University of

'Sl Kent Academic Repository

Wu, Shaomin, Dui, Hongyan and Hu, Linmin (2024) Construction of copulas
for bivariate failure rates. Annals of Operations Research, 341 (2-3). pp. 1177-1189.
ISSN 0254-5330.

Downloaded from
https://kar.kent.ac.uk/106032/ The University of Kent's Academic Repository KAR

The version of record is available from
https://doi.org/10.1007/s10479-024-06053-x

This document version
Publisher pdf

DOI for this version

Licence for this version
CC BY (Attribution)

Additional information

Versions of research works

Versions of Record
If this version is the version of record, it is the same as the published version available on the publisher's web site.
Cite as the published version.

Author Accepted Manuscripts

If this document is identified as the Author Accepted Manuscript it is the version after peer review but before type
setting, copy editing or publisher branding. Cite as Surname, Initial. (Year) ‘Title of article'. To be published in Title
of Journal , Volume and issue numbers [peer-reviewed accepted version]. Available at: DOI or URL (Accessed: date).

Enquiries

If you have questions about this document contact ResearchSupport@kent.ac.uk. Please include the URL of the record
in KAR. If you believe that your, or a third party's rights have been compromised through this document please see

our Take Down policy (available from https://www.kent.ac.uk/guides/kar-the-kent-academic-repository#policies).



https://kar.kent.ac.uk/106032/
https://doi.org/10.1007/s10479-024-06053-x
mailto:ResearchSupport@kent.ac.uk
https://www.kent.ac.uk/guides/kar-the-kent-academic-repository#policies
https://www.kent.ac.uk/guides/kar-the-kent-academic-repository#policies

Annals of Operations Research
https://doi.org/10.1007/5s10479-024-06053-x

ORIGINAL RESEARCH

®

Check for
updates

Construction of copulas for bivariate failure rates

Shaomin Wu'@® - Hongyan Dui? - Linmin Hu3

Received: 13 October 2023 / Accepted: 8 May 2024
© The Author(s) 2024

Abstract

This paper aims to develop a method to construct an asymmetric copula, based on which a
closed form of the cumulative bivariate failure rate can be obtained. The construction method
differs from existing ones. This new method can facilitate the derivation of some results such
as the estimation of the expected number of occurrences for a system whose failure process is
modelled by a bivariate stochastic process or the expected cost in optimisation of maintenance
policies.

Keywords Dependence - Copula - Asymmetric copula - Bivariate failure rate

1 Introduction
1.1 Motivation

In reliability engineering, the concept of the failure rate plays a key role. For the one-
dimensional (1-D) scenarios, the calculation of the failure rate (or cumulative failure rate) is
straightforward and the failure rate normally has a simple expression. For the two-dimensional
(2-D) scenarios, however, the expression of the bivariate failure rate can be too complicated
to be used in applications such as estimation of the amount of warranty claims. It is noted
that the bivariate reliability and therefore bivariate failure rates are widely used in many real
applications. For example, in the automotive industry, vehicles are sold with 2-D warranty,
which defines that vehicle users can claim warranty within a time limit and a cumulative
usage limit. Researchers and practitioners need closed-forms of bivariate failure rates in
development of reliability estimation, warranty policy optimisation, or budget planning (Wu,
2012; Wang & Zhang, 2011; Dai et al., 2021; Shang et al., 2022).

Asdiscussed in Wu (2014, 2024), when considering two dimensions (i.e., age and cumula-
tive usage) in warranty claims analysis, a better approach for modelling the two dimensions is
to use an asymmetric copula as items with large age implies large cumulative usage whereas
items with large cumulative usage do not mean large age, which is due to the fact that some
items may not be used often.
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The expression of an asymmetric copula can become more complicated than that of a
symmetric copula. As a result, the cumulative bivariate failure rate of an asymmetric copula
may not have a closed form, which can hinder its applications. This necessitates an exploration
of the way to select bivariate copulas and to construct asymmetric copulas with which the
corresponding bivariate failure rates can have closed forms. This paper serves for this purpose.

