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1. Introduction

Throughout this study, K will denote a field of characteristic zero.

Given a non-commutative algebra A and its semiclassical limit .4, an intriguing question has always been “Do the prop-
erties of A always reflect the (Poisson) properties of .4?” For example, given the centre, automorphisms, endomorphisms,
derivations, and prime ideals of A, can one successfully predict/conjecture the Poisson centre, Poisson automorphisms, Pois-
son endomorphisms, Poisson derivations and Poisson prime ideals of .A? Suppose for instance that the prime spectrum of
A reflects the Poisson prime spectrum of A. A follow-on question will be whether they are homeomorphic/isomorphic? The
answers to these questions, in some specific cases and for some specific algebras, are affirmative. For example, Goodearl
[7] has conjectured that the prime and primitive spectra of the quantized coordinate rings are respectively homeomor-
phic to the Poisson prime and Poisson primitive spectra of their corresponding semiclassical limits when the base field
is algebraically closed and of characteristic zero. This conjecture has been verified for the following quantized coordinate
rings: Og(K") (see [10, Theorem 4.1]), Oq(SL2(K)) (see [7, Example 9.7]), Oq(SL3(K)) (see [6, Theorem 5.21 & Corol-
lary 5.22]) and Og(GLy) (see [6, Corollary 5.23]). Moreover, the prime and primitive spectra of the enveloping algebra U(g)
of a solvable finite dimensional complex Lie algebra g are respectively homeomorphic to the prime and primitive spectra
of its semiclassical limit (see [7, Theorem 8.11, Example 2.6]). From [4], we also have that the Poisson endomorphisms of
the Poisson quantum generalized Weyl algebra are precisely the Poisson analogue of the endomorphisms of the quantum
generalised Weyl algebra. Belov-Kanel and Kontsevich [1] have also conjectured that the group of automorphisms of an

* Corresponding author.

E-mail addresses: S.Launois@kent.ac.uk (S. Launois), .Oppong@greenwich.ac.uk (I. Oppong).
1 The first-named author’s research was partly supported by EPSRC grant EP/R009279/1.
2 The second-named author’s research was partly supported by EPSRC grant EP/W522454/1.

https://doi.org/10.1016/j.geomphys.2023.105077
0393-0440/© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.geomphys.2023.105077
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/geomphys
http://crossmark.crossref.org/dialog/?doi=10.1016/j.geomphys.2023.105077&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:S.Launois@kent.ac.uk
mailto:I.Oppong@greenwich.ac.uk
https://doi.org/10.1016/j.geomphys.2023.105077
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

S. Launois and I. Oppong Journal of Geometry and Physics 196 (2024) 105077

nth-Weyl algebra A, (K) is isomorphic to the group of Poisson automorphisms of the corresponding Poisson Weyl algebra in
characteristic zero.
In [16], we studied a family of simple quotients

Awp=Uf(G)/(Q1—a, 2 —B) (@ B)ecK>\{0,0)

of the positive part of the quantized enveloping algebra Uq(G>), and concluded that the algebra Ay g is a g-deformation of
a quadratic extension of the second Weyl algebra A, (K). Since Ay g deforms approximately to A(K), it is considered as
a quantum second Weyl algebra. Our goal here is to study a semiclassical limit Ay g of Ay g, and compare its Lie algebra of
Poisson derivations to the Lie algebra of derivations of Ay g studied in [16]. Another property that is also worth investigating
is the Belov-Kanel and Kontsevich conjecture [1]. Thus, it is natural to ask if the automorphism group of Ay g is isomorphic
to the Poisson automorphism group of .4y g. We will return to this problem in the near future after we have successfully
studied the automorphism group of Ay g. In the present case and as already mentioned, we only focus on studying the Lie
algebra of Poisson derivations of Ay g, and comparing them to their non-commutative counterparts in [16].

In the noncommutative world, the knowledge of the derivations of twisted group algebras, studied by Osborn and Pass-
man [20], has helped in studying the derivations of other non-commutative algebras such as the quantum second Weyl
algebra (see [16]), quantum matrices (see [14]), generalized Weyl algebras (see [12]) and some specific examples of quan-
tum enveloping algebras (see [15], [21], and [22]). In view of this, we also study the Poisson derivations of the Poisson
analogue of the twisted group algebras—called Poisson group algebras—and apply the results to study the Poisson deriva-
tions of a semiclassical limit Ay g of Ay g. The rest of the paper is organised as follows.

In Section 2, we recall some basics on Poisson algebras and semiclassical limit. We then proceed to study the Poisson
derivations of the Poisson group algebras. Similarly to their non-commutative counterparts in [20], every Poisson derivation
of a Poisson group algebra is the sum of an inner Poisson derivation and a central/scalar Poisson derivation.

In Section 3, we study a semiclassical limit A of the quantum algebra U;(Gz) and establish that A is a Poisson poly-
nomial K-algebra generated by six indeterminates X1, ..., Xg. The Poisson algebra A =K[Xq, ..., X¢] supports the rational
action of a torus by Poisson automorphisms, and satisfies the conditions in [13, Hypothesis 1.7]. Hence, we can apply
the Poisson deleting derivations algorithm [13] to study its Poisson spectrum, and its Poisson centre, a (commutative)
polynomial ring K[, 2] in two variables. In Section 4, we study some Poisson H-prime ideals of A using Goodearl’s H-
stratification theory [8], and proceed to study a family ((€21 — o, 22 — B)) («, pye2\((0,0)}) Of maximal and primitive Poisson
prime ideals of A. Consequently, we study their corresponding Poisson simple quotients

Ag.p:=K[X1,..., Xe]/(Q21 —a, Q22 — B),

and conclude that the Poisson algebra 4, g is a semiclassical limit of the quantum second Weyl algebra Ay g. Having
a complete description of the semiclassical limit Ay g of Ay g, we proceed to study its Poisson derivations in the final
section of this paper, by following procedures similar to its non-commutative counterpart Ay g (see [16, §5]). That is, we
successively embed Ay g into a suitable Poisson torus %3 via successive localizations as follows:

Aap=R7CRe=R755' CRs=ReZ;' CRa=RsE;' CR3. (1)

These embeddings and localizations allow us to extend every Poisson derivation of Ay g successively and uniquely to a
Poisson derivation of each of the Poisson algebras R; through to the Poisson torus R3. Since a Poisson torus is an example
of a Poisson group algebra, we have that every Poisson derivation of R3 is the sum of an inner Poisson derivation and
a central/scalar Poisson derivation. Given the Poisson derivations of R3, we backwardly and successively pull the Poisson
derivations of R3 to Ay g using the constraint that our Poisson derivation of Ay g stabilises all Poisson algebras from (1).
This gives a complete description of the Poisson derivations of Ay g. Similarly to their non-commutative counterparts in
[16], every Poisson derivation of Ay g is an inner Poisson derivations provided o # 0, and the sum of inner Poisson and
scalar Poisson derivations whenever « or B is zero. More precisely, the first Poisson cohomology group HP' (Aap) is a
one-dimensional vector space in the case where « or § is zero (but not both).

2. Poisson derivations of Poisson group algebras

This section begins with a reminder about Poisson algebras and semiclassical limits. We will then proceed to introduce
Poisson group algebras and, consequently, study their derivations.

2.1. Poisson algebras

A Poisson algebra A is a commutative algebra over K endowed with a skew-symmetric K-bilinear map {—, —}: A x
A — A which satisfies the Leibniz rule (i.e., {x, yz} = {x, ¥}z + y{x,z}; x,y,z € A) and Jacobi identity (i.e., {x,{y, z}} +
(v Az, x}} +{z, {x, y}} =0; x,y,z€ A).

The map {—, —} is called the Poisson bracket. From [17, Prop. 1.7], we have that every Poisson bracket of A extends
uniquely to the localizations of .A. A Poisson ideal of A is any ideal I such that {4, I} C I. Given a Poisson ideal I of A, it
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is well known that the quotient algebra .A/I is a Poisson algebra with an induced Poisson bracket defined by {x, y} = {x, y},
where z:=z + 1 for all z € A. Finally, the subalgebra Zp(A):={ae A|{a,x} =0, Vx € A} is called the Poisson centre of A.

Remark 2.1. If A is a Poisson algebra and {xi,...,X,} is a generating set for A (as an algebra), then

(1) it is always enough to define a Poisson bracket {—, —} on A by defining it on only the generating set.

n
(2) for all f, g e A, we have that {f, g} = Z {xi,xj}g—){% (see [7, Example 2.2(a)]).
i,j=1 L

2.2. Semiclassical limit

Given a non-commutative algebra, one can move from the ‘Non-commutative World’ to the ‘Poisson World’ through
a process called semiclassical limit, and reverse this process through quantization. This transformation (semiclassical limit)
and its reverse transformation (quantization) have been widely studied (for example, see [5, §§1.1.3], [2, Chapter IIL5], and
[9, §2]). In line with the presentation in [5, §§1.1.3], we present the following overview of semiclassical limit. Let R be a
commutative principal ideal domain containing the field K and hR be a maximal ideal of R for a fixed h € R. Let A be an
algebra which is not necessarily commutative torsion-free R-algebra such that the quotient A := A/hA is a commutative
algebra. For u, v € A; we have that i :=u + hA and v := v + hA are their respective canonical images in .A. Since uv = vi,
we have that [u, v]:=uv — vu € hA. There exists a unique element y (u, v) of A such that [u, v]=hy (u, v). It follows that

[u, v]
h

defines a Poisson bracket on A (see [5, §§1.1.3] for further details). We say that A is a quantization of A, and A is a
semiclassical limit of A. Fix A € K. The algebra A, := A/(h—X)A is a deformation of the Poisson algebra A = Ay if the central
element h — A is not invertible in A. We refer the interested reader to [9, §2] for some known examples of semiclassical
limits of some families of quantum algebras.

{il, V) :=y (U, v) + hA = +hA

2.3. Introduction to Poisson group algebras

In [20, §1&2], Osborn and Passman studied the derivations of twisted group algebras. In line with their results, we also
study the Poisson derivations of Poisson group algebras. The results in this section will be crucial in the final section of this
paper where we study the Poisson derivations of a semiclassical limit of the quantum second Weyl algebra Ay g.

Let G represent a finitely generated abelian group and A : G x G — K be a map such that A(y,x) = —A(x,y) and
A(x, yz) = A(x, ¥) + A(x, z). We define a Poisson group algebra Ki‘, [G] as a commutative K-algebra which has a copy G := {g |
g € G} of G as a basis and define the Poisson bracket via {x, y} = A(x, y)Xy = A(x, y)Xy for all x, y € G (note that xy =Xy).
Observe that A(x, y) =0 if and only if {x, y} =0.

Note that Ki‘, [Z™] = K[Xlﬂ, e, Xni1] as a (commutative) K-algebra, where (e, ..., e,) denotes the canonical basis of
Z™ and X; :=e; for all i. Moreover, the Poisson bracket is given by {X;, X;} = A(e;, ej)X;Xj. Conversely, if M = (u; ;) is a
skew-symmetric matrix, we define a Poisson bracket on K[X]ﬂ, e Xnﬂ] by setting {X;, X;} = u; jX;X; for all i, j. This is
a Poisson group algebra called the Poisson torus associated to M.

Let ¥ € K}[G]. One can write y as y = > g €28 where cg € K. Note that ¢ =0 for almost all g. The set supp(y) :=
{geG|cg#0in y} is called the support of y.

Given a subset H of G, we set

K5[H]:={y e K}[G]|supp(y) € H} CK}[G].
Remark 2.2.

1. For x € G, we have that K4[Hx] = K5 [H]x, where Hx:= {hx | h € H}.
2. We deduce from [20, Sec. 1] that if H is a subsemigroup of G (with the identity e), then K?,[H] is a Poisson subalgebra
of K4[GI.

The set C:={ge G |{g,x} =0 for all xe G} and A(X) :={g € G| {g,x} =0} (x € G) are both subgroups of G. If
{g1,...,gn} is a generating set for the group G, then C = ﬂ?:l A(gi).

Lemma 2.3. The Poisson centre Zp(K’[G]) of K}[G] is K% [C].
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Proof. Clearly, K%[C] € Zp(K}[G]). For the reverse inclusion, take y = D gecCe8 € Zp(K%[G)). It follows that 0= {y,X} =
dec cel8 X} = dec cgh(g, X)gx, for any x € G. Consequently, A(g,x) =0, for all g € supp(y). This implies that supp(y) €
C, hence y e K4[Cl. O

Remark 2.4. One can easily observe that Zp(K%,[G]) =K if and only if C = {e}, where e is the identity element of G.

2.4. Central and inner Poisson derivations of Poisson group algebras

2.4.1. Central Poisson derivations of Poisson group algebras
Let 6 : (G,:) — (KIA,[C], +) be a group homomorphism. That is, 6(xy) = 0(x) + 6(y) for all x, y € G. Define a K-linear
operator D :=Dy by

D(R) = 0(X)X

for all x € G.
Lemma 2.5. D is a Poisson derivation of K’,\, [G].

Proof. We need to show that D(xy) =DX)y + xD(y) and D({x, ¥}) = {D(X), ¥} + {x, D(y)} for all x, y € G. Now, D(xy) =
0(xy)xy = 0(xy)Xy = 00Xy + 0(y)Xy = DXy + XD(y). Secondly, D({x, y}) = A(x, y)D(&xY) = [0(x) + 0(M)]A(x, y)Xy =
[0x) +0W X, ¥} =0){x, ¥} + 00X, ¥} ={000X, y} +{X,0(y)y} ={DX), y} +{X, D(¥)} (note that {#(x), y} = {X,0(y)} =
0, since 6(x) and 6(y) are Poisson central elements). O

Similarly to [20], we will refer to D in Lemma 2.5 as a central Poisson derivation. However, when Zp(]K),\)[G]) =K, then
D shall be called scalar Poisson derivation. Observe that D(x) =6 (x)x € Ki‘, [Cx] for all x € G.

2.4.2. Inner Poisson derivations of Poisson group algebras
Let ¥ =Y gccCe& € K}[G], where cg € K, and ham,, := {y, —}. It is well known that ham, : K}[G] — K}[G] is
a Poisson derivation called the hamiltonian derivation associated to y. Moreover, hamy (X) = {y,X} = dec Mg, X)Cg8X €

]K?,[Gx](: ]K?,[G]}'c) for all x € G. Observe that the elements of C Nsupp(y) do not have any effect on the map ham,,
as ham, =ham,, | ; for all t € CNsupp(y) and u € K. As a result, one can always assume that C Nsupp(y) = . Therefore,

ham,, (x) € ]K’},[(G \ O)x] for all x € G. We call the hamiltonian derivation ham,, an inner Poisson derivation.
We can now state our main result in this section in the theorem below.

