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Abstract

In this paper rational solutions of the fifth Painlevé equation are discussed. There are two classes
of rational solutions of the fifth Painlevé equation, one expressed in terms of the generalised Laguerre
polynomials, which are the main subject of this paper, and the other in terms of the generalised
Umemura polynomials. Both the generalised Laguerre polynomials and the generalised Umemura
polynomials can be expressed as Wronskians of Laguerre polynomials specified in terms of specific
families of partitions. The properties of the generalised Laguerre polynomials are determined and var-
ious differential-difference and discrete equations found. The rational solutions of the fifth Painlevé
equation, the associated o-equation and the symmetric fifth Painlevé system are expressed in terms
of generalised Laguerre polynomials. Non-uniqueness of the solutions in special cases is established
and some applications are considered. In the second part of the paper, the structure of the roots of the
polynomials are investigated for all values of the parameters. Interesting transitions between root
structures through coalescences at the origin are discovered, with the allowed behaviours controlled
by hook data associated with the partition. The discriminants of the generalised Laguerre polyno-
mials are found and also shown to be expressible in terms of partition data. Explicit expressions for
the coefficients of a general Wronskian Laguerre polynomial defined in terms of a single partition are
given.

Keywords: Painlevé equation, rational solutions, Laguerre polynomials, discriminant, partition,
Wronskian.

Dedicated to Athanassios S. Fokas on the occasion of his 70th anniversary for his many contributions
to studies of integrable nonlinear differential equations, including Painlevé equations.

1 Introduction

The fifth Painlevé equation is given by

d?il;: i 1 di,w2_1d7w+(w—l)Q(an-Fﬁ)er_’_(sw(w-‘rl)’ (1.1)
dz 2w w-—1 dz z dz 22w z w—1
with «, 3, v and ¢ constants. In the generic case of (1.1) when 6 # 0, then we set § = —%, without loss

of generality (by rescaling z if necessary) and obtain
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which we will refer to as Pv.



The six Painlevé equations (P;—Py), were discovered by Painlevé, Gambier and their colleagues
whilst studying second order ordinary differential equations of the form

d%w dw
—=F —_— 1.3
dz? (Z’m dz) ’ (1.3)

where F is rational in dw/dz and w and analytic in z. The Painlevé transcendents, i.e. the solutions
of the Painlevé equations, can be thought of as nonlinear analogues of the classical special functions.
Iwasaki, Kimura, Shimomura and Yoshida [33] characterize the six Painlevé equations as “the most
important nonlinear ordinary differential equations” and state that “many specialists believe that
during the twenty-first century the Painlevé functions will become new members of the community of
special functions”. Subsequently the Painlevé transcendents are a chapter in the NIST Digital Library
of Mathematical Functions [61, §32].

The general solutions of the Painlevé equations are transcendental in the sense that they can-
not be expressed in terms of known elementary functions and so require the introduction of a new
transcendental function to describe their solution. However, it is well known that all the Painlevé
equations, except Pj, possess rational solutions, algebraic solutions and solutions expressed in terms
of the classical special functions — Airy, Bessel, parabolic cylinder, Kummer and hypergeometric func-
tions, respectively — for special values of the parameters, see, e.g. [13, 22, 28] and the references
therein. These hierarchies are usually generated from “seed solutions” using the associated Backlund
transformations and frequently can be expressed in the form of determinants.

Vorob’ev [71] and Yablonskii [75] expressed the rational solutions of Pj; in terms of special polyno-
mials, now known as the Yablonskii—Vorob’ev polynomials, which were defined through a second-order,
bilinear differential-difference equation. Subsequently Kajiwara and Ohta [36] derived a determinan-
tal representation of the polynomials, see also [34, 35]. Okamoto [56] obtained special polynomials,
analogous to the Yablonskii—Vorob’ev polynomials, which are associated with some of the rational
solutions of P;y. Noumi and Yamada [53] generalized Okamoto’s results and expressed all rational
solutions of Pry in terms of special polynomials, now known as the generalized Hermite polynomials
H,, (z) and generalized Okamoto polynomials Q, (z), both of which are determinants of sequences
of Hermite polynomials; see also [37].

Umemura [68] derived special polynomials associated with certain rational and algebraic solu-
tions of Py;; and Py, which are determinants of sequences of associated Laguerre polynomials. (The
original manuscript was written by Umemura in 1996 for the proceedings of the conference “Theory
of nonlinear special functions: the Painlevé transcendents” in Montreal, which were not published,;
see [60].) Subsequently there have been further studies of rational and algebraic solutions of Py
[12, 16, 40, 46, 51, 57, 72]. Several of these papers are concerned with the combinatorial structure and
determinant representation of the generalised Laguerre polynomials, often related to the Hamiltonian
structure and affine Weyl symmetries of the Painlevé equations. Additionally the coefficients of these
special polynomials have some interesting combinatorial properties [66, 67, 68]. See also [49] and re-
sults on the combinatorics of the coefficients of Wronskian Hermite polynomials [7] and Wronskian
Appell polynomials [6].

We define generalised Laguerre polynomials as Wronskians of a sequence of associated Laguerre
polynomials specified in terms of a partition of an integer. We give a short introduction to the combi-
natorial concepts in §2 and record several equivalent definitions of a generalised Laguerre polynomial
in §3, where we also show that the polynomials satisfy various differential-difference equations and
discrete equations. In §4 we express a family of rational solution of Py (1.2) in terms of the generalised
Laguerre polynomials. For certain values of the parameter, we show that the solutions are not unique.
Rational solutions of the Py o-equation, the second-order, second-degree differential equation associ-
ated with the Hamiltonian representation of Py, are considered in §5, which includes a discussion of
some applications. In §6 we describe rational solutions of the symmetric Py system. Properties of gen-
eralised Laguerre polynomials are established in §7 as well as an explicit description of all partitions
with 2-core of size k and 2-quotient (A, @) for all partitions A. Then in §8 we obtain the discriminants
of the polynomials, describe the patterns of roots as a function of the parameter and explain how the
roots move as the parameter varies. Finally, we show that many of the results in the last section can



be expressed in terms of combinatorial properties of the underlying partition. We also obtain explicit
expressions for the coefficients of Wronskian Laguerre polynomials that depend on a single partition
using the hooks of the partition.

2 Partitions

Partitions will appear throughout this article. We give a brief description of the key ideas. Useful
references include [43, 63]. A partition A = (A1, \g,...,\,) is a sequence of non-increasing integers
A1 > Ay > ... > ). We sometimes set r = £(A). The partition @ represents the unique partition of zero.
We define |A| = A1 + Ay + --- + A,. The associated degree vector hy = (hi,hs,...,h,) is a sequence of
distinct integers hy > ho > ... > h, > 0 related to partition elements via

Aj=h; —r+7, j=12...,"r 2.1)

We often write h rather than hy. Define the Vandermonde determinant A(h) as

Ah)= ] (e —hy). (2.2)

1<j<k<r

Partitions are usefully represented as Young diagrams by stacking r rows of boxes of decreasing
length A; for j = 1,2,...,7 on top of each other. Reflecting a Young diagram in the main diagonal gives
the diagram corresponding to the conjugate partition A*. Young’s lattice is the lattice of all partitions
partially ordered by inclusion of the corresponding Young diagrams. That is, A < XA if \; < \; for
i=1,2,...,4(X). We write A <; Aif |A\| + j = |A|. Let F denote the number of paths in the Young
lattice from A to @), and F, /X the number of paths from A to A Explicitly

1 ey
F, 5 = (]A| — |A])! det [ -
A/X )
A=A —Jj+ k) k=1
A hook length 1, is assigned to box (j, k) in the Young diagram via
hjw=X+X,—j—k+1. (2.3)

The hook length counts the number of boxes to the right of and below box (4, k) plus one. Thus

|
F)\ = |)\| )
HhEHA h

where H, is the set of all hook lengths. The entries of the degree vector h are the hooks in the first
column of the Young diagram. Examples of Young diagrams and the corresponding hook lengths are
given in Figure 2.1.

A partition can be represented as p + 1 smaller partitions known as the p-core A and p-quotient
(v1,...,v,). A partition is a p-core partition if it contains no hook lengths of size p. Therefore the
example partition (2, 1) is a 2-core and A = (42,2,13) is both a 6- and 7-core. We only consider p = 2
here. The hooks of size 2 are vertical or horizontal dominoes. We note that all 2-cores are staircase
partitions A = (k,k —1,...,1).

The 2-core of a partition is found by sequentially removing all hooks of size 2 from the Young
diagram such that at each step the diagram represents a partition. The terminating Young diagram
defines the 2-core, which we denote X. It does not depend on the order in which the hooks are removed.
For example, the partition (42,2,1°) has 2-core A = (2,1). Figure 2.1(a) shows that there are three
choices of domino that may be removed at the first step. The 2-height ht(\) (or 2-sign) of partition
A is the (unique) number of vertical dominoes removed from A\ to obtain its 2-core. Equivalently, the
2-height is the number of vertical dominoes in any domino tiling of the Young diagram of .



The 2-quotient records how the dominoes are removed from a partition to obtain its core. James’
p-abacus [30] is a useful tool to determine the quotient, and provides an alternative visual represen-
tation of a partition. A 2-abacus consists of left and right vertical runners with bead positions labelled
0,2,4,...(eft)and 1, 3,5, ... (right) from top to bottom. To represent a partition on the 2-abacus, place
a bead at the points corresponding to each element of the degree vector h. Since a partition can have as
many 0’s as we like, we allow an abacus to have any number of initial beads and any number of empty
beads after the last bead. There are, therefore, an infinite set of abaci associated to each partition,
according to the location of the first unoccupied slot. We return to this point below. The parts of a
partition are read from its abacus by counting the number of empty spaces before each bead.

A bead with no bead directly above it on the same runner corresponds to a hook of length 2 in the
Young diagram. The 2-core X is found from the abacus by sliding all beads vertically up as far as pos-
sible and reading off the resulting partition. Figure 2.1 shows the Young diagram and hooklengths of
(42,2,13) in (a), an abacus representation in (c), its 2-core A = (2, 1) in (b) and the abacus corresponding
to A that is obtained from (c) by pushing up all beads.
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Figure 2.1: The Young diagrams including hook length corresponding to (a) A = (4?,2,1%) and its core
(b) A = (2,1), and corresponding abacus diagrams (c) and (d).

The 2-quotient is an ordered pair of partitions (v, ;) that encodes how many places the beads on
each runner are moved to obtain the 2-core. The 2-quotient ordering is specified by ensuring the 2-core
has at least as many beads on the second runner as the first. One can always add a bead to the left
runner of the partition abacus and shift all subsequent beads one place if this condition is not met
[73], swapping the order of the quotient partitions. Consequently, the relationship between a partition
and its 2-core of size k and 2-quotient (v, v5) is bijective. In the running example, one bead on the left
runner is moved one place and another bead is moved three places. This is recorded in the partition
v, = (3,1). Only one bead is moved on runner 2, by one space, and so v, = (1). Therefore the 2-core
and 2-quotient of A = (42,2,13) are (2,1) and ((3,1), (1)) respectively.

While we do not know of an explicit representation of the core and quotient for a generic parti-
tion, nor vice versa, the corresponding partitions can easily be found case by case and the bijection
is known in some special families of partitions. Partitions with 2-core k and 2-quotient (v, @) will be
important in this article. For such partitions, we now determine the (unordered) first column hooks
of the corresponding partition A(k,v). Find the degree vector h, and place beads on the 2-abacus in
positions

{2h,}_, U{2) — 1}%E, @4

We read off the corresponding partition A(k,r) from the position of the beads on the abacus. The
first column hooks given by (2.4) must be ordered before using (2.1) to obtain the partition, which is
why we cannot give an expression for A(k,v) for generic partitions v. As an example take k£ = 3 and
v =(4,2,1). Then h, = (6,3,1). It follows from (2.4) that the abacus of the partition A(3,(4,2,1)) has
beads in places 2,6,12and 1,3,5,7,9, 11. Therefore hy = (12,11,9,7,6,5,3,2,1) and thus A(3,(4,2,1)) =
(42,3,23,13). In section 7, we use the first column hook set (2.4) to determine an explicit formula for
the family of partitions with 2-core k¥ and 2-quotient (((m + 1)™),0).



