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Accurate weight coefficient estimation of multi-camera light field 

PIV through backpropagation neural network 

 

Abstract: Volumetric velocity measurement through multi-camera light field particle image 

velocimetry (LF-PIV) requires an accurate estimation of the weight coefficient (WC) of three-

dimensional (3D) tracer particle distribution reconstruction. To achieve that, this study proposes a 

calibration method based on a backpropagation neural network (BP-NN) for the WC estimation of 

the multi-camera LF-PIV. The BP-NN model establishes a mapping relationship between the spatial 

voxels and pixels of the multi-cameras. The proposed method is compared with the direct ray tracing 

(DRT) method and it shows that the proposed method provides an accurate estimation of the WC. 

It also does not depend on the prior knowledge of angle separations of the multi-cameras as is 

required for the DRT method. The proposed method is initially evaluated by conducting synthetic 

tests of ring vortex field reconstruction and further verified by conducting experiments on a low-

swirl injector (LSI) flow. Results show that the root mean square error of the ring vortex 

displacement field can be reduced from 0.71 voxels to 0.35 voxels by the proposed method. The 

relative errors of LSI flow axial and radial velocity components are smaller than 10%. Therefore, it 

demonstrates that the 3D flow velocity can be measured accurately by the multi-camera LF-PIV by 

incorporating the proposed BP-NN calibration method. 

 

Keywords: Light field PIV; Multiple cameras; Calibration; Weight coefficient estimation; 

Backpropagation neural network 
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1. Introduction 

Recovering the complete topology of unsteady flow structures is challenging and it has great 

interest in fluid mechanic studies [1]. Due to the intrinsically three-dimensional (3D) nature of the 

unsteady flows, it is desirable to depict the full flow field within a measurement volume. To achieve 

that, continuous efforts have been devoted to developing advanced volumetric velocimetry 

techniques [2]  such as the multi-camera-based tomographic PIV (Tomo-PIV) and defocusing PIV 

(DPIV), single-camera-based scanning PIV (SPIV) and light field PIV (LF-PIV). Among these 

techniques, the LF-PIV allows instantaneous 3D flow field measurement via a single camera and 

shows a compelling prospect for applications where optical windows are limited [3-5]. However, a 

lower accuracy of velocity measurement can be observed along the optical axis direction due to the 

limited viewing aperture of the single camera [6,7]. To overcome this drawback, the effective 

approach is to add extra LF cameras (i.e., multi-camera LF-PIV) to capture the flow field 

information from different perspectives and thus improve the accuracy of the 3D flow measurement 

[8-10]. 

In the multi-camera LF-PIV, the 3D tracer particle distribution can be reconstructed from the 

LF images captured from different viewpoints for flow velocity estimation [11,12]. This is typically 

an inverse problem and can be resolved by the algebraic reconstruction technique, which requires 

an accurate estimation of the weight coefficient (WC) (i.e., the intensity contributions of the spatial 

voxels to the image pixels). Theoretically, the WC can be estimated using the direct ray-tracing 

(DRT) technique based on a thin lens model [13,14]. However, the thin lens model fails to account 

for ray deflections arising from real-world optical distortions (caused by the optical misalignment, 

lens nonlinearity and refractive index changes [15]) and affects the WC estimation, thus degrading 

the particle reconstruction and velocity measurement accuracy. 

Several models have been developed to correct the optical distortions of the single camera-

based imaging system. For instance, Soloff et al. [16] presented a calibration method for the planar 

PIV system by integrating several mapping functions to correct the optical distortions. Bok et al. 

[17] and Sun et al. [18] proposed a geometric calibration method for the unfocused and focused LF 

cameras, respectively, to correct the optical distortions and obtain the intrinsic and extrinsic of the 

LF cameras. Shi et al. [19] developed a volume calibration technique for the single-camera LF-PIV. 

A relationship between the object and image points is established based on the linear optics and 

various calibration parameters are used to correct the optical distortions. Hall et al. [20] proposed a 

direct LF calibration method for the LF-PIV and particle tracking velocimetry (PTV). A polynomial 

mapping function is employed by creating 4D LF coordinates to correct the lens distortions. These 

methods effectively correct the ray deflections caused by the lens distortion for the single-camera 

LF-PIV [21,22], however, the multi-camera calibration is challenging as it needs a repetitive process 

for each camera. More importantly, the single-camera calibration process does not account for the 

spatial information of the multiple cameras (e.g., angle separations and distances), which hinders 

the alignment of the particle volume reconstruction from different viewpoints. As a result, it creates 

reconstruction artefacts like ghost particles and elongation effect. To resolve this issue, an advanced 

calibration method for multi-camera systems is required to ensure that multiple cameras reconstruct 

the same particle volume [23]. Instead of recovering the particle volume from each viewpoint 

individually and combining the different particle volumes, a mapping that relates different cameras 

to a common-world coordinate system can be established via the calibration process. Through this 
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mapping relationship, a single particle volume can be reconstructed from images captured by 

multiple cameras. 

In the conventional imaging-based tomographic PIV (i.e., without the MLA), the multi-camera 

calibration can be conducted by a volume self-calibration technique [24]. This technique leverages 

the triangulation method to compute the tracer particle positions and utilizes the residual 

triangulation error (referred to as disparity) to correct the mapping functions for all cameras [25]. 