Theorem 2.6. Every Poisson derivation of the Poisson group algebra KQ[G] is uniquely the sum of an inner Poisson derivation and a
central Poisson derivation.

Proof. Let _D be a Poisson derivation of K},[G]. Then, for x € G, we have that D(x) € K%[G], Hence, D(X) =Y ¢ bn (x)h =
> hec bn(x)hx~1x. Now, the map G — G with h > hx~! is bijective, and so

DR =) agEx,
geG
where g:=hx~! and ag(x) := bgx(x). Note that a; : G — K and ag(x) =0 for almost all x € G.
Since D is a Poisson derivation, we have that D(xy) = D(x)y + xD(y) for all x, y € G. As a result,
D ag(xy)ERY =) ag(EXY + Y ag(Y)EXRY =Y _lag(x) +ag(y)IEXy.
get geG geG geG

Identifying the coefficients in the above equality reveals that

ag(xy) =ag(x) +ag(y).
Secondly, D({x, ¥}) = {D({X), ¥} + {x, D(¥)}. Now,

DX, ¥) = A(x, Y)DEY) = Y A(X, y)ag(xy)gX. (2)
geG

On the other hand,
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(D®, 7} + (&K DI} =) ag(0{8% ) + Y ag(»){X, &)

geG geG

=D [ag(®) (g, ¥) + 1(X, ¥) + ag() (X, &) + A(x, ¥)1EXY
geG

=D M Y)agxy) + ag(0r(g, ¥) — ag(IA(g, X)1EXY. 3)
geG

Since D({x, y}) = {D(x), ¥y} + {x, D(y)}, comparing (2) to (3) reveals that

AX, y)ag(xy) = A(x, y)ag(xy) +ag(x)A(g, y) — ag(yI)A(g, X).

This implies that

ag(x)A(g, y) =ag(y)r(g, x). (4)

Suppose that g € C. It follows that A(g, y) = A(g,x) =0 for all x, y € G. Since ag(xy) =ag(x) +ag(y), the map 6 : (G, ) —
(KIA,[C], +) given by 0(x) = dec ag(x)g is a group homomorphism. Hence, 6 defines a central Poisson derivation Dy of
K%[G1, where

Dy(®) =) ag(x)gx. (5)
geC

Now, let g ¢ C. There exists y € G such that A(g, y) # 0. Fix y and define

— ag(y)
7 Mgy

Take any arbitrary element x € G. It follows that

g,
cgh(g,X) = —ag()\y(?g (5) x).

From (4), we have that

ag(VAr(g,x)  ag(®rg,y)

Cgh(g,x) = = =ag(x),
£ r(g.y) A8 y) £
for all x € G.
Define y e K4[G] as y := > g¢c Cg8- Then,
ham,, (%) = {y, X} = ) cgh(g 08X =) ag(x)gX. (6)

g¢C g¢C

From (5) and (6), one can conclude that every Poisson derivation D of K’},[G] can be written as D = Dy + ham,,. This
decomposition of D into an inner Poisson derivation (ham, ) and a central Poisson derivation (Dy) is actually unique,
because K% [Gx] = K’[G] can be decomposed as K% [Gx] = K%[Cx] ® K4[(G \ C)x]. Now, every central Poisson derivation
maps X to an element of the subspace K},[Cx], and every inner Poisson derivation maps X to an element of the subspace
KA[(G\Ox]. O

Corollary 2.7. Suppose that C = {e} (equivalently, Zp (K},[G]) = K). Then, every Poisson derivation of]K?,[G] is uniquely the sum of
an inner and a scalar Poisson derivation.

3. Poisson prime spectrum and Poisson deleting derivations algorithm of a semiclassical limit of U "1" (G2)

This section aims to study a semiclassical limit of the positive part U; (G2) of the quantized enveloping algebra of type
G». Given the semiclassical limit of U:lr (G2), we will study its Poisson prime spectrum using Goodearl’s H-stratification the-
ory [8], and its Poisson deleting derivations algorithm introduced in [13]. Given the data of the Poisson deleting derivations
algorithm, we will study the Poisson centre of the semiclassical limit.
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3.1. Semiclassical limit of the algebra U;(Gz)

Recall from [16, §2] that U;(Gz) is generated by E1, ..., Eg, and satisfies the following relations:
E2E1=qEqE; EsE1=q 'E1E3— (@ +q ' +q )E;
EsEy =qE2E3 E4E1 =E1E4+ (1 —qz)b%

4 2
_ q —2q°+1 3 -3
E4FEy=q 3E2Es— — = " E E4E3=q 3E3E
aE2 =q "EjE4 PSP R I 4E3=q "E3E4
EsEy=qE1Es — (1+q*)Es EsEy = EyEs + (1—g*)E3
EsEs=q 'EsEs— (q+q ' +q °)E4 EsEq=q >E4Es
E¢E1 =q°E1E6 — ¢°Es E6E2 =q°E2E6 + (¢* +q* — 1)Ea+
EgE3 = E3Eg + (1 —q*)E2 (@* — g*E3Es
4 2
_ q°—2q°+1 4 _3
EgE4=q 3E4Eq— —— " E EsEs =q 3EsEs.
6L4=(q "E4Le i+l 6£5=(q "EsLe

Set U;:=(q— 1)E; for i =1,3,4,5, and U; := f(q)(q — 1)E; for i =2,6; where f(q) =q* + q> + 1. Then, U;(Gz) is now
generated by Uy, ..., Ug subject to the relations:

UaUy =q U U, UsUz =q>UaUs
UsUr=q"'U1Us —q>(q — U2 UsUy =U1Us+ (1 —¢*)U3
UsUz =q>UsUs — (@ + D*(q - DU3 UsUs =q>UsUs
UsU1 =qU1Us — (1+¢%)(q — DU3 UsUz = UzUs + f(@(1 - ¢*)U3
UsUs =q 'UsUs — (@)@ > —q>)Us UsUs=q>U4Us
UsU1 =q’U1Us — f(@(q* — a*)Us UsUz = q°U2Us + f(@*(@* — ¢HUsUs+
UsUs = UsUs + f(@)(1 —¢*)U3 F@*@* +¢* = 1(@—1DUs
UsUs =q>UaUs — (g + 1)*(q — U3 UsUs =q>UsUs.
We now find a ‘new’ presentation for U;(Gz) that allows us to introduce a quantisation of U;(Gz). Let U;(Gz) be a
K[z*!]-algebra generated by ﬁl, A ﬁs subject to the relations:
0,0, = 230103 050, = 230,03
UsUy =27 '0103 - 23z - 10> U0y = U104+ (1 — 25 U3
UsUp =2730,U04 — (z+ 1%z - 1)U3 UsUs =2z73U3U4
UsUq =2z0,Us — (1+2%)(z — 1)U3 UsUp =U,Us + f(2)(1 — 2%)U3
UsUs =z"'U3Us — f(2)(z 2 — 23Uy UsUs=2z304U0s
UsUy =2°U1Us — f(2)(z* — 2)Us UsUs = 220206 + f(2)*(2* — 2 UsUs+
UsUs = UsUs + f(2)(1 — )3 f@*@*+2* = 1)z — 14
UsUs =23U4Us — (z+ 1%z — 1)U UsUs =z3UsUs,

where f(z) = z* + 22 + 1. Fix A € K*. Observe that the element z — A is central and not invertible in U;(Gz), hence

we set A; :=Uq (G2)/(z — MU{ (G2). Now, A, is the non-commutative algebra U (G2) and A; = K[X1,..., X¢] with

Xi:= ﬁ,- +(z— 1)U[,F (G>) is a Poisson algebra with the Poisson bracket defined as follows:

{X2, X1} =—-3X1X2 {X3, X1} =—X1X3 — X3
{X3, X2} =—3X2X3 {Xa, X1} = —2X3
{X4, X2} = —3X2 X4 — 4X3 {X4, X3} =—3X3X4

{X5, X1} =X1X5 —2X3 {Xs5, X2} = —6X3
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{Xs5, X3} = —X3X5 —3X4
{X6, X1} =3X1Xs — 3X5
{Xs, X3} = —6X3

{X6, X5} = —3X5X6.

{Xs5, X4} = —3X4X5
{X6, X2} =3X2X6 +9X4 — 18X3X5
{X6. Xa} = —3X4X6 — 4X3

—

Therefore, A7 is a semiclassical limit of the non-commutative algebra U;r (G2), and A is a deformation of the Poisson
algebra A;. For simplicity, we set

AZ=A]=K[X1,...,X5]

for the rest of this paper. One can write the Poisson algebra .4 as an iterated Poisson-Ore extension over K (see [18,
Theorem 1.1] for the definition of iterated Poisson-Ore extension) as follows:

A=K[X11[X2; 021p[X3; 03, 831p[X4; 04, 841p[X5; 05, 851p[ X6 06, 861 p; (7
where o; and §; are respectively the Poisson derivations and Poisson oj-derivations of
K[X1][X2; 021p[X3; 03, 83]p ... [Xi-1; 0j—1, 8i—1]p

(2 <i<6 and 8, =0) defined as follows:

02(X1) = -3X4 03(X1) =—X1 03(X2) = -3X2 04(X1) =0
04(X2) =-3X2 04(X3) = =3X3 05(X1) = X1 05(X2) =0
05(X3) = —X3 05(X4) = —3Xy 06(X1) =3X, 06(X2) =3X;
06(X3) =0 06(X4) = —3Xy 06(Xs5) = —3X5s,

and
33(X1) =—X3 d3(X2) =0 84(X1) = —2X3 84(X2) = —4X3
84(X3)=0 85(X1)=—2X3  85(Xp) =—6X3 85(X3) =—3X4
35(X4) =0 36(X1) = —3Xs 36(X2) =9X4 — 18X3X5 86(X3) = —6X2
86(Xa) =—4X3  86(Xs)=0.

From [11, Eqn. 5.6], we have that the rank of A, denoted by rank(A), is given by
rank(A) :=[{j e{1,...,6} | §; =0}| =2. (8)

Remark 3.1 ([2, Theorem 1.1.13] (Hilbert’s basis theorem)). Since K is a noetherian domain, the Poisson algebra A =
K[X11[X2; 021p[X3; 03, 831p[X4; 04, 841p[Xs; 05, 851p[X6; 06, S61p is a noetherian domain.

3.2. Poisson prime spectrum of the semiclassical limit of the algebra U ; (G2)

We study the Poisson prime spectrum of the Poisson algebra A =K[Xj,..., Xg] in this subsection. Let P be a proper
Poisson ideal of a Poisson algebra .A. The ideal P is called Poisson prime ideal provided that for all Poisson ideals I1, I; of A
such that P D 11, we have that P D I; or P D I;. Since the Poisson algebra A is a noetherian domain, every Poisson ideal
which is also a prime ideal is a Poisson prime ideal and vice versa (see [8, Lemma 1.1]). The set of all the Poisson prime
ideals of A is called the Poisson prime spectrum of A, denoted by P.Spec(A). The largest Poisson prime ideal contained in a
given maximal ideal of A is called a Poisson primitive ideal. The set of all these Poisson primitive ideals is called the Poisson
primitive spectrum of A, denoted by P.Prim(.A).

One can easily check that the algebraic torus A := (K*)? acts rationally on .4 by Poisson automorphisms via:

(@.B) X1 =aX1, (@, p) Xa=a’BXz, (@.B)  X3=0a’BX3, (@,B) - Xa=a>B*Xa, (@, ) Xs =apXs,
and (o, B) - Xe¢ = BXg forall (a, B) € H.

(We refer the reader to [8, §2] for the definition of a rational torus action). A Poisson prime ideal P is H-invariant if h-P = P
for all h € H. Moreover, (P : H) :=( ),y I - P is the largest Poisson #-invariant ideal contained in P. Note that (P : H) is a
prime ideal.
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The set

P.Spec;(A) :={P € PSpec(A) | (P : H) = J}
is called the J-stratum of P.Spec(A). The H-strata P.Spec;(.A) partition P.Spec(A) into a disjoint union of strata. Hence,
PSpec(A)= ||  PSpec;(A). 9)
JeH-PSpec(A)
where H-P.Spec(A) is the collection of all the Poisson H-invariant prime ideals of .A. This partition is called an -
stratification of P.Spec(.A). In a similar manner, an H-stratification of P.Prim(.A) is obtained as follows:
PPrim(A)= | |  PPrim;(A),
J€H-P.Spec(A)

where PPrim (A) = P.Spec;(A) N PPrim(A).
The iterated-Poisson Ore extension A has only finitely many Poisson H-primes (see [9, Theorem 1.7]), and so we deduce
from [8, Theorem 4.3] the following result.

Proposition 3.2. Let P € P.Spec (A). Then, Pis a Poisson primitive ideal of A if and only if P is maximal in P.Spec  (A).

3.3. Poisson deleting derivations algorithm of the semiclassical limit of U ; (G2)

In [13], the authors studied a Poisson version of the well-known Cauchon’s deleting derivations algorithm (see [3]), called
the Poisson deleting derivations algorithm (PDDA for short). In this subsection, we study the PDDA of A = K[Xq,..., Xgl.
From (7), we have that A =K[X11[X2;02,821p...[Xs: 06, 86]p. One can easily verify that A satisfies the conditions in the
hypothesis below.

Hypothesis 3.3.

(H1) For all 1 < j <i <6, there exists w;j € K with pj;i := —puj, such that o;(X;) = ijX;.
(H2) The derivations §; are all locally nilpotent and §;0; — 0;8; = 1;6; for some non-zero scalar 7;, for all 2 <i <6.

As a result, the PDDA can be used to study the Poisson prime spectrum of A (see [13, Hypothesis 1.7]). Let 1 <i <6 and
2 < j <7. Using the relation

Xij+1 ifi>j
+00
Xiji= T —k el
ZTk‘5].()<,-,j+1)xj’ﬂrl ifi < j,
k=0 "%
(note that since §; is locally nilpotent, the summation is finite), one can construct a family (Xy j,..., Xg j) of elements of

the field of fractions Fract(A) of A as follows:
Xi7 =X i=1,...,6)

1 _
X16=X1— 5xsxe1

_ 3¢ w1 1, y3y-2
X26=X2+ 2X4X6 3X3X5Xg5  + X5Xg
X36=X3— X2X;!