3 Generalised Laguerre polynomials

Definition 3.1. The generalised Laguerre polynomial T,S{f ), (z), which is a polynomial of degree (m+1)n,
is defined by

dj+k (1) n—1
T3, (2) = det { i Lonin (z)} . m>0, n>1, (3.1)
dz j,k=0
where L{*) (z) is the associated Laguerre polynomial
—Q N2 dn
Lgla)(z> — z n'e @ (Zn+a e—z) 7 n>0. (3.2)

Lemma 3.2. The generalised Laguerre polynomial T&“ L(z) can also be written as the Wronskian

T, (2) = (=102 W (L0 (), LG (2), o LS (2)

m—+n
= Wi (LG (), LGS (), L0 (2)) (3.3)
Proof. We use
k k 1 (a+k)
iL(a)(Z) _JEDTL T (z), k<, 3.4)
dzh 0, otherwise,

cf. [61, equation (18.9.23)], to write the determinant form of T,(n” Zl(z) as a Wronskian

n—1

ditk N
det [ g Lﬁffii)(z)} = (=) D2Wr (L;g‘jy(z), L2 (), L )(2)) .
k=0
Using the result
Li(z) = LV (=) - Lt (2), (3.5)
[61, equation (18.9.13)], it can be shown using induction that
k-1 k1
1—k _i(k—
Lo Ve = 1+ Yo (U)o
j=1
Hence setting o = p + n gives
( ) () N k=1Y 1 (utm)
+n+1—k o “+n k—i - “+n _
L) (2) = Ly (2) + Z(—l) ! (j _ 1>L7rl:+j (2), k=1,2,....n, (3.6)

j=1
and so we obtain

T, (2) = (1D

n = n—iq n—1 n n n n
x Wr | L5 () + (D) ( i 1)L£ni;‘>, L () - Lt (), L ()
j=1

Since we can add a multiple of any column to any other column without changing the Wronskian
determinant, we keep the last term in each sum:

T, (2) = (1" =02 W (LG (), LG L (2), o L (). (3.7)

On interchanging the ;" column with the (n — j + 1) column, we find
T, (2) = Wr (L0 (2), L (), o L0 (2)) (3.8)
O



We remark that

T () = W (L), 287 (=), LS (2)) = ()L G (),

Definition 3.3. Bonneux and Kuiljaars [8], see also [20, 21, 25], define a Wronskian of Laguerre

polynomials
A (2) = Wi (L2 (), LD (), L (2)) (3.9)
in terms of the degree vector h = (hq, ho, ..., h,) of partition A = (A1, A2, ..., \.). Hence
THO() = (=)D (2, (3.10)

where the partition is A = ((m + 1)™).

Definition 3.4. The elementary Schur polynomials p;(t), for j € Z, in terms of the variables ¢ =
(t1,ts,...), are defined by the generating function

ij(t) ) = exp (Z t; xj) , pi(t) =0, for j <O, (3.11)
§=0 j=1

with po(t) = 1. The Schur polynomial Sy (t) for the partition A is given by
Sx(t) = det [px, +x—j (t)];k:1 : (3.12)

The generalised Laguerre polynomial Tf,{f )n(z) can be expressed as a Schur polynomial, as shown in
the following Lemma.

Lemma 3.5. The generalised Laguerre polynomial T&“ L(z) is the Schur polynomial

TH(2) = (=)= D255 (1), (3.13)
where A = (m+1)") and
1
tj:M+;L+ — 2, i=12,.... (3.14)
Proof. Since '
Ppm
8t{ Pm—j,

the Schur polynomial (3.12) can be written as the Wronskian

SA(t) = Wr (D, PAy 1415+ DA 1) 5 (3.15)

for any partition A, where the Wronskian is evaluated with respect to t;. The choice of ¢; defined in
(3.13) leads to

pi(t) =Ly (=2),  j=0,1,.... (3.16)
Set A = ((m + 1)), then (3.13) follows from (3.15) by re-ordering rows and columns and letting z —
. O

Definition 3.6. Define the polynomial 7}\/") (z)

d.j"’k n—1

Gl (2] mz0 nzl, (3.17)
J,k=0

f(rf‘zl(z) = det

T

with L{) (z) the associated Laguerre polynomial.



Remark 3.7. We note that R
T (—2) = T4, (). (3.18)

Lemma 3.8. The generalised Laguerre polynomial Tfn” %(Z) has the discrete symmetry

T (2) = (—1)LmtntD/2 gz 2n2m=2) (3.19)

Proof. Apply the standard relation
Sx(t) = Sx(—t). (3.20)
with A* = (n™*1) to the Schur form of the generalised Laguerre polynomial (3.5). O

Lemma 3.9. The generalised Laguerre polynomial TT(#ZL(Z) can also be written as the determinants

n—1

T(2) = det LTV ()] m>0, n>1, (3.21a)
J,R=
() (2) = (n2n—1) (] > >
T, (2) = det [LU 0 ( Lk:o’ m>0, n>1, (3.21b)
n—1
T, (2) = det [0 3" D (2)] e m>0, n>1, (3.21c)
1
n/2 (p+n+k)
T, (2) = (—1)1/2 et [Lmﬂ+1 (Z)L,k:o’ m>0, n>1, (3.21d)
n—1
() (/2] pr+2n=1)
TG = () det [LUTERG)] m>0, n>1, (3.21e)

where L) (z) is the Laguerre polynomial with Lgf”)(z) =0ifn<0.

Proof. These identities are easily proved using the well-known formulae (3.4) and (3.5), and properties
of Wronskians in either (3.1) or (3.3). O

Lemma 3.10. The generalised Laguerre polynomial Tﬁ{f %(z) satisfies the second-order, differential-

difference equation
2
a2y, (AT,
T 5" = (T ) = Tt T (3.22)

Proof. According to Sylvester [64], see also [47], if A, (p) is the double Wronskian given by

dithkp1m ! dep A"ty
An = det —_— - Wr ) )
(#) {dzﬁk ]j,k—o ( Tdz’ dz"t )

then A, () satisfies the

2A,  [dA\
A"F - ( p ) = A1 An 1, (3.23)
which is now known as the Toda equation. From (3.1)
k() 1" () n1p (1)
T(,u) — det dj+kLnlm+n - Wr L(u) dLnlL+n d 1Lnlm+n
m,n dZJ"rk - m4+n? dz 9ty dzn 1 .
‘7’ =

If we let ¢ = L)

m4+n

and A, ( A +n) = T{%"),, then we need to show that

ATH-l (Lﬁrlgrn) = T’r(rf‘—)l,n—i-h "4 (Lgrlgrn) = Tfrﬁl)-l,n—l‘



By definition

s dL(M) dnLng) ,
»An-‘rl (Lgrlf-)i-n) = WI‘ <L£rlL-)i-n7 A PRI} Ltn = T7§57)17n+17

dz dz"
L o ALk, o dnTPLY, .
An— (L%i") =W (Lfflim dzJr B dZ”*;r = Tr(wé+)1,n—1a
which proves the result. O

Remarks 3.11.

(i) Lemma 3.10 can also be proved using the well-known Jacobi Identity [18], sometimes known as
the Lewis Carroll formula, for the determinant D

o] ~o[of] oo}

where D M is the determinant with the i*" row and the j*" column removed from D. If

: n (u+1) n 7 (1)
D= T(H) = det dj+k L(M-‘rl) = Wr L(M-‘rl) dLnﬁ,—&-n o d Lnlm—i-n
m—1,n+1 dzj+k m+n b0 m+n dz ’ ’ dZn )
from (3.1), then
} (n+1) n—27 (p+1)
D[n’nﬂ e g Sl e ) _ g
n,n+1] mino T g, T g2 m+1,n—1>
- (u+1) n—17 (pt+1)
D |:n+1 - Wr L(/L+1) dL7n+n o d Lm+n _ T(p’)
n+1_ m—+n dZ ) ) dznil m,n’
- (n+1) n—27 (k+1)  gn7(ptl)
'D[ LC - D[nJrl} = Wr L(lH-l) dLnl;Jrn d 2Lnt:+n d Ln{:Jrn
n+1_ n m+n dz PR dzn,Q ) dz"
+1 n— +1
— i Wr 7, dLglL+n) d 2Lgs+n) _ dT7(#,21
dz mAn S dy T g2 dz ’
+1 n— +1 n +1
D[”:| — iWr L(H+1) dLE’gﬂLn) d 2L£#+n) d Lg@ﬂrn) _ d2TT(ﬂlle
n dZ m+77, ) dZ PR ) dzn_Q ) dzn dZQ b

and so (3.22) follows from the Jacobi Identity (3.24) withi =k =nand j=¢=n+ 1.
(i1) We note that the generalised Hermite polynomial
Hpn(z) = Wr (Hm(z), Hy1(2),. .., Hm+n_1(z)),

with Hy(z) the Hermite polynomial, which arises in the description of rational solutions of Py,
satisfies two second-order, differential-difference equations, see [53, equation (4.19)].

The generalised Laguerre polynomial T,(,{f gl(z) satisfies a number of discrete equations. In the fol-
lowing Lemma we prove two of these using Jacobi’s Identity (3.24).

Lemma 3.12. The generalised Laguerre polynomial Tﬂn“ Zl(z) satisfies the equations

2
T T, = T DT, — (T, ) (3.25)
-1 +1 -1
Tr(nlfn+)1 TT(TLM—Fl,’)rL—l = T7(YLM+1,’)IL Tv(rfszr,l) - Tfr?—&)-l,n Tv(r%- (3.26)

8



Proof. As the n + 1-dimensional determinant in (3.25) and (3.26) is the same, then to apply Jacobi’s
Identity (3.24), it’ll be necessary to use two different representations of T,(,ff ;i)l

To prove (3.25), we use Tﬁn“ ), as defined by (3.1) and so we consider

(1) nr (W)
_ plp—-1) _ (1) dLm+n+1 d Ly
A—Tni’anWr (LW’LJrnH7 P e P ,
then
(r) (k) n (W)
AH - Wr d2erl:+n+1 dSLﬂl@LJrnJrl . d +1Ln¢+n+1
! dz? ’ dz? Y dz" Tt
+2 n— +2
= Wr L(M+2) dLi}lJ—l—n)—l d 1L£rl:+n)—1 _ T(lH'l)
m+n—17 dz rrr dzn—l m—1,n>
dL(“) dnflL(H)
n+l| _ (1) m+4n+1 m4n+1 | _ p(p—1)
A{n+1:| =Wr (Lnﬁmh dz 7T ol = To'1,n0
(1) (W) ny (1)
A|: 1 :| _ A|:TL+1:| — Wr dL’ﬂl:-i-n-i-l dzLWl:-‘rn-‘rl danl:-&-n-&-l
n+1 1 dz ) d22 sy dz”
dL(lH‘l) dnflL(lH‘l)
_ n (u+1) + m+n _ n
= (-1)"Wr (LH’M , :1; n dz”_Ll “) = ()T,
A[Lnﬂ} — Wr d2L£rILL3rn+1 dBLgrlﬁrnJrl dnL;ﬂnﬂ
1,n+1 dZQ ? sz 7ttty dZn
(n+2) —27 (p+2)
— Wr L(M+2) dL?S—l-n—l d" QLWILL-HI—I _ T(;H-l)
m+n—17 dz LA dZn—Q m,n—19
since 1 2
a a+1 «a a+2
T E =16, SR e = L),

Then using Jacobi’s Identity (3.24) with i = k =1 and j = £ = n + 1, we obtain (3.25) as required.
To prove (3.26), we use the representation of Té{f ) given by (3.3), so we consider

—1 n+ n+ n—+ n+
B= Tr(rffn+)1 = Wr <L1(n+f)a L'Sn-i-;)’ s L£n+5)’ L£n+53rl) ’
then
d d d d
1 _ (ntp) (ntp) (ntp) (n+p)
B[lj| = Wr (dsz-&-g ’ &Lm—i-?lf LA @LmJﬂg ’ (iZLm-i-Ylf-i-l)
= (1) Wi (LD LG LD L) < (<1t
B[] = W (LG LGT, L) = i),
B[n—fl} = Wr <L7(771Li§)7 L;?i;)v R Lf:j-_ﬁ)v Lg:::grl) = Tr(rfll,n
d d d d
1] _ (ntp) (ntp) (ntp) (ntp)
B[er} = Wr (dsz-H{L 'dz m+§ IEEER) &Lm—ks—l’ @Ler:: )
n n n 1 n+p+1 n+p+1 n +1
= (_1) WI‘ (Lgn—HH_l)a L’Eni{Hr )7 s 7L£n+g—2)7 Lgn+;f—1)) = (_1) T'r(r/j—l,?n
Ln+1] d () d d (it
[MH} — Wi <dsz+,5 S A AL At
= (W (B L0, L) = (e



and so using Jacobi’s Identity with i = k =1 and j = £ = n + 1 gives (3.26) as required. O

The generalised Laguerre polynomial T,S{f L(z) satisfies a number of Hirota bilinear equations and
discrete bilinear equations.