However, this technique cannot directly be utilized for the multi-camera LF-PIV since the 

triangulation method requires focused images of the tracer particles, which are difficult to obtain in 

the LF imaging due to the absence of the MLA in front of the photosensor. In LF imaging, as the 

object scene is imaged by the main lens and microlens array (MLA) [26], respectively, the mapping 

that relates the object points to different LF cameras can be created in two steps, such as (i) the 

spatial voxels and the microlens on different LF cameras can be correlated by incorporating the 

propagation direction information of the light rays and (ii) the light rays can be extended from the 

MLA to the photosensor to link the spatial voxels with the image pixels. Through the established 

mapping, the WC of the voxels for different LF cameras can then be calculated. 

To create the mapping between the voxels and pixels, polynomial models can be employed 

[27,28]. The accuracy of the polynomial model relies on the order of the polynomial. Results show 

that a third-order polynomial model can provide accurate calibration for the single-camera system 

[20]. However, the order and the complexity of the polynomial model increase rapidly with the 

number of cameras. As an alternative, the artificial neural network (ANN) can be used for high-

order nonlinear fitting tasks [29,30]. Unlike the polynomial model that gives an explicit 

mathematical mapping, the ANN provide an implicit mapping between the input and output. 

Leveraging the generalized high-order fitting capacity and flexible network architecture, ANN has 

been used for the calibration of the stereoscopic systems for 3D positioning [31] and PTV [32]. 

Therefore, it is evident based on the state-of-the-art that an accurate estimation of the WC is 

essential to reconstruct the particle distribution and hence to measure the 3D flow velocity through 

the multi-camera LF-PIV. A calibration method is proposed for an accurate WC estimation of the 

multi-camera LF-PIV system. The calibration method is based on a backpropagation neural network 

(BP-NN), which is initially employed for mapping the spatial voxels to the microlens of the different 

LF cameras and then utilized to relate the voxels to the image pixels for the WC estimation. 

Compared to the current DRT method, the proposed method does not require the angle separations 

of multiple cameras as prior knowledge and is easy to implement in practical applications. Synthetic 

tests of 3D vortex field reconstructions are performed to verify the proposed method and 

experimental measurements on a low-swirl injector flow are further conducted to evaluate its 

performance. A detailed description of the proposed method is given and results derived from the 

synthetic and experimental tests are presented and discussed. 

2. Principle of Multi-camera LF-PIV 

2.1 Imaging model 

The principle of the multi-camera LF-PIV is illustrated in Fig. 1. The tracer particles are 

immersed in the test flow field and a high-energy dual-pulse laser is used to provide illumination. 

The tracer particle motions are recorded by the multiple LF cameras (two in this study) from 

different perspectives. The LF images of the particles are initially pre-processed to eliminate the 

background noise and the simultaneous multiplicative algebraic reconstruction technique (SMART) 
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[33] is then used to reconstruct the particle volumes. The WC of the SMART is calculated through 

the BP-NN-based calibration procedure. Each pair of reconstructed particle volumes is then fed into 

the cross-correlation (CC) algorithm to estimate the 3D velocity field of the test flow. 

 

Fig. 1 Principle of LF-PIV utilizing multiple LF cameras. 

 
Fig. 2 Light ray propagation of the LF imaging based on geometrical optics.  

Considering that the diffraction of the macroscopic imaging system is not significant, 

geometrical optics is a good approximation model for analyzing the actual behavior of light ray 

propagation. Where the light can be discretized as a large number of rays in different propagation 

directions (as illustrated in Fig. 2) and the propagation trajectories of the rays can be described by 

the ray transfer matrix [13]. In the multi-camera system, the world and camera coordinates may not 

be aligned perfectly and hence angle separation may exist. Therefore, the transformation of light 

rays between the world and camera coordinates is required to be performed accurately. For example, 

considering the LF camera #2 illustrated in Fig. 3, the world coordinates (x, y, z) can be converted 

to the camera coordinates (xc, yc, zc) based on the relationship of the spatial geometry, as 

 ( )tan coscx x z  = −    (1) 
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 cy y=  (2) 

 ( )tan sin
cos

c

z
z x z  


= + −    (3) 

where α is the angle separation between the world and camera coordinates. If the multi-camera 

system contains Nc cameras, the coordinate transformations should be performed Nc times with the 

known angles separation (α1, α2, …, αNc). The obtained camera coordinates are then fed into the ray 

transfer matrix to perform the ray tracing process and form the images of different LF cameras. 

 

Fig. 3 Illustration of coordinate's transformation between the world and camera coordinates. 

2.2 Particle volume reconstruction 

The reconstruction of 3D particle distribution through multi-camera LF-PIV involves an 

inverse problem that is required to be solved. This can be formulated as a set of linear equations 

given as 
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where Ej denotes the intensity of jth voxel in the measurement volume (j = 1~M, M is the total voxel 

number), Ii,q denotes the intensity of ith pixel on the qth camera (i = 1~N, N is the pixel number on 

the photosensor, q = 1~ Nc), and wj,i,q denotes the WC of the jth voxel to the ith pixel. The order of 

the weight matrix (i.e., collection of all the voxels’ WC) is usually smaller than the number of 

unknown voxels. Therefore the linear Eq. (4) is underdetermined and has a non-unique solution. To 

solve this equation, the SMART is used in terms of high computational efficiency. The iteration of 

the SMART is as follows 
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 (5) 

where k denotes the kth iteration, Ni is the number of pixels whose intensity is contributed by the jth 

voxel (referred to as affected pixels), and μ is the relaxation parameter.  
To estimate the WC accurately for particle reconstruction, it is crucial to create a mapping 

relationship between the spatial voxels and the image pixels of different LF cameras. In contrast to 

the traditional CCD/CMOS camera with a single lens and a photosensor, the LF camera has a dense 

MLA and the object scene is imaged by the main lens and MLA, respectively during the LF imaging 

process. Thus, the calibrations are conducted in two steps for the multiple LF cameras. Initially, the 

BP-NN is established to relate the spatial voxels (which can be discretized as many object points) 

to the microlens of different LF cameras. Subsequently, the light rays are extended from the 

microlens to the photosensor to link the spatial voxels with the image pixels.  

