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Abstract

Many real-world phenomena are naturally bivariate. This includes blood pressure,
which comprises systolic and diastolic levels. Here, we develop a Bayesian hier-
archical model that estimates these values and their interactions simultaneously,
using sparse data that vary substantially between groups and over time. A key el-
ement of the model is a two-dimensional second-order Intrinsic Gaussian Markov
Random Field (IGMRF), which captures non-linear trends in the variables and
their interactions. The model is fitted using Markov chain Monte Carlo methods,
with a block Metropolis-Hastings algorithm providing efficient updates. Perfor-
mance is demonstrated using simulated and real data. Furthermore, IGMRFs can
be used to induce conditional dependence in Bayesian hierarchical models. IGM-
RFs have both a precision matrix, which defines the neighbourhood structure of
the model, and a precision, or scaling, parameter. Previous studies have shown
the importance of selecting the prior of this scaling parameter appropriately for
different types of IGMRF, as it can have a substantial impact on posterior results.
The focus is on the two-dimensional case, where tuning of the parameter’s prior is
achieved by mapping it to the marginal standard deviation of a two-dimensional
IGMRF. We compare the effects of scaling various classes of IGMRF, to the ap-

plication of blood pressure data.
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Chapter 1

Introduction and background

In this chapter we provide key information on the statistical methodology to be
used. A detailed explanation of the data is provided and a description on the
structure of the application area is shown while the motivation for this project are

presented.

1.1 Bayesian Inference

Bayesian become increasingly common modelling of complex data for various
projects. Bayesian inference introduces randomness/uncertainty and this is quan-
tified by including probability in the description of model parameters. In this
way Bayesian models provide flexibility and generality for tackling complex prob-
lems, Gelman et al. [2013]. Specifically, this uncertainty is explained through a
joint probability density with the assumption that the events are exchangeable
meaning that the joint probability density is invariant to the permutations of the
indices. In contrast to frequentist inference, parameters and hypotheses are not
considered to be fixed and probabilities are assigned. In that way, probabilities of
the parameters express a degree of belief which is based on prior knowledge about
a particular event, i.e., conclusions drawn from previous studies or personal be-

liefs. In other words, the prior knowledge is expressed through prior distributions



expressing the intuition for a specific dataset, Gelman et al. [2013], McElreath
[2020]. Hence, Bayesian inference combines together the personal belief and the
information of the data for the final result/ output of the project. However, there
are cases that a prior belief or intuition is not available and still Bayesian inference
can be applied. That is the case of a non-informative prior distribution where the
output of the project depends solely on the data and hence the result coincides
with the classical approach.

In summary, there are two types of priors: the informative and non-informative
priors. The non-informative priors are those that provide little or no information
at all relative to the data. In the following sections we will talk about the priors
that we are using for our modelling. The priors that we are using are informative
taking both types of informative and non-informative hyperpriors instead. The
non-informative hyperpriors that we are using provide little information about
the data and the focus is on giving a very wide variance in the hyperprior’s dis-

tribution.

For being able to combine together prior distribution and information of the data

we use the Bayes’ Theorem which is expressed in the following way:

P(z|0)P(0) _ _ P(z[0)P(9)
P(x) [, P(x|6)P(6)d6

P(l|z) =

Let us assume that x are data and 0 is the parameter of interest. The information
provided by the data, the so-called likelihood is denoted by P(z|f) where the
prior distribution is expressed by P(f). P(x) is a probability depended on x and
therefore is interpreted as normalising constant. Furthermore, P(z) can be also
written as a combination of the likelihood and the prior, which is the numerator
while integrating out the 6 parameter. Finally, the result of the Bayes’ theorem
expresses the posterior distribution, P(f|z), the probability of the § parameter
conditional on the data, x. Hence, posterior distribution combines the information
of the data, x and the prior information, P(#) which can be a personal opinion or

based on results of previous studies.



1.2 MCMC Methods

Markov Chain Monte Carlo (MCMC) methods are a broad class of computational
algorithms which through repeated random sampling obtain numerical results,
Robert et al. [1999]. Monte Carlo estimates the properties of a distribution by
generating random samples from the distribution. For example we want to find

the expected value of the A function in equation 1.1.

E.[h(x)] = /h(x)ﬂ(x)dx (1.1)

Therefore, based on Monte Carlo integration we can randomly generate a sample,

(x1,...,%y) from the 7 density and approximate (1.1) by the empirical average
B = > iy h(w;), Metropolis and Ulam [1949]. Because of the Strong Law of

Large numbers h,, converges almost surely to E.[h(x)].

The computational simplicity and ease that the Monte Carlo approach introduces
makes it widely applicable. In more complicated distributions it is computationally
more straightforward to calculate the mean of a large sample of numbers than
calculating the mean directly from the distribution’s equations. However, there
are some limitation in Monte Carlo integration such as the cases that we cannot
generate a sample from a distribution or not being able to compute the normalising
constant.

Furthermore, we have also Markov chains which are stochastic models. Markov
chains consist of a sequence of events and has the property that the probability of

each event depends only on the event that occurred just before, Markov [2006]:

PXo1=ilXn=0,Xn1=1p1,...,X0=14+0) = P(X,11 = j|X,, = 1) = p(4,])

(1.2)
where P is known as the transition matrix. In more detail, Markov chains were
formed from a transition kernel K, a conditional probability density, (1.2), such
that 2,41 ~ K(x,,2,:1). In addition a Markov chain provide a very strong

stability property that is the stationary probability distribution, 7 and is a solution



of the equation:

ol =7TP (1.3)

where P expresses the transition matrix. In that way 7 allows for free moves
throughout the state space with x,, ~ 7 and x,,1; ~ 7 where this property is
known as irreducibility, i.e. all the states in Markov Chain communicate. Hence,
by constructing a Markov chain with a specified stationary distribution one can
obtain a sample of the desired distribution by recording states from the chain. A
Markov chain can be recurrent which means that the average number of visits to
an arbitrary state ¢ is infinite, Robert et al. [1999]. Finally, by indicating that
a Markov chain is reversible we refer to the symmetry of the transition kernel

explained as:

m(i)p(i,j) = w(j)p(j,0), 1 F# ] (1.4)

Given the properties of irreducibility, recurrence and reversibility, we can combine
Markov chains with the Monte Carlo approach to comprise Monte Carlo Markov
Chain methods, Robert et al. [1999]. The MCMC algorithms are generally used
for sampling from multi-dimensional distributions, especially when the number of
dimensions is high. MCMC methods that are commonly used are the Metropolis-
Hastings algorithm and Gibbs Sampler.

The intuition behind Metropolis-Hastings estimation is that we use a proportional
density, g(x) that is known and easier to calculate than the one that we actually
want to compute, f(z) due to the difficulties in analysing the latter, Chib and
Greenberg [1995]. Specifically, what is difficult to calculate is the normalising
constant of f(x), Casella and George [1992], Robert et al. [1999].

1.2.1 Metropolis-Hastings algorithm

Let us consider now that 6 is an unknown scalar parameter and y expresses the
data. We are interested in computing the posterior distribution P(f|y) however,
there are cases that an analytic solution may not be available. Another distribu-

tion which has the properties to be similar to the posterior distribution is defined



which is known as a proposal distribution (or kernel), ¢(.).

The Metropolis—Hastings algorithm generates a collection of states according to
a desired distribution P(f|y). To accomplish this, the algorithm uses a Markov
process, which asymptotically reaches a unique stationary distribution 7 () such
that m(0) = P(f|y), Hastings [1970], Casella and George [1992]. A Markov process
is uniquely defined by its transition probabilities P(0*|@), the probability of tran-
sitioning from a state 6 to a state 8* where it has a unique stationary distribution

7(0) when there is:

1. existence of stationary distribution. There must exist a stationary distribu-
tion 7(0): a sufficient but not necessary condition is detailed balance, which
requires that each transition § — 6* is reversible; the probability of being
in state 6 and transitioning to state 6* must be equal to the probability of

being in state 8* and transitioning to state 6, therefore:

w(0)P(6*0) = = () P(6]67).

2. uniqueness of stationary distribution. The stationary distribution 7 (#) must
be unique. This is guaranteed by ergodicity of the Markov process, which
requires that every state must (1) be aperiodic, where the system does not
return to the same state at fixed intervals; and (2) be positive recurrent,

where the expected number of steps for returning to the same state is finite.

Now, the derivation of the algorithm starts with the condition of the detailed

balance:

P(0ly)q(07]0) = P(6"|y)q(0167) (1.5)
P(0ly)q(67]0)
P(0*[y)q(6]6")

=1 (1.6)



Using the condition of the detailed balance we define the condition of accepting

or rejecting samples constructing the posterior distribution, Niemi [2019].

, Posterior*Proposal® !
a=min< 1, — 7 " (1.7)

Posterior”™ " Proposal

o P(60"|y)q(0""|67)
o= i {1 S e

We compare the acceptance ratio a in (1.7) with the u value, randomly generated
value from a uniform distribution, v ~ U(0,1). In (1.7) the k term expresses the
current iteration that the model is at. If a is greater than the u value then we

accept 8* and 6% = 6* if not, then we repeat the previous value, % = (=1,

In addition, we need to calculate the acceptance rate which is the fraction of pro-
posed samples that is accepted in a window of the last K samples, after burn-in.
Therefore, for a number K of iterations we approximately want to have an accep-
tance rate about 50% for a one-dimensional Gaussian distribution which decreases
to 20-30% accepted values for an N-dimensional Gaussian target distribution.The
acceptable values will comprise the sample of the P(f|y) posterior distribution,
Smith and Roberts [1993], Gelman et al. [1996]. If we have an acceptance rate
more than 50% it indicates that the chain proceeds slowly as values that are close
to each other are proposed due to an existence of a small variance in the proposal
distribution. The problem can be fixed by increasing the variance of the proposal
distribution. On the contrary, a frequency less than 20% accepted values indicate
that the chain proposes values with a large variance from each other and has as a
result to reject the most of them. Again, the problem can be fixed by tuning the
variance in a smaller value.

The acceptance ratio equal to one is beneficial in the case of the Gibbs Sampler
where the target distribution coincides with the proposal distribution and has as

a result also that the acceptance rate is 100%.

There are two important subclasses of Metropolis-Hastings algorithm, Niemi [2019].
The first is known as the independent M-H where the proposal distribution does

not depend on the previous values ¢(#*|0*~Y) = ¢(6*) and the acceptance ratio is
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defined as:
P0*|y)
- K6
a = min 1,% = min 1,#
POV y) K(6%-1)
q(otk=1))

The second one is known as a random walk M-H where the proposal is a symmet-

rical distribution, where in the acceptance ratio it cancels out,

a:min{l, P(o"ly) }

P(0*V]y)

Lastly a special case of the Metropolis-Hastings algorithm is the Gibbs Sampler,
Smith and Roberts [1993], Gilks et al. [1995]. This method is applicable when the
proposal distribution is equal to the posterior distribution. Therefore, every value
that is proposed is desirable since it is coming from the posterior distribution and
hence, gives as a result an acceptance ratio and hence, acceptance rate equal to
one. Finally, for the Gibbs sampler we use the full conditional distributions for

each of the parameters.

1.2.2 Gibbs sampler

The Gibbs sampler tackles issues that occur in computing a joint distribution by
creating and calculating conditional distributions of the parameters instead, Ge-
man and Geman [1984]. In more detail, the joint distribution is the posterior distri-
bution, P(8]y) where 0 is a vector of length d. The Gibbs sampler works through
the full conditional distributions which for 6; is defined as P(61]62,0s,...,04, 7).
Then the algorithm for Gibbs Sampler can be expressed as follows, Geman and

Geman [1984]:

1. Set arbitrary initial values for ) = (951), 0&1),. ey 6&1)).
2. For a number of iterations n = 1: (N — 1) repeat:
(a) draw 6" ~ (67”16”65 y)

(b) ...
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(c) draw 0§"+1) ~ P(9§")|6§"+1), 605 y)

(d) ...

(e) draw 0&n+1) ~ P(9§”)|9§"“), . 7927?;1)7 y)

However, the Gibbs sampler can only be used when these full conditional distri-
butions are available. Gibbs Sampler is a Markov Chain Monte Carlo (MCMC)
algorithm for obtaining a sequence of observations which are approximated from
a specified multivariate distribution when direct sampling is difficult. The se-
quence of observations can be used to approximate the marginal distribution of
the parameter under study which is the parameter that the conditional or posterior
distribution is referring to. Another way of extracting the marginal distribution
of the parameter under study would be to integrate over the multivariate/joint
distribution. However, using the conditional distributions is simpler to sample
than integrating over the joint distribution.

Later on, in the analysis we also make use of block Metropolis-Hastings. Some
of the full conditional distributions of model’s parameters are known therefore
Gibbs sampler can be easily implemented. However, due to high correlation that
is observed between parameters an alternative must be used. In order to tackle
this issue we apply the block-Metropolis-Hastings which updates the correlated
parameters together. This method is useful and produces less correlation as it
delays the update of the one parameter which then used for the other, Green and
Mira [2001]. Examples of the method is shown in Chapter 3 where a more detailed

description is given.

Nowadays, there is a plethora of methods to be assigned such as BUGS, JAGS,
Plummer et al. [2003], STAN focusing on Hamiltonian Monte Carlo integration,
Carpenter et al. [2017]. These methods are platform-specific executable and they
were first created as a way for non-statisticians to use statistics. STAN specifically,
has been recently created providing a bigger variety of models and analysis than its
predecessors BUGS and JAGS. Specifically, you can define the prior distributions

and all the distributions of the full conditionals of all the parameters and have a
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result of it without needing to write more details. However, due to the complex-
ity of our model and previous success in fitting similar ( albeit less complicated)
models we implemented the MCMC methodology calculating the exact full condi-
tionals using Gibbs and Metropolis-Hastings. Stan can support our model but it
will be more complicated to define all the parameters. Furthermore, there is also
R-INLA, Lindgren and Rue [2015] which stands for Integrated Nested Laplace Ap-
proximation using Laplace approximation and applying Intrinsic Gaussian Markov
Random Fields (IGMRFs) analysed thoroughly in chapter 2. R-INLA as its name
indicates does not use MCMC thus not the exact distributions of the parameters
are founded but approximations. Since we were able to work with MCMC quite
well, we did not resort to it. Of course the interested reader is encouraged to
implement each one of the methods mentioned. Lastly, there is a possibility to use
non-Bayesian modelling such as mixed-effects models which have similar proper-
ties to Bayesian hierarchical models. In more detail mixed-effects model include
both fixed and random effects in the model. In that way, there are parameters
that can be considered constant or fixed and others that follow a specific distri-
bution and therefore are random, Pinheiro and Bates [2000]. However, the scope
of this project was to implement Bayesian methods and take advantage of all the
flexibility that Bayesian methods provide and specifically the hierarchical models

with the missing data.

1.3 Bayesian Hierarchical Modelling

In the past decade, Bayesian hierarchical modelling has become an established
technique in global health research, Bearak et al. [2018]. In essence, Bayesian hi-
erarchical models capture the similarity that exists between parameters. Based on
that, these parameters are drawn from the same prior distribution. The structure
and the connections that hierarchical models create make these models appropri-
ate for complex problems without necessarily using many parameters. In contrast,
non-hierarchical models will need a large number of parameters which increases

the risk of overfitting, Gelman [2006]. In Figure 1.1 we can see an example of
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pooled model unpooled model
parameter parameters 91 02 9‘3
// \ J | |
observations Y1 Yo observations Yo Y

N,

hierarchical modeI

//\

parameters @ 1 0. 2 k

I |

observations Y1 Yo Yk

model

FIGURE 1.1: Comparison between pooled, unpooled and hierarchical model,
Widdow Quinn [2006], Florian Wilhelm [2020]

non-hierarchical models which are known as pooled and unpooled models. Pooled
and unpooled models are quite opposite models as the first considers a common
parameter 6 for all the observations whereas the latter considers a parameter 6;
for each observation y;. In more detail, the prior for the pooled model is expressed
through the parameter 6, and is P(f) for observations yi, 4, - . ., Yx. On the other
hand, the unpooled model provides priors through parameters 6,,60s,...,60; for
each of the k observations. This particular example is used to show that the hi-
erarchical model uses one more level, which are the hyperparameters under the
assumption that all #’s of the unpooled case are drawn from the same distribution

and hence have the same hyperparameters.

Then hierarchical model is defined as the compromise between pooled and un-
pooled models as it considers a parameter 6; for each observation y; but taking
the assumption that the #; parameters are exchangeable all these are drawn from
the same hyperprior distribution with p and o2 as the hyperparameters, Widdow
Quinn [2006], Florian Wilhelm [2020]. In other words, hierarchical model is similar
to the unpooled model considering one more level with hyperparameters. In that
way the 61,05, ...,0, will be extracted from the same distribution with common
parameters, ;1 and 2. Finally, Bayesian hierarchical modelling is an asset to our

particular problem as by nature the blood pressure data are hierarchical. More
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details about Bayesian hierarchical modelling and how it relates to our problem

are presented in Section 3.1.

1.4 Non-Communicable Disease Modelling

1.4.1 Introduction

Blood pressure (BP) is the pressure of circulating blood against the walls of blood
vessels, Chobanian et al. [2003]. Most of this pressure is an outcome of the heart
pumping blood through the circulatory system. As a simple explanation blood
pressure refers to the pressure in the large arteries. Blood pressure is usually
expressed in terms of the systolic blood pressure (SBP) which is the maximum
pressure during one heartbeat over diastolic blood pressure (DBP) which is the
minimum pressure between two heartbeats in the cardiac cycle. Therefore, blood
pressure is well summarised as a bivariate measurement consisting of diastolic
and systolic blood pressure. Overall, blood pressure is one of the vital signs that

evaluate a patient’s health, World Health Organization [2021].

Noncommunicable diseases (NCDs), also known as chronic diseases, are of long
duration which result from a combination of genetic, physiological, environmental
and behavioural factors, World Health Organization [2021]. The main types of
NCD are cardiovascular diseases such as heart attacks and stroke, cancers, chronic
respiratory diseases, e.g., chronic obstructive pulmonary disease, asthma and sim-

ilar conditions and diabetes.

On the one hand modifiable behavioural risk factors of NCDs such as tobacco
use, physical inactivity, unhealthy diet, Bentham et al. [2020], Di Cesare et al.
[2019], Vandevijvere et al. [2019] and the excess use of alcohol may result in people
having raised blood pressure, Bentham et al. [2020]. On the other hand, there are
also metabolic risk factors which contribute to four key metabolic changes
that increase the risk of NCDs, Bentham et al. [2020], Di Cesare et al. [2019],
Vandevijvere et al. [2019]:
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raised blood pressure

overweight /obesity

hyperglycemia (high blood glucose levels) and

hyperlipidemia (high levels of fat in the blood)

Hence, as a result all these increase the risk of developing an NCD. Besides be-
havioural and metabolic risk factors these diseases are driven by forces that include
rapid unplanned urbanization, globalization of unhealthy lifestyles and population
ageing, ncd [2018]. However, in terms of attributable deaths, the leading metabolic
risk factor globally is elevated blood pressure (to which 19% of global deaths are
attributed), followed by overweight and obesity and raised blood glucose, Risk Fac-
tor Collaboration [2016], World Health Organization [2021]. Raised blood pressure
(RBP) is defined as SBP of 140 mmHg or higher, or DBP of 90 mmHg or higher,
and is estimated to affect more than one billion people worldwide (Risk Factor
Collaboration [2017]).

Although NCDs are often associated with older age groups, evidence shows that
more than 15 million of all deaths attributed to NCDs occur between the ages of
30 and 69 years, NCD Countdown 2030 [2018]. Children, adults and the elderly
are all vulnerable to the risk factors contributing to NCDs as behavioural and
metabolic risk factors take their toll in any age group. Furthermore, the access
to the right medication is not available in all the countries, Fletcher et al. [2015]

throughout the world which has as a result deterioration in the conditions of NCD.

1.4.2 Previous estimation on raised blood pressure

RBP is a key risk factor for non-communicable diseases such as cardiovascular
conditions, cancers and diabetes, which are responsible for approximately 70% of
global deaths each year (World Health Organization [2018]). In the early years
of NCD risk factor monitoring publications focused on analysing trends in mean

body-mass index, systolic blood pressure and cholesterol, Finucane et al. [2011],
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Danaei et al. [2011]. Furthermore, other studies focused on modelling associations
between metabolic risk factors and national income, urbanization and Western
diet, Danaei et al. [2013]. Later, a further study showed that the burden of cancer
can be attributed to diabetes and high body mass index worldwide, Pearson-
Stuttard et al. [2018]. Recent studies have shown that rising rural body-mass
index is the main driver of the global obesity epidemic in adults, Risk Factor Col-
laboration [2019] while other research is concentrated on multidimensional char-
acterization of global food supply from 1961 to 2013, Bentham et al. [2020].

Although recent and comprehensive estimates of trends in the mean values of SBP,
DBP and RBP at national level are available (Risk Factor Collaboration [2017,
2016]), there is limited understanding of how the interaction between SBP and
DBP varies over time, between countries, and by age and sex. While influential
(World Obesity Federation [2019], Development Initiatives [2020]), these models
only allow estimation of single variables at a time, e.g., solely on DBP or SBP.
Given that disease risk factors have complex interactions that vary over time and
between countries, the existing models therefore may fail to capture important

information.

We use the term bivariate blood pressure as BP is widely measured using two vari-
ables, diastolic and systolic blood pressure. The bivariate distribution is of interest
because both systolic and diastolic BP levels have particular medical implications,
and it is not clear how medication and diet may affect these relationships, for
example. Here, we extend existing methodology (Danaei et al. [2011], Finucane
et al. [2014]) to the two-dimensional case, specifying a Bayesian hierarchical model
that allows SBP, DBP and their interaction to be estimated simultaneously. A key
development is to extend the random walk (Rue and Held [2005]) used previously
Danaei et al. [2011], Finucane et al. [2014], which explained non-linear trends in
individual variables, to two dimensions. To do so, we use a two-dimensional ran-
dom walk or Intrinsic Gaussian Markov Random Field (IGMRF) (Rue and Held
[2005], Yue and Speckman [2010], Thon et al. [2012]) for the precision matrix
of a prior distribution explaining the non-linear time trends. In particular, an

IGMRF has been used to make estimates at national level of mean values of risk
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factors including elevated blood pressure, excess body-mass index, diabetes, and
sub-optimal lipid Risk Factor Collaboration [2016] profiles (Risk Factor Collabo-
ration [2017], NCD Risk Factor Collaboration [2017], Risk Factor Collaboration
[2016], NCD Risk Factor Collaboration [2020]). The models are sufficiently robust
for the World Health Organization to report resulting estimates in publications

such as the Global Diabetes Report (World Health Organization [2016]).

1.5 Blood Pressure Modelling

Our focus is to make estimates of blood pressure in order to observe whether the
blood pressure has increased or not through the time for each country, for each
age group and for each gender. The trends that are presented for each country
are complex and vary over time. For example in Figure 1.2 we can see the global
trends for single blood pressure variables have changed between the two genders
in 2015, Risk Factor Collaboration [2016]. Moreover, in Figure 1.3 we can also
make a comparison between the DBP, SBP and the RBP between the different
genders and we can notice that differences occur. These data were based on
studies that each country had conducted in the past and these studies can refer
to national, subnational or communities’ population in each country, Danaei et al.

[2011], Finucane et al. [2014].

Data can be separated into individual and aggregated data. Individual data are
those that selected from a specific individual. The aggregated data are coming
from an average of individuals under some same characteristics. For example, in
the Diastolic and Systolic Blood Pressure measurements data, we have a selection
of data from a number of individuals for each ages between 18 to 80 years old.
We separate the ages into 8 groups which are: 18-19, 20-29, 30-39, 40-49, 50-59,
60-69, 70-79 and over 80 and for each group we are taking the summary statistics.
In the whole analysis, we are making use of the aggregated data and therefore,
for a specific age group we will have a mean and variance value of the Diastolic

and Systolic Blood pressure respectively as well as the number of participants
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FIGURE 1.2: Age-standardised mean SBP, mean DBP, and prevalence of RBP
by sex and country in 2015 in people aged 18 years and older, Risk Factor
Collaboration [2017]

in each age group. Aggregated data are very much convenient to be used than

the individual data as they speed up the calculations however, there are some

drawbacks of using them. Firstly, we are based on the mean values of each age

group as we take the mean value of all the individuals comprising the specific

age group. Therefore, aggregation of data ignores individual variation as if it

were a statistical noise or measurement error. In addition, differences can also
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FiGure 1.3: Comparison of age-standardised mean systolic blood pressure,
mean diastolic blood pressure, and prevalence of raised blood pressure in men
and women aged 18 years and older in 2015, Risk Factor Collaboration [2017]

exist between the inference that is used and the results between individual and

aggregated data. In Figure 1.4 time series of DBP and SBP are presented including

all the ages per year over time. What we can observe is that both DBP and SBP

seem overall to get decreasing throughtout time.
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FIGURE 1.4: Time series of DBP and SBP for 1951-2017.
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Although there is a large volume of data, not all the countries under study have
data for each year for all the age groups and for both genders. Therefore, by using
Bayesian hierarchical methodology we can overcome this obstacle, Gelman [2006].
The way of solving this problem is to provide a specific structure in the dataset and
in the model. Specifically, we can combine the countries into categories. These
categories will include countries that are considered similar e.g., due to similar
lifestyle or culture. Then, these categories can also be categorized into larger
groups and so on. Therefore, the first type of categories will separate the globe

into nine groups which are known as super-regions and these are:
e Central and Eastern Europe
e Central Asia, Middle East and North Africa
e Fast and South East Asia
e High-Income Asia Pacific
e High-Income Western countries
e Latin America and Caribbean
e Oceania
e South Asia

e Sub-Saharan Africa

These super-regions can be divided into smaller groups the so-called regions. There
are 21 regions in total which contain a smaller number of countries expressing
more detail as we pay more attention to the similarities between the countries.
We borrow information between the countries in the same group so we want to
create groups with similar/alike countries. The groupings used in this work are the
same as those used by the Non-Communicable Disease Risk Factor Collaboration,
which were based on expert knowledge and have been used for around a decade.

The groups were defined a priori consulting on previous studies and remain the
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same throughout the research, Danaei et al. [2011], Finucane et al. [2011]. The
grouping is important to set similar countries in the same group as the estimation
of the blood pressure is depending on the group’s form. The groupings used in
this work are the same as those used by the Non-Communicable Disease Risk
Factor Collaboration, which were based on expert knowledge and have been used
for around a decade. In Figure 1.5 a global map is shown divided into regions and
super-regions and we can see clearly the separation between the countries. The
shades of the same colour show the regions that comprise one super-region. For
example, the majority of the African continent is depicted with shades of pink
colour. The four different shades of pink declare the four different regions: 1)
Central Africa, 2) East Africa, 3) West Africa, 4) Southern Africa and all these
four regions together comprise the Sub-Saharan Africa super-region. Lastly, it is
important to highlight that each country is also considered as a category on its
own since there are differences within each country throughout the years that need

to be considered.

Summing up, we have described a nested structure that the hierarchical model
provides, Gelman [2006]. The entire globe can be divided into super-region groups,
region groups and countries groups. By adding countries together we can overcome
the problem of missing information. If one country does not have data for a specific
year in a specific age group we expect a country that belongs to the same region
or super-region and has data to shed light on the missing information since these
two countries are expected to behave similarly. In conclusion, the hierarchical
model gives more accurate predictions than the no-pooling, in which each country
behaves differently and complete-pooling regressions, in which all the countries are

in the same group, especially when predicting group averages, Gelman [2006].

It also needs to be stressed that in terms of borrowing information from neigh-
bouring countries both DBP and SBP variables behave the same since if the DBP
measurement is missing then the SBP measurement is missing as well.

Bayesian hierarchical models borrow strength or shrinkage through the countries
in the same region and super-region but also IGMRF's express shrinkage within

each country, region or super-region over time. Each country has potentially data
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FiGURE 1.5: World’s map divided into regions and super-regions

for each year and by the same token each region and super-region is described by
data annually.

Therefore, the structure of IGMRFs provides the chance to share information be-
tween the years in this case, since it is possible to have missing data there too. Not
only are IGMRFs borrowing strength over time but they also take into account
the distance between the years. In other words, years closer to the year with no

information will have a bigger weight than those far away.

1.5.1 Challenges

As we have mentioned before there is a large amount of data since we are includ-
ing 200 countries for more than 20 years. However, there is still a problem of lack
of data since not all the years, age groups or both genders have the equivalent
dataset. Although we have interest to explore blood pressure measurements for
200 countries only the 165 of them provide us with data. In more detail, the 38%
of those countries have data only of one year, 78% have data for less that five years
whereas 90.3% have data for less than 10 years. Finally, 7.2% of the countries have
data from 10 to 20 years while only 1.21% of the countries which corresponds to
two countries have data between 20 and 30 years. Therefore, Bayesian hierarchical
modelling is highly useful by allowing us to borrow information between countries

in the same group. Although, the problem of lacking data was solved another issue
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has arisen. The Bayesian hierarchical model will give estimates for each possible
country, age group and year for both genders and thus, makes the model compu-
tationally expensive too. Furthermore, our model presents a different prior which
introduces both DBP and SBP and takes also into account the interaction of these
two. In that way, the structure of the prior distribution considers more years of
blood pressure and therefore more calculations are needed which means more time
is needed. Finally, MCMC techniques are used, which are widely known that are
computationally intensive, Gelman et al. [1996], Hastings [1970], Dellaportas and
Roberts [2003]. By applying adaptive techniques in MCMC and using techniques
used in biostatistics, Roberts and Rosenthal [2009], Gelman et al. [1996] we have

managed to develop more efficient code Gelman and Rubin [1996].

Finally, this research could be considered impossible to apply some years ago
due to lack of computational power. Nowadays computational advances have
made these types of computations feasible. By using high performance computing
and parallel computing we manage to minimize the time needed to produce our
results. In addition techniques such as Cholesky decomposition, Higham [1990]
and canonical parametrization reduced the time was needed for the calculation
between matrices significantly while also techniques which specify the sparsity of

the matrix proved to be highly beneficial.

1.6 Summary

This chapter provides a description of Bayesian inference. We briefly discuss the
differences between frequentist and Bayesian approaches. Furthermore, the reason
behind the use of Bayesian hierarchical model is explained emphasising the useful
properties of Bayesian hierarchical models for the model’s structure. Next, the
intuition behind MCMC methods is presented with a concise definition of Monte
Carlo and Markov chains as well as Metropolis-Hastings and Gibbs sampler al-
gorithms. Following, non-communicable diseases are explained and the literature

behind their modelling is discussed. Finally, the project is explained describing
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further the structure and the modelling of blood pressure data while highlights

the motivations and the challenges that have occurred throughout this research.

1.7 Preview

The remaining chapters of the thesis have the following content:

e Chapter 2 presents the theory underlying Gaussian Markov Random Fields,
the different cases that exist and also all the theory that is needed for the

implementation of our Bayesian hierarchical model.

e Chapter 3 gives a detailed description of the hierarchical models and de-
scribes all the sub-models and the parameters that comprise the final model

comparing them both in one and two dimensions.

e Chapter 4 presents the distribution of the sub-models and the methodology
that was used to fit each of the sub-models. In addition, applications to

simulated and real data are also demonstrated.

e Chapter 5 describes the scaling between the priors that needs to be made.
Comparison between the different two-dimensional IGMRFs as well as be-
tween the one- and two-dimensional IGMRFs have been made. Lastly, ap-

plication to the two-dimensional IGMRFs is shown.

e Finally, Chapter 6 gives a discussion of this research, conclusions are pre-

sented for the outcome of this project and future work is described.



Chapter 2

Gaussian Markov Random Fields

This chapter provides a description of various fields that are relevant to this thesis.
Gaussian Markov Random Fields (GMRFs) and a special case of them, Intrinsic
Gaussian Markov Random Fields (IGMRFs) are reviewed. GMRFs are often used
in prior distributions to provide structure to the inverse of the covariance matrix,
the precision matrix. Both GMRFs and IGMRFs are used to model non-linear

relations through their precision matrix.

2.1 Definition

A GMRF is a random vector that follows a multivariate normal distribution. The
particular feature of GMRF's is the conditional independence that they introduce
[Rue and Held, 2005, chapter 1]. We can explain the conditional independence
term by giving an example as stated by Rue and Held [Rue and Held, 2005,
chapter 1]. Let us say we have a random vector x = (z1,,73)". Here z; is
conditionally independent from x5 given z3. Under this condition the joint distri-

bution of x can be written as:

P(x) = P(x1|zg, x3) P(x2|x3) P(x3)

25
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and since z; is conditionally independent from x5 it can be written as:
P(x) = P(a1|ws) P(ws|es) Pxs)

What is beneficial with the GMRF is that the conditional independence can be
expressed through the precision matrix, Q. In more detail, when there is a depen-
dence, non-zero values appear in the precision matrix while zero values declare an

independent condition. It is useful to represent Q with an undirected graph.

Definition 2.1 (Gaussian Markov Random Fields)

A random vector x = (z1,...,z,)T € R" is called a GMRF linked to a labelled
graph G = (V, E) with mean p and precision matrix Q > 0 iff its density has the
form, [Rue and Held, 2005, chapter 2]:

7(x) = (27) "2/ QIY exp (§<x W)TQx m) (2.1

and

Qi #0={i,j} € E, Vi#] (2.2)

A GMRF can be any Gaussian distribution with a symmetric positive definite
(SPD) covariance matrix and vice versa. The properties of a GMRF are described
by its precision matrix Q, since its structure indicates connections between nodes:
as shown in (2.2), non-zero values in Q correspond to an edge in G. When Q is
dense, the graph is fully connected.

A connection between GMRFs and Gaussian Process (GP) can exist when we
consider a finite collection of random variables for a GP. Hence, a GMRF can be
considered as a discretised and sparse version of GP, Jadaliha et al. [2018], when

there are zero values in the precision matrix to account for sparsity.
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2.2 Intrinsic Gaussian Markov Random Fields

IGMRFs are a special case of GMRFs that we saw in Section 2.1. It is consid-
ered that the IGMRFs are GMRFs with linear constraints, [Rue and Held, 2005,
chapter 3]. IGMRF's are improper GMRFSs, as they have a precision matrix that
is not of full rank, and since the precision matrix is not of full rank, its inverse
does not exist [Rue and Held, 2005, chapter 3]. This implies that IGMRFs do
not have well-defined mean or covariance matrices. However, they do have the
property that the mean of an IGMRF of order T' is defined up to the addition of

a polynomial of order T — 1.