Lemma 3.13. The generalised Laguerre polynomial T&” Zl(z) satisfies the Hirota bilinear equations

D, (Tmlg T<u>) =T, TUED (3.27a)
D, (T4, oD =79, T, (3.27b)
D. (Tgﬁz T 1>) T, T (3.27¢)
D, (Tgﬁl n.T(”“)) T T (3.27d)
D, (T(“) T(“+1> T T L (3.27e)
D. (T, o7, ) = TUH)_, 700, (.21
where D, is the Hirota bilinear operator
Dz(f-g)=% —f%, (3.28)

and the discrete bilinear equation
T(#) (1) _ T( ) T(M) TT(n;fT—Ll) T(M+1) ] (3.29)

m,n mn 1 m—1,n "m+1ln— m,n—1

Proof. In[69, Theorem 3.6], Vein and Dale prove three variants of the Jacobi Identity (3.24). To prove
some to the results in this Lemma, we use,

At Anis [1] = Aa[3] i [ = A [ A [0 (3.30)
which is identity (C) in [69, Theorem 3.6] with r» = 1. For (3.27a), consider the determinants
'A =Wh ( m+n+1) = T’r(r/j—;ll}w An+1 = Wn-‘rl (L(rg—)i-n—i-l) = Tv(vl:;i)l’
where W, (¢) is defined by

ditkp1" ! dgp d» 1ty
WTL(QD) = det |:dzj+k:|j’k_0 = Wr < Az ’dzn—1> )

then

dQL(lL)
An |:{| == Wn—l <(’Tl+2n+1 = Wn—l (L,E:tj:i)_1> = T,(,Z:i)p

n dLgﬁ) n n— 4 n-— g
An |:1:| = Wn—l (d;ﬂ> = (71) IWTL— (L%I:L)> ( 1) 1T?En‘4)*1n Iy

A [] = (Eet) o, (s2,) - nie

- d dL(M_)i_ 41 d dL(H+1) d
nl _ % m+n = (=1)"—W), m+n - (-1 ”7’1’(“)
Ant [1_ dz Wa ( dz (=1) deL dz (=1) dz~ ™™

n-+1] dLgrLLL) n
11 o (25 ) < oo u2) - o,

n1 d azr» d d
-An-i-l{ Lo 0 Zow <++1 = Wi (ngjj) 1) _ 4 et

1,n+1] dz d 2 dz m,n—1
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and so d d
+1 +1 . 1
T1§f,n7)l &Tvgzuzl + Téﬁ)lmfl Tr(nﬂflgz = Tr(rf,ZL@Tgf:)p
which proves the result.
To prove (3.27b), we use (3.30) with

A, = Wr (L(”J”“l), Lot Lgffiffl)) =T,

m+1
Anis = Wr (Lfgjf‘ll Loy ngg;j)) =72,
then
d +p—1 d +p—1 d +p—1
A H = Wr <dsz§+§ ’,@Lfggg ),...,ngr; )
_ (_1)71—1 Wr (L(n+#) L(”"‘H) L("‘H‘) ) _ (_l)n—l T(l“H)
m+1 »“m+2 vy Hm4n—-1) — m,n—17
n n+p—1 n+pu—1 n+pu—1 L
,47,,[1} = Wi (LD Lol gt )) -7
d (ntu—1) J(n+p—1) a1\ _ 4 1)
“471+1 |:71Li| = &WI (Lm-ﬁ—; 7Lm+?l>t PR '7Lm+::+1 ) = &Tmu+l,n7
d n+up—1 d n+p—1 d n+up—1
An+1m =Wr &Lsnﬁ )»aLanré )7-~~7£L£n+;1+1)
= (0" Wa (LG5 LGS L) =~ T,
Ani1 ["ﬂ —Wr (L;?j;“”,Li,’;jg‘”, . ,Lﬁgjg;l”) = 7D
1n] d (np-1) d L (nu-1) d (ntu-1)
A [ 0] = W (L0, LY Y ),
n— n n n n— d
= (-t we (LG LG L) = () LT,
and so d d
+1 -1 -1 +1
TT)(’ZTL—)l & r(rtL+1,2L - Tfri?—l,n—l T7€au’)n = Tn(’il‘-l-l,zza 7(rfl:n—)1’

which proves the result. The other results (3.27¢)—(3.27f) are proved in a similar way.

4 Rational solutions of Py

4.1 Classification of rational solutions of Py,

Rational solutions of Py (1.2) are classified in the following Theorem.

Theorem 4.1. Equation (1.2) has a rational solution if and only if one of the following holds:

(4.1)
(4.2)

@) a=1im? B=—-L(m+2n+1+4p? v=up form>1;
(it) a=L(m+p)% B=—3(n+ep)? v =m+en, with ¢ = +1, provided that m # 0 or n # 0;
(iii) a =1(m+1)% B=—%(n+1)% v =p provided that m # 0 or n # 0,
where m,n € 7 and u is an arbitrary constant, together with the solutions obtained through the sym-
metries
S wi(z;a1, B, 71, —3) = w(—z 0, B, 7y, —3), (a1, B1,711,—3) = (o, B, =7, —3),
So: wa(za,B2,73,—3) = W, (a2, B2, 73, —3) = (=B, —a, =7, —1),

where w(z; a, 8,7, —31) is a solution of (1.2).

11



Proof. See Kitaev, Law and McLeod [40]; also [28, Theorem 40.3]. O

Remark 4.2. Kitaev, Law and McLeod [40, Theorem 1.1] give four cases, though their cases (I) and
(II) are related by the symmetry (4.2). Kitaev, Law and McLeod [40] also state that u ¢ Z in case (iii),
but this does not seem necessary, except for uniqueness as discussed in §4.2.

Rational solutions in case (i) of Theorem 4.1 are expressed in terms of generalised Laguerre polyno-
mials, which are written in terms of a determinant of Laguerre polynomials and are our main concern
in this manuscript.

Rational solutions in cases (ii) and (iii) of Theorem 4.1 are expressed in terms of generalised
Umemura polynomials. As mentioned above, Umemura [68] defined some polynomials through a
differential-difference equation to describe rational solutions of Py (1.2); see also [12, 51, 74]. Sub-
sequently these were generalised by Masuda, Ohta and Kajiwara [46], who defined the generalised
Umemura polynomial Uﬁf’, 2L(z) through a coupled differential-difference equations and also gave a rep-
resentation as a determinant. Our study of the generalised Umemura polynomials is currently under
investigation and we do not pursue this further here.

Rational solutions in case (i) of Theorem 4.1 are special cases of the solutions of Py (1.2) expressible
in terms of Kummer functions M (a,b, z) and U(a,b, z), or equivalently the confluent hypergeometric
function | F} (a; ¢; z). Specifically

U(—n,a+1,2) = (-1)"(a+1),M (—n,a+1,2) = (=1)"nlL{)(2), (4.3)

with L (z) the associated Laguerre polynomial, cf. [61, equation (13.6.19)].
Determinantal representations of these rational solutions are given in the following Theorem.

Theorem 4.3. Define the polynomial T7(,ﬁ Zq(z)
d j+k n—1
T (2) = det sz) Lﬁ?iﬁ)(z)l , (4.4)
' z
k=0

with LS{“(z) the associated Laguerre polynomial (3.2), then

n (1) (k)
m+M+2n Tmfl,n(z) Tm=1,n I(Z)
wmn(2 ) :( T2 +1> o men = (4.52)
mep n Tmﬂl(z) Tm—?,n-‘rl(z)
is a rational solution of Py (1.2) for the parameters
Qmon = %mg, Bmn = —%(m +2n 4+ 14 p)?, Ymon = b (4.6a)

Proof. This result can be derived from the determinantal representation of the special function solu-
tions of Py (1.2) given by Masuda [44, Theorem 2.2] . O

Remark 4.4. The polynomial 7"} (z) has degree 1@2m+n+1)n.

Lemma 4.5. The polynomials Tﬁ{f %(z) and Tﬁn“ Zl(z) are related as follows

n

0 (2) = amn 2" TVPT (2), = [[mn 4+ )~

s s

Jj=1

Proof. From (4.4), by definition

d (J+k) n—l
7\ (2) = det (Zd) LS,?L‘;)(Z)
’ z

J:k=0

12



Now we use the identity

n—1

d J
det K'Zd) fk(Z)] = 2O (o), (), Fa(2) (4.72)
z 4,k=0
with i
R = L0, A = () LG, b= (4.7b)
Using the recurrence relation
2 L EO(2) = nE(2) — (n+ )L (2),
z

cf. [61, equations (18.9.14), (18.9.23)], it is straightforward to show by induction that

d F o = «@ n, [
(zdz> L () = S0 LY () + (1R LY, (2), (4.8)
7=0
where b( i) ,j=0,1,... k, are constants, with

k—1
b =Tl —i+m). (4.9)

§=0
(It is not necessary to know what the constants b;flkf“), j=0,1,...,k—1 are.) Therefore, using (4.7) and

(4.8), we have

n d d\""
T (z) = 2" W (Lfni::)( Joe o L (@), (d) Lsnim)

— n(n=1)/2 Wy (L%Ljrrrl;) (2), —(m +2n + M)Lgﬂﬁ) 1(2) (= )(n 1)b§lmJ{Znir“)L$i{L)(z>) 7

since, as in the proof of Lemma 3.2, we need only keep the last term due to properties of Wronskians.
Consequently from (3.3) we have

() = 2" (H b "*‘”) v (L0 (), L (), LU (=)
= am’nzn(n 1)/2 T’r(ritZL(z)7

where, using (4.9)

n—1 n—1k—1 n
amn = [L 05" = T TIm+2n =g+ w) = [[mtn+j+u,
k=1 k=1 j=0 j=1
as required. O

Theorem 4.6. Given the generalised Laguerre polynomial TT(,fsz(z) given by (3.1), then

T (T () mon > 1, (4.10a)

T (2) T 5 i1 (2)

is a rational solution of Py (1.2) for the parameters

wm,n('z; :u) -

Qm n = %m27 Bm,n = _%(m +2n+1+ ,U)27 Ym,n = H- (4.10b)
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In the case when n = 0 then

Win,0(2; 1) = = , m>1, (4.11a)

is a rational solution of Py (1.2) for the parameters
QUm0 = 3m7, Bmo=—2(m+ 14 p)?, Tm,0 = ph- (4.11b)
Proof. The result follows from Theorem 4.3 and Lemma 4.5. O

Corollary 4.7. The rational solutions related through the symmetry S; (4.1) are given by

T ()T (2)

, m,n > 1, (4.12a)
THN ()T ia(2)

@m,n(z; :u) -

with ﬂé‘ L(z) the polynomial given by (3.17), which is a rational solution of Py (1.2) for the parameters
Qo = %mQ, B = —%(m +2n+1+ ,u)2, Vmon = — b (4.12b)
In the case when n = 0 then

fw(rl;—)l,l(z) . L%—H)(—Z)

B o(z:10) = 2 =2 m (4.132)
7557)2,1(2) L%:)(*Z)
is a rational solution of Py (1.2) for the parameters
Qm,0 = %m27 5771,0 = _%(m +1+ ,U/>25 Ym,0 = —H- (413b)

Proof. Since T{"')(—z) = T\")(2), recall (3.18), then wy, »(—z; 1) = @m.n(2; 1) and so the result follows
immediately. O

It is known that rational solutions of Pi;; can be expressed either in terms of four special polyno-
mials or in terms of the logarithmic derivative of the ratio of two special polynomials [10, Theorem
2.4]. Hence it might be expected that the rational solutions of Py discussed here can also be written
in terms of the logarithmic derivative of the ratio of two generalised Laguerre polynomials.