_ 2 3y—1
X46=X4 — §X5X6
Xie = Xi (i=5,6)

13 _
X15=X1,6— X3,6X5}5 + ZX4,6X5%

_ _ 2 -1 g -2 g 2 -3
X25=2X26 3X3,6X5,6 + 2X3,6X4,6X5’6 4X4,6X5,6
3 -1
X35=X36— 5X4,6X5’6

Xis=Xie (i=4,5,6)
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X14=X Lx2 x1
1,4 = A15 — § 3,5*4,5

_ 2.3 -1
X24=X25— 2X35X, 5

3
Xia=Xis (i=3,...,6)
1 —1
X13=X14— 5X2,4X314
Xi3=Xia i=2,...,6)
Ti:=Xi2=Xi3 (i=1,...,6).

For each 2 < j < 7, the algebra AU represents the subalgebra of Fract(A) generated by all the X; j. That is, AW =
K[X1j, ..., Xe,jl. Since X;7 = X;, 1 <i <6, we have that A” = A. From [13, Prop. 1.11], we have that

AY = K[X11[X2; 02, 821p - - [Xj—1:0j-1,8j—11p[Xj; Tjlp - - - [X6; T6]p,

by an isomorphism that maps X; j to X;, and 7j,..., 7 denote the Poisson derivations defined by 7;(X;) = w; X; for all
1 <i<1<6. With a slight abuse of notation, one can identify 7;,..., T with o}, ..., 0 respectively.

Notation 3.4. A:= A® =K|[Ty, ..., Tsl.

One can easily check that A is a Poisson affine space associated to the skew-symmetric matrix

0o 3 1 0 -1 -3
-3 0 3 3 0 -3
-1 -3 0 3 1 0
o -3 -3 0 3 3
1 o -1 -3 0 3
3 3 0 -3 -3 0

M =

That is, A satisfies the relation {T;, T} = wuyT;T; for all 1 <i, j <6, where p;; are the entries of M.
3.4. Canonical embedding

The set Xj := {X? jr1lne N}= {X’j?j |n e N} is a multiplicative system of regular elements of A% and AU+D. More-

over, A(j)ZJT] = AU“)Ej_l [13, Prop. 1.11]. One can use the PDDA to relate P.Spec(A) to P.Spec(A) by constructing an
embedding v/j: PSpec(AUTD) < PSpec(AY)) defined by

PET N AY if Xjj41¢P,

g7 (P/(Xj 1) ifXjj1€P,

for each 2 < j <6 (see [13, Lemma 2.3]). The map g; is a surjective homomorphism

V;j(P) = {

gt AV — ATV /(X i)
defined by
8j(Xi,j) = Xi jy1 +(Xj j+1)

(further details can be found in [13, §2]). From [13, §2.1], there exists an increasing homeomorphism from the topological
space

{P € PSpec(AY™V) | X; j11 ¢ P}
onto the topological space
{Q ePSpec(AV) | X ¢ P}

whose inverse is also an increasing homeomorphism (the topology being the Zariski topology). The map v ; is injective but
not necessarily bijective. However, v/ induces a bijection between {P € PSpec(AUV) | PN Z; =0} and {Q € PSpec(AY) |
Q NXj =0} [13, Lemma 2.1]. The so-called canonical embedding

VY :=v30--- oy : PSpec(A) < PSpec(A4)
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is obtained by composing all the v ;. This canonical embedding v helps to construct a partition, the so-called canonical
partition, of P.Spec(A) into a disjoint union of strata via the notion of Cauchon diagrams that we recall below.

Recall that the torus 7 := (KK*)? acts rationally on A by Poisson automorphisms. One can easily check that this induces
an action of # on all AY (2 < j <7) by Poisson automorphisms via:

(@,B) X1 j=aX1j, @, B) Xoj=a>BXaj, (@ B)-X3j=0a’pX3j, (&, B) Xaj=0>B>Xa ],
(o, B) - X5, j=apXs5 j, and (o, B) - X6,j = BXe,j forall (o, B) € H.

One can easily check that the canonical erﬂbedding is H-equivariant.

The H-invariant Poisson prime ideals of A have generally beeg described in [13, §2.2] as follows. For any subset C of
{1,...,6}, let K¢ denote the Poisson #-invariant prime ideal of .4 generated by the T; with i € C. We deduce from [13,
§2.2] that

Ke=(Ti|ieC),
and

H-PSpec(A) ={Kc |C<{1,...,6}},
so that

¥ (H-PSpec(A)) C{Kc|CCA{l,...,6}}.
A subset C of {1,...,6} is called a Cauchon diagrams provided K¢ € vy (H-P.Spec(A)).

3.5. Poisson centre of A

The monomials €1 := T1T3T5 and £ := T,T4Tg are Poisson central elements of the Poisson affine space A, since
(i, Tj}=0foralli=1,2,and 1< j <6. We now want to successively pull 2 and 2, from A into A using the data of
the PDDA of .A. Through a direct computation, one can confirm that

Q1 =T1T3T;5
=X13X33X53

1
= X1,4X34X54 — §X2,4X5,4
1
=X1,5X35X55— §X2,5X5,5

3 1 1
= X1,6X3,6X5,6 — §X1,6X4,6 - §X2,6X5,6 + 5X§,5

3 1 1.,
=X1X3X5 — §X1X4 - 5X2X5 + §X3,

and

Qo =TT4Ts
= X2,4X4,4X6,4

2
= X25X45X6,5 — §X§,5X6,5
2 3
= X2,6X4,6X6,6 — §X3,6X6,6
_ 2.3, 2 3 22 3.2
= X7 X4Xg 3X3X5 3X2X5 +2X35X5 —3X3X4Xs5 + 2X4.

We proceed to show that the Poisson centre of AW (2 < j<7)is a polynomial ring in two variables: Q; and €, for each
j. That is, Zp(AY) = K[Ql, 3], for each j. The following discussions will lead us to the proof.

The set S := {AT;.j T;’Ll ...Tés |ij,...,is € N} is a multiplicative system of non-zero divisors of AW for each 2 < j<6.

One can therefore localize AV at S; as follows:
o gDl
Rj:=AYS i

10
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Recall from [13, Prop. 1.11] that
AD e = pU+D 3y~
i i
with X; := {T}1 |n € N}. One can easily verify that

Rj =R %}, forall 2<j<6.

Moreover, we set

Ry 1= N[ '].

R, is the Poisson torus associated to the Poisson affine space A, that is Ry = K[T]il, cee, T6il], where {T;, T;} = w;;T;T;
for all 1 <i, j <6. The PDDA helps to construct the following chain of embeddings:

Ai=NR7 CRe=R78; ' CRs =MNeT5 ' € Ny =Rs 2!
CR3 =Ny CRy =913, chy. (10)

Note that the family (Xf}j...ngj), where ki € N if i < j and k; € Z otherwise is a PBW-basis of % for all 2< j<7.In

Lemma 3.5.

1 Zp1) =K[QF', @51,

2. Zp(R3) =K[Q1, 221

3. Zp(A) =K[Q1, Q1.

4. Zp(A)=Zp(Re) = Zp(Rs) = Zp(Rg) = K[Q1, 22].

Proof. First, observe that Q1 = T1T3Ts and ) = T»T4Tg are algebraically independent. This easily follows from the fact
that the monomials in Ty, ..., Tg are linearly independent.
1. Obviously, K[!, Qzﬂ] C Zp(fRq1). For the reverse inclusion, let y € Zp(R1). Then, y can be written in terms of

y € Zp(Ry), it follows that —3j — k + m + 3n = 0. Following the same pattern for Ty, T3, T4, T5 and Tg, one can confirm
that 3i —3k—-3I1+3n=0,i+3j—31-m=0,3j+3k—-3m—-3n=0, —i+k+31-3n=0, and —3i —3j+3[+3m=0.
Solving this system of six equations will reveal that i =k =m and j =1I=n. One can therefore write

y= Y aipTiTITETITETI =Y " aapTiTSTETIT ;T = > aq;Qi9) e KIQF, @51
(i,j)eZ? (i,j)eZ? (i,j)eZ?

2. A similar argument as in (1) will prove the result.

3. Observe that K[Q1, 22]C Zp (.7\) C Zp(R3) =K[L1, 23]. Hence, Zp (.71) =K[Q1, Q2]

4. Clearly, K[Q1, 2] € Zp(A). Since 9; is a localization of Rj;q (see (10)), it follows that Zp(Rir1) € Zp(R;). Hence,
K[Q1,22] € Zp(A) € Zp(Re) € Zp(Rs) € Zp(Ra) S Zp(R3) = K[Q1, Q2]. Consequently, Zp(A) = Zp(Re) = Zp(Rs) =
Zp(My) =K[Q1,22]. O

Recall that R = .A(j)Sj_l. Since 7 and €2, are both elements of AY and Zp(R;j), we have the following immediate
corollary.

Corollary 3.6. Zp(AW) = K[Q1, Q] foreach 3 < j <6.
4. Maximal and primitive Poisson ideals and simple quotients of the semiclassical limit of U, [," (G2)

This section studies the height one Poisson H-invariant prime ideals of A = K[Xq,..., Xg]. Obviously, (0) is the only
height zero Poisson #-invariant prime ideal of .A. Now, the Poisson H-invariant prime ideals of at most height one will

enable us to study a family of primitive and maximal Poisson ideals of .4, and consequently study a family of simple
quotients of A.

11
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4.1. Height one Poisson H-invariant prime ideals of A

In this subsection, we study the height one Poisson H-invariant prime ideals of A = K[Xj, ..., Xg]. We will begin by
showing that (€21) and (£2;) are Poisson prime ideals. Note that (®)r will denote the ideal generated by the element ® in
the commutative ring R. Where no doubt arises, we will simply write (®).

Recall from Subsection 3.4 that there exists a bijection between {P € P.Spec(AUtDy| PN Yj=¢}and {Q € PSpec(AD) |

Q N Xj =0}. Observe that (T1) and (T) are both elements of PSpec(A). The following result shows that (T) € Im(y),
and that (€21) is the Poisson prime ideal of A such that ¥ ({21)) = (T1) (note that we could have used the results of [11]
to obtain these results, however we will need some of the intermediate steps here to study the Poisson derivations of the
Poisson simple quotients of A).

Lemma 4.1. (1) is the Poisson prime ideal of A such that ¥ ((Q21)) = (T1).

Proof. We will prove this result in several steps by showing that:

(T1) € PSpec(A®).

(T[T TNAD = (X; 4T3 — 1T3), so that (X1 4T3 — 1T2) € PSpec(A®).

(X1,4T3 — IT2)[T; 11N A® = (X1 5T3 — 1X55), so that (X15T3 — 1 X25) € PSpec(A®).
4. (X1,5T3 — 2 X25)[T5 "IN A® = (Q1) 4, s0 that (Q1) 4 € PSpec(A®).

(Q1) 40 [Tg 1N A= (Q1).4, so that (1) 4 € PSpec(A).

WNe

w

We proceed to prove the above claims.

1. One can easily verify that .A® /(T;) is isomorphic to a Poisson affine space of rank 5. Hence, (T;) is a Poisson prime
ideal in A®.

2. Set [ :=(X1,.4T3 — %Tz). One can verify that {X; 4,1} S 1 for all i=1,...,6. Therefore, I is a Poisson ideal in A® In
addition, A®/I is isomorphic to a polynomial ring in 5 variables which is a domain, hence I is a prime ideal. Since I is
both Poisson and prime ideal, it is a Poisson prime ideal in A®.

3. Similarly to 2.

4. Observe that Q) := X1 5T3 — %Xz,s = TS_1 in A(S)[Tgl] = .A(G)[Tgl]. Since (Q}) € P.Spec(A®)), we want to show
that (Q/)[T5'1NA® = (Q1) 46 . Observe that (Q1) 46 < (2))[T5'1N.A®. We establish the reverse inclusion. Let y €
(QNITs'1NA®. Then, y e ()[T5']. There exists i € N such that yTi E (Q)). Hence, yTL = Q4v, for some v € A®).
Furthermore, since A(s)[T 1= A(G)[Ts_]], there exists j € N such that vTé =’ for some v’ € A®_ It follows from yT‘,"5 =
Qv that yTlH @ vT’ Q) v'. Hence, yT = Q/Tsv' = Qqv/, where § =i+ j+ 1 (note that @,Ts = Q; in A®). Let
S={seN| I e A(G) :yTg = QqV’}. Since § € S, we have that S # . Let s =sg be the minimum element of S such that
yT2® = Qv for some v/ € A®. We want to show that so = 0. Suppose that so > 0. Since Ts = X5 is irreducible in A®,
yT;C’ = Qv implies that Ts is a factor of €, or v'. Clearly, T5 is not a factor of Q; in .A®. Hence, there exists v” € A®
such that v/ = Tsv”. This implies that yTgo = Qv =QTsv”, so that yTsO '~ Qiv” and so s — 1 €S, a contradiction!
Therefore, so =0 and y = Q1v’ € (€21) 4. Hence, (Q;)[T_;l] NA® C(Q1) 46 as expected.

5. The proof is similar to 4. O

Following similar procedures, one can also prove that (T,) € Im(y), and that (2,) is the Poisson prime ideal of A such
that ¥ ((22)) = (T,) (the interested reader can check out the details of the proof in [19]). We state only the result in the
following lemma.

Lemma 4.2. (Q2,) is the Poisson prime ideal of A such that ¥ ((€22)) = (T2).

Observe that (T1, T2) and (T, T3) are Poisson prime ideals of A. In the next lemma, we will show that (Tq, Ta), (T2, T3) €
¥ (P.Spec(A)). In other words, we prove that {1, 2} and {2, 3} are Cauchon diagrams of A.

Lemma 4.3. (T, T), (T2, T3) € ¥ (P.Spec(A)).

Proof. We only prove that (Tq, T2) € ¥ (P.Spec(.A)) as the other case is similar.
Set ](3) = (T, T2) € PSpec(A®). Observe that T3 ¢ ](3) Therefore, ]Yg = ](3) 1] N .A® belongs to P.Spec(A@).

Suppose that T4 € 1(4) Then, since ](3) (T3'1= ](4)[T3 ], we have that T4 € 1(3) (T3'1NAY = ]54%[T3_1] NA® = ]53%
a contradiction! Therefore, Ty ¢ j1 ; Hence, jg = ](4)[T 1N A® belongs to P.Spec(A®). Suppose that Ts € ]f’;. Then,
Ts € ]54) (T, 'INA® = ](5) [T;'1NA® = J'*) a contradiction! Therefore, Ts ¢ ](5) Hence, ]%6% = ](5) S11N.A® belongs

12
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to P.Spec(A®). Similarly, one can show that Tg ¢ ]f;. Hence, J1:= jg[Ts’l] N A= J1 belongs to P.Spec(.4), and one
can easily check that, by construction, ¥ (J1,2) = (T1,T2). O

Recall that Q1 =T1T3T5 and Q3 =T T4Tg in A. Observe that €1, 2, are both elements of (T1, Tp) and (T3, T3). From
Lemma 4.3, we know that there exist Poisson prime ideals Ji, and J23 of A such that ¥(J1,2) =(T1,T2) and ¥ (J23) =
(T2, T3). In the next lemma, we show that J;; and J 3 both contain € and ;.

Lemma 4.4. Q1 and 2, are elements of |12 and 3 3.

