-prediction methods
The multi-output Gaussian process regression

(MOGPR) method is chosen to reveal the superior
performance of the RVRbased method. During the
experimental phase, the two methods utilized the same
data preprocessing and sample dimensionality reduc-
tion method. The training data used for the MOGPR
method was not clustered and the incremental data
set was input as a data stream. Finally, the proposed
algorithm’s effectiveness is illustrated by comparing
MAE, RMSE, R2, and running time.

Fig. 16 and Fig. 17 clearly show that the fitting ef-
fect of the MOGPR method is significantly worse than
the proposed method. Although the MOGPR method
appears to capture the prediction trend, its accuracy is
notably inferior. The RMSE and MAE of the MOGPR
method are much larger than those of the proposed
method, and the R2 is notably smaller. This is due to
the complex correlations and dependencies between the
two pollutants emitted from the biomass cogeneration
systems, which were not learned well by the MOGPR
method under the current data conditions, making the
method’s prediction performance degrade on the test
set.

Apart from the unsatisfactory prediction accuracy of
the MOGPR method, its running time is also difficult to
guarantee. After each incremental dataset is added, it
trains the entire new dataset. With the continuous addi-
tion of incremental datasets, it takes longer and longer
time to construct the covariance matrix for the whole
training data. It directly leads to the long running time
of the MOGPR method. This is unacceptable for the
biomass cogeneration systems requiring real-time pol-
lutant concentration prediction. Meanwhile, the rela-
tively high computational complexity of the MOGPR
method makes it have higher requirements on the pro-
cessor, which will invariably increase the application
cost. In contrast, when the proposed method performs
incremental learning, the incremental data is only com-
bined with the relevance vectors obtained from the pre-
vious training to form a new data set to train the model.
The proposed method’s sparse characteristics are fully
utilized, the computational complexity is significantly
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reduced, and the running time is guaranteed. To the
greatest extent, it meets the real-time demand for pre-
dicting pollutant emissions from biomass cogeneration
systems.
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Figure 16: IMFRVR and MOGPR predict SO2.
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Figure 17: IMFRVR and MOGPR predict NOx.

Table 3: Algorithm performance comparison table (SO2).
Algorithm type RMSE MAE R2 Time(s)

IMFRVR 0.15 0.08 0.96 81.5
IFRVR 2.54 1.30 0.89 160.7

RMFRVR 2.88 1.80 0.81 300.4
DIMFRVR 3.68 2.43 0.70 632.2
MOGPR 10.63 3.91 0.64 1132

Table 4: Algorithm performance comparison table (NOx).
Algorithm type RMSE MAE R2 Time(s)

IMFRVR 0.23 0.17 0.95 81.5
IFRVR 2.89 1.39 0.85 162.3

RMFRVR 2.79 1.48 0.76 300.4
DIMFRVR 3.87 2.82 0.69 632.2
MOGPR 11.97 3.1 0.6 1132

5. Conclusions

This study proposes an extended incremental multi-
variate fast relevance vector regression model for pol-
lutant emission prediction. The effectiveness of the
model is assessed through the pollutant emission of
biomass cogeneration systems case. The primary con-
tribution of this paper can be succinctly outlined as (1)
regardless of NOx or SO2, the proposed method pro-
vides the lowest RMSE and MAE while the highest
R2 by comparing different prediction models. Among
them, the prediction accuracy of NOx and SO2 reached
R2 = 0.95 and R2 = 0.96, respectively; (2) the intro-
duction of the incremental learning idea shortened the
running time of the model by 72.8% compared to the
retraining method, in which low compute complexity
is achieved; (3) multiple pollutants synchronous pre-
diction can fully consider the coupling relationship be-
tween output variables, improving the prediction accu-
racy by nearly 10%; (4) the proposed method’s predic-
tion accuracy can be more guaranteed on small sample
data due to the sparsity of the RVR model itself.

In future research, the IMFRVR model will be im-
proved to address the challenge of a lack of robustness
caused by the Gaussian distribution. Moreover, predict-
ing pollutant emissions in biomass cogeneration sys-
tems under more complex operating conditions is nec-
essary. In addition, the over-fitting problem of the IM-
FRVR model is also worthy of our attention. The IM-
FRVR model effectively avoids over-fitting problems by
introducing a sparse prior, parameter sparsity, and the
utilization of flatter prior distributions. However, this
does not mean that the IMFRVR model does not have
overfitting problems at all. Once the prior distribution
of the model is set unreasonably and there is a large
amount of noise or outliers in the data, the IMFRVR
model may be overfitting. In our future work, we plan to
study different situations where the IMFRVR model has
overfitting problems in a targeted manner so that these
situations can be avoided in the application process.
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