3. Calibration of multi-camera LF-PIV 

3.1 Neural network-based calibration  

(1) Architecture of BP-NN 

The BP-NN is a multi-layer feedforward neural network that leverages the forward propagation 

error to tune the weights of the network. The architecture of the BP-NN is illustrated in Fig. 4. It is 

used to relate the object point location (e.g., point p in Fig. 2) to the microlens position (e.g., point 

p′ in Fig. 2) by incorporating the propagation direction information of the light rays. The network 

consists of the inputs, hidden and output layers and outputs. The inputs are the world coordinate of 

the object point (x, y, z) and the main aperture positions that the ray passes through (u1, v1, u2, v2,···, 

uNc, vNc). The outputs are the positions that the ray hits on the microlenses (s1, t1, s2, t2, ···, sNc, tNc). 

The hidden layer of the network is defined as 

 ( )1 1 2 2, , , , , , , , , ,h q q c N hN cP W x y z u v u v u v u v b  = +
   (6) 

where Wh and bh denote the weight and bias of the hidden layer, respectively, and P is the output 

of the hidden layer and is transformed by the sigmoid functions and inserted into the output layer. 

The structure of the output layer is similar to the hidden layer, defined as 

 o oQ PW b= +  (7) 

where Wo is the weight of the output layer and bo is the bias. The outcome of the output layer Q is 

transformed by the linear transfer function and the final output is then attained. 
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Fig.4 Architecture of the BP-NN model. 

(2) Generation of the dataset 

To train the BP-NN for accurate prediction of microlens positions, a calibration board that 

contains a dot point array is employed to generate the training dataset. The calibration board is 

moved to span the entire measurement volume, forming a 3D cloud of feature points with known 

world coordinates. Multiple LF cameras are employed to record the LF images of the dot board at 

different depths. The sub-aperture images of the dot points are subsequently extracted from the raw 

images for determining the main aperture and microlens positions that the rays pass through [i.e., 

(u, v) and (s, t) in Fig. 4]. 

 

Fig.5 Extraction of the LF sub-aperture images. 

The extraction of the sub-aperture images from a LF raw image is illustrated in Fig. 5. Since 

the separation between the MLA and the photosensor is equal to the focal length of the MLA, the 
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main lens and photosensor are approximately conjugated. In this case, the rays that hit the same 

pixel behind each microlens must originate from a specific sub-aperture of the main lens (e.g., the 

rays that reach pixels #3 and #5 are from sub-apertures #3 and #5, respectively). By extracting the 

corresponding pixel behind each microlens, the projections of the object point under a specific sub-

aperture (u, v) can be acquired. Figure 6 shows an example of the LF raw image of the dot board 

and the extracted sub-aperture image. The dot centers of the sub-aperture image are identified by 

the Gaussian fitting method [34]. The image coordinate of the dot center (sp, tp) is transformed to 

the physical coordinate (s, t) according to the microlens pitch (pm), and the microlens position that 

the ray passes through is therefore determined. 

 
(a) LF raw image                                            （b）LF sub-aperture image 

Fig. 6 LF raw image and sub-aperture image of a dot calibration board. 

For the multi-camera LF-PIV, the extraction of the sub-aperture image and identification of the 

dot center are conducted individually for each camera to construct the training dataset. If the number 

of feature points on the calibration board is nf , the number of sub-aperture images extracted from a 

single LF raw image is np, and the calibration board is captured at nd different depths, a total of 

nfndnp sets of input and output data can be obtained. For the BP-NN model, the complete dataset 

is divided into training, validating and testing at a ratio of 70%, 15% and 15%, respectively. The 

testing dataset is used to assess the accuracy and generalization of the model. 

(3) Parameters selection 

To ensure the prediction accuracy of the BP-NN, the training method and the number of hidden 

layers are required to be well chosen. In this study, training methods such as the Levenberg-

Marquardt method (LM), Bayesian regularization method (BR) and gradient descent with 

momentum method (GDM) are compared under different numbers of the hidden layer (Nl = 5, 10, 

15, 20 and 25). The node in each hidden layer is empirically optimized as 10. The accuracy of the 

BP-NN is evaluated by calculating the position prediction error normalized by the pitch of microlens 

(pm), defined as 

 
( ) ( )

2 2

1

tN

tr pr tr pr

i
nor

t m

s s t t

N p
 =

− + −

=



 (8) 

where σnor is the normalized prediction error, (str, ttr) and (spr, tpr) are the true and predicted microlens 

positions, respectively. Nt is the number of test data. 
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Table 1 summarizes the normalized prediction error of the BP-NN model for a dual-camera 

system (n = 2). It can be observed that the σnor of the GDM method is always higher under different 

Nl, while the error of the LM and BR methods is much lower. The σnor of the LM and BR methods 

is about 0.04 microlens pitch when Nl exceeds 10. The LM algorithm, which offers a faster training 

process compared to the BR method is selected to train the BP-NN model. To ensure high prediction 

accuracy and prevent overfitting, 15 hidden layers are incorporated in the BP-NN. 

