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ABSTRACT

In this paper, the adaptive control problem is investigated for a class of intercon-
nected nonlinear systems (INS) with unknown interconnection delays and input
saturations. For state unmeasurable problem, a full dimension state observer (SO)
is designed to estimate the inaccessible state variables. Broad learning system (BLS),
a novel nonlinear approximation technique, is introduced in this study to identify
the unknown dynamics and could achieve better approximation performance. An
adaptive distributed control (DC) scheme is proposed for the uncertain time-delay
INS without input saturation, which guarantees that the stability of the closed loop
INS. On this basis, the input saturation problem is further considered, an online
approximation smooth function is added into the distributed adaptive tracking con-
troller, such that the closed-loop INS have the anti-input saturation capability. In
terms of Lyapunov theory, all the signals in the closed-loop uncertain time-delay
INS with input saturation are proved to be uniformly ultimately bounded (UUB)
and the tracking errors could converge to a small neighbourhood of zero. Finally, one
simulation example performed on two parallel inverted pendulum cars demonstrates
the superiority of the developed distributed control scheme.

KEYWORDS
Interconnected nonlinear systems (INS), distributed control (DC), input
saturation, time-delay interconnection.

1. Introduction

In recent years, the INS are becoming more and more important in the fields of modern
control theory and application, which could be used to describe the modern complex
cyber-physical systems, such as chemical reaction systems, power networks systems,
collaborative robotic arms and so on. Due to huge application potential of INS, the
control synthesis and stability analyzes problem of INS has been attracted the great
attention from many scholars (Mu, 2018; Salari, 2019; Yu, 2019; Zhang & Xiang, 2022),
meanwhile it also brings the great challenge (Li & Yang, 2018; Zhao, 2020). Because
the adaptive control has been extensively studied, it is considered for INS firstly. (Sui,
2021) investigates adaptive neural network (NN)-based controller design for stochastic
nonlinear systems with unmodeled dynamics in finite-time prescribed performance. An
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adaptive tracking control approach for a class of nonlinear state-constrained and time-
varying delay systems is proposed using Nussbaum gain technique in (Li, 2018). The
observer-based adaptive fuzzy controller is discussed for nonlinear systems with input
constraints and unknown disturbance in (Zhang, 2020). However, the above results
are not suitable to the INS composed of multiple subsystems but a single nonlinear
system.

Recently, some important results for the INS have been reported. In (Wang & Yang,
2019), the decentralized control strategy is studied for interconnected systems with
input quantization by using a static event triggered mechanism. In (Ma & Ma, 2020),
the decentralized fault tolerant controller is designed for a switched large scale systems.
In (Zhang, 2020), the fault detection and control issue is discussed for the INS by
designing the decentralized controller. A decentralized tracking proportional-integral
(PI) controller is investigated in (Sun & Zong, 2020) for INS with input quantization.
By introducing a reinforcement learning algorithm, (Liu, 2019) studies the optimal
decentralized control issue for the interconnected systems. In the above discussion, all
the control schemes are decentralized, which cannot achieve the cooperative control of
INS utilizing the neighbor’s information.

To date, the distributed control (DC) technique has a large number of applications
in the field of multi-agent systems (MASs), such as in (Li & Zheng, 2023) an adaptive
fuzzy prescribed-time distributed control problem is presented for non-strict feedback
nonlinear MASs. Further, in (Li & Li, 2023) the event triggered mechanism is added
for the distributed finite time formation controller to reduce the communication cost.
The results of MASs only makes use of the exchanged information, however, the re-
sults of the interconnected systems depend on both the exchanged information and
transmission substance between the subsystems. Thus they are different. Recently, a
DC scheme is developed for linear interconnected systems by using linear matrix in-
equalities (LMIs) in (Zhang, 2019), and a separation principle is employed for a class
of distributed interconnected systems in (Yang, 2019), but both of them are designed
for only linear interconnected systems.

The time-delay interconnected functions may occur because INS always consist
of many interacted subsystems and complex coupling relationships. For example, the
time-delays are generated from the transmission of reaction materials, electrical energy,
force and torque in chemical reaction systems, power networks systems, collaborative
robotic arms, respectively. There are some research results, (Yoo, 2016) investigates
the time-delay interconnected functions for INS. (Sun & Hou, 2020) proposes a track-
ing control strategy for the time delay INS. Besides, the inputs of the above systems
are material flow, power and motor speed, they are constrained within a certain range
due to the physical or energy limitations of actuators, which leads to the input satura-
tions. There also exist some results, (Zhan & Sui, 2021) designs a fuzzy decentralised
controller for the fractional-order INS with input saturation. (Chen, 2020) studies the
finite time controller for linear interconnected systems with input saturation. The in-
put saturation and interconnection delays have not been studied simultaneously in
above interconnected systems, especially when the states are unknown, it will be more
difficult. Therefore, how to simultaneously compensate the delayed interconnections,
input saturations when the states are unknown and further achieve the robust perfor-
mance of the INS is still a challenge.

Motivated by the above problems, this paper is concerned with the distributed
tracking control problem for a class of time-delay INS with input saturations. To solve
these problems, the broad learning system, a smooth variant Sigmoid function and
Lyapunov-Krasovskii theory are introduced into the controller design procedure. Si-



multaneously, a state observer is designed for each subsystem to estimated partial
inaccessible state variables. The main contributions of this study are concluded as
follows.

(i) Compared with the decentralized tracking control scheme, in which the intercon-
nected information is not adapted for the controller design, a novel DC approach is
proposed in this study for a class of time-delay INS by introducing the interconnected
information into the controller of each subsystem, and it can achieve the cooperative
control of INS.

(73) Compared with the other intelligent methods, such as convolutional neural net-
work (CNNs), fuzzy logic system (FLS), RBFNNs and the single layer feedforward
neural networks, broad learning system (BLS) is employed as another approximator
to identify the unknown dynamics in this study, and it could improve the approxima-
tion accuracy and learning time by the structure of the random vector functional link
neural network and adding the enhancement nodes into the output layer.

(747) Simultaneously, the unknown time delay interconnection and input saturations
problem of INS is solved in this study, which greatly extends the existing practical
engineering applications. The difficulty caused by unknown time delay interconnection
with unknown upper bounds is solved by designing the novel Lyapunov- Krasovskii
functions. The difficulty caused by the input saturation constraints is overcome by
introducing a smooth variant Sigmoid function.