1.2 Prior work

In an attempt to show that there does not exist an absolutely continuous bivariate exponential
distribution with constant bivariate failure rate and with the marginals being dependently dis-
tributed, Basu (1971) proposed a definition of bivariate failure rates. Johnson and Kotz (1975)
defined the bivariate failure rate as a vector, which is also referred to as the hazard gradient.
Navarro (2008) obtained a general procedure to characterize bivariate absolutely continuous
distributions by using the bivariate failure (hazard) rate function. Barbiero (2022a) proposed
two methods for deriving a bivariate discrete probability distribution from a continuous
one by retaining some specific features of the original stochastic model. Barbiero (2022b)
investigated (1) pseudo-random simulation, (2) attainable Pearson’s correlations, (3) stress-
strength reliability parameter, and (4) parameter estimation for a bivariate discrete probability
distribution, considering the associated failure rate function. Kayid (2022) derived two char-
acterizations of the weak bivariate failure rate order over the bivariate Laplace transform
order of two-dimensional residual lifetimes.

1.3 Challenges and our proposed methods

The existing work has the following three drawbacks:

e Suppose there is a bivariate joint distribution F(x, y;0)(= P(X < x,Y < y)) and
the marginal distributions of X and Y are Fx(x;0) and Fy(y; @), respectively. The
relationship between P(X < x,Y < y)and P(X > x,Y > y)(= F(x, y))is F(x, y) =
1—Fx(x;01)— Fy(y; 62)+ F(x, y; 0). Basu (1971) defined the bivariate failure rate as

r(x,y) = %, where f(x, y; 0) is the bivariate density function. Nevertheless, some

papers mistakenly derive bivariate failure rates based on the relationship F(x, y; ) =
1 — F(x, y; 0) (see Jack et al. (2009), for example).

e Mostresearch assumes a simple expression of a bivariate failure rate (see Navarro (2008),
for example). Nevertheless, in many other applications, an associated bivariate failure
rate function is derived from a bivariate joint probability distribution, which is estimated
based on the time-to-occurrence data. As such, assuming a simple expression of a bivariate
failure rate may result in a different bivariate joint probability distribution as the one
derived from the real observations.

e Many failure rate functions such as the power law function are used as the failure intensity
functions, with which maintenance policies are optimised. There is often a need to obtain
a closed form of the expression of the cumulative bivariate failure intensity functions.

A challenge in modelling 2-D failures is that the expression of a bivariate failure rate can
be very complex, which may confine its applications. This paper therefore proposes a method
to construct asymmetric copulas, which can facilitate the use of the bivariate failure rate in
applications.
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1.4 Overview

The structure of the remainder of this paper is as follows. Section 2 introduces the challenges
that are identified and proposes a method to overcome the challenges. Section 3 constructs an
asymmetric copula for a special case: the Gumbel Barnett copula. Section 4 discusses another
approach to constructing an asymmetric copula and discusses a limitation of the proposed
approaches. Section 5 concludes this paper.

2 Bivariate failure rates

This section introduces the definitions of the bivariate failure rate, proposed by Basu (1971);
Johnson and Kotz (1975), respectively.

2.1 Definitions of bivariate failure rates

Johnson and Kotz (1975) defined the bivariate failure rate as a vector, as shown below

ro (X, y;0) = (ri(x, y;0), r2(x, y; 9)), (D

which is also called a hazard gradient, where

0 -
rl(x,y;a):—alogF(x,y), (2)

and 5
r(x,y;0) = —@ log F(x, y). 3)

ri1(x, y; 0) and ro(x, y; @) defined above are referred to as JK’s bivariate failure rate in this
paper.

It is noted that for a bivariate probability distribution, the relationship between F(x, y)
and F(x, y; @) is not the same as that in the univariate scenario, thatis, P(X > x,Y > y) =
F(x, y) # 1 — F(x, y; ), instead, it is shown below

F(x,y) =1=Fi(x) = F2(y) + F(x, ;). “

Given a bivariate cumulative distribution function F (x, y; @) and its associated density func-
tion f(x,y; @), Basu (1971) defined the corresponding bivariate hazard rate of F(x, y; @)
as

Plx<X<x+A,L,y=Y<y+MAx=<X,y<Y)

,y;0)=1li 5
rx ;0 AIHEO A1Ay ®)
A2~>0
or equivalently:
.y 0
r(x,y;0) = TGy 0) ), (6)
F(x,y)

where F (x, y; 0) is the joint distribution function of random variables X and Y, and f (x, y; 0)
is the joint probability density function of X and Y. @ is the set of parameters in the copula
and the bivariate function F(x, y; ).

r(x, y; 0) defined in Eq. (6) is referred to as Basu’s bivariate failure rate in this paper.
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2.2 Copula-based bivariate failure rates

A copula is a tool for defining joint probability distributions and is defined as following.