Table 1: Normalized prediction error (σnor) of BP-NN using different training methods and hidden layers  

Nl 

LM BR GDM 

LF camera 

#1 

LF camera 

#2 

LF camera 

#1 

LF camera 

#2 

LF camera 

#1 

LF camera 

#2 

5 0.292 0.333 0.336 0.285 0.399 0.455 

10 0.043 0.041 0.040 0.041 0.109 0.111 

15 0.038 0.040 0.039 0.040 0.062 0.065 

20 0.038 0.039 0.039 0.040 0.066 0.061 

25 0.048 0.049 0.048 0.049 0.067 0.070 

30 0.063 0.065 0.066 0.066 0.090 0.091 

3.2 Weight coefficient calculation 

With the microlens position (s, t) predicted by the BP-NN, the rays from the main aperture (u, 

v) are further traced to the photosensor to correlate the spatial point to the image pixels. This is 

achieved by using the ray transfer matrix, given as 
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 (9) 

where fm denotes the focal length of the microlens, su is the separation between the MLA and the 

photosensor, sx and sy are the distances from the microlens center to the optical axis.  

To calculate the WC, point sources at different spatial positions are sampled within the voxel, 

and a large number of rays in different propagation directions are sampled from each point source. 

The BP-NN model and the ray transfer matrix described in Eq. (9) are utilized to determine the 

image pixels whose intensity is contributed by a particular voxel. The WC of the jth voxel to the ith 

pixel of the qth camera can then be calculated as 

 , ,

, ,

,

j i q

j i q

j t

n
w

n
=  (10) 

where nj,t denotes the total number of rays sampled from the jth voxel, and nj,i,q denotes the number 

of rays that enter the ith pixel of the qth camera. To calculate the accurate WC with high 

computational efficiency, the sampling number of the point sources within each voxel is set as 500 

and the angle separation of the sampling light rays from each point source is set to 0.05°. Once the 

WC of all the discrete voxels is calculated, the reconstruction of particle distribution is performed 

by the SMART [Eq. (5)]. The overview of the calibration procedure of multi-camera LF-PIV based 

on the BP-NN model, as well as the reconstruction of tracer particles, is shown in Fig. 7.  
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Fig 7 Overview of the calibration of multi-camera LF-PIV. 

4. Numerical verification 

To evaluate the accuracy of the proposed method, synthetic tests were carried out to reconstruct 

the random particle distributions and Gaussian vortex displacement field. In this study, a dual LF 

camera system is used to verify the proposed BP-NN calibration method through these synthetic 

tests. The dual LF-camera system is considered in terms of practical applicability such as the 

complexity of the system setup and the required optical access. Figure 8 illustrates the position of 

the measurement volume relative to the LF cameras and the defined world coordinate. The center 

of the measurement volume (i.e., origin) is aligned with the focal points of the two cameras. The 

separation angles of the cameras concerning the depth direction of the measurement volume (α1 and 

α2) are set to 45°. 

 

Fig. 8 Illustration of the measurement volume position relative to the dual-camera LF-PIV system. 

 



11 

 

Table 2: Optical parameters of the LF camera and conventional camera 

Parameter 
LF camera Conventional camera  

Simulation Experiment (Used in Planar PIV) 

Magnification of the main lens -1 -1 -0.33 

Focal length of main lens 100 mm 100 mm 100 mm 

f-number of main lens 4 4 2.8 

Focal length of microlens 0.8 mm 0.8 mm - 

f-number of microlens 8 8 - 

Microlens pitch 0.1 mm 0.1 mm - 

Number of microlenses 254254 254254 - 

Pixel size 5.5 μm 4.54 um 4.45 μm 

Number of pixels 40004000 22082752 22082752 

Number of cameras 2 2 1 

    

(a) LF image of camera #1                                            (b) LF image of camera #2 

Fig. 9 Synthetic LF images of a virtual dot calibration board located at the depth of z = -3 mm. 

To investigate the calibration accuracy of the dual-LF camera system, a virtual calibration 

board composed of 77 dot points is generated. The calibration board is moved within the depth 

range of -10 mm < z < 10 mm with a uniform interval of 1 mm. The spacing between each two dots 

is 1 mm and the dot diameter is 0.1 mm. Based on the LF imaging model described in Section 2, 

the synthetic LF images of the dot board at different locations are obtained. The optical parameters 

used to generate the synthetic LF images are summarized in Table 2. Figure 9 illustrates an example 

of the LF images captured by the two LF cameras. The WC is computed through the BP-NN 

calibration method as described in Section 3 and the SMART is used to reconstruct the particle 

volumes (10 iterations, μ = 1.0). For a comparative study, the DRT method is employed for the WC 

calculation. The DRT method traces the trajectories of the rays from the spatial points to the image 

sensor and calculates the WC by counting the number of rays received by a specific pixel [13]. The 

DRT requires prior knowledge of the angle separation of the cameras based on the measurement 

volume (i.e., α1 and α2 in Fig. 8), in practice, it is difficult to measure precisely. Therefore, an error 

term of the angle separation of the cameras is involved in the DRT, as 

 1 1m  = +  (11) 

 2 2m  = +  (12) 
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where α1, α2 and α1m, α2m are the true and measured angle separation, respectively, and Δα is the 

error term in terms of angle separation. In the synthetic test of the particle distribution reconstruction, 

Δα is set as 0° (i.e., no error in the angle separation of the camera) and the reconstruction quality of 

the DRT-SMART and BP-NN-SMART is compared. For the ring vortex reconstruction, Δα is set as 

Δα = 0° and Δα = 1°, respectively, and the reconstruction accuracy of the 3D displacement fields 

achieved by the DRT-SMART and BP-NN-SMART is compared. 