The remainder of this paper is organized as follows. In section 2, the preliminaries
and problem formulation are given. In section 3, the adaptive distributed fault tolerant
tracking control scheme is proposed, and then the stability of closed loop systems is
analyzed. The simulation results are given in section 4 to verify the effectiveness of
the proposed control approach. Finally, some conclusions are given in section 5.

2. Preliminaries and problem formulation

2.1. Preliminaries

The broad learning system (BLS) is the novel neural network structure with approxi-
mation capabilities. The simplified broad learning systems are displayed as Figure 1,
where only b enhancement neurons are used in the framework. Assume that there are
K; feature neurons in the i;, feature subset, the m feature mappings are adopted to
collect the feature of n inputs, the mapped feature node Z; is denoted as (Chu, 2020)

Zi =C(XWei+ Be), i=1,....m (1)

where X € R " denotes the input vector, Z¢ is represented as Z™ = [Z1, ..., Zn],
Bei € RV and W,; € R are the width and randomly weight at the initiation of
neural network. (7 is a preset activation function.

The js, enhancement node is yielded

where By; € Rand W,,; € RE+-+FKm are the width and randomly weight, respectively.
(5 is a preset activation function.

Besides, the value of ¢ and j is decided by the complexity of the neural network
systems, here the enhanced neuron vector is set as H = [H, ..., Hp]. The output of
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Figure 1. The structure of BLS.

BLS neural network is denoted as

Y(X|W) = (Z"W? + HWVMNT = wTp = "W (3)

where Y € R denotes the output of BLS neural network. W? € REi+Ke++Kn anq
W € R® are the width and randomly weight, respectively. W = [W?; W] denotes the
approximated weight column vector. ¢ = [Z™; H]|, ¢ € RF1TE2+EKntb i 5 function
of X. Since ¢ is determined by the input X, BLS with weight W and variable X can
estimate any continuous vector function uniformly (Chu, 2020; Sui, 2020).

The optimal weight vector is chosen as

W* = argminycq[sup || Y (X|W) — F|] (4)
XeU

where Y is employed to estimate the unknown dynamics F'.
The estimation error can be denoted as

e=F—Y(X|W¥* (5)

where F' is the approximated vector, |e;| < € and € is an unknown positive constant.
From (3)-(5), it is concluded that

F=WTp+e (6)
Then the approximated error of F' is
F-Y(X|W)=WTp+e (7)

where W = W* — W, and W is the estimated value of W*.
Definition 1 (Zhan & Sui, 2021): The variant Sigmoid function S(z) could be
described as

C1

S(l’) = 6—0212 _|_ 1 -

C3 (8)
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Figure 2. Variant sigmoid function with ¢; = 1,¢3 = 0.

where c1, c9, and c3 are positive constants to be designed.

Remark 1: In Definition 1, S(x) is a differentiable real function and has no sin-
gularity. Meanwhile, Taylor expansion of S(x) is always convergent (Yan, 2021). For
example, S§(.) with ¢; = 1,¢3 = 0 is illustrated as Figure 2.

Lemma 1 (Sun & Hou, 2020): If a set I := {Z]|Z| < 0.8814¢}, then any Z does
not belong to I' such that the following inequality holds.

1 —2tanh?(Z/<) <0, ¢ > 0.

Lemma 2 (Sun & Hou, 2020): There exists a constant v > 0 such that
lim,_,o tanh?(s/v)/s = 0 holds where s € R is a variable.

2.2. Problem formulation

Consider the general nonlinear time-delay interconnected nonlinear systems, consisting
of N interconnection subsystems with unknown nonlinearities (Baigzadehnoe, 2020;
Sun & Hou, 2020)

Tim = Tim+1 + fim(Ti) + gim(Y) + him (Y, )5
m=1,2,-- . — 1
Yi = Ti1
zi(t) = i(t), —di<t<0

where z; = [2;1,%2, .. .,xi,m]T, x; € R™ is the state vector of the ith subsystem,
y; € R is the output signal of the ith subsystem, u; € R is the control input of the
ith subsystem. f; ;(-) (i =1,--- ,N;j =1,---,n;) is the ith subsystem unknown non-
linear term. g; ;(y) with y = [y1,...,yn]? is the unknown nonlinear interconnection
terms connecting the iy, subsystem with the other subsystems while h; ;(y, ;) with
Yr., =t = 7i1(t), ..., yn(t — 7~ ())]7 indicates the unknown time delay non-
linear interconnection effects among subsystems. 7; j, (k= 1,...,N) is the unknown
time varying delay in h; () and yi(t — 75 ;1(t)) is the delayed output signal of the ky,
subsystem received by the ith subsystem. 1;(¢) indicates the initial state vector func-
tion of the iy, subsystem. It is considered that d; ;(t) = maxi<j<pn, 1<k<n{7ijx(t)},



|d; j(t)] < d; and d; is a positive constant (Baigzadehnoe, 2020).
Assumption 1 (Baigzadehnoe, 2020; Sun & Hou, 2020): The derivative of
d; j(t) is bounded with a known positive constant d, and d; ; < df < 1.
Assumption 2 (Zhang, 2020): The unknown nonlinear interconnection function
gi,j(y) satisfies

N
lgeg Il <Y dijwlur)
k=1

where ¢; jx(-) (j =1,---,n;) is partially known class-K function and satisfies

|5, 1(€) — Dij e (E)] < bijn(€), VEER

qvﬁm-yk (€) is the nominal function of ¢;  £(£), and the unknown function ¢; ; (&) denotes
the bound on uncertainty for ¢; ; x(£).

Assumption 3 (Yoo, 2016): It is assumed that the delayed interconnection func-
tion h; j(yr, ,) satisfies

N

i g (e <Y wi gyt = dig)
k=1

where w; ;1 (+) is partially known class-KC function and satisfies

|wi k(&) = @ijk(&)] < @i jk(§), VEER

the nominal function of w; ;x(§) is indicated as @; jx(&) and the unknown function
@; j (&) denotes the bound on uncertainty for w; ;1 (§).

The control objective of this study is to design a broad learning system (BLS)
approximator based adaptive distributed tracking control scheme, such that the output
y;(t) of the nonstrict-feedback interconnected nonlinear time-delay systems (9) follows
the command signal y; »(t) and all the signals in the closed-loop interconnected systems
are uniformly ultimately bounded (UUB).