Proof. Recall that € and € are central elements of AW for each 2 < j < 7. We know that ©; and €, are elements of

]%35 = (T, T). With the notation of the proof of Lemma 4.3, observe that this implies that

3 — 4
Q1. Q€ JOIT 1IN AY = J1%.

By induction on j, we conclude that Q1,2 € J1,2.
Similarly, one can also show that Q1,2 € J23. O

We now want to find the height one Poisson H-invariant prime ideals of .4, and show that the height two Poisson
‘H-invariant prime ideals of .4 contain those of height one.

One can easily observe that (21), (2), J1.2 and J, 3 are all H-invariant. From [11, Sec. 5.2], we have that the total
number of height 1 Poisson H-invariant prime ideals of .4 is equal to rank(.4) =2 (see (8)). We are therefore certain that
(21) and (Q2;) are the only height 1 Poisson #-invariant prime ideals of .A.

The next result will allow us to describe height 2 Poisson H-invariant prime ideals of A.

Lemma 4.5. Let P € / (PSpec(A)).IfTje P, then Tj_1,...,Tp € P forall 3 < j <6.

Proof. This is an easy consequence of the following observations:
Ty =X24=—{X34,X1,4} — X1,4X3,4 € (X34) = (T3) g9

1

T3 =X55=—5{Xas X15) € (Xa5) = (Ta) 4 (= T3 € (Ta) 4);
1 1

Ta=Xy6= —§X3,6X5,6 — g{Xs,e, X3,6} € (X5,6) = (T5) 46

1
Ts = X5 =X1Xg — §{X6, X1} € (Xg) = (Te)u. O

Recall from Lemma 4.3 that there exist J;, and Jz 3 of PSpec(A) such that ¢ (J12) = (T1, T2) and ¥ (J2,3) = (T2, T3).
As a consequence of Lemma 4.5, the Poisson ideals (T, T2) and (T, T3) are the only height two Poisson H-invariant prime
ideals of ¢ (P.Spec(.A)). Since v preserves Poisson #-invariant prime ideals and the height of a Poisson prime ideal, this
implies that J1 and ], 3 are the only height two Poisson #{-invariant prime ideals of .A. We conclude from Lemma 4.4
that the height two Poisson H-invariant prime ideals of A contain both €1 and 5.

Proposition 4.6. Every non-zero Poisson ‘H-invariant prime ideal of A contains €1 or Q2,. Moreover, every Poisson H-invariant prime
ideal of A of height at least two contains both Q1 and 2.

4.2. Some maximal and primitive Poisson ideals of A

We begin this subsection by finding the #-strata corresponding to (0), (21) and (£2,). Note that, in this subsection, we
write (01, ..., 0q4) for (01,...,04) 4, where O1,...,04 € A.

Proposition 4.7. Assume that K is algebraically closed. Let P be the set of those monic irreducible polynomials P(Q21, Q22) €
K[R21, 22] with P(21, 22) # Q1 and P(Q1, Q2) # Q2. Then P.Spec(o)(A) = {(0)} U {{P(R21,22)) | P(21,22) € P} U {{21 —
o, —p) o, peK}

Proof. Observe first that it follows from the #-stratification of P.Spec(.A) (see (9)) and Proposition 4.6 that P.Spec ) (A) =
{Q €PSpec(A) | 21,22 ¢ Q}.

Set R := A[Ql_l,Qz_l]. The above observation shows that ¢ : Q +— Q[Ql_1,522_1] is an increasing bijection from
P.Specg) (A) onto P.Spec(R).

13
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Before describing P.Spec(R), observe that the action of 7 on A extends to an action of H# on R by Poisson automor-
phisms since 21 and 2, are H-eigenvectors. The map ¢ is H-equivariant and it follows from Proposition 4.6 that R is
Poisson H-simple, that is, (O)r is the only unique Poisson #-invariant proper ideal of R.

As R is Poisson H-simple, we deduce from [8, Theorem 4.2] that the extension and contraction maps provide mutually
inverse bijections between P.Spec(R) and Spec(Zp(R)). From Lemma 3.5, Zp(A) = K[Q1, 23], and so Zp(R) = K[Qfl, inl].
Since K is algebraically closed, we have that Spec(Zp(R)) = {(0)z,r)} U{(P (21, 22)) zpr) | P(£21,22) e PYU{(Q1 —r, Q2 —
B)zpv) | o0, B € K*}. All these show that P.Spec(R) = {{0)r} U {{P (21, Q2))r | P(R21,22) e P}U{(Q21 —, 2 —B)r |, B €
K*}. It follows that P.Specw) (A ={0OrNAIU{(P(R21, 2)NrNA|P(R1,2) e PIU{(Q1 —a, 20— BrNA|a, B K*}.

Undoubtedly, (0)g N A = (0). We now have to show that (P(21, 22))g N A= (P(21, 22)), VP(21,22) € P, and (21 —
o, Q0 —BIRNA= (21 —a, Q2 — B), Y, B € K*, in order to complete the proof.

Fix P(R21,Q22) € P. Clearly, (P(R21, R22)) € (P(R21, 22))r N .A. To show the reverse inclusion, let y € (P(21, 22))r N A.
Since y € (P(§21,522))R, it implies that y = dP (21, Q) for some d € R. Also, d € R implies that there exists i, j € N
such that d =aQ'Q,”, where a € A. Therefore, y =aQ; Q 7 P(Q4, Qy), which implies that yQl Qé =aP (1, Q2). Choose

(i, j) € N? minimal (in the lexicographic order on N2) such that le Q] (P(21, 22)). Without loss of generality, let us
suppose that i > 0, then aP (1, 22) € (7). Since (21) is a prime ideal, it implies that a € (1) or P(21, 22) € (21). Given
that P(Q21, 22) € P, we have that P(Q21, 22) ¢ (€21). Hence, a € (1), which implies that a =tQ; for some t € A. Return-
ing to yQ} szf =aP(Q, ), we have that yQ} sz’ = tQ1 P(Q1, 22). Therefore, yQ\~ 191 =tP(Q1, Q) € (P(Q1, Q). This
clearly contradlcts the minimality of (i, j), hence (i, j) = (0,0). As a result, y = aP(S21 Q) € (P(R21, 22)). Consequently,
(P(Q, 22))r NA=(P(Q1, ) for all P(Q1, Q) € P as desired.

Similarly, we show that (21 —a, Q2 — B} N A=(Q1 — o, Q2 — B); Vo, B € K*. Fix «, 8 € K*. Obviously, (21 —«a, Q3 —
B) C (21 —a, 2 — B)rN.A. We now establish the reverse inclusion. Let y € (21 —«a, 22 —B)r N.A. Since y € (21 —a, Qp —
B)r, we have that y =mg(21 — ) +ng(2 — B), where mg, ng € R. Also, mg, ng € R implies that there exists i, j € N such
that mg = le_’Qz_j and ng = an_iQZ_] for some m,n € A. Therefore, y = le_iQZ_](Q1 —a)+ nQ;iQZ_j(Qz — B), which
implies that yQi Q) =m(Q1 — ) +n(22 — B). Choose (i, j) € N? minimal (in the lexicographic order on N2) such that
lelQé € (21 — o, Q — B). Without loss of generality, suppose that i > 0. Let f: A —> A/(Q — B) be a canonical sur-
jection onto the domain A/(S, — B). We have that f(y)f(Q1) f(€22)] = f(m) f(Q21 — o). It follows that f(m)f(Q —a) €
(f(1)). This implies that f(m) € (f(1)) since « # 0. Therefore, 31 € A such that f(m) = f(1)f(€1). Consequently,
FW Q) f(2)) = f) f(Q1) f(@1 — ). Since (1) #0, it implies that fOF@DT () = f(1) f(Q1 — ). There-
fore, there exists A’ € A such that yQ'l‘lﬂé =AQ1 —a)+ 21 (2 —B) € (21 —a, Q2 — B). This contradicts the minimality of
(i, j). Hence, (i, j) = (0,0) and so y =m(21 — &) + (22 — B) € (21 — a, Q2 — B). In conclusion, (1 —a, Q2 — BN A=
(1 —a, Q2 —B); Yo, BeK*, O

One can also prove the following results in a similar manner. The details of the proof can be deduced from [19, §2.4].

Proposition 4.8. Assume that K is algebraically closed.

Q)}U{(R1, Q2 —B) | K}
DU — o, Q) [a e K}

Corollary 4.9. Assume that K is algebraically closed. The Poisson ideal (21 — o, 22 — B) is Poisson primitive in A for each («, B) €
K2\ {(0,0)}.

Proof. Since the Poisson ideal (€2; —«, 23 — A) is maximal in its respective strata for each (@, 8) € K2\ {(0, 0)}, it is also
Poisson primitive (see Proposition 3.2). O

While we assumed that K is algebraically closed in Propositions 4.7 and 4.8, Corollary 4.9 is still true when we drop
this assumption (with the same proof).

Proposition 4.10. Let (o, ) € K2\ {(0, 0)}. The Poisson prime ideal (21 — &, 23 — B) is maximal in A.

Proof. Suppose that there exists a maximal Poisson ideal I of A such that (21 — o, Q2 — B) & I & A. Let | be the Poisson
H-invariant prime ideal in A such that I € P.Spec;(A). By Propositions 4.7 and 4.8, ] cannot be (0), {€21) or (2), since
either of these will lead to a contradiction. Every non-zero Poisson H-invariant prime ideal contains only €7 or only )
or both (Proposition 4.6). Since ] # (21), (€22), this implies that J contains both Q1 and ;. Moreover, since | C I, this
implies that ©1, 2, € I. Given (221 — o, Q2 — B) & I, we have that Q1 — o, Q3 — B € I. It follows that «, B €I, hence [ = A,
a contradiction! This confirms that (7 — o, Q3 — B8) is a maximal Poisson ideal in A. O

14
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4.3. Simple quotients of the semiclassical limit of U;(Gz)

Given that Q1 — o and ©Q, — B generate a maximal Poisson prime ideal of A, the factor algebra
A
(Q1—a,Q—B)

is a Poisson-simple noetherian domain for all (a, 8) € K2 \ {(0, 0)}. Denote the canonical image of X; by x; := X; + (€1 —
a, Q) — B) for each 1 <i <6. The algebra Ay g is commutative, and satisfies the following two relations:

Aa,ﬂ =

X1X3X 3xx lxx +1X2—Ol (11)
1X3X5 = SX1X4 = SXoX5 + X3 =0,

25, 2 3,
X2XaXe — 5X3X6 — 3x2x5+2x3x5 3x3)<4xs+2x4_,3 (12)

We also have the following extra relations in Ay g, which can be verified through direct computations.

Lemma 4.11.
1) x% =2 + 3X1X4 + X2X5 — 2X1X3X5.
2 8 4 4 16 8 5
2) :—ﬂ + 90[X3X5 + 3X1X3X4X6 + 9X2X3X5X5 - 3(1)(1)(5)(6 3X1X4X5X6
16 , - 8 3 8 5 2 3 2
+ —X{X3X5Xg — —XoX5 — - OXs — 4X1X4X5 + fx1x3x5 + 2X3X4X5 — —X2X4XG
9 9 3 3 3
8 2
— §X1X2X5X6.
2 8 2 4
3 X3X4 =20X4 + X2X4X5 + 2BX1 + 3XX1X3X6 + 4X{X3X4X6 + 3X1X2X3X5X6
3 8 5 2 16 5 5 8 2
— 8X7X4X5X6 — §x1xzx5x6 + ?X1X3X5X6 §x1xzx5 8ax1x5 — 12x]><4x5
2,3 16,
+ 8X{X3X5 + 4X1X3X4X5 — 2X1X2X4Xe — ?olexgxs.
5 2 16 , 16 16 16 4,5,
4) X3X) =§/3X3 + ?a X6 + ?ax1X4x6 + gaxz)@xs + ?axlxgxsxe + §x2x5x6

8 2 64 5 2160 52 80 ;3 5 64 , 3
+ §X1X2X3X5X6 — g(){X]XsXG 9 —— OX7X5X6 — 3 —X1X4X5X6 — §X1X2X5X6

8 3 8 2 2, 160 5 5 2, 3 8 4
— §xz><3x5 — §a><3x5 + 4X1X3X4X5 + Tx]x3x5x6 — 16X7X4X5 — §x1xzx5
4 32 , 16 5 16 ,
- §X1X2X4X5XG + ﬂxl X6 + OtX1X3X5 + X1 X3X4X6 + X] X2X3X5X6

2 4 2 8 2 64 4 2.2
— ?x]x4xsx6 3x]xz)<4x6 + dorxgxs + 2X2X4X5 +4Bx1x5 + 5 X1X3X5X6

2 22 323 2,2

3
X1X3X5 + X1X3X4X5X5 9 —X1X2X5X5.

2xxxx 32oexx+32
32346 3 1X5 3

Now, the commutative algebra Ay g is a Poisson K-algebra with the Poisson bracket defined as follows:

{x2, X1} = —3x1x2 {X3,X1} = —X1X3 — X2 {x3, X2} = —3x2x3

(x4, %1} = —2x3 {x4, X2} = —3x2%4 — 4X3 {X4,x3} = —3x3%4

{x5, %1} = X1X5 — 2x3 {x5,%} = —6x3 {X5, X3} = —X3X5 — 3X4

{X5, X4} = —3X4x5 {x6, X1} = 3x1X6 — 3X5 {x6, X2} = 3x2X6 4+ 9x4 — 18x3X5
{X6, X3} = —6x2 {X6, X4} = —3x4x6 — 4x2 {X6, X5} = —3x5X6.

Remark 4.12. The Poisson algebra Ay g is the semiclassical limit of the quantum second Weyl algebra Ay g studied in [16].

In the remainder of this section, we study a Poisson torus arising from a localization of A4 g, and a linear basis of Ay g,
both of which will be useful in computing the Poisson derivations of .44 g in the final section.

15
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4.3.1. A Poisson torus o
Let «, B # 0. Recall from Subsection 3.5 that 7 =T1T3T5 and Q3 = T2 T4Tg in .A. From [13, Corollaries 3.3 & 3.4], there
exists a multiplicative set Sy g such that
N1
(T1T3Ts —a, ToT4Ts — B)ry

-1 ~
Aa,ﬂsaﬁzrgfa’ﬁ = s
where R = ]K[Tlil,...,Tésil] is the Poisson torus associated to the Poisson affine space A (that is, the Poisson torus
associated to the matrix M = (u; j) € Mg(K) defined after Notation 3.4). Let t; :=T; + (T1T3T5 —a, ToT4Ts — B)z, denote
the canonical image of T; in &y g for each 1 <i <6. The algebra g is generated by tfl, A t6il subject to the relations:

ti=oat;'t;! and =gt e

One can easily verify that &, g = K[tfl,tfl,tsﬂ,tétl], and that the isomorphism holds whether o or 8 is zero. As a

consequence, Yy g is the Poisson torus associated to the matrix M obtained from M by deleting its first two rows and
columns.