4.1 Particle distribution reconstruction 

For the particle distribution reconstruction, synthetic particle fields with known particle 

distributions are initially generated. Specifically, the particles at a concentration (C) of 0.1~1 ppm 

are randomly positioned in the measurement volume (size of 10 10 10 mm3, voxel resolution 

of 0.1 0.1 0.1 mm3). The synthetic LF images of the particles are then generated using the 

distortion-free LF imaging model and the particle distributions are subsequently reconstructed. 

 

“As an example, the voxel located at (x, y, z) = (0, 0, 2) mm is considered and shows the WC 

estimated by DRT and BP-NN in Fig. 10. The structural similarity index matrix (SSIM) [35] is used 

to evaluate the similarity of WC calculated by both methods. SSIM is from 0 to 1 and a large SSIM 

value corresponds to a high similarity. The SSIM value of WC calculated by the DRT and BP-NN 

is 0.94, indicating that the estimated WC are in good agreement.”   

 

 

Fig. 10 Comparison of WC estimated by DRT and BP-NN methods.  

Figure 11 illustrates the reconstructed particle distributions achieved by the DRT-SMART and 

BP-NN-SMART at C = 0.1 ppm. It can be seen that the particle distribution reconstructed by BP-

NN-SMART [Fig. 11(c)] is similar to that of DRT-SMART [Fig. 11(b)], and both of them are in 

good agreement with the actual particle distribution [Fig. 11(a), ground truth]. However, some 

reconstructed particles are stuck together for both the BP-NN-SMART and DRT-SMART, especially 

in the high-density region (zoom-in figures) due to the reconstruction artefacts (e.g., ghost particles 

and elongation effect) arising from the limited tomographic angular views [25]. 

To evaluate the reconstruction quality quantitatively, two indices are defined in this study. The 

reconstructed accuracy (Racc) is defined as 

 #

# #
acc

VD
R

VD ID
=

+
 (13) 

where a valid detection (VD) is defined as the presence of a single reconstructed particle within 1 

voxel chessboard distance from a true particle, while an invalid detection (ID) refers to the detection 

of multiple particles or the absence of particle around a true particle [36], and # stands for the 
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number of VD or ID. The reconstructed ghosting rate (Rg) is defined as 

 re
g

tr

n
R

n
=  (14) 

where ntr and nre denote the number of particles in the true and reconstructed particle fields, 

respectively. In addition to Racc and Rg, the reconstruction quality factor (Q) defined in [5] is also 

employed to assess the 3D reconstruction accuracy. The range of Racc and Q is from 0 to 1, where a 

larger value indicates higher reconstruction accuracy. Rg is larger than 1 and a smaller Rg implies 

the reconstruction with fewer ghost particles. 

 

(a) Ground truth 

       

(b) DRT-SMART                                                               (c) BP-NN-SMART 

Fig. 11 3D particle distribution reconstructed by DRT-SMART and BP-NN-SMART at C = 0.1 ppm. 

The reconstruction accuracy, ghosting rate and quality factor of DRT-SMART and BP-NN-

SMART at C = 0.1~1 ppm are depicted in Fig. 12. The range of particle concentration is chosen by 

considering the robustness of cross-correlation analysis, limit of the tomographic reconstruction 
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algorithm and the optical transmission [5, 8, 25]. From Fig. 12, it can be seen the variations of Racc, 

Rg and Q with particle concentration are consistent for the two methods. Specifically, the number of 

ghost particles (Rg) is increased at a denser seeding concentration, resulting in a decreased 

reconstruction accuracy (Racc) and reconstruction quality factor (Q). Racc, Rg and Q of the BP-NN-

SMART are similar to the DRT-SMART at different concentrations. Although the BP-NN-SMART 

and the DRT-SMART provide similar results in the simulation, the DRT-SMART needs prior 

knowledge of precise angle separation of the multi-camera system for an accurate measurement, 

which is difficult to obtain in practical applications. By contrast, the proposed calibration method is 

capable of reconstructing the particle distributions without necessitating the camera separation 

angles as prior knowledge. 

   
(a) Racc                                                                          (b) Rg 

 

(c) Q 

Fig. 12 Reconstruction accuracy of DRT-SMART and BP-NN-SMART at different C.  

