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Improved Weighted Covariance-Based Detector for
Spectrum Sensing in Rayleigh Fading Channel

Huadong Lai™, Mingxing Liu", Member, IEEE, Jinqiang Xu, Peng Luo™, Changrun Chen", and Weichao Xu

Abstract—In this letter, we propose an improved weighted
covariance based detector (IWCD) for spatially correlated time-
varying Rayleigh fading channel. The proposed method uses
adaptive weights that are tailored to the dynamic nature of
the channels. These weights can be chosen manually to meet
practical requirements or derived theoretically by optimizing
some performance index, such that the IWCD outperforms
traditional weighted covariance-based detectors (WCDs), which
rely heavily on data-aided weights determined by the sample
covariance matrix (SCM). Performance merits in terms of the
probabilities of false alarm and detection are analyzed in the
low signal-to-noise-ratio (SNR) regime. Besides, the optimal
weights are derived via maximizing the modified deflection
coefficient (MDC). A reasonable estimator of the optimal weights
is also constructed armed with the available samples at hand.
Theoretical analyses and experimental results demonstrate the
superiority of our proposed method over existing works in
various scenarios.

Index Terms—Spectrum sensing, weighted covariance based
detector, rayleigh fading channel, modified deflection coefficient.

I. INTRODUCTION

OGNITIVE radio (CR), which allows the unlicensed sec-
ondary users to utilize the idle spectrum bands originally
allocated to but not occupied by the licensed primary users,
is recognized as a promising network architecture to improve
the spectrum utilization efficiency and alleviate the problem
of spectrum scarcity [1], [2], [3]. Spectrum sensing, as one of
the most important functionalities of CR, aims at seeking the
idle frequency band via continuously monitoring the activity
state of PUs [4].
Traditional energy detection is widely utilized for spec-
trum sensing owing to its low computational complexity
and simplicity of implementation. However, the performance
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of ED will degrade considerably in the presence of noise
uncertainty [5]. To overcome it, a variety of robust spectrum
sensing schemes have been addressed in the literature, such
as the correlation-based detector (covariance absolute value
(CAV) [6], volume based detection (VOL) [7], hadamard ratio
test (HDM) [8]) and the machine learning-based schemes
(CNN-LSTM [9] and CM-CNN [10]). By assuming the
quasi-static fading channels, these approaches are capable
of delivering desirable performance gain, but they may suf-
fer from performance deterioration when the transmission
channel is time-varying fading. To this end, several research
efforts in the aspect of weighted covariance are addressed
for time-varying fading channel, such as complex-valued
WCD (CWCD) [11], real-valued WCD (RWCD) [12], gen-
eralization RWCD (GRWCD) [13] and modified GRWCD
(MGRWCD) [13]. The pivotal idea is to construct the WCD-
based statistic by employing the SCM-based weights within
the principle of CAV. The performance of WCDs can be
significantly enhanced by employing the SCM-aided weights
to reduce the overlap between the distributions of test statistic
with and without primary signals. However, the weights arising
from the SCM are deterministic and fixed, and a heuristic
method for achieving remarkable performance gain is to find
the more flexible combined weights that are tailored to the
time-varying channel.

Inspired by it, in this letter, an improved weighted covari-
ance based detector (IWCD) is addressed for the time-varying
correlated channels. Compared to the traditional data-aided
WCDs, the proposed method exhibits the wider degree of
flexibility because the utilized weights can be determined
by manual selection for practical demands or by theoretical
deduction via the optimization of some performance index.
The analytic expressions of the false alarm probability and
detection probability are derived in the scenarios where the
SNR is low. Then, an optimization problem based on MDC
is formulated, armed with which the optimal weights can
be determined. In addition, the optimal weights are reason-
ably estimated after estimating the unknown parameters from
the available samples. Numerical examples reveal that the
proposed IWCD method is superior to other state-of-the-art
detectors available in the literature.

Notation: The operators tr(-), |-|, (-)*, ()T and (-)# denote
trace, modulus, conjugate, transpose and conjugate transpose,
respectively. The symbols of E(z) and V(z) are utilized to
represent the mean and variance of a random variable x. x ~
N(p, 2)(CN (1, X)) means that x follows the real (complex)
Gaussian distribution with mean p and covariance matrix X,
whereas ~ signifies “distributed as”. The real and imaginary

2162-2345 © 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.
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parts of x are denoted by Re(x) and Im(x), respectively. We
utilize 037 and I;; to represent the M Xx 1 zero vector
and M x M identity matrix. ¥(z) and I'(-) correspond to
a special confluent hypergeometric function 1F;(—1/2,1,z)
and Gamma function [14], respectively. The diag{x} stands
for a diagonal matrix with diagonal elements consisting of x.