Definition 2.2 (Improper Gaussian Markov Random Fields)

Let Q be an n x n symmetric positive semidefinite (SPSD) matrix with rank
n—k > 0. Then x = (21,29, ..., 2,)7 is an improper GMRF of rank n — k with
parameters (u,Q), if its density is

—(n=Fk)
2

") = (20) Q) o (5 wQEx- ) (23

Again, x is an improper GMRF which is represented by a graph G = (V, E), where

Qi #0={i,j} e E, Vi#] (2.4)

It needs to be stressed that the parameters (u,Q) do not represent mean and
precision as these terms do not formally exist. However, in the following chapters
we will refer to them as mean and precision for the sake of convenience [Rue and

Held, 2005, chapter 2].

2.3 Circulant Matrices

There is a large variety of matrices that can be used as precision matrices, Q in

IGMRFs [Rue and Held, 2005, chapter 2]. Therefore, it is interesting to observe
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FIGURE 2.1: Nearest neighbours on a circle and a line

the definitions of circulant matrices since they are used as precision matrices too.
Within the precision matrices, we can see dependences that exist between nodes
which explain the structures of the graphs. The dependences between the nodes
express sometimes a close distance between the nodes of a graph. However, this
close distance can be interpreted in a different way. For example, we define differ-
ently the distance in time (temporal data), than the distance in spatial data. On a
torus graph which explains spatial correlation, the nodes that are considered close
are those which exhibit a circular behaviour. However, the circular behaviour of
those nodes can be expressed differently in a matrix form. In Figure 2.1 we can see
four nodes, cg, ¢1, ¢ and c3 which are equidistant. What we can observe in the cir-
cle is that the closest neighbours of the ¢y node are the ¢; and ¢3 nodes. However,
when we unfold the circle in a line, only the ¢; neighbour of ¢ is close by and the
c3 seems the most distant node. In a circulant matrix the closest neighbours of a
node can be on the first and last position even though they appear quite distant.
In the following section we will explore further the structure and the properties of

the circular matrices.

2.3.1 Circulant and Block-Circulant Matrices

In Definition 2.3 and 2.4 we can see how the circular matrices have similar features

and we can explore further the structure of each matrix, [Rue and Held, 2005,
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chapter 2].

Definition 2.3 (Circulant Matrix) An n x n matrix C' is circulant iff for some

vector ¢ = (g, ¢1,C2, ..., Cn1)’ it has the form:

Co C1 Cy ... Cp—1

Cn—1 Co Ct ... Cp—2

C= Cn—2 Cp—1 Co Cn—3
C1 Co C3 ... Co

Here ¢ is the base of C.

Definition 2.4 (Block-Circulant Matrix) An Nn x Nn matrix C is block

circulant with N x N blocks, iff it can be written as:

CO Cl CQ ce CN—l

CN—I CO Cl “ e CN_2

C= Cy_2 Cyo1 Gy ... Cp_3
C C, C; ... (G

where Cj} is a circulant n xn matrix with base ¢;. The base of C' is the n x N matrix

T
C:(CO Ci Co ... CN—1>

Each column has n values specifying the base of each of the block matrices, and

SO we can write:

€o0,0 Co,1 €o0,2 «v.  ConN-1
C1,0 C1,1 C1,2 ceo CI N1
c= C2,0 C2,1 C22 ... CoN-1

Cn—-1,0 Cpn-11 Cp—-12 ... Cp—1N-1
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In definitions 2.3 and 2.4 we can observe the circulant behaviour inside the matri-
ces. The first row has a sequence from ¢q to ¢,,_; and the second row starts from
the last node of the first row which is ¢,,_; and then it continues the sequence from
co to ¢,,_o this time. This continues until the first node of the first row will appear
in the final position of the last row. Overall, in circulant matrices the last nodes
of a row are the first nodes in the next row highlighting a circular behaviour. The
difference between the circulant and block circulant matrices is that instead of
having a simple node ¢y we will have a whole matrix, Cy. In block matrices we do
not have nodes but matrices appearing as nodes. Block circulant matrices will be

used as precision matrices in Section 2.6.2 and 2.6.3.

2.4 Canonical Parametrisation and Cholesky Fac-

torisation

In the Bayesian framework, in order to identify the posterior distribution we need
to define its parameters. If we assume that the posterior distribution is a mul-
tivariate normal distribution then we want to define its mean and its covariance
matrix. Although it is easy in general to distinguish the covariance matrix, there
are some difficulties to find the mean parameter. For example let us assume that
x ~ N(p, Q') and if we analyse it further we have, [Rue and Held, 2005, chap-
ter 2]:

log p(x|pt, Q) o (x — )" Q(x — p)
xx' Qx —p'Qx —x"Qu+ p' Qu
x x'Qx —2x"Qu + p" Qu

x x7'Qx —2x'Qu

In (2.5), we can identify the g and Q parameters from two terms. The first term
of (2.5) has solely the Q parameter but the second term has not solely the p
parameter and that imposes some difficulties to extract only the value of the p

parameter.
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Canonical parametrisation introduces the mean as the product of the mean and the
covariance matrix, puQ as it exists in the second term of (2.5). If x ~ NM(u, Q™)
then with the canonical parametrisation it will be x ~ N.(b, Q) =x ~ N.(Qu, Q).
The advantage of using canonical parametrisation is that we can have updates
without explicitly knowing the mean of the canonical parametrization until it
becomes needed. In order to compute the mean of the canonical form we have to
find the solution of Qu = b and that is computed with the Cholesky factorization.
The canonical parametrization will be used extensively for the updates of some
model parameters later in the thesis. Its useful properties make the computations
easier and faster.
Since Q is an IGMRF it expresses the relations between the nodes and as it
describes the conditional dependences we expect a sparse Q matrix. Another
way of writing the precision matrix, Q is by using the product of two triangular
matrices which are by definition sparse and also inherit the sparsity of the initial
matrix, Q. Hence, the so-called Cholesky factorization can be described as, [Rue
and Held, 2005, chapter 2] :

Q=LL" (2.6)

where L is a lower triangular matrix. It is a strong advantage to be able to write
the Q matrix using a triangular sub-matrix as it gives us very fast calculations.
Canonical parametrisation in combination with Cholesky factorization can give all
the information that we need to define the p parameter of a normal distribution.
The steps that we follow for the definition of the p parameter are presented below:
1. Canonical parametrization: Qu = b

2. Implementing Cholesky factorization: LL” = b

3. Forward solve: Lv =Db

4. Backward solve: LTy = v

By reaching the 4" step L and v are known values which are used to compute .
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2.5 One-Dimensional Random Walk

In this section we will explore different types of IGMRF's in one dimension. Their
differences are observed through their precision matrices. The precision matrices
will differ based on the conditional dependence that we require each time. Finally,
the precision matrix in each type consists of a scalar precision parameter, A and
a structure matrix, P. We will use the term order of the matrix which indicates
the number of nodes that can be dependent. Following we will define the forward
differences that are depending on the order. The first-order difference is defined
as:

whereas the second order difference can be defined as:

AQUM = A(Au[i]) = A(U[H_” — u[i])
= AU[HH — Aum (2'8>

= Ufi+2) — 2Uf41) + Uy

The higher the order the more nodes we are including. Finally, a k order difference

can be defined as:

Akum = Ak_l(Au[ﬂ) (29)

2.5.1 First-Order Random Walk for Regular Locations

We will firstly describe the first-order random walk making use of the IGMRF's,
[Rue and Held, 2005, chapter 3.3]. We want to take into account the closest neigh-
bours of a parameter, u = (upy, ..., upy )" . So instead of examining the individual
values inside the u vector we will construct possible pairs of values that can exist
inside the u vector. For example, we want to compute the distance between wu;
and u; values of a total of n values in the u vector. Since we are in the case of
first order it means that we will take one closest neighbour each time, hence the

uf;) node needs to be one of the closest values to the u) node. In other words, we
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consider pairs of values inside a vector and make calculations for pairs which can
be expressed as differences instead of calculating the individual uy) or wup;. The

way we construct the difference between the values is stated in (2.10):

g — up) ~ N(0,A7)

(2.10)
Aum ~ N(O, )\_1)
The density can be written as:
=
m(ufX) oc A=Y 2 exp <—§ (Aug) )
=2
=
o \NT-1)/2 exp (_5 (U[Hl} _ U[z’])2>
1=2
x \NT-1D/2 exp (—%(Du)TDu> (2.11)
(T—1)/2 L 7
x A exp —iu APu
(T—1)/2 ( L 7 >
xX A exp —§u Qu

Based on the above we know that Q can be written using the structure matrix, P

and the scalar precision parameter, \:

Q=)\D'D = )P (2.12)

AD'D = )\ -1 1
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Q=\P =)\ -1 2 -1 (2.13)
-1 2 -1

-1 1

Hence the vector u ~ N(0, AP) = {upy, upg, ..., upy } ~ N(0, AP)

In the D matrix we can see the different pairs that can exist inside the u vector
when we have n = 5 values inside it and therefore, n — 1 = 4 possible pairs. The
reason that we construct the pairs is that we want to introduce correlation between
the values of a vector that are the closest. Hence, we will use three nodes in total
in the central rows of the P matrix.

The P matrix is expressed as the squared matrix of the D matrix. Hence, we
expect more values to be included, the so-called neighbours. The interpretation of
the first line of the P matrix in (2.13) is that when we are at the up) time we will
borrow information from the w4y time since we do not have other time events
before. In the second row and until the second last we can borrow information
from the time before, uj;_;; and the time after, uj41). In the first row we can only
borrow information from the node ahead and in the last row from the node before
since we have specific start and end points. Figure 2.2 gives an illustration of the
first two rows of the structure sparse matrix P.

A sparse matrix or sparse array is a matrix in which most of the elements are
zero. In our analysis, we use a sparse matrix to describe the precision matrix
which is the inverse covariance matrix. Specifically, by using the term sparse
matrix we are referring to the conditional independence through the nodes of the
precision matrix. Nodes that are conditionally dependent have non-zero values
whereas nodes that are conditionally independent are expressed with zero values.
Therefore, sparsity explains mostly the independence between nodes which thus
produce zeros.

The increments of this model are defined as : Auy) = uf41) — up; which comprise
the D matrix. Apart from corrections at the boundary, which are the first and

last row, the P matrix consists of —A®up terms which are shown in (2.8). We
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1st order random walk 1st order random walk

FIGURE 2.2: Nearest neighbours on a line for a first-order random walk

may interpret (—up_q + 2up) — up41)) as an estimate of an underlying continuous
function uy) at ¢ = 1 making use of the observations at {i —1,,% 4 1} positions.
Due to the boundary corrections we have T'— 1 restrictions in the model. In (2.11)
we can see clearly that we used T'— 1 as a linear constraint. In summary, since we
have the pairs of T' terms then we expect to have T' — 1 different pairs. In order
to produce a proper density we impose the constraint of ) u) = 0 which has as a
result a finite marginal standard deviation. Summing up, the first order declares
the number of steps we can go in order to reach neighbours. The intuition is that
we can choose up to one step in every possible direction, backwards and forward
if there are available nodes. So, we can possibly have in total two neighbours plus

one, the node under study.

2.5.2 Second-Order Random Walk for Regular Locations

In this case the distances that we want to take into account have the form shown
in (2.14). The difference of the results in this subsection from the previous one
is that we want to include more neighbours, [Rue and Held, 2005, chapter 3.4].
Therefore, the structure of the pairs between the values in the vector u will be
different. Instead of having the difference between two values we will take the
differences between three values each time. By using the term second order we
declare how many neighbours we want to include each time, two closest neighbours

and the value under study which gives us in total three values in each row of the
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D matrix.

Uiz = 2upigr) + U = Augy ~ N (0, A7) (2.14)

The density can be written as:

=
m(ufA) oc AT exp <—§ (A2u[¢])2>
=1
=
o AT72)2 exp <—§ (Ufi2) — 2ufiy1) + um)2>
i=1
(T-2)/2 A T
= AT 2/2 exp (5 (Du)” (D)
= )\(T—Q)/Q exp (_%uTDTDu> (215)
= )\(T72)/2 exp (—%UT)\DTDU)
\(T-2)/2 I
= A exp —iu APu
\(T-2)/2 L 7
= exp —511 Qu

Based on (2.15) we know that Q can be written using the P matrix and the A

constant:

Q= D'D=)\P (2.16)

1

-2 1 1 -2 1

\ 1 -2 1 1 -2 1
1 -2 1 1 -2 1
1 =2 1 =21
1

1 =2 1
-2 5 -4 1

Q=) 1 -4 6 -4 1 (2.17)
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F1GURE 2.3: Nearest neighbours on a line for a second-order random walk

Hence the vector u = (upy, upy, ., ugry)” ~ N(0, AP) for all the T nodes.

The interpretation of the first line of the P matrix in (2.17) is that when we are at
the wup;) node we will borrow information from the wup and the w3 nodes since we
do not have other nodes before. In the second row we will be at the ujp node, we
will borrow information from the node before, u[;) and two nodes forward, u(3 and
ufg. From the third to fifth row the behaviour between the nodes is the same. If
we are at the up; node and we will borrow information from the two nodes before
ufi—1) and uf_g and two nodes afterwards, w1 and w42 We can notice that
we have a standard behaviour in the central rows and two different behaviours
in the first and the second row. The behaviours in the first two rows are known
as corrections at the boundary. We need again to impose restrictions which this
time will be Y. up = 0 and ), dup) = 0. The linear constraints give us a proper
joint density and a finite marginal standard deviation. Therefore, now the linear
restrictions are 7'— 2 which we can also observe in (2.15). In Figure 2.3 is depicted
an illustration of the first three rows in the structure matrix P. In these three

plots we can observe the different behaviour that exists in the P matrix. The two
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first plots are those with the boundary constraints and the third one follows the
behaviour of the central rows.

The increments of the D matrix will be Agu[i] = U[iy2] — 2U[i41) + u[) Whereas P
consists of —A4u[i] terms apart from corrections at the boundaries as expressed in
(2.9). We may interpret up_g — 4ug_1) + 6up) — 4ujip1] + Ui as an estimate of
an underlying continuous function up; at ¢ = 1 making use of the observations at
[i — 2,0 — 1,4, + 1,7 + 2] positions. The middle row of the precision matrix is:
Ufj—g) — dufi—q) + 6up) — 4up1) + g and finally the linear restrictions are: T'— 2,
where T' expresses the total number of nodes.

In summary, the second order declares the number of steps we can go in order to
reach neighbours. The intuition is that we can choose up to two steps in every
possible direction, backwards and forward so we can possibly have in total four

neighbours plus the node under study.

2.6 Second-Order Two-dimensional Random Walk

We will now explore different types of IGMRF's in two dimensions, [Rue and Held,
2005, chapter 3.4.2]. The differences between the types are observed through
their precision matrices and it is the conditional dependence inside the precision
matrices that changes in each case. As previously, the precision matrix in each
type consists of a scalar precision parameter, A and a structure matrix, P.

In the two-dimensional IGMRF we will account for the distances of two variables.
Given that we use the second order term we indicate that we need the two closest
neighbours to be included for each of the two variables this time. Hence, the

distances are defined in the following way:
Aty oyupig) + Afopyugg) ~ N (0,27 (2.18)

where A9y and Ay are the forward difference operators in the vertical and
horizontal directions respectively, [Rue and Held, 2005, chapter 3.4.2]. We have

again the precision parameter A which represents again scalar precision parameter
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as we have seen in the one-dimensional case ( see Section 2.5). The first-order

forward differences can be written as:

A@,0)Ufij) = Ufit1,5) — Ufi,j)

(2.19)
Ao,y fig) = Ufij+1] — Ufi)
and the second-order forward difference for each variable is defined as:
AY oyt = Aoy (Ao upg) = Uirag) — 2Ufit1 ) + Ui (2.20)
Al i) = A0,y (A1) Ufiz) = Ujsjra) — 2Ufij1] + Ui
By using the definitions in (2.20) we can write (2.18) as:
u[i+27ﬂ - 2U[i+17]‘] + 2U[i7j] + U[@j.},.g] - ZU[Z‘J.’_” ~ N(O, )\_1) (221)
However, by changing the notation we have the equivalent:
Ufi—1,5] = 2Ufig] + Ufit1,5) T Uij—1) — 2Upg) + Ui 1) =
[i—1,4] [4,4] [i+1,5] [,5—1] [4,4] [i,5+1] (2.22)

i—1) — g g+ W)+ o1 + g ~ N0,

Summing up, equations (2.21) and (2.22) are expressing exactly the same result but
the difference is that they include different neighbours and give different weights
to their neighbours. In (2.21) the central nodes are w1, and w j1) whereas in
(2.22) the central node is uj; ; and these central nodes have the largest weights.
In both (2.21) and (2.22) we can see that the summation of the weights is equal
to zero. An illustration of (2.21) and (2.22) is presented in Figure 2.4.

2.6.1 [Illustration of the problem

We need to find the closest neighbours for the combination of the two variables.
The two variables are indicated with the indices 7, j in the u; j term. We assume
that both variables have five nodes each. Hence, we want to account for all the
possible combinations between the nodes of the first and the second variable. With

the number of nodes for each variable being five the possible combinations will be
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FIGURE 2.4: Nearest neighbours for a 2D second-order random walk with dif-
ferent centres

52 = 25. Although every combination is possible, not all of them will be used as
neighbours in a specific pair and thus there will be combinations having a zero
value in the precision matrix. More details can be seen by observing Figures 2.5,
2.6 and 2.7. These plots illustrate the procedure of choosing neighbours for a
specific pair. We can see how the IGMRF works having as a starting point the
[2003,2003) Pair. In the D matrix of Figure 2.6 we include the two closest neighbours
in the vertical and the two closest neighbours in the horizontal direction. The
neighbours that are chosen are those one step away from the pair under study. In
Figure 2.7 we can see that we take more neighbours into account. We started with
two neighbours in each vertical and horizontal direction in the D matrix and we
conclude with four neighbours in each direction in the P matrix. In the matrix P,
we choose neighbours that are one and two steps away from the pair under study.
Also, in the P matrix we can see that besides the vertical and horizontal direction
we can also move diagonally. The pairs from the diagonal direction are [2002,2004],
[2004,2004] s [2004,2002], [2002,2002]- Finally, what is also interesting in these figures is
that the closest neighbours of the central pair are one pair forward and one pair
backwards. Not only can we go horizontally, vertically and diagonally but also we

have forward and backwards steps.

Upy

ups(t) = : ~ N0, A\P)™) (2.23)

U[Tz]
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FIGURE 2.5: Possible combinations between the years of X and Y variable

FIGURE
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2.6: The 5 nearest neighbours for the years of X and Y variable,
starting from the (2003, 2003) combination (D matrix)

©
© | 3 (2001.2006) | (2002.2005) | (2003.2005) . (2004.2005) | (2005.2005)
< | 4 (2001.2004) . (20022004) | (2003.2004) . (2004.2004) . (2005.2004)
- 4 (2001.2003) | (2002.2003) | (2003,2003) | (2004,2003) , (2005.2003)
o | 4 (2001.2002) | (2002.2002) | (2003.2002) | (2004.2002) , (2005.2002)
_ T (2001,2001) ér (2002.2001) | (2003,2001) gr (2004,2001) gr (2005,2001) |
1 2 3 4 5 6

FIGURE 2.7: The 13 nearest neighbours for the X and Y years (P = DD

Precision matrix)
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In (2.23) we state that the updated version of u’s prior distribution has mean 0
of length 72 and P which is a matrix of 7% x T? dimensions where T expresses
the number of nodes for each variable. In conclusion, some of the combinations
express the changes only in the first variable when the second variable remains
constant, some others the changes only in the second variable when the first re-
mains constant and the rest express the interaction of these two variables when
both variables are changing, either both decreasing or increasing or one is increas-
ing and the other is decreasing. The possible combinations for both variables can
be written as: upp o) = (Up,1), Up g - - -5 U2,3), - - -5 U 5)

However, an alternative interpretation using coding from 1 to 72, as the total num-
ber of combinations, also used in (2.23), is: u;p,g) = (upj, g, - - ., Ups), - - -, Ups))-
In the following chapters we will explore different types of precision matrices that
can be used in the case of two dimensional second order IGMRFs. More details
describing what each pair of combinations between the first and second variable’s

nodes expresses will be shown.

2.6.2 Precision matrix on a torus

Based on the bibliography Rue and Held [2005], the most common use of IGMRF
is through the use of a torus. As we show in Section 2.6.1 the increments of the

D matrix will be:

Upig1,5] T Ui—1,5] + U1 + U j—1) — 4Uig) (2.24)

The summation of the coefficients that are used in (2.24) is equal to zero, [Rue
and Held, 2005, chapter 3.4.2].

Bearing in mind that we have two variables as we are in a two dimensional case
we need to construct accordingly the precision matrix. Defining the two variables
with the indices ¢ and j, we want to examine how these two variables will interact
together. What is more, we want in every event to include information for both

of these variables.
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The precision matrix of the prior distribution will be defined again as Q = AxDTD
where D is a block-circulant matrix, there is a scalar precision parameter, A and
by P = D'D we define the structure matrix. The definition of the precision
matrix is the same as in the one-dimensional case but the structure matrix will
be constructed differently in order to include two variables. The base of the D

matrix is presented below:

-4 1 0 01

- o O =

Analytically, the base model consists of sub-matrices. The sub-matrices that we

use for the construction of the D matrix are presented below:

so D will be:
A A, 0 0 A,

A, A; A, 0 0
0 Ay A; A, O (2.25)
0 0 A, A, A,
A, 0 0 A, A

The 0 is presented in bold form as it stands for a 5 x 5 matrix full of zeros.

Equation (2.25) shows the relationship of the nodes in the central rows without
taking into account the corrections at the boundaries which are referring to the
first and last rows. As we have seen in the first and in the second order random

walk the behaviour at the boundaries is different. Observing the rows in (2.25) we
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FIGURE 2.8: Graph of torus, from browser StackExchange [2021]

can see that the last node of the first row is becoming the first node of the next row
and so on. The circular behaviour expresses the torus plot shown in Figure 2.8.
In Figure 2.9 we can see the D matrix and every row shows the neighbours that
are included for a specific node. In Figure 2.10 we apply the P = DTD equation
and we can see which neighbours are present in the structure matrix. Based on
Figure 2.10 we can see that the middle row of the structure matrix, P multiplied
with the u vector can give the non-zero values of the middle row of the precision
matrix:

i)+ 20151 = Bufiza g+ 2ugio1 )+ up -2 — Sugi it (2.26)

20wy 51 — Bup 1) + W) T 2151 — SULg1,4) T 24141 T U2,

As is stated by Thon and Rue Thon et al. [2012] the structure matrix in Figure
2.9 has a torus form and therefore, does not have a special treatment at the
boundaries. It includes as neighbouring nodes those that exist on opposing edges
which in a torus are considered the closest neighbours. Furthermore, in the Q
matrix we are taking into account the interactions by including the terms that
exist in the diagonal direction.

It is necessary in this case too, to impose linear constraints. The linear constraints
will be greater in number as we consider more variables. They will refer to the
first variable ) iup ;) = 0, to the second variable, Y ju ;) = 0 and for both of
them Y > up ;) = 0. Therefore, the linear restriction is defined as 7% — 3 where
T is referring to the number of nodes that each variable has and T2 the possible

combinations between the two variables. The linear restrictions are needed in
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FIGURE 2.9: D matrix for 5 years of SBP and DBP combinations
FIGURE 2.10: Structure matrix for 5 years of SBP and DBP combinations,

order to give a proper joint density. The rank deficiency is 72
express the precision matrix, Q by using forward differences as:

(AL — Afo) + 2A¢ 0)Af,

_(A%LO) + A%o,l))Qu[i,j}

In (2.27) the last term indicates the interaction between the two variables.
However, the D and the Q matrices based on Figures 2.9, 2.10 do not take into
account the boundary effects, and we observe the same behaviour in each combi-

nation.
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2.6.3 Isotropic Precision Matrix on a Torus

Since the precision matrix in Section 2.6.2 had some drawbacks, Rue and Held [Rue
and Held, 2005, chapter 3.4.2] tried to overcome these obstacles by introducing
an isotropic precision matrix on a torus. In (2.25) the structure matrix does not
include the corners up 1), Up n), U, 1], Un,n) Which is incomplete if we want to have
information from each node. Therefore, a new suggestion which is an isotropic
precision matrix includes every node.

In (2.11) we can observe that every row has the same number of elements following
a cyclic behaviour moving from one row to the other. In (2.12) we can see that
the structure matrix is not sparse but this is happening only because we used the
minimum number of nodes equal to five. When the nodes are increased (above
five) the matrix is sparse as with the rest of the suggestions. The sub-matrices

that are used for the construction of the structure matrix, P are presented below:

—20 4 4 4 1 1
4 =20 4 1 4 1
A= 4 =20 4 Ay = 1 41
4 =20 4 1 41
4 4 =20 1 1 4
so D will be:

AL A, 0 0 A,
Ay AL A, 0 O
0 Ay A, A, 0 (2.28)
0 0 A, Ay A,
A, 0 0 A, A

As stated by Rue and Held Rue and Held [2005] and Thon and Rue Thon et al.
[2012] the structure matrix in Figure 2.12 also has a torus form. However, the
boundaries still do not exhibit a different behaviour to the central rows and since

a torus behaviour is followed the closest nodes are not included. This matrix
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FIGURE 2.12: Structure matrix for 5 years of SBP and DBP combinations,
P=D'D

does not seem desirable for problems which do not have a circular behaviour
or specifically when we want to compute relations in temporal behaviour. The
increments that are used are: (A%LO)U[M} + A%o,nu[i,j}) and the precision matrix
consists of: _(A(l 0) Ui,j] +A(0 1) i) = _AZ(lLo)u[iJ] _A?o HUi5] — A A(1 0) Ui,j]

Finally, the middle row of the precision matrix P is:

Upi—2,j—2] + Bup—2 1] + 18up_25] + 8up—2 j41] + Up—2, 2] + BU[i—1,j—2] — SUfi—1,j-1]
_'144UH—1J]_‘8uﬁ—1d+1]+'8“U—1J+2]+'18Uﬁd—ﬂ —-144UUJ_1]+-468th]
— Ldug iy + 18uf jpo) + Sufivrj—g) — Supirrj—1) — 144U ;) — Sufiv j4q)

+ 8uji1,49) + Upit2,j—2) + 8Ufit2,j-1) + 18Ufiyo5) + BUjita 1] + Uita,j42)

(2.29)
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In this type of matrix the linear restriction will be the same as in Section 2.6.2,

T? — 3 having also the same rank deficiency: 7% — 1.

2.6.4 Precision Matrix with boundary constraints, part 1

The third suggestion of a structure matrix is presented without having a precision
matrix on a torus by Terzopoulos, Terzopoulos [1988]. With torus structures we
can capture spatial dependences whereas the suggestion with boundary constraints
captures temporal dependencies. We compute the block matrices in order to satisfy
the condition of summing-to-zero in every row and every column of the precision
matrix, AP, and taking into account the closest neighbouring nodes every time.
Having said that though, the rows and columns of each of the block matrices
does not sum to zero. The rows and columns of the precision matrix sum to zero

instead. In the first five rows we will use the sub-matrices A1, Ay, Az :

4 —4 1 —4 2
—4 10 -6 1 2 —6 2

Ay 1 -6 11 —6 1 [Ay= 2 -6 2
1 —6 10 —4 2 —6 2
1 —4 4 2 —4

1
1
Aj = 1
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In the sixth to tenth rows we will use the sub-matrices A4, A5 and the Ay, Aj

sub-matrices will be used again:

10 -6 1 —6 2
—6 18 -8 1 2 -8 2
Aj=| 1 -8 19 -8 1 [As= 2 -8 2
1 -8 18 —6 2 -8 2
1 —6 10 2 —6
11 -6 1
-6 19 -8 1
Ag=] 1 -8 20 -8 1
1 -8 19 —6
1 —6 11

This time the sub-matrices express the structure matrix P

A A, A; 0 O
A, A, As A; O
As As A5 A (2.30)
0 A; A; A, A,
0 0 A; A, A

g
I

>
z

Specifically, observing the matrices A4 and Ag we can see that the restrictions are
in the first two (and the last two) rows giving the impression of being a second-
order IGMRF. Similarly, the matrix A has a different behaviour in the first (and
last) row giving the impression of being a first-order IGMRF. However, since the
rows and the columns do not sum to zero they cannot be considered as IGMRFs.
Finally, we can see that the structure of the matrix in (2.30) looks similar to the
second-order IGMRF, presented in Section 2.5.2. The constraints are based on the
two rows at the boundary but now the two rows consist of sub-matrices. Each row
and column sums to zero therefore, AP can be the precision matrix of an IGMRF.

Furthermore, we can see that the block matrix Ag in (2.30) is in the diagonal
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FIGURE 2.13: Structure matrix for 5 years of SBP and DBP combinations,
P= D'D

only in the third row whereas in the structure matrix in (2.31), Section 2.6.5 the
central block matrix A, is used as the diagonal in the second, third and fourth
rows. That is an indication of why the rank in Section 2.6.5 is 7% — 1 while the
rank in Section 2.6.4 is T? — 3.

Summing up, the increments for the two-dimensional scenario are: (A%Lo)u[i,j] +
Al 1yUris) and hence, the P’s central row consists of: —(A?) g ujij)+A% ) uis)* =
_A?l,o)“[i,j} - A?o,n“[@i] - A%o,l)A%l,o)u[iJ]'

Therefore, the middle row of the precision matrix is: wup_o jj+2up—1j—1)—Suf—1,5+
2ufi-,g+1) + Ufi—2) = Bufig-1) + 2005 — Bugiey + Upigz) + 20p1-1) — Bl +
2Uit1,541] + Wit2,-

Again, the linear restriction is: 72 — 3 as in the previous two cases whereas the
rank deficiency is 72 — 3 which is the first time that coincides with the linear

restrictions.

2.6.5 Precision Matrix with boundary constraints, part 2

A fourth suggestion of a structure matrix and a second without being on a torus
is presented by Yue and Speckman Yue and Speckman [2010]. The structure of
the precision matrix is similar to the one in Section 2.6.4 but with different block

matrices which means different weights for the neighbours which we will see affects
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the rank deficiency. The intuition behind the choice of the matrices with boundary
constraints is that we can choose how to define the matrix’s boundaries. Depending
on the weight that we give to the central rows of each of the block matrices we
will have a different effect at the boundaries we consider. The matrix presented in
Section 2.6.4 gives only to one of the nodes in the diagonal the maximum weight
resulting in more boundary constraints whereas the structure matrix in Section
2.6.5 gives to more nodes the maximum, and thus same, weight which results in
fewer boundary constraints. Hence, the rank deficiency of the matrices is affected
by the weights we give to the nodes in the diagonal and that is why we have
different rank deficiency between these two matrices.

In the first five rows we will use the sub-matrices Aq, Ay, As:

6 -5 1 -5 2
-5 12 —6 1 2 -7 2
Ay = 1 —6 12 -6 1 |Ay= 2 -7 2
1 -6 12 =5 2 -7 2
1 -5 6 2 -5
1
1
Aj = 1
1
1

In the sixth to tenth rows we will use the sub-matrices A4, A5 and the Ay, Aj

sub-matrices will be used again:

12 -7 1 —6 2
-7 20 -8 1 2 -8 2
Ayj=]1 1 -8 20 -8 1 [As= 2 -8 2
1 -8 20 -7 2 -8 2

1 =7 12 2 —6
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In the next rows these four sub-matrices will be used again. Having constructed

the block matrices we can see the structure of the precision matrix, Q:

A, A, A
Ay Ay As A,
MoA; A AL A5 A, (2.31)
A; A; A, A,
Az Ay A

Observing the precision matrix in (2.31) we can see that the two first rows are
those with the different behaviour. So, one could possibly say that we have T2 — 2
constraints. However, each row contains block matrices which means that each of
the block matrices present a conditional dependence and hence gives zero values
to the combination going further away from the under study combination. The
linear constraints are 72 — 3 as in the previous cases. Furthermore, we can also
observe the structure of the block matrices. The Ay and Ay matrices are similar
to those for the first order random walk (2.5.1) since only the first row is changing.
The A; and A, matrices are similar to those for the second order random walk
(2.5.2) since only the first two rows are changing. However, none of the A, A,,
A, and Aj are structure matrices of IGMRF since their rows and their columns
do not sum to zero.

In the first order random walk (Section 2.5.1) we could see that we set the first
(and the last) row of the matrix to have the restriction that matches the 7' — 1
constraints. In the second order random walk (Section 2.5.2) we set the two first
rows (and the last two) to have a different behaviour, so we had T — 2 constraints.
In the second order two-dimensional model the behaviour is slightly different. The
precision matrix is now a block-circulant matrix hence, the restrictions will not be
in two rows but in three block matrices. The following is an intuitive explanation
of the T%—3 constraints. Let us assume that the years we have are T' = 5 therefore,
we will construct a precision matrix with 5% x 52 dimensions. We compute the
block matrices in order to satisfy the condition of summing-to-zero in every row

and every column of the precision matrix which is the first of the linear restrictions
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that are applied in all of the scenarios. The precision matrix P is defined as, Yue

and Speckman [2010]:

T-17T-1
Z Z{Agu[m‘]}Q + {A1U[1,1}}2 + {AQU[TJ]}Z + {Agu[l,T]}2 + {A4U[T,T]}2
i=2 j=2
T T
+ > {Asupy + {Asupn}?) + > ({Arup )} + {Asury})
7j=2

1=2

(2.32)

In more detail each of the forward differences can be written as:

Agu[i,j] = (A21 s A201 JUfi+1,j4+1) = A%l 0)Uli+1,4+1] T A%o 1) Wli+1,5+1]

(Afugi)? = (A21 ot A(o 1)) [i+3,j+3] = (Au 0 T A nt 207 (1 O)A%O,l))u[i+4,j+4]

(2.33)
{Avup ) = (A + Do) up
{Aoura}? = (Apo) + Apny) g
{Asup, T]} = (Awo) + A )QU[g 7]
{A4UTT]} ~Ban + Ao )QU[TT (2.34)
{Asug;, 1]} = (Aa 0 T JAVORY )Qu[z+33
{Asupir}? = (Afg) + D)) upiss
{Arup g} = (Do) + Aoy s
{ASU[T]]} = (A + A%o 1 >2u[T]+3

The signs (4, —) used in Yue and Speckman [2010] to refer to the direction of
the nodes in the forward differences are omitted. Having this density we account
for all the 25 different combinations. The first summation is responsible for the
central values of the precision matrix: (T'—1—1)% (T —1—1)=09.