4.2 Ring vortex field reconstruction 

To achieve an accurate velocity field, the proposed calibration method is further verified 

through the reconstruction of a ring vortex displacement field. The analytical equation of the ring 

vortex can be found elsewhere in [5]. The ring vortex is located in a volume with a physical size of 

14147 mm3 and a voxel resolution of 0.10.10.1 mm3. Similar to particle distribution 

reconstruction, particles are randomly seeded in the measurement volume to form a 3D particle 

distribution. Thereafter, these particles are displaced by the ring vortex displacement field to form 

a new distribution. The LF images of particles are then generated and the particle volumes are 
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reconstructed by BP-NN-SMART and DRT-SMART, respectively. The CC algorithm is finally 

utilized to estimate the particle displacement. The displacement vectors of 353517 are returned 

in the displacement field with the interrogation volume size of 888 voxels and an overlap of 

50%. To evaluate the measurement accuracy of DRT-SMART and BP-NN-SMART, the CC analysis 

is also performed on the actual particle distributions to generate the 3D displacement field, which 

is taken as the ground truth as shown in Fig. 13(a). 

The ring vortex fields reconstructed by the DRT-SMART and BP-NN-SAMRT at C = 0.5 ppm 

are shown in Fig. 13(b)-(d). It can be observed that the reconstruction result of BP-NN-SMART 

[Fig. 13(b)] is consistent with the displacement field estimated from the true particle distributions 

[Fig. 13(a)]. The torus-shaped vorticity field has been completely reconstructed and the magnitude 

of vorticity is close to the ground truth, hence demonstrating that the proposed method can facilitate 

an accurate 3D flow field measurement. By contrast, the accuracy of the DRT-SMART relies on the 

measurement accuracy of the angle separation. An accurate reconstruction can be achieved at the 

measured angle separation of Δα = 0°. However, when the angle separation reaches 1°, spurious 

vectors can be seen in the reconstruction result [marked by red circles in Fig. 13(d)]. 

     

(a) CC                                                                 (b) BP-NN-SMART  

     

(c) DRT-SMART, Δα = 0°                                           (d) DRT-SMART, Δα = 1° 

Fig. 13 Ring vortex field reconstructed by DRT-SAMRT and NN-SMART methods at C = 0.5 ppm. The iso-

vorticity surface (0.12 voxels/voxel) shows the shape of the ring vortex. The vectors are colored by the magnitude 

of the depth velocity component (w).  
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The root mean square error (RMSE) of the reconstructed displacement vector (σt) is calculated 

by 

 ( ) ( ) ( )
2 2 2

t t r t r t ru u v v w w = − + − + −  (15) 

where ut, vt, wt and ur, vr, wr denote the components of the true and reconstructed displacement in 

the x, y and z-directions, respectively. For the entire displacement field containing nl vectors, the 

mean displacement error (𝜎𝑡̅) is calculated by 

 
1

ln

t t l

l

n 
=

=  (16) 

Figure 14(a) depicts the 𝜎𝑡̅  under different particle concentrations. It shows that the 𝜎𝑡̅ 

achieved by the BP-NN-SMART is similar to the DRT-SMART at Δα = 0°. However, the 𝜎𝑡̅  is 

increased significantly at Δα = 1° for the DRT-SMART. The averaged 𝜎𝑡̅  achieved by BP-NN-

SMART at the particle concentration of 0.1 to 1 ppm is 0.35 voxels, whereas it is 0.36 and 0.71 

voxels for the DRT-SMART at Δα = 0° and Δα = 1°, respectively, indicating that displacement 

measurement error achieved by the DRT-SAMRT is closely related to the Δα. This result can also 

be seen in Fig. 14(b), which depicts the cumulative probability function (CDF) of the σt at C = 0.5 

ppm. From Fig. 14(b), the percentage of the reconstructed displacement vectors, which has an error 

smaller than 0.43 voxels, is 75.6% and 64.3% for the BP-NN-SMART and DRT-SMART at Δα = 

1°, indicating that the BP-NN-SMART can achieve 3D flow reconstruction with higher accuracy.  

For the DRT method, it is indicated that the angle separation of the LF cameras needs to be 

measured precisely based on the measurement volume for accurate WC estimation. Otherwise, 

significant errors can be involved in the 3D flow velocity measurement. This limits the use of the 

DRT method in practical experiments. By contrast, the proposed BP-NN method provides higher 

accuracy and is suitable for practical applications as it does not depend on the angle separation of 

LF cameras. The BP-NN method establishes the mapping relationship between the voxels and pixels 

based on the image features of the calibration board. 

    
(a) 𝜎𝑡̅                                                                         (b) CDF of σt 

Fig. 14 Mean displacement error (𝜎𝑡̅) at C = 0.1~1 ppm and the cumulative probability function (CDF) of the 

displacement error (σt) at C = 0.5 ppm. 

Table 3 shows the dataset used for training, testing and validation of the neural network. The 
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computational time required for calculating the WC is also added. The training of BP-NN and the 

WC calculation is implemented on a 44-core workstation (Intel Xeon E5-2696 v4 at 2.2GHz). A 

total of 197570 data is randomly split into training, validating and testing. 70% of data is used for 

training, 15% for validation and 15% for testing.  The training process takes about 15 mins for 1000 

epochs and the calculation of WC by the BP-NN model costs about 115 mins, which is very close 

to that achieved by the DRT method (118 mins). 