4.3.2. Linear basis for Ay g
Set Ag:=.A/(Q, — B), B €K. Denote the canonical image of X; in Ag by X; := X; + (€2, — B) for each 1 <i <6. It can
be verified that Ay g = Ag/ (21 — o). Note that Ag satisfies the relation:

5 2

2= 2p lonm t ot o0Rd - SB2R + 2005 (13)
4—3 3246 936 925 335 3A4A5.
Proposition 4.13. The set § = (X1 %/ G a5 G%™ | (£, 1, j, k,1,m) € {0, 1} x N} is a K-basis of Ag.

Proof. Since (l'[f:]Xéf)iseN is a basis of A over K, we have that (Hle)'(}iS)iseN is a spanning set of Ag over K. We want
to show that § is a spanning set of Ag. It is sufficient to do that by showing that X7''x;"2X3"3 %3 %5"°X5'6 can be written as
a finite linear combination of the elements of § over K for all i1, ...,ig € N. We do this by an induction on i4. The result

is clear when ig = 0. For i4 > 0, suppose that

X1 1X2 2X3 3X4 4X5 5X5 6 = A, v)X1 X2]X3 X4EX5 X6 ,

(§.v)el

where v := (i, j,k,I,m) € N3, I is a finite subset of {0,1} x N, and the a,y) are scalars. It follows that
)ail)aiz)aig)ahﬁrl%@@ig — Z a(g’x)}ai@j)ak)a@rl%l%m.
&, v)el
We have to show that ﬂi@j@kﬁg“)@’@m € Span(§) for all (£,v) e I. The result is obvious when & = 0. For £ =1, using
(13), one can verify that %;'%/ 53X %32 %5/ %™ € Span(g). Consequently, ' %2833 %3141 1%55%5% € Span(g) as desired. There-
fore, § spans Ag.
Before we continue the proof, the following ordering <4 needs to be noted.

& Let (I, k.U, m' n), (,j kI mn)e NS Wesay that (i, j,k, I, m,n) <4 (@, j/, k', U, m’,n')if [ <I']or [I=V and i <i']
or[I=0,i=i"and j<jlor[Il=Il, i=i, j=jandk<k'lor[I=, i=i, j=j, k=k andm<m']or [I=/, i=
i', j=j, k=k', m=m’ and n <n’'].
Note that the square brackets [ ] are just to differentiate the options.

We proceed to show that § is a linearly independent set. Suppose that
ae i KB R GI%™ =0
(&.vel
It follows that
Y e XiXaXEXGXEXT = v(2) — B),
(¢.vel

where v € A. Write v = Z(i,...,n)e] b(,-,.__,n)Xg XéX';XAX;"Xg, where | is a finite subset of N®, and b; . are scalars. From
Subsection 3.5, we have that

_ 2.3y 2,3 2y2 3.2
Q= X2X4Xs 3X3X5 3X2X5 +2X3X5 —3X3X4Xs5 + 2X4.

16
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It follows that

(&, v)el @,....n)eJ

3 .
= D b XiXpXEXPXTXE + 1T,

.....

where LT, contains lower order terms with respect to <4 (see item ). Moreover, LT, vanishes when b ., =0 for all
(i,...,n) € J. One can easily confirm this when the previous line of equality (right hand side) is fully expanded.

Suppose that there exists (i, j,k,I,m,n) € J such that b jkimn # 0. Let (i’, j',k',I',m’,n’) be the greatest element
of J with respect to <4 such that by j .y m wy # 0. ldentifying the coefficients of Xi/ X{X’;/ X£+2X5m/Xg/, we have
3br,j ke.rm ) =0 (note that the family (XiX3X5X,XTX2); oy is a basis for A and LT-, contains lower order terms).
Therefore, by jr i.v.m wy =0, a contradiction! As a result, b j k1mn =0 for all (i, j,k,I,m,n) € J, and

Y aewXiXIXEXGXEXE =0.
&.vel
Consequently, ae ; jkn =0 for all (¢,i,j,k,)el. O

We are now ready to find a basis for 4y g.

Proposition 4.14. The set P = {x| x3x5' x?xExk | (€1, €2, 1, j, k, 1) € {0, 1} x N4} is a K-basis of Aq,p.

Proof. Since the set § = (X1 %2533 055555 | (é,.h,'iz? i3, i'5, is) €{0,1} x N3} is a K-basis of .A4 (Proposition 4.13) and
Aq g is identified with Ag/(Qq — @), the family (x}' X;"?"i"?"@;;u,iz,ig,is,is)e(o,uxNS is a spanning set of Ay g over K.
We want to show that 3 spans Ay 4 by showing that x}' x'zzx?xixffxg; can be written as a finite linear combination of the

elements of 3 over K for all (¢, iy, i3, i3, is, ig) € {0, 1} x N, By Proposition 4.13, it is sufficient to do this by an induction
on i3. The result is obvious when i3 =0 or 1. For i3 > 1, suppose that

i1, iz i3 & is g _ i J, €162,k
X)Xy X3 XyX5 Xg = Z A(er,€2,)X1XX3 Xy X5Xg,
(€1,€2, V)€l

where v := (i, j, k,I) € N4, and the (e, ,e,,v) are all scalars. Moreover, I is a finite subset of {0, 1}2 x N“. It follows from the
inductive hypothesis that

i1,02,i3+1 & is s __ iie1+1 € k.|
X1 X3 X3 XyX5Xg = § : U(er,e2,v)X1X3X3 X4 X5Xg.
(€1,€2,v)€el

We need to show that x’ixéx?“x?x’éx% € Span(®B) for all (€1, €3, v) € I. The result is obvious when (€1, €) = (0, 0), (0, 1).

Using Lemma 4.11(1), (3); one can also show that x‘ixéx?“xizx’gxé € Span(®B) for all (e1,€2) =(1,0),(1,1); and i, j, k,l €

N. Therefore, x"f x?x?“xixgsxigs € Span(P) as expected. As a result, I3 spans Ay g.
We proceed to show that § is a linearly independent set. Suppose that

i 0 €1 €2k, ]
Z Oer.€2.9)X1XpX3 X4 X5Xg = 0.
(€1,€2, V)€l
Then,
Ai/\'/\e ~c /\kAl =~
Z A(ey. 60, X1' KI5V X2 %5 %6 = (Q1 — )V (14)
(e1.€2.v)el

in Ag, where v e Ag. Set w:=(i, j, k,I,m) € N>, and let J;, J, be finite subsets of N°. One can write v in terms of the
basis § of Ag as:

V= Y buAIRGGEG + Y cufil G,
weJq We >

o~

where by and cy are scalars. Note that Q) =% — %)q 4 — %xz 5 + % 3“. Given this expression, and the relation (13),
one can express (14) as follows:
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i~ i~y ey o~k PPN PV PN PEM
Y laand RIBIRG % = ) b RIBRGI%™ Q- @)
(€1.€2,v)€l we i

=y zbwﬁ X B s %
wejq

_ Z b X]z+1’*jx3k+3@l)?m+l

W€]1

3 it ~~l~m
— Z icm"ll I5iGkasam
wej

1 k2l
+ > Ecﬂxﬂxzf)gk*zxs’xsm + 7,
wej>

where

T:= Z ribw 1 HIB ™ + Z rabwXi 10 M Gk s g

wejq we]q

+ Z erMGIH 1@1<X51+3X6m + Z 1’4bWX1 X21X3k+2 1+2 6m
wejq weq

+ Z stﬂ)q X2]X3’<+]X4@1+1X5 + Z rgbw)q X2]+1X3kX4X5I+1X5
weJq we i

+ 3 rbw BRI RIBEGT + Y rebuki TR G
weJq wejq

~it 1 1~k

+ > rocw i T RIBIGTIE™ + Y rocw i R B T
we > we >

+ ) ricwoki GG
wej;

Note that rq,...,r;1 are some non-zero rational numbers.

Before we continue the proof, the following ordering <3 needs to be noted.

& Let (91,92, 93, U5, 96), (1,62, 63, 65, 66) € N°. We say that (61, 62, 63, 65, G6) <3 (D1, P2, V3, U5, ¥6) if [P35 > g3] or
[#3 = g3 and ¥ > g1] or [¥3 =¢63, % =¢g1 and ¥, > 2] or [¥3 =63, P =61, Y2 = G2 and 5 > G5] or [¥3 =
G3, 1 =61, P2 =62, ¥5=g5 and ¥ > Gs].

Observe that Y contains lower order terms with respect to <3 in each monomial type (note that there are two different
types of monomials in the basis of Ag: one with X4 and the other without Xz). Now, suppose that there exists (i, j, k, I, m) €
J1 and (i, j,k,I,m) € Jo such that b j 1 m #0 and ¢ jk1.m) # 0. Let (v1,v2, V3, Vs, vg) and (w1, wa, w3, Ws, Wg) be the
greatest elements of J; and J, respectively with respect to <3 such that by, v,.v3,vs,vs) a0d C(w; wy, w3, ws,wg) are€ NON-zero.
Since § is a linear basis for Ag and T contains lower order terms with respect to <3, we have the following: if w3 —v3 <2,
then identifying the coefficients of %3"1%;"2%3"32%3%5"5x5 6 implies that b(\,l,v2 V3, Vs, VG) =0, a contradiction! Finally, if
w3 — v3 > 2, then identifying the coefficients of x1W1X2WZX3W3+2x5W5xGW6 implies that 1 5C(wi,wz, w3 ws.wg) = 0, another
contradiction! Therefore, either all b j kmn Or all ¢ jkmn) are zero. Without loss of generallty, suppose that there exists
(i, j,k,m,n) € Jo such that ¢ jkmn is not zero. Then, b jk.mn are all zero. Let (w1, wa, w3, ws, wg) be the greatest
element of ]2 such that cw; w,.ws.ws.wg) 7 0. Identifying the coefficients of x1"1%,"2x3 w32 Ws %56 in the above equality
implies that 2C<W1,W2,W3,W5,W6> =0, a contradiction! We can therefore conclude that b j xmn) and c_ jkm,n are all zero.
Consequently,

Z A(eq,62,v)X1 X X361 %462 %5"x' = 0.
(€1,€2, V)€l

Since § is a basis for Ag, this implies that a(, ,,v) =0 for all (¢1, €2, v) € I. Therefore, ¥ is a linearly independent set. O

18



S. Launois and I. Oppong Journal of Geometry and Physics 196 (2024) 105077

The following corollary will be useful later on.

Corollary 4.15. Let v = (i, j, k, ) € N? x Z?2, let I represent a finite subset of {0, 1}? x N2 x Z?2, and let (a(e;.e5.v))(e;.e3.v)el be a
family of scalars. If

Z ey e, V)Xlx%’% X tht =0,
(€1,€2, )€l
then age, e,,v) =0 forall (€1,€2,v) € I.
Proof. The result is obvious when k,[ > 0 due to Proposition 4.14. When k (resp. [) is negative, then one can multiply the

above equality enough times by x5 = t5 (resp. xg = tg) to kill all the negative powers and then apply Proposition 4.14 to
complete the proof. O

5. Poisson derivations of the semiclassical limit of the quantum second Weyl algebra Ay g
This section focuses on studying the Poisson derivations of the Poisson algebra Ay g.
5.1. Preliminaries and strategy

let2<j<7and («, B) € K2 \ {(0, 0)}. Set
AD
(Q1—a, 2 —B) 40

where AU is defined in Subsection 3.3, and £2; and €2, are the generators of the centre of A% for 3 < J <7 (see Lemma 3.5

and Corollary 3.6). Recall that A” = A=K[Xy, ..., Xs] and so Ag)ﬁ = Ay p is a domain. Actually A ]ﬁ is a domain for all
2 < j<7. This is easy to prove using the expressions of Q1 and € as elements of A, at least when j # 6. For j =6, this

can be done for instance by proving that (Q1 — o, Q2 — B) 4@ = (1 — o, @2 — B) a[T5 11N A®. In particular, we have that:

A(]) —

(Q1—0, Q= B) g =Yjo--- o ({1 — 0, Q22— Ba),

where the embeddings ¥j: P.Spec(AU*+D) < P.Spec(AY)) have been defined in Section 3.4.

For each 2 < j <7, denote the canonical images of the generators X; j of AW in A(])ﬁ by x; j for all 1 <i <6. Further-
more, from [13], one can deduce the following data of A4 g from the PDDA of A (see Subsection 3.3) as follows:

Xi,7 ‘= Xj (i:l,...,6)
T -1
X1,6 =X1 — §X5X6

_ 3. 1 -1 3,—2
X26 =X2+ §x4x6 — 3X3X5X5 " + X5Xg

2,—1
X3,6 = X3 — XSXG

_ 2 3,1
X4,6 = X4 — §X5X6

Xi6 =Xi (i=5,6)

1,3 -2
X1,5 = X1,6 — X3,6X5 g T 7 X4,6X5 g

4

X255 =Xy 6 — 3% x*]+gx X4 X2 — 9x2 X3
2,5 = 4X2,6 3,6%5,6 2 3,644,645 g 4 4,6%5.6

1
X35 =X3,6 — 5X4,6X5 6
Xi5=Xi6 (i=4,5,6)

X14=2X lxz x; L
1,4 =415 — 335 4,5

X24=X 2)(3 X]
2,4 =4A25— 335 4,5

Xi4=Xi5 (i=3,...,6)

19
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1 -1

X13=X14— 5X2,4X3,4
Xi,3:Xi’4 (i:2,...,6)
ti:=Xi2 =Xi3 (i=1,...,6).

For simplicity, we will refer to the above data as the PDDA of Ay g. Note that the t; are the canonical images of T; in

Aff)ﬁ for all 1 <i<®6. For each 2 <j <7, set Sj:= {M;jt;jﬁ ...tgﬁ lij,...,ig € N, A € K*}. One can observe that S; is

a multiplicative system of non-zero divisors (or regular elements) of Aij,)ﬂ. As a result, the Poisson algebras Affﬂ can be
localised at S; as follows:
o 20) -1
Rj=Ay ﬁS i
Again, the set ¥ := {t’]‘. | k € N} is a multiplicative set in both Ag’)ﬂ and A&]"/ng) for each 2 < j <6, and one can easily check
that
() =1 _ 40+ -1
Aa,ﬁzj _Aa!ﬁ 2]- .
It follows that

Rj=RjnZ;", (15)
for all 2 < j <6, with the convention that Ry := Ay g. Similarly to (10), we construct the following embeddings:
R7=Agp CRe=R7%;' CRs=Rs%s' CRa=Rs%;' CRs. (16)

Observe that R3 = ((13,}353’1 = R42§1 is the Poisson torus Py g = K[t3i1, tjfl, tgH , tgH] from Subsection 4.3.