Definition 1 Denote [0, 1] by I. A bivariate copula is a function C (w1, wo; 6): 12 - I with
the following properties:

(a) (Grounded) C(w;, wy;0) =0, if wy =0 where k =1, 2.

(b) (Consistence with margins) C (w1, 1;0) = w; and C(1, w3; 0) = wy.

(¢c) (Rectangle inequality) C(u1, up) — C(uy, w2) — C(wi, u3) + C(w1, w2) > 0 for all
O<wi<u;<land0<wy <up <1.

32C(w1.w2:0)

Assume that ~—5 =57 exists, then Condition (c) can also be expressed as following:

s 92C(w1.02:0)
() dw 0wy > 0.

Hence, for a given copula C (w1, w2; @), one can obtain its associated failure rate function
as follows.

2 .
Denote c(wy, wy; §) = @126

19wy then

O?F(Fy (1), F; ' (02))
dw1 0wy
_ S ), Fy (@)
AT (@) f2(Fy (@2)
_ SOy
[1) fa(y)’
where x = Fil(w), y = Fl(), f(x,5:0) = 9F(x,y:0)/dxdy, fi(x) =
Jo fx.y:0)dy,and fr(y) = [y f(x,y:0)dx.
Basu’s bivariate failure rate function can be defined with the copula as follows:
f(x,y;0)
F(x,y)
_c(o1, @2: 0) fi(Fy (@) f2(F;  (@2))
- 1 —w1 —wr+ C(wr, w2; 0) )

c(wy, w2; 0) =

@)

rix,y;0) =

®)

For most copulas, the expression r(x, y; @) is very complicated. When r(x, y; €) is used
for further derivations, for instance, if A(xg, yo) = f(;c 0 foyo r(x, y; @)dxdy needs to be
calculated, a closed-form expression of A (xo, yo) may not be obtained. An intuitive idea is
to choose a copula with the following form,

Cwr,w;0) =w1 + w2 — 1+ g(wr1, w2; 0), )

C(w1, wy; 0) in Eq. (9) is the bivariate survival copula of g(w;, wo; #). With Eq. (9), one
hopes to eliminate the part 1 —w; — w3 in the denominator of r (x, y; @) so that the expression
of r(x, y; 8) can be simplified.

With Definition 1, we can obtain Lemma 1.

Lemma 1 g(wi, wy; 0) should satisfy the following conditions

e Condition A: g(w1,0;0) =1 —w; and g0, w2;0) =1 — wy,
e Condition B: g(w1, 1;0) = g(1, w2; 0) =0,
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stion C: 28(@1.02:0)
e Condition C: W > 0.

In addition to the three conditions in Lemma 1, we also hope that the bivariate failure
rate has a closed form. Nevertheless, in the literature, there does not exist a widely accepted
and rigorous definition of a “closed form”, although some definitions are given (see Chow
(1999); Borwein and Crandall (2013), for example). In our case, we hope that A (xg, yo) =

00 [ rx, y: @)dxdy (with xo, yo € (0, +00)), has a closed-form. To this end, we impose
that g(w1, wy; ) should also satisfy the following condition:

_ _ a2 _0)
FIFT o) foFy Hwn)) T8lene2f)
e Condition D: fOF 1(x0) fOF2<YO) 1 2 90019
g(wy, w2; 0)

closed-form expression.

dwidwy has a

In some practical applications, some probability distributions are not symmetric. For
example, the relationship between age and accumulated usage should be modelled by an
asymmetric copula (Wu, 2014).

We say a copula lacks permutation symmetry (Joe (2014), page 65) if

C(w1, w2; 0) # C(w2, w15 0).