The nodes at the boundary in analytical form are:

o Four corners: ([1,1],[1,5) »[5,1] 5[5,5] )-
e Boundaries on the left and right sides: 3 %2 =6

e Boundaries at the top and bottom sides: 3 %2 =6
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FIGURE 2.14: Precision matrix for 5 years of SBP and DBP combinations

Hence, the nodes are separated as: a) M =9 central nodes and b) 4+6+6 =
16 nodes in the boundary. So, for a number of nodes 7' = 5 in each variable we
have: (5—2)?+4+(5—2)%x2+(5h—2)x2=25

In general, what are considered as central or boundary nodes can be summarised
as the following: (nqy —2) % (no —2) +4+ (N1 —2) %2+ (ng — 2) % 2,

In the special case when ny =ny =T: (T —2)> +4+ (T —2)* 2+ (T — 2) * 2.

The middle row of the precision matrix P is equal to:

Ufi-2,) + 2Ufi-15-1) = 8Ufi-15) + 2Ufi—1541) + Ujij-z — Buf -1 + 20Uy (2.35)

= 8Ui 1) F Ufit2) T 2Ufi41,5-1) = SUfit1,5] T 2Ufi41,541] T Uis2,j]

In Figure 2.14 we can see that we need three rows with block matrices in order
to reach the 13" line which has the maximum number of neighbours. The central
row which is the one that is invariable to the boundary effects has 13 non-zero
elements. In Figure 2.14 we can see the 25 x 25 precision matrix. The diagonal
elements in AP represent the conditional precision of DBP and SBP in the same
year ¢ given the rest of the years, while the off-diagonal elements with proper
scaling show the conditional correlation between DBP and SBP in years ¢ and j
respectively given the rest of the years, Rue and Held [2005]. In Figure 2.14 the
total number of nodes for each variable is five.

It would also be useful to see which and how many neighbours there are at the

boundaries. Figures 2.15 and 2.16 show us the behaviour at the boundaries and



95

Finding the neighbours: DBP 1 SBP 1 Finding the neighbours: DBP 1 SBP 2
0 4 . . . . 0 - . . * *
Lo : : 4 : Lo .
(] (]
é o - s s . . é o - . . -
g &
$ oo o . . S« . .
1 2 3 4 5 1 2 3 4 5
Years for DBP Years for DBP
Finding the neighbours: DBP 1 SBP 3 Finding the neighbours: DBP 2 SBP 2
0 . . . . w0 — . . . .
% < - . . . % < - o . . .
%] D]
8w . . & o i
& &
NI . . . NN .
1 2 3 1 5 1 2 3 4 5
Years for DBP Years for DBP

Finding the neighbours: DBP 3 SBP 2

0 3 ¢ ¢ Y
R | {
]
L n e .
@
T
o

‘_77 T T T

1 2 3 4 5

Years for DBP

FIGURE 2.15: The neighbouring years at the boundaries for 5 years of DBP
and SBP
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FIGURE 2.16: The neighbouring years in the centre for 5 years of DBP and
SBP

in the centre. Depending on the combination of nodes the number of neighbours
changes. The diagonal direction is considered as a two step distance as it is a
combination of one step vertically and then one step horizontally. In general, the
numbers of possible neighbours are either 6, 8, 9, 11 or 12 at the boundaries and 13

in the central years. To summarise, we have that the structure matrix P consists
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of: _<A%1,0)u[i7j] + A?0,1)“[1'7]'])2 = _A?l,o)u[i,j} - A?og)“[@'d] - A%o,l)A%Lo)u[iJ]
Again, the middle row of the precision matrix is:

lig—2) + 20 (i-1,j-1) T Ti-25] — 8F(i,j—1) = 8T(i-15) + 2T(i1,5-1) + 20235 + 20 (i-1,54) —
8Tfi+1,5] = 8Tfij+1] + Tliv2g) + 2Tfir1g1) T2

Finally the linear restrictions are T2 — 3 with rank deficiency 72 — 1.

The P matrix shows all the combinations between the two variables. In the P
matrix when the row is [33) it means that both variables are in position 3. There
are 25 possible combinations but only the nearest to the (33 pair in this case will
be non-zero including the 33 pair. In this case the combinations 23}, 3.2], 3.3,
34], [4,3 have non-zero values. If we observe closely these values we can see that
the (23 pair is a backward step for the first variable while the second variable
remains at the same node. By the same token the (39 pair is a backward step for
the second variable while the first variable remains at the same node. The (3 41, 4.3
pairs express a forward step for the second variable while the first remains at the
same node and accordingly a forward step for the first variable while the second
variable remains at the same node.

In the precision matrix in Figure 2.14 we can see that in the 33 pair we have
the maximum number of neighbours. The (33 pair, the pair under study, takes
the highest weight, 20. The (23], [3.2], 4,3, [3,4 Pairs are the closest neighbours,
one step distance, therefore, will get a weight of -8. The (2.9, 2,4]5 4,2]; [4,4) COM-
binations are referring to the interactions of the two variables and correspond to
Ufi—1,j—1]> W[i—1,j+1]» Ufi+1,j—1]> U[i+1,j+1) Values. These four interaction terms have the
number 2 as weight. Lastly, the final four pairs, 1 3}, (3.1, (3,5, 5,3, correspond to the
neighbours that are 2 steps away from the [3 3 pair. These values are more distant
than the rest of the neighbours so they take the smaller weight which is equal to
one. At this point we would like to highlight that the signs in front of the weights
are used for satisfying the linear constraints. The absolute value of the weights
shows which of the combinations are closer to the pair under study. In summary,
based on (2.35), we can notice that considering the u; ; the central point, the points
that are closer to it have a bigger weight, 8u; ;_1, 8u;—1 j, 8u;t1 5, 8u; j11 , later the

interaction terms follow 2u; 1 j_1, 241 j—1, 2Ui—1 41, 2Uit1,j41 and finally the most
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distanced are the neighbours with a distance of 2 nodes: w; j_2, u;—2j, Wit2 j, Ui j1o.

Yue and Speckman Yue and Speckman [2010] also highlighted the need for deleting
the first row in order to make the matrix full rank which later helps in a non-
stationary matrix. Here, we will use the initial matrix (2.31) taking advantage of

the stationary matrix and its non-full rank form.

2.6.5.1 More than 5 years for the second order 2D IGMRF

In the following three matrices we can see how the structure matrix, P changes
depending on the number of years for each variable. These will help us understand

how the linear constraints apply in the two dimensional case.

AP=X| A A A, A Ag (2.36)

A A, A,

Ay, Ay A5 Ay

Ay As Ay, As A

AP=| 0 T T e (2.37)

As As Ay As Aj
As; A; Ay Ay

As; A, Ay
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As As A, A; A,
AP = A Ay As A, A; A, (2.38)
Ay Ay A, A; A,
A, A; A, A,
A; A, A

Taking into account five nodes for each variable, z; ; we have a precision matrix of
25x 25 dimensions and we can see that the central row is the one indicated with red
colour. In (2.36) we have presented only the block matrices. When we have data
for six nodes for each variable we have a precision matrix of 36 x 36 dimensions.
In (2.37) we can see only the block matrices which can help us to notice that the
central rows are the two in the middle now. Finally, having data for seven years
for each variable will give us a precision matrix of 49 x 49 dimensions. In (2.38)
we can see that the central rows are three in the middle which are denoted with
red colour too. The dimensions of the block matrices are changing too. We will
have 5 x 5, 6 X 6 and 7 x 7 respectively increasing each time the central row once,
twice for the six years and three for the seven years respectively for each one of
the block matrices. In conclusion, in the three cases that are shown above the
boundary constraints are in the first two and last two rows. However, these rows

are not numbers but block-matrices.

2.7 Summary

This chapter provides an overview of all the methods that this thesis will make use
of. In Section 2.1 we see the definition of GMRFs while in Section 2.2 we analyse

a case of GMRF's with linear constraints, the IGMRFs. GMRFs and IGMRF's are

commonly used as prior distributions to explain dependence through the prior’s
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TABLE 2.1: Constraints for the one-dimensional 1%¢ and 2% order and for the
two-dimensional 2" order IGMRF.

IRW  2RW  RW2D

Nodes T T T2
Counstraints 1 2 3
Total T—1 T—-2 T?-3

TABLE 2.2: Constraints for the four different types of a two-dimensional 27¢
order IGMRF.

Torus,y Toruss Bounds; Boundss
Nodes T T T2 T
Rank Deficiency T2 -1 T?—-1 T?*-1 T2 -3
Linear Restrictions 72 —-3 7T%?—-3 T?-3 T2 -3

precision matrices. Throughout this thesis we will focus on the IGMRF's properties
which are very useful for conducting the research. In Section 2.3 we examine differ-
ent types of precision matrices which can be used as prior distributions satisfying
the IGMRFs conditions. With the aid of canonical parametrization, Section 2.4,
we are able to overcome computational difficulties of not finding the exact form
of the mean parameter introducing an alternative way of using the normal distri-
bution. Using Cholesky decomposition we manage to achieve fast calculations for
the posterior distributions tackling memory issues by storing large matrices. Fur-
thermore, in Section 2.5 we see the one-dimensional random walk which expresses
the dependences between nodes. Depending on the order of the random walk,
first or second order, we change the number of neighbours that we want to be
dependent each time, as shown in Sections 2.5.1 and 2.5.2 whereas a comparison
between these two is shown in Table 2.1. Finally, in Section 2.6 we can see the
extended case of the random walk in two dimensions. Through this chapter we
are able to see different types of two-dimensional random walk where each one
of them captures a different relation through the nodes. Analytically, for captur-
ing the spatial dependence between two variables, precision matrices on a torus
appear more suitable, as seen in Sections 2.6.2 and 2.6.3. On the other hand,
for capturing temporal dependence we have dependences on a line and we also

want to include different behaviour in each node as we might not have the same
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information in every node under study. Suitable precision matrices are those with
boundary constraints which are presented in Section 2.6.4 and 2.6.5. A comparison
between the four different two-dimensional precision matrices is shown in Table
2.2. Finally, in the following chapters we will explain in detail one-dimensional and
two-dimensional models making use of the one-dimensional and two-dimensional

IGMRF as prior distributions.



Chapter 3

Flexible Two-Dimensional

Bayesian Hierarchical Models

3.1 Introduction

Many statistical applications involve multiple parameters that can be considered
as related or connected in some way by the structure of the problem Gelman et al.
[2013]. Therefore, a joint probability model for these parameters can be considered
appropriate in order to account for their dependence. This is achieved in a natural
way if we use a prior distribution in which the group of parameters in the joint
distribution is viewed as a sample from a common population distribution as ex-
plained thoroughly by Gelman Gelman et al. [2013]. Moreover, hierarchical models
can even have more parameters than data points without causing overfitting by
the fact that they use a population distribution to structure some dependence into

the parameters.

As for Bayesian hierarchical models we need a joint probability model, it is impor-
tant to comply with the requirements of exchangeability Damien et al. [2013], Gel-
man et al. [2013], Griffin and Brown [2017]. Exchangeability is present when the
probability of a joint distribution is equal to the probability of a joint distribution

having changed the order of the parameters that exist in the joint distribution,

61
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hyperparameters
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data, datas datas data,,

FIGURE 3.1: Structure of the hierarchical model

i.e., having permuted the parameters Damien et al. [2013]. Therefore, we have
P(Xr), Xe@)s - s Xam)) = P(X1,Xa,...,X,). However, as long as we have no
information that contradicts the assumption of exchangeability, this is a logical

assumption Gelman et al. [2013].

By assuming exchangeability we imply dependence between the parameters which
form the joint distribution. Hence, hierarchical models provide a dependence
between the parameters by expressing them in terms of the likelihood and the

priors Gelman et al. [2013].

Hierarchical models can be separated into three stages. The first stage declares
the distribution of the data and likelihood. The second stage accounts for the
prior distribution of the parameters and in the third stage the distributions of the
hyperpriors appear Damien et al. [2013]. These stages are illustrated in Figure
3.1. We present an example in (3.1) of how each of the stages could be written

using distributions which is also presented in Figure 3.2.

First stage: [data—process, parameters] = Y |X,0 ~ N (X8, 3y)
Second stage: [process—parameters| = 6|Z,n ~ N (Z,, Xg)

Third stage: [(hyper)parameters| = 1 ~ N (ny, X)) (3.1)
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FI1Gure 3.2: Example of the hierarchical model’s structure

It is assumed that we have exchangeable ;. If 1 is fixed then we have 7 differen-
t/separate models. However, more often that is not the case and with unknown
1 we observe the phenomenon of shrinkage or borrowing strength across the ’s.
By using this term we imply that the parameter under study, 8; will not be based
solely on the data’s information, Y; but also from the prior that we set on . That
being said, we expect that the posterior will shrink from the data’s distribution
which is a sample estimate towards the prior’s distribution which is the population
distribution, the so-called shrinkage effect, as expressed in Gelman et al. [2013] and

Damien et al. [2013].

In this chapter we describe two Bayesian hierarchical models, a one-dimensional
and a two-dimensional model of blood pressure. The dependent variable for the
one-dimensional model is SBP whereas for the two-dimensional equivalent the de-
pendent variables are DBP and SBP taking into account the interaction(INT)
between DBP and SBP as well. Both of the models have the same parameters
to define the likelihood but have changes in the dimensions. In the following sec-
tions we will describe the sub-models that comprise the one- and two-dimensional

models.
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3.2 Models

3.2.1 The one-dimensional Model

The variable that we are interested in exploring is SBP, y. The model has been
previously defined and used by Danaei et al and Finucane et al in Danaei et al.
[2011] and Finucane et al. [2011]. The likelihood for an observation of SBP in age
group h from study i conducted in country j is, Danaei et al. [2011], Finucane

et al. [2011]:

yh,z‘ = aj[i] -+ bjmtz + uj[i],ti —+ XZ,B + ")/i(Zh) —+ €; + Eh,i (32)

Yhi ~ N(Clj[z'] + bt + wjp e + XaB + ~v:(zn) + €, SDii/nh,i + 7'1-2) (3.3)

The general model of blood pressure can be separated into five different sub-

models, Danaei et al. [2011], Finucane et al. [2011]:

Linear change over time with intercept and trend, a;, b;
e Non-linear change over time, u;

e Covariate effects, 3

e Age model, ~v,(z)

e Study-specific effects, e;:
measure the difference between the average blood pressure measurement in
study ¢ and the average blood pressure measurement in the entire dataset.
An intercept that changes from study to study which also has its own prior

distribution.

e Error term/study-age specific random effects, € ;:
follow a Gaussian distribution with zero mean and variance SD}, ; /np ;. SDj.;
is the standard deviation of blood pressure values observed in the h age

group in study ¢ while nj, ; expresses the sample size of individuals that each
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h age group has in the study ¢. The y;; terms express the mean values of
a specific h age group and study 7 and that is why we have S D%M- /nn.; and
not solely SD?M. Each study has several age groups and each age group
consists of a number of individuals. Here, S D,?M- /N is the variance between
the individuals in the same h age group of the same study i. In other
words, the variance within a particular h age group in a specific study <.
Also through the residuals we account for the study-specific deviation which
is the deviation of blood pressure measurements of the h age group from
the average in the study i. Hence, the second component of the likelihood
variance, 72 expresses the variance that exists within a study i, the variance
that exists between all the age groups of the same study i. In Figure 3.3 we

can observe in detail the two variances that exist in the likelihood.

3.2.2 The two-dimensional model

A key contribution of this thesis is to extend the one-dimensional model to two
dimensions. The one-dimensional model is presented in (3.2.1) and analytically ex-
plained in Danaei et al. [2011], Finucane et al. [2011]. The new dependent variables
are the DBP, SBP and the interaction(INT) of these two variables. Changes in the
construction of the model are necessary. We are expressing the two-dimensional

model as having three dependent variables and not two considering the interaction
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of DBP and SBP as the third dependent variable. By introducing three dependent
variables we achieve a diagonal covariance matrix whereas otherwise we would have
a dense covariance matrix. A diagonal covariance matrix provides computational

efficiency which is useful for our analysis. We have a model

Yhi,D ajfi),p bji,pti XipB
Ynis | = | @jis | T | bjasts | T [ W;[i],(D,S),ti ] + | Xisp
Yhi,T ;i1 b, rti X8
’ ’ (3.4)
%‘,D(Zh) €i.D Wh i, D €h,i,D

+ | vis(zh) |t s | | whis | T | €nis
)

%’,](Zh €i,1 Wh 3,1 €nil

where

Ynil = Yni,D X Yn,i,S

Therefore y follows a normal distribution:

th ~ N(a][z] -+ b][z]tl -+ uj[i]ti + Xzﬁ —+ 7(2h> —+ €e;, SDi,t/nhﬂ' -+ 7_12) (35)

where
- SDI%,i,D/nh,i
SD;, /1 = SDZ?, ¢/, (3.6)
L SDI%,i,I/nh,i
_ TiZ,D
T = g (3.7)
o)

Now, the y vector will provide three blood pressure measurements for a study 7 in
the age group h in a country j corresponding to DBP, SBP and INT denoted by
D, S, 1. The y will still be a vector but the length of it will be three times longer
than before. Although each of the parameters in (3.4) and (3.5) is repeated three

times, it can be seen that there is a single non-linear sub-model u;j;,,. That is
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because uj;);, provides simultaneous estimates of non-linear trends in SBP, DBP
and INT which are provided implicitly by using an IGMRF as described in Section
2.2. In the following sections we will explore analytically the behaviour of all the

sub-models in one and two dimensions.

3.3 Linear sub-model

3.3.1 One-dimensional Linear sub-model

In the linear model, there are two formulas that are used. One describes the
intercept of the linear model and the second is referring to the trend of the linear
model. These are expressed in (3.8) and (3.9) respectively Danaei et al. [2011],
Finucane et al. [2011].

a; = aj + ag;) + ) + a’ (3.8)

Both the intercept and the slope of the linear model follow a hierarchical struc-
ture Danaei et al. [2011], Finucane et al. [2011]. Our dataset has information on
countries which are categorised into regions and super-regions Danaei et al. [2011],
Finucane et al. [2011]. Finally, all the super-regions comprise the globe Danaei
et al. [2011], Finucane et al. [2011]. The hierarchical structure shows a nested form

of our data which can be explained as subsections:
c: countries C r: regions C s: super-regions C g: global

Equation (3.8) describes that the intercept of a specific country is defined as the
summation of the country’s intercept, the region’s intercept that the country be-
longs to, the intercept of the country’s super-region and the globe’s intercept. The
hierarchical structure applies to each of the terms, af, i) and Ay - The af is part

of the joint distribution of the intercept for all the J countries, the ayy;) term is
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part of the joint distribution of the intercepts for all the K regions and ajjy is part

of the joint distribution of the intercepts for all the L super-regions.

In the same way Equation (3.9) expresses the summation of the slope of a particular
country, the slope of the country’s region, the slope of the country’s super-region
and the globe’s slope. Again, each of the terms expresses a hierarchical structure.
The b} parameter is part of the joint distribution of the slopes for all the J coun-
tries, the b;m parameter is part of the joint distribution of the slopes for all the
K regions whereas the bf[k] parameter is part of the joint distribution of the slopes
for all the L super-regions. The af and b9 do not express a hierarchical structure
since they account solely for one group, the globe. The hierarchical structure of
the intercept and the slope can also be seen in (3.10) which expresses prior distri-
butions.

The countries, regions, super-regions and the globe levels are in a nested form.
Therefore there is an impact between the levels as well. As the notation of the
terms in (3.8), (3.9) indicate the country’s coefficient affects the region’s coefficient
that this particular country belongs to and in the same way the region’s coefficient

affects the super-region’s coefficient that this particular region belongs to.

It should be stressed that the shrinkage or borrowing strength applies between
the J countries, between the K regions and between L super-regions for each of
the intercept and the slope respectively by setting the same prior for all the J
countries, the same prior for all the K regions and the same prior for all the L
super-regions. Each one of the equations’ terms of (3.8), (3.9) has its own priors
presented in (3.10). Equation (3.10) shows us the prior distribution for each of the
terms which is the same distribution across countries, regions and super-regions
defined differently for intercept and slope. The hierarchical structure of the linear
sub-model is also presented in Figures 3.4 and 3.5 for the case of the linear’s

sub-model intercept and slope between countries. In the same way regions and
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FIGURE 3.4: Structure of the hierarchical model for the intercept of countries
in the linear sub-model
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FIGURE 3.5: Structure of the hierarchical model for the slope of countries in
the linear sub-model

super-regions can be described.

S~ N0, K0), 5 ~ N (0, K5)
ol ~ N0, K7), B ~ N0, 5]) (3.10)
0 ~ N0, 52), b ~ N(0, &)

a?, b9 ~ (5,0.01) -
1

(& T S C T S
RS, Ky Koy Ky Ky, Ky ~ (5,0.01)

The x terms follow a non-informative hyperprior whereas a? and Y a non-informative

prior.

3.3.2 Two-dimensional Linear sub-model

Since we are interested in the variables DBP, SBP and their interaction, INT we
need to construct the linear sub-model accordingly. We introduce the terms of

intercept and slope for each of DBP and SBP and INT for the two-dimensional
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linear sub-model. We will therefore have three different intercepts and three dif-
ferent slopes depending on the 7 study and j country. Therefore, we use the same
modelling of SBP for DBP and INT as well. As in the one-dimensional model we
also have a nested structure but this time for each of the three variables. The
hierarchical form indicates that countries are nested in regions, regions are nested

in super-regions and all these comprise the globe.

ajv = ajy + agy v+ ay +al (3.12)

bj,V = b;,V + b;[j],v + bf[k},v + bg/, where V = 1)7 S, I (313)

As in the one-dimensional case described in Section 3.2.1, for each of the a and
b terms a prior distribution will be assigned without including any dependence

between the a’s and between the b’s.

ajy ~ N (0, ’iga,V)) Wy~ N (0, ’igb,V)) ,apy ~ N (0, fifa,v))
by ~ N (0,671 aiy ~ N (0, K, 1) (3.14)

ZV ~ N (O, Hfb,V)) s where V = D, S, I

It should be noted that in the two-dimensional case the hierarchical structure will
exist for each of the variables, DBP, SBP and INT. More specifically, the term
o ) refers to the intercepts of all the J countries solely for the DBP variable.
The same will apply for ;5 and af; ;) which refer to the intercepts of all the
J countries solely for the SBP and INT variables respectively. Therefore, for the
intercepts in the two-dimensional linear sub-model we will have three different
joint distributions each referring to the joint distribution of countries, regions and
super-regions for each of the three variables, DBP, SBP and INT as is depicted
for the intercept and slope of the countries level in Figures 3.6 and 3.7. Hence, in
total we will have nine different joint distributions.

Finally, we set a non-informative hyperprior for the s terms and a non-informative

prior for the a¢ and b9 parameters.
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a1, p) {3, p) a(3,p) e a(y,p)

FIGURE 3.6: Structure of the hierarchical model for the DBP’s intercept of
countries in the linear sub-model

o \
b€27D) b€37D) TR bg],D)

FIGURE 3.7: Structure of the hierarchical model for the DBP’s slope of countries
in the linear sub-model

(1.0)

3.4 Non-Linear sub-model

3.4.1 One-dimensional Non-Linear sub-model

The non-linear sub-model is used to capture non-linear changes over time. In
this model again a hierarchical structure is present where countries are regions’
subdivisions, regions are super-regions’ subdivisions and all these are subdivisions
of the globe. In equation (3.15) the non-linearity of a specific country is expressed
as a summation of the country’s non-linearity, the non-linearity that exists in the
region that the country belongs to, the non-linearity of the country’s super-region
and finally, by the non-linearity that exists in globe Danaei et al. [2011], Finucane
et al. [2011]. As in the linear sub-model, presented in Section 3.3.1, the non-linear
sub-model exhibits a hierarchical structure. In more detail, the uj parameter is
part of the joint distribution of all the J countries, the uy ;) parameter is part of
the joint distribution of all the K regions whereas the uj,, parameter is part of

the joint distribution of all the L super-regions.

u; = uf + upp; + wyyy +u? (3.15)
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In matrix form, the non-linear model for all country-year combinations can be

written as Danaei et al. [2011], Finucane et al. [2011]:
Mu = M‘u® + M"u" + M*u® + M7u? (3.16)

Here, M€ is a translation matrix of I x JT dimensionality that assigns the elements
of u® to I studies observed in particular country-year combinations, J x T'. Since
we do not have studies for every year and for every country the M° will be a sparse
matrix. The M", M® and MY matrices correspond to region-year, super-region-
year and globe-year combinations and the dimensions of those are I x KT', [ x LT,
I x T respectively. For each of the u parameters in Equation (3.15) we introduce
prior distributions Danaei et al. [2011], Finucane et al. [2011]. From Equation
(3.15) we can identify the phenomenon of shrinkage between the J countries since
all the J countries will have the same distribution. In a similar way, shrinkage will
exist between the K regions and between the L super-regions as all the regions will
have the same distribution and also all the super-regions will be assigned to the
same distribution. Lastly, we have a distribution for the non-linearity in the globe
but since it is not a joint distribution we do not expect to observe the phenomenon
of shrinkage between the countries. In Figure 3.9 we can observe the hierarchical
structure between the countries and between the regions. It is necessary to stress

that each uj, u}, uj and u? terma are vectors of T values.

iy ~ N(0.AP), u’ ~ N(0,),P)

In addition, the hyperprior for each of the scalar parameters A’s is defined in (3.18).

)\c ~ N(Clg,, b5>)\r ~ N(CL(,, 66))\5 ~ N(CL7, b?))\g ~ N(ag, bg) (318)

In order to allow the model to differentiate among the degrees of non-linearity
that exist in country, region, super-region and global levels, we assign each of u’s

components a second order IGMRF, as explained in Section 2.5.2. In particular,
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FIGURE 3.8: Structure of the hierarchical model for the non-linear parameters
in countries

FIGURE 3.9: Structure of the hierarchical model for the non-linear parameters
in regions

the T-vectors uj(j = 1,..J), uj(k = 1,..K), uj(l = 1,..L) and u? each has as a
prior a Gaussian distribution. Specifically, it should be noted that T expresses the
years of observations and therefore the uj will be a vector of length T' for each

country.

3.4.1.1 Interpretation of the Non-Linear Model

The intercept and the slope of the non-linear model express the same functions
as the intercept and the slope of the linear model. However, when the intercept
of one of the models, linear and non-linear, changes in time, the other should be
equal to zero. In other words, we cannot have intercepts of linear and non-linear
change in time at the same time. Only one of these relations should be applied.
These are known as identifiability constraints Danaei et al. [2011], Finucane et al.

2011].
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3.4.1.2 Identifiability connection with the Linear Model

The definition of identifiability is equivalent to saying that different values of
the parameters must generate different probability distributions of the observable
variables Lehmann and Casella [2006]. In other words, it means that distinct
values of ¢ should correspond to distinct probability distributions. Therefore, a
model is identifiable if the parameter values, (¢,, @) € ® uniquely determine the
probability distribution of the data, y € Sy and the probability distribution of the

data uniquely determines the parameter values:

F(y;¢9) = Fy;: ) iff ¢y = o, (3.19)

where ® denotes the set of all possible parameter values and Sy, is the set of all
possible values of data Huang [2005]. Identifiability constraints need to be applied
between the linear and non-linear parameters which are a, b and u Danaei et al.
[2011], Finucane et al. [2011]. The restriction we will apply here is to restrict
the last group, the non-linear sub-model to zero. For that reason the mean of the
intercept and slope for each u,, u,, us and u, is equal to zero. This is equivalent to
saying that between two groups in order to have identifiability we need to set the
second group equal to zero, expressed in Lehmann and Casella [2006]. A different
identifiability constraint would be the sum of the linear and non-linear intercepts
being equal to zero and by the same token the sum of the linear and non-linear

slopes being equal to zero as well. More details can be found in Lehmann and

Casella [2006].

Many times Bayesian models present identifiability problems that are caused due
to collinearity or overparameterization etc. One solution to identifiability problems
of this nature is the proposal of weakly informative priors. However, references
given in the bibliography have stated that a formal definition of Bayesian non-
identifiability is equivalent to a lack of identifiability in the likelihood. Therefore,
this equivalence also implies that identifiability does not depend on the nature of

the prior specification. Of course, priors that are too informative i.e. too precise,
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strong, will limit Bayesian learning from the data. With regard to prior specifi-
cation in nonidentifiable models, the middle ground between too informative and

insufficiently informative is the solution, Gelfand and Sahu [1999].

3.4.2 Two-dimensional non-linear sub-model

The two-dimensional non-linear model has a different behaviour from the rest of
the sub-models. The interaction of DBP and SBP, INT is already integrated in the
model. Precisely, by having the DBP and SBP we account implicitly for the inter-
action of these two variables. By considering every possible combination between
DBP and SBP, we actually account for changes in DBP, for changes in SBP and
every simultaneous change for both DBP and SBP which is the interaction of these
two variables. By using in the prior the P matrix that was presented in Section
2.6.5 we are able to take into account the already implicit variable of interaction.
Throughout this section we will use the precision matrix of Section 2.6.5 which
describes the second-order polynomial IGMRF in two dimensions. The non-linear
term u;j; for country j and study i, present in the likelihood in (3.4) and (3.5)

can be represented as:

Uj (p,s) = W (ps) T Wi, 0,5) T Wik, o,s) T Wp.s) (3.20)

In matrix form, the non-linear model for all country-year combinations can be
written as:

Here, M€ is a translation matrix of I x JT? dimensionality that assigns the elements
of ufD’ g) to studies observed in particular country-year combinations. The M",
M? and MY matrices correspond to region-year, super-region-year and globe-year

combinations with I x KT?, I x LT? and I x T? dimensions respectively. For each
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of the u variables we have a prior distribution

W p,5) ~ N(0,AcP), u (p 5) ~ N(0, A\, P) (3.22)
ui(D,S) ~ N(07 )‘SP)v u?D,S) ~ N(O, )\gP)

where P is a precision matrix defined in Section 2.6.5. By the structure of the priors
in (3.22) we assume dependence between DBP, SBP and INT which is expressed
through the precision matrix P as also explained in Yue and Speckman [2010]. We
can notice that given the structure of the priors in (3.22) we have the same number
of hierarchical structures as in the one dimensional case, Section 3.4.1. In more
detail, the ui( p,s) term expresses the non-linearity in a two dimensional model of
DBP and SBP for each of the J countries having as a result that all the J countries
follow the same distribution. This actually means that there will be shrinkage of
all the j values. The same will appear in each of the Ui p.s) and W pg) where
shrinkage will exist between the k and [ values respectively. Since, the uf’D’ s) is
related to only one group we are not referring to a joint distribution and therefore
the shrinkage phenomenon cannot be applied. The hierarchical structure of the
two-dimensional non-linear sub-model is presented in Figures 3.10 and 3.11 for the
country and regional level respectively. It should be noted that u;p s) will be a

vector of size T?. Lastly, hyperpriors for the scalar parameters \’s are introduced
/\c ~ N((l5, b5), )\r ~ N(CLG, b6)7 /\s ~ N(a7, b7), /\g ~ N((Ig, bg) (323)

In equation (3.22) 0 is a vector of length T2, P is a T? x T? matrix, the detailed
form of which is shown in Section 2.6.5, and each of the non-linear terms is a
vector that comprises all possible combinations of years for DBP and SBP. For
instance, for the country-level non-linear term, we have a vector of length T2, uj =
(W g, Up,2)s - - - UB,2]s U3,4]s Ufz,5) - - - Upryr)) for a specific country. The precision
parameters, A., A,, g, Ay, are each scalars. Each will follow a Normal distribution

as shown in (3.23) with each of the A parameters having a larger variance as in

the one-dimensional equivalent in (3.18) .
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FIGURE 3.10: Structure of the hierarchical model for DBP, SBP and INT of

countries in the non-linear sub-model
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FIGURE 3.11: Structure of the hierarchical model for DBP, SBP and INT of
regions in the non-linear sub-model

While the model allows estimation for 72 combinations, we can only add infor-
mation to the likelihood when data are present, and this is only the case when
both DBP and SBP are in the same year because the measurements are taken
for individuals simultaneously. Here, we describe the uj parameter at the country

level of the hierarchy, but the u parameter for the other levels is analogous.

3.4.2.1 Explicit use of INT in non-linear sub-model

The non-linear model will be an extension of the one dimensional non-linear model
that we presented in Section 3.4.1. For each of the DBP, SBP and INT variables
the model will be the same, a second order random walk for the precision of the

prior without considering dependence among the three variables, DBP, SBP and
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INT.

UG,y = WGy + UGy T W) +uy (3.24)
Muy = Mu(,v) + M"ug,v) + M°ui vy + M7ugg vy, where V =D,S, T
(3.25)

In that way each of the DBP, SBP and INT will have its own prior distributions.
For each of the u we have the prior distributions that are presented in Section
2.5.2.The prior distributions is defined as follow:

ujv ~ N(O, )\CP), u;;V ~ N(O, )\T‘P)7 ulC’V ~ N(O, ASP),

(3.26)
uj, ~N(0,\,P), where V =D.S I

Finally, following this modelling we will have four precision parameters for each of
the DBP, SBP, INT variables whereas before we had four precision parameters for
all the three variables together. Hence, the hyperpriors for the scalar parameters

A’s solely for the DBP variable is presented in equation (3.27).

)\c ~ N(CL5, b5), )\r ~ N(CLG, bG), )\5 ~ N(CL7, b7), )\g ~ N(ag, bg) (327)

3.5 Covariate effects sub-model

3.5.1 One-dimensional covariate effects sub-model

The covariate effects sub-model includes two types of effects, the country and
study level effects as defined by Danaei et al and Finucane et al in Danaei et al.
[2011], Finucane et al. [2011].