Remark 2: For practical systems, the interconnection delay is time-varying and
bounded in most cases. In many practical applications, the derivative of interconnec-
tion delay is also bounded, namely the change of interconnection delay is slow. Thus,
d; is accordingly assumed to be known and bounded in Assumption 1. Besides, three
nonlinear functions are considered to make the proposed distributed approach more
applicable and general in this study. The first unknown nonlinearity f; ;(.) € R is
the function of the state z; and could be approximated by adopting the well-known
universal approximator. To deal with the second nonlinear interconnection function
gi,j(.) without losing generality, Assumption 2 is accordingly employed. Besides, the
function boundary represented by Assumption 3 is utilized to compensate the third
nonlinear delayed interconnection function h; j(.) in this paper. It is worth noting that
Assumptions 1-3 are common in the field of interconnected systems (Ghosh, 2009; Sun
& Hou, 2020; Tong, 2011; Yoo, 2016).



3. Distributed tracking controller design

3.1. Distributed controller design without input saturations

To deal with inaccessible state variables, a state observer could be designed for inter-
connected systems (9) as follows

Tim = Fimi1 — lim(Zi1 —yi),m=1,..,n; — 1 (10)
Tim, = i — lin, (Zi1 — i) (11)
where the estimation of z; is indicated as &; = [#;1,%i2,.. ., &in]l- Lij(G=1...,n)

is the observer gain parameter, which should be selected to make the following matrix

—l;1
Az}c - Ii,m—l
—lin, O ... 0

(12)

is a strict Hurwitz matrix, I; ,,—1 is the n; — 1 dimension unit matrix. That is, there
exist two positive definite matrices P;, ();, such that

PA; .+ AZCPz‘ = —Q; (13)

Defining the observer errors as e; ; = x; j — &5, one has

€im = —limei1 + €ime1 + fim (@) + gim(y) + him(Yr, ,.) (14)
im, = —lin,€i1 + fin,(Ti) + Gin,(Y) + i, (Yr,,..) (15)

which can be expressed as the following form

éi = Ajcei + Fi(zi) + Gi(y) + Hiyr,) (16)

where ¢; = [ein,.. . ein ]’ Gi(y) = [9i1(Y)s-- s Gin WS Fi(w) = [fia(@i),...,
fiffl(xi)]T? H’L (yﬂ) = [hi,l(yﬂ,l)? T h’iﬂli (yTi,ni )]T

Remark 3: In the interconnected nonlinear systems (INS), some state variables
could not be inaccessible owing to the constraints of cost, space and other conditions.
However, in the most existing research results, all state variables of INS are required to
be known, such as (Chu, 2020; Liu, 2019; Yang, 2019). Compared with these results, in
which all state variables of the considered interconnected systems are measurable and
could be used to feedback control design, the partial state variables of the considered
interconnected systems are allowed to be unmeasured in this paper, which could be
identified by designing the state observer. Thus, the problem discussed in our study
is more complicated and tough to solve in term of the existing results.

Choose the Lyapunov-Krasovskii functional V; = V! + V.2 to analyse the stability
of the ith closed loop subsystem, V;! includes the observer errors and time delay
interconnected term effects, Vi2 is defined later.

1
Vi = §€iTPiei + Vh, (17)



with

— E id; —xi(t—1) 2
Vhi - 1 — d* eX / , e X (Z wZJ,k‘(yk‘(ﬂ))) dv

k=1

where the parameters § > 0, y; > 0 will be determined later.
Differentiating V;! in (17) along the trajectory of (16) yields

. 1 .
Vil = _*5 Qzez +6TPF(33%) +e; PG ( )+6?PiHi(yﬂ:) + Vi,

Taking the time derivative of V},, yields
Vhi = —XiVh, —|— d* Zexz i <Zw ik (Y )
((1 —dj j)exis szj,k(yk(t - dm’)))
k=1
_Xthi‘F d*ZEXZ1 (Z Wik yk) NﬁZZWZJk yk’

k=1 j=1 k=1

According to Assumption 3, it could be seen that

ef PiHi(yr,) + Vi, < 6||Pi||%e? + B Hi(y-)* + Vi,

n; N
< OB + NBY > wi ikt — dij)) + Vi,

j=1k=1
§5HHH2?-—Xﬂ%i+ d*§:€Xl1<§: ,Jkyk>
j=1 k
< O||P;|%e? — XiVh, + (Z i1 (Yk) + @i gk (Yr)
j=1 k=1

N
NE (S
IRIPeE xS (Z 2@7,6(%))
n;

+1]ifﬁd* > e (ZQW o1 (U )

v j=1

where § > 0 is a small positive scalar and g = ﬁ.

)

di ;)

(18)



Substituting (20) into (18) yield

. 1
V< —sel Ques + el (i) + €T PGily) + 6|1 Pi|%e2 = xiVa,

ng
2 S (mton ) o 12 S (St
j=1

i =1 z

1
< — e Qiei + ef PuF(x:) = xiV, +20]| Pi|*e} + G (y)
n; N
NB < .d g Nj
+1 mpr Zexldl <Z 2wz'27j7k(yk)> 1_ Z <Z 20.)le Yk )
z j=1

1 jil k=1
N
< - eTQzez + 20| P||%€2 + el PF (x;) +NBZ > 67k (uk) — XiVi,

7j=1 k=1
i N n; N
NB = .4 . NB &
2 St (St ) + 2 35 (323t )
i =1 k=1 di j=1 k=1
< —5€; Qiei + 20| P} + € PiF (i) + NBY Y 2671 (un)
7j=1 k=1

n; N B Nﬁ n; B N
ANBYD S 2 k) — Vi e 3 e (Z zng,,ﬂ<y,f>)

NB N v (N

g (Z 2007 1 (9)

i j=1 k=1
< _7€TQlel + 38|| P, %€? +52f w) i) + NBY D 2071 (ui)
Jj=1 j=1k=1
i N -~ N/B n; _
+Nﬁz Z 2¢22,j,k(yk) — XiVh, + = eXidi (Z 2w§jvk(yk))
j=1k=1 i j=1 k=1
N
1_d*Z€X”<Z 07k y’f) (21)

j=1 k=1



Choosing a positive definite matrix A; such that Q; = 65|/ P;||*I,,, + 2A;, then

Vit < —xi€f — XV, +BZf” () fij () +Nﬁ222¢”k (ur)

7j=1 k=1

<22W ik yk)
+1]iﬁd* iem i (Zzyuk Ui ) (22)

v j=1

+Nﬁzzz¢z]k yk

j=1k=1 zjl

where ; is the minimum eigenvalue of A;.