Strategy to compute the Poisson derivations of A, g = R7. Thanks to (16), we can extend the Poisson derivations of
Aq,p to Poisson derivations of 7R3. From Corollary 2.7, we know that the Poisson derivations of the Poisson torus R3 is
the sum of an inner and a scalar Poisson derivations. We will then ‘pull back’ the Poisson derivations of R3 sequentially
through the Poisson algebras in (16) to the Poisson derivations of .4y g. This will give us a complete description of the
Poisson derivations of Ay g. This process will be carried out in steps, and the linear bases for R; will play crucial role. We
will therefore compute these bases in the subsequent subsection.

The embeddings in (16) present an opportunity to compute the centre of each of the algebras R;, which will be helpful
in studying the Poisson derivations of Ay g.

Lemma 5.1. As usual, let Zp(R;) denote the Poisson centre of R;. Then Zp(R;) =K foreach3 <i<7.

Proof. It is easy to verify that Zp(R3) =K since the matrix associated to this Poisson torus is invertible. Note that R; =
Ag,p. Since R; is a localization of R;;1, we have that K € Zp(R7) S Zp(Re) S --- S Zp(R3) =K. Therefore, Zp(R7) =
Zp(Re)=---=Zp(R3)=K. O

5.2. Linear bases for R3, R4 and Rs

We aim to find a basis for R for each j=3,4,5. Since R3 is a Poisson torus generated by tiﬂ, ey téd over K, the set
{thesetkeb |, j k,1 € Z) is a basis of R3.
For simplicity, we set

fii=x14 F1:=X14
Z1:=X15 Z1:=X15
2 :=X25 Zy:= X2'5.

5.2.1. Basis for R4
Observe that

,A(4) _ A@
CPTQ — o 22— )
where Q1 = F1T3T5 — 3T2Ts and Q3 = TT4Tg in A®@ (Subsection 3.3). Set
4) c—1
@1, AV
Agsyti=
(22— B)
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where 8 € K. We will denote the canonical images of X; 4 (resp. T;) in .A;f) by i 4 (resp. fj)forall 1 <i <6 (resp.3<i<B6).

Observe that &> = Bfg 'fa ! in A(4)S 1. As usual, one can identify R4 with .Agl) S /(@ —a).

Proposition 5.2. The set 34 = {f"t"‘t'Stl6 | (i1, i4, is,i5) € N x Z3}U {t?t"‘t“‘t’6 | (i3, i4, i5,i6) € N x Z3} is a K-basis of Ra.

Proof. One can easily verify that (f1 BRik ks E kﬁ) is a basis of A(4)S_ . Since .A(4)S_
(k],k3.k4,k5,k6)€N2><Z3

ADS1/(Q, — ), the family (f1ek3cks kst"‘i)(kl,k3,k4’k5,k6)€Nzxza spans R4. We show that 34 is a spanning set of R4 by
showing that f{“ t§3tﬁ4t'§5t? can be written as a finite linear combination of the elements of 34 for all (kq, k3, k4, ks, ke) €

N2 x Z3. It is sufficient to do this by an induction on k;. The result is clear when k; = 0. Assume that the statement is true
for k1 > 0. That is,

Flagksgkagksks — Saifeieses + > byt

iel Jjeh

where i = (i1,i4.is.16) € 1 CN x Z* and j = (i3, 4, i5,is) € I C N x Z3. Note that the a; and b; are all scalars.

k+1l< kg ks Kk kq k3 ka k i1+1 g is5 i i3 i 05 i
f] 3t4t55t6 f](f1t3t 4t5 6)—Zazf1 t4t5t6+Zblf1t33t44t55t66
ielh l’elz

Clearly, the monomial f’”’l ’4t'55ti € Span(4). We have to also show that f1tl3t"‘t'5t'6 € Span(34) for all i3 € N and

ia, i5,ig € Z. This can easily be achieved by induction on i3 and the use of the relation fit3 = ozts_l + %ﬁt;ltgl. Therefore,
by the principle of mathematical induction, B4 is a spanning set of R4 over K.
We prove that 34 is a linearly independent set. Suppose that

D a e + > bt =0
ielh jel

for finite sets Iy C N x Z3 and I, ¢ N x Z3, and scalars q; (i € I1) and bj (jel)
It follows that there exists v € A;;l) S;l such that

Y aifi GG EE + Y bR = (@1 —a)v.

iely Jjel

Write v = chﬁl]6i3ai4f§i5t?6, with | = (i1, 3, ia, is, ig) € ] € N2 x Z> and ¢; € K. One can easily deduce that Q; =
le]
fitsts — 1665 = fif3ts — %ﬂtAs_1fi_ltA5 (note that { = ﬂfe_lﬂ_l). It follows that

Y afi"GHGEEET + Y bBPGUE G =) af" T B RAE R

iely IS le]
1Al Al 1~is5+1~ig—1
—Z pafi ' BRETETE"
le]
—Zaclfl (37045 6 °.
le]

ment (in the lexicographic order on N2 x Z3) of J such that C(W1YW3,W4,W5_WG) # 0. Since
(f] k3t k4t’_‘k5t ks)

is a basis of A(4)S 1 we can ldentlfy the coefficients of f1

(k1.k3,kq.ks.,k)eN2xZ3

W1+1 w3+l ~wg~ws+1~wg
t3 t te

t in the above equality to be

Zaiﬁ”ﬂ“t?s@'s + Z b]t3l3t4l4t lstels =0.

iely IS

Consequently, a; and b; are all zero. In conclusion, P4 is a linearly independent set. O
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5.2.2. Basis for Rs

We will identify Rs with A&S)Ss‘l/(ﬁz — B), where A&S)Sgl = A®S:1/(Q1 —a). Note that the canonical images of X; s
(resp. T;) in Aff) will be denoted by x5 (resp. t;) for all 1 <i <6 (resp. 3 <i<6). We now find a basis for Aff)sgl.
Recall from Subsection 3.3 that @ = Z1T3T5 — $Z2Ts and Q3 = Z3T4Tg — 3T3Tg in A® (remember that Z; := X1 5
and Z; := X3 5). Since zptste — %t;ts =B and Zif3f5 — %,?2@ =« in Rs5 and A&S)S? respectively, we have the relation

1

7 =27if3 — 2af; ' in A(()[S)SS_1 and, in Rs, we have the following two relations:

7y =2(z1t3 —atg ). (17)
3_3 -1 3,1 -1
t3 = E(sz4—ﬂt6 ) =3zqt3tg — iﬂ% —3Olt4t5 . (18)

Proposition 5.3. The set 935 = {2}t 5t | (. i1, 4. 5. i6) € 0, 1,2} x N2 x 22} is a K-basis of Rs.

~ks ~kg

Proof. One can easily show that the family (z? kigsks ke ok is a basis of A&S)Sgl /(Q2 — B). Since

)(kl,k3,k4,k5,k5)eN3xZZ
Rs is identified with A’ S5'/(Q2 — B), we show that Z¥' t’3‘3t§4t'§5t§6 can be written as a finite linear combination of the
elements of PBs for all (ki, ks, ka, ks, ke) € N3 x Z2. It is sufficient to do this by an induction on k3. The result is obvious
when k3 =0, 1, 2. For k3 > 2, suppose that
AUFHHSUE = Y aen? G,
(&€l

where [ is a finite subset of {0, 1,2} x N? x Z?2, and the a ) are all scalars. It follows that

k1 k3+1 kg ks ke _ k1 k3 kg ks ke _ X i1,6+1 ig is5 g
7ty LSty = <Zl 37t 65 >t3 = D aend'ty’ e,
(¢.Del
Now, z"f té“tl“t?téﬁ € Span(PBs) when & =0, 1. For & = 2, one can easily verify that z'f tgtfft;sté“ € Span(35) by using the

relation in (18). Therefore, by the principle of mathematical induction, 35 spans Rs.
We now prove that %Bs5 is a linearly independent set. Suppose that

Y aEpd S =0
EDel

for a finite subset I C {0, 1,2} x N2 x Z?2 and scalars a,j. Since Rs is identified with AS)Ss’l/@z — B), we have that

Y aen A" BILE 6 = (@ — B,
¢.Del

~

where v e A&S)S?. Write v = Zje] b,~2}“f§i3ai4f§i5t6i6, with j = (i1,13,14,15,i5) € ] C N3 x Z? and b; € K. Given Q; =

Z3T4Te — 3T3T6 in A® and the relation (17), one can deduce that

~ 2~

~ e~ 23~ e~ ~ ~
Qo = Zotytg — §t33t5 = 2Z1t3tatg — 2at4ts 11’5 — §t33t6.

Therefore,
Z a(g.;’)ﬁil géau@lsfﬁls — Z 2bjal'1+'l513+1a'4+1g155516+1
(&.Del jel
2 iy mis3mia s g+

—Zgbi'Z] t3 tg "t5 tg
el

_ ZZaij?“Giﬁi““ E;is—lt/éis-H
el

- Y B ANGPE G G
el

ment (in the lexicographic order on N3 x Z2) of J such that by, ws,w4.ws.we) 7 0. Given that
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(fik] gkg alq Egks Egke)
(k] ,k3 ..... kg)ENBXZZ

is a basis of A&S)SS_I, one can identify the coefficients of z;WiI 15" T 1LYt IEWsEWs ™ in the above equality as
2b(w1, w3, wa,ws,wg) = 0. Hence, by, wsy, wa,ws,we) =0, a contradiction! Therefore, b, i5 iy is,ig) = 0 for all (i1, i3,14,15,1¢) € J.
Consequently,
oy ~E~ig i i
Z a(g_l')21“t3§t4 itstg 0 =0.
(&.Del

It follows that ac ;) =0 for all (§,1) € I. As a result, Bs is a linearly independent set. O
As an easy consequence of Proposition 5.3 we obtain:

Corollary 5.4. Let I be a finite subset of {0, 1,2} x N x Z3 and let (ae.iy)ier be a family of scalars. If
3 aepZ S =0,
(¢.Del
thenag jy =0 forall §,1) € L.

Remark 5.5.

1. Since R7 = Ay g, we already have a basis for R (see Proposition 4.14).
2. We were not successful in finding a basis for Rg. However, this will not prevent us to compute the Poisson derivations
of Ay g in the next subsection.

5.3. Poisson derivations of Aq,p

We are now (almost) ready to study the Poisson derivations of Ay g. We will begin with the case where both « and 8
are non-zero, and subsequently state our results in the case where either o or g is zero (but not both). Before we proceed,
we note the following relations between elements of the various Poisson algebras involved. These relations can easily be
obtained through direct computation.

Lemma 5.6.
1 3
fi=t1+ ctatg X36 =13+ -tats
2 2
— 1o 1 . 1 4
z1=f1i+ §f3t4 X1 =X1,6+ §t5t6
2.5 _ _
=ty + §t§t4‘ X3 =X36 +t2tg "
4 3 2 4 _
X1.6 =71 +X3,5t5] — Zt4t52 X4 =14+ §t§t6].

5.3.1. Poisson derivations of Ay g (o, B # 0)

Throughout this subsection, we assume that @ and B8 are non-zero. Let Derp(A) be the collection of all the Poisson K-
derivations of Ay g, and D € Derp(A). Now, D extends uniquely to a Poisson derivation of each of the algebras in (16) via
localization. Hence, D is a Poisson derivation of the Poisson torus R3 = K[tf], tfl, tsﬂ, tﬁil]. It follows from Corollary 2.7
that D can be written as

D =hamy + p,

where p is a scalar Poisson derivation of R3 defined by p(t;) = Ait;, i =3,4,5,6; with A; € Zp(R3) =K, and hamy =
{x,—}:R3 — R3 with x € R3 (see Corollary 2.7).

We aim to describe D as a Poisson derivation of 44 g. We do this in several steps. We first describe D as a Poisson
derivation of R4.

Lemma 5.7.
1. xe Ra.
2. ks =Xg+ e, p(f1) = —(A3 +As5) f1 and p(t2) = —Asta.
3. Set A := —(A3 + As5) and Ay := —As. Then, D(x, 4) = hamy (X, 4) + AcX 4 forallc € {1,...,6}.
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Proof. 1. Recall that R3 = R4[t;1]. Observe that Q := K[tjl, tsﬂ, tGﬂ] is a subalgebra of both R3 and R4. One can easily
verify that z:= t4t;1t5 is a Poisson central element of Q. Since R3 is a Poisson torus, it can be presented as a free O-
module with basis (tg)jez. One can therefore write x € R3 as x = ZjeZ bjté, where bj € Q. Decompose x as X =X_ + X4,
where x; :=3 ;. bjt_i; and x_:=3; bjt_i;. Clearly, x4 € R4. We now want to show that x_ € R4. Write x_ =, | bjt_i;
for some m € N. .

Now, D(z) = hamy(z) 4 p(z) = hamy_(z) + hamy, (2) + (A4 — A5 + A6)Z € R4. We have that hamy, (2) 4 (A4 — A5 +Ag)Z €
R4, hence hamy_(z) € R4. Note that {t3, z} = 2zt3, and {y,z} =0 for all y € Q since z is Poisson central in Q. One can
therefore express hamy_(z) as follows:

—m

—m
ham, (2)={x_,z}= ) bj{t].z}= ) 2jbjztj € Ra.
j=—1 j=—1

Let n € N.g, and set

e™ = ({.. {x_,2},2},...,2} € Ra.
—— ————
n—times n—times

We claim that

—m
("W =" (2j)"2"bjt],
j=—1

for all n € N. . Observe that

—m
D = ham, (z) = Z 2jbjzt],
j=—1

hence the result is true for n = 1. Suppose that the result is true for n > 1. Then,

—m —m
e(n+‘1) — {E(n)7 Z} — Z (z‘l)l’lzl’lb]{té7 Z} — Z (Zj)n-‘rlzn-i-lb]’t%
j=-1 j=-1

as expected. By the principle of mathematical induction, the claim is proved.
Given that €™ =37 | (2)"2"b;t}, it follows that

—m
o :=LMz7" =" (2))"bjt] € Ry.
j=-1

The above equality can be written as a matrix equation:

=2 —4 -6 - —2m [ boity’ Wi
(=22 (=4? (=6 .-+ (=2m)* || b_pt3? 2
=23 (4?3 (=63 - (2m? || bost3? || M3
L™ 4 O™ - 2mm | [bopts™ ] Lt
One can observe that the coefficient matrix
-2 —4 -6 - —2m ]
(=2 (=4? (=6)* .-+ (=2m)?
(-2° (-4° (-6)* --- (-2m)?
L™ (=™ (—6)m e (—2m)™

is similar to a Vandermonde matrix (since the terms in each column form a geometric sequence) which is well known to
be invertible. This therefore implies that each bjté is a linear combination of the w, € R4. As a result, bjté € Ry for all

-m bjtﬁ € R4 as desired.

je{=1,...,—m}. Consequently, x_ =>;" ,
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2. Recall that p(ty) = At for all k¥ € {3,4,5,6} and A, € K. From Lemma 5.6, we have that f; =t; + %tztgl. Again,
recall from Subsection 4.3.1 that t; = oct;lt._;] and t; = ﬁt;]ts’] in R3 = Py p. As a result, f1 = at;1t§1 + %ﬂt;]tftg].