Remark 4.8. Using computer algebra we have verified for several small values of m and n that alter-
native forms of the rational solutions (4.10) and (4.12) are given by

T z —m-=2n—-1—
W (1) = =L 1 T ()] 2 om - y (4.14)
’ mdz Tr(#n(z) m
. d m n+1(Z 2 1
wmn(Z;M)Zi* In 2 +1() +z+m+ n + +u’ (4.15)
’ mdz T, (2) m

respectively. Consequently, by comparing the solutions we expect the relations

ZDz <T7(r¢)1 n+1 Tf(n—i)-l n) = (Z -m-—2n—2— )T'r(rii)l n+1 Tn(f-i)-l n + (m +1 )T7(n#21T7(:')n+1? (4163)
2D, (T(u)l,n+1‘f75ftt4)rl,n) (z+m+2n+2—|—,u)T751)1n+1 Tfnﬂlln + (m+ l)T(“) T#L”LJF (4.16b)

where D, is the Hirota bilinear operator (3.28). We envisage that the relations (4.16) can be proved
using the Jacobi identity (3.24) or a variant thereof, though we don’t pursue this further here.
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Setting n = 0 in (4.14) gives

d z—m—1—p
Wi ,0(2; 1) = mdz {lnTv(nﬂ—)z,l(Z)} T
d —m—1-p LYY
= idiln{LE#j_ll)(z)} - z n = = (M+1)(Z)7
mdz m Ly 21 (2)

which is (4.11), since

d

e LD () = (m = VLYY () = (m+ )LD (2)

m m—2

The solutions (4.13) and (4.15) in the case when n = 0 can be shown to be the same in a similar way.
Remark 4.9. From Theorem 4.6 we note that w,, ,(z; —m —n — j) and w,, ;—1(2; —m — n — j) are both
rational solutions for

O‘m,n:%m27 ﬂrn,n:*%(n+17j)2v 'Ynz,nzfmfnfjv ]:lvan

The equality of the solutions follows from lemma 7.2 and the definition of w,, ,,(z; ) in the form (4.14).
We add that

M Wpn(z;—m —n) = —(n 4+ D)Wpy1,0(z; —m —n — 2).

4.2 Non-uniqueness of rational solutions of Py,

Kitaev, Law and McLeod [40, Theorem 1.2] state that rational solutions of Py (1.2) are unique when
the parameter y ¢ Z. In the following Lemma we illustrate that when p € Z then non-uniqueness of
rational solutions of Py (1.2) can occur, that is for certain parameter values there is more than one
rational function.

Lemma 4.10. Consider the rational solutions of Py (1.2) given by

(i) = T @ Tl @ o T @ T () @1
O Y, 20 ’ O RN ' '
m,n(z) m72,n+1(2) m,n(z) m72,n+1(z)

If un € Z and 1 > —n then there are two distinct rational solutions of Py (1.2) for the same parameters.

Proof. If 4 = k, with k € Z and k£ > —n, then from Theorem 4.6 and Corollary 4.7, w,, »(2; k) and
W ntk(2; —k) both satisfy Py (1.2) for the parameters

a:%mz, B:f%(m+2n+k+1)z, ~v=k.

Example 4.11. The rational functions

(z — 3)(2% — 82 + 20)
(z—2)(z—6)

(22 4+ 42 + 6) (2% + 922 + 362 + 60)
24+ 1223 + 5422 + 962 + 72

wy(z;1) = — ; Wy 2(z;—1) =

are both solutions of Py (1.2) with parameters
a=1/2, B=-25/2, =1
Also the rational functions

(22 — 42 +6)(2% + 922 — 362 + 60)
24— 1223 45422 — 962+ 72

(z +3)(2% + 82 + 20)
(z+2)(z+6)

wyp(z;—1) = — Wy,1(2;1) =

15



are both solutions of Py (1.2) with parameters
a=1/2, B8 =-25/2, v=-1.

We note that
w171(—z; 1) = @1,1(2§ —1)7 wl,z(—Z; —1) = @1,2(2; 1)-

The solutions w1 1(z;1) and @ 2(2; —1) have different expansions about both z = 0 and z = oo, which
are singular points of Py. As 2 — 0

1 5 7 41 61 .
=g, 22 Los 24 0L 5 6
wia(z1) =5 =524 g2t ot pRdt g 0,
1 5 7 139 313
Gl 1) =5ty 22y Lo 199 4 919 5 6
Wa(2 1) =5 = g2t g2+ 2 = pea g s T O,

and as z — oo

40 224 1312 7808

8 —6
’wl’l(Z,l)——Z'F?)—;—Z*Q—?—ZT_ 25 +O(Z ),
- 12 36 72 216 3888 _6
wlyg(z,—l)—z-i-l—%-?—zfz—k; ?_ZT'FO(Z )

Remark 4.12. Recently Aratyn et al. [4] also discuss non-uniqueness of solutions of Py (1.2).

5 Rational solutions of the Py o-equation

5.1 Hamiltonian structure
Each of the Painlevé equations P1—Py; can be written as a (non-autonomous) Hamiltonian system

dg OH; dp OH; 5
1 _ = = =LII, ..., VI 1
Zdz Op ’ Zdz Jq ’ J Y B (5.1)

for a suitable Hamiltonian function H; = H;(q,p, z). Further, there is a second-order, second-degree
equation, often called the Painlevé o-equation or Jimbo-Miwa-Okamoto equation, whose solution is
expressible in terms of the solution of the associated Painlevé equation [31, 55].

For Py (1.2) the Hamiltonian is

ZHv (g p, 2) = qlqg — 1)*p* — {v1(q —1)* = (11 — v — v3)q(q — 1) + 2q} p + 1av30, (5.2)

with v, 15 and v3 parameters [31, 55, 57]. Substituting (5.2) into (5.1) gives

d

z£ =29(q¢—1)’p—1i(g—1)* + (11 —v2 —w3)g(g — 1) — 20, (5.3a)
d

z£ =3¢ —1)(g—1)p* —2(va + v3)qp + (2 — v1 — Vo — 13)p — Va13. (5.3b)

Eliminating p then ¢ = w satisfies Py (1.2) with
a =3 —rvs)? B=—3, y=v1i—vy—v3—1L
The function o(z) = zHv (g, p, z) defined by (5.2) satisfies the second-order, second-degree equation

2
2o\ do d do ¢ (d
(Zdzg> = [2 <dz> +(1/1+V2—|—V3—z)d—z +o —4d—z (dZ—FVJ), (5.4)
j=1
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cf. [31, equation (C.45)]; the Py o-equation derived by Okamoto [55, 57] is equation (5.5) below. Con-
versely, if o(z) is a solution of equation (5.4), then the solutions of equation (5.3) are

20" +2(0") 2+ (v +va+ vz —2)0’ +o
2(0" + o) (0’ + v3)
20" —2(0")2 — (V1 + 1o +v3—2)0 — 0
2(0’" + 11)

q(z) =

)

p(z) =

Henceforth we shall refer to equation (5.4) as the Sy equation.
The Py o-equation derived by Okamoto [55, 57] is

2
d2h 2 dh 2 dh dh

with kg, k1, ko and k3 parameters such that xo + k1 + k2 + k3 = 0. Equation (5.5) is equivalent to Sy
(5.4), since these are related by the transformation

o(z;v) = h(z; K) + Koz + 2K, vj =Kj — Ko, Jj=1,2,3, (5.6a)
where v = (11,15, v3) and & = (ko, K1, K2, K3), With
ko = — (K1 + Ko + K3) = —i(vl + vy + v3), (5.6b)

as is easily verified.
There is a simple symmetry for solutions of Sy (5.4) given in the following Lemma.

Lemma 5.1. Making the transformation
o(z;v) =0(z; ) — iz + (e +v3 — 1), (5.7a)

with
A= ()\1,)\27)\3) = (—Vl,V2+V1,V3+V1), (5.7b)

in Sy (5.4) yields
2
az Y’ 4z \? A5 A5 ¢y (d5
7)) = |22 s —2)2 482 7).
(deQ) l2(dz)+()\1+)\2+/\3 z)dz+0 dZH(dZ—i—)\j)

Proof. This is easily verified by substituting (5.7) in (5.4). O

5.2 Classification of rational solutions of Sy

There are two classes of rational solutions of Sy (5.4), one expressed in terms of the generalised La-
guerre polynomial T&“ %(z), which we discuss in the following theorem, and a second in terms of the
generalised Umemura polynomial U,(,isz(z).

Theorem 5.2. The rational solution of Sy (5.4) in terms of the generalised Laguerre polynomial T#le
is

d
. — (1) > >
a,,w(z7 1/) =z 2 In {Tm)n(z)} (m + 1)n7 m>0, n>1, (5.8)

for the parameters
v=(m+1l,—nm+n+p+1). (5.9)

Proof. This result can be inferred from the work of Forrester and Witte [24] and Okamoto [57] on spe-
cial function solutions of Sy, together with the relationship between Kummer functions and associated
Laguerre polynomials (4.3). We have used Lemma 5.1 as a normalisation. O

17



Corollary 5.3. The rational solution of Sy (5.4) in terms of the generalised Laguerre polynomial

T (2) is
d .
Omn(z;v) =2—1In {T,(,{Ql(z)} — (m+ 1)n, m>0, n>1, (5.10)
’ dz ’
for the parameters
v=(—m-1n-m-n—p—1). (5.11)
Proof. Since T\")(2) = T{"h(—2) then Gp n(2;1) = O (—2; 1), O

Remark 5.4. We note that

Omn(z;m+1,—n,m+1—j)=0p_jn(z;m+1—j,—n,m+1), j=1,...,m,
Omn(z;m—+1,—n,0) =0,
Um,n(z;ma 7”71 7]) = Um,j—l(z;m+ 1; 1 7].7 7”)3 ] = 23 sy N

This result follow from the factorisation given in Lemma 7.2 of the T,(,ff %(z) at certain negative integer
values of p. The third case also follows from the invariance of the Hamiltonian Hv (g, p, z) under the
interchange of v5 and vs.

5.3 Non-uniqueness of rational solutions of Sy

In §4.2 it was shown that there was non-uniqueness of rational solutions of Py (1.2) in case (i) in terms

of the generalised Laguerre polynomial T,(,ff 27(2) when 4 is an integer. An analogous situation arises for
rational solutions of Sy (5.4).

Lemma 5.5. If 1 € Z and 11 > —n then there are two distinct rational solutions of Sy (5.4) for the same
parameters.

Proof. If y =k € Z and k > —n then a second rational solution for the parameters (5.9) is

Omn(zzm+1,—nm+n+k+1)= zdi In {ﬁ(n_ﬂ_k(z)} —(m+1)z—(m+ 1)n. (5.12)
2 ,
If y =k € Z and k > —n then a second rational solution for the parameters (5.11) is
Omun(z;m—1,n —m—n—k—l):ziln{T(_k) (z)}—i—(m—l—l)z—(m—ﬁ-l)n. (5.13)
m,n\< 5 14y dz m,n+k

5.4 Applications
5.4.1 Probability density functions associated with the Laguerre unitary ensemble

In their study of probability density functions associated with Laguerre unitary ensemble (LUE), For-
rester and Witte [24] were interested in solutions of

2
425\ ds\? ds
(Zdz2> = lQ(dz> +C2M+l—p—=2) (dz) —l—S]
ds /ds ds ds

where M > 0, ¢ € N and p is a parameter, which is Sy (5.4) with parameters v = (—u, M, M + /).
Forrester and Witte [24, Proposition 3.6] define the solution

a—1

J
S(zy—p, MM 4+ 0) = —uM — Mz + Zdi In det [%Lg{ﬁ_k(—z)] , (5.15)
z dz 4.k=0
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which behaves as

uM

S(z;—p, M, M + 0) = —puM —
(z3—p ) =—h ,

z+0(2%), as z — 0. (5.16)

In terms of the generalised Laguerre polynomial Tﬁ{f L(z), we have

d —
S(z;—p, M, M +0) = —uM—Mz+z£1nT1(\2_f?€(—z). (5.17)
Explicitly, we have
det [deLg*;Lk(—z)] = (-1 THD, (~2) (5.18)
J,k=0
= (_1)W2J+L(M+Z)/2JTZ(:I’Xf*QM)(Z). (5.19)

5.4.2 dJoint moments of the characteristic polynomial of CUE random matrices

In their study of joint moments of the characteristic polynomial of CUE random matrices, Basor et
al. [5, equation (3.85)] were interested in solutions of the equation

2
d2s,\? ds;\? ds;,

dz
dSk dSk dSk dSk
S (15 (45 ) (5, ), 200

where N,k € Z with n > k > 1, which is Sy (5.4) with parameters v = (k, —N, —k — N), satisfying the
initial condition

Si(2) = —=kN + ANz 4+ 0(2?), as z—0. (5.20b)
Basor et al. derive the solution of (5.20), see [5, equation (4.23)], given by
Sk(z) = —kN + z;—z In By (z), (5.21)
where By (z) is the determinant
By (=) = det [ LN j(=2) szl . N>k>1 (5.22)

with Lg{l)(z) the associated Laguerre polynomial. Basor et al. [5] remark that equation (5.20a) is
degenerate at z = 0, which is a singular point of the equation, and so the Cauchy-Kovalevskaya
theorem is not applicable to the initial value problem (5.20).