In this position, a distributed tracking controller will be designed for the considered
nonlinear system (9).

Step 1: Consider the first equation

Ui = Ti2 +ei2 + fir(@i) +9i1(y) + hia(yr, ) (23)

The tracking error is defined as z;1 = y; — ¥;,, the derivative of z; ;1 is obtained as

Zig =Zig+ €2+ fir(w) + 9i1(y) + hia(yr,,) — Yir
=zig+aoi1+eip+ fir(x) + 9i1(y) +hia(yr,) — Vi (24)
where z;2 = ;2 — i1, o1 is the first virtual control input of the ith subsystem to

be determined later.
The quadratic Lyapunov function is selected as

1
Vz’,21 = *Z 1+ Va, (25)

where Vj,, | = N eXidi ftt_ v e Xi(t=9) (ZkN 1w2-21 k(yk(ﬂ))) dd.
Diﬁerentiating V21 in (25) along the trajectory of (24) yields

V,21 = Zglim + Vhi,1 =2zi1(zig + @in
teig + fir(@i) + 9i1(y) + hit(yr,) — Vir) + Vi, (26)

According to Assumption 2, one yields
N
2i19i1(y) < lziallgin(y)| < |z Z¢z,1,k(yk)

Zébnkyk < NZ@lkyk;

.-IA\H
.-lkM—‘

1+ NZ |6i1k(uk) — i1k (Yr) + Gk (i)

k=1

>4>M—‘

10



N

NZQ\@,M yk) — b1k (yr)” + NZQ|€5i,17k(yk)\2

k=1 k=1

N N

1 . -

JE N D 200 k) + N Y267 4 (k)
k=1

»-IA\P—‘
@1\3

IN

According to Assumption 3, one yields

N
Zi i1 (Yr,) < zil[hia (Y, )| < Jzia Zwi,l,k(yk(t —din))
k=1
N
ZZI +N ngl,k(yk(t —d;1))
k=1

NG

1
Z sz,l,k yk t - zl)))Q <
According to Young’s inequality, the inequality could be derived as

1 1
zijn€i2 < 5231 + §H€z‘,2ll2- (27)

Taking the time derivative of V}, | yields

Vhi,l = —XiVh,,

N N
N i C N yads
+ e (Z W lyr) = (L= dig)e 050y wl sy (yn(t — di,l)))

¢ k=1 k=1

N N
N 7 .
< —XiVh,, + [ eXidi (Z Qw?’l’k(yk)) — NZw%Lk(yk(t —din))

k=1 k=1
+1 _d* <Z 2w11k Yk ) (28)

Substituting (27)-(28) into (26) yields

N N

: _ 1 § _

VA < zia(zig+ain + fin(z) — dir) + 56?,2 + N 267 () + N Y267 4 (uk)
k=1 k=1

N
N a4 _
€XL i <Z 2(4}171,]C Yk ) 1_ d* eX'Ldz <Z 2Wi17k(yk)) (29)

4 k=1

2
+Z7L71 - Xivhi,l

From the above inequality, the virtual control input could be designed as

i1 = —bi12zi1+ Yir (30)

)

where b; 1 > 0 is a constant.
Substituting (30) into (29) yields

N

N
1 . -
)21+ 2 zig + §fi2,1($i) +N Z 2@2,1,1@(.%) + NZ 2¢?71,k:(3/k;)
k=1 k=1

11



eXl ' <Z 2wz,1,k Yk ) + €Xl ' (Z 2“1,1,k Yk )

Step 2: Define the error as z;2 = &;2 — 4,1, the derivative of z; 2 is obtained as

1
_XZ'th + 3 2 z2 +

Zio =23+ oo —lia(&i1 —yi) — Qi
where z;3 = &;3 — oy 2, a2 is the second virtual control input of the ith subsystem

to be determined later.
The quadratic Lyapunov function is selected as

‘/;,22 = Vz‘,21 + %%22 (31)
Taking the derivative of (31) yields
V =Vi+ z; L(zis + i — Lio(#i1 — yi) — dun) (32)
The virtual control input could be designed as
o= —2zi1—biozio+ 1 —lioe1 (33)

where b; o > 0 is a constant.
Substituting (33) into (32) yields

3 1 1
V < —(bia 2) 1'2,1 - bi,22i2,2 + ZiT,QZLS + *fz'21($i) = XiVh,, + 56?2
N N
Y200+ 328 sl (zzwm,k y>
1 k=1

+1 _ d* €X1 (Z 2wz,l,k Yk ) (34')

Step m: Define the error as z; ,, = &im — @i m—1, the derivative of z; ,,, is obtained as
Zim = —Cim—1+ limei1 + &im + Zimt1 (35)

where 2 41 = Zimt1 — Qim (M =3,...,n;—1), @ is the mth virtual control input
of the ith subsystem to be determined later.
The quadratic Lyapunov function is selected as

1
Calculating the derivative of V2 yields

Ve = V2, 1+ zim(Zime1 + Qi + lim€il — Gim—1) (37)

12



The virtual input could be designed as
Qim = —Zim—1 — bimZim + Qim—1 — lime€i1 (38)

where b; ,, > 0 is a constant.
Substituting (38) into (37) yields

3 m
2 T
—(big — 5%~ E bicziet 2 mzimel

c=2

72
Viim

IN

N N
1 1 - _
+§€z2,2 + 5fz%l (i) = XiVh,, + N Z 2¢22,1,k<yk) + NZ 2@2,1,1@(91@)

k=1 k=1
+1—d* (Z2wzlk yk)

N
ot (et aton
k=1
Step n;: Define the error as z; ,, = ;

— Qv n,—1, the derivative of z; ,,, is obtained as

Uz

Zz‘,m = U; — lz M (l‘z 1 — Y ) % ni—1 (39)
The quadratic Lyapunov function is selected as