Unfortunately, using existing methods for constructing asymmetric copulas (see Liebscher
(2008); Wu (2014); Mukherjee et al. (2018)) do not provide a better method, with which an
elegant expression of r(x, y; #) can be obtained. We therefore propose a new method to
construct asymmetric copulas, as shown in the following section.

It is noted that the bivariate failure rate r (x, y), in general, does not necessarily determine
its associated F (x, y) uniquely (Yang & Nachlas, 2001; Finkelstein, 2003), but it determines
F(x, y) under some reasonable assumptions (Navarro, 2008). As such, one normally deter-
mines the bivariate joint distribution, based on which the failure rate can be provided. This
requires one to develop new approaches to simplifying the expression of the failure rate,
which motivates the development of this paper.

Example 1 Assume C (w1, wy; ) is the Clayton copula, which is a commonly used copula
)\ (2

in the reliability engineering. Let w; = 1 — ei(a> andwy =1 —e¢ <°‘2> , which

suggests that the marginal distribution is the Weibull distribution. Then, C(w1, wy; 0) =

—1/6
[a)fe + a);9 - 1] . If we plug C(w1, wy; @) into Eq. (8), then the denominator of Eq.
(8) becomes

1 — w1 —wr + C(wr, w2; 0)

N R L HI_EW‘}Z [l_e@z)ﬂzr_l}

and

20+1
c(@1, 2;0) =0 + D(@i0) V(w0 + 0" —1)77

=0+ [(1 - e—(aﬂ)ﬁ‘) (1 B e-(;z)ﬂzﬂe“ §
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0 0 2
_(=\\ _(2)2\
(l—e <°‘1) > +<1—e (“2) ) -1 . (11)
Then the Basu failure rate is given by

r(x,y;0)

() () ) {(1 ) (1) 1}

o
—~
2=
S—

=
+
N\
—~
8=
N
I
|
—_

+
— e,
—
—
|
N\

—_
Sl=
S—
=
1
&
+
—
—
|
o
—~
Sl=
—
=
3
[
&
|
—_

(12)

The above denominator cannot be eliminated in the bivariate failure rate after it is plugged
into Eq. (8). The numerator is more complex than the denominator. As a result, if the failure
rate r(x, y; @) is used as the failure intensity function of a bivariate stochastic process, then
its cumulative failure intensity, which is calculated by I' (xg, yo) = (;C 0 fo) Or(x,y; 0)dxdy,
does not have a closed-form.

Proposition 1 If C (w1, w2; 0) # C(ws, w1; 0) for w1 # wy, then r(x, y;0) # r(x,y;0)
for w1 # wy.

Proof It is noted that

C(wi,w;0) =P(X <x,Y <y)
=P(F1(X) < F1(x), 2(Y) < F2(y))
=P(F1(X) < w1, 2(Y) < w2), (13)

we therefore obtain

Px<X<x+AL,y<Y<y+2AX>x,Y <y}
A1y

,y;0) =1
e ,0) = lim,
Ar—0
. Py<Y<y+ A x<X<x+A|X>x,Y >y}
# lim

A1—0 A1Ay
Ar—0

=r(u, x; 0). (14)

This completes the proof. O

Proposition 1 suggests that the bivariate failure rate is asymmetric if its associated copula is
asymmetric. This is useful even when one constructs an asymmetric failure intensity function
for repairable systems.
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3 The case of the Gumbel-Barnett copula

Intuitively, one may suggest the Gumbel-Barnett copula due to Gumbel (1960) and Barnett
(1980), which is defined by

Clw,w2;0) =w1 +w; — 14+ (1 —w1)(1 — w2) exp[—¢ log(l — wy) log(1 — wy)],
(15)

where ¢ € (0, 1]. Based on the copula defined in Eq. (15), one can obtain

fx,y;0)
F(x,y)
=fI(F] (@) (Fy H(w2) x

[1—¢log(l — ) — plog(l —wi) + (1 — ¢ log(l — ) log(l — w2)) ¢] .
(16)

r(x,y; 0) =

The expression in Eq. (16) is fairly elegant.