Table 3: Data number and computational time in calculating the weight coefficients  

Method BP-NN DRT  

Total number of data 197570 - 

Training, validating and testing 70%, 15% and 15% - 

Data division method  Random - 

Epoch number in training  1000 - 

Network training time (min) 15 - 

Time for calculating weight coefficients (min) 115 118 

5. Experimental study 

5.1 Experimental setup 

After the numerical verification, experiments were carried out on a low-swirl injector (LSI) 

flow to verify the BP-NN method along with the dual-camera LF-PIV system. The schematic and 

photograph of the LSI are shown in Fig. 15. The LSI configuration encompasses an annual swirler 

consisting of the curved vanes and the center-body. The inner radius of the center-body (Rc) is 12 

mm and a perforated screen with 30 round holes (diameter of 2 mm) is fitted at its entrance. The 

presence of a perforated screen enables a fraction of the air to bypass the swirler, thereby forming a 

swirl flow with a small recirculation zone downstream of the injector [37]. Eight curved vanes with 

a length (Lp) of 22 mm and angle (θs) of 37° are connected with the central channel screen. The 

swirl number (S) for LSI can be calculated by [38] 

 
3

2 2 2 2 2

2 1
tan

3 1 ((1 ) 1)

r
S

r m r r


−
=

− + −
 (17) 

where m denotes the ratio between the mass flow from the central channel and the swirled annulus, 

and r denotes the ratio of the central channel radius to the injector radius. According to Eq. (17), the 

swirl number of the current swirl injector is 0.55. 
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Fig. 15 Schematic and photograph of the low-swirl injector. 

Figure 16 illustrates the experimental setup of the LSI flow. The supplied air seeded with the 

tracer particles passes through the injector to form the 3D swirl flow. The airflow is regulated using 

a mass flow controller with a precision of 1% to maintain a constant flow rate of 200 L/min. The 

bulk velocity based on the diameter of the injector (D = 34 mm) is 3.67 m/s. The tracers used in this 

experiment are titanium dioxide particles (Beiting Measurement Technologies, China) with a 

melting point of 1840 centigrade. The density of the particle is 4.2 g/cm3 and the mean particle size 

is 5 µm. Low agglomeration of particles occurs due to the hydrophobic surface of the particles. The 

Stokes number of the tracer particles is estimated as 0.026. A value of the Stokes number below 0.1 

can yield an acceptable accuracy for flow tracing [39]. To measure the 3D swirl flow, a dual-pulse 

laser (energy of 200 mJ/pulse, repetition frequency of 15 Hz) coupled with a beam expander and 

slits is used to provide illumination for the test flow field. Two LF cameras with a separation angle 

of about 40° are employed to capture the LF images of the tracer particles from different 

perspectives. The optical settings of the LF cameras are listed in Table 2.  

 

Fig. 16 Schematic of the experimental setup of the LSI flow measurement.  

Figure 17 illustrates the defined world coordinate and the position of the field of view of the 

dual-camera LF-PIV system. The origin is located at the center of the injector outlet plane. The y-

axis corresponds to the axial directions of the flow and the z-axis is aligned between two LF cameras. 

The bottom of each camera’s field of view is roughly 0.35D downstream of the injector outlet. The 

reconstructed volume spans 131012 mm3 (0.37D0.29D0.35D) in physical size and it is 

discretized into 130100120 voxels. The SMART is utilized to reconstruct the 3D particle 

distributions in the measurement volume (10 iterations, μ = 1.0). Using the 161616 interrogation 

window with 50% overlap, 161215 velocity vectors are obtained from the CC analysis. A total 

of 150 image pairs are reconstructed to particle volumes and the corresponding instantaneous 

velocity fields are acquired for statistical evaluation. 

The calibration procedure of the dual-camera LF-PIV system is conducted using the same 

optical settings as in experiments. Specifically, a calibration board composed of a 77 dot point 

array (grid spacing of 0.5 mm, dot diameter of 0.1 mm) is placed above the outlet of the injector. 

The calibration board is moved along the depth direction in the range of -6 mm < z < 6 mm with a 

uniform interval of 1 mm. The LF images of the calibration board are recorded for dual-camera 
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calibration by the BP-NN method. 

 

Fig. 17 Field of view of the LF-PIV cameras and planar PIV camera in the LSI flow measurement.  

To assess the measurement accuracy of the proposed system, planar PIV measurements are 

conducted in a similar configuration. The optical settings of the planar PIV and the camera are 

summarized in Table 2. The field of view (FOV) of the camera is 4030 mm2 (1.18D0.88D). The 

FOV is always perpendicular to the outlet plane of the LSI, thus only the in-plane component of the 

test flow can be measured. The camera is moved by a linear translation stage to focus on three 

different depth planes (z = -0.45D, -0.30D, -0.15D), and their measured velocities are compared 

with that of the LF-PIV.  In the cross-correlation analysis of planar-PIV, a final interrogation window 

of 3232 voxels with 50% overlap is utilized, generating a 2D velocity field with 171131 vectors. 

The velocity vector has a spatial resolution of 0.430.43 mm2. A total of 600 image pairs are 

recorded at each depth plane and processed to obtain the time-averaged velocity field. 

5.2 Reconstruction of a calibration board 

Through the calibration of the dual-camera LF-PIV system, the dot centers on the calibration 

board are reconstructed and depicted in Fig. 18. The contour on the right side shows the depth of 

the reconstructed dots. It can be seen that the 77 dot arrays with uniform grid spacing and depth 

separations have been completely reconstructed. Due to that the actual grid spacing of the dot array 

and the translation distance of the calibration board are known. Thus, the mean lateral and depth 

reconstruction error of the dot center (σl and σd) can be calculated as 

 ,

dn

l r i t d

i

l l n = −  (18) 

 ,

dn

d r i t d

i

d d n = −  (19) 

where lr,i is the lateral spacing between the ith dot and its adjacent dot (shown in the enlarged figure 

in Fig. 18), lt is the true grid spacing (1 mm), dr,i is the depth separation of the dots on adjacent 

arrays, dt is the true depth interval (1 mm) and nd is the number of dots.  
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Fig. 18 Reconstructed dot point centers on the calibration board located at -6 mm < z < 6 mm. 