1
Ve = Vi1 + 5%, (40)

Taking the time derivative of Vf yields

V Vz ni—1 T Zin, (u; + lin,€i1 — Cimi—1)
n;—1

1 1
_ Z bi,czzc + Z;-Z:ni_lzi,ni + 5622’2 + 5]012’1 ("L'Z) — Xthi,l

c=2
<Z2 Wi 1.k yk >

+NZ 2@ 1Y) + NZ 2¢z,1,k (yx) +
t1o d* (Z 207 1 1. (v > + Zig, (Ui + lin, €1 — GQign—1) (41)

3

= —(bi1 — 5)% 1

For the ith subsystem of (9), the following Lyapunov function is defined as

Vi= V4 1p (42)
Taking the derivative of V; yields
1 3 =
Vi<—(x— 5)6? +% = 2xiVh, — (bin — 5)212,1 — > biele+ 21z,
c=2

+0i + Zin, (Wi + lin €01 — Qipi—1)

13



n;—1

1
< -0 — 5)6? + 2tanh® (i, /<) (i + i) — 2xa Vi, — (bin — 5 z bic2ie
2 1Zin, + Zim, (U + lim,ein — Gip—1) + (1 — 2tanh2(zz',m/ $))(vi + m) (43)

where the unknown dynamics are 771(;131) = 52}21 zTJ(xZ)f”(:Bl) + NBY Zszl
N i oxids (N o - d; (N

b5 . S ink) F N 2@ 16 (k) + 1 d* > Xt (3o, 2wz'2,j,k(yk)) + 71551; Xt (3,
2wl 1x(Wk) + Efz%l (i). And the lumped nominal functions are 7; = N U, Zi\;l

” k;(yk)"‘ % Z?zﬂ exids <Z£]:1 2@1‘2,j,k(yk)) +N Z]kvzl 2¢?71,k(yk)+ %@“di(zgﬂ
2wi,1,k(yk))' It is easily concluded that n; +; > 0. ¢ > 0 is a constant.

To eliminate the adverse effect of the unknown dynamics, the broad learning system
(3) is employed and n;(x;) = W;Tp; where W is the optimal weight and ¢; is the
basis function. Accordingly it can be seen that 7;(z;) = WZ-Tgoi and 7; = VT/Z-Tgoi, where
7; and Wl are the estimated values of n; and W;*, their estimation errors are 7; = 7; —17);
and WZ =W - Vi/Z

From Lemma 2, the adaptive distributed tracking controller is designed as

Ui = ~Zig,—1 — bim Zim, + Qi1 — lin,ei1 — —— (tanh® (zin, /<) (3 +0:))  (44)
7,4
where b; , > 0 is a constant.
The adaptive parameter update law is
X 1 ~
W; = —(2tanh? (2, /<) — NiW3), i =1,2,..., N (45)

Qi

where ); is a positive constant.

The calculation steps of broad learning system (BLS) neural networks for the above
approximated parameter 7 are listed in Tables 1-2, where X = [27], #(0) and W (0)
are the initial values of 7 and W, respectively.

For the ith closed loop subsystem, the following Lyapunov function is chosen as

_ 1 - .
Vi=V;+ §Q¢W,~TW¢ (46)

where g; is a positive constant.
Substituting (43)-(44) into V;, when t — oo, the following inequality holds

- 1 3 i -
Vi < —(xi — 5)6? = 2xiVp, — (b1 — 5)%’2,1 = " biezl e+ 2tanh®(zim, /)W @
c=2
+(1— 2tanh2(zi7m /) (vi +mi) + 2tanh2(ziym/g)€ — Qiﬁ/;TWi (47)

Remark 4: In this study, BLS is employed as a novel approximator to identify the
effect of the unknown dynamics. Compared with the convolutional networks approx-
imation technique, which suffers from the time consuming training process because
of a great number of hyperparameters and complicated structures, BLS effectively
eliminates the drawback of the long training process (Chen, 2019). Further, the math-
ematical proof of the universal approximation property of BLS has also been provided
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Table 1. The initial algorithm of broad learning systems

The initial algorithm

Input: X;

Output: 7(0);

for i=1, i< m;

|Random We;, Be;;

|Calculate Z; = (1 (XWe; + Bei);
end;

Set Z™ = [Z1, ..., Zm];

for j=1, 5 < b;

|[Random Wy, By;;

|Calculate H; = (o(Z" Wy + By;);
9 end;

10 Set H = [Hy, ..., Hy);

11 Random W?Z, Wh;

12 Set W(0) = [W=;,Wh], T = [Z™, H];
13 Set 7(0) = WT(0)¢;

CO O Ul Wi

Table 2. The process algorithm of broad learning systems

The process algorithm

Input: X, W

Output: 7;

for i=1, i< m;

|Calculate Z; = (1 (XWe; + Bei);
end;

Set Z™ = [Z1, ..., Zm);

for j=1, 7 < b;

|Calculate H; = (o(Z" Wy + Byj);
end

Set H = [Hl, ...,Hb];

Set ! = [Z™, H];

Set n = WTcp;

© © 00O Ut Wi

in (Chen, 2019). Moreover, different from fuzzy logic system (FLS), RBFNNs and the
single layer feedforward neural networks approximation techniques, which usually are
more sensitive to the parameter settings and suffer from slow convergence (Chen &
Liu, 2018; Cui, 2019; Niu, 2021; Sui, 2020) , BLS has achieved breakthrough successes
in identifying the uncertain nonlinear systems based on the structure of the random
vector functional link neural network and adding extra enhancing nodes (Sui, 2020).

Based on the above descriptions, the following result is now ready to be presented.

Theorem 1. Under Assumptions 1-3, consider the interconnected systems (9) with
interconnection delays, a distributed tracking controller (44) and the adaptive param-
eter update algorithm (45) guarantees that the nonlinear time-delay interconnected
systems (9) are uniformly ultimate bounded stable, meanwhile, all tracking errors of
(9) are also uniformly ultimately bounded (UUB).