3.1 A method for constructing asymmetric copulas

To construct a new copula that is asymmetric and meets the conditions listed in Lemma 1,
we need to ensure that g(wy, w2; 0) # g(wa, wy; 0).
Define a bivariate function as following
Clor,@:0) =1+ o — 1+ (1 —o)(l — )
exp[—¢ (—log(1 — w1)" (~log(1 — 2))™]. 17

When 6; = 6, = 1, the model in Eq. (17) reduces to the Gumbel-Barnett copula.
Proposition 2 5((01, w; ) defined in Eq. (17) is a copula.

If!oof Apparently, it is easy to prove that c 0, wn) = Cc (w1,0) =0, 6(1, w2) = wy and
C(wi, 1) = w.

- Y .
Now as long as we can prove that ¢(w;, wp; 0) = ¥ C@1,0:0)

Soor o > 0, we prove that

5(w1 , wy; 0) is d-decreasing in w and w;.
IC (w1, w2; 0) _
o =l [ = 1= 9010 — @) (= logl — @)~ (—log(1 — w2))*]

exp[—¢ (— log(l — )" (= log(1 — @1))™] (18)
Using the inequality 17 < log(l +x) < x forall x > —1 (Love, 1980), and considering
Eq. (18) and, we have
9> C (w1, w2; 0)
dw1 0wy

=[1+¢01(=log(1 — w )" ™" (= log(1 — @2))* — $6162(— log(1 — w1))" ! (— log(l — )"

+ ¢0 [1+ ¢01 (— log(1 — w1)) ™' (—log(1 — w2))*] [(—log(1 — w)? (—log(1 — w2))* ']

exp[—¢ (—log(1 — w1))" (= log(1 — w))™]
=[(=log(1 — w)' ™" (—log(l — w2))' ™" — 6y log(1 — w2) — $6162 — P62 log(1 — w1)

(w1, w23 0) =
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+¢201602(— log(1 — w))” (—log(1 — 2))? ] [(—log(1 — w)? ' (—log(l — w2))™ ']
exp[—¢ (—log(1 — w1)>91 (—log(1 — w))™]

|:a)} Hla)l 67-!—(,1)9

— 90102 + ¢p6>
—w 1

+¢2616,0" wﬂ (—log(1 — @)~ (—log(1 — w))?”~!

exp[—¢(—log(1 — w1 )" (—log(1 — @2))"] 19)

> [¢91 1 O 9016y + p—— + 2¢\/9192]
—w) 1 —w;
(=log(l — w1 )"~ (—log(1 — w2))" !
exp[—¢(— log(1 — w1 ) (—log(1 — @2))"] (20
> [qsel 1 24 o2 } (—log(1 — 1)~ (= log(1 — wy)®~"!
—w 1 —w
exp[—¢(—log(l — w1)” (—log(1 — @2))"] (20
>0. (22)

The above inequality (19) was derived by using 37 < log(1 + x) < x; inequality (20)

used the inequality a + b > 2+/ab for a, b > 0; inequality (21) was obtained because

2¢

V0162 > ¢016;, and inequality (22) is obvious.
This completes the proof. O

For the copula defined in Eq. (17), if 81 # 6,, itis easy to prove the following proposition.

Proposition 3 C (w1, w; 0) # C(ws, w1; 0) for 6; # 6.

r

Proposition 3 can easily be established by using Eq. (17).
Proposition 3 shows that the proposed copula C (w1, w;; €) is an asymmetric copula.
From the definition of the failure rate shown in Eq. (8), we can obtain

fx,y:0)

Ly 0) = —
(x,y;0) Fxoy)

_ o1 @:0) fi(Fy (wl))fz(F;(wz))

l—wl —w2+C(w1 wy; 6)

:fl(Fl Yo fa(Fs 5 Han))

(I —o)d —w)

[~ tog(1 = 1) (= log(1 = w2))! =% — 41 log(1 — w2) — $616> — $62 log(1 - w1)

+626162(~ log(1 — 1) (~log(1 = 02)) | [ (= log(1 = @1)"" ™! (~log(1 = @2)~"].