From (3.21¢c), we have

Bi(z) = T\, (2) = (~)UVHR/DIpR0END (), (5.23)

where the second equality follows from (3.19). In terms of the generalised Laguerre polynomial
Tﬁ{f%(z), a solution of (5.20) is given by

d
o(2ik,~N,~k = N) = <kN + Nz + 2 {7, ()}, N>1, k>1. (5.24)
z "
Alternatively, in terms of the polynomial ﬂf%(z), a solution of (5.20) is given by

d ~
G(zk, =N, —k = N) = —kN + 2 mTy), (), N1, k>1,
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which is the same solution as (5.21), though without the constraint N > k. Therefore we have two
different solutions of the initial value problem (5.20). The solutions (5.21) and (5.24) are related by

Sk(z) =o0(z;k,—N,—k — N) — Nz,
since equation (5.20) is invariant under the tranformation
o(z) = o(z) — Nz, z—= —z.
For example, suppose that N = 2 and k£ = 2, then from (5.21)
1623 + 19222 + 7202 + 960 234 2

V4
Sy(z) = — — 44 4 2E L L 008
2(2) = = T 163 1 9622 1 2402 1 240 troF gt TOE)
and from (5.24)
1623 — 19222 + 720z — 960 22 324 20
9. —9 —4) =2 U L2 6y
(22,22, ) = 224 e 6 E 2405 1 240 ti-g it o)

If we seek a series solution of (5.20) in the form

o(z) = —Nk+iNz+ Zajzj,
=2

then ay; are uniquely determined with

(N+20N (N A2k DN+ 2K)(N +2k— DN | 36(4k% — D(R* — 1) ,

T 4@k - 1) 4 16(4k2 — 1)2(4k2 — 1) N(N +2k)(4k2 —9)"

and agj+1 = 0 unless k is an integer. If £ is an integer then ag;; = 0 for j < k, agx+1 is arbitrary, and
as;+1 uniquely determined for j > k, as discussed in [5]. For example, when N = 2 and k = 2 then

a2

22 324 5 29 25 das 27 263 28 13as 2°
— + 5 tasz" + -
5 100 3000 25 360000 6000

o(z;k,—N,—k—N)=—-4+2— +0(219),
with a5 arbitrary.
The solutions S»(z) and o(z;2, —2, —4) have completely different asymptotics as z — co, namely

16 64 208 64 7424 _6
SQ(Z)——?-‘F;-‘F?“F?—ZT—FO(Z ),
16 64 208 64 7424 _6
0-(272’_27_4)_2Z+?+272_ZT+ZT+ZT+O(Z ).

6 Rational solutions of the symmetric Py system

From the works of Okamoto [56, 57, 58, 59], it is known that the parameter spaces of P;;—Py7 all admit
the action of an extended affine Weyl group; the group acts as a group of Biacklund transformations. In
a series of papers, Noumi and Yamada [48, 50, 52, 54] have implemented this idea to derive a hierarchy
of dynamical systems associated to the affine Weyl group of type g%), which are now known as “sym-
metric forms of the Painlevé equations”. The behaviour of each dynamical system varies depending on
whether N is even or odd.

The first member of the Zéln) hierarchy, i.e. Zél), usually known as sPyy, is equivalent to Py and
given by

dfi

Ezﬂ( 2 — f3) + K1, (6.1a)
d
Tf:fz(fg—f1)+ﬁza (6.1b)
d
diis = f3(f1 — f2) + ks, (6.1¢)
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with constraints
K1+ Ko + K3 =1, fi+fot fza=2z

(6.1d)

The first member of the ﬁg? 41 hierarchy, i.e. Zgl), usually known as sPv, is equivalent to Py (1.2), as

shown below, and given by

S g 1)+ (- s
U B EAC IR
L f R R+ (= s+ s,
I fh(f - 1)+ G

with the normalisations
f1(2) + fs(z) = V=, fa(2) + fa(z) = V=

and k1, K2, k3 and x4 are constants such that

IQ1—|—I<62+I£3+I{4:1.

(6.2a)
(6.2b)
(6.2¢)

(6.2d)

(6.2e)

(6.3)

The symmetric systems sPry (6.1) and sPy (6.2) were found by Adler [1] in the context of periodic
chains of Béacklund transformations, see also [70]. The symmetric systems sPry (6.1) and sPy (6.2)

have applications in random matrix theory, see, for example, [23, 24].
Setting f1(z) = /zu(z) and f2(z) = \/zv(z), in sPy (6.2) gives the system

du

L= 2(20 — Du® — (220 — 2 4 Ky + K3)u + K1,
z
dv 9
2= 2(1 = 2u)v* + (2zu — 2 — Ko — Kq)U + Ka.
z

Solving (6.4a) for v, substituting in (6.4b) gives

d>u 1 (1 1 ) (du>2 Cldu | (u—1)*k] —u’K]

A2 2\u "Tu—1 dz zdz 22%2u(u — 1)
n (ko — ka)u(u — 1) n w(u —1)(2u — 1).
z 2
Making the transformation v = 1/(1 — w) in (6.5) yields
Cw_ (1 1\ (A e @ 0Pt ) (- s
dz? 2w w—1 dz z dz 222w z

which is Py (1.2) with parameters
a:%nf, ,B:f%/-@%, Y = Ko — Kq.
Analogously solving (6.4b) for u, substituting in (6.4a) gives
dv 1 (1 1 ) <dv>2 ldv | (v—1)%k3 — 02k}

a2 2\wv " w—1)\dz) zdz 2220(v — 1)
N (k3 — filzv(v -1) n v(v — 1)2(21) - 1).

Then making the transformation v = 1/(1 — w) gives Py (1.2) with parameters

1,2 _ 1,2 —
a = 5hK3, B = —35K1, Y = K3 — K1.
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As shown above, Py (1.2) has the rational solution in terms of the generalised Laguerre polynomial

T,S%(z) given by
T (T 0 (2)

m—1,n

T (2) T 5 it (2)

Win,n (25 1) =

for the parameters
a=3m?  B=-fm+2n+p+1)? =y

and so
U (25 1) = 1 _ T#‘%(z) T'r(nH)Z nt1(2)
’ 1-— wm,n(z; ,u) T( ) ( )Tiau)2 n+1(z) T’r(n#)l n( )T7(n#)l n+1( )

From equations (3.26) in Lemma 3.12 and (3.27¢) in Lemma 3.13, with n — n + 1, we have
T(M) T(ﬂ) T(#*l) T(u+1) _ T(H) T(H)

m,n - m,n+ n - m—1n+1s

DZ (Tr(rﬁzl) T(#n 1) ) Tr(rfﬁl n T7(7il) 1,n+1»

with D, the Hirota operator (3.28), and so the solution of equation (6.5) is given by

(6.7a)

(6.7b)

(6.8)

(6.9)
(6.10)

(6.11)

(6.12)

(6.13)

T (@) Tilsnn(®) _ d o T (2)
Um,n (25 1) = — D =y :EIHW7 m>1, n>1
Tm—l,n(z) T7rz—1,'n+1(z) Tm—l,n('z)
In the case when n = 0 then
T(M)z 1(z)  d
m — 2 T, >1
Um,0(2; 1) Tﬁf_l,)l(z) dz m—1,1(2); m
We note that (o)
L H z d
um,O(Z;ﬂ) = ) ( ) = di lnLgrl:)(Z)
Lerl(Z)
From equation (6.4a), we obtain
! du +2u® — (2 — K1 — K3)u — K
V= —m8 78— — — — K- — .
2zu(u — 1) = tone !
Depending on the choice of x; and k3, there is a different solution for v. From (6.3), (6.6b) and (6.7b)
we obtain
K =m?, k2= (m+2n+p+1)2, Ko — Kq4 = 14, K1+ Ko + Kg + ke = 1,

which gives four solutions

m—(m —m—n,p+m+2n+1,—m—n—p),
=(m,u+n+1l,—p—m—-2n—1n+1),
=(—m,—n,p+m+2n+1,—n—pu),
(m,u+m+n+1f,u m—2n—1m+n+1).

Each of these gives a different solution v,, ,(z) which we will discuss in turn.
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(i) For the parameters Kk = (m,—m —n,u+m+2n+ 1, —m — n — u), the solution is

—1 +1
m—+n Tfsmuq,zwl(z) Tysz,tz,zm(z)

() (zp) = —

vm,n Z?M) -
o Tr(riLll,n(Z) T$32’n+1 (Z)
:1_M QHM m>1 n>1 (6.14a)
dz Tr(nu—)2,n+1(z)
(n—1)

W oy mInaa) a1l d

Vo2 18) = p, Tfn“_)Q ) = . P InT,",,(2), m > 1. (6.14b)

(ii) For the parameters kK = (m,u+n+1,—pu —m — 2n — 1,n + 1), the solution is

(n—1) (n+1) (W)
'U(ii) (z,u) _ Tnifl,nJrl(Z) Tni72,n+1(z) -1+ i In Tnfbfl,n+1(z) m>1 n>0 (6 15)
7 T7(ril—)1,n+1 (2) T1(ril—)2,n+1 (2) dz T75¢22,n+1 (2)

(iii) For the parameters k = (—m, —n,u+m+ 2n + 1, —n — u), the solution is

41 —1 "
Tt () Tl (2) _ d | T (2)

(i) (50 ) = — =l _ 4y imotnl®)
Uy (23 1) = =—1In , m>1 n>1, (6.16)
| Ty n(2) Toin(z) 92 Ti(2)

and v(iii)(z; ) = 0.

m,0

(iv) For the parameters kK = (—m,u+m+n+1,—p—m —2n—1,m + n+ 1), the solution is

o) (i) = £ tmintl T,(,i(f;fl) T i
’ z TW{% Tv(rii)l,nJrl
_prgl d ) T () m>1, n>l, (6.172)
2 d= " T (2)
(iv) p+m+1 T#:l,% p+l d (1)
Um,0(% 1) = z T’y(rfb)l 1 D + ElnTm—l,l(z)’ m 2 1. (6.17b)

Remarks 6.1.
(i) Analogous rational solutions of sPy (6.2) can be derived in terms of the polynomial ﬁ(n” ZL(z) =
T,En“ L(—z) given by

am,n(znu) = um7n(_z;u)a i)\m,n(za/f‘) = Um;n(_z;u)'

(i1) Some rational solutions of sPy (6.2) are given in [3, 26, 27], where a different normalisation of
the symmetric system is used.

6.1 Non-uniqueness of rational solutions of sPy,

As was the case for Py (1.2) and Sy (5.4), there is non-uniqueness for some rational solutions of the
symmetric system sPy (6.2). We illustrate this with an example.

Example 6.2. The sets of functions

o (z—2)(z—6) (i
wiED= o vy
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and
2% 4+ 1223 + 5422 + 962 + 72

(22 + 62 +12)(2% + 622 + 182 + 24)’

are both solutions of the system (6.4) for the parameters

2(2* +62412)
z(22 + 4z +6)

ﬁl,g(z; —1) = — s
k= (1,-2,5,-3).
Hence the associated solutions of sPy (6.2) are

Vz(z—2)(z - 6) VZ (22 — 62+ 12)

hlz) = (z—4)(z2 — 62+ 12)’ fa(z) = z(z—3) ’
~ Vz2(2—3)(2* — 824 20) _ 3Vz(2—4)
BE) = T e 1) L e
and

~ oz 41227 + 5427 + 962 + 72) ~ o 2y/Z(22 462+ 12)
W) = e 2 1 62 1 187 7 24)° L) === e
~ V7z (22 + 42+ 6) (22 + 922 + 362 + 60) ~ Vz (23 4+ 622 + 182 + 24)
fs(z) = fa(z) =

(22 +62+12)(2% + 6224+ 182 +24) ’ 2(22 4+ 4z +6)

7 Properties of generalised Laguerre polynomials
Remark 7.1. The generalised Laguerre polynomial Tf,{f Zl(z) is such that

m,n

TW (2) = emn {z(m+1)” — n(m+1) (mAn414p)zm+Hn=1

+in(m+1)(m+n+1+p)(m+1)(mn+n®>+n—2)+ (mn+n— 1)pz(m+Hn=2

+o (—1)"(m+”)dm7n}
where
=G -1
e = 1 n(2m+1+n)/2 (.7 7
emn = (=1) H(m+ 7)!

which follows from Lemma 1 in [8], and

min(m+1,n)—1 max(m+1,n) m-+n
dnn= I e4n+i? [ enspmorio [ (ubnt g,
j=1 min(m+1,n) max(m+1,n)+1
Therefore

TGrD0) =0,  j=1,2,...,m+n.
Lemma 7.2. The generalised Laguerre polynomials have multiple roots at the origin when
B=-n-—7j j=12,....m+n.