Proof. For the whole closed-loop interconnected systems, the following Lyapunov

15



candidate function are chosen as

N
V= Z i (48)
i—1

From Lemma 1 and (43), (1 — 2tanh?(2;,,,/<))(7: +n;) < 0 is obtained and then

N 1 3 T )\ ~
|4 < z;(_(XZ - 5)622 — 2X1Vh1 — (biJ- — 5)27:2’1 _ Z;bi,czzc . EzWE
i= -

i
—I—;VV; + 2tanh?(z; ,,, /<)€) < —uV + M (49)

where p = min;—1 . ~{(2x; — 1),2x:,2bi1 — 3,2b; ., %} X > 1/2, bix > 3, b >

0, (c=2,...,n;), M > || Mpy|| is a upper bound constant of the time varying function
MO with
Ny
My = z;(;T/VZTWZ + 2tanh?(z; ,, /<)€)
1=

From (49), one yields
V< V(0)e "+ ]‘5(1 p— (50)
That is
V <V(0)e M + ]\5 (51)

Select the appropriate parameters to make 4 > 0 and M > 0, then on the basis
of (51), it is clear that e;;, z;;, W (i = 1,...,N; j = 1,...,n;) of systems (9) are
uniformly ultimately bounded (UUB). Simultaneously, the whole closed-loop INS are
UUB stable. From (49), b;; > 0, A; > 0, ¢ > 0, and g; > 0 are properly chosen to
make z;1 converge to a small region near origin. Namely, the larger pu and smaller
M, the better control performance of (9). Moreover, the output tracking error of iy,
subsystem Zil = Yi — Yir satisfies

>

i=1

2
7

Z,l

—ut %
SV + = (52)

[\)

According to the above inequality, it is easy to obtain |z; 1] < 1/2V(0)e=# + \/@
Therefore, z; 1 can be adjusted into a small neighborhood of the origin through properly
choosing the parameters b; j, x;, A; and ;. This completes the proof.

Remark 5: Different from the general nonlinear or switched systems (Liu, 2020;
Wang, 2020, 2021; Zhan & Sui, 2021), which could only describe one plant, the con-
sidered nonlinear interconnected systems (9) could describe N different plants, which
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Figure 3. Block diagram of the distributed control systems

will cooperative control to complete a large and complex task. Compared with the ex-
isting research results of interconnected systems (Liu, 2019; Sun & Zong, 2020; Zhang
& Xiang, 2022), which did not consider the time-delay interconnection, the nonlinear
time-delay problem is investigated in this study. By using the upper bound informa-

tion of time-delay functions % Py exids (Z/chzl QJJZ ; k(?/k)) in the controller (44),
a distributed tracking control scheme is developed to eliminate the adverse effect of

interconnection delay and further guarantee the stability of the whole interconnected
systems.

3.2. Distributed controller design with input saturations

Actually, the input saturation is a class of the most critical constraints and always
occurs in the actual physical systems. There are two main motivations to research the
input saturation constraint. One is that input saturation is a potential factor degrades
the control system performance, which often leads to undesirable inaccuracy, or even
causes system unstable. Another is that the energy or magnitude is always limited in
practice, so the saturation constraint of the control input is necessary.

Tim = Tima1 + fim(®i) + Gim(Y) + him (Y., )

m=1,2,--- ,n;—1
i, = sab(ui) + fin, (€i) + Gin, (Y) + hin, (Yr....,) (53)
Yi = Ti1

:L'z(t) = wi(t), —di <t< 0
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Then under the input saturation constraint, the control variable u; of the intercon-
nected systems (9) is transformed into

N ) osign(uiuing,  [ui(B)] > uin
sat(ui) = { Ui, i ()] < wing (54)

where u;ps > 0 is the bound of wu;. Clearly, there is a sharp corner between the ideal
input command wu; and the actual input sat(u;) when |u;| > wu;ps. Thus the above
backstepping control approach cannot be directly applied. From Definition 1, a smooth
function could be adopted to approximate the input saturation

aol;

Al(uz) = Uijp X (28(

)—1) (55)

Ui M

where §(.) is a variant sigmoid function with ¢; = 1,¢9 = 1,¢3 = 0, and ag is a positive
designed constant. For example, the curve of the input saturation approximation under
u(t) = sin(t),ap = 3,ups = 0.6 is shown in Figure 5.

Then the approximated error could be

Ai(u) = sat(us) — Ag(ug) = wing + sat(w) — (uins X 25(20“" ) (56)
iM
It is noted that A;(u;) is bounded with
aogls;

Ai(u;) = |sat(u;) — Ai(ug)| < Juing + sat(wi)| + |uins x 28(

)’ S 4uiM (57)
Ui M

Consider the mean-value theorem (Apostol, 1958), and there exists a positive constant
0 < ¥; < 1 such that

Ai(ug) = Ai(uio) + Aju,y (4 — uio) (58)

where A;,,, = 8’48715“)

derived that

wi=u;, and uzy = Yiu; + (1 — 9;)uio. Let u;o = 0, then it can be

Ai(ug) = Aj iy wi (59)

where A, ,,,, is positive and bounded from S(.) in (55)

__aguy
e wiM

Aiyy = 200 g, < 2ap (60)

Then the observer (10)-(11) can be turned into

Tim = Tigmi1 — Lin(Zi1 — yi) (61)

Tin, = Aiuny i — lin,(Zi1 — i) (62)

where m =1, ...,n; — 1.
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The observer errors (14)-(15) are reformed as
im = —limei1 + €ime1 + fim (i) + 9im(y) + i (Yr,..) (63)
im: = —lim€i1 + Ai(wi) + fin (@) + Gin: (Y) + Pin, (Yr..,.,) (64)

which can be expressed as the following form
éi = AZ'7C€1' + Fz(l’z) + Gz(y) + Hi(yﬁ) + Hz(uz) (65)

where € = [ei,l) ey ei,ni]Ta ‘F’L(xl) = [fi,l(xi)) ey fi,’ru (xi)]Ta GZ(y) = [gi,l(y)7 sy
Gin; (y)]’ Hl(y’n) = [hi71(y7—'i,1)7 SRR hi,m (yTi,ni)]T7 HZ(UZ) = [07 - 0, Al(uf)]T

The design steps of the distributed tracking controller with input saturation are the
same as that without saturation, thus step n; can be re-derived.