At the country level we include two time-varying covariates Danaei et al. [2011],
Finucane et al. [2011]. The first is country-level urbanization, defined as the pro-

portion of a country’s population that lived in urban areas. The second one is
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national availability of multiple food types (Xf ood) A principal component anal-
ysis (PCA) was used to summarize food availability data from which we used
the first four components: X700t = (X/food1 X food2 Y foods xfoods) Beptham et al.
[2020]. The purpose of PCA is to capture what are the food types of consumption
for each country.

At the study level we include two covariates Danaei et al. [2011], Finucane et al.
[2011]. The first is coverage, X9, a three-level factor variable indicating whether
the data were national, subnational or were from individual communities. The
second is study-level urbanization, X*%"* a three level factor indicating whether
the study population was rural, urban or in between and expressed as rural-and-
urban.

In equation (3.28) we represent the country-level urbanization having an inter-
cept and a term depending on time whereas the food types are solely depending
on time. Study-level covariates exist to tackle possible biases that exist in the
data. Previous studies have shown the need to consider possible differences from
national studies as subnational or community’s studies may exhibit different be-
haviour than the national studies. Therefore, we have terms for the subnational
and community coverage both having an intercept and terms depending on time,
Danaei et al. [2011], Finucane et al. [2011]. Furthermore, we want to compare
both country’s and study’s urbanization when these two terms have an antithetic
behaviour. Moreover, we have terms in (3.28) that combine a country’s urban-
ization with rural study’s urbanization and on the other hand terms that shows
country’s lack of urbanization with a study in an urban area, as was explained in

Danaei et al. [2011] and Finucane et al. [2011].
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X8 = BXCbh + ByXCar 11
BaXpitati + BaXirityts + B XUt + BeX ]t

BI{ X% = subnational} + BsI{X 7%

Ll = subnational };,+

)

ﬁgI{Xjﬁri[l] = community} + ﬁloI{XCUl’]"gt i = community }¢;+

B X5 “Tt[z I{Xj[qutb[z] rural} + 315X “Tt[z I{Xj[;”tb[Z rural }t;+

Bis(1 — ijftb[i])l{Xjﬁft”m = urban} + B4 (1 — X5 “’;[1 )I{Xj[fﬁb[l] urban}t;
(3.28)

Observing countries with urbanization under an urban study means that X; will
have a zero value. Likewise, countries not being characterized with urbanization

under a rural study means that X; will have a zero value.

3.5.2 Two-dimensional covariate effects sub-model

As before, the covariate effects sub-model includes two types of effects, the country
and study level effects as defined by Finucane et al. [2011] and Danaei et al. [2011].
The countries and the studies are the same for both one- and two- dimensional
models, therefore we expect the X matrix to contain the same information for all
the three dependent variables. However, we will set different [ terms for each of
our variables. In (3.29) we define the 3, but the same applies for the rest of the
B, terms where £k =1,...,14.

Bip
By =| Bis (3.29)

P

The X matrix for each of the covariate effects will be a matrix of three columns
from now on, each column of which will contain the same information for DBP,
SBP, INT, so the columns will be identical multiplying with the parameters in
(3.29).
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3.6 Age sub-model

3.6.1 One-dimensional Age sub-model

The mean of SBP may be non-linearly associated with age. Therefore, a choice
of a non-parametric model is more appropriate. B-splines then were used for the
age sub-model. In the work of Danaei et al and Finucane et al cubic splines were
used to fit the age sub-model Danaei et al. [2011], Finucane et al. [2011]. The use
of B-splines instead is because of their greater flexibility. The cubic spline that
was used in Danaei et al. [2011], Finucane et al. [2011] has the form explained in

(3.30):

Vi(zh) = Yz + Y202y + 325 + Yai(2n — 45)% + v5i(2n — 60)% (3.30)

In contrast, the equation for a B-spline curve of degree k is defined by

S(t) = En: Nin(t)P, (3.31)

where (Fy, Py, ..., P,) are control points and N; j(t) are the basis functions which

are defined using the Cox-de Boor recursion formula shown in (3.32).

0  otherwise (3.32)

fioion —t
Ny (t) + N ()
Livit1 — tit1

The values of ¢; are taken from a sequence called a knot vector
T = (to, t1, ..., ty)

The number of knots in 7', m + 1 is related to the degree k and the number of
control points n + 1 by
m=*k+n+1
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For example, in our analysis we will use a cubic B-spline, £ = 3 with number of
control points n+1 =4+ 1 therefore n =k+n+1=3+4+1 = 8 knots with a
knot vector

T = (to, t1,...,1s)

Therefore, B-splines can be expressed as:

S(t) =Y Nis(t)P; (3.33)

Hence, in equation (3.34) we express the age sub-model with cubic B-splines

5

St:th - Njfl’gtﬂ
(1) = %(N(®) le () (334

= 71:No3(t) + 7¥2iN1,3(t) + V3. N2,3(t) + V4 N3 3(t) + v5: N4 3(2)

where each ¢ expresses a particular study.

In order to reduce dependence among model parameters we use a middle-aged
group, specifically 50-year-old as the baseline age, centring the age variable by
subtracting 50 from all values. Each of the vi;,79;,...,75 values are defined in

(3.35) and also stated in Danaei et al. [2011], Finucane et al. [2011]:

Vi = ¢k =+ gbkl,l/z + ijm where k = ].7 2, ey 5 (335)

Generally, blood pressure can increase more steeply with age where blood pressure
in a baseline age group is higher. In order to allow the shape of the age curve to
vary with level, the spline coefficients for study ¢ (714, ...,75;) are permitted to
depend on p;, the estimated 50-year-old SBP value for i study Danaei et al. [2011],
Finucane et al. [2011]:

Age association not only can vary due to the differences in country means but

also due to random effects. Therefore, we include country-specific random spline
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C11 C12 C13 . C1J

FIGURE 3.12: Structure of the hierarchical model for the random effects of the
age sub-model for the o? case

coefficients in our specification of the v’s as stated in Danaei et al. [2011], Finucane

et al. [2011]:

cr; ~N(0,07), where k=1,2,...,5 (3.36)

with a flat improper prior placed on each of the five 0%’s. It should be noted that we
have a hierarchical structure here too. For example, ¢;; for all the J countries will
follow the same distribution with zero mean and variance o%. An example of how
the hierarchical model is structured is presented in Figure 3.12 for the ¢y, ..., c1y.
The same will apply for each of the other cyj,. .., c5; terms where each is a term
of a joint distribution for all the J countries. Finally, the v1,..., 15 parameters
describe the age pattern for an “average” country so, ¢j; = --- = ¢5; = 0 at an
average SBP level corresponding to u; = 0.

It is necessary to stress that in this sub-model we express the age as a continuous
variable although the blood pressure measurements are reported for age-groups,
Danaei et al. [2011], Finucane et al. [2011]. For the simplicity of the calcula-
tions, we used the midpoint of each age-group as a temporary replacement for the

unobserved continuous age value.

3.6.2 Two-dimensional Age sub-model

There might be non-linearity between age and each of the variables, DBP, SBP and
INT. Therefore, for each of the relations we use B-splines. In (3.37) we construct

three age sub-models each expressing the association between dependent variable
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and age.

S(t) =vv(N(t) = Z Yjiv Nj-13(t)

= Y15,y Nos(t) + Y2i,v N1,3(t) + v3iv Nag(t) + Yai,v N3 3(t) + v5i.v Nas(t),
where V =D S| I

(3.37)
The ~’s are given by:
’Yu,D(Zh) (0] ®1 C141]
Yi = | ys(en) | = | Y2 | | o2 | i | ey
| maa(zn) || s ®3 C35i]
(3.38)
751‘,D(Zh) (F ¢13 C134[4]
Vi = | Ysis(zn) | = | s | T | fua | Mt C14;[4]
i 751;,1(%) i i P15 ®15 C154][4]

Again as we want the shape of the age curve to vary with level, the spline coeffi-
cients for study 4, (7vy;,---,7Ys5) are allowed to depend on ;, the estimated value

of SBP, DBP and their interaction for 50 years old for that study:

Also a and b express the intercept and the slope of the linear model for each of
the three variable, DBP, SBP and their interaction. We also include the random

spline coefficients for the j country in our specification of the ’s as well:

cr; ~ N(0,07) where k=1,2,...,15 (3.40)
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3.7 Age-related random effects

3.7.1 One-dimensional o?’s sub-model

In this section we are allowing for the variance of the random effects of the age
sub-model. We introduce the hyperparameter of the age sub-model, o2, where
k=1,...,5. Following we define the prior and hyperprior distributions that were
used for the parameters and the hyperparameters of the age sub-model. More
specifically, we will account for the variance parameter of the age sub-model’s
random effects Danaei et al. [2011], Finucane et al. [2011]. Defining the random
effects as ¢, and the variance of those, o7, hence the hyperprior for o? can be
written as presented in 3.41. An analogous procedure is followed for &k = 2,...,5.
These two variables can be defined as:
cilof ~ N(0,071,)

(3.41)
o} ~ Beta(c,d)

In 3.41, c; represents a vector of J values and I; a J x J diagonal matrix. In the

same way, 03, ..., 02 are defined.

3.7.2 Two-dimensional o?’s sub-model

In the two-dimensional case the age model has 15 sub-models and hence, 15 random
effects of the age model, ¢ terms will exist. This occurs because there will be five
sub-models for each of the three variables represented in (3.38). In this section we
describe the hyperparameters of the ¢ random effects. The o2 term is related to

the random variable ¢ of a specific country j as shown in (3.42).

C1j 01

CQJ'

~ N | 0,diag (3.42)

C15; 015
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C11 C12 C13 . C1J

FIGURE 3.13: Structure of the hierarchical model for the DBP’s random effects
of the age sub-model between countries

For all the countries the distribution in matrix form can be expressed as:
cr ~N(0,0I;) for k=1,2,...,15 (3.43)

In a joint Gaussian distribution without accounting for correlation between the c

terms we can write:

C1 O—%IJ
c o2l
2~ N0, diag | " (3.44)
i Cis i i 0'%5]:] i

where I, is a diagonal matrix of J x J dimensions. Once again, each of the c;
terms expresses a hierarchical structure in which shrinkage is observed between
the J countries. The difference with the one-dimensional case is that we will have
a hierarchical structure for each of the 15 ¢ terms whereas before there were only
5 different c; terms.

The distribution for each o} hyperparameter, where k = 1,2, ..., 15, is expressed
as:

op ~ Beta(c,d) (3.45)

Concluding, each of the o7’s hyperparameters is independent of one another.
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3.8 Study-specific random effects, e’

]

3.8.1 One-dimensional ¢’

In each study there are effects from study to study the so-called e; Danaei et al.
[2011], Finucane et al. [2011]. Therefore, for each study and for all the age groups
within the study there is the same e; effect which means that the study-specific e;
term does not allow differences between the age groups of the ¢ study which has as
a result that all age groups can have an unusually high or an unusually low mean
after accounting for other terms in the model. Moreover, we introduce a prior on
the e; terms which depends on the national, subnational or community coverage
of the i study. In this section we are interested in estimating the variance of e;’s
prior, the hyperparameter v; Danaei et al. [2011], Finucane et al. [2011]. Each e;
is assigned a Gaussian prior with variance depending on the coverage of study ¢

Danaei et al. [2011], Finucane et al. [2011]:

§
Unat  if study ¢ is national

Vi = var(e;) = § vyp, if study i is subnational

Veorn  1f study ¢ is community level
(

€; ~ N(O, Vi)
v; ~ Beta(c, d)

(3.46)

The v,,; term expresses the fact that even after accounting for sampling variability,
national studies may still not represent the country’s mean SBP level with perfect
accuracy. Random effects from national studies are constrained to have smaller
variance than random effects from subnational studies and so forth (Vpae < Vsupn <

Veom) s explained in Danaei et al. [2011], Finucane et al. [2011].
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3.8.2 Two-dimensional e?

In this section we describe the distribution of the hyperparameter for the study-
specific random effect e;. Each v is the hyperparameter under study which ex-
presses the variance of the e; terms. Each of the vp, vg, v; terms can take the
value of Vyai, Veupn and e, if the study ¢ is national, subnational or community
respectively. Since D, S, I are expressing the measurements of the same object

all the three variables will have the same coverage in a specific study <. By denot-

2

nat) we

ing in bold the national, subnational and community categories (such as v
have a vector of three values, one for each of the variables. In equation (3.47) we
observe how the national coverage is defined. The procedure is analogous for the

subnational and community coverage.

Vnat,D

Vipat = Vnat,S (347)

Vnat,I

(

2 . DY .
Vip v;, if study ¢ is national
e ) — 2 . .. .
Vi Vs Vi, if study ¢ is subnational
Vil v?  if study 4 is community level
\

Since, we no longer have only SBP but also DBP and their interaction we will

have a vector of three variables expressing the study-specific random effect e;.

eiv ~N(0,v,v), where V =D,S T (3.48)

Therefore, we will have two more variances for the study-specific random effect e;
which will not be correlated with each other.
Vi,D, Vi,s, Vi1 ~ Beta(c, d) (3.49)

For each of the hyperparameters a hyperprior distribution is assigned. Finally, we

assume there is less variability in national studies than in subnational studies and
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again less than in the community studies.

3.9 Residual age-by-study variability, 72

3.9.1 One-dimensional 72

Not taking into account the effect of baseline-age SBP, the age patterns within a
given study may differ and not be consistent with their country’s age pattern. For
each y,,; measurement there is a standard deviation for the sample of individuals
in a specific age group and study (S D,QM /nn.i). We want to account for the variance
of residuals that exists between the age groups within a study denoted as 72. It
should be stressed that this cannot be captured by the e’s, which are equal across
all age groups in any given study, so we include an additional variance component
for each study. As in the case of the e’s, 72 depends on the study’s coverage. A

prior distribution is defined for €,; which depends on the study’s coverage and is

defined as is explained in Danaei et al. [2011], Finucane et al. [2011]:

72 . if study 4 is national
7P =72, if study i is subnational
72 if study 4 is community level

€h,i N(07 71'2)
" (3.50)
77 ~ Beta(c, d)

We again assume that there is less residual variability in national studies than in

. . . 2 2 2
subnational studies and so forth, with 7,;,, < 72, < T

nat



90

3.9.2 Two-dimensional 72

The 72 term expresses the variance of the age-by-study residuals, €, ;. The residuals
express the deviation of the blood pressure measurement from the average in study
7. In the two-dimensional model the blood pressure measurement is represented
by three values, DBP, SBP and their interaction so we do not expect each of these
variables to have the same deviation from the average in study i. The coverage of
the 7 study is the same for each of the three variables, DBP, SBP and INT but since
the y),; has a different range of values in each of the variables we expect to have
a different variance as well. By denoting with bold the national, subnational and

community categories (such as 72_,) we express a vector of three values, one for

nat

each of the variables. In equation (3.51) we observe how the national coverage is

defined. The procedure is analogous for the subnational and community coverage.

7_gat,D
Trg = | 72 (3.51)

nat,S

2
Tnat,[

2 . .. .
2, T:. if study ¢ is national
Ti=| 72 | =4 72 if study ¢ is subnational
i 1,8 subn Y
7‘2 2 . .. .
iJ T2, if study ¢ is community
\

We define different ¢;,; for each of the three variables and hence, three different

values for 7;. Since, we have three variables the 7; will be a vector of three values.
engv) ~N (0,77y), where V =D,S,I (3.52)

Next we present the hyperprior distributions for the parameter 7;. Each of the 7;
hyperparameters are independent of one another and each of them follows a Beta

distribution:

TfD, TES, TZ-2J ~ Beta(c,d) (3.53)
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We again assume there is less variability in national studies than in subnational
studies and so forth. In summary, residuals, €, ; have two types of variance, and

in this section we describe the variance between the age groups in each study.

3.10 Summary

This chapter provides a detailed description of each of the sub-models that com-
prise the one-dimensional and two-dimensional model of blood pressure shown in
equations (3.2) and (3.4) respectively. In Sections 3.2.1 and 3.2.2 we can see how
the one-dimensional and two-dimensional models are formed, respectively. In Sec-
tion 3.2.1 we present the parameters that the likelihood consists of, having the
SBP as the dependent variable and then we present analytically each of the likeli-
hood’s parameters whereas in Section 3.2.2 we add two more variables, DBP and
INT. Sections 3.3.2 and 3.3.1 present the structure of the linear sub-models in
the one- and two-dimensional models showing the priors and hyperpriors of their
parameters. Following, in Sections 3.4.1 and 3.4.2 the non-linear sub-models in
both the one- and two-dimensional models are explained by describing prior and
hyperprior distributions as well as the constraints that are applied for manag-
ing identifiability. Moreover, additional constraints for the non-linear sub-model
which vary depending on the data/likelihood are presented. Next, we have the
description of the covariate effects in Sections 3.5.1 and 3.5.2 and the analysis of
the age sub-model described in Sections 3.6.1 and 3.6.2. In sections 3.7.1 and
3.7.2 the priors and hyperpriors of the o2 hyperparameter are shown in one and
two dimensions. In Sections 3.8.1 and 3.8.2 the hyperparameter v is presented
whereas in Sections 3.9.1, 3.9.2 the hyperparameter 72 is presented in one and two
dimensions. We can observe the analysis that was used for the hyperparameters
of the sub-models. In summary, this chapter is a detailed guide to the hierarchi-
cal structure and specifications of the one- and two-dimensional models of blood

pressure.



Chapter 4

Implementation of a

Two-Dimensional Blood Pressure

Model

4.1 Introduction

This chapter describes the details of the implementation of the model discussed in
chapter 3. It provides the prior, posterior and proposal distributions that are used
for each of the sub-models in the one- and two-dimensional models. We explain in
detail the posterior distributions and we describe the techniques that are used for
updating each of the parameters. Although the dimensionality in the one- and two-
dimensional models for each of the parameters has changed, the posterior, proposal
and the prior distributions are defined in the same way. Important differences
are presented in the two dimensional non-linear model which is described in the
following section. Each of the models use either Metropolis-Hastings (M-H) or
Gibbs Sampler algorithms. We carry out block updating using the M-H algorithm
in the linear and the non-linear sub-models which is highly important for our final
results [Rue and Held, 2005, chapter 4]. Finally, we present the application of the

two-dimensional model using simulated and real data.

92
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4.1.1 Reparameterisation

In order to simplify the MCMC implementation we re-write the likelihood, com-

bining terms as follows, Danaei et al. [2011], Finucane et al. [2011]:
Yni ~ N(Fib + w0, +v;(2), ) (4.1)

where the vector 8 contains the a;’s, b;’s, 3’s and e;’s. We use I and J to indicate
the number of studies and the number of countries respectively. In that way, F
is a mapping matrix with I rows that contains the covariates X and that assigns
each aj, b;, B, e; to the appropriate studies. Analytically, F assigns the countries
that comprise a specific study each time. We use 3 to denote the I x I diagonal
matrix of SD?/n + 72 values which expresses the residuals’ variance within and
between the age groups in a specific study 7. For ease of notation, we denote,

Danaei et al. [2011], Finucane et al. [2011]:

1)¢:(¢17~-7¢5)T7 2)¢:(¢17”'7¢5>T
3)c=]cy,...,c5] 4) Z =[Nps(t), N1s(t), Nos(t), N3s(t), Nys(t)]

The dimensions of ¥ and ¢ are 5 x 1, ¢ is of dimension J x 5 and Z is of dimension
I x 5. In addition, we define two more mapping matrices: C (of dimension I x .J)
and M (of dimension I x JT') that assign the elements of ¢ and of u respectively
to the appropriate studies, Danaei et al. [2011], Finucane et al. [2011]. The sparse
matrices, C' and M assign the countries to a specific study that comprise each
time. Letting ”%” indicate component-wise matrix with vector multiplication, the

modified version of the likelihood mean will be, Danaei et al. [2011], Finucane
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et al. [2011]:

Ely|.| =F0 +Mu + {1 No3(t) + - - - + Y5 Ny3(t) + (FO + Mu) * ¢ Ny 3(t)
4+ ((FO +Mu) * ¢p5Ny3(t) + (Cep) * Nos(t) + -+ - + (Cey) * Najs(t)
Ely|l.] = F0 + Mu + Zv + (FO + Mu) x (Z¢) + ((C..) x Z)15
=FO0x(Zop+ 1)+ (Mu) * (Zop + 1) + Z1p + ((C,.) *x Z)15
Ely|] = (F* (Z¢+1))8 + (M * (Z + 1))u + Zap + ((C.)  Z)15
(4.2)

where y and u are vectors.
Having written the mean in a more intuitive form in (4.2), the distribution of the

blood pressure model or of the likelihood can be expressed as:

log P(y|6,u,7,.) < (y — Ely|.)" 7' (y — Ely|])
log P(y|.) o« (y = F % (Z¢+1)0 — M x (Zo+ 1)u — Zop — ((C,) x Z)15)"
Sy —Fx(Zo+1)0 —Mx (Zo+ 1)u— Zyp — ((C,) * Z)15)
(4.3)

4.2 Linear sub-model: posterior distribution

4.2.1 1D Linear sub-model: posterior distribution

For the posterior distribution of the linear sub-model we will take the joint distri-
bution of the parameter @ and its hyperparameter k as was explained by Danaei
et al and Finucane et al Danaei et al. [2011], Finucane et al. [2011]. Following

Bayes’ Theorem we have:

Likelthood x Prior x Hyperprior
Likelthood

Posterior =

P(y|.)P(8|Vy) T] P(V/7) (4.4)

Fonly) = P(y!)
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The likelihood is defined by (4.1) while the prior is the joint distribution of the
linear sub-model’s priors, explained in (3.10) equation and both are defined in
Danaei et al. [2011], Finucane et al. [2011]. Vj is a diagonal matrix with the x
variances in the diagonal for each a, a”, a°, b°, b", b® parameters repeated three
times for DBP, SBP and INT. Finally, we define a non-informative hyperprior
for the standard deviation parameters, \/(/i) For simplicity, we apply the log

function to each of our distributions, Danaei et al. [2011], Finucane et al. [2011].

The detailed computation of the posterior is presented in (4.5).

log(posterior) o< log(likelihood) + log(prior) + log (hyper-prior)

log P(6, kly) o log P(y|6,u,7, ) +log P(6]Vy) + > _log P(/k)

log P(0, kly) < (y = F(Z¢ +1)6 — M(Z¢ + 1)u — Z¢) — (C.2)15)"  (45)
SNy —F(Zo+1)0 — M(Zop + 1)u — Zop — (C.Z)15)

+1og P(8]Vy) + ) log P(v/k)

Keeping only the values that depend on 8 and & the posterior distribution is as

shown in equation (4.6).

log P(0, kly) < (F(Z¢ + 1)0)" S HF(Z¢ +1)6)
— (F(Zo+1)0)"S 'y + (F(Zo + 1)0) 'S "M(Zo + 1)u
+(F(Zo+1)0)" =7 (Zy + ((C.)Z)15)
—yISTIF(Zo+1)0 4+ (M + (Zo + 1)u) 'S 'F(Zp +1)60
+(Zy + ((C.)Z)15)"' =7 (F(Zg + 1)0)

+607V,'0+ ) log P(Vk)

(4.6)

Let us consider now that we want to find the posterior distribution solely of the

0 parameter. We rewrite in (4.7) the equation (4.6) in a way that is focusing only
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on the @ parameter.

log P(0ly) o< 0" (F(Zop + 1)) 'F(Zo + 1)0

— 6" (F(Zo +1))"S [y - M(Z¢ + 1)u — Zy) — ((C)Z)15]

— v R (Zo+1)0 + (M * (Zo + Du)'S'F(Zp + 1)0 (4.7)
+(Zg + ((C.)2)15)" S (F(Zo + 1)0) + 6"V, ' 0
+) "log P(v/k)

Let us assume that in (4.7) we need to find the posterior distribution of 6. By
showing an example of a summation of two bivariate normal distributions we can

easily identify the posterior distribution in (4.8).

log(f (x|p, 21, 22)) o< (b —%)" B (1 —x) + (x — 0)" 23" (x — 0)
'S x - xS - p S xS
x'35 % (4.8)
log(f (x|, B1,%9)) oc x (27 + 27 )x — XTEf_lp, — S X+
T YT
The underlined terms in (4.7) and (4.8) help to identify the mean vector and the

precision matrix of the distribution. As our parameter is 8 we will have:

01y, Qorrg ~ No(Qprrg, Qp)
Q= (F(Zo+1))"E'F(Zo + 1) + Vy' (4.9)
Qottg = (F(Zo+ 1)) y — M(Z¢ + 1)u — Zy) — ((C.)Z)15

We use the canonical parametrization defined in Section 2.4 and also by Rue and
Held [Rue and Held, 2005, chapter 2]. Thus, the mean and the precision matrix
for the posterior distribution are as in (4.9). All this information comes from
the likelihood, P(y|0,u,~) and the prior, P(0|Vy). We can see that the term
Qyrty does not include the prior’s variance, Vy as the prior’s mean is zero and
therefore it cancels out. Finally, we can observe that the precision matrix of the

prior distribution, V, ! contributes only to the precision matrix of the posterior
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and for the Quuy term only the likelihood’s precision matrix is present.

In the whole analysis we use the theory of canonical parametrisation and Cholesky
factorisation, which was presented in Section 2.4. Therefore, instead of estimating
the mean, p and the precision matrix, Q of the @ parameter we will estimate
the product, Qu as the mean and Q as the precision matrix for the canonical
parametrisation of 8. The reason for using canonical parametrisation is that often
it is cumbersome to compute a distribution’s mean by itself. However, we can
easily find it as a product with the precision matrix in the analytical form of the

distribution.

4.2.1.1 Acceptance Ratio

In this linear sub-model we could simply use a Gibbs sampler since we could
sample from the distributions of P(0|k,y) and P(k|0,y), which is known as a
two-block Gibbs sampler. However, it is observed that the @ parameter and the
hyper-parameter k are strongly dependent which has as a result slow mixing and
convergence, [Rue and Held, 2005, chapter 4]. The two-block Gibbs sampler only
moves either horizontally or vertically, [Rue and Held, 2005, chapter 4]. Therefore,
a joint update of both € and k seems more appropriate [Rue and Held, 2005,
chapter 4], Danaei et al. [2011], Finucane et al. [2011]. Hence, the posterior is
the joint distribution of @ and x which can be expressed as the product of the
likelihood, @’s prior and the hyperprior of k. The priors of the intercept and slope
(3.10) are expressed as a vector and hence a vector of six values will be shown for
the Kk hyperparameter. The proposal distribution of @ is presented in Section 4.2
whereas the proposal distribution of the k parameter is a symmetrical distribution
which is explained below. Since K is six-variate we can use a simple scheme for
updating all k’s if we delay the accept/reject step until € is updated. The joint

proposal distribution for each of the hyper-parameters and the parameter 6 is
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generated as follows, [Rue and Held, 2005, chapter 4] :

Ko ~ q(kg|kg), vy~ q(ky|K})
P Q(HJT*’HT) P Q(Kr*llir)

a a a/r b b b (410)
Ko~ q(rg |kg), k" ~ q(Ky"| k)

0" ~ P(O|x",vy)

Here ¢ can be a simple random walk proposal or other suitable proposal distribu-
tion. A proposal from k to K* may take k* out of the diagonal, while sampling 8*
from P(6*|k,y) will take it back into the diagonal again. Therefore, we have more
options for the Kk parameter keeping also its dependence since we are going back
to the diagonal again, [Rue and Held, 2005, chapter 4]. Thus, the mixing and the
convergence can be substantially improved, [Rue and Held, 2005, chapter 4].

The Metropolis-Hastings algorithm needs a target and a proposal distribution.
Hence we will use the likelihood, prior and hyperprior presented in (4.5) which
comprise the target distribution and (4.10) as a proposal distribution. We will
need two functions for the proposal density; as stated in (4.10), one will account
for the parameter, @ and the other one will account for the hyperparameter . If
we consider that the ¢ proposal is a symmetric distribution that accounts only for
the hyperparameters then it will be cancelled out in the r ratio shown in (4.11).
Hence, we will have as a proposal the density solely for the 8 parameter which is

the distribution in (4.9).

Posterior* x Proposal

Posterior x Proposal*

_ (P(8",k7]y))(P(8]r, y)q(K|K"))

 (P(8,6[y))(P(0"]k*,y)a(k"|K))

_ P(0",k*ly)P(0lk,y)

= PO Aly) PO .Y) Ay
(
(

P0", k*ly) P(O|K,y)
P(o" |H*,y) P(0,kly)

= P(s"ly) 5

r =

In equation (4.11) we notice that only the density of  is needed. Since we sample 8
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from its full conditional, we effectively integrate @ out of the joint density P(0, k),
[Rue and Held, 2005, chapter 4]. The minor modification to delay the accept/reject
step until € is updated as well can give a large improvement to convergence [Rue
and Held, 2005, chapter 4].

Finally, we accept 8" and the k*’s with probability 7, Finucane et al. [2011], Danaei
et al. [2011]:

T =

PO, k*ly)P(6]k, y)

P(6, kly)P(6"|x*,y)

__Py|o", )P Vo) [T P(VE) POV 'y, )
P(yle™", )P0 Ve Y ITP(VE™T)P(67| V5, y, )

(4.12)

Likelihood, target: log P(yld,.) o< 3(3logdiag(X™") — (y — FO — Mu —
R~)"S7(y — FO — Mu — Ry))

Prior, target: log P(8Ve) o (3" logdiag(Vy') — 07V,'0)

e Hyper-prior, target: log P(v/Kk) o 1,

%(Z log diag(Qg) — (0 — 11g)" Qg(0 — p1g))

Proposal: log P(0|Vy,y,.) x

In conclusion, we use a joint distribution of (6, k) as a target distribution to tackle
the dependence problem between the hyper-parameter and parameter of the linear
model. However, the proposal distribution will solely depend on the parameter 6
and the reason is that the hyperparameter k has a symmetric distribution which is
cancelled out in the r ratio. This algorithm is known as a block update Metropolis

Hastings, [Rue and Held, 2005, chapter 4].

The two-dimensional equivalent linear sub-model, defined in (3.12) will still have
the F mapping matrix and the 8 parameter. However, in this case we need to have
linear changes in time for all three variables. Therefore, we will have intercepts
and slopes for the globe, all the super-regions, regions and countries for each of the
variables under study, DBP, SBP, INT. The F matrix also includes the covariate
effects presented in Section 3.5.2 which are tripled because of the three variables
under study. Therefore, the F matrix and the @ parameter will be defined with

three times more dimensions than for the one-dimensional linear sub-model.
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4.3 Non-linear: Posterior Distribution

4.3.1 1D Non-linear: posterior distribution

The case of the non-linear model is similar to the linear model. We analyse again
the likelihood and we keep the terms that are related to Mu and \ this time. For
convenience we will only see the procedure about M. and \. which are the terms
for the country’s level. The same applies to region, super-region and globe level.
In (4.13) we present the posterior distribution using the log function in likelihood,

prior and hyperprior distribution.

log(posterior) o log(likelihood) + log(prior) 4 log (hyper-prior)

log P(u®, \.|y) o< log P(y|u®, A\.) + log P(u®|\.) + Z log P(\.)

log P(u, \|y) o (y — F(Z¢ + 1)8 — M%(Z¢ + 1)u® — Zop — (C.Z)15)T  (4.13)
S Ny —F(Z¢+1)0 — M(Z¢ + 1)u° — Zep — (C.Z)15)

+ log P(ul|\.) + Z log P(\.)

Having the joint posterior distribution of u®, A.|y in (4.13) we also want to find the

posterior distribution of the u®|y parameter. Equation (4.14) presents a detailed
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version of (4.13) emphasizing to the u® parameter.

log P(u’ly) x y' 2y —y' S 'F(Zop +1)0 — y' = '"M(Z¢ + 1)u’ —y' 27!
(ZY + ((C)Z)1s) — (F(Zo +1)0)"' Sy + (F(Zp +1)0)' =7
(F(Z¢+1)0) + (F(Zo + 1)0)"S"M(Z¢ + 1)u+
(F(Zo +1)0)' 7 H(Zy + ((Co)Z)15) — (u)" (M*(Zp +1))' 57y
+ (u)T(M(Zop + 1) 'S7'F(Zo + 1)0+

u) (M (Zg + 1))"S 7'M (Zg + 1)u® + (u9)" (M (Z¢p + 1)) =7

C)Z)1s) — (Zy + ((Co)2)15) By +

Ce)Z)1s

IS Y (F(Z¢ + 1))+

~—

S (M(Zo + 1)u)+

o
~—
N
~—
—_
(@2
~— NG

TS NZy) + ((C)Z)Ls) + (u) L @ APu + > log P(A)
(4.14)

Bearing in mind the bivariate normal distribution in (4.8) and that our parameter

now is u®, from (4.14) we can derive the following:

log P(u°| A, y,0,7) oc (u)T (M % (Zg + 1)) 1M % (Zg + 1))u” + (u)"[; ® A\ Pu°

— ()" (M % (Zp+1))" 27 [y — F(Z¢p + 1)0 — (Z¢p — ((C.)Z)15)]
—yI'ETMY(Zg + 1)u’ + (F(Zo + 1)0) ' = "M(Z¢ + 1)u®
+ (Zp + ((C.)Z)15)"S7H (M % (Z¢ + 1)u)

(4.15)

Therefore, we can see the distribution of u‘|. :

uc|uuc, Qucllzuc ~ Nc(QuCu'u% Quu)
Qu =M x(Zg+1))"S (M (Zop+ 1)) + [; ® AP
Qe = (M % (Zp + 1)) 'Sy — F(Zp + 1)8 — (Zy) — ((C.)Z)15)]
(4.16)
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The first part of the precision in (4.16) is the likelihood’s variance including only
the variables related to u® and the second part is the hyper-prior’s variance which is
dependent on A\.. The mean and the precision matrix of the non-linear sub-model

are also stated in Danaei et al. [2011], Finucane et al. [2011].