II. PRELIMINARIES

ss A. Problem Formulation
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Herein we consider the detection of primary signal for a
CR system that composes of one PU and one SU equipped
with M sensing antennas through time-varying Rayleigh fading
channel. Denote the absence and presence of primary signal in
a specific frequency band by Hg and #1, respectively. Under
the above binary hypothesis, the observation vector x(k) from
M —antenna SU at time instant k can be expressed as [15]

{7—[0 s x(k) = w(k)
Hi :x(k) =h(k)s(k) +w(k)’

where s(k) ~ CN(0,02(k)), denotes the transmitted PU
signal which is deterministic but unknown with instantaneous
power o2(k); h(k) ~ CN(0p,07®) represents the cor-
related Rayleigh fading channel Wlth O'h and ® being the
channel power and normalized correlation matrix, respec-
tively; w(k) ~ CN(0p,Ry) is the additive background
noise with unknown diagonal covariance matrix R, =
diag{o?,...,0%,}. Generally, it is assumed that s(k), h(k)
and w(k) are statistically independent with each other.

E=1,2,....K, (1)

B. Channel Model

Due to its simplicity and excellent characterization of spatial
correlation, the antenna correlation matrix ® is typically
described by exponential correlation model [15], i.e

P m <
B, — Cmn=12.... M, (@
' 4 {tlfzm, m>n

where |p| < 1 is the complex-valued correlation coefficient
between two neighboring antennas.
In such occasion, the channel vector h(k) is generated as
h(k) = ®2g(k), k=1,2,..., N, 3)
where g(k) ~ CN(0y7,I,/), denotes the standard complex

Gaussian distributed random vector.

ITII. TEST STATISTIC AND PERFORMANCE ANALYSIS

This section first briefly reviews weighted covariance-
based sensing algorithms framework, and then elaborates the
proposed test statistic. Besides, performance measures for
the probabilities of false alarm probability and detection are
studied in the low SNR regime with the assistance of central
limit theorem (CLT) [16]. Finally, the optimal weights are
computed via the optimization problem based on MDC [17],
an estimate of which is also obtained with the available
samples.

IEEE WIRELESS COMMUNICATIONS LETTERS

A. Improved Weighted Covariance Based Detection

It is stated in [11], [12], [13] that the test statistics
of WCDs are constructed by means of applying different
weights to the entries of normalized SCM, ie., Tywcp =
Zizfl Wi > mei | Thn| Where 7/ = Ty /62 with 62 =
27]\,{:1 Tmm/M and 7Ty, being the (m, n) entries of SCM
defined as R = % 25:1 x(k)xH (k), and w; is the weight
obtained from the SCM. The data-aided weights can reduce the
overlap between the distributions of detection statistic with and
without the primary signal, thereby improving the detection
power. However, the weights from the SCM are deemed to
be fixed and unalterable, and a natural idea to achieve the
better performance is to adopt the more flexible strategy with
alterable weights, leading to our proposed method, as

Tiwep = Z wi Y \rmn\

n—m=1t

“4)

where A is the decision threshold for a given false alarm
probability, {wi}?i 61 are the weights, which play a pivotal
role in improving the performance of our detection scheme.
The weights can be manually prescribed according to practical
requirements or theoretically determined by optimizing some
performance index. Note that when wg = 0, IWCD reduces to
CAV forw; =1/M (i =1,..., M —1), or reduces to CWCD
for w; =4% Re(rmn /a (i=1,...,M-1).

n—m=i

B. False Alarm Probability

We first establish the closed-from expression for the
false alarm probability by following along the line in [18].
Specifically, in the scenario of low SNR and large K,
{rmm}%zl and {rmn}nM:n}L:l are statistically independent,
with PDFs:

1

Tmm|Ho ~ N(O—gnv K”fn)a &)
1

"“mn|,H0 ~ CN<07 KagnagL)v (6)

where a and a are m-th and n-th diagonal elements in R, .
Denote T; = anm:l |*mn|, it is very easy to obtain

M

m= 1

Z Vlrmml] =

The amplitude |rmy,| for n > m, follows the Rayleigh distri-

E(To|Ho) = (7

V(To|Ho) = (®)