Example 2 Suppose w1 = 1 — ei(

1

o]

(23)

X
a

B

1)' and wy =1 —e (2) . Then fi(F (0)1))
_ Y \B

()G prrten = £(2)7 @) et - o -

N 0181 o 0282 . . .
(E) and (—log(l — n))”? = (—) . Then the failure rate is given by

o2
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_ A @) fo(Fy (@)
(1 — o)l —w)
[(—log(1 — )" (—log(1 — wp))!
—¢01 log(1 — w2) — ¢616; — P log(1 — wy)
+¢7010,(— log(1 — w1)? (— log(1 — w2))"]
[(—log(1 — w1 )"~ (—log(l — wp))” ']

1 x \ A=l B262—1 x \Ard=on Ba(1—62) B2
wala) @) G G e ()
a1 \ o] 0%} o] (0%) (2%)

B 0181 0262
— $016: + 66, (i) + 62016, <i> (l> } . (24)
o] o] s

As can be seen from Eq. (24), the expression of r(x, y; @) is simpler than the one in Eq. (12)
in Example 1 although different copulas are used. Furthermore, the Basu failure rate in Eq.
(24) is obtained based on an asymmetric copula.

With Eqs. (4) and (17), the corresponding copula C (w1, w2; 8) of F(x, y) is given by

r(x,y;0)

F(x,y) =C(w1, w; 0)
=l —w; —wy +5(a)1,w2;0)

=(1 — o1)(1 — ) exp[—¢ (— log(1 — w1 )" (— log(1 — @2))*]

Bi B2 B161 B262
e G @) e
o] o) [¢3] o2

Hence, JK’s bivariate failure rate function can be defined with the copula as follows:

r Br—1 B161—1 6]
ri(x,y; 0) = —&<x>l —¢@<i>” <L>22 C(w1, w; 0), (26)

o] \ o] oy [+3] an
and
i B[y pr—1 Bab [ x B161 y Ba62—17] _
ra(x,y;0)=|—— —¢p— | — — C(wr, @2;0). (27)
o \ (%) oy )

Copulas are a tool for modelling the dependence between random variables. Both Kendall’s
tau and Spearman’s rho can be expressed by copulas. It seems difficult to obtain Spearman’s
rho or Kendall’s tau of copula C(wi, wy; ). Nevertheless, we investigate the bounds of
Spearman’s p of C(w1, wy; @) in the following Proposition.

Proposition 4 The Spearman’s rho, p, ofE(a)l, wy; 0) is
e 4
3¢ ®—3<p<—12—Ei[——]-3, (28)
¢ ¢
where Ei(.) is given by Ei(x) = ffoo i—tdt. The bounds are sharp.

Proof Since the relationship between Spearman’s rho and a copula is p = 12 fol fol (C(w1,
w2; 0) — wiwy)dwidws, we obtain
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1,1
pZU/‘[(C@Lw%®4wmmﬂwﬂm
0o Jo

1 1
=12/0 /0 (@] + @3 — 1+ (1 — w1 —w2) expl—¢(— log(1 — w1)? (— log(1 — w2))?]

— wiwy)dwirdw)y

1 1
=12f / (1 — w1)(1 — wp) exp[—¢(—log(1 — @) (= log(1 — @2))? Jdwdwy — 3
0 JO

Let —log(l — w;) = u; fori = 1,2. Thatis, | — w; = e~ *i. Then,

1 pl
12/ / 67”‘7”27‘7’“?] “?dwldwz -3
0 Jo

0

. 0, .
Since u;" < 1, we obtain

+o0o +00 01 6
0 :12/ / e~ 2ua=puy Uy gy — 3
0 0

400 400
>12 f / e M2y duy — 3
0 0
=3¢7% -3,

. 0; .
and with u;" > u;, we obtain

+oo  p+4o00 0 0
0 :12/ / e 2T IR=U U gy dyy — 3
0 0
+o00 400
<12/ / e~ H T2 =mu gy gy — 3
0 0

+o00 e—2u2
:12/ duy; — 3
0o 2+ dur

Hence, we establish Proposition 4.