4.3.1.1 Proposal distribution

i) Identifiability constraints ), uy =0

We need the linear and the non-linear terms to be identifiable. To do so, we
introduce a dependence between the intercept and the linear trend of the linear
sub-model and the intercept and slope of the non-linear sub-model Danaei et al.
[2011], Finucane et al. [2011]. In order to achieve that we will implement a re-
striction; the summation of the intercept of the non-linear model should be equal
to zero, >, up) = 0 and also the summation of the linear trend should be equal
to zero, ), iup = 0 where i express the years. A way to apply this restriction is
by using the linear constraints of a GMRF. One approach is to compute the mean
and the covariance from the joint distribution of u (variable) and Au (linear con-

straint). We condition on Au = e which leads to the conditional moments where

E(u|Au), Cov(u|Au) are

E(ulAu) = e = p— Q'ATAQAT) MAp—e)  (417)

Cov(ulAu) = Vi, = Q™' —Q'AT(AQ'AT) 'AQ ™ (4.18)

ii) Linear constraints in IGMRFs

The linear constraint ensures that the conditional distribution is normal but sin-
gular as the rank of the constrained covariance matrix is T'— 2. As the rank is
T — 2 this indicates that for the second-order IGMRF we will have two linear con-
straints. In order to produce a proper joint distribution we impose the constraints
> ;up = 0 and ), dup = 0 which also give a finite marginal standard deviation.
In the same way, for the first-order IGMRF the rank is 7" — 1 and there is only

one restriction that we impose, >, up = 0. In general, depending on the type of
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IGMRF that we use we need to impose the corresponding constraints, Lehmann

and Casella [2006].

In this section we explore further the proposal distribution, P(uc("'_l)\AuE(ifl) =
0Vj, A\i~! y) stressing the linear restrictions, Auj(i_l) = (. The difference between
the posterior/target distribution and the proposal is that the first is referring to
a joint distribution of (u‘ A.) whereas the latter refers to the marginal of the u®
parameter imposing restrictions on it. In the Q,. matrix we can see that for each
country we add all the studies that have been conducted for a specific year. Q. is
the precision matrix which is a quadratic and a block diagonal matrix. Each block
accounts for a specific country and thus, in total we have .J blocks, one for each
country in the diagonal. In Q.. is presented again the number of the studies in
each country and year but not in a quadratic form. The procedure that we follow
divides the countries (also regions, super-regions) into three scenarios: 1) when we
have no data 2) data for 1 year and 3) data for more years for a specific country.
For each of these scenarios the proposal distribution will have some differences.
Firstly, we start with the A’s proposal which is a symmetric one and therefore it

cancels out in the r ratio. Propose A, from:
)\: ~ N(a5, b5)
Then, we need to explore the analysis that each scenario needs:

1. No Data were observed in country j
There are no data so the likelihood will not contribute and Q,,. depends solely
on the prior. We will take into account only the second part of the precision,
Equation (4.16), Ij ® AP which means dependence through the P matrix.
Hence, the rank of P stays constant, T' — 2 corresponding to infinite prior
variance on the mean (intercept) and the linear trend of uj. We constrain
these two linear combinations of u§ to zero by taking the generalized inverse
of P, settings P’s last two eigenvalues to infinity. Only one type of the

constraints is applicable, the two restrictions that the second order IGMRF
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imposes, [Rue and Held, 2005, chapter 2|, Damien et al. [2013], Finucane
et al. [2011]. The steps to follow are presented below:

(a) uf” ~ N(0, (AP)™)

(b) Two restrictions of using the second order IGMRF (RW2). The restric-
tions apply by eigendecomposing the P matrix. Therefore, we will use
the P matrix through the eigenvalues and eigenvectors. P = T'AT'? or
P~ = TA™'T" such that A" = ;- fori=1,...,7 =2 and A;' =0
for i = T — 1, T. Again, these two restrictions occur because of the

undefined intercept and linear trend.

(c) Generate uj.
ui* ~ N (0, (A\P)™"), where A P is the precision matrix. Therefore,
instead of dividing elements we multiply them.
us ~ ﬁ (0,TAT'TT) = us* ~ Aél/zf\/ (0, TA~Y/2A-1/2TT)
C* -1/
us ~ %N (0,1)

J

—1/2
So, we generate the uj parameter from: Fﬁl—/gz where z ~ N(0, 1)

(d) Calculate:

log P(u§*|\.,y, Auj" = 0,Vj.) = — log 2w + log(det(A:P))
/\: cxT cx
-5 Y Pu;
T-2 * 1 cx * cx
x— log A — §uj T)\cPuj

Summing up, with no information from the data the estimation is solely
based on the prior. The prior is a second order IGMRF and thus the con-
straints will be & = 2 based on the linear constraints of the IGMRF as a

prior, T — 2. Again, u§ ~ N(0, (A.P)~"), where AP is the precision matrix.

. Data for one year were observed in country j
Q,- has rank 7' — 1 because the mean (intercept) but not the linear trend of
uj is defined by the data. Hence, we constrain the linear trend uj to zero by

taking the generalized inverse of Q,., setting Q,,.’s last eigenvalue to oco. It

uc»

is necessary to apply the restriction of an infinite slope that the second order
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IGMRF imposes, Danaei et al. [2011], Finucane et al. [2011]. In addition,
we will use the identifiability constraint on the summation of the intercept
which is defined by the data. To do that, we use the “Rue corrections”, [Rue
and Held, 2005, chapter 2] to constrain the mean of uj’s intercept to zero.

Note that we apply two different constraints in this case. Steps:

(a) Eigendecompose Q. = TAT”
J
(b) Calculate the generalized inverse of Q,.: Q. = I'A™'T" such that
J J
At =1/Ajfori=1,..,T—1and A;' =0 fori="T.
The restriction is referring only to the undefined linear trend.
(c) Calculate:
VZC. = szcl - Q;L?l 1T(1Q;911T>711Q;¢1
J J J J J
Moo = Q;C,IQU,C.I’I‘UC. - Q;C,l 1T(1Q;¢11T)_11Q;91Queﬂuc.
J J J J J J J J J
A new variance and mean are calculated. Since only the intercept can
be identifiable from the data there is one identifiability restriction and
it can be adjusted as: A = 17 and e = 0. The restriction is defined as:
T.,¢ c c —
Puj = 0= ufyy) + -+ ujny = 0.
(d) Eigendecompose V*. = TA™T7 such that:
J
A =1/Ay for i=1,....T—2 and A; =0 for i=T-1,T.
The two restrictions of the RW2 have been added to the new variance.
(e) Generate u$* = Mo + TA Y2z with 2z~ N(0,1)

(f) Calculate:

J

T—-2 T-2
log P(u§*|A7, Auf" = 0,y) = — 5 log 21 — —Zizl log A,

3. Data for multiple years were observed in country j
Q.. has rank T because the mean (intercept) and the linear trend of uf
are identified by the data. However, we use the “Rue corrections” to con-

strain the mean of uj’s intercept and uj’s linear trend to zero (identifiability
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constraints) [Rue and Held, 2005, chapter 2|. Afterwards, to the modified
precision matrix we apply the restrictions of the second order IGMRF. In

this case only one constraint is applied. Steps:

(a) Calculate Ve = Q.

(b) Caleulate pye = Ve Queptye — Vu§AT(AVu§AT)_1AVu;Quyﬁu;
Calculate V. = Vie — Vi AT(AV,:AT) 1AV,
A new variance and mean are calculated. Since both intercept and slope
are identifiable, A will be a 2 x 7" matrix which will include ), uj; = 0,
the summation of intercepts and also ). iup = 0, the summation of

slopes, which are referring to the identifiability constraints.
(¢) Eigendecompose Vi. = TA™'T7 such that:
J
At =1/Ay for i=1,....T—2 and A;'=0 for i=T-1,T
The two restrictions of the RW2 have been added to the new variance.

(d) Generate u¢ = p,c + TA™?2 with z ~ N(0,1)

(e) Defining V7. as above, calculate:

T-2 1
=1

]' Cc* * \T'x7rx—1 cx *

T-2
1 —1 1 Ccx * \Txy7r*x—1 cx *
x5 '2—1 log Aj; _5(11]‘ _Nu;.) Vu§ (uf —.ng)

In summary, we need to highlight that by using the second order or any other
IGMRF there are restrictions to be considered. In the case of the second-order
IGMRF there are two restrictions to apply. However, the restrictions that the
IGMRF imposes vary depending on the dataset we have for our parameter.

Moreover, due to the construction of the model between the linear sub-model and
the non-linear sub-model we need to apply also identifiability constraints which
are based on the intercept and slope of the non-linear model. These are known as

linear constraints or “Rue constraints”, [Rue and Held, 2005, chapter2].
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Finally, after considering all the aforementioned we need to impose for the last

time the two restrictions of the second order IGMRF to the new structure matrix.

4.3.1.2 Acceptance Ratio

Again, in the non-linear model we could use a Gibbs sampler since we could
sample from the distributions of P(u®|\.,y), P(u"|\,,y), P(u’|)s,y), P(u?|\,,y)
and P(A:|u’,y), P(\|u",y), P(As|u’,y), P(\|u?,y) respectively. However, due
to the high dependence of the u parameter and the hyper-parameter A, in each
of the four cases, this results in slow mixing in the chain, Danaei et al. [2011],
Finucane et al. [2011]. Therefore, instead of using a two-block Gibbs sampler we
will update the (u, A) jointly as we first saw in Section 4.2.1.1 .

Since A is univariate for each of the country’s, region’s, super-region’s and globe’s
hyper-parameter, we can use a simple scheme for updating all the \’s as long as
we delay the accept /reject step until u is updated. The joint proposal is generated
as follows, [Rue and Held, 2005, chapter 4]:

Ao~ q(AA),  u™ ~ Pl y)
Ar e~ q(AAY), ™~ PU[ALy)
(4.19)
AL~ q(XSlAs), u ~ P(u’[AL )
Ay~ a(AglAg), a7~ P(uf|Ay)

Note that in equations (4.19) each line is updated separately. Specifically, we will
update the following four pairs: (u®, \.), (u”, A.), (u®, As) and (u?, \;). We will de-
scribe the acceptance ratio for the group (u., \.). However, the same methodology

is used for the other three pairs as well. We have

Posterior® x Proposal

~ Posterior x Proposal®

_ Posterior” x Proposal(1) x Proposal(2)
"~ Posterior x Proposal(1)* x Proposal(2)*

_ Pug, Ny) P(uc[Ae)g(Ac| A7)

— P(ug, AJy) P(uz|As)g(As A

(4.20)
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and if we consider that the ¢ proposal in (4.19) is a symmetric distribution then

it will be cancelled out in the r ratio.

Pl X Padrey)
P(ue, A|y) P(uf| A%, y)
Plut, X2Jy) Pl s )

" Bz e, y) Pl Mly) (421)
= PO B0y

Note that only the density of A. is needed in (4.21), [Rue and Held, 2005, chapter 4].
Since we sample u, from its full conditional, we effectively integrate u. out of
the joint density P(u., A|.). The minor modification to delay the accept/reject
step until u. is updated as well can improve substantially the time needed for
convergence and the dependence between the parameter and the hyperparameter,
[Rue and Held, 2005, chapter 4]. In other words, we update the A, hyperparameter
first which practically affects the update of u. which gives time for appropriate
updating.

We accept u} and \}’s with probability 7:

P(y|ut) P(uz|\:) P(log X3) P(ul™V|Aul ) = 0vj, N1 y)
1

-z T (4.22)
P(y[us™) P(us™" Xt P(log At P(wz Aug = 0V, Xz, y)

Likelihood, target: log P(y[u}) o 1(3 logdiag(X~") — (y — FO — Mu —
Rv)"S'(y — F§ — Mu — R))

Prior, target: log P(ui|\:) o< 3(3 log diag(A:) — (u)" (\2) ')
e Hyper-prior, target: P(log\}) o< 1

. 1
Proposal: P(ul™" |Au£fml = V5, A\l y) §(Zlogdiag(QuC) — (u. —
uuc>TQuc (uC - l’l’uc))

The proposal distribution depends each time on the data of each country (whether
there is no data, 1 year’s data or more years’ data). Since the ¢ density of (4.19)

is a symmetric distribution we have as a proposal solely the u. density.
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4.3.2 2D: Non-linear sub-model

In this section we present the two-dimensional non-linear sub-model which has
been a key part of our methodological development. The variables of interest are
DBP, SBP and their interaction, INT. In the same way as for the one-dimensional
non-linear sub-model in Section 4.3.1, for the posterior distribution of the non-
linear model we use a block Metropolis-Hastings algorithm which is a joint distri-
bution of the parameter u’('Djs) and its hyper-parameter \; where i € {c,r,s,g}.
The reason for using a joint distribution is to speed up convergence and because of
the high correlation between the parameter and the hyper-parameter. By having
the likelihood and taking only the terms that are related to uf D.S)> A; we specify
the full conditional normal distribution for each component of u’ separately. Here,
we describe the posterior at the country level of the hierarchy, but the posteriors

for the other levels are analogous. For uip g, we have:

log P(ufp ), Acly) o< log P(y[(up s), Ac; -) + log(ufp g)|Ac) +1og P(Ac)
log P(ufp g Acly) o< (y — F(Ze + 1)0 — M(Z¢p + 1)u(p o) — Zp
—(C.Z)15)"S7 (y — F(Z¢ +1)0 — M(Z¢ + 1)ufp s
— Zp — (C.Z)15) + log(P(ufp g Ac)) +log P(A)
(4.23)

For convenience, instead of writing uip o) We will write u® instead throughout this
section. For the posterior of the non-linear model, we will keep only the u® and
M. terms that comprise the non-linear model, and we can state the posterior dis-

Hoye, QuC ~ NC(QUCI""UC’ Quc)’

which we have seen in (4.15) in Section 4.3.1. Therefore, the distribution of u® is:

tribution using canonical parameterisation, u, A,e

Que = (Mex (Zg + 1) E7 (M * (Zd + 1)) + [; ® AP

(4.24)
Qeptye = (M, % (Zo+ 1) 'Sy — F(Zo + 1)0 — (Zop — ((Ce)Z)15)]

where Z expresses the age data, 1 expresses the constant term, ¢ is the mean

term and C are country-specific random effects in the age model.
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TABLE 4.1: Mapping matrix which assigns each country x year to the appro-
priate studies

A01 A'02 A'03 A04 A0

studyl 1
study?2 1
study3 1

At this stage it is important to stress the differences from the one-dimensional
non-linear sub-model, 4.3.1. Since we have three variables, DBP, SBP and their
interaction, the precision matrix A\.P will be the one presented in (2.31). The
dimensionality of u® and the P matrix will be changed. The u® will be a vector of
T? values and P a T? x T? matrix whereas in the one-dimensional equivalent we

have a vector of size T" and a T' x T matrix respectively.

4.3.2.1 Matrix intuition

Each of the M matrices are large matrices but a useful property of them is that
they are sparse matrices which means that is not necessary to store the whole
matrix. We can take only the part required for our computations. In the following
example, we show that Q,. and Q.. can be computed in a way that does not
involve manipulation of these large matrices Danaei et al. [2011], Finucane et al.
[2011].

Let us assume that we have studies in 5 years for one country as depicted in Table
4.1, Danaei et al. [2011], Finucane et al. [2011]. We compute Q,, separately for
DBP, SBP and INT. First we set the 3-vector (Z¢ + 1)T = (vy, v9, v3) and we can

compute first component of Q,  as:

M (Zgp+ 1)) ' (M (Zg + 1)) =
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The above result shows that all the information we need appears in the diagonal
and only to the years with data. Following, the above can be easily generalised
using DBP, SBP and INT variables since all these three measurements are referring
to the same study, year and country. Therefore, for a specific year a specific blood
pressure measurement will give us all these three values. Hence, we could sum the
information that the variables gives us for each year for a specific country which
is the information we elicit through the data (likelihood).

Finally, taking into account all the three variables DBP, SBP and INT together in
a matrix form we can define the matrix multiplication of M®* (Z¢+1))TS ™! (M°

(Z¢p + 1)) as expressed below:
UiZip + vi%ap + viTig + 0iNys + viy) + vy

2v—1 ov—1 2v—1
v3digp + v33g + v3dg;

In the posterior distribution we want to estimate the information for 25 possible
combinations of years. However, the maximum number of year combinations with
information per country will be the square root of 25, 5. The number is referring to
the pair of years that are exactly the same, the year that is repeated twice. By hav-
ing the prior defined in Section 2.6.5, as a precision matrix we will include all the
possible combination of years each time in the diagonal. The possible combinations
of years are presented below: diag(01.01,01.02,01.03,...,02.02,...,03.05,...,05.05).
Hence, if we say that country 1 has information in the first and the second year
it means that in the diagonal the first and the seventh element will have val-
ues. In summary, although the precision matrix, Q, has values for the years
diag([1, 1], [1,2], [1,3],[1,4],[1, 5], [2,1],[2,2],...) only the matching years will have
information from the data (likelihood) which are [1,1] and [2,2] in our example.
Five values out of 25 possible combinations of years in the diagonal of the precision
matrix Q, are non-zero and a prior with a matrix of 25 x 25 giving information to
those combinations of years x country which do not have adequate information.
The 25 possible combinations of years are going to be used in the posterior distribu-

tion but for the predictive probability density we will solely need these five values
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when both DBP and SBP have the same year. For the non-linear model we need
to find the posterior distribution separately for the country, region, super-region

and globe.

4.3.2.2 Defining the constraints

For the two-dimensional non-linear sub-model we will use a two-dimensional sec-
ond order IGMRF as a prior, Yue and Speckman [2010]. Strictly speaking the
precision matrices that Rue & Held (Rue and Held [2005]) and Yue (Yue and
Speckman [2010]) define are of order one since the rank of the precision matrices
is one whereas in Terzopoulos Terzopoulos [1988] the precision matrix is of order
3. However locally, they can retain their desirable properties.

As we have seen in Section 4.3.1.1 we need again to impose the identifiability
constraints. Those constraints express the need for the summation of the inter-
cept and the linear trend of the non-linear sub-model to be equal to zero, the
so-called identifiability constraints. Also, restrictions exist because of the use of
the two-dimensional IGMRF. The two-dimensional IGMRF imposes the restric-
tion of three terms being equal to zero. These are referring to the intercept, the
linear trend of the first variable and the linear trend of the second variable and
are expressed as ), > s upj) = ;iU = Y jupy = 0. Since, the constraints
are referring to three variables we have the 72 — 3 term in the distribution. In our
analysis it means that we need one more year of data than the one-dimensional
model in Section 3.1 in order to define all the parameters. Hence, the possible
scenarios for the two dimensional non-linear sub-model will be four whereas in the
one-dimensional equivalent we had three (see Section 4.3.1.1). The four possible
scenarios are: 1) no data were observed 2) data of one year observed 3) data of two
years observed and 4) data of three or more years observed in a specific country.
For each of these scenarios the proposal distribution changes. Firstly, we start

with the A’s proposal which is a symmetric one and therefore it cancels out in the
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r ratio. We propose A, from:
)\z ~ N((l5, b5)
Then, we need to explore the analysis that each scenario needs:

1. No data were observed in country j
There are no data so the likelihood will not contribute and Q,. depends
solely on the prior. We will take into account only the second part of the
precision, equation (4.24), Ij ® AP which means dependence through the
P matrix. Hence, the rank of P stays as it is, 72 — 3 corresponding to
infinite prior variance on the mean (intercept) and the two linear trends of

uj.

We constrain these three linear combinations of uf to zero by taking
the generalized inverse of P, settings P’s last three eigenvalues to oo. We
will apply the restriction that the two-dimensional second order IGMRF
(RW2D) imposes, (see Section 2.6.5). In this scenario only one type of the
two constraints is used; the identifiability constraint does not apply as we

do not have defined mean and linear trends. The steps we follow are:

(a) uf" ~ N(0, (AP)™)

(b) Restrictions of using the RW2D by eigendecomposing the P to eigen-
values and eigenvectors. So, P = TAT? or P~! = TA™'T7 such that
Aj'=3fori=1,...,7* =3 and A;' =0 for i =T —2,T* -1, T2

(c) Generate us.

u* ~ N(0,(A\P)™"), where AP is the precision matrix. Therefore,

instead of dividing elements we multiply them.

u$ ~ N0, TATTT)  uf ~ L N(0,TAT2ATYTT)

Vi )\i/z ] )\i/2
* CA—L/?
u§’ ~ ";TT?‘J\/<(L 1)
c

—1/2
So, we generate a u$ value from: =2 where z ~ N (0, 1)
J Ao
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(d) Calculate:

T2 -3 2
log P(uf*[A%,y, Auj" = 0,Vj.) = — log 27 + log\.
Az cxT' C*
T? -3 1
x log A\. — Eu;’f*T)\zPu;’?*

2. Data for one year were observed in country j
Q. has rank T? — 2 because the mean (intercept) but neither of the linear
trends of u; are defined by the data. Hence, we constrain the linear trends u;

to zero by taking the generalized inverse of Q,., setting Q,,.’s last two eigen-

ucs
values to co. Thus, we apply the restriction of the infinite linear trends that
the two-dimensional second order IGMRFs imposes. In addition, we need to
restrict the summation of the intercept in order to have identifiability with
the linear sub-model. To do that, we use the “Rue corrections” to constrain

the mean of u§’s intercept to zero. Two different types of constraints are

applied. Steps:
(a) Eigendecompose Q. = TAT?
J
(b) Calculate the generalised inverse of Q,.: Q.. = I'A™'T" such that
J J

Al-_il:Al__ fori=1,...,7>~2and A;' =0 fori=1T2—1,T2

The restriction is referring to the two undefined linear trends.

(c) Calculate:
Vie = Q. — Q. 17(1Q,: 17)71Q,
PJZ; = Q;;Qu;#u; - Q;;l1T(1Q;;11T)711Q;§1ngﬂu§
We calculate a new variance and mean. Since only the intercept can
be identifiable from the data there is one identifiability restriction for
it and it can be adjusted as: A =17 and e = 0. The restriction is
defined as: 17u§ =0 = ufy, + - + W) = 0

(d) Eigendecompose VZ; = TAT? such that A;' = 1/Ay; for i =
1

g ey
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T? -3 and A;'=0 for i=T2-2T%—-1,T%
In the new variance we apply the three restrictions of the RW2D.

(e) Generate ug* = pi. + TA™"22, with z ~ N(0, 1)

(f) Calculate:

T2 -3
log P(uf*|\;, Auf" = 0,y) = —

1 T2-3 _1
log 27 — §Zi:1 log A;;

1 c* Tx7rx—1 cx

iy 1
_ = fl—_ cx o T *C—l
X =) R 0 gV

(uj* - I‘l’ug*)

3. Data for two years were observed in country j
Q.. has rank 77 — 1 because the mean and one of the linear trends of u; are
defined by the data. Hence, we constrain the second linear trend u; to zero

by taking the generalized inverse of Q,., setting Q,.’s last eigenvalue to co

ucs
which means that we apply the restriction for the infinite linear trend that
the two-dimensional second order IGMRF imposes. In addition, we need to
restrict the summation of the intercept and the first variable’s slope to zero
in order to have identifiability with the linear sub-model. To do that we use
the “Rue corrections” to constrain the mean of uj’s intercept and the mean

of one of the uj’s linear trends to zero. In summary we apply two different

types of constraints. The steps we follow are:
(a) Eigendecompose Q,. = TAT”
(b) Calculate the generalised inverse of Q,.: Q¢ = TA™'T7 such thatA;;'

Al_, fori=1,..., 7% =1 and A;' =0 for i = T?.

The constraint is referring to the one undefined linear trend.

(c) Calculate:
Vie=Q, ' — Q. A[1:2,]7(A[1:2,]Q A[1:2,]")TA[1:2,]Q,/

us
J

IJ’ZC. = Q;@lQuC.u'uc. - Q;CIA[l : 27]T(A[1 : 27]Q1}1A[1 : 2>]T)_1A[1 :
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We calculate a new variance and mean. Since the intercept and the
first variable’s slope are identifiable, A will be a 2 x T2 matrix which
will restrict the summation of intercepts and the summation of slopes

to be equal to zero, the identifiability constraint.

(d) Eigendecompose Vi, = TAT? such that A; =1/A; for i=1,...,
T? -3 and A;'=0 for i=T%-2T%—-1,T%
In the new variance we apply the three restrictions of the RW2D.

(e) Generate u$* = s + T'A~Y2z where z ~ N(0, 1)

(f) Calculate:

T2-3

T2 -3 1
log 2w — 3 Z log A;;!
i=1

log P(uf*[\;, Auj" = 0,y) = —

1 cx * \/x7* Cx *
- 5(% - Pfu;) Vug(uj - Nu§)
1= 1
__ § —1 _ T (CF _ . T *C—l
X 9 - log Au 2 (u_] Hu? ) Vuj

(uj* - I‘l’ug*)

4. Data for multiple years were observed in country j
Q. has rank T2 because the mean and both of the linear trends of uj are
identified by the data. Since all the three parameters are identified by the
data, we use the “Rue corrections” to constrain the mean of u§’s intercept
and u’s linear trends to zero (identifiability constraints). Afterwards, to the

modified precision matrix we apply the restrictions of the two-dimensional

second order IGMREF. Steps:

(a) Calculate Ve = Q,’

(b) Calculate:
His = Vs Quepts = Vs AT AV, AT LAV Qo
Vie = Vi — V,:AT(AV,:AT) 1AV,
We calculate a new variance and mean. Since the intercept and both

variables’ linear trends are identifiable, A will be a 3 x T matrix which
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will restrict the summation of the intercept and of the linear trends to

be equal to zero.
(¢) Eigendecompose Vi, = TAT" such that A;;' = 1/A;; fori =1,.., T~
3and A;' =0 fori =T —2,T> - 1,72
In the new variance we apply the three restrictions of the RW2D.
(d) Generate u§ = s + TA~'22 with 2z ~ N(0,1)
(e) Defining V). as above, calculate:
T2 _3 T2-3

1
log P(u§"|\;, y, Auf” = 0,.) = ————log 27 — > log A
=1

1 cx * T‘ 7k— cx *
1= 1
= - _ = ok * T‘ Tk—
X 9 El 1Og Au 9 (u] “u?) u?

(u?* - UZ;)

A is a 3 x T? constraint matrix whose first row is a vector of 1’s, the second
row is a vector of centred time values for the DBP variable and the third
row is a vector of centred time values for the SBP variable. Since, we have
information for the intercept and the linear trend for both variables, we take

the summation of each of the three rows to be restricted to zero.

In summary, we need to stress that by using any type of IGMRF there are restric-
tions to be considered. In the case of the two-dimensional second order random
walk there are three restrictions to apply, >, > uu = 0, > iug; = 0 and
Zj Jujiz) = 0.

Finally, after accounting for the aforementioned restrictions we need to impose for
the last time the three restrictions of the two-dimensional second order IGMRFs

to the new (modified) final precision matrix.
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4.3.3 Age sub-model: posterior distribution

Having found the distributions of the parameters @ and u of the linear and the
non-linear sub-model respectively we can write the mean of the likelihood in a

simplified way, Danaei et al. [2011], Finucane et al. [2011]:

Ely|0,u,~v] = FO + Mu + Ry (4.25)

R is a mapping matrix with / rows which contain the age matrix using the B-
splines Z = <N073<t>, Nl’g(t), N273(t), Ngyg(t), N4’3(t)) and the o= FO + Mu term
and assigns each ¢ to the appropriate studies. The columns of the R matrix are

defined below

Rpi = [Nos(t) Nig(t) Nog(t) Nas(t) Nag(t)
#ilNos(t) pilN1s(t)  piNag(t) pilN3s(t)  pilNas(t)
Ci% Noa(t) Cis Nus(t) Cix Nosg(t) Cis Nys(t) Cix Nus(t)]
(4.26)

A more compressed way of writing the R matrix is:

R=1[Z diag(F@+Mu)Z diag(Nys(t))C diag(N1(t))C...diag(Nys(t))C]
(4.27)
Using the simplified version of the likelihood of (4.25) we present in (4.28) the

posterior distribution of the age sub-model

log P(vly) o log P(y|v) + log P(7)
log P(y]y) o< (y —F8 — Mu - Ry)"X7'(y = F§ — Mu — Ry) + vV, 'y
log(P(vly) o< —y'S'Ry + (FO)' S 'Ry + (Mu)' = 'Ry

—(RY)"S7(y —F0 — Mu) + (R7)"S7'Ry + 4"V ly

log(P(v]y) x Y"RIZ 'Ry —y"R'S " '(y — F — Mu) + 4"V 'y
—y'E'Ry + (FO) 'S 'Ry + (Mu)" = 'Ry
(4.28)
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Again, bearing in mind the equations in (4.8), and by using the underlined terms

in (4.28) the « parameter can have a Normal distribution shown in (4.29):

7y ~ N(Qu,, Q,)
Qu, =R"S7'(y — F6 — Mu) (4.29)
Q,=R'ZR+ V!

In equation (4.29) we can see the parameters of the conditional distribution for
each Gibbs sampler’s step. Gibbs sampler algorithm is going to be implemented
instead of M-H used in Sections 4.2 and 4.3. The reason that we used M-H in
the two previous sub-models is the high dependence between the parameters and
hyperparameters in each model and therefore, we updated parameters and hyper-
parameters in a joint distribution. In the age sub-model we do not observe any

strong dependence therefore, we can use the Gibbs sampler.

For the two-dimensional equivalent we will have the same terms but with different
dimensionality for each one of them. Considering that we have the two-dimensional

linear and non-linear sub-model, the R matrix will be expressed as follows:

R=1[Z Z Z diag(FO+Mu)Z diag(F0 -+ Mu)Z diag(Fé+ Mu)Z

)
diag(No3(t))C  diag(Ni3(t))C... diag(Nas(t))C
diag(Nos(t))C diag(Ny3(¢))C... diag(Nss3(t))C

diag(Nos(t))C  diag(N13(t))C... diag(Nys(t))C]

(4.30)

In (4.30) we can see that in the R matrix the Z matrix of the B-splines is re-
peated three times as well as uZ and the random effects, C since we have three
variables under consideration, DBP, SBP, INT. Therefore, the v parameter will
have information for three variables and its dimensionality will coincide with the
columns of the R matrix. It needs to be stressed that the C' matrix is referring to
all the J countries multiplied each time with one of the terms from the B-splines.

Therefore, due to the random effects we generate 5 x J columns for each variable.
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4.3.4 Age sub-model’s hyperparameter: posterior distri-

bution

We introduce the hyperprior for the age sub-model. The 02 parameter is the vari-
ance of the random effect, ¢;. In equation (4.32) we define the posterior distribution

of the v parameter from which we extract information for 2.

P(0?|c1) & P(cy|o?)P(0?) (4.31)

P(vly)  P(yly,0?)P(v]o?)

(4.32)
P(c?|y) o P(ylc,o?)P(clo?)

We need to highlight that what we want to calculate is not the distribution of the

random effects, ¢, ca;, c3;, ¢4, c5; but the distribution of their variances, o2, 03,

02, 02 o2. We know that the random effects, ¢; follow a Normal distribution. We

give an example for cy; in (4.33) but the remaining terms, cy,, ..., cs, are defined
analogously.

a1 ~ N(0,07) (4.33)
Since we use ci; (ng, o ,05].) for all the J countries we can write it in a matrix
form.

Cp ~ N(O, O'%IL]) (434)
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In (4.34) ¢, is a vector of J values with a diagonal covariance matrix with the o7

value in the diagonal. We will make use of log o7 for computational convenience.

log P(03]c1,7,y.) o log P(ci|o}) + log P(03)

— 1 -
72— el (071,) e1 + log(07) /2

1 1
log P(log o?|cy,7,y.) o —§J10g(af) — §clT(afIJ)_lcl +log(o?)/2 (4.35)

1
log P(logatlc1,,y) o =5 (Jlog(07) + ci (071,) 1) + log(a7) /2

log P(log of|c1,7,y.) o log(27a7)

1 1
log P(log otle1, 7, y.) o —5(Jlog(07) + —cr ) +log(07) /2
1

Each of the o2 values are random effects in each of the countries which means we
will use each one of the o2 terms J times. In (4.35) the first term is coming from
the likelihood and the underlined one expresses the prior of o7.

We use the M-H algorithm for the update of o2. The difference from the updating
of the previous sub-models is that each ¢? will be updated separately. However,
the posterior distribution for each of the o? terms is a joint distribution since it
includes J values from J countries.

2

We will update the logo? instead of o7 and hence accept logo? with probability

T

_ Posterior® x Proposal

~ Posterior X Proposal*

_ P(of*|e1,1,y.) x q(of|of)
~ P(ofler,1,y) x g(07*|a?)
__P(logoier,y, )

- Pllogo" Vles, 7. )

_ 1 P(lOgO‘%*|C1,’y, )
r =exp | log 2T
P(logoy™ “lc1,7,.)

r = exp (log Pllogoiley, 5,.) — log Pllog o1 ey, 7, ) )

(4.36)

As we have seen in the linear and the non-linear sub-models in Sections 4.2 and
4.3, we use M-H and not the Gibbs Sampler to tackle the dependence that exists
between parameters and hyper-parameters. Here, the dependence exists between

the random effects of the J countries using the o2 parameter. Therefore, we want
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to include joint distributions for each of the o2 parameters for all the J countries
where 2 € [1,5]. Equation (4.36) is used in the same way for the rest of the o2

terms.

For the two-dimensional sub-model the whole analysis is exactly the same, except
for the change in dimensionality. The ¢ parameter will no longer be a vector of
length 5 but of 15 since we will have 5 random effects for each of the variables,
DBP, SBP, INT. In other words, we will have 15 parameters of o2 that is used for
each of the J countries and again there are 5 for each of the DBP, SBP and INT

variables.

4.3.5 v, e; sub-model’s hyperparameter: posterior distri-

bution

Since we have a hierarchical model, we introduce priors for the parameters of the
sub-models and hyperpriors for the priors’ parameters. The v parameter is the
variance of the random effects, e;. In the previous subsections we compute the
posterior distribution of @ which as we indicate in Section 3.2.1, equation (4.1)

includes also the e parameter:
P(0ly) o< P(y|0,e,v)P(6e,v)P(e|v) (4.37)

The variance of e, v depends on the coverage so we need each time to update it

as well:

P(v|e) < P(e|lv)P(v) (4.38)
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We already have defined a Normal distribution for e|v and we define a Beta dis-

tribution for the prior of v.

elv ~ N(0,v)
(4.39)
logv ~ Beta(3/2,1)

It is necessary to highlight that we do not want to compute the distribution of
the random effect, e; but the distribution of the variance of the random effect,
Vnaty Vsubn, Veom, the so-called hyperprior of the random effect e;. The distribution
of €nat, €subn, €com 1S inside the @ variable and we know that the random variable
follows a Gaussian distribution for each of the national, subnational and commu-
nity coverage. Taking as an example the national coverage, but with the same

application to subnational and community coverage, we have the following:
enat|7/nat ~ N(O, VnatINnat) (440)

where Iy, , is a diagonal matrix of Nyt X Nyet dimensions and N, is the number
of national studies. Lastly, instead of calculating the distribution of v,,; we will

compute the distribution of log(v,4:), Danaei et al. [2011], Finucane et al. [2011].

lOg P(Vnat|y) X log P(enat|ynat) + log P(Vnat)

1
log P(Vpatly) o< log(zﬂ"/nat)7Nnat/2 - §e£atyr:altenat + log(l/iﬁ)

Nnat
2

(4.41)

1 _
1og(Vnat) — Eegat’/na%tenat + log(Vnat) /2

log P(Vpatly) o< —

1
IOg P(lOg Vnatb’) X _é(Nnat(lOg(Vnat) + ezatygaltenat) + log(szt)/2

In equation (4.41) the first term indicates the terms in the likelihood related to e,
and v, whereas the underlined one indicates the prior of v,,;. In the distribution
of P(enat|Vnat) we have the term N, as we take from all the studies the national
studies together in a joint Gaussian distribution with zero correlation between
them.