: 3 ~ _ OmOn
bution with scale parameter & = \/ﬁ’ whose first few raw
. L .
moments are E(|rp,|7) = 672§F(1 + ) [19].
We then obtain 7T} for i = 1,. -1,
E(T;[Hol= . Ellrmnll =/ 1 e Z OmOmti,  (9)
n—m=1
V[Ti|Hol = > Vllirmml] = K Z 02,02, ;. (10)
n—m-=—1
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The mean (denoted by o) and variance (denoted by a%) of
Ttwep under Hg can be respectively computed as

M-1
po =Y Elw; Ti[Ho)
=0
M po M-1 M—1
=wy > om+ e S wi Y omomas (1)
m=1 i=1 m=1
M-1
of = Viw; Ti|Ho]
=0
2 M g M1 M
0 4 — 2 2
:?20m+ e w3 Zama 4 (12)
m=1 i=1 m=1

Based on CLT, The distribution of IWCD can be computed as

7ﬁvv01ﬂ710'V-Af(M0,03)~

When the threshold A is pre-given,
probability is computed as

13)

the false alarm

A —
Py =Pr(Tiwep > A) = Q(O_O“O) (14)

t2
where Q(z f 6™ du is the Gaussian-Q function.
Denote by Q 7f( 3 the inverse function of Q(-). The decision
threshold can be evaluated with a prescribed Pf, as

A=09Q" (15)

' (Py) + po-

C. Detection Probability

The analytic form for the probability of detection are
investigated in this subsection. To continue, the lemma below
is required to establish the distribution of ry,, under Hy.

Lemma 1: Let p; & p"~™ for n > m, 0%, (k) £ 02(k)o2,

2 a1 K 2 ~2 A 2 2 2
Ush - K Zk:l 05h<k)’ Um - Ush + Um

and 62 £ 02, +

2

02. The SNR is defined as SNR = 10logyo | —=— ).
27 tr(Rw)

Then, when H; holds, {rmm}%zl and {rmn}nM_:}L:l are
mutually independent in the low SNR regime, whose PDFs
are respectively given by

o 1.
T | H1 NN{U%,KU%]» (16)
1 -
T | H1 ~ C/\/[pz Toh> 2 0m 52 J?L} (17)
Proof: Due to the space limitation, the proof is integrated
in the supplementary material. |
According to (16), we have
M
E[To[H1] = Y E[Tmm|H1] = Z (18)
m=1 m=1
M .M
V[To|H1) = Zlv Tom|H1] = 2 > ome (19
m= m=1

It is obvious that Re(ry,y) and Im(7y,y,) is independent of
each other when the SNR is low. Thus, the amplitude |7, |

follows the Rician distribution R(v, V) with v = | Pi|03h and
V= 2. We then have

B =55 )

E(|rmn|2> = 2)? + V2a

5K O
(20)

21

which produces T;fore=1,..., M —1,

Ko 4 p 2
E[T7,|H1] H O'mO'erz ( ~2$h| l| ) (22)
m+z
— ~2 ~2
g.,,0
V[T Ha] = Z [me—H+|Pi Tah
m=1
4 2
T .9 -2 2 K0h|/’i|
m-+1

Combining (18), (19), (22) and (23) yields the mean (denoted
by p1) and variance (denoted by 0%) of Ttwep under Hy,
respectively, as

M—1 M
~2
pr = Y Elw; Ti|Hi]=wg Y o7,
=0 m=1
M-—1 M—1 2
T _ Ko lpil
+ Z Wi 4K.O'7na'm+i\lj<_ ~2SfL2 : ) (24)
=1 m=1 ImTm4i
M—-1 w2 M M-1 M—irs2 52
2 0 ~4 2 m +1
o] = V[wiTﬂ'Hl] = ? Z Tm + Z wy Z |: Km 7
1=0 m=1 =1 m=1

(25)

In view of the CLT, the distribution of IWCD can then be
approximated as

Tiwep M1 ~ /\/(ulmf).