Therefore,
_ 1,1 ] —1,-1,-1 19
p(fl) =—(3+ A-S)at?, t5 - 50\3 + Aq +)\6)/3t3 t4 t6 . ( )
Also, p(f1) € R4 implies that p(f1) can be written in terms of the basis 34 of R4 (Proposition 5.2) as
p(f) =) arfi+) bst3, (20)
r>0 s>0

where a; and bs belong to Q =]K[tf1, tgH, tgH]. Note that

r

1 r N . . .
fi= <at3_1t§] +585't 't 1) =2 <i>a'(ﬂ/2)”]f§rfh_rf§ g

i=0
=it (21)
where
r T . . .
=) <,>a‘(,3/2)r_ltil_rt;‘té_r € 0\ {0}. (22)
i—o \!
Substitute (21) into (20) to obtain
P =) arcrty” + ) bst3. (23)
r>0 s>0

One can rewrite (19) as

p(fi)=dt3 ", (24)

1

where d = —(As + A3)atts | — 3 (k6 + A4 + A3)Bt; 'ty € Q. Comparing (23) to (24) shows that bs = 0 for all s >0, and

arcy =0 for all r # 1. Therefore, p(f1) = a1c1t;1. Moreover, from (22), ¢c1 = %ﬂt4 1t6_1 + ats_l. Hence,

_ 1, 4. 1\ .- 1,1, 1 - .
p(f)=aicit;! =a (E,Bt4lt61+at51)t3]:a1ozt31t5]—|—§a1/3t31t4]t61‘ (25)

Comparing (25) to (19) reveals that a; = — (A5 + A3) = —(Ae + A4 + A3). Consequently, A5 = Ag + A4. Hence, p(f1) = —(5 +
aaty 't — 20 +23)Bt5 1ty 'ty = —(As + A3) f1. Finally, since t = Bt 't ! in Ry, it follows that
p(t2) = —(Ae + A4)ﬂf21f51 = —(Ae + Ag)tz = —Asts.

3. The result easily follows from the previous points since fi =x14 and tj=x;4 (2<i<6). O
We now proceed to describe D as a Poisson derivation of Rs.
Lemma 5.8.

1. x e Rs.
2. g =3X3 + A5, Ag = =343, p(21) = —(A3 + A5)z1 and p(22) = —As523.
3. D(x,,5) = hamy(x, 5) + e X 5 forallk € {1, ..., 6}.

Proof. In this proof, we denote v := (i, j, k,I) e N x Z3.
1. We already know that x € R4 = R5[t;1]. Given the basis B85 of Rs5 from Proposition 5.3, x can be written as x =
Z a2 tgtflt'gtg, where [ is a finite subset of {0, 1,2} x N x Z3 and the a ) are scalars. Write x = x_ + X+, where
(& v)el

i j okl i j okl
Xe= ) aeuZtGeit and xo= Y ae w2kt
¢vel Evel
jz0 j<0

Suppose that x_ # 0. Then, there exists a minimum jo < 0 such that ag ; j, k. 7 0 for some (£,1, jo,k, 1) eI and a i jk1 =
0 for all (&,1, jo,k,I) € I with j < jo. Given this assumption, write
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o= Y agwitttts.
¢ vel
jo<j=<-1

We aim to show that x_ = 0. Let s € {3, 6}. Then, D(ts) = hamy, (ts) +hamy_(ts) + p(ts) € Rs. This implies that hamy_(ts) €
Rs, since hamy, (ts) + p(ts) = hamy, (ts) + Asts € Rs. Set w:= (i, j, k, 1) € N2 x Z2. One can therefore write hamy_(ts) € Rs
in terms of the basis 35 of Rs5 as:

hamy_(t) = > bz t5ttht, (26)
Ewe)

where ] is a finite subset of {0, 1,2} x N2 x Z? and the b ) are scalars.
When s =6, we deduce from Remark 2.1(2) that one can also express hamy_ (tg) as:

hamy (t5)= Y 3(k+j—DaguwZieybe.
¢l
Jjo<j=—1

Comparing this expression for hamy_(tg) to (26) (when s = 6), we have that

.. i ikl i i
Yo 3k+j—DaewA Ll = Y bewZittet.

&, v)el Ewe]J
jo<j=-1

As Bs is a basis for Rs by Proposition 5.3, we deduce from Corollary 5.4 that (zi tétjtkt’> is a basis
¥s 5 Dy FTop y 173747576 ) (1N j ke Z:£€{0,1,2))

for Rs[t;]]. Now, at j = jo, denote v = (i, j, k,I) by v, := (i, jo,k,I). Since vy € N x Z3 (with jo <0)and w=(, j, k,I) €
N2 x Z? (with j > 0), it follows from the above equality that, at vy, we must have:

3(k+ jo— l')a(g,yo) =0.
From our initial assumption, we have that a ) are all not zero. Therefore,
k=1i— jo, (27)

for some (&, vq) €.
Similarly, when s = 3, then using Remark 2.1(2), one can also express hamy_(t3) as:

ham,_(t3) =— Bﬂ@i — k= 3j0)azi jokrs1 + 20 + D i1, jo,k+1,l):| Zytlokel
+ 3 [Bi =k = 3j0)a.ijoukty — 20 + D@1, is1,jo.ks1.)] Zitat kel
+ 3 [Bi— k= 3j0)aijody — 2 + Dac.ir1 jokr1.)| 2L L + K,
where K € Span (‘Bs \ {zﬁ tgti"tgté | (5,1, jo.k, 1) €{0,1,2} x N x Z3}) (note that one needs the following two expressions

3 S
Zy = 2(z1t3 — ott?) and tg =3zqt3tg — 3at4t§] — jﬂt«;] from (17) and (18) to express some of the monomials in terms of
the basis 5 of Rs). Comparing this expression for ham,_(t3) to (26) (when s = 3) reveals that

> bie.w 2 G5 t5tktl =
E.wej
3 i . ' i okl
- Z 5,3(31 —k—3jo)aq,i joki+1 + 20+ Daagiq1,jo.k+1,0 | 214 t5t6

+ Z [Bi—k—3j0)ag,i,jok) — 20+ DA, it1,jok+1.0] zZ t3t£°t§t’5
+ ) [Bi—k=3j0)aq.ijokn — 2 + Daaq,iv1.jokr1.] 21565 tts + K.

&

We have already established that <z§t3tit’§tg) is a basis for Rs[t;l]. Since v = (i, jo.k, 1) e N x 73

(ieN;j,kleZ;£€{0,1,2)
(with jop <0) and w = (i, j, k,I) € N? x Z? (with j > 0), it follows from the above equality that, at vy, we must have:

26



S. Launois and I. Oppong Journal of Geometry and Physics 196 (2024) 105077

3 . . .

5/3(31 —k—3jo)aa,i,jo.k1+1) + 20 + Daag,i+1, jo.k+1,) =0, (28)
(3i —k —3j0)a.i jo.k) — 20 + Deaac it1,jo.k+1.) =0, (29)
(Bi—k—3jo)aq.i jo.kn — 20+ Daag,iv1, jo.k+1, =0 (30)

Suppose that there exists (£, 1, jo,k,I) € I such that (3i —k — 3jo)a, i jo.k,;) = 0. Then, ag ; j, kn = 0. Otherwise, we shall
have:

k=30 jo). GY

Comparing (31) to (27) clearly shows that i — jo = 0 which implies that i = jp < 0, a contradiction (note that i > 0)!

Now, observe that if there exists & € {0, 1,2} such that a ; j, x =0 for all (i, jo,k,) e N x 73, then one can easily
deduce from equations (28), (29) and (30) that a ; jo.k1 =0 for all (£, 1, jo,k, 1) € I. This contradicts our initial assumption.
Therefore, for each £ € {0, 1,2}, there exists some (i, jo.k,I) € N x Z3 such that age.i jo.k,1) 7 0. Without loss of generality,
let (u, jo, v, w) be the greatest element in the lexicographic order on N x Z3 such that ao,u,jo,v,w) 7 0 and ag i, jo kn =0
for all i > u.

From (29), at (i, jo, k,l) = (u, jo, v, w), we have:

GBu —v —3jo)ao,u,jo,v,w) — 2+ Daaq,us1, jo,v+1,w) = 0.

From (30), at (i, jo,k,l) = (u +1, jo, v + 1, w), we have:
GBu —v —3j0)ad,ut1,jo,v+1,w) — 2 + D@ ut2,jo,v+2,w) = 0.
Finally, from (28), at (i, jo, k,I) = (u + 2, jo, v+ 2, w — 1), we have:
3 .
5/3(311 — Vv —=3j0)ae,u+2, jo,v+2,w) + 2(U + Daap,u+3, jo,v+3,w-1) =0.
Since u + 3 > u, it follows from the above three displayed equations (beginning from the last one) that

a,u+3,jo,v+3,w—1) = 0= a@u+2,jo,v+2,w) = 0= A1,u+1,jo,v+1,w) = 0= a©u, jo,v,w) =0,

a contradiction (remember that (3i —k — 3jo)ac i jo.kn = O implies that ac ; j, 1 = 0)! Hence, ap jo.k1 =0 for all
@, jo.k, D) € N x Z3. From (28), (29) and (30), one can then conclude that ae.i jo.ky =0 for all (&,1, jo,k,I) € I. This is
a contradiction to our assumption, hence x_ = 0. Consequently, x = x; € R5 as desired.

2. It follows from Lemma 5.6 that z; =t; + %t%tf. Since p(ty) = Acty, k €{2,...,6}, with A = —X5 (see Lemma 5.7),
it follows that

2 2
p(z2) == hsty + 3Gz = At = —iszp + 36— e+ A3ty
Furthermore,
2 _
D(z2) =hamy(z3) + p(z2) = hamy(z2) — A5z + §(3l3 — A4+ ks)f§t4 leRs.

We have that (343 — A4 + A5)t3t; ' € Rs, since hamy(z2) — Asz» € Rs. This implies that (3i3 — A4 + As)t3 € Rsta. Set
w :=3A3 — A4 + A5. Suppose that w # 0. From (18), we have:

3 3 -1 -1
t3 = 3z1t3t4 — 5/3['6 — 3at4t5 .
It follows that
3_ -1 3
wty =3wzqtstg — 3watsty — Ewﬁ% € Rsty.
Since t%, t4t5_] and zqtsty4 are all elements of Rsty4, this implies that t6_1 € Rsty. Hence, 1 € Rstats, a contradiction (see
the basis B5 of Rs (Proposition 5.3)). Therefore, w =313 — A4 + A5 =0, and so A4 = 313 + As. This further implies that

p(z2) = —Aszy as desired.
Again, from Lemma 5.7, we have that p(f1) = —(A3+ As) f1. Recall from Lemma 5.6 that z; = f1 + %t%t;]. It follows that

1 _ 1 _
pz1) =— (A3 +As5) f1 + 5(2)»3 - )»4)f§t4] =—(A3 +As5)z1 + §(3)»3 — A4+ A5)f§f41

1
== (3+25)71+ 3Gk = Ghs+25) + A5)B3t, 1 = —(h3 + As)z1.
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Finally, we know that p(tg) = Agts, and
38 4

t3 =3z1t3tq — 3atats ' — —te
This implies that

=1 i(3 -1_ .3

5 = Z1t3ts — 3atats  —t3).

38
Apply p to this relation to obtain

A -1 __ 2 —1 3
—Aglg =343 % 3z1t3ts — 3ataty; —t3) ).

Clearly, A = —3A3 as desired.
3. Recall that A1 = —(A3 + A5) and A = —As. The result easily follows from the previous points since z; = x1,5 and
Zp=X25. O

We are now ready to describe D as a Poisson derivation of 4y g.

Lemma 5.9.

1 xe Ay p.
2. p(x¢)=0forallk €{1,...,6}.
3. D = hamy.

Proof. In this proof, we set v := (i, j, k,I) € N? x Z?. Recall from the PDDA for Ay g that t5 = x5 and tg = Xg.
1. Given the basis B of Ay g from Proposition 4.14, one can write x € Rs = Aa,ﬂ[ts‘l, tgl] as

iy, €1,€2 k]
X = Z Q(er,e0,0)X1 X5 X5 X totg, (32)

(€1,€2,0)€l

where [ is a finite subset of {0, 1} x N2 x Z? and (e, ¢,,v) are scalars. Write x = x_ + x, where

i,,J,€1,€2 k.l
Xy = Z U(er e2,0)X1XX3' Xy L,
(€1,€2,v)€l
k, >0
and
i J€1.,€2 k
X_ = Z Uer.e,0) X, Xo X5 X2 EE LG
(€1,€2,V)€l
k<0 or <0

Suppose that x_ # 0. Then, there exists a minimum negative integer ko or lp such that a, ¢, .i,j.ko.)) 7 0 OF G(e;.e5,i,j ki lo)
0 for some (€1, €2,1, j, ko, D), (€1, €2,1, j,k,lp) €1, and a(, ¢,.i j k) = 0 whenever k < ko or [ <lp. Write

i, €162kl
X_ = E U(e;,e2,0) X1 X5 X5 X, it
(€1,€2,v)€l
ko<k<—1orlp<i<—1

Now D(x3) = hamy, (x3) + hamy_(x3) + p(x3) € Ay g. From Lemma 5.6, we have that x3 =x36 + tgtg1 and x36 =t3 +
%t4t; 1. Putting these two together gives:

_ 3. 1, 2,1
X3—t3+§t4t5 + t5tg -

Again, from Lemma 5.6, we also have that t4 = x4 — %tgtsq. Note that p(ty) = Axty, K =3,4,5,6.
Now,

3 _ _
p(s) =Asts + 5 (ha — hs)tats T+ 2hs — Ag)thty!
_ _ % -1 E _ -1 _ 2.—1
=X3|X36 2t4t5 + 3 (Ag — As)tats " + (2A5 — Ap)tstg
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3 -1 2.—1
=A3X36 — 5()»3 — A4+ As)tats " + (2As — Ag)t5tg

2.—1 3 2 3:—1 -1 2.—1
=A3(x3 —t5tg ) — 5()»3 —Ag+Xr5) | X4 — §t5t6 ts + (2hs5 — Ae)tstg
= A3X3 +Ot]X4t;] +O[2t§f6_1, (33)

where o = %(M — 23 —As) and @z = (3A5 — A4 — Ag). Therefore, D(x3) = hamy, (x3) + hamy_(x3) + A3x3 + a1X4t;1 +
oeztgte_1 € Aq p. It follows that D(x3)tste = hamy, (x3)tste + hamy_ (X3)tste + A3Xststs + a1Xate + aats € Aq p. Hence,
hamy_ (x3)t5t6 € Ag, g, since hamy, (X3)tste + A3x3tste + a1X4te + Olzl'g € Au,p-