Step n;: The distributed fault tolerant control input can be designed by

1 . b I 1
Uy = 2a0 (ai,ni—l — Zin;—1— i,nizi,m - i,niei,l - §Zi,ni

= (tanh®(zin, /<) (77 +157))) (66)
1,
where 3 = W p; is the estimation of the unknown dynamics 7%, 77 = 7; + (Aju,, —

2a0)2in, Wi, Y = Vi + 166u?M + lﬁufM, Yis Mis W; are given in (43) and (45).
Computing the derivative of (17) leads to

s n; N
) 1 i ; )
Vi< —§€iTQz’€i + B @) i (@) = XxiVi, + NBY > 2674 (ur)

j=1 j=1k=1

n N B Nﬁ n; _ N
TNBY D 260 u) + = e D e (Z 2wzj,k<yk>> + 43¢ | P
¢ k=1

j=1 k=1 j=1
Nﬁ n; B N
eI (Z 2wzj,k<yk>> + 1650 (67)
i =1 k=1

where ¢ and (3 are defined as (20).
Computing the derivative of (40) leads to

. . 1 .
V2 < V3 i+ 22, 4+ 16Uy + Zim, (200U + linein — Gin—1 + (Aiu, — 2a0)u;) (68)

Choosing a positive definite matrix A; such that Q; = 8§||P;||*L,, + 2A;, then V; is
transformed into

) ) ) 1
Vi=V@+ V< —(xi— 5)6’? + 2tanh® (2in, /) (% +715) = 2XiVa, + 2y —12im,
P . 3. 2
- Z biczie + Zim, (2a0u; + lipei1 — cipn-1) — (bix — 5)zin

2
c=2

1
5%, + (1= 2tanh? (20, /5) (97 +117)
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From (66), one has

- . ~ X 1 3
Vi=Vi— oW W; < —(xi — 5)6’@2 —2XiVh, — (bi1 — 5)21-2,1
-
; \
= biczle— 5 Wi+
c=2

+(1 — 2tanh®(zi, /<)) (3 + 1 + (Aiuy — 2a0)2i0,us) (69)

i 1
EZWZ? - ZZZQ" + 2tanh?(z; ,,, /)€

Therefore, the closed loop INS and the design procedure could be illustrated as Figure
3 and Figure 4.

Based on the above descriptions, the second result is now ready to be presented.

Theorem 2. Consider the interconnected systems (9) with input saturation con-
straints (54), under Assumptions 1-3, the designed distributed tracking controller (66)
and the adaptive parameter update algorithm (45) guarantee that the closed-loop in-
terconnected systems are uniformly ultimate bounded stable, meanwhile all the track-
ing errors are uniformly ultimately bounded.

Proof: The Lyapunov candidate function is chosen as V = Zfil V;. For (Aju,, —
2ap)u; is bounded, one yields due to Lemma 1

N .
. 1 3 - Ni o~ B
V<Y (—a - 5)6? = 2V, — (big — 5)31'2,1 =Y bicre— ;W? + 2tanh?(zi 5, /<)e
i=1 c=2
1 2 )\l 2 1 2 2
_Zzi,ni + EWz + Ai,uw ‘Zi,ni’ — 2tanh (Zi,ni/g))/ziﬂi (Ai,uw - 2a0)uizi,ni)

< —pV + M? (70)

where |(Aju,, — 2a0)u;| < fli,uw and fl,;’u“, is a positive constant. M5 = My + fl%’um,
|M§| < M*, and M* is a positive constant. If b;,,, > —2tanh?(2;,,/<))/zin, (Aiu., —
2ap)u; and p is chosen as (49), then the inequality (70) holds.

According to (70), it can be concluded that e; ;, 2; ;, Wi (t=1,...N; j=1,...,n)
of the interconnection systems (9) are UUB and simultaneously the whole closed loop
INS are uniformly ultimate bounded stable. From (70), the output tracking error z;
is adjusted into a small region near origin by selecting the proper parameters b; ; > 0,
Ai > 0, ¢ > 0 and p; > 0. Namely, the larger © and smaller M?, the better control
performance of (9). Note that x; in saturation case should be smaller than that in
normal case when @); and § are selected as the same in both cases. The proof is
completed.

Remark 6: From (70), it is easily known that the larger b;;, A;, ¢ and smaller
0i, the better control performance of (9). In the actual application, these parameters
need to be tried many times and adjusted carefully to obtain the appropriate values
for achieving the satisfactory control performance. Meanwhile, the related parameters
in the design procedure could be chosen according to the given parameter selection
guideline.

1) Specify the known positive constants d; ;, c1, ¢z, ¢3, ao, € to the controlled systems
(9).

2) Choose the appropriate gain parameter [; ; such that A; . of (65) be a strict Hurwitz
matrix.

3) Choose the appropriate parameters such that b; . >0, ¢ >0, A; > 0, g¢; > 0, which
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Figure 4. Block diagram of the design procedure

determine the virtual control input, the actual control input in (66) and the adaptive

parameter update algorithm in (45).
4) Ensure that the parameters selected above could make the inequality (70) hold.
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Figure 5. Curve of the input saturation approximation (ap = 3).

Remark 7: The decentralized control scheme of INS is developed in (Liu, 2019;
Ma & Ma, 2020; Sun & Zong, 2020; Wang & Yang, 2019; Zhang, 2020) and (Tong,
2011), in which only the local subsystem information is adopted and only the stabil-
ity of local subsystem is guaranteed. Different from these results, the DC scheme of
INS is employed in this paper for practical engineering applications, it fully utilizes
neighbor subsystems information such that the stability of the whole closed-loop INS
is obviously improved.

Remark 8: Although the distributed tracking control problem has been investigat-
ed in (Yoo, 2016), the time delay interconnections, input saturations and unmeasured
states are not taken into account. In this paper, all these problems described above
are studied for the considered INS. Therefore, this study has wider applications than
some existing results, it could be regarded as the expansion and improvement of the
results developed in (Yoo, 2016).

Remark 9: When the order of considered systems is high, the differential explosion
in the calculation of partial derivatives of virtual control variables may occur in above
Theorems 1 and 2. In order to avoid “differential explosion”, the instruction filtering or
low pass filter can be introduced into the backstepping control method (Tong, 2011).

4. Simulation Example

In this section, the stability and robustness of the INS will be considered as a case
study to demonstrate the theoretical results. Two inverted double pendulum cars
connected by a spring shown in Figure 6 can be described by (Sun & Hou, 2020) and
(Baigzadehnoe, 2020).