The detection probability can thus be obtained with the given

threshold )\, as
A—
pima(2om)
o1

D. Optimal Weights

Several possible performance indices, such as detec-
tion probability, receiver operating characteristic (ROC)
curve, asymptotic relative efficiency and deflection coefficient
(DC) [20], are available for performance optimization of
a detector, among which, the DC appeals interesting due
to its easy calculation and near-optimal manner. However,
it has been pointed out in [20] that the DC might not
be a good indicator of performance when the sample size
is very low. To circumvent this drawback, a heuristic but
efficient approach namely modified deflection coefficient is
proposed in [17], which measures the variance-normalized
distance between the centers of two PDFs under hypothe-
ses Ho and Hjp. The optimal weight vector is able to
be found with low computational complexity by optimiz-
ing the MDC. Let @ = |wo,wi,--swy—1]7, mi =
[E(To),E(T1), ..., E(Tar—1)] T [Hi. i = 0,1, f = 1 — po.

(26)
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awand A = diag{V(Tp|H1), V(T1[H1),.... V(Ty—1|H1)}. = ! e
242 The optimization problem with respect to the maximization of = 0.8
<
213 MDC can be stated as [17] —g 0.6 A aun
(fT 2 A~ 04 SNR=—16dB
_ 2 ® g . A

244 IMAax d%(w) = (11 T o) =0 , s.t. Jo =1. (28) s /, SNR2 _204B f/ SN;I:ZOJ?B

’ g et § .0 [vmme U

T
25 Define w’ £ Aiff. Then, the optimal WightS w? follows 00 02 04 06 08 1 00 02 04 0.6 0.8 1

20 from [17], as (a) False alarm probability  (b) False alarm probability

1
o AT2d
247 @0 = — (29)  Fig. 1. Verification of theoretical results. (a) uniform noise with K = 400,
|A7§a)’| M =6and p= 0.7+ 0.1s; (b) K = 300, M = 4 and p = 0.6 + 0.2, with
non-uniform noise variance [—1, 0, 1.5, —0.5] dB. AQ4

23 Noticing the diagonal stricture of A gives
-1/2 1

M

j 2 n L YTt
o _ i I . = B ﬁﬁw
249 w;_1 = Au ] A%,Lm , 1= 1’ 27 Tt M. (30) g 0.8 0.8 f o
. 206 06|
250 Remark 1: For the sake of illustration, we define ¢; = 2‘ @& v ,:" %{f
251 piafh for i =1,...,M — 1. It is obvious from (30) that the g : fﬁ
252 acquisition of optimal weights involve the prior knowledge % 0.2 0.2 ;
23 (O, Om,Si,m = 1,2,...,. M, i = 1,...,.M — 1) of the (= I 0
254 observed data under both hypotheses, which is difficult to 0 02040608 1 0 02040608 1
255 obtain in practice. Assume that there are M x K noise- (a) False alarm probability (b) False alarm probability
256 only sample [x(o)(l),...,x(o)(]( )] (the noise-only sample o Tiwopo Trwepm Towen
. . . . . TrweD —&—TaRWCD TNMGRWCD
257 are available in possible [21]) and noise-bearing sample Toav THDM Tyor,
2o [x(D(1),...,x(V(K)], the relevant unknown parameters can
29 thus be estimated, i.e., Fig. 2. Comparison of ROC curve with K = 500, M = 4 and SNR =
—14 dB. (a) uniform noise with p = 0.8 + 0.4¢; (b) non-uniform noise
K variance [0.3, —0.4, —0.7, 0.8] dB with p = 0.7 4+ 0.3¢.
N 1 0 0 * ’ ’ ’
260 0'72n = X Xgn)<k) (Xgn)(k)) , 31D
k=1 IV. NUMERICAL RESULTS o2
K
N 1 * . . . . .
29 (1) ( (1) ) This section provides numerical examples to validate the 273
Gy = — X’ (K) | xm” (K 32 .
! mo K i ' (B) (xn (F) ) (32) theoretical analyses and compare the performance of the 27

. K M—i proposed IWCDs obtained by the optimal weights (30) 275
A (1) (1) * (IWCDO) and estimated weights (34) IWCDE), to the four 27
. Ly 2. 2 xm (k)(xm+i(k)) - O3 Weps, namely CWCD [11]% RWCD [12], GRWCD (p = 2
. . _ 1) [13], MGRWCD (p = 1) [13], as well as three popular zrs
23 In  such case, the estimated optimal weights are competitors, namely CAV [6], VOL [7], HDM [8]. In general, 27
204 computed as the noise power is assumed to be one for uniform noise and zs0
1 -1/2 the average noise power is set to be one for non-uniform noise. 2s1
, 4

o~
Il

-
3
[}

-3

265 w,;

i =1,2,...,M. (34) Fig. 1 validates the asymptotic expressions of Py (14) and 2s2
P, (27) obtained via the optimal weights (30), by comparing 283
the theoretical and simulated ROC curves. The parameter setup 2ss
is p=0.740.1,, K = 400 and M = 6 for uniform noise and 2ss