Moreover at such values of 1 the polynomials T,(n” 2L(z) factorise as

T ) = e T @), J=12m,
m—=j,n
Tm=n=1 () = ¢, Znm+D)
T(=m=—n—j) () = _Smn__(m+1)(n+1—j) pl=m-—n=j) =2 ...
mn (Z) Cm’j71 z m,j—1 (Z)7 J ) , 1y

where ‘ ‘
T £0, T 0) £0.

m,j—1
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Proof. The fact that the generalised Laguerre polynomials have multiple roots at the points (7.5) fol-
lows from the discriminant, and that these roots are always at the origin is a consequence of (7.4). We
use the standard property of Wronskians

Wr (c19(x) fu(x), . . ergla <H cl> "Wr (fi(@), .0 fo(@),  eryeoncr€C, (T.9)
and the property (see, for example, [42])
L) (2) = %( L0 Y0),  ae{-n-n+1,...,—1}, (7.10)
to rewrite . ) )
T 0 (z) = W (LG V@), L0 e L V() (7.11)
as
n—1 .
(—m—n-—1) _ (_\n(m+1) ]' (m+1) (m+1) (m—+1)
T (2) = (~2) ]:[ CEsEyA (LO (2), L™ (), ..., L0 (z)). (7.12)

Since L™ (z) = 1 and

W (L, fu(2), fal@), .- fo(2) = We (f1(2), fo(). ... (), (7.13)
we repeatedly use (3.4) and (7.13) to show that

n—1
Wr (Lg’”“)(z), L (), ,ijﬁ”(z)) =TI’ (7.14)
=0
Hence we obtain
T ™" D (z) = (=)0 H m+ j +1 = Cpp 2D, (7.15)

When o = —n —jfor j = 1,2,...,m, we again use (7.10) and (7.9) to obtain

T () = W (LG (20, LGN (2), o L)

m m—+n

= (1 [T T (19,1520, LDy (2o L (2)

bl (m +1)!

Cm—j,n

The final case of « = —m —n — j for j = 2,3, ..., n follows similarly, except that we first apply the
symmetry (3.19) in order to use (7.10). Specifically, we have

T m=n=i)(z) = (—1)Lom+n+D)/2] f(fmfi+j72)(z)

DLomtnt1)/2]  (mt1) (n—j+1) J‘H—l)

XWr( L (- z>,L§"“‘”<fz>,...,L<"+1—j><fz>)

Jj+m—1

= (—1) L) 2 =i+ T (j(+ i')})! T m= ().
n ). ’
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Applying the symmetry (3.19) yields (7.8). Finally,

nz anz()#o j:1,27...,m,

and
TUmI )y £0, j=2,....n,

m,j—1
follow from Lemma 2 in [8]. O

Remark 7.3. The Young diagrams of the polynomials on the right-hand side of (7.8) are found from
the Young diagram of A = ((m+1)") for j = 1,2,..., m+1 by removing the right-most j columns. When
j =2,3,...,n the Young diagrams are those such that the bottom n — j + 1 rows have been removed
from A.

Definition 7.4. A Wronskian Hermite polynomial Hx(z), labelled by partition A, is a Wronskian of
probabilists’ Hermite polynomials He, (z) given by

Wr (Hep, (2),Hep, (2), ..., Hep, (2)) .

) = Alhy)

(7.17)

The scaling by the Vandermonde determinant A(hy) ensures the polynomials are monic.

Remark 7.5. The well-known identities relating Hermite polynomials and Laguerre polynomials
Heo,(2) = (—1)"2"n! LGP (322),  Hegpia(2) = (—1)"2"nl 2L/? (122),

cf. [61, §18.7], mean that generalised Laguerre polynomials evaluated at negative half-integers are
related to Wronskian Hermite polynomials. We specialise Corollary 4 in [7] to the generalised Laguerre
polynomials Q,(,a)(z). Suppose partition A = A(k,v) has 2-core k and 2-quotient (v,0). Set o =
—3 —{(v) — k. Then

L(v)
o T 1)1 1y

k «
Ha ) (2) = 2712 A(hy) A (327 (7.18)
where h,, = (hi,...,h,) is the degree vector of partition v.
Lemma 7.6. Set o, = —2n—k — = for k=0,1,.... Then
TR F D (G2 = 27 ey DR HY, (), (7.19)
where the partition Ay, 1S
({2m —j - k+1}52 0,{n—|—l<;—]}"+k Y, E<m-—n+2,
Ajmn = ({zm = kA 1Y L 120D gy ) m-n+2<k<m+1,
({k—]}k m-l {m—l—l}?zoz,{m—i—l—j}jzo), k>m+1.
(7.20)
We can equivalently write
Téf,r%nfkflm(%z% = bl 2 FETD/2 Wy ({Hel+2j}}li(;€71a {He2(nz+1+j)}?;()1) ) (7.21)
where (s 1)
2—mimT e,
A {1+ 2535257 {2(m D)
We also find

T(72n7k71/2)(%22) _ (_l)n(m+1)2fn(m+1)cmyn —k(k+1)/2 H-

m,n k,m,n

(2), (7.23)

where Aj, ,, , denotes the conjugate partition to Ay, ., and c., , is given by (7.2).
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Proof. Set ji = pu, = —2n — k — % in (3.10) then

v n(n— —n—k—

T, (322) = (—1)(=D/2 (T k=1/D) (12
(_1)n(n—1)/22"(m+1)A(hA)Z—k(k+1)
Hn 1(_1)m+1(m—|—1)'

m=

2Ha, 0 (2), (7.24)

using (7.18) with v = XA = ((m+1)") and o, = n+ ui. We denote by Ay ., », the partition that has 2-core
k and 2-quotient (A, @). Simplifying the constant term, we obtain (7.19). Moreover (7.23) follows from
(7.19) by replacing z with iz and using the well-known relation

H,(iz) = ilPlH . (2).
We determine the degree vector of partition Ay ,, , from the degree vector
hy=(m+1,m+3,...,m+n),

using (2.4). Put beads in positions 2(m + 1) to 2(m + n) on the left runner and in positions 1 to
2(n + k — 1) + 1 on the right runner. The components of the degree vector of Ay ,, ,, correspond to the
positions of the beads:
{2(m + 1+ 5)}0=g u{2j — 1347, (7.25)
Writing the Wronskian Hermite polynomial explicitly in terms of (7.25) gives (7.21), where the Van-
dermonde determinant in the denominator of the constant (7.22) arises because the components of the
degree vector as given in (7.25) are not ordered.
The degree vector hy, ,, , is obtained by ordering (7.25) from largest value to smallest value. De-
pending on k,m,n, there are three possibilities corresponding to the three abaci in Figure 7.1. We
deduce from the abaci that the degree vector is

({2(m+n—j)};=9, {2(n+k—7)—1}75571) k < m—n+2,
hay.,.,. = 4 (L0m+n=}gh 2000 -1=515 ™7 20m—) 41} ) . me-n42 <k <m+1,
((2nh—) -1y 2mam) =202 (2m—f)41)) . k= me,

The description of the partition Ay, ,, in (7.20) follows from the degree vector using (2.1) with r =
2n + k. O

Remark 7.7. In (7.20) we have explicitly described the partition Ay ,, , with 2-core k£ and 2-quotient
((m +1)",0). This result may be of independent interest to those who work in combinatorics.

Remark 7.8. Wronskian Hermite polynomials of the type Hj, .. .(z) appear in [26] in their classi-
fication of solutions to Py at half-integer values of the associated Laguerre parameter using Maya
diagrams. Such diagrams also represent partitions and there is straightforward connection between
their results and the ones in this article. The Hjy, ,, ,(2) are related to the £ = 2 cases studied in §6
of [26]; the k& = 3 case therein relates to solutions of generalised Umemura polynomials at half-integer
values of the parameter.

8 Discriminants, root patterns and partitions

In this section we give an expression for the discriminant of the generalised Laguerre polynomials
and obtain several results and conjectures concerning the pattern of roots of the generalised Laguerre
polynomials in the complex plane. We finish by noting that several of the results can be reframed
using partition data.
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n+k . .
O @ O @ . O @
n -+
O O o0 o 0
> m-n—k+1 n< n—+k
O O o0 o0
n
® O ® O O @
, < : '
® O ® O O @
@k<m-n-+2 b)m-n+2<k<m @k>m+1
Figure 7.1: The abaci of Ay p, 1.
Disy 1 (n) = (0 +3)
Disy o(p) = (n+3)( +4)*(u +5)/2'3°
Disy () = (1 +4)* (1 +5)*(u + 6)* (n + 7)/2%43°
Disy 1 (1) = (1 +3)(u +4)/2°3
Disy o(p) = —(p+3) (1 + 4)* (u + 5)° (u + 6)* /2%43°
Disy 3(p) = —(u+4)% (1 +5)%(n+6)"° (u + 7)%(u + 8) /299371511
Table 8.1: Some discriminants of T,(,ff 2L(z).
8.1 Discriminant of T} W (2)
Recall that a monic polynomial f(z)
fx)=2%+ag_ 12 + ...+ a1z + ao,
with roots a1, as, ..., aq € C has discriminant
Dis(f) = [ (a—aw)*
1<j<k<d
The discriminants Dis,, ,(y) of several T(“ ) (z) are given in Table 8.1.
Conjecture 8.1. The discriminant of Tm n( ) when n > m is
m n m—+n
Dis,, n(,u) _ ( 1)(m+1)Ln/2j 2((m+1 n—1) H H j(m+1)? H ]j(ern j+1)?
J=1 j=m-+ j=n+1
H j(n—3)(i—1— mH +n+j (n—1,5)
n ) m—+n ,
~ (M+n+j)f(nl+71—],7n+l) H (/J/+ n+j)f(m,m+n+1—j))
j=m+1 Jj=n+1
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and when n <m

n m m—+n
. m n m n— .53 -jn? -j(m—4n—j 2
Disp, (1) = (_1)( +1)[n/2] 0727'5(71 +1)n—1) HJJ H 47 H jJ( +n—j+1)
Jj=1 Jj=n-+1 Jj=m+1
X Hj%(nﬂ)(rl*m) H(“ +n +j)f(n*17J)
j=1 j=1
m ) m—+n ‘
% H (/1* +n +j)f(]-1,rL) H (M +n4 j)f(m,m—i-n-i-l—J) (8.4)
j=n+1 j=m+1
where
fG,p) = jp* —plp —1)(p - 2)/3. (8.5)

Roberts [62] derived formulae for the discriminants of the Yablonskii-Vorob’ev polynomials, the gen-
eralised Hermite polynomials and the generalised Okamoto polynomials starting from suitable sets of
differential-difference equations. Amdeberhan [2] applied similar ideas to the Umemura polynomi-
als associated with rational solutions of Pi;. It would be interesting to see if Roberts’ approach can
be adapted to prove the generalised Laguerre discriminants, possibly starting from the differential-
difference equations found in section 3.

8.2 Roots in the complex plane

In this section we classify the allowed configuration of roots of Tr(n“ Zl(z) in the 22-plane as a function of
i. Given the symmetry (3.19), the root plot of T,(,{f ), when we (—m—n-—1,...,00) follows from that of
Téiﬁb;f_fl_%”_m(%f) rotated by .

Example 8.2. Figure 8.1 shows the roots of Tﬁ(ffl)(%zZ) in the complex plane for various p. For u =
—35/2 and ;1 = —6 the non-zero roots form a pair of approximate rectangles of size 5 x 6. When p = —14
and p = —8, there are 24 roots at the origin and two rectangles of roots of size 3 x 6. At u = —17/2 the
roots form two rectangles of size 2 x 6 (or possibly 3 x 6), two approximate trapezoids of short base 4
and long base 5 (or 6) centered on the real axis and two triangles of size 2 centred on the imaginary
axis. At = —25/2 there are four 4-triangles and two 5 x 2 rectangles.

Further investigations suggest that the roots of T,(n” 21(%22) that are away from the origin form blocks
in the form of approximate trapezoids and/or triangles near the origin and rectangles further away.
We label such blocks E—G as shown in Figure 8.2. We say a rectangle has size d; x d; if it has width d;
and height d5. A trapezoid of size d; x d» has long base d; and short base ds. If d; = 1 then we call the
resulting (degenerate) trapezoid a triangle. The blocks of roots centered on the real or imaginary axis
in approximate rectangles are labelled blocks E and D respectively, and those forming approximate
trapezoids are labelled G and F respectively. Figures 8.2b and 8.2¢ show the zeros of Téj?/ 5) (%22) and
Té’_s323/ 20) (32?) with block E zeros in green, block G in red, block F in orange and block D in blue.