Instead of using a Gibbs step to sample from the inverse Gamma full conditional

distribution for each v we will use a random walk M-H update for all the three
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types of coverage (Vnat, Vsubn, Veom) jointly to tackle issues of strong dependence,
Danaei et al. [2011], Finucane et al. [2011]. We now propose a new configuration
(Vnats Vsubn, Veom) Using one-block update in (4.42), Danaei et al. [2011], Finucane

et al. [2011].

P<Vnataysubnaycom‘y) X P<en‘l/nat)p(”nat)P(en‘l/subn)P(Vsubn)
P(en|Vcom)P(Vcom)

1
IOg P<Vnat7 Vsubn, Vcom|y) X _§(Nnat(l0g<7/nat) + €, Vnaten) + lOg(Vnat)/Q (442)

1 _
- E(Nsubn(log<ysubn) + ezysulbnen) + log(l/subn)/2
1
3 = (Neom(log(Veom) + en Vcom n) +109(Veom) /2
Since we use a random walk M-H the proposal distribution is a symmetric dis-
tribution. The proposal distribution will refer to the marginal distributions of

each Ve, Vsupn and veom,. Therefore, in the fraction of the r acceptance ratio the

proposals will be cancelled out.

Posterior* x Proposal

~ Posterior x Proposal*

P(V:Lah V:ubnv V:ombI) (Vﬂat|Vnat>q(V8UbTbIV:ubn>q(V60m|Vcom>

r =

P<V”at7VSUlm7VCOm|Y) ( nat|Vnat)Q<V:ubn|Vsubn)Q<Vcom|Vcom) (443)
r = P(Vnah Vsubni V. com|y)

P<Vnat7 Vsubn, Vcom|y)

IOgP( Vnats :ubn7ycom|y) logp(ynat7ysubnaycom|Y)

For the r acceptance rate we propose the three logv*’s from normal proposal
distributions centred at the previous log v values, each with their own proposal

> log v

o We reject all three proposals.

> log v}, orloguv:

variance. If log v subn

nat subn

Otherwise, we accept all the three proposals. The posterior distribution that is

used in (4.43) is the one presented in (4.42).

For the two-dimensional equivalent we need to repeat the procedure three times

for the three variables, DBP, SBP and INT.
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4.3.6 72, likelihood’s variance’s hyperparameter: posterior

distribution

What comes next is to find the posterior of 72 variable is inside the X parameter.
Therefore, all the information that we want to extract from the likelihood is within
the ¥ term. We apply the appropriate methodology for 72,, which is analogous

for 72

subn and Tcom

log P(72,ly) o log P(y|r2,,) +log P(15,,)
log P(7yqly) —5(105-’; 3|+ (y —F8 — Mu—Ry)"27'(y — F — Mu - Ry))
+ log(7y) /2
log P(Tily) o —%(bg || + diag(27")  (y — F& — Mu — Ry)?) + log(,.,,) /2
log P(log 72,,|y) o %1T(log(diag(21)) — diag(X7") * (y — FO — Mu — R~)?)
+ log(Tye) /2

(4.44)

In equation (4.44) is presented the posterior distribution of the 72 parameter solely

for the national studies. In the following we are interested in presenting the pos-

terior distribution for 72,,, 72,., 72, jointly. The terms are independent of each
other.
P<Tiat77—s2ubn7 comb’) o P(X|7hat) P(That) P(Z] Tsubn) P(Tsubn)

P(E‘Tcom)P<Tcom)
1 . _
lOg P( Tnats subnﬂTcom|Y> X élT(IOg(dlag(E 1))
— diag(Z7") * (y — F — Mu — R~)?) + log(72,,)/2

17 (log(ding(5 )

— diag(27!) * (y — FO — Mu — R~)?) + log(72,,)/2

$17 (log(ding(5 7))

— diag(E7!) * (y — FO — Mu — R~)?) + log(72,,)/2
(4.45)
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As the covariance matrix is a diagonal matrix we can multiply the diagonal el-
ements which we can see in the two last lines of (4.45), and were also applied
previously Danaei et al. [2011], Finucane et al. [2011].

Again, we use random walk M-H for the joint update of 72, 72, , 72 .. Due to

symmetry of the proposal density it is cancelled out in the r ratio. Finally, we use

2 2

only the posterior distribution in the r probability and we accept 72, 724 Tom

with probability  shown in (4.46).

Posterior* x Proposal

~ Posterior x Proposal*

P(Tn22t77_s21fbn7 com|y> ( nat| nat)q<7_subn’ subn)q(Tcom| com)

r=

P( Trats subn’ com|Y) ( nat| nat)q( subn| subn)q(73:m| com) (446)
r = P( nat’ szflm’ com|Y)
P( That> subn’ com|Y)
lOgT’ = IOg P( Tnats s:bnﬂ com‘y) IOg P( That subn?Tcom|y)

For the two-dimensional equivalent we need to repeat the procedure three times

for the three variables, DBP, SBP and INT.

4.4 Application of two-dimensional model: sim-

ulated data

To test the model and its implementation, we simulated data from 61 countries us-
ing the NCD Risk Factor Collaboration regional classification for blood pressure,
Risk Factor Collaboration [2017]. We randomly generated data from a Normal
distribution for each year in each country to cover each of the eight different
age groups. We set as mean, values close to the average DBP and SBP respec-
tively changing every time the value of variance for each country, year and gender.
Moreover, we randomly chose some of the studies to have increased blood pressure
measurements in the older age groups. For the INT variable we used the product
of DBP and SBP.

We assume we have one study per year. This study contains eight mean values of
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blood pressure measurements. These eight mean values are for the eight different
age groups which are 18-19, 20-29, 30-39, 40-49, 50-59, 60-69, 70-79 and > 80
years. The years we study are 2003-2007 which are five years in total, therefore,

we have five different studies in five years for each country.

We separate the globe into 21 regions. Among the 21 regions is the region of
high-income Asia Pacific which contains only one country, Japan, in the simulated
data. The rest of the regions all include more than three countries. Therefore, we
generated data from three countries in each of the 20 regions and one country for
one of the regions hence, we have 61 countries with data in total. In summary,
every country has information for five years and each year has information for the
eight age groups.

Overall, the simulated data present ideal conditions since we have covered most of
the uncertainty. That is because all the regions have three countries with data. All
these countries have data for five years and each year contains data for each of the
eight different age groups. Since, we simulated SBP and DBP data for five years
for each country this is the fourth scenario in Section 4.3.2.2 of the restrictions
that apply. Nonetheless, there is still some uncertainty that has not been covered.
We still have substantial sparsity in our dataset since we do not have data for all
the year combinations. We split the data into training and test sets, such that
most countries would be represented in the training set. As Japan was the only

country in its region, it was included in each training set.

We carried out five folds of cross-validation, with the average coverage and errors
shown for super-regions in Table 4.2. The coverage of actual uncertainty by esti-
mated credible intervals is generally more than 95% (i.e. conservative), although
with cases where the coverage is somewhat less (i.e., anti-conservative). As shown

in Table 4.2, the relative errors are small for both DBP, SBP and the interaction.

This can also be seen in Figure 4.1, which provides an example of model fitting
for 50-year-old females in Belgium, where the patterns observed in the data are
complex. The x-axis has values from 1 to 5 that encode the five years that are the

same for both DBP and SBP. As explained before we have data for five years out
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TABLE 4.2: Coverage and error in cross-validation

Coverage Relative Error
Regions DBP SBP Int DBP  SBP Int
Total 0.984 0.986 0.948 -0.002 -0.002 -0.045
Central and Eastern Europe 0.994 1 0952 -0.003 -0.001 -0.017
C. Asia, Middle East & N. Africa 0.990 0.987 0.865 -0.002 -0.005 0.031
East and South East Asia 0.955 0.997 0.897 -0.003 -0.001 -0.03
High-income Western countries 0.998 0.994 0.996 0 -0.001 0.046
Latin America and Caribbean 0.978 0.982 1 -0.001 0 -0.151
Oceania 0.970 1 0.955 -0.002 -0.002 -0.05
South Asia 0.990 0.983 0.830 -0.004 -0.003 0.05
Sub-Saharan Africa 0.990 0.982 0.954 -0.002 -0.002 -0.095
Legend
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FIGURE 4.1: Fit plots for 50-year-old females in Belgium from the second set
of cross validation. The solid line represents the posterior mean and the shaded
area the 95% credible interval.
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of the 25 possible combinations. These years are when both DBP and SBP have
blood pressure measurements in the same year, i.e. (2003,2003),...(2007,2007).
Although the simulated data are for five of these combinations, as described above,
this allows us to make estimates for the other possible combinations. More specif-
ically in Figure 4.1 the plots of DBP, SBP and interaction show that their data-
points for each variable are inside the credible interval. On the other hand, DBP’s
datapoints are inside the estimation’s credible interval and quite close to the re-
gression line; however, the datapoints for SBP appear to be somewhat further
away. Finally, the third plot of Figure 4.1 depicts the estimations of DBP’s and
SBP’s interaction. We can observe that the estimations are not as good a fit as the
DBP and SBP since one of the datapoints is not in the credible interval. However,
overall, the majority of the datapoints in the three variables DBP, SBP, INT are

included in the credible intervals that our calculations provide.

4.5 Application of the two-dimensional blood pres-

sure model: real data

Performance of the model using real blood pressure data was tested using the
STEPwise Approach to NCD Risk Factor Surveillance (STEPS) studies, whose
results are made publicly available by WHO

(https://www.who.int/teams/noncommunicablediseases/ surveillance/data). We
downloaded data from 38 countries for the period 2004 to 2014 that comprised 478
country-year-sex-age combinations. Data were available from each year but were
unevenly spread over time, with particularly large numbers of data points in 2007
and 2014. While a large proportion of the data comprised national-level estimates,
3% of the data points were at subnational level, and 6% were from rural-only or
urban-only samples. Data were available for ages from 15 to 74 years, with the
largest samples being for age groups in the range from 25 to 64 years. Sample sizes

ranged from 46 to 3,036, while the ranges for DBP and SBP were 59.4-96.7 mmHg
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and 93.5-155.2 mmHg, respectively. The data were from low-income and middle-
income countries in central, south, southeast and east Asia, eastern Europe, Latin
America and the Caribbean, the Middle East and north Africa, Oceania and sub-
Saharan Africa. Although we had data for 38 countries, we made estimates for 48
countries in total from those regions, with cases where countries had data for zero,
one, two or three or more years, i.e., each of the cases described in Section 4.3.2.2.
The precision matrix analysed here included 11 years, therefore was 121 x 121
dimensional, and while this increased the time required for the MCMC algorithm
to converge and mix, it was still tractable using a high-performance computing
system. Figures 4.2, 4.3, 4.4 and 4.5 show examples of model fit for Myanmar,
Nepal, North Korea and Kuwait respectively which exhibit realistically smooth
but non-linear trends in the three blood pressure variables simultaneously. These
effects, and others seen for different countries, would not have been captured fully
by the models used in previous estimation of blood pressure, Finucane et al. [2014],

Danaei et al. [2011].

Analytically, Figure 4.2 shows that the interaction, INT between SBP and DBP
is greatest where SBP and DBP have the lowest and greatest value respectively.
In more detail, for Myanmar, Figure 4.2, there is an increase in the INT through
the years. We can observe there is a decrease in the values of SBP through the
years while DBP does not change significantly, it is as if remains the same. On
the contrary in Figure 4.3 and 4.5 we observe that Nepal and Kuwait exhibit a
different behaviour. Specifically, for Nepal INT increases through time while DBP
increases and SBP remains relatively the same. Same on Kuwait INT increases too.
Although both DBP and SBP have increased values the change that is observed
is not big. Both for Nepal and Kuwait the interaction between DBP and SBP is
greatest where these values are both greatest in both figures. Lastly, in Figure
4.4 we observe North Korea which presents similar behaviour to Myanmar (Figure
4.2). For North Korea however, a decrease in interaction is noticed as there is
a significant change between DBP and SBP values. DBP values increase a lot
whereas SBP values decrease through the years. We can see that variability exists

between countries for example, Myanmar and Nepal ( Figures 4.2 and 4.3) which
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is not concerning as each country can follow a different lifestyle. On the other
hand, we can also observe that there are countries with similar behaviour such as
Nepal and Kuwait, Figures 4.3 and 4.5. Figures 4.2-4.5 illustrate the differences
and the similarities that can exist between countries. That is a result of similar
or different lifestyle, culture or urbanization. A priori a specific grouping among
countries has been used and that can be reflected in the a posteriori results of the

model.

204
2013

INT (mm?Hg) - pd

2012 /
2011

20%8
L 840

2007 < B
< 83.0
2%6 < 825
|
|

< 82.0
ZTS s  DBP(mmHg)
|

10100 10200 10300 10400
o
— 2|
>
N
2
3

9700 9800 9900 10000

128 130 132 134 136 138 140 142

SBP (mmHg)

FIGURE 4.2: Estimates for 50-year old males in Myanmar from 2004 to 2014.
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FIGURE 4.5: Estimates for 50-year old males in Kuwait from 2004 to 2014.

Overall, it is highlighted that the interaction is not the same for all the countries.

Specifically, in Figures 4.2, 4.3 and 4.5 the interaction increases with time whereas

in Figure 4.4 it diminishes through time.

In conclusion, interaction, INT expresses the relation between DBP and SBP. If

both DBP and SBP increase or decrease then INT will increase as well whereas

if they have a big difference of negative change, i.e. one increases and the other
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FIGURE 4.6: Posterior Distribution for DBP variable for all the countries
together for each year.

decreases then INT will decrease through time. Moreover, in the Figures 4.6, 4.7
and 4.8 we can see the posterior distributions for each of DBP, SBP and INT
taking all the countries together for the years 2004-2014. Posterior plots for all
the countries together for each of the 11 years are added. Analytically, in Figure
4.6 we can observe that DBP overall has increased from year 1 to year 11. In years
1-6 the peak of DBP was around 80 mmHg, in years 7-8 was to 85 mmHg whereas
in years 9-11 the peak of DBP was around 85 mmHg. A similar pattern is observed
in SBP, Figure 4.7. In more detail, in the years 1-6 the peak of SBP is observed at
the 130 value, in the 7-9 years is increased to 140mmHg whereas for the last two

years, 10-11 the value has increased to 145-150 mmHg. Finally, for the interaction
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plots, Figure 4.8 we can observe that interaction has increased as well throughout

the years. Precisely, for the first five years the peak was observed at the value

of 10000, for the years 6-9 the peak was at the 10200 value whereas at the final

two years the value was at the 11000 value. Also, it is important to mention that

the range of the values has increased as well in DBP, SBP and INT through time.

Summing up, the contribution of this model is the ability to capture interaction

effects that are present but cannot be captured using the existing one-dimensional

model.
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FIGURE 4.8: Posterior Distribution for INT variable for all the countries to-
gether for each year.

4.5.1 Diagnostics

In this section we present the verification of our results by applying suitable diag-
nostics for our analysis, Gelman et al. [1997]. Through these diagnostics we provide
an indication that the MCMC chains have converged and they have mixed well.
For the validity of the model we also implement cross-validation for the simulated
data and calculate the deviance in each iteration for simulated and real data, Gel-
man et al. [2014]. For the real dataset we ran 10 different chains of which we
keep three since, these three have converged and mixed much better than the rest

and therefore are considered to be appropriate for our analysis. We present plots
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and diagnostic tests to observe the behaviour for each of the parameters that we

estimated for the results of the real data. The diagnostics are presented below:

TABLE 4.3: Potential scale reduction factors for the model’s parameters

Parameter Point est. Upper C.I

Deviance 1.02 1.06
efnterc,DBP 1 1
glnterc,SBP 1 1
elnterc,INT 1 1
Ostope.DBP 1.01 1.01
Ostope.sBP 1.03 1.03
gslope,INT 1 1
Y1,DBP 1 1.01
upy 1.01 1.01
vy 1.015 1.015
sv[l] 1.02 1.02
wy) 1.11 1.12

1. Gelman-Rubin Diagnostic
The first is the Gelman-Rubin diagnostic, Gelman and Rubin [1992], Gelman
et al. [2013]. It is known as the scale reduction factor diagnostic. In more
detail, the Gelman-Rubin diagnostic makes a comparison of within-chain and
between-chain variance, where a large deviation between these two variances
indicates non-convergence. Therefore, desirable values are considered from
1 to 1.1 which indicate convergence. In Table 4.3 and 4.4 we can see the
potential scale reduction in the model’s parameters and hyper-parameters
respectively. In Table 4.3 most of the parameters have a point estimate
less than 1.1 except the non-linear parameter for the globe of the first year
under study, wp; which has a value slightly more than 1.1 which is 1.12.
In Table 4.4 the hyper-parameters are observed to have less close to ideal
behaviour than the parameters since the hyper-parameter of the slope in the
linear sub-model, k; for DBP has a large value. However, values of these

hyperparameters do not influence pearameters of interest strongly.
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TABLE 4.4: Potential scale reduction factors for the model’s hyperparameters

Hyperparameter Point est. Upper C.I

Ra,DBP 1.11 1.33

Kb,DBP 3.83 17.1

Ae 1 1

Ar 1 1.01

As 1 1

Ag 1 1

O'iDBP 1.22 1.72

25p 1 1.01

TE’BP 1 1

T2r 1 1.05

TABLE 4.5: N;}cf in total and for each of the three chains

Parameter N;[ff :Total Chainl Chain2 Chain3
Deviance 0.46 0.64 0.64 0.1
0 0.78 1 1 0.34
Y1,DBP 0.41 0.47 0.42 0.34
uy) 1.08 0.92 1.1 1.23
vy 1.08 0.92 1.1 1.23
sv] 1.13 1.61 1 0.79
W 0.53 0.57 0.53 0.49

TABLE 4.6: N]i{f in total and for each of the three chains

Hyperparameter % :‘Total chainl chain2 chain3
Ka,DBP 0.02 0.01  0.006 0.04
Kb, DBP 0.002  0.003 0.0005  0.002
Ae 0.2 0.22 0.23 0.16
Ar 0.23 0.26 0.24 0.19
As 0.27 0.3 0.29 0.21
Ag 0.37 0.41 0.39 0.32
2P 0.51 0.49 0.48 0.54
Tipp 036 034 036  0.36
T2y 0.57 0.71 0.7 0.31

2. Effective Sample Size (ESS)

We can use the fraction ESS which is the count of effective sample size di-

, Vehtari [2021]. The effective

vided by the total number of iterations,

Negyr
N

sample size expresses which of the iterations’ values are considered not cor-

related out of the total number of the values. Values with a proportion close
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to 0.5 and above are considered desirable since it means that more than half
of the values are uncorrelated. In Table 4.5 we can observe the ESS for each
of the three chains. Overall it appears that three chains give an appropriate
sample size for each of the parameters but those that perform better are the
first and the second chains. For example the Deviance for the first chain has
a 0.64 value which means the 64% of its sample is uncorrelated. In Table
4.6 we observe the ESS for the hyperparameters of the model. Similarly to
the Gelman-Rubin Diagnostic we can observe that there is a smaller effec-
tive sample size in the hyperparameters than in parameters. The smaller

effective sample size is observed in k hyperparameter.

. Traceplots

Traceplots are used to identify whether the chains have mixed well together
and have converged to a stationary distribution. In Figure 4.9 we can see
how the deviance, the intercepts and the slope for each of DBP, SBP and
INT in linear sub-model behave keeping 3000 iterations with thinning. In
Figures 4.9, 4.10, 4.11 we can see that the three chains have mixed well

together and converged.

. Autocorrelation

With the help of the autocorrelation plot we can see how correlated is the
sample for each of the parameters. In Figure 4.12 we observe the autocorre-
lation plots for the deviance and the parameters of the intercept and slope
for the three variables in the linear sub-model. We can observe that there is
not a strong correlation within the sample in each of the parameters. Fur-
thermore, Figure 4.13 shows the autocorrelation plots of the parameters A,
Ar, As and A, which are the precision parameters of the non-linear sub-model.
We can notice a stronger autocorrelation in Figure 4.13 than in Figure 4.12.
However, in both plots the autocorrelation does not remain high for long

and it diminishes after the tenth lag.
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4.6 Summary

This chapter provides a detailed description of the distributions for each of the
sub-models of our Bayesian hierarchical model of blood pressure in two dimen-
sions. In Section 4.2 the construction of the posterior and proposal distribution of
the one-dimensional linear sub-model is implemented and the way in which they
are included in the acceptance ratio of the M-H algorithm is described. Follow-
ing, Section 4.3 presents the analytical calculations of the posterior, the proposal
distribution and the acceptance ratio of the M-H algorithm for both, one- and
two-dimensional non-linear sub-models. Moreover, Section 4.3.3 highlights the
full conditional distribution of the age sub-model using a Gibbs sampler algorithm
at this point. Next, Sections 4.3.4, 4.3.5 and 4.3.6 present the posterior and pro-
posal distribution of the hyperparameters o2, v and 72 respectively using the M-H
algorithm. Lastly, Section 4.4 describes the application of the model to simulated
data whereas Section 4.5 illustrates the application to real data showing also the
diagnostics for each of the parameters. Overall, this chapter is a guide to the com-
putational methods that were used for each sub-model in the MCMC algorithms,
as well as showing that the model fits appropriately to the more complex case of

two-dimensional data.
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Chapter 5

Defining priors for IGMRFs

5.1 Introduction

In the previous chapters we have seen how each of the sub-models which comprise
the model are defined. Specifically, substantial attention has been given to the non-
linear sub-model (see Sections 2.6.5, 3.4.1, 4.3). Through these sections we have
discussed the one-dimensional first and second order IGMRF (or random walk)
and a variety of types for a two-dimensional second order IGMRF (or random
walk) for the non-linear sub-model (see Sections 2.5, 2.6). We have seen that
given the number of years (i.e., nodes) included in the analysis, the size of the
precision matrix changes accordingly. Therefore, as is stated in Sgrbye and Rue
[2014] the priors that we use should also be changed depending on the precision
matrix that is used. In other words, since there are substantial differences from
one structure matrix to the other it makes sense for the priors between these
two precision matrices to be different. Additionally, these changes can be even
larger when we change from a one- to two-dimensional IGMRF. In conclusion,
as is highlighted in Serbye and Rue [2014] and as we will observe later in this
chapter the prior can vary depending on the number of nodes we include each
time both in one- and two-dimensional IGMRFs. Therefore, we will discuss the

priors that are referring to the precision (scaling) parameters which are used in
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the precision matrices of the non-linear sub-model and how they change from one

to two dimensions, Spyropoulou and Bentham [2022a].

5.2 Scaling Hyper-priors

As we have mentioned previously, when the precision matrices change, the hyper-
priors set for the precision parameters need to change as well. Let us say we have
two different precision matrices and we are interested in constructing the hyper-
prior distributions of the two precision parameters. In order to apply the same
degree of (hyper-)prior information we need to implement a proper scaling. In
other words, we need to apply a scaling to the hyper-prior of the first precision
parameter in order to be used best for the new second precision parameter. In
that way, there is a difference between the hyper-priors but without losing the

properties that we desire them to follow.

5.2.1 Reference standard deviation for one-dimensional IGMRF
A prior distribution for an IGMRF can be described using the following definition:
u~N(O,AP)™) = o3(u) = A 18E (5.1)

where P is the structure matrix of the precision matrix and ¥;; is the diagonal
element of the covariance matrix in position ¢ such that P = ¥~!. For the stan-

dardized normal distribution, we have
uVA~N(O0,P7Y), Ao?(u) = X (5.2)
Let us say that A =1 in (5.2) then we have:

0%\:1}(“1’) =X (5.3)



146

Combining the results in (5.1) and (5.3) we have:
ox(ug) = A7185, oy (w) = A ofoyy (u) (5.4)

This means that for any fixed precision parameter A\, the marginal standard devi-
ation of the components of a Gaussian vector u can be expressed, as a function of

A, (Serbye and Rue [2014]) by

ox(u;) = U{/\;}(ui), i=1,..,n (5.5)

VA
For a given IGMRF u with random precision A, we can calculate a reference
standard deviation for fixed A = 1 and then approximate the marginal standard

deviation for each component of u (Segrbye and Rue [2014]) by

_ oref(u)

ox(u;) = A

A suggestion for a reference standard deviation given by Sgrbye and Rue [2014] is to

i=1,..,n (5.6)

calculate the geometric mean, which is an appropriate measure for a set of positive
numbers. Hence, the reference standard deviation for u in the one-dimensional

case is presented as

n

1< JRR | s
Orer(U) = exp <E Zlog J{,\Zl}(ui)> = exp (E Z 3 log Z“) (5.7)
i=1

i=1

where the values ¥}, denote the diagonal elements of the inverse matrix £* = Q~*
calculated for A = 1. In particular, X, express the diagonal elements of the
inverse of the precision matrix and this is calculated as @~ = TA™T in which
I' expresses the eigenvectors and A the eigenvalues of the Q matrix when \ = 1.
Since Q and similarly 3* are n x n dimensional in the first and second order of the
one-dimensional IGMRF's we will have n diagonal values to calculate the geometric
mean from. A further consideration is that for any IGMRF, we must take into
account linear restrictions when calculating reference standard deviations so that

the latter are finite. Specifically, in the one-dimensional case for the first-order
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IGMRF we need to set the last eigenvalue to infinity and for the second-order
IGMRF we set the last two eigenvalues to infinity or we set to zero the last and

the last two inverse of eigenvalues respectively.

5.2.2 Reference standard deviation for two-dimensional IGM-

RFs

For two-dimensional second-order IGMRF's, there is an extension for o,.¢(u) that
is presented in (5.7). The precision matrix is (n; X ny) x (n1 X ng) dimensional,
where n; and ny are the total number of nodes for the first and second variables
respectively. Therefore, the scaling will no longer be for n; or ny values, but their

product ny X ny and we have

1 1 Xn2 1 1 Xn2
Oref(U) = exp <n1 v Z log O{A_1}(ui)> = exp <n1 s Z log Z;)
i=1 i=1

with a special case when n = n; = ny

2 2
1 « 1 « i
Oref(1) = exp (ﬁ Z log a{,\zl}(ui)) = exp (ﬁ Z log E“) (5.9)
i=1 =

Again, 3%, denotes the diagonal elements of the inverse matrix (X*)%/2 = (Q~1)'/?
whereas ¥* is calculated as ¥* = Q7! = TTA'T for A = 1. The precision matrix,
Q and therefore, ¥* is n? x n? dimensional hence we will have n? elements in the

diagonal.

Again we have linear restriction to take into account. For the two-dimensional
second-order IGMRF we set the three last eigenvalues to infinity Rue and Held
[2005] or another way of implementing the linear restrictions is setting to zero the

inverse of the eigenvalues.
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FIGURE 5.1: The marginal standard deviation of a one-dimensional first- and
second-order IGMRFs, calculated using fixed precision A=1.
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5.2.3 Interpretation of reference standard deviation

In this section we compare the behaviour of each of the IGMRF types. Figure
5.1 illustrates the diagonal values of the marginal standard deviations using fixed
precision of A = 1 for all the components of the one-dimensional first- and second-
order IGMRFs on a line represented in Section 2.5.1 and 2.5.2. In Figure 5.2
we see four different types of a two-dimensional second-order IGMREF. These four

types are known as Torus 1, Torus 2, Bound 1 and Bound 2 which are explained in
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Section 2.6.2, 2.6.3, 2.6.5 and 2.6.4 respectively. Again, in Figure 5.2 the diagonal
values of the marginal standard deviations using fixed precision A = 1 are presented
as nodes. By observing both Figures 5.1 and 5.2 we can conclude that each type
of IGMRF has different behaviour and interpretation and thus we need different
priors for each case to properly capture the IGMRFs’ behaviour.

Both one-dimensional types of IGMRF are defined with n = 50 equidistant nodes
in Figure 5.1. In the two-dimensional second-order IGMRF, that is equivalent
to defining 50 nodes for each variable which means n = ny = ny = 50 equidis-
tant nodes. Therefore, the precision matrix will be n? x n? giving a (502 x 50%)-
dimensional precision matrix. In Figure 5.2 we can see that the number of nodes
is 2500 since we account for every possible combination between the nodes of the

first variable and the nodes of the second variable.

Given the different structure of these six types, the shape and the level of these
curves are quite different. As has been stated previously Sgrbye and Rue [2014],
the reference standard deviations for the one-dimensional types are equal to o¢f
(W1 = 2.75) and o,cf (U2 = 14.64) for the first-order and the second-order re-
spectively using 50 nodes. Applying our suggestion of (5.9) for the two-dimensional
second-order IGMRF the reference standard deviation for each of the four types
is: for Torus 1, (Section 2.6.2) 0yef (Wrp2p, = 2.51), for Torus 2 (Section 2.6.3)
Oref (Wrw2p, = 0.41), for Bound 1 (Section 2.6.5 ) oyef (Wrw2p,.,. = 4.83) and for
Bound 2 (Section 2.6.4) 0,cf (Wrw2p = 3.63). In each of the two-dimensional cases
the number of nodes is still 50 for each of the two dimensions, i.e. 50? = 2500.

Therefore, if we choose the same hyperprior for each case, it allows larger variance
in the one-dimensional second-order IGMREF than the two-dimensional equivalent,
for each of the four types, and more still than the one-dimensional first-order case.
These results are in agreement with other results of Lindgren and Rue [2008],
Lindgren et al. [2011] which show that for a one-dimensional first-order IGMRF
model, the precision using the new nodes is (kX)™!, for a one-dimensional second-
order IGMRF model, the precision using the new nodes is (k*\)~! and for the
two-dimensional second-order IGMRF model, the precision using the new nodes is

(k*X)~L. Here, k is the number of equally sized subintervals between the original
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nodes z; and x5 giving us as a result new equidistant nodes: 7, sy, ..., a:;gﬂ. In
Figure 5.3 the standard deviation for the second-order two-dimensional IGMRF's
with bounds, sgwop and sgwaopier. are always between those for the first and the
second order one-dimensional IGMRF's, sgy1 and sgpo while the number of nodes
is increasing. In contrast, the two-dimensional IGMRF's defined on torus have a
completely different behaviour. Finally, we can observe that depending on the
number of nodes that we have, the standard deviation increases and varies by
first-order, second-order and two-dimensional second order IGMRF. As shown in
Figure 5.3, as the number of nodes increases, the effect of these differences becomes
more pronounced where each line represents the (reference) standard deviation of
IGMRF (or random walk) in the one-dimensional first and second order and in the

two-dimensional second order for four different cases. Lastly, the procedure that
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FIGURE 5.3: Change in marginal standard deviations depending on the number
of nodes

we follow for creating the plot is summarised in the following steps:

1. Select the number of years under study

2. Compute the precision matrix for each type of IGMRF



151

3. Compute the reference standard deviation as indicated in (5.7), (5.9) for
the first- and second- order one-dimensional IGMRF's and the four different

choices of second-order two-dimensional IGMRF's.

We repeat these steps for a different number of years for each type of IGMRF.

5.2.4 Applying scaling using Gaussian hyperpriors

In order to account for the large differences that are seen in the calculated reference
standard deviations as shown in the previous section and allow the same variance
we need to impose an upper limit on the marginal standard deviation Se¢rbye and
Rue [2014]. A priori, this indicates how large we allow the local deviation or the
influence of the different random effects in a regression model to be. We denote

the upper limit by U and define it as

P(o(u;)) >U)~ P <2L < i) =« (5.10)

O-ref (u> U2

where « is a small probability Serbye and Rue [2014]. By assigning a hyperprior
to A (o2, f(u)) ! the interpretation of the hyperprior remains the same for different

models. Having again the prior:
u~ N(0,(\P)™) (5.11)
Let us assume that the hyperprior of A follows a Gaussian distribution

A~ N(u, b%) (5.12)
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then the upper limit in (5.10) using a probabilistic form can be written as

P(M>U2):a:>P<)\<U’%ef<u)):a

A U2
o2 () ohw)
F/\( 5,2 ):a:> 52 = F;'(a)
5.13
O C I ¥ L0 (5:.13)

Pl oo b) (L), (awm)
- ( bozes (w) )”2
Fy o, 1)
where F~!() denotes the quantiles of a normal distribution. For a given value of
a, we can then interpret the mean and standard deviation parameters p and b in
terms of this upper limit. This is also useful to gain an intuition of which values
of U seem reasonable for a specific application.
To recalculate hyperpriors for different IGMRFs, we can use the same mean pa-
rameter, u, for each model and calculate a new standard deviation parameter, b.

By using the upper limit provided in (5.13) the new standard deviation parameter

denoted as by, is expressed as:

U2p—1 1
bnew = 2 <a’ ok ) (514)
aref(uTWQ)

We see now that the new value of the standard deviation in (5.14) depends on
the o2 s terms which capture the precision matrix for a specific type of IGMRF.
In conclusion, it is then only necessary to recalculate the standard deviation pa-
rameter, b, to account for the different shapes and sizes of the graph for a specific
IGMRF (Sgrbye and Rue [2014]).