Figure 19 illustrates the variations of the σl and σd with the depths. In the depth range of -6 mm 

< z < 6mm, the mean lateral reconstruction error is 0.08 mm, which is smaller than the microlens 

pitch (0.1 mm). The depth reconstruction error is slightly larger than the lateral error and the 

averaged value is 0.25 mm. This result indicates that the dual-camera system incorporating the BP-

NN calibration procedure can reconstruct the 3D locations of the feature dots accurately. 

 

Fig. 19 Variation of lateral and depth reconstruction errors of the feature dot on the calibration board. 

5.3 Reconstruction of a LSI flow field 

The calibration result of the dual-camera LF-PIV system is further used to reconstruct the 3D 

LSI flow. Figure 20 illustrates the time-averaged velocity fields measured by the planar PIV at z = 

-0.45D, -0.3D, -0.15D. The same depth planes are also extracted from the 3D dual-camera LF-PIV 

data for comparison (Fig. 21). From Figs. 20 and 21, it can be observed that as the depth plane 

approaches the injector center (z/D = 0), the maximum axial velocity gradually decreases, and the 

radial position where the maximum axial velocity moves towards the edge. At the depth plane of z 

= -0.15D, low velocity is demonstrated at the central region (x/D = 0). The velocity magnitude in 

this region is close to zero and strong recirculation is not observed. This has been investigated by 

Johnson et al. [38] for a LSI with an estimated swirl number of S = 0.5. Furthermore, in the depth 
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range of z/D < 0, the direction of the radial velocity component is consistently leftward at different 

depths, which is in line with the direction of the swirler vanes (shown in Fig. 15). The magnitude of 

the radial velocity decelerates with decreasing the depth distance to the central depth of the injector. 

The result in Figs. 20 and 21 also demonstrate a satisfactory agreement between the measurement 

results of the dual-camera LF-PIV and planar PIV at different depths. 

         
(a) z = -0.45D                                   (b) z = -0.30D                                     (c) z = -0.15D 

Fig. 20 LSI velocity field distribution at different depth planes measured by planar PIV. The black boxes show the 

field of view of the dual-camera LF-PIV.  

     
(a) z = -0.45D                                      (b) z = -0.30D                                   (c) z = -0.15D 

Fig. 21 LSI velocity field at different depths extracted from 3D data of the dual-camera LF-PIV.  

To assess the measurement accuracy of the dual-camera LF-PIV quantitatively, the time-

averaged velocity distribution along the axial direction (y) at x/D = 0.2 is extracted and depicted in 

Fig. 22. The u and v in this figure are the radial and axial velocity components, respectively. It can 

be observed that the u and v achieved by the dual-camera LF-PIV are slightly larger than the planar 

PIV at different depths. Compared with the planar PIV, the mean error of u and v components 

achieved by the dual-camera LF-PIV are 9.05% and 9.89%, respectively. This further validates that 

the dual-camera LF-PIV system in combination with the BP-NN calibration method can achieve 

accurate 3D flow measurement. 
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(a) v component distribution                                          (b) u component distribution 

Fig. 22 Time-averaged velocity distribution along the axial direction (y-axis) at x/D = 0.2, z/D = -0.45, -0.3 and -

0.15 measured by planar PIV and dual-camera (D-C) LF-PIV. 

6. Conclusion 

This study proposes a backpropagation neural network (BP-NN) based calibration method of 

multi-camera LF-PIV for an accurate weight coefficient (WC) estimation and particle distribution 

reconstruction. A comparative study is conducted through synthetic tests of particle distribution 

reconstruction and ring vortex field reconstruction with the conventional direct ray tracing method 

(DRT). Experiments on a low-swirl injector (LSI) flow are further carried out to verify the 

performance of the BP-NN method. The concluding remarks are summarized as follows: 

 For the WC estimation, the error of angle separation between the LF cameras and the 

measurement volume must be corrected for the DRT method, otherwise, significant errors are 

involved in the 3D flow field measurement. Synthetic tests show that an error of angle 

separation of 1° leads to twice the root mean square error of the ring vortex displacement field. 

 The proposed BP-NN calibration method compensates for the optical distortions of the imaging 

system and does not depend on the angle separation of the multiple cameras as prior knowledge. 

Therefore, it is easy to implement in practical experiments and provides higher accuracy in the 

WC estimation. 

 A dual-camera LF-PIV system incorporating the proposed calibration method can achieve 

accurate particle reconstruction and 3D flow measurement. At the particle concentration of 0.1 

to 1 ppm, the particle reconstruction quality factor of 0.75 can be achieved. The relative errors 

of axial and radial velocity components of the LSI flow are 9.05% and 9.89%, respectively. 

 

In future, the multiple-camera LF-PIV incorporating the proposed calibration method will be 

applied to different 3D flow patterns for investigating more complex flow structures. Furthermore, 

efforts will be also made to increase the measurement domain of the LF-PIV by enlarging the field 

of view of the LF cameras. 
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relationships that could have appeared to influence the work reported in this paper. 
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