We describe how the roots transition between blocks as a function of ;1 and determine the size of
each root block for a given u when m = 5 and n = 3, before stating the result for all m, n.

Example 8.3. Figures 8.3 and 8.4 show the roots of Té’g)(%ZQ) for various . We describe the root
blocks and transitions between the blocks as i varies from —16/5 to —61/5. For . > —4 the roots form
two E-type rectangles of size 6 x 3 as shown in the first two images in Figure (8.3). As u — —4 all roots
move towards the imaginary axis. At 4 = —4 the innermost column of three zeros from each rectangle
have coalesced at the origin and the remaining roots form two rectangles of size 5 x 3. We discuss the
detailed behaviour of the coalesecing zeros in the next section.

As 1 decreases further, the zeros at the origin emerge as a pair of zeros on the imaginary axis
and two complex zeros forming a pair of columns of height two. The coalescing roots move away from
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the origin, while the other roots move towards the origin. As u continues to decrease, the zeros that
coalesced turn back towards the origin. At 1 = —5 these roots and the six roots in the column of the
E-rectangle closest to the imaginary axis all coalesce at z = 0. There are now twelve zeros at the origin
and the remaining zeros form two rectangles of size 4 x 3. As u decreases, the roots emerge from the
origin as four 2-triangles with the remaining roots forming two 4 x 3 E-rectangles. The roots in the
triangles initially move away from the origin while the rectangles move towards the origin. For some
p € (—6,—5) all the roots in the triangles have turned back towards the origin. At y = —6 the roots
in the triangles and the next innermost column of zeros from each rectangle coalesce at the origin.
After the next coalescence, we see the appearance of a a pair of F-trapezoids as well as G-triangles and
E-rectangles.

Until all roots coalesce at y = —m — n — 1 = —9, the coalescing roots always consist of the roots
that previously coalesced plus the innermost column of roots from each E-rectangle. These zeros re-
configure and join new blocks as they emerge from the origin. The coalescing roots initially move
away from the origin as y decreases, and at various values of i return to the origin to re-coalesce. For
i < —m—n—1, some of the roots start to form D-type rectangles. Such roots do not return to the origin
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as u decreases, while all other roots return to the origin at each coalesence until they become part of a

D-rectangle. The sizes of each root block of Téfg)(%z?) for 11 between each coalescence point is given in
Table 8.2.

Conjecture 8.4. The block structures when 4 = —n — j for j = 1,...,m + n and there are roots at
the origin are given in Table 8.3. Our investigations suggest the root blocks of T,En“ EL(%ZQ) are as per
Table 8.4 for n > m and Table 8.5 for n < m for x such that [u] = —n — j where j € Z, excluding the

points y=-n—-1,—-n—2,...,—2n —m.

The family of Wronskian Hermite polynomials with partitions A = (m™) are known as the gener-
alised Hermite polynomials H,, ,(z). The roots form m x n rectangles centered on the origin [11, 14].

The appearance of rectangular blocks of width m + 1 and height n for large positive and negative &
in the root pictures for T,g;i"_k_l/ ?) (12?) is consistent with Theorem 9.6 and Remark 9.7 of [17]. The
results therein imply for large & the roots will, up to scaling, be those of a certain Wronskian Hermite
polynomial shifted to the right along the real axis, plus the block reflected in the imaginary axis. The
numerical investigations in [7] suggest that the relevant Wronskian Hermite polynomial is H,,,1+1 ().
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i E G F D
rectangle | trapezoid/ | triangle/ | rectangle
triangle | trapezoid
—4 < p<oo 6 x3
—SH<u<—4 5% 3 2x2 1
—-6<pu< =5 4x3 2x1 2
—T<pu<-—6 3x3 2 3x1
S <pu< -7 2x3 2 4x2
—9<pu< -8 1x3 2 5x 3
-10<pu< -9 2 5x4 6x1
—11 < pu<—-10 1 5x5 6 X2
—oo < < —11 6 x3
Table 8.2: Size of the root blocks of Téfg)(%zQ).
Condition Number of zeros E D
j 1 at origin rectangle rectangle
1,...,m+1 —n—j 2nj m—j+1xn
2,...,n —m—-n—7|2m+1)(n+1-j7) m+1xj—1

Table 8.3: Conjectured root blocks of Té{%(%zz

) at p when there are zeros at the origin.

8.3 Root coalescences

We now zoom into the origin to investigate precisely how the zeros that coalesce behave as they ap-

proach and leave the orlgin We start with the example of T’ (1) 5 (32%), for which the coalescences occur
at p=—11,-10,...

Example 8.5. Recall that at © — —47, the six roots of Tf‘g) (32?) that form the two innermost columns
of the E-rectangles coalesce at © = —4. The left-hand plot in Flgure 8.5 shows the coalescence of these
six zeros by overlaying the root plots for ;1 € [—4,—16/5] near the origin. The bold lines in the right-

1L
0.5

051

Figure 8.5: The coalescence of the zeros of T(” ) (12 52 %) that are closest to the origin shown by overlaying
the zero plots as i tends to u = —4 (left) and u = —5 (right). The arrows show the direction in which p
decreases. The solid lines correspond to zeros that arise from the first column of the E-rectangles, and
the dashed lines correspond to zeros that arise from the second column of the E-rectangles.

hand plot of Figure 8.5 shows the reapparance of those zeros as i decreases towards = —5. The

previously-real zeros move onto the imaginary axis and the complex zeros return to the complex plane
and move away from the origin. The arrows show the direction of decreasing n. At p ~ 4.2105, the
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Condition E G F D

j=-n—[p] rectangle trapezoid/ triangle/ rectangle
triangle trapezoid
7 <0 m+1xn

l<j<m+1 | m+1—-—3xn n—1xn-—j j
m+1<jij<n m4n—j3jxn—j m m+1xj—m
n<j<m+n m+n—j mxj—n+1l|m+1xj—m

j>m-+n m+1xn

Table 8.4: Conjectured root blocks of T\ 27( 2)whenn >mand j = —n — [u] € Z.

Condition E G F D
j=-n—[p] rectangle trapezoid/ trapezoid/ rectangle
triangle triangle
7<0 m+1xn

1<j<n m+l—jxn | n—-—1xn—j J
n+l<j<m+1l | m+1—-jxn n—1 ixj—n+1
m+2<j<m+n m+n—j mxj—n+1l|m+1xj—m

j>m-4+n m+1xn

Table 8.5: Conjectured root blocks of T 21( 2)whenn <mandj=-n—[u] €Z.

complex zeros that coalesced turn back towards the origin. The lower solid line in the first quadrant
shows the movement of the complex root for ;1 € (4.2105, —4]. The upper line shows the root for u €
[—5,4.2105). At p =~ 4.32656, the imaginary zeros also turn back to the origin. The dashed lines show
the coalescence of the six zeros in the innermost columns of the E-rectangles for p from —4 to —5. At
1 = —5 all twelve zeros are at the origin. The top right plot in Figure 8.6 shows the twelve zeros as
they emerge from the origin as p decreases from 4. There are two roots on the imaginary axis, two
on the real axis and eight in the complex plane, all of which initially move away from the origin. All
roots eventually turn around and return to the origin, along with the next set of six zeros from the
innermost column of the E-rectangles. We see the petal-like shapes traced out by the complex zeros as
1 decreases from —5 to —6. The values of 1 at which each set of zeros turn around are different. The
remaining plots in Figure 8.6 show the zeros emerging from the origin and those that coalescence for
each of the stated p. Some roots form F-rectangles when u < —9.

Our numerical investigations reveal that the angles in the complex plane at which the coalescing
roots approach the origin and emerge from it can be determined for all m,n,; where u = —n — 5 and
j=1,2,...,m+ n. Before giving the result for Tr(n” ZL(z) as a function of z, we consider an example.

Example 8.6. The roots of Tz(f;) that coalesce at u = —3 — j — e for j = 1...,5 behave as the n'® roots
of one or minus one as follows:

J W B B

1 —4 (2 —1) (3 +1)

2 -5 (z* = 1)(2%2+1) (2 +1)(22 - 1)
3 -6 P-1DE+DE-1) P+DE-1)(z+1)
4 -7 A+ 1)(22-1) (z*=1)(22+1)
5 -8 (22 —1) (22 +1)

Figure 8.7 shows the roots of TQ(%) that converge to to the origin (left) as 1 — —4 and emerge (right)
from the origin. The third roots of 1 and —1 are shown in black and red respectively.

Conjecture 8.7. Let n > mande > 0. For 4y = —n — j + & where j = 1,2,...,m + 1 the nj roots of
T,(,{‘Zl (z) that coalesce at the origin at ¢ = 0 approach the origin on the rays in the complex plane defined
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-3 E3 2 3 -2

[ 1 2

1€ [—10,—9] € [—11,—10] @ e [—12,—11]

Figure 8.6: The movement of the roots of Ts(f;) (%zz) closest to the origin overlaid for ; in each given
interval.

by certain roots of +1 and —1. We encode this behaviour in the polynomial
j .
[I =2t — (=), =12, ,m+1. (8.6)
k=1

Furthermore, when = —n—j+4ecforj =m+2,...,m+nthe (m+1)(m+n+1-—j) roots that approach
the origin behave as roots of +1 according to

J

H (z"+j+1_2k — (—1)"'”“) , j=m+2,m+3,...,n, (8.7a)
k=j—m

H (z7l+j+1_2k— (—1)”+k) , j=n+1,n+2,...,m+n. (8.7b)
k=j—m

The roots that coalesce leave the origin on rays that are rotated through %77 compared to the coa-

lescence rays. Thus the root behaviours as 4 = —n —j —e for j = 1,2,...,m + n are encoded in the
polynomials
j .
H (ZTL+_']+1—2]€ + (_1)n+k) , ] =1,2,...,m+1, (8.8a)
k=1
j .
[ G =24 (-, j=m+2,m+3,...,n, (8.8b)
k=j—m
[I (=2 (—1ymhy, j=n+1Ln+2....m+n. (8.8¢)
k=j—m
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-04 -0.2 0.0 0.2 04 -04 -0.2 0.0 02 0.4

€ [—4, 3] € [=5,—4]

Figure 8.7: The coalescence of the zeros of T2 '3 that are closest to the origin shown by overlaying the
zero plots as p approaches p = —4 (left) and i = —5 (right) from the right. The black arrows (left)
indicate the direction of the root movement as y — —4 from the right and the red arrows (right) show
the roots leaving the origin as p decreases from —4. The black arrows show the third roots of unity
and the red arrows (right) show the third roots of —1. The blue lines in the right figure without arrows
correspond to the movement of the roots that approach the origin as 1 — —5~ at angles corresponding
to the fourth roots of 1 and the square roots of —1.

Similarly, when n < m the roots coalesce at and emerge from the origin as y = —n — j &+ ¢ as roots
of +1 according to

j
[T =2k 5 (—nmth), i=1,2....n, (8.9a)
k=1
H (zrtiti=2k £ (qyntky j=n+1,n+2,...,m+1, (8.9b)
k=1
H (z”ﬂ*l*% F (—1)"+k) , j=m+2m+3,....m+n. (8.9¢)

k=j—m

8.4 The role of the partition

In this section we remark that several features of the generalised Laguerre polynomials can be written
in terms of partition data, particularly the hooks of the partition A = (m + 1)".

We first propose an expression for the coefficients of the Wronskian Laguerre polynomials Qg\o‘)(z)
for all partitions A. The result generalises the expression given in Theorem 3 and Proposition 2 in [7]
for the coefficients of the Wronskian Hermite polynomials H(z) for the subset of partitions A with
2-quotient (X, 0).

Conjecture 8.8. Consider the Wronskian Laguerre polynomial Qg\a) (z) defined in (3.9). Set

Al
) z) =ca Zr§a) 23 (8.10)
with r(()a) = 1. Then
Ax
S T R e 8.11)
[Then, (=1)"R!
and .
F; F «
(@) _ (Il VU O y
K _< > Z Fx  glatt)—t() (8.12)
X

;\<j)\
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2m +1 2m +1

L m+1< ]

| 2(n—m—1)<
" — m—|—1<

(a) The Young diagram of A4 3 = (9,8,7,3,2,1). (b) The Young diagram of A; 3 = (3,2%,1).