This can be done for the three types of IGMRF considered using

bTU)2 _ UZFil(Oénua 1) U2F71(a7ﬂv 1)
brwl O-zef(uer) Uzef(urwl)
Ugef(a:”lﬂ)

brw2 = b
rw2 rwl O_zef (a:er)

(5.15)
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and for the two-dimensional type

o2 (z o2 (x
brw2D == brw2M or berD == brwIM (516)
O-ref(xerD) O-Tef(x'erD)

Here rwi is referring to the first-order IGMRF, rw2 to the second-order IGMRF

and rw2D is referring to the two-dimensional second-order IGMRF'.

5.2.4.1 Types of two-dimensional second order IGMRF's

We can also compare IGMRF's with fixed order and dimensionality, but different
numbers of nodes and boundary conditions. We do so for two-dimensional second
order IGMRFs with four different structure matrices: Torus 1 and Torus 2 Rue
and Held [2005], Thon et al. [2012] (see Section 2.6.2 and 2.6.3), Bound 1 Yue and
Speckman [2010] and Bound 2 Terzopoulos [1988] (see Sections 2.6.5 and 2.6.4).
Torus 1 has a structure matrix defined on a torus, while Torus 2 has a similar
structure matrix but with boundaries at its four corners, u; 1, Un1,1, U1n2, Uni n2-
Bound 1 and Bound 2 have boundary effects and induce the same neighbours in the
structure matrix for each node, but give different weightings to these neighbours.
In Table 5.1 we see that Torus 2 consistently has the lowest reference standard
deviation, with the changes in each IGMRF being similar proportionally when the
number of nodes is increased. The torus models are simpler as they do not con-
sider different behaviour at the boundaries which explains the results. Comparing
the Bound 1 and 2 precision matrices we expect Bound 2 to have a longer time
of computing as it has a bigger order deficiency. Bound 2 has the largest refer-
ence standard deviation followed by Bound 1 which is used in our two-dimensional
model of blood pressure Spyropoulou and Bentham [2022b,a]. Overall, the changes
in each of the types are similar when the number of nodes increases. These find-
ings show that it is clearly necessary to scale the hyperparameter each time the
precision matrix or number of nodes is changed, especially when boundary con-
ditions are introduced. Specifically, comparing the reference standard deviation

horizontally we can notice differences from the type of the two-dimensional second

order IGMRF we chose.
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TABLE 5.1: Reference standard deviations o,..; for second-order two-
dimensional IGMRF's.

Nodes Torus1 Torus2 Bound 1 Bound 2

5 0.30 0.05 0.41 0.53
6 0.35 0.06 0.48 0.63
8 0.44 0.08 0.62 0.81
10 0.54 0.09 0.76 1.00
11 0.58 0.10 0.83 1.10
12 0.63 0.11 0.90 1.19
14 0.73 0.12 1.04 1.39
16 0.82 0.14 1.19 1.58
18 0.93 0.16 1.33 1.77
20 1.02 0.17 1.47 1.96
25 1.25 0.21 1.83 2.44
30 1.51 0.25 2.19 2.92
40 2.00 0.33 291 3.88
50 2.50 0.42 3.63 4.84
100 5.00 0.83 7.24 9.64

5.2.5 Blood pressure data application

In this section we compare hyperprior scaling for one- and two-dimensional second
order IGMRF's using blood pressure data Spyropoulou and Bentham [2022b,a]. In
more detail, for the one-dimensional case, Section 3.1, we use a published model
Finucane et al. [2014], Danaei et al. [2011] that employs a one-dimensional second
order IGMRF as the prior for the non-linear sub-model for the SBP variable. For
the two-dimensional case, Section 4, we use the model that we developed and is
presented in Spyropoulou and Bentham [2022a,b] that employs a two-dimensional
second order IGMRF as the prior for the non-linear sub-model for both SBP and

DBP variables (and implicitly, their interaction).

Although the models are of different dimensionality, we can compare the hyper-
prior scaling for the precision parameter of the non-linear trends. This varies both
by dimensionality and number of nodes, which in our data correspond to the num-
ber of years considered. The hyperpriors must be set for each of the precision
parameters, A, A\, A\; and )\, that are used at different levels of the hierarchi-

cal model: countries nested in regions, super-regions and globe both in one and
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two dimensions. In conclusion, we want to observe which variance suggestion is
optimal for a specific number of years (nodes) to set for the hyperprior’s distribu-
tion. Knowing the number of years we can easily find the o,.; for both one- and

two-dimensional second order IGMRFs.

5.2.5.1 Scaling using 5 years

Having the total number of years as 5 we can find the o,.; using the formula on

(5.9) as shown below:

Oref(Upw2) = 0.52,  0pep(Upwap) = 0.41 (5.17)

The distribution under consideration for a country’s precision parameter is A, ~

N (p,b) with 1 and b parameters that will be assigned as:

u="1 b=2, a=0.001 (5.18)

Subsequently, the upper levels for both the one-dimensional and two-dimensional

second-order IGMRF are:
1/2
- ( bor () ) /
Yo, p,

1)
Urw2 = —b%f (Wru2) N 377 (5.19)
Ya, p, 1)
bo (ur 2D) 1/2
o ref w _
Urw2D - <F_1—(OC7ILL, 1) > 0.293

By taking the median of these two upper levels we have:

U = median(U,y2, Upwop) = 0.335
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Hence, by using the aforementioned we can calculate the scaled new standard

deviation, b, for the one- and two-dimensional second order IGMRF respectively.

U?r—1 1
brw2 = 2 <Oé’ ak ) = 1.58
Uref(uTW2) (5 20)
UF~Ha, p, 1) '
bruzp = — — 2,61
Uref(uTW2D)

An alternative method is to set directly b,,2 = 1.58 and use it for the calculation

of brw2D:

by = 1.58
02 (U (5.21)
berD - brw2 2T€f( _2> == 261
Uref(uTUJ?D)

In our problem the variables of interest are the precision parameters for each
of country, region, super-region and globe. However, we are not expecting all
these four parameters to have the same prior distribution. If the prior’s standard
deviation in A, is equal to 3 this does not mean that A, A, and A; will have the
same value in the standard deviation.

Setting different values for the b,,,0 we can see how the b,,0p changes as well:

ber =2
ot 52
rw2D Tw2 o .
Uref(urw2D)
b = 1.5
02 (U (5.23)
brw2D - brw2 2T‘ef—( 2) =247
o-ref(uTIUQD)

Given that we use the reference standard deviation we can make the two methods
comparable even when we decide to change the number of nodes.

Attention is needed because if we increase the number of nodes the suggestion for
the prior’s variances changes as well. In the next subsection we observe how the

standard deviations of the priors change when the years are equal to 10.
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5.2.5.2 Scaling using 10 years

Considering that we have 10 years under study we first need to calculate the ref-

erence standard deviation for the one- and two-dimensional second order IGMRF"

Uref(“er) = 1357 Jref(uerD) =1.76 (524>

Following this, we find the upper levels for the one- and two-dimensional second

order IGMRF:
U:( bo?.(u) )”2
Y, p,

1)
U = b%f (ru2) )7 o (5.25)
Yo, p, 1)
bo (ur'w2D) 1/
ref
— (e P20 ) 54
Uruap (Fl(a,u,1)> "

By taking the median of these two upper levels we have:

U = median(U,2, Uywop) = 0.754

Ulp—1 1
brw2 = 3 <a“u7 ) =1.22
O-Tef(u"‘ll)?) (5 26)
UF (o, p, 1) '
brusp = s ~ 3.84
Uref(uTwQD)

An alternative method is setting directly the standard deviation of the two dimen-

sional second order random walk equal to 3.

brw2D =3
U?gf(“'ruzQD) (527)

= 0.95
Uref(uTWQ)

brw2 = berD

In conclusion observing the above results we can notice that the reference stan-
dard deviation in a total of five years presented in (5.17) is greater for the one-
dimensional second order IGMRF but when the number of years is changing to 10

presented in (5.24) the reference standard deviation of the two-dimensional second



158

order IGMRF becomes greater which states the variability of standard deviations
for different types of IGMRFs when the number of years change.

5.2.5.3 Scaling using 20 years
Lastly, we present the results with a number of years equal to 20.

Uref(uer) = 3727 Oref(urw2D) =147 (528>

Following, we find the upper levels for both of them:

= ()

1)
Urwo2 = —ba’“ef (Uruz) = 2.66 (5.29)
Yo, py 1)
bo (urw2D) 1z
. ref _
UerD — (F_—l(oz,,u, 1) > 1.05

By taking the median of these two upper levels we have:

U = median(U, 2, Upwap) = 1.859

U?F-1 1
by = L L0t D) g
O-Tef(uT‘UJ?) (5 30)
UF~Ha, 1, 1) '
bruzp = — —6.24
O_ref<u7“UJ2D)

Again, setting directly the standard deviation of the two dimensional second order

IGMRF equal to 4, we have:

berD =l

ref( TMQD) <531)

= 0.624
ref(uTwQ)

b'rw2 - berD

In the work presented previously Danaei et al. [2011], a prior is set for the precision

parameter of the one-dimensional second-order IGMRF, A, with a value of 2 as
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the standard deviation. With the suggested scaling a suitable standard deviation
for the two-dimensional second-order IGMRF equivalent is 3.30 for 5 years shown
also in Table 5.3. However, if the number of years under consideration changes

the scaling needs to change again.

In Table 5.2, we can observe the differences in the reference standard deviations
when the number of years is 11 and 20. We compare the reference standard
deviations between the first-order and the second-order IGMRFs and the two-
dimensional second-order IGMRFs. We can see that the one-dimensional second-
order IGMRF has the biggest changes as we can also observe in Figure 5.3. The

more years the bigger the differences in the one-dimensional second-order IGMRF'.

TABLE 5.2: Reference standard deviations, oy, for models with multiple
nodes.

Nodes Uref(urwl) Uref(uer) Uref(urw2D>

5 0.85 0.53 0.41
6 0.94 0.65 0.48
8 1.09 0.96 0.62
10 1.22 1.35 0.76
11 1.28 1.54 0.83
12 1.34 1.75 0.90
14 1.45 2.20 1.04
16 1.55 2.68 1.19
18 1.65 3.19 1.33
20 1.74 3.73 1.47
25 1.94 5.20 1.83
30 2.13 6.82 2.19
40 2.46 10.49 291
50 2.75 14.65 3.63
100 3.89 41.39 7.24

Lastly, in Table 5.3 we gather all the information for the standard deviation for
each type of IGMRF to make the comparison more straightforward and to see how
the standard deviation of the hyperprior, b,,1, brw2 and b,op is tuned when the

number of years is increased.
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TABLE 5.3: Scaling the standard deviation parameters (hyperparameters), b1,
brwo and brop as the adjusted parameter b and number of nodes are varied.

Nodes b=1 b=2 b=3
brwl brw2 berD brwl brw2 brw2D brwl brw2 brw2D
5 039 1.00 167 078 200 334 117 3.00 5.01
6 048 1.00 184 096 2.00 3.67 143 3.00 5.49
8§ 0.78 1.00 240 1.55 2.00 480 233 3.00 7.19
10 1.00 082 258 200 1.63 5.16 3.00 245 7.74
11 1.00 069 239 200 139 478 3.00 208 7.17
12 1.00 059 222 200 1.17 443 3.00 1.76 6.65
14 100 043 194 200 087 3.89 3.00 1.30 5.83
16 1.00 033 1.70 2.00 0.67 340 3.00 1.00 5.09
18 1.00 0.27 154 2.00 0.53 3.08 3.00 0.80 4.62
20 1.00 0.22 1.40 2.00 043 280 3.00 0.65 4.20
25 1.00 0.14 1.12 200 0.28 225 3.00 042 3.37
30 1.06 0.10 1.00 2.11 0.21 2.00 3.17 0.31 3.00
40 1.40 0.08 1.00 2.80 0.15 200 420 0.23 3.00
50 1.74 0.06 1.00 348 0.12 2.00 523 0.18 3.00
100 3.46 0.03 1.00 6.93 0.06 2.00 10.39 0.09 3.00

In Table 5.3 we notice that the adjusted parameter, b = 1, b = 2 or b = 3
can be set as a final suggestion for one of the cases depending on the number
of nodes selected each time. For example when the number of years are 5, 6, 8
and the adjusted standard deviation parameter is b = 1 then the scaled standard
deviation parameter b,,; is equal to 1 as well. However, when the number of
nodes is increased to 10, 11 or 12 the b,,o coincides with the adjusted scaled
parameter b = 1 and so on. A similar behaviour can be observed when b =
2 or b = 3. In summary, the scaling is necessary when moving from the one-
dimensional second-order IGMRFs to the two-dimensional second-order IGMRF's,
Martino et al. [2011], Sgrbye and Rue [2011] as we can see that there are cases
where the scaled standard deviation parameters have values further away from
the adjusted parameter. For instance, when the adjusted parameter is b = 3 for
10 nodes (or years) the scaled standard deviation for the one-dimensional second
order is b,.,o = 2.45 whereas for the two-dimensional equivalent is b,.,op = 7.74

which shows the big differences.

Table 5.4 shows the scaling that was applied to the standard deviation of A,



161

TABLE 5.4: Scaling the standard deviation parameters (hyperparameters) by,

and bypop for one and two dimensional IGMRFs for four different precision

parameters Ac, A, As and )\, respectively having a different fixed value of the
adjusted parameter b in each case with number of nodes equal to 11.

A b brw2 brw2D
Ae 09 053 1.83
A 1.2 071 244
As 1.9 094 324
Ag 355 210 7.23

Ar, As and Ay, the precision parameters of the non-linear sub-model in the one-
dimensional second order (rw2) and the two-dimensional second order (rw2D)
IGMRF models. Specifically, for the A\, parameter having computed the upper
levels of rw2 and rw2D using as adjusted parameter b = 0.9 the scaling for the
standard deviation of \. parameter will be 0.53 in the rw2 model whereas in the
rw2D model it will be 1.83. In that way we achieve the desirable acceptance ratio
to be around 0.44 in MCMC as Gelman and Rubin [1992], Gelman et al. [1996]

state for the one-dimensional parameters.

Analytically, in Table 5.4 we can see the values that we set for the standard
deviations for each of the precision parameters of the second order two-dimensional
model. We have analysed the one-dimensional second-order case having the b,
as standard deviation values for each of ., A\;, A\; and A\,. In order to apply
the same degree of smoothness in the two-dimensional second-order case we know
that the adjusted parameters b needs to be scaled properly for fitting best the
two-dimensional equivalent. Therefore, b,,op values represent the scaled standard
deviations that will be used for the modelling of the two-dimensional second order

IGMRF-.

5.2.6 Summary

This chapter explains analytically the use of scaling in prior distributions. In Sec-
tions 5.2.1 and 5.2.2 the use of the reference standard deviation is described in one

and two dimensions respectively. Following, Section 5.2.3 compares the reference
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standard deviations between the different types of IGMRF in one dimension and
the different types of IGMRF in two dimensions making also a comparison be-
tween the one and two dimensional cases using a number of different nodes. The
next section, Section 5.2.4 defines the upper limit that is used in the scaling in
order to apply the same degree of prior information to the models. Finally, Sec-
tion 5.2.5 describes an application to blood pressure data both having one- and
two- dimensional variables. Each step of the process is explained showing cases
of using different number of years comparing each time the one-dimensional first

and second order IGMRF and the two-dimensional second order IGMRF.



Chapter 6

Conclusions and Future work

6.1 Discussion

We have shown that it is possible to fit a model to mean blood pressure data in
two dimensions, and in particular that it is possible to fit a non-linear surface that
implicitly estimates the interaction between DBP and SBP variables. Our practical
implementation will be of interest to any researchers with sparse bivariate data,
but particularly to those with health-related data that vary by age and sex, over
time and between countries, and where interactions are of substantial scientific
importance.

This section presents the conclusions of this project as well as the challenges that
we faced. It discusses the future work that can be applied and it ends with some

final comments.

6.2 Conclusions

The variables of our problem are DBP, SBP and the interaction of these two.
Based on the results we can notice that the interaction differs from country to
country. We can observe that for some countries the interaction increases or de-

creases through time based on how large the variation is for each of the variables,
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DBP, SBP, through time. The key challenge of the modelling is the choice of
the prior distribution that will be used for the non-linear sub-model which if the
modelling is successful, it provides us with useful information.

The non-linear sub-model accounts for non-linear trends over time. The time is ex-
pressed with the years under study hence, the starting and the final year are known
for our study. Our prior is able to capture the relation between the years and this
is important because although it is easy to have a specific pattern of relations in
the central years the pattern is not the same in the boundary years. In other
words, being in the first year we only have neighbours from the years ahead while
being in the final year we only have information from the years before. Hence,
the prior that we choose takes all these into consideration and provides a different
behaviour depending on the year’s position which gives a better fit for the model.
Another difficulty is the volume of the data that we handle. The more years we
take into consideration the more data we consider and thus, the more time we need
to produce the final results. Furthermore, the two-dimensional model introduces a
larger number of variables to be estimated. Moreover, the two-dimensional second
order IGMRF used for one of the priors is itself computationally expensive as it
accounts for every relation between the nodes of the first and the second dimen-
sion and it needs estimations for the squared number of the years under study.
Furthermore, using MCMC techniques can slow down the procedure and the more
data are included the more iterations will be needed to reach convergence of the

algorithm.

The code that has been developed can be accessible online through the published
papers as well as in the Github page in Spyropoulou [2022]. The interested user
can adopt the methodology provided using any two-dimensional dataset where

there is an interest in interaction.

The computation time of using the code to fit the model described in the thesis
was three days and by using techniques such as Cholesky decomposition and sparse

matrices memory issues were tackled. Moreover, by using parallel computing we
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were able to have results of 20 chains (or more, depending on the server is used and

the user’s choice) in three days as well focusing on the validation of the results.

6.3 Future Work

Future work could include systematic data collation and publication of estimates,
as carried out previously for SBP and DBP as single variables. Additionally, there
are also some interesting statistical challenges that are of note and are presented

below:

1. The mean of an IGMRF
The reason for using IGMRF's is that we wish to model the structure of the
nodes in a specific random variable which is described through the precision
matrix. Since IGMRFs can represent a graph we want to see which are the
nodes that are connected hence dependent and which not. Therefore, all
the analysis is focused on the precision matrix. However, there is not much
presented in the literature about the mean of the IGMRFs. A question that
might arise is what would be the case if the mean vector of an IGMRFs is
different than zero. In other words, does the mean represent solely a shift
(move) or there is a deeper meaning? Therefore, it would be interesting to

explore the intuition and the properties of the mean as well in an IGMRF.

2. More than two dimensions
After interacting with data which use IGMRF's in two dimensions it is normal
to consider what is the extension of it. A question that may arise is what will
be the procedure and methodology if we had three variables to work with. A
possible suggestion is to have again all the possible combinations and those
combinations will construct the precision matrix. So, for the case of three
variables and each of them having five nodes then the possible combinations
will be 5% = 125, hence, the precision matrix will be 125 x 125 dimensional.

Since, we have three variables there will be two kinds of interactions in the
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125 combinations. A drawback that may arise is how convenient and fast
will be this suggestion therefore, a limitation of this technique must be the
increased dimensions of a two-dimensional matrix.

The aforementioned suggestion implies that we can express a problem of n
dimensions to a problem of two dimensions. On the contrary, in machine
learning techniques in order to have a solution to a problem we increase
more and more the dimensions of the problem. For example, in Neural
Networks or Support Vector Machines in order to achieve linearly separable
groups you project your groups to higher dimensions. Furthermore, the
illustration of the problem having more than two variables and more than
one interaction is difficult to be applied and interpreted. It is cumbersome
to extract any conclusion for more than three variables and it is confusing

to get the intuition or the meaning for the relation of each variable.

. Investigating R-INLA

Other interesting research could explore alternatives to MCMC that would
allow data for long time periods to be modelled in a tractable manner. There-
fore, we are interested to see how this model can be fitted using integrated
nested Laplace approximation in R (R-INLA) instead of MCMC methodol-
ogy. R-INLA is an alternative and approximation of MCMC and it is used
mainly in the IGMRF methods therefore, many issues theoretically could be
applied more easily in the R-INLA than in the MCMC methodology.

. Exploring the realm of PC priors

As we have seen in Chapter 5 the prior distribution of the non-linear terms’
hyperparameters need to be rescaled every time we change the number of
nodes or the type of the IGMRF that we take into account. Therefore, it
would be of interest to explore priors that are invariant to these changes. In
Simpson et al. [2017] are proposed priors that are invariant to the change of
the structure matrix which occurs when a different number of nodes is used.
These are known as penalised complexity priors and their useful property is
that they are unchanged with respect to the reparameterisation. Further-

more, one of the advantages of PC priors is the importance that they give to
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the base model, which is, the absence of random effects. It means that the
new prior takes into account that there is a possibility the random effect is
zero as well, i.e., there is a probability that the base model fits better. By
referring to the base model we imply that the random effects are equal to

zero, Simpson et al. [2017].

5. Different options of reference standard deviation
Finally, in Chapter 5 we introduce and describe the procedure of scaling
between models that can differ in dimensionality and the types of IGMRFs
that are used. A possible suggestion would be to use a different function as a
reference function, o,.f. In Section 5.2 the reference standard deviation, o,y
is calculated using a geometric mean which is considered suitable for positive
numbers and hence we can explore more functions that are appropriate for
positive numbers. Afterwards, it would be interesting to see the differences

and the challenges that arise from using the new functions.

6.3.1 Final Comments

In conclusion, our fundamental problem is the structure of the prior for capturing
the non-linear change over time. There are many factors that play a significant
role in the solution of the problem. Specifically, the structure of the precision
matrix depends on: 1) The number of years being dependent. In other words that
is referring to the order of the random walk (IGMRF) where first or second order
means that one or two years depend on the under-study year. 2) The number of
dimensions. It answers the question for how many variables we want to observe
the non-linear behaviour over time. After answering this question the next step is
to define the number of years being dependent in each variable explained in 1. 3)
The nature of dependence. That is referring to temporal or spatial dependence.
It corresponds to the type of precision matrix which best explains the dependence
that we want to capture and lastly, 4) The scaling of the precision parameters.
After we have decided which precision matrix is suitable, care needs to be taken

in defining the hyperprior. The hyperprior refers to the precision parameter and
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it is also susceptible to different dimensionality. Therefore, proper scaling needs

to be applied tothe precision parameter going from one to two dimensions.
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Many phenomena are naturally bivariate, including blood pressure,
which has systolic and diastolic levels. Here, we develop and fit a Bayesian
hierarchical model that estimates trends in these values and their interac-
tion simultaneously, using sparse data that vary substantially between coun-
tries, over time and by age and sex. A key element of the model is a two-
dimensional second-order intrinsic Gaussian Markov random field, which
captures non-linear trends in the variables and their interaction. The model
is fitted using Markov chain Monte Carlo methods, with a block Metropolis-
Hastings algorithm providing efficient updates. Performance is demonstrated
using simulated and real data.

1. Introduction. Blood pressure is bivariate: systolic blood pressure (SBP) is a mea-
surement of the force exerted by the heart when it beats, and diastolic blood pressure (DBP)
is a measurement of resistance to flow in the blood vessels. Raised blood pressure (RBP),
defined as SBP > 140 mmHg or DBP > 90 mmHg, is estimated to affect more than one
billion people worldwide (NCD Risk Factor Collaboration (2017a)), and is a key risk factor
for cardiovascular diseases, cancers and diabetes, which are responsible for approximately
70% of global deaths each year (World Health Organization (2018)).

In the past decade, Bayesian hierarchical modelling has become an established method
in global health research, and has been used to make national-level estimates for variables
including blood pressure, body-mass index, and diabetes (NCD Risk Factor Collaboration
(2017a), NCD Risk Factor Collaboration (2017b), NCD Risk Factor Collaboration (2016)).
The models are sufficiently robust for the World Health Organization (WHO) to report these
estimates in the Global Diabetes Report (World Health Organization (2016)), and for the
results to be included in the Global Atlas on Childhood Obesity (World Obesity Federation
(2019)) and the Global Nutrition Report (Development Initiatives (2020)). However, while
influential, this work has allowed estimation only of single variables at a time. Given that
interactions between disease risk factors are complex and vary over time, by age and sex, and
between countries, these models have not been able to capture important information.

In particular, although estimates of national-level trends in SBP, DBP and RBP are avail-
able (NCD Risk Factor Collaboration (2017a)), there is no detailed understanding of how
the interaction between SBP and DBP varies over time, and by country, age and sex. Here,
we extend existing methodology (Danaei and others (2011), Finucane and others (2014))
to the two-dimensional case, specifying and fitting a Bayesian hierarchical model that al-
lows SBP, DBP and their interaction to be estimated simultaneously. A key development is
to extend the random walk (Rue and Held (2005)), which modelled non-linear trends in in-
dividual variables, to two dimensions, using an intrinsic Gaussian Markov random field or
IGMREF (Rue and Held (2005), Yue and Speckman (2010), Thon and others (2012)) as the
prior distribution for the precision matrix of a two-dimensional random walk.

Keywords and phrases: Bayesian hierarchical modelling, block Metropolis-Hastings sampling, canonical
parametrisation, health data, intrinsic Gaussian Markov random fields, Markov chain Monte Carlo methods.
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The paper is organised as follows: Section 2 introduces the model, Section 3 describes the
two-dimensional IGMREF, and Section 4 presents model implementation. Section 5 provides
results from a simulation study, Section 6 describes an application to real data, and Section 7
summarises our findings and proposes future work.

2. Model and Assumptions. Data for mean DBP, mean SBP, and their interaction, the
mean of the product of the DBP and SBP measurements, are available from study ¢ carried out
in country j for age group h. The model has a hierarchy with four levels, where countries are
nested in regions, super-regions and the world as a whole. We model these data, y, as shown
in (1), where the D, S and I subscripts refer to DBP, SBP and their interaction, respectively,
and j[7] refers to the country j in which study 7 was carried out.

Yhi,D ajli,p b, pti Xi.p-B
Yhi,S ~N< ajis | + | bjasti | + (Wm0 ] + | Xis B
Yhi,I ajli),1 b, rti Xi1.0
¥i,p(2n) €i,D SD} i/ i+ 7p
(1 + | vis(zn) | + | eis |, diag SD,%,h,i/nh,i t7Tis >
vi,1(2n) €1 SD%,h,i/nh,i +TTir

This model has the same components as the earlier one-dimensional model, which fitted the
complex patterns observed in SBP and DBP data well (Danaei and others (2011), Finucane
and others (2014), NCD Risk Factor Collaboration (2017a)), but extends them to the two-
dimensional case. It includes linear intercepts and slopes, a;(;) and bj(;}, non-linear terms that
vary over time, u; (i covariate effects, 3, terms in age, v, (2,), study-specific random effects,
e;, and noise, €y, ;, assumed to be iid Gaussian. More succinctly, the model can be expressed

as
2 Yni ~N (@i +bjigts + Wi, +XaB+vi(2n) + €, 8D} /np; + 77)

and to simplify the MCMC implementation, we rewrite the likelihood as shown in (3) (Danaei
and others (2011), Finucane and others (2014)):

©) y ~N(FO +Mu+7(z,), %)

The vector € contains the a;, b;, 3 and e; terms, F is a mapping matrix that contains
the covariates X and that assigns each a;, b;, 3 and e; to their corresponding studies, and X
denotes the diagonal matrix of SD? /n 472 values which express the residual variance within
and between age groups respectively in each study .

It can be seen in (1) and (2) that there is a single non-linear sub-model Wi b, which
provides simultaneous estimates of non-linear trends in SBP and DBP, and implicit estimates
of trends in their interaction, using an IGMRF as described below. The non-linear term for
country j, u;(;], can be represented as

C— ub I s 9
u; = 'U/] +uk[]] + 'U/l[]] +u
and in matrix form, the non-linear sub-model for all country-year combinations is
Mu=Mu*+Mu" +M°u® + MIu?
Here, M€ is a translation matrix of dimensionality I x J x T that assigns the elements of
u to I studies observed in J x T country-year combinations, while the M”, M® and MY

matrices correspond to region-year and super-region-year combinations, and years for the
globe.
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The age sub-model is defined as
~(zn) = Zap + (FO +Mu) © (Z¢p) + (Ce © Z)15

where Z = (No 3(t), N1.3(t), ..., Na3(t)) expresses the age data using cubic B-splines, 1) =
(¢1,...,15) are constant terms, and ¢ = (¢1,...,¢s) are mean terms. The C term is an
I x J translation matrix assigning each of the I studies to the J countries, while cisa J x 5
matrix expressing country-specific random effects for each of the five terms in the cubic
B-splines. The ® symbol denotes component-wise matrix-vector multiplication.

3. Intrinsic Gaussian Markov Random Fields. A random vector x = (1, ..., 7,,)7 €
R™ is called a Gaussian Markov random field (GMRF) linked to a labelled graph G = (V, E)
with mean g and precision matrix Q > 0 iff its density has the form

o) = (2001 e S - ) QUx 0
and

“) Qi #0={i,j} € E, Vi#j

A GMREF is any Gaussian distribution with a symmetric positive definite covariance matrix
and vice versa (Rue and Held (2005)). The properties of a GMRF are described by its pre-
cision matrix Q since its structure indicates connections between nodes; as shown in (4),
non-zero values in Q correspond to an edge in G. Where Q is dense, the graph is fully con-
nected, while sparsity implies conditional independence.

IGMRFs are improper GMRFs, as they have a precision matrix that is not of full rank,
and since the precision matrix is not of full rank, its inverse does not exist. This implies that
IGMRFs do not have well-defined mean or covariance matrices. However, they do have the
property that the mean of an IGMREF of order 7' is defined up to the addition of a polynomial
of order T' — 1 (Rue and Held (2005)).

3.1. One-dimensional IGMRFs. One-dimensional IGMRFs are described in detail else-
where (Rue and Held (2005)). For a first-order random walk, the rank of the precision matrix
is T'— 1, and the behaviour in the first and last rows is different from the rest of the matrix,
as shown in (5). These are the boundary constraints, and in this case, imposing the constraint
> ;i = 0 on the mean of the intercepts gives a proper joint density (Sgrbye and Rue (2014)).
For a second-order IGMREF, the rank of the precision matrix is 7' — 2, and the behaviour in the
first two and last two rows is different from the rest of the matrix, as shown in (6). There are
now two constraints, » .. x; =0 and ) _, ixz; = 0, corresponding to the means of the intercepts
and slopes.

1 -1
-12 -1
(5) Qr=2\ -1 2 -1
-1 2 -1
-11
1 -21
25 —41
(6) Qr=X| 1 -46 —41
1 45 =2

1 =21



3.2. Two-dimensional IGMRFs. To estimate non-linear trends in DBP, SBP and their
interaction simultaneously, we use a two-dimensional IGMRF with precision matrix Q; as
a prior distribution at each level of the hierarchy. If the values w;, i : {c,7,s, g}, represent
non-linearity at country, region, super-region and global level, respectively, we have

1
s o (Larm)

and similar results for u,, us and uy. The posterior density of u.. is:
log(posterior) o log(likelihood) + log(prior) + log(hyperprior)

(7)  log P(ucly,0,7) oxlog P(y|uc, A, 0,7) +log P(u.|Ac, 8,7) + log P(log A.)
log P(u|y,8,v) o log P(y|u.,8,v) + log P(uc|A.) + log P(log A.)

The u,, u, and u, terms display the same behaviour as (7), with precision parameters A, A,
and ), in analogous form. In two dimensions, the behaviour of Q is more complex than in the
one-dimensional case, as its entries are now block-circulant matrices rather than single num-
bers (Thon and others (2012)). Moreover, although the order of an IGMRF can be expressed
as the rank deficiency of its precision matrix (Rue and Held (2005)), we now have two vari-
ables and so we need to impose three constraints, »  x;; =0, Y iz;; =0 and ) jz;; =0,
to give a proper joint distribution and a finite marginal distribution. These constraints cor-
respond to the mean of the intercepts and the two means of the linear trends. Each block
matrix inside the precision matrix is 7' x 7" dimensional and therefore the precision matrix is
T? x T? dimensional.

3.2.1. Constructing the Precision Matrix. The precision matrix Q = A x CT'C, where
C is a block-circulant matrix, A is a precision parameter and we have a so-called structure
matrix, P = CTC. We consider the case of variables i and j,and set T'=5 as an example to
illustrate general behaviour. The sub-matrices used to construct C are:

41 1 1
1 -4 1 1
A= 1 -4 1 . Ay = 1
1 -4 1 1
1 1 —4 1

with
Ai1As 0 0 A,
AsA1A; 0 O
C=| 0 A2 A1A> 0
0 0 A A; A,
A; 0 0 Az Ay

Here 0 represents T' x T' zeroes, with the full matrices shown in Figures 1 and 2 respectively.

The construction of C is based on forward differences for each variable, with increments:
AlLoyf (D, Sj) + A%y 1) (D3, S))

Here A1 o) and A(q ) are the first-order forward difference operators, which can be written
as:

A0 f(Di, Sj) = f(Di,S;) = f(Di-1,55)
A1) f(Di, Sj) = f(Di,S;) — f(Di, Sj-1)
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FIG 2. Structure matrix P = CT C for 5 years of SBP and DBP combinations

Similarly, the second-order forward differences for each variable are defined as:
A%I,O)f(D%VSj) =A1,0(Aq,0f(Di,S5)) = f(Di,S5) — 2f(Di-1,55) + f(Di-2,5j5)
A% 1 F(Di, Sj) = Ay (A £ (Di, S5)) = f(Di, Sj) = 2f(Di, Sj-1) + f(Di, Sj—2)

To construct the structure matrix, we require the square of these differences since P = CT'C,
and so each row of P will have increments:

—(A? 0/ (Di, 55) + A(0 1)f(Diij))2 =
— (AL f(Diy Sj) + Ao 1y f(Dis S5) + A% 1) ALLoy f(Di )
Applying these forward differences, we have the following entries for each row:
f(Di—2,8;) +2f(Di—1,5j-1) = 8f(Di-1,55) + 2f(Di-1,Sj4+1) + f(D;, Sj—2)
—8f(Di, Sj—1) +20f(D;,S;) — 8f(Di, Sj+1) + f(Di, Sj+2)
+2f(Diy1,8j-1) = 8f(Diy1,55) + 2f (Dis1, Sj41) + f(Dig2, 55)



6

This leads to a structure matrix with a torus form (Thon and others (2012)). This is not
appropriate for our analyses given that time is linear, and so we apply boundary constraints.