One can also verify that

. . i J€1+1 €2 k+1,14+1
hamy_(x3)tstg = Z A(ey.e2.) ((l +3j —3€e2 — Ixixx5' " Xty g
(€1,€2,v)€l
i J €1 €2+ kl+1 | - i—1j+1 €1, € k+11+1
— 3kx1X%3' X, tstgT Xy Xy XX ST g
—6lx X XS XT3 tg) : (34)

Assume that there exists | < 0 such that a, e, .i,j k1) 7 0. It follows from our initial assumption that d(, c,.i,jk,lo) 7 O-
Now, at [ =Ip, denote v = (i, j, k,I) by vq := (i, j, k, lp). From (34), we have that

i J €1 €2 .k+3 1
hamy_ (x3)tstg = — E 610“(61,62,20)"'1X£x31 Xt + 71,
(€1,€2,V)€l

where J; € Span (qs \ {x"lxéxglxizt’gtg’ |€1,62€{0,1}, ke Z and i, j € N}).
One can also write hamy_ (x3)tsts € Ag, g in terms of the basis 9 of Ay g from Proposition 4.14 as:

hamy_(x3)tstg = Z bier 0w Xy XX X LEEL, (35)

(€1,€2.W)€]

where ] is a finite subset of {0,1}? x N* and b, .¢,.w) € K, with w := (i, j, k, 1) € N*. It follows that

i €1 €21k, iJ,€1,€ k431
E biey,er,w)X1X3X3' X t5tg = — 2 6lo(e), 2,09 X1 X0X3 X L5 tg + J1.
(e1.€2, W)€ ] (€1,€2,V9)€l

J [

As B is a basis for Ay g, we deduce from Corollary 4.15 that <x§x2x§1xflzt§t6 is a basis for

)((Gl,ést)E{OJ}ZXNZXZZ)
A, plts", t5']. Since vy = (i, j.k.lo) € N2 x Z? (with Iy < 0) and w = (i, j. k. ) € N* (with [ > 0) in the above equality, we
must have

6100(61 ,€2,V0) = 0.

Note that, since lo # 0, it follows that a(; e;,v,) = Q(eq.€5.i.j.k.lp) ar€ all zero, a contradiction! Therefore, there is no negative
exponent of tg appearing in the decomposition of x in (32).

Given that [ > 0, it follows from our initial assumption that there exists k = ko < 0 such that a(, ¢,,ij ko)) 7 0. The rest
of the proof will show that this is also impossible.

Set vy := (i, j, ko, 1) € N2 x Z x N. From (34), we have that

i 1.k
hamy_ (x3)tsts = — Z 3ka(e, 6000 Xy X5 X5 X LT + V),

(€1,€2,v9)€l

where V € 5 := Span (‘13 \ {x"lxéxgleftléotg l€1,e2€{0,1} and i, j,l € N}). It follows that

hamy_ (x3)tstg =

i oJ, Ko +1 i ] ko 1+1
— D 3koapowXixprats’te™ — Y 3kot(1,0) XXy ¥sXalsts

(0,0,v)el (1,0,v)el
o o
— > 3koaawXigxattg — Y 3koaq,1.wX xgxaxgtstE + V. (36)
0,1,v)el (1,1,v)el

Write the relations in Lemma 4.11(2), (4) as follows:
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, 2. 2 8 4
X3 =§,3 — 3X2XaXe + GOX3X6 + S X1X3XaXe + Ly, (37)

o =2 By — Zx 16 ., 16 8 52
3 4—3,3 373 2X3X4X6 + g9 X + 3 OtX1X4X5+3/3X1X6

8 32 16
- gx%xzx4x§ + Eax%xgxé + ?X$X3x4xé + Lo, (38)

where Ly and L, are some elements of the left ideal Ay gts C J>. Substitute (37) and (38) into (36) and simplify to obtain:

2
hamy_ (e3)tstg = Z[Mjﬁa(o,l,i,j,ko,m) + A1,2070(1,1,,j,ko,1-2)
i ko
+ 11.3B4(1.1,i-2. ko -2 IX) X5t

+ Z[kmaa<0,1,i,j,l<o,l—2) +22,2B801,1,i,j.ko,I-1)

iy kol
+A2,300(1,1,i-2,j ko,1-3)1X71 X3X315 L5

+Z[)\B,la(O,],i,j—],ko,l—Z) +A3,2000(1,1,i-1,j,ko.1-2)
iJy Koyl
+ A3.30(1.1,i-2.j-1.ko1~3) + *3,40(0,0.i, ] ko.I—1) X XXat 5 Eg
+Z[MJ0(0,1,i71,j,k0,172) +A4.20(1,1,i,j—1,ko,1-2)
i J ko .1 ’
+ A4,30(1,1,i-3,j ko,1-3) T 24,40(1,0,i,j ko, I-1) X1 XpX3Xal 5 tg + V', (39)

where V' € Ja. Also, As:= Ast(j, ko, 1) are some families of scalars which are non-zero for all s,t € {1,2,3,4} and j,l e N,
except A1 4 and Az 4 which are assumed to be zero since they do not exist in the above expression. Note that although each
As,c depends on j, ko, I, we have not made this dependency explicit in (39), since the minimum requirement we need to
complete the proof is for all the A existing in the above expression to be non-zero, which we already have.

Observe that (39) and (35) are equal, hence

i €1, € k] 2
Z b(51,ez,w)"1x2x31"42fsfe=2[2»1,150(0,1,i,j,k0,1—1)+)»1,2Ol a1,k 1-2)
(€1,€2.W)€]

i J.kol
+A1,3Ba(1,1,i-2,j ko, 1-2) [X] X5t tg

+ Z[kz,laa(o,l,i,j,ko,t—z) +22,28001.1,i,j.ko.1-1)

i J ko .l
+ 42,3001 1,i-2.j ko.1-3) IX X X315 L

+ Z[)\B,1a(0,1,i,j71,k0,172) + A32000(1,1,i-1,j,ko.l-2)
iy skol
+ A3,30(1,1,i-2, j—1,kg,I—3) T+ A3,40(0,0,i, j,ko,I—1) X1 X5 X4t5 Eg
+ Z[)ul,1a(0,1,1'71,j,k0,172) + X4,20(1,1,i,j-1,ko,1—2)

i ko 41 ’
+A4.30(1,1,i-3,j ko, 1-3) + A4,40(1,0,1,j ko, I—1) 1X] X5 X3Xat s tg + V.

We have previously established that (x'ixﬁx;left’g L is a basis of A glts ", tg '] (remember that

)((el,ez,ge{o,l}szzxZZ)
[ >0 in this part of the proof).

Since vy = (i, j, ko,!) € N? x Z x N (with ko < 0) and w = (i, j, k, ) € N* (with k > 0) in the above equality, it follows
that
AM1BA©,1.i,j kot~ 1) + 21202001, 1,1, j ko 1-2) + 21.3B0(1,1,i-2,j.kol-2) = 0, (40)
A2106a(0,1,i,j,ko.1-2) T A2,280(1,1,i,j.ko.1-1) T A2,300(1,1,i-2, j ko,I-3) = O, (41)
A3,10(0,1,i, j—1,kg,1—2) T A3,2000(1,1,i—1, ] ko,I—2) T A3,30(1,1,i—2,j—1,ko,l-3)
+ A3,40(0,0,i,j,ko,I-1) = 0, (42)
A4.10(0,1,i—1,j.ko,l=2) T A4,20(1,1,7,j—1,ko,l—2) T A4,30(1,1,i—3, ] ko,I-3)
+24,40(1,0,i,j.ko.1~1) = 0. (43)

From (40) and (41), one can easily deduce that
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Olz)uLz M3

0011 jkob = = g5 A0 ko) T 3L Li=2 ko= (44)
oA oA 3

00,1 gko b = = g5 AOLijked=1) = gee 00112, ko 1-2)- (45)

Note that a(e,,e,,i, ko) :=0 Whenever i <0, j <0 or | <0 for all €1, €2 € {0, 1}.
Claim. The coefficients a 1,i,j ko,1) and G(1,1,i, j ko.1) are all zero for all I > 0.

We justify the claim by an induction on . From (44) and (45), the result is true when [ = 0. For [ > 0, assume that
a(,1,i,j,ko.hy = A(1,1,i,j,ko.hy = 0. Then, it follows from (44) and (45) that

i A3

a(0,1,i,j,ko,l4+1) = — Bhia a1,k — a1 1a(1,1,i*2,]',ko,l)’
C{)\,zy] Ol)»2’3

a1,1.4,j.ko l+1) = _—5)\2 N a,1.i,j.ko.l) — Braa a1,1,i-2,j.ko.l-1)-

From the inductive hypothesis, A(1,1,0,j.ko,h = A(1,1,i=2,1,ko.]) = 4(0,1,i,j.ko,l) = A(1,1,i—2,j.ko,i—1) = 0. Hence, a1, jky.1+1) =
ae,1,i,j,ko.l+1) = 0. By the principle of mathematical induction, a1, jko.l) = a(1,1,i,j,ko,)y =0 for all [ >0 as desired. Given
that the families a,1i,j,ko.) and a(i,1,i,j.k,,;y are all zero, it follows from (42) and (43) that a,0,i jko,;)) and ac1,0,i,j ke, are
also zero for all (i, j, ko,]) € N2 x Z x N. This contradicts our assumption. Hence, x_ = 0. Consequently, x = x, € Ag,p as
desired.

2. From Lemma 5.6, we have that x4 =x46 + %tgtgl =t4+ %tgtﬁ_l. Again, from Lemma 5.9, we have that A4 =3A3 + A5
and Ag = —3A3. Therefore,

2 _
0 (X4) = Aatq + 5(3?»5 - Ae)téts !
= (3A3 +As5)x46 +2(A3 + As)tgtg_]

_ _ g 3.—-1 3.-1
=CBrz3+Xis5) | x4 3t5t6 +2(A3 + As)tstg

4 341
= (3A3 + As5)x4 + §X5t5t6 .

Hence,
4. 3.1
D(x4) = hamy(x4) + p(x4) = hamy(x4) + 3A3 + A5)X4 + §k5t5t6 € Ag,p-

It follows that Astgtgl € Ag, g, since hamy(x4) + 313 + As5)x4 € Ay . Consequently, Astg € Aq,pts. Using the basis of Ay g
from Proposition 4.14, we easily have that A5 = 0. Therefore, p(x4) = 3A3X4 and p(ts) = 0. We already know from Lemma 5.9
that p(ts) = —3A3te. From (33), we have p(x3) = A3zx3z + %(A4 — A3 — )\5,)><4t5’1 + BA5 — g — Ae)tgtgl. Given that A4 =
3A3, A5 =0 and Ag = —3X3, we have that p(x3) = A3x3 + 3A3X4t;1. Now, D(x3) = hamy(x3) + p(x3) = hamy(x3) + A3x3 +
3A3X4t5_1 € Aq,p. Observe that hamy(x3), A3x3 € Ay g. Hence, A3X4t§l € Aq,p implies that A3xs € Ay gts. Similarly, A3 =0.
We now have that p(x3) = p(x4) = p(x5) = p(xe) = 0. We finish the proof by showing that p(x1) = p(x2) = 0. Recall from
(12) that

23 2 3 2.2 32
X2X4Xg 3x3xs 3x2x5~|—2x3x5 3X3X4X5~|—2x4—,3.

Apply p to this relation to obtain o (x2)Xaxe — %,o(xz)xg = 0. This implies that p(x2) (X4X5 — %xé) =0. Since Xaxg — %xg #0,

it follows that p(x2) = 0. Similarly, from (11), we have that

3 1 1,
X1X3X5 — EX]X4 - §X2X5 + §X3 =«.

Apply p to this relation to obtain p(xq) <X3X5 — %X4) = 0. Since x3x5 — %X4 # 0, we must have: p(x1) = 0. In conclusion,

px)=0 forall €« € {1,...,6}.
3. This easily follows from the previous points. O
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5.3.2. Poisson derivations of Ay o and Ag g

Following procedures similar to the previous case (i.e. Ay,g With o8 5 0), one can also compute the Poisson derivations
of Ay,0 and Ag g. The computations have been done, however, for the avoidance of redundancy, we are not going to include
them here. We only summarize the results here. Before we do that, we compute explicitly some scalar Poisson derivations
of Ag,0 and Ag g.

Lemma 5.10. Let (or, ) € K2\ {(0, 0)}. Suppose that 9 and & are linear maps on A0 and Ag, g respectively, and are defined by:

P (x1) = —Xx1, F(X2) =—X2, 9 (x3) =0, ?(xq) =4, D (x5) =Xx5, D¥(xXg) = 2Xg,

and

B (x1) = —2x1, D(x2) = —3x2, D(x3)=—x3, D(xa) =0, D(xs5) =x5, (X)=3xs.

Then, 9 and O extended to A0 and Ao g respectively using the Leibniz rule are K-Poisson derivations of Ay o and Ag g respectively.
Proof. The interested reader is referred to [19, Lemma 6.3.6]. O

As usual, we denote by HPl(Aa,ﬁ) the first Poisson cohomology group of the Poisson algebra .4y g. Recall that

HP'(Aq. p) :=Derp(Aq.p)/InnDerp(Agy p),

where Derp(Agy,g) is the set of all the Poisson K-derivations of Ay g, and InnDerp(Ay g) := {hamy | x € Ay g} €
Derp(Aq,p). For a Poisson derivation d of Ay, g, we denote by [d] its class modulo InnDerp(Agy, g).
We are now ready to summarize our main results regarding the Poisson derivations of Ay g.

Theorem 5.11.

1. Ifae, B # 0; then every Poisson derivation D of Ay, g is a Poisson inner derivation. In particular, HP! (Aa,p) = {[0]}.

2. Ifx # 0 and B = 0, then every Poisson derivation D of Ay o can uniquely be written as D = hamy + A%, where A € K and
x € Ag.0. Thus HP1 (A 0) = K[9].

3. Ifa =0 and B # 0, then every Poisson derivation D of Ag g can uniquely be written as D = hamy + A8, where A € K and
x € Ao g. Thus HP' (Ao p) = K[ ].

Let (a, B) € K2\ {(0,0)}. One can easily conclude that the first Poisson cohomology group HP! (Agq,p) is isomorphic to
the first Hochschild cohomology group HH' (A4, ) studied in [16, Theorem 5.12].

It is natural to ask whether higher Poisson cohomology groups of Ay g are isomorphic to higher Hochschild cohomology
groups of Ay g, that is, do we have HP! (Ao p) = HH"(Aa,ﬁ) for all i?
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