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1. Introduction

Weyl algebras have been extensively studied in the last 60 years due to their link to
Lie theory, differential operators, quantum mechanics, etc. One of the main questions
remaining is the famous Dixmier Conjecture that asserts that every endomorphism of a
complex Weyl algebra is an automorphism.
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Let K be a field and ¢ be an element of K* := K \ {0} that is not a root of unity.
The aim of