3.2.2. Applying Boundary Constraints. A structure matrix P with boundary constraints
is available (Yue and Speckman (2010)), and this specification has been used in our two-
dimensional blood pressure model. Here, we define the block matrices of P such that each
row and column sums to zero, taking into account only data in neighbouring years. We use
sub-matrices:

6 =5 1 -5 2
512 -6 1 2 =7 2
A= 1 -612-61 |, Ay= 2 =72
1 -612 -5 2 =7 2
1 -56 2 -5
Az =diag(1,1,1,1,1)
12 -7 1 —6 2
—-720 -8 1 2 -8 2
Aj=| 1 -820-81 |, As= 2 —8 2
1 —-820 -7 2 -8 2
1 —-712 2 —6

They are used to construct a precision matrix:

Ay Ay As
As A A5 A3

) AP =)\ | As As Ay As Ag

A3 A5 AL Ay

A3 Az A

This matrix has both overall boundary constraints and constraints within the block matri-
ces, with ranks of 72 — 3 as described above, and so Q has three eigenvalues with values of
zero (Paciorek (2009)). The matrix is shown in detail in Figure 3, where for the case 1" = 5,
only the 13" row has no boundary constraints. The diagonal elements represent the condi-
tional precision of DBP and SBP in a particular year ¢, while scaled off-diagonal elements
describe the conditional correlation between DBP and SBP in years ¢ and j (Rue and Held
(2005)). These relationships are shown in detail in Figure 4, where the number of neigh-
bours depends on the combinations of years for which DBP and SBP are being estimated;
for example, when the DBP and SBP variables are at (i,5) = (1, 1), only information from
the years ahead is available. For a two-dimensional second-order IGMREF, neighbours are up
to two steps in each direction (i.e., forward or backward either vertically or horizontally in
Figure 4), where moving one step diagonally comprises two steps, one vertical and one hor-
izontal, and the numbers of possible neighbours are 6, 8, 9, 11 or 12 at the boundaries and
13 elsewhere. The differences calculated taking into account this behaviour at the boundaries
are (Yue and Speckman (2010)):
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Here, each of the forward differences can be written as:
A%f(Dz‘aS ) (A(1 0) + A(o 1))f(Dz‘75‘) (1 o)f(Dz>S ) + A(0 1)f(Di>Sj)
{A3F(Di, 87)}* = (Af 0y + Alo1))* (D S5) = (Al gy + Aoy + 2881 0) A1) f (D, Sj)

and we have:

2

Dy, 51)

S1)

{A1f(D1,81)} = (Aq0) + A1) f(
{Asf(Dr,81)} = (Apr0) + A1) f(Dr,
{A3f(D1,57)}Y = (Aq0) + Ao.1))* (D1, 1)
{A4f(Dr,S7)}* = (A(l 0) + A1) f(Dr, Sr)

) )“f(

) )7 f(

5) )7 f(

1,
T
2

>

k>

{Asf(Di, $1)} = (AfLo) + A0,)*f(Di, S1)
{Asf(Dy,ST)}? = (A(l 0 t201 2f(Dy, St)
{A7f(D1,5))} = (Aq0) + A% 1) F(D1,55)

{Asf(Dr, )} = (Ao + A% 1) f(Dr, Sj)

When T = 5, we have 25 combinations of differences, each of which has different be-
haviour depending on its position. For example, in (8), the middle row of the precision matrix
is:

f(D,'_Q, S]> + 2f(Di_1, Sj_l) — 8f(DZ'_1, Sj) + Qf(Di_l, Sj+1> + f(DZ, Sj_z)
—8f(Di, Sj-1) +20f(Ds, S;) — 8f(Di, Sj41) + f(Di, Sjt2)

+2f(Di+1,Sj-1) = 8f(Dit1,55) + 2f(Di+1,8+1) + f(Dit2,55)
4. Implementation using Metropolis-within-Gibbs Sampling.

4.1. Block-sampling Metropolis-Hastings algorithm. For complex Bayesian hierarchical
models, block updating can be used to avoid slow convergence and poor mixing caused by
strong dependence between parameters and hyperparameters (Rue and Held (2005)). For our
model, there is particularly large dependence between the parameters and hyperparameters
of the non-linear model and so block updating is used in those updates.

The prior distributions of the non-linear parameters are:

u; NN(O, )\CI))7 uzb] ~ N(O, )\TP), uf[J] ~ N(O, )\5P)7 u? NN(O, )\gP)

Here, 0 is a vector of length T2, Pis a T? x T? matrix, and each of the non-linear
terms is a vector that comprises all possible combinations of years for DBP and SBP;
for instance, for the country-level non-linear term, we have a vector of length T2, uj =
(u11,u12,...,Uu32,Us4, U35, - - ., upT), fOr each country. However, while the non-linear model
allows estimation for 72 combinations, information that informs the likelihood is only avail-
able when data are present, and this is only the case when both DBP and SBP are in the same
year since measurements are taken for individuals simultaneously.

Here, we describe the proposal and posterior distributions at the country level of the hier-
archy, but the distributions for the other levels are analogous. The posterior distribution is the
joint distribution of the parameter and hyperparameter and is defined as:

log(P(uC7 )\C’ya )‘(17 077)) X (y - F(Z¢ + 1)0 - MC(Z¢ + 1)uC - Z’l,b - (CCZ)15)T2_1
(y —F(Zp+1)0 —M (Z¢ + 1)u” — Zyp — (C.Z)15)
+log(P(u’[Ac)) + log P(log Ac)
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The proposal distribution depends solely on u®, hence we derive the proposal distribution for
u¢ using the canonical parametrisation:

U e Qye NN(QuC“quQu“)

where:
Que =M% (Zp+1))"S7 (M + (Zp+1)) + [; @ AP
Quettye = (M (Zo+1))" Sy — F(Zo + 1)0 — (Zp — ((Ce)Z)15)]

4.2. Defining constraints. To construct the proposal and define the parameters, we
need to apply appropriate constraints. For the hyperprior, we propose log A from the
N (log /\i_l,wlzog »,) distribution, while Q.. is a block diagonal matrix describing full con-
ditional within-country correlations. Each block corresponds to a country and describes the
correlations that exist between data at different time points. Therefore, we have J blocks
corresponding to the countries, each containing T2 year combinations. For the block corre-
sponding to a country j, there are four possible scenarios, where the country has:

1. No data: The likelihood makes no contribution, hence Q,,. depends solely on the prior, so
we propose u?* ~ N (0, (AP)~1). The rank of P is T? — 3, corresponding to infinite prior
variance on the intercept and the two linear trends of uj. We constrain these three linear
combinations of uj to zero by taking the generalised inverse of P, setting the last three
eigenvalues of P to infinity.

2. One year of data: Q,,. has rank T2 — 2 because the intercept is defined by the data but the
linear trends are not. We constrain the linear trends of uj to zero by taking the generalised
inverse of Q,,., setting the last two eigenvalues to infinity. For identifiability, we constrain
the mean of the intercept to zero.

3. Two years of data: Q,. has rank T? — 1 because the mean and one linear trend of uj
are defined by the data. We constrain the other linear trend of u¢ to zero by taking the
generalised inverse of Q,,., setting the last eigenvalue to infinity. For identifiability, we
constrain the mean of the intercept and the mean of the first linear trend to zero.

4. Three or more years of data: Q,. has rank T2 because the mean and both of the linear
trends are identified by the data. For identifiability, we constrain the means of the intercept
and both linear trends to zero.

We accept u® and A\’ with probability :
P(y]uc, ) P(u* |X2) P(log Af) P(u=D|Au ™ = 0% Ay, )

© r= ; , 1) G—1) —1
P(yluct=1, ) Puci=DIAT ) P(log A\ ) P(ue*|Au§* = 0Yj, Ay, )

Here, A is a 3 x T2 constraint matrix, where the first row is a vector 1, the second row is a
vector of centred time values for the DBP variable, and the third row is a vector of centred
time values for the SBP variable.

5. Simulation study. To validate model fit and to establish that the complex MCMC
sampler did not require excessive computational time, we simulated a dataset for a large
number of countries. Specifically, we used the NCD Risk Factor Collaboration regional clas-
sification for blood pressure (NCD Risk Factor Collaboration (2017a)). We simulated data
for three countries from 20 regions, and data for Japan, the only country simulated from its
region. The simulated data were therefore similar in structure to earlier real data for which
estimates were made separately for SBP and DBP (NCD Risk Factor Collaboration (2017a)).
We simulated data for eight age groups and five years, with values based on published es-
timates by country. Different changes in mean blood pressure by age were simulated, both
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with values that increased monotonically with age, and others with more complex patterns to
reflect the effects of interventions such as anti-hypertensive medication. These simulations
produced substantial sparsity in the data, which tested the models ability to borrow strength
appropriately.

We carried out five folds of cross-validation, with the average coverage and relative errors
shown for super-regions in Table 1. The coverage of actual uncertainty by the estimated
credible intervals was generally more than 95% (i.e. conservative), although with some cases
where the coverage was less for the interactions (i.e., anti-conservative). As shown in Table
1, the relative errors were small, demonstrating that the model fits well. This can also be seen
in Figure 5, which provides an example of model fitting for 50-year-old females in Belgium,
where the patterns observed in the data are complex.

TABLE 1
Coverage and relative errors in cross-validation
Coverage Relative Errors
Regions DBP SBP Int DBP SBP Int
Total 0984 0986 0948 -0.002 -0.002 -0.045
Central and Eastern Europe 0.994 1 0952 -0.003 -0.001 -0.017
C. Asia, Middle East & N. Africa  0.990 0.987 0.865 -0.002 -0.005 0.031
East and South East Asia 0.955 0.997 0.897 -0.003 -0.001 -0.030
High-income Western countries 0.998 0.994 0.996 0.000 -0.001 0.046
Latin America and Caribbean 0.978  0.982 1 -0.001 0.000 -0.151
Oceania 0.970 1 0955 -0.002 -0.002 -0.050
South Asia 0.990 0.983 0.830 -0.004 -0.003  0.050
Sub-Saharan Africa 0.990 0.982 0954 -0.002 -0.002 -0.095
E ¥ EE _
E s E7 ]
s 28,
20‘03 20'04 20‘05 20‘06 20‘07 : — 20‘03 20‘04 20‘05 20‘06 20‘07
Years Years
g 2 Legend
£ .
£ 8 - e national
T L] L3 sub-national
8 g e community
oo m rural
A urban
T T T T T ° mIXed

2003 2004 2005 2006 2007

Years

FIG 5. Fit plots for 50-year-old females in Belgium from cross validation. The solid line represents the posterior
mean and the shaded area the 95% credible interval.
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6. Application to real data. Performance of the model using real blood pressure data
was tested using the STEPwise Approach to NCD Risk Factor Surveillance (STEPS) studies,
whose results are made publicly available by WHO (https://www.who.int/teams/noncommunicable-
diseases/surveillance/data). We downloaded data from 38 countries for the period 2004 to
2014 that comprised 478 country-year-sex-age combinations. Data were available from each
year but were unevenly spread over time, with particularly large numbers of data points in
2007 and 2014. While a large proportion of the data comprised national-level estimates, 3%
of the data points were at subnational level, and 6% were from rural-only or urban-only sam-
ples. Data were available for ages from 15 to 74 years, with the largest samples being for age
groups in the range from 25 to 64 years. Sample sizes ranged from 46 to 3,036, while the
ranges for DBP and SBP were 59.4-96.7 mmHg and 93.5-155.2 mmHg, respectively.

The data were from low-income and middle-income countries in central, south, southeast
and east Asia, eastern Europe, Latin America and the Caribbean, the Middle East and north
Africa, Oceania and sub-Saharan Africa. Although we had data for 38 countries, we made
estimates for 48 countries in total from those regions, with cases where countries had data
for zero, one, two or three or more years, i.e., each of the cases described in Section 4.2.
The precision matrix described in (8) was 112 x 112 dimensional, and while this increased
the time required for the MCMC algorithm to converge and mix, it was still tractable using
a high-performance computing system. Figure 6 shows an example model fit for Myanmar,
which exhibits realistically smooth but non-linear trends in the three blood pressure variables
simultaneously. These effects, and others seen for different countries, would not have been
captured fully by the models used in previous estimation of blood pressure trends.

2014
2013 /
INT (mm?Hg) .

27 g
i “ao
ztl.rys <e25

‘ <

|

Ziﬁﬁ . "' DBP (mmHg)
1

9700 9800 9900 10000 10100 10200 10300 10400

128 130 132 134 136 138 140 142

SBP (mmHg)

FIG 6. Blood pressure estimates for 50-year old males in Myanmar from 2004 to 2014.

7. Summary and future work. We have shown that it is possible to fit a model to mean
blood pressure data in two dimensions, and in particular that it is possible to fit a non-linear
surface that implicitly estimates the interaction between these variables. Our practical imple-
mentation will be of interest to any researchers with sparse bivariate data, but particularly to
those with health-related data that vary by age and sex, over time and between countries, and
where interactions are of substantial scientific importance.

Future work could include systematic data collation and publication of estimates, as car-
ried out previously for SBP and DBP as single variables, and there are also interesting statis-
tical challenges. For example, given that the hyperparameters need to be parametrised each



12

time the number of time points or the order of the IGMREF is changed, it would be of interest
to explore the use of penalised complexity priors. Other interesting research could explore al-
ternatives to MCMC that would allow data for long time periods to be modelled in a tractable
manner, or modelling to be carried out in more than two dimensions.

8. Software. R code, simulated data, and documentation are available from the corre-
sponding author.
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1 | INTRODUCTION

James Bentham?

Intrinsic Gaussian Markov Random Fields (IGMRFs) can be
used to induce conditional dependence in Bayesian hierar-
chical models. IGMRFs have both a precision matrix, which
defines the neighbourhood structure of the model, and a
precision, or scaling, parameter.

Previous studies have shown the importance of select-
ing the prior of this scaling parameter appropriately for dif-
ferent types of IGMREF, as it can have a substantial impact
on posterior estimates. Here, we focus on cases in one and
two dimensions, where tuning of the prior is achieved by
mapping it to the marginal standard deviation of an IGMRF
of corresponding dimensionality. We compare the effects
of scaling various IGMREFs, including applications to simu-

lated and real blood pressure data using MCMC methods.

Key words: Hyperpriors, Intrinsic Gaussian Markov Ran-

dom Fields, MCMC, Precision, Scaling, Two-dimensional data.

Intrinsic Gaussian Markov Random Fields (IGMRFs) are used widely as prior distributions in Bayesian hierarchical
models, particularly for modelling spatial or temporal data, as they capture conditional dependence through their
precision matrices (Rue and Held, 2005). We examine one- and two-dimensional IGMRFs; the latter can capture
dependence between a pair of variables at multiple time points. IGMRFs are of various types, and can be specified to
induce particular neighbourhood structures for the precisions, either by varying weights, introducing certain behaviour
at boundaries or within the precision matrix, or by considering different sets of neighbours (Terzopoulos, 1988).

We present results for the two-dimensional case that generalise previous work on scaling different types of field
in one dimension. In that case, an IGMRF was used as the prior for capturing non-linear trends, with a hyperprior for
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the precision parameter (Sgrbye and Rue, 2014); we select precision parameters so that the same degree of scaling
is applied to bivariate data as in the one-dimensional case. We have shown previously that appropriate model fitting
to simulated and real two-dimensional blood pressure data can be achieved when applying MCMC methodology
(Spyropoulou and Bentham, Under review (preprint: https:/arxiv.org/abs/2111.07848). In this paper, we show that
scaling requires particular care in two dimensions, where differences in behaviour between IGMRFs may be larger
than in a single dimension.

The paper is structured as follows. Section 2 describes the behaviour of IGMRFs in one and two dimensions,
while Section 3 describes the mapping between the precision parameter and the marginal standard deviation for
two-dimensional IGMRFs. Analyses using simulated and real blood pressure data are presented in Section 4, with a
discussion of our findings and suggestions for future work in Section 5.

2 | USE OF IGMRFS AS PRIORS

2.1 | Motivation

Blood pressure is bivariate, with measurements comprising systolic and diastolic values (SBP and DBP, respectively).
While a realistic one-dimensional model of trends in mean SBP or DBP at national level has been developed (Danaei
et al., 2011; Finucane et al., 2014), it cannot make estimates for both variables simultaneously, and no information
is captured on interactions between them. We have developed a two-dimensional extension, including analogous
terms to the original model (Spyropoulou and Bentham, Under review (preprint: https:/arxiv.org/abs/2111.07848).
Specifically, a vector y,; of the means of SBP, DBP, and their interactions, indexed by age group A and study / in
country j, is assumed to be distributed

Yoi ~ N(@jiy +biiti +uipine, +XiB +7i(zp) + €, SD%,,-/nh,i +77) (1)

The model includes country-level linear intercepts and slopes, a;|;; and b; ), time-varying non-linear terms, u; ;) +,,
covariate effects (3, terms in age ~;, study-specific random effects e;, age-varying study-specific random effects wy, ;
corresponding to 7-,.2, and noise €, ;, assumed iid Gaussian. In the earlier work, a one-dimensional second-order IGMRF
was used as a prior for the u;[;) terms, which we have extended to the two-dimensional case, including changes in
the degree of scaling applied.

2.2 | IGMRFs of one and two dimensions

We begin by comparing the behaviour of one-dimensional first-order and second-order IGMRFs with the two-dimensional
second-order case (Rue and Held, 2005). An IGMRF can be defined as

(- . 1
70 = (2) HQ ) exp - (- QU0 @
where k denotes the order of the IGMREF, n is the total number of nodes and the rank is defined as n — k. As described
previously (Rue and Held, 2005), for a vector of observations u of length n, the one-dimensional first-order model

assumes independent increments

Aus=u5+1—u5~N(0,/\_1), s=1,...n—1 (3)



Spyropoulou and Bentham 3

with joint density

n-1
w(ulA) o« 27D/ Z exp (—% D (s - Us)2) (4)
s=1

The second-order model assumes independent increments

Nus = Ugip — 2ugyy +us ~ N(O,ATD), s=1,...n-2 (5)
with joint density
A n-2
() « A2 2 exp =2 ) (ussy = 2ugur + us)? (6)

s=1

In two dimensions, a second-order model constructed on a torus assumes independent two-dimensional second-order

increments (Rue and Held, 2005), and for variables indexed d and s we have

2. _ a2 2
Doug,s = (B ) + Ag1))Uds
= Udya,s — 2Udyt,s + 2Ug s — 2Ug 541 + Ud s42 (7)

= Ugts — AlUd,s + Ug_1s + Ugsa1 +Ugs—1 ~ N(0,A7T)
with joint density

ny—=1ny-1

_ A
m(ul) e AT R exp | =2 N7 S (A g uas + AT Uas)? 8)
d=2 s=2
where ny and n, represent the total number of nodes for each variable.

Our models are time-varying, so the assumption of an IGMRF on a torus is not appropriate, and the two-dimensional
second-order density in this case (Yue and Speckman, 2010) has the more complex form

n11n -1

N

M

7(u|A) o Almxm2=3)/ exp( {A3ug s} + {Ayun g 12 + {Agup, 1 2

d=2 s

||
N
—
O
-

=

+{A3u1 0, 2 + {Dgtip 0y 12 + Z({ASUd 1Y+ {Dgugny 1) + Z({Aﬂh 12+ {Agun, s} ))

d=2 5=2
A special case of (9) arises when the variables have the same number of nodes, i.e., n = ny = ny

n1n

1
n<u|A>ocA<"2-3>/2exp( 22D {BFua ¥+ {Arur 1} + {Agup
d=2

s=2 (10)

+{B3u1 0} + {Agunn)? + Y ({Bsugn Y2 + {Bstign)?) + ) ({A7un 6} + {Asun,s}%)
d=2 s=2

In each case, we have time-varying non-linear effects u ~ N(0, (AP)~"). They follow an IGMRF with structure matrix,
P, and precision parameter, A, which is always a scalar (Yue and Speckman, 2010).
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3 | SPECIFYING HYPERPRIORS FOR TWO-DIMENSIONAL IGMRFS

IGMRFs have structure matrices and marginal variances that change depending on their type. Hyperpriors need to
be chosen and assigned appropriate ranges for particular models based on their structure, particularly their dimen-
sionality and numbers of nodes (Sgrbye and Rue, 2014). For our model, we need to scale A appropriately for a two-
dimensional second-order IGMRF with boundaries and up to 40 nodes. Here, we derive reference standard deviations

and use them to select appropriate values for specific hyperpriors.

3.1 | Reference standard deviation
We can describe an IGMREF using an alternative definition where
crf(u,—) =" b2 (12)
Here, X;; is the diagonal element of the covariance matrix in position /. For the standard normal distribution, we have
ui~ N (0P, Act(u) =3 (12)
Therefore for A = 1, we have
ooy (i) = =5, (13)
Combining the results in (11) and (13), we have
U/%(U,‘) =" = /\_106:1} (uj) (14)

This implies that for any fixed precision A, the marginal standard deviation of the components of a Gaussian vector u
can be expressed as a function of A by (Serbye and Rue, 2014)

oa(u) = Aoy (u), i=1,..n (15)

For a given IGMRF u with random precision A, we can calculate a reference standard deviation for fixed A = 1, and
then approximate the marginal standard deviation for each component of u by (Sgrbye and Rue, 2014)

oa(up) ~ A 20,0p (u), i=1,.0n (16)

The reference standard deviation is calculated using the geometric mean, an appropriate measure for a set of positive
numbers (Sgrbye and Rue, 2014). The reference standard deviation for u in the one-dimensional case is then

orer (U) = exp( Z log op=1y (uj) ) = exp( Z 2 log Z”) (17)
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where the values 2 denote the diagonal elements of the inverse matrix £* = Q™' calculated when A = 1. Specifically,
this is calculated as Q™' = IT A='I", where I" are the eigenvectors and A the eigenvalues of Q when A = 1. Since Q and
3 * are both n x n dimensional for one-dimensional IGMREFs, the n diagonal values are used to calculate the geometric

mean.

We extend the calculation of o, (u) to two-dimensional second-order IGMRFs. The precision matrix is now
(m X ny) X (n1 X ny) dimensional, where n; and n, are the total number of nodes for the first and second variables
respectively. The scaling is no longer for n or n, values, but their product ny x n,, with a special case when n = ny = n,

2 2
1T < TGl .
Oref (W) = exp(? Z Iogcr{/\_”,(u,-)) = exp(? Z 5 log )ZH) (18)
i=1 i=1

Again, 3, denotes the diagonal elements of the inverse matrix (2*)'/2 = (Q")"/2, while 3* = Q™' = I A™'T for
A = 1. The precision matrix Q, and therefore X*, is n? x n? dimensional, hence there are n? elements in the diagonal.

It has been shown previously (Sgrbye and Rue, 2014) that using 100 nodes, the reference standard deviations
in one dimension are o,.r(U) = 3.89 and o,.r (U) = 41.39 for the first-order and second-order cases, respectively;
applying the result in (18), we find that o,.r(u) = 7.24 for the two-dimensional second-order case for 100 nodes
in each dimension. As shown in Figure 1, the behaviour by node of the marginal standard deviations also varies
substantially between the three IGMRFs. For a particular hyperprior, larger variances would be allowed for the one-
dimensional second-order IGMRF than its two-dimensional equivalent, and both would have larger variances than the
one-dimensional first-order case. Equivalently, to allow the same variance we need to impose an upper limit on the
marginal standard deviation

1

—_— < —|=a 19
=T 1

Pr(o(uj) >U) ~ Pr(

where « is a fixed small probability (Serbye and Rue, 2014). By assigning a hyperprior to A(afef (u))~", the interpreta-
tion of the hyperprior remains the same for the different models.

These results complement others (Lindgren and Rue, 2008; Lindgren et al., 2011), where k equally sized subin-
tervals are created between original nodes u1, us, . . ., to give equidistant nodes u;,u;, “;<+1~ In the first-order one-
dimensional case, the precision using the new nodes is (kA)~!, for the second-order equivalent, the precision using the
new nodes is (k31)~", and finally, for the second-order two-dimensional IGMREF, the precision using the new nodes

is (k2A)~T.

3.2 | Specifications using Gaussian hyperpriors

Applying a Gaussian hyperprior, the upper limit expressed in probabilistic form in (19) is

y_ [ ot | 20
F=(a,u, 1)

where F~1(-) denotes the quantiles of the Gaussian distribution (Serbye and Rue, 2014). For a given value of a, we
can then interpret the mean and standard deviation parameters, u and b, in terms of this upper limit.

To recalculate hyperpriors for different IGMRFs, we can use the same mean parameter u for each model and
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FIGURE 1 Marginal standard deviations of one-dimensional first-order and second-order (Sgrbye and Rue,
2014), and two-dimensional second-order IGMRFs, calculated using fixed precision A = 1.
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calculate a new standard deviation parameter. By using the upper limit provided in (20), the new standard deviation
parameter is expressed as

U2F (a,p, 1
bnew = % (21)
Oref (U)

2
ref’

a specific type of IGMREF. It is then only necessary to recalculate the standard deviation parameter, b, to account for

We see that the new value of the standard deviation in (21) depends on o2 ., which captures the precision matrix for

the different shapes and sizes of the graph for a specific IGMRF (Sgrbye and Rue, 2014). This can be done for the
three types of IGMRF considered using

G,QEf (urw1)

O',Zef (Urw2)

O',Zef(urw2)

s
Urzef (ul‘WZD)

Ufef (Urw1)

(22)
Urzef (ul‘WZD)

brw2 = bry1 X brwap = brya X brwap = bry1 X

Here, rwl and rw2 refer to the one- and two-dimensional first-order IGMRFs (Sarbye and Rue, 2014), and rw2D to
the two-dimensional second-order IGMREF.

3.3 | Types of two-dimensional second-order IGMRFs

To provide a guide for researchers applying models to real data, we compare IGMRFs with fixed order but differ-
ent numbers of nodes and boundary conditions, and IGMRFs of varying order and dimensionality. We do so firstly
for two-dimensional second-order IGMRFs with four structure matrices: Torus 1 and Torus 2 (Rue and Held, 2005;
Thon et al.,, 2012), and Bound 1 (Yue and Speckman, 2010) and Bound 2 (Terzopoulos, 1988). Torus 1 has a struc-
ture matrix defined on a torus, while Torus 2 has a similar structure matrix but with boundaries at its four corners,
U1,1,Uny,1, U,ny» Uny.ny- Bound 1 and Bound 2 have boundary effects and induce the same neighbours in the structure
matrix for each node, but give different weightings to these neighbours. For our application to time-varying mean
blood pressure data and for similar applications, the bounded IGMRFs are appropriate and should be used.

In Table 1, we see that Torus 2 consistently has the lowest reference standard deviation, with the changes in each
IGMREF being similar proportionally when the number of nodes is increased. Bound 2 has the largest reference stan-
dard deviation, followed by Bound 1, which we used in our two-dimensional model of blood pressure (Spyropoulou
and Bentham, Under review (preprint: https:/arxiv.org/abs/2111.07848). These findings show that it is clearly nec-
essary to scale the hyperparameter each time the precision matrix or number of nodes is changed, especially when
boundary conditions are introduced.

Table 2 shows the effect of changing the order or dimensionality of the IGMRFs. For small numbers of nodes,
the one-dimensional first-order random walk has the largest reference standard deviation. However, this increases
slowly with the number of nodes, and for 10 nodes or more there is a consistent pattern with the one-dimensional
second-order random walk having the largest reference standard deviations, while the two-dimensional second-order
random walk behaves more similarly to the one-dimensional first-order random walk. These results emphasise the
importance of scaling the hyperparameter when dimensionality or order is changed.
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TABLE 1 Reference standard deviations o, for second-order two-dimensional IGMRFs.

Nodes
5

6

8
10
12
14
16
18
20
25
30
40
50
100

Torus1 Torus 2

0.30
0.35
0.44
0.54
0.63
0.73
0.82
0.93
1.02
1.25
1.51
2.00
2.50
5.00

0.05
0.06
0.08
0.09
0.11
0.12
0.14
0.16
0.17
0.21
0.25
0.33
0.42
0.83

Bound 1
0.41
0.48
0.62
0.76
0.90
1.04
1.19
1.33
1.47
1.83
2.19
291
3.63
7.24

Bound 2
0.53
0.63
0.81
1.00
1.19
1.39
1.58
1.77
1.96
244
292
3.88
4.84
9.64

TABLE 2 Reference standard deviations, o,.f, for one-dimensional first-order and second-order IGMRFs, and

two-dimensional second-order IGMRFs.
Nodes
5

6

8

10

12

14

16

18

20

25

30

40

50
100

Oref (Urw1)
0.85
0.94
1.09
1.22
1.34
1.45
1.55
1.65
1.74
1.94
2.13
2.46
2.75
3.89

Oref (Urw2)  Orer (Urw2p)
0.53 0.41
0.65 0.48
0.96 0.62
1.35 0.76
1.75 0.90
2.20 1.04
2.68 1.19
3.19 1.33
3.73 1.47
5.20 1.83
6.82 2.19

10.49 291
14.65 3.63
41.39 7.24
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4 | APPLICATION TO BLOOD PRESSURE DATA

4.1 | Simulation study
4.2 | Application using real data

We compare hyperprior scaling for one- and two-dimensional second-order IGMRFs using real blood pressure data
(Spyropoulou and Bentham, Under review (preprint: https://arxiv.org/abs/2111.07848). The scaling varies both by
dimensionality and number of nodes, which in our data corresponds to the number of years considered. The hyper-
priors must be set for each of the four precision parameters, Ac, A;, As and A, that are used at different levels of a
Bayesian hierarchical model, with countries nested in regions, super-regions and the globe.

When using 40 years of data, we can calculate the following values
oref (Urw2) = 10.49 Oref (Urwap) = 2.91 (23)

The distribution under consideration for the country-level precision parameter is A ~ N'(u, b), with g and b parame-
ters that are assigned the values

u=T1, b=2,  a=0.001 (24)
Here, b is the adjusted parameter to which we must apply the correct scaling. From (23) and (24), the upper bounds

for the one-dimensional and two-dimensional second-order IGMRFs are

1/2
602 (urw2) |/ s
F ' (a,pu, 1) ’

Uryo = (

1/2
bo',zef(urWZD) / —208
F~ (o, p, 1)

Urwop = (

There are no negative values in Gaussian quantiles, so to reproduce earlier results (Sgrbye and Rue, 2011) using a
Gaussian rather than a Gamma distribution, we need to proceed as if we have truncation below at zero. By taking the
median, we have

median(U,y2, Urwop) = U = 4.79 (26)

The new standard deviation parameters for the hyperpriors are:

U?F (a1, 1
brwa = % =0.81
o Ury2
U2;e-f1 y 1 27
brwap = # =10.59
Uref(urw2D)
Alternatively, knowing b,,, = 0.81,
Urzef(urWZ)

brwap = brw2 2 =10.59

O ref (Urw2p)
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We also observe clear patterns as the adjusted parameter, b, is varied. In earlier work on blood pressure modelling
(Danaei et al., 2011), the standard deviation of a one-dimensional second-order IGMREF, b,,,2, was set to 3. In the case
of five nodes, scaling makes this equivalent to 5.01 for the two-dimensional case, b,,7p, while the adjusted parameter,
b, is also equal to 3, as shown in Table 3. We can see variations in the tuning of 6,1, b,y2 and b,,,p as the number of
nodes changes, and in particular cases, they each coincide with the adjusted parameter b. For example, we see that
the adjusted parameter, b is equal to b,,,1 when the number of nodes is 10; for five nodes, the adjusted parameter is
equal to b,,,; for 30 nodes, the adjusted parameter is equal to b,,,p. Table 4 shows the scaling applied to standard
deviations for a model with 11 nodes. With an adjusted parameter 6 = 0.90, scaling A, gives 0.53 and 1.84 for the one-
and two-dimensional second-order models, respectively, for example. Together, these results allowed us to apply the
same degree of smoothness in the two-dimensional second-order case as in the earlier work, scaling b,,2p correctly
given the variation in the blood pressure data.

TABLE 3 Scaling standard deviation parameters as the adjusted parameter 6 and number of nodes are varied.
Nodes b=1 b=2 b=3
brw1  brw2  brwap  brw1 brwz  brwap brw1  brw2  brwap
5 039 1.00 1.67 0.78 2.00 3.34 1.17 3.00 5.01
6 048 1.00 1.84 096 200 3.67 1.43 3.00 5.49
8 0.78 1.00 240 155 2.00 4.80 233 3.00 7.19
10 1.00 0.82 258 200 1.63 5.16 3.00 245 7.74
12 1.00 0.59 222 200 117 4.43 300 176 6.65
14 1.00 043 194 200 0.87 3.89 3.00 1.30 5.83
16 1.00 0.33 1.70 200 0.67 3.40 3.00 1.00 5.09
18 1.00 0.27 1.54 2,00 0.53 3.08 3.00 0.80 4.62
20 100 0.22 140 200 043 2.80 3.00 0.65 4.20
25 100 0.14 1.12 2,00 0.28 2.25 3.00 042 3.37
30 1.06 0.10 1.00 211 021 2.00 317 031 3.00
40 140 0.08 1.00 2380 0.5 2.00 420 0.23 3.00
50 174 0.06 1.00 348 0.12 2.00 523 0.18 3.00
100 346 0.03 1.00 6.93 0.06 200 1039 0.09 3.00

5 | SUMMARY AND FUTURE WORK

We have shown the importance of correct scaling of hyperpriors for precision parameters in IGMRFs. This scaling
varies with the dimensionality, order, and size of the IGMRFs, and also depends strongly on the structure of the
precision matrices. We have presented general results in two dimensions, and specific applications to one- and two-
dimensional models of blood pressure using simulated and real data.
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TABLE 4 Scaling standard deviation parameters for one- and two-dimensional IGMRFs with 11 nodes.
A b brw1 brw2  bruwap
Ac 090 077 0.53 1.84
A- 120 103 071 245
As 159 136 0.94 3.24
Ag 355 304 210 7.24

Future work could include applying penalised complexity (PC) priors as precision parameters for two-dimensional
random effects (Simpson et al., 2017). The precision parameter corresponds to a second-order IGMRF, with u ~
N(0,A7"P~1). However, a model can have two types of random effects, constructed and unconstructed. They have
dependent precision parameters, and so a joint bivariate or multivariate distribution should express this dependence.
For the two-dimensional second-order IGMREF, the precision parameter is univariate but we could investigate the use
of PC priors, which have the property that no further scaling is required as the number of nodes is varied.
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