Figure 8.8: Examples of Young diagrams of A,, ,, for m > n — 2 (left) and m < n — 2 (right). The domino
tiling is shown. The number of vertical dominoes is ht(A4 3) = 6 and ht(A; 3) = 5 respectively.

where the sum is over all partitions X in the Young lattice obtained by removing j boxes from the
Young diagram of A. Moreover,

L(p) —1
W) = (- p|+ht<P>H< H ( —k+a+€(p))

k=t(p)
j—1
% 11 (j—l—k—a—f(p))) (8.13)
kE{O,l,...,Z(p)—l}\hp

where ht(P) is the number of vertical dominoes in the partition P that has empty 2-core and 2-quotient

(p,0). We remark that qfﬁ,") is a polynomial of degree |p| in o with leading coefficient (—1)/?l. A
consequence is that all coefficients of the Wronskian Laguerre polynomial are written through (8.13)
in terms of the hooks of partitions.

Remark 8.9. We have also generalised Conjecture 8.8 to determinants of Laguerre polynomials of
universal character type [41]. Such polynomials are defined in terms of two partitions and are general-
isations of Wronskian Hermite polynomials Hx (z) with 2-quotient (A1, A2). Examples include the gen-
eralised Umemura polynomials [46] and the Wronskian Laguerre polynomials arising in [8, 20, 21, 25].
A proof of the more general result is under consideration.

We now record some information about the partitions A = ((m + 1)") of the generalised Laguerre

polynomial T,S{f Zl(z) and the corresponding partition A,, ,, with empty 2-core and 2-quotient (X, @). The
Young diagram of ((m + 1)") is a rectangle of width m + 1 and height n. Since the degree vector of A is

hyx=(m+nm+n—1,....,m+1),

the Vandermonde determinant is
A(hy) = (1) D2 TG - 1)
j=2

Since A* = (n™*1), the multiset of hooks H,, ,, of A following from (2.3) is

Hon = {{m+n+2—j5 -k} (8.14)

j=1-

The multiset can also be written as

min(m+1,n)—1 min n max m+1 n 9 — m-+n
Mo = {KF} ( )= {frin(m+1, L)}k mln(m—i—l)n U {kmHntl k}k;max(m+1,ﬂ)+1' (8.15)
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We now describe the Young diagram of A,, ,, and determine its 2-height. The shape of the Young
diagram depends on the relative values of m and n. When m > n — 2, the Young diagram consists of
the top n rows of a staircase partition of size 2m + 1 with a complete staircase of size n below. When
m < n — 2 the Young diagram consists of the top m + 1 rows of a 2m + 1 staircase, then 2(n — m — 1)
rows of length m + 1 and finally a complete m + 1 staircase. The two cases are illustrated in Figure 8.8.

All Young diagrams corresponding to partitions A (0, v) with empty 2-core and 2-quotient (v, @) have
a unique tiling with |v| dominoes: tile the boxes of the Young diagram to the right and above the main
diagonal with horizontal dominoes and tile the boxes on and below the main diagonal with vertical
dominoes. The tiling is illustrated in Figure 8.8. The number of vertical dominoes and, therefore, the
2-height of A(0,v) is

d
ht(A(0, ) = S (N — j)/2.
j=1
where d is the number of boxes in the main diagonal or, equivalently, the size of the Durfee square.
The 2-heights of the Young diagrams of A,, ,, are therefore

1)/2 -2
ht(A,, ) = 4 "D/ men (8.16)
' 2n—m)(m+1)/2 m<n-—2.
Lemma 8.10. Recall the expansion (7.1) of the generalised Laguerre polynomial
T)(\“)(z) = Comm (z"(m+1) + dgu)zn(erl)fl R (*1)n(m+1)di‘3n+1))) .
The overall constant is Alhs)
Cgn = (—1)nm+ D) AL (8.17)
T e o
where .
A(hy) = (=1)" D2 TG - 1), (8.18)
j=1
and
dg”)z—n(m—kl)(,u—km—!—n—&—l). (8.19)
The constant dgzzn +1) can be written in terms of the hooks of the Young diagram of A:
{rn= TI wtnsn @20

he”m,n

Proof. Set A = ((m+1)"). Then 4(A) = n and |A| = n(m + 1). Using the relation (3.10) between Tf,f‘z,(z)
and Q()\O‘)(z) and comparing the expansions (7.1) and (8.10), we have

Cmm = (71)n(n71)/20>\7
(ntn)
() _ (ntn) _ v
dl - 7’1 —n(m+ l)quH_nV
X
and
d£f8n+1) = (_1)71(7”“)7”55:;1)1) = (_1)71(m+1)‘1'()\#+n) : (8.21)

The expression for c,, ,, follows from (8.11) using the degree vector h.
We now determine \II(AQ) from (8.13). We need (8.16) and

{0,1,...n —1}, m>n—2,
{0,1,...m}, m<n-—2.

{O,l,...nl}\hk{
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We deduce that when m > n — 2 then

n m+n—j J—1
W) = (—1)nm D2 TT ( [T m+2m+1-j—-k+a)[[G-1-k—a- n)>

j=1 \ k=n k=0
n m+1—j m+1
"(mHH H (m+n+2—j—k+a) H (m+n+2—-j—k+a)l, (8.22)
j=1 k=1 k=m+2—j

where the second line follows after changing variables and taking a minus sign out of each entry in
the second set of products. If m < n — 2 then

m m+n—j n min(j—1,m)

\I/(;‘):( 1)rmA1)+(2n— m)(mH/QH H m+2n+1fjfk+aH H (J-1—-k—a—n)
Jj=1 j=1

=N

m [m+l—j m+1
1)"('”“)1_[ H (m+n+2-j—k+a) H (m+n+2-j—k+a)
j=1 \ k=1 k=m+2—j
n m+1
< [ J[m+n+2-j—k+a). (8.23)
j=m+1 k=1

Recalling that the hook in box (j, k) of the Young diagram of A is hj; = m +n + 2 — j — k, we deduce
for all m,n that

n m-+1
\Ilg\a) = (—1)(m+D) H H (hjk +a). (8.24)
j=1 k=1
Therefore from (8.21) we conclude that
n m+1
i H H ik ) (8.25)

To determine the coefficient r%a) we find all partitions X obtained from A by removing one box from
the Young diagram of X\ such that the result is a valid Young diagram. Since the Young diagram of A
is a rectangle, the only possibility is to remove box in position (n,m + 1) . Hence

A= ((m+1)""" m), hs=m+nm+n—1,...,m+2,m), (8.26)

and ((A) = n and |A| = n(m + 1) — 1. Clearly Fy = F5 and Fyx =1. We also need the 2-height of the
partition A with empty 2-core and quotient (X, @). The partition is

(f2m =+ 1, fm+ 11070 o, fm = 1) . m<n-2,
A=q({2m—j+1ye o,mm{m—y}?:’()), m=n-—1, (8.27)
({Qm_J"‘l}g s {2m - n},{n—j}?;ol), m>n—2,

which is obtained from A,, ,, by removing one vertical domino from the Young diagram if m > n —1
and one horizontal domino if m < n — 1. Hence the 2-height is

n(n+1)—1, m>n—2,

(2n —m)(m+1), m<n-—2. (8.28)

ht(A) = {%

39



Carefully evaluating (8.13), we deduce that when m = n — 1 then

m m+1—j m+1
v =—0m [ T[ em+3-i-k+a) [ @u+3-j-k+a)
j=1 \ k=1 k=m+2—j
m+1 m+1
< [T TIem+3-i-k+a). (8.29)
j=m+1 k=2
When m > n — 2 then
n—1m+1—j m+1l—n
v = ()" [[ m+n+2-j—k+a) [[ m+n+2-(m)—k+a)
j=1 k=1 k=2
n m+1
H H m+n+2737k+a) (8.30)
J=1k=m+2
and when m < n — 2 then
n—1m+1—j m m—+1
\IJ(;): ”(mH)H H m+n+2—j—k+aH H (m+n+2—j—k+a)
Jj= j=1k=m+2—j
n—1 m+2 n—1 1
X H H(m+n+2—j—k+a) H H(m+n+2—j—k+a). (8.31)
j=m k=3 j=m+1k=1
()

We notice that in each case ¥Y" includes all terms of the form % ; + o where h; ;, are the hooks of

the Young diagram of \ except for the term m + 1 + a. Therefore

n m+1l
(m+ 1 —|—oz)\11(a) n(m+1) H H ik +a \I,(Oé) (8.32)
j=1 k=1
We conclude that @
\I’ «
rga) =n(m+ 1)% =-nm+1)(a+m+1). (8.33)
Y3
and
d = —nm+D(p+m+n+1). (8.34)
O
Conjecture 8.11. The hook multiset #,, , (8.15) has the form
_ {{kpl}zn—l U {k”z}Z:mﬂ U {kPs }gjﬁu» n>m, (8.35)
7 {kpl }zzl U {k§2}zjn1+1 U {kps }ZL:—F»,:IL-}% n S ma

where
pi=k , p=m+1 |, fﬁgzn , ps=m+n+1-—k,

are the multiplicities of the hooks in each respective set. The discriminant of T#{f %(z) for n > m in
terms of partition data is

Dism,n(ﬂ) _ (_1)(m+1)Ln/2j n(erl)fl

H 2Icn k)(k—1—m) Hkkpl ILL+’I7,+]€) f(n—1,p1)
k=1

k=1
n m-+n
H kpz (u+n+k) f(m+n—k,pz) H Lkp3 ,u—&-n—i-k)f(’”’p?’) (8.36)
k=m+ k=n+1
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where f(k,p) = kp? — p(p — 1)(p — 2)/3. Similarly the discriminant when n < m is

Dis o () = (—1) "DV ED =D T 2R b1 TR (gt

k=1 k=1
m+n
x H K2 (p+n+ k)P B=182) T K25 (o mt k) FOmope), (8.37)
k=n+1 k=m+1

The discriminant representations (8.36) and (8.37) follow directly from rewriting (8.3) and (8.4) in
terms of the hooks and their multiplicities as defined by (8.35).

As already mentioned, the E- and F-type blocks seen for large positive and negative values of u
are of size m + 1 x n and therefore resemble the rectangular Young diagram of A. Moreover, the three
allowed sets of block structures corresponding to intermediate values of 1, as given in table 8.4, appear
at u + n + k = 0 where the multiplicity of the first column hook % in h) changes its multiplicity type
from type p;1 to ps to ps.

Conjecture 8.12. Finally, the set of integers encoding the n'" roots of +1 via the polynomials in

Conjecture 8.7 are the hooks on the diagonals parallel to the main diagonal of the Young diagram of
A. Specifically, as ¢ — 0 for 4 = —n — j — ¢, hook h;;, in column j contributes an h;},; root of unity if & is
odd and an h;},; root of —1 if k is even. For y = —n — j F ¢ the polynomials in Conjecture 8.7 are

1)tk j=1,2,...,m+1,
2"
m
Zhik "'H“ j=n+1n+2,...,m+n,

m

J

1=

o

H "*k j=m+2m+3,...,n
k=j—

1
k=j—

when n > m where h; i, € Hup, . For n < m the result is
Hz’w —1)" j=12,...,n,
n
Hz ik F "Jrk, j=n+1n+2,...,m+1,

ik ¢ (=1)nFF, j=m+2m+3,...,m+n.

:]:

k=j

m

Remark 8.13. The result follows from Conjecture 8.7 by rewriting the hook multiset (8.15) as

woo {{n+j+1—2k};:1}ylzﬁ1 U {n+i+1-2k} Y mye U {nti+1-2k 0, 1700, n>m,
{{nti+1-2k} o U {{n+i+ 12k T U (i +1-2k s, nsm.
(8.38)
We illustrate how to determine the root angle polynomials from a Young diagram in Figure 8.9 for the
example 8.6 of TQ(‘Q)(Z)

Remark 8.14. We have found other families of Wronskian Hermite and Wronskian Laguerre poly-
nomials for which properties can be written compactly in terms of partition data. Combinatorial
concepts also appeared in the studies of special polynomials associated with Painlevé equations in
[66, 67, 68, 49, 7, 6]. We are currently investigating this curious appearance of partition combinatorics
in various aspects of Wronskian polynomials.

41



2

Figure 8.9: The hooks on the j'" diagonal of the Young diagram of TQ(%) encode the behaviour of the
roots that coalesce at the origin at 4 = —n — j — e through the polynomials in Conjecture 8.12. When
j = 3 the polynomial is (2° — 1)(2% + 1)(z — 1) and when j = 3 or j = 5 the polynomial is 23 — 1.
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