29 .9 " p=0.6+4+0.2, K =300 and M = 4 for non-uniform noise 2s

w fi= (Um - Gm)’ A with variance [—1, 0, 1.5, —0.5] dB, both with respect to four s
=1 _ m=1 values of SNR €{—14, —16, —18, —20} dB. As expected, the zes

- Mt IS K|&—1 theoretical values agree well with the simulation counterparts, 2ss

w fi= 4K Z OmOmti-1¥| = 2 thus verifying the correctness of our derived results. 290
m=1 " Fig. 2 depicts the ROC curve of our proposed IWCD 2o

- (Afmffm-s—z'—l] i=23,.... M, (36) methods in comparison with other seven detectors for M = 4, 202

K = 500 and SNR = —14 dB. Two values of high antenna 2ss
M—i+1[22 29 .19 correlation, p = 0.8 4+ 0.4¢ with uniform noise variance and 24
wo Ry= 3 [ TmImbind (g —K[Si—1]
[ L 1K &2 &2

266 Where

p = 0.7 + 0.3¢ with non-uniform noise variance [0.3, —0.4, 295
—0.7, 0.8] dB, are considered in Fig. 2 (a) and Fig. 2 (b), 206

>
Il

respectively. It is clear that IWCDE of estimated weights 297
271 +|§i1|21 ,1=2,3,..., M. (37) performs comparably with IWCDO of optimal weights, both 2se
of which perform better than that of comparison approaches. 299
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(a) p=0.35 (b) p=0.440.05¢ (c) p=0.45 (d)p=03+0.1
> 1 1 1 1
;‘é 0.8 0.8 0.8 0.8
2 0.6 0.6 0.6 0.6
a,
g 04 0.4 0.4 0.4
8 0.2 0.2 0.2} 0.2
5} i .
2 0 0 0 08
0 0204 06 08 1 0 0204 06 08 1 0 020406 08 1 0 020406 08 1
False alarm probability False alarm probability False alarm probability False alarm probability
[ Trwcpo TIWCDE Tcwep TRWCD TGrRWCD TMGRWCD Tcav THDM Tvor|
Fig. 3.  Comparison of ROC curve for all considered detectors with K = 300, M = 6 and SNR = —15 dB. (a) uniform noise; (b) uniform noise;

(¢) non-uniform noise with variance [1, —0.5, 0.1, —1.2, 0.6,0] dB. (d) non-uniform noise with variance [1, —0.5, 0.1, —1.2, 0.6,0] dB.

Fig. 3 draws the detection performance with respect to
ROC curve, of all considered detectors in the case where
the correlation across the receiver antennas is low. Simulation
parameters are set as K = 300, M = 6 and SNR = —15 dB.
Four correlation coefficients in the forms of real value and
complex value are considered for both the uniform and non-
uniform background noise. Specifically, for the case where
noise variance is identical, Fig. 3 (a) and Fig. 3 (b) shows
the results corresponding to p = 0.35 and p = 0.4 + 0.05¢,
respectively; whereas the results for p = 0.45 and p = 0.3 +
0.1. in the scenarios of non-uniform noise are plotted in Fig. 3
(c) and Fig. 3 (d), respectively. We can deduce from Fig. 3 that
our proposed IWCD detectors are superior to other considered
methods due to its highest detection probability under a
specific false alarm probability. In addition, by comparing
Fig. 2 and Fig. 3, the superiority of our proposed detector over
other considered detectors can be more evidently observed in
the low correlation regime. Compared with optimal weight-
aided detector, the estimated weight-aided detector suffers
from evident performance loss in the case of low correlation.

V. CONCLUSION

This letter developed an IWCD detector for cognitive
radios with correlated multiple antennas. The proposed method
depending on the arbitrary volatile weights, possesses more
freedom than the traditional WCDs. The analytic forms with
respect to the probabilities of false alarm and detection were
derived, facilitating us to determine the optimal weights by
maximizing the MDC. Besides, a proper estimator for the
optimal weights was devised with the available samples. The
superiority of the proposed detector over other state-of-the-art
methods was shown via extensive numerical examples.
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