+o00 +0oo 0 6y
12/ / e~ —2ur=duy uy” gy dys — 3.
0 0

(29)

(30)

€2V

(32)

[}

Since Spearman’s rho of the Gumbel-Barnett copulais p = — IZ#Ei[— %] — 3, Proposi-

tion 4 suggests that Spearman’s rho of C (w1, wy; @) is smaller than that of the Gumbel-Barnett

copula.
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Definition 2 If a bivariate copula C is such that

. 1-C—-w,1 —w)
lim =
w—0+ w

Ay (33)

exists, then C has upper tail dependence if Ay € (0, 1] and no upper tail dependence if
Ay = 0. Similarly, if
. Clw, w)
lim =
w—0+ w

AL (34)

exists, then C has lower tail dependence if A; € (0, 1] and no upper tail dependence if
AL =0.

It is easy to obtain the following lemma.

Proposition 5 If a bivariate copula C is such that the tail dependence coefficients of copula
C(wy, wy; 0) are given by Ap, = 0 and Ly = 4.

Proof
Clo,
AL = lim Clo, )
w—>0+ w
i 20— 1+ (1 —w)? exp[—¢ (— log(1 — w))?1162]
= lim
a)—l>0+ w
=0 (35)
1-C(1l—-—w,1-—
Ay = lim d-ol-w
w—0+ w
1= 2w+ w?exp[—¢ (— log w)?112]
=2— lim
w—0+ 1)
=2— lim (=24 2wexp[—¢(—logw)"1 %]
w—0+
+ @(=p (01 + 02)(— log )" T~ exp[— (— log )21
=4. (36)
Hence, we establish Proposition 5. O

Example 3 Given a repairable system whose reliability is measured by both its age and cumu-
lative usage intensity, denote its failure intensity by A(x, y; 8). Let A(x, y; 0) = r(x, y; 0),
where r(x, y) is given in Eq. (24). Assume that the repair upon failures between replace-
ments is minimal. That is, a repair restores the system to the status immediately before
its failure. Then, the total number of failures in the plane [0, ¢] x [0, u] is given by
fox foy A(x0, yo; 8)dxodyo, from which an explicit expression can be easily obtained.

4 Discussion
Denote Hy (x) = [y h1(u)duand Hy(y) = [ ha(u)du, where hy(.) is the failure rate associ-

ated with the cumulative distribution function (cdf) Fj (.) (i.e., @ in the copula c (w1, w2; 6)
and h;(.) is the failure rate associated with F,(.). Thatis, H;(x) and H;(y) are the cumulative
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hazard functions associated with F(.) and F;(.), respectively. Then — log(1 — a)fl) = H;(x)
and —log(1 — a)gz) = H,(y). We have

Cw), w2 0) =01 + w3 — 1+ (1 — w1)(1 — ) exp[—¢ (— log(1 — @1)? (— log(1 — w3))?]
=F1(x) + F2(y) — 1 + F1 (x) Fa(y) expl—¢ (H} (x))? (Ha (»)?21, (37)

where 61, 0 € (0, 1].
Another idea to extend the Gumbel-Barnett copula to be an asymmetric form is to define
a copula as following

Ci(@1, 2;0) = w1 + @1 — 1 + (1 — 1) (1 — @) exp[—¢ log(1 — ") log(1 — w)].
(38)

where 61 # 0. Nevertheless, the challenge in the copula 61 (w1, wo; @) shown in Eq. (38)
is that log(1 — a)?i ) with i = 1,2 may become very complex even for a simple probability
distribution like the Weibull distribution.

It is noted that the copula is selected based on some methods such as the maximum
likelihood and a performance criterion (or several criteria) such as the Akaike Information
Criterion. As such, the construction method of asymmetric copulas proposed in this paper can
be used for the scenarios where the performance of the asymmetric Gumbel-Barnett copula
is similar to the other best performed copulas.

It is noted that the approach to constructing the asymmetric Gumbel-Barnett copula may
not be used for other copulas for forming closed-forms of cumulative failure rates, which is
a limitation of this paper.

5 Conclusion

This paper constructed an asymmetric copula from the Gumbel-Barnett copula. With the
proposed copula, the expression of the bivariate failure rate becomes elegant, which facilitates
its applications in the real world. That is, the main contribution of this paper is its proposal of
a method to construct an asymmetric copula for the ease in use of the bivariate failure rate.
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