&1 = xi2 + fin (@) + gi1(y) + hig(yr.,)

Tig =5 + fi2(@i) + gi2(y) + hi2(yr.,) (71)
Yi =1, t=1,2
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Figure 6. Parallel inverted pendulum cars

where z; = [mi,l,mi,g]T = [Gi,éi]T respectively denote the angular displacemen-
t and angular velocity of the pendulums from vertical. f;i(z;) = 0, fi2(z;) =
maigr  kr?

90— K sin(in), gin(y) = 0, 12(y) = 25-(1 = b) + rsin(y2), 922(y) = 251 —
b) + %sin(yl). To increase the complexity of time-delay interconnected systems
(74), the nonlinear interconnection terms with delays are chosen as h;1(yr,,) = 0,
hi2(Yr ) = 7-(UF(t = di2) * cos(yi(t — d12))) + 7 (ya(t — du2) * sin(ya(t — di2))),
h29(Yr,,) = 7-(U3(t — da2) * cos(ya(t — da2))) + 7-(y1(t — dap) * sin(yi(t — da2))).
Here my and ms denote the pendulum end masses, J; and Jy are the inertia mo-
ments, k denotes the spring constant, r is the pendulum height, [ means the spring
natural length, b is distance between the pendulum hinges, and ¢ is the gravitation-
al acceleration. According to (Sun & Hou, 2020), the system parameters are given as
my = 2kg, my = 2.5kg, J; = 5kg, Jo = 6.25kg, k = 100N/m, g = 9.81m/s?, r = 0.5m,
[ =0.5m, b = 0.5m. The time varying delays are selected as d; 2 = 0.1 4 0.1cos(0.5¢t),
do2 = 0.2 — 0.2sin(0.5t), then d; = 0.2, ds = 0.4.

The reference signals are given as y1, = 0.8cos(t — 0.5) + 0.3sin(4t) and yo, =
0.7sin(t) — 0.4cos(3t). The initial condition is chosen as z1,1(0) = 0.5, 22,1(0) = 0.5,
§I171(0) = .f,‘271(0) = 0, ¢1(t) = wg(t) = O.Q[COS(t); sin(t)] with ¢ € [—0.4, 0]

To illustrate the effectiveness of the distributed control (DC) scheme, two different
cases will be carried out in the simulation as follows.

Case 1: The interconnected nonlinear systems (INS) with time-delay interconnec-
tions, unmeasured states are investigated in this case. First, a nonlinear state observer
is introduced and then the distributed controller is developed according to Theorem
1. The designed parameters are selected as l17 = 4, l1o = 1.75, lo1 = 5, lop = 2,
0 = 0.01, X1 = 0.79, X2 = 0.587, 01 = P2 = 10, 61’1 = b2,1 = 10, 5172 = b272 = 5,
Al =X =1

Case 2: The INS with time-delay interconnections, unmeasured states and input
saturations are discussed in this case. Similarly, we design a state observer and then a
distributed controller according to Theorem 2. The designed parameters are selected
as l171 = 4, l1,2 = 1.75, 1271 = 5, l2,2 = 2, 0= 0.01, X1 = 0.6, X2 = 0.134, 01 = 02 = 5,
b11=0b21=5,b12=">bao=2, A\ =Xy =1, urpyy = 35, ugps = 40.

The broad learning system is introduced to estimate the unknown dynamics online.
At initialization time, the weight parameters of BLS are random from [—1, 1], just as
shown in Table I, and then their online training and updating run according to Table
IT and (45). Due to the characteristics of the systems (71), the activation function
¢i(z) = z, and (o(z) = tanh(z) = 74—

erte—*"

In Figure 7, the original outputs y1, y2 of both inverted pendulums and their de-
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Figure 7. Curves of output signals in CASE 1

layed outputs generated by d; 2 and da 2 between the first and second car are displayed.
It is easily known from the preset conditions that the amplitude of ds 2 is larger than
that of d; 2, so the phase deviations between y;(t —dz2) and y; (i = 1,2) are obviously
larger than that between y;(t — d; 2) and y; in Figure 7. The state observer (10)-(11)
can accurately estimate the states 211, 12, 22,1, 2,2 as shown in Figure 8. It is clear
that in CASE 1 the outputs of both inverted pendulums can track the desired trajec-
tory y1r, yor and their tracking errors nearly converge to a very small neighborhood
of zero as exhibited in Figures 9-10. However, the control inputs in Figure 9 are too
large to be allowed in the practical systems due to energy or amplitude limitations
of actuators. Thus, the distributed control scheme for the uncertain time-delay INS
should be further improved, that is, the input saturation constraints have to be taken
into account next.

Similarly in CASE 2, it is shown in Figure 12 that the state observer could accurately
approach the states of two inverted pendulums. Although in Figures 13-14 it is clearly
demonstrated that the input saturation will degrade the dynamical tracking perfor-
mance of the systems (71) in CASE 2, the tracking trajectory steady-state errors can
still reach in a small neighborhood of zero and the steady-state precision in CASE 2
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Figure 8. Curves of estimated states in CASE 1

Yy
—Y,

Figure 9. Curves of tracking signals in CASE 1

nearly equals to CASE 1. Moreover, the control inputs of both inverted pendulums are
limited within the bounds just as shown in Figure 15, which is available in the practical
systems. And it is clear that the bounds of the control inputs are uyps = 35, uops = 40,
which is the same as the preset bounds.

In conclusion, the above simulation results demonstrate that the developed dis-
tributed control approach is valid and feasible for the considered nonlinear multi-delay
systems in presence of inaccessible states and input saturations.
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Figure 11. Curves of control inputs in CASE 1

5. Conclusion

In this paper, a BLS-based distributed adaptive tracking control scheme is proposed
for time-delay interconnected nonlinear systems (INS) with input saturations. A full
dimension state observer is designed to estimate the inaccessible state variables, and
then a distributed adaptive tracking control scheme (DATC) is proposed with the
help of BLS technique. Meanwhile the stability of the time-delay INS without input
saturations is analyzed. To solve the input saturation problem, a well defined smooth
function is introduced into the improved DATC, which guarantees the stability of the
closed loop INS with input saturations. Finally, the simulation results are given to
illustrate the effectiveness of the proposed control strategy. In addition, the DATC
will be extended to the time-delay INS with full state constraints in our future work.
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Figure 13. Curves of tracking signals in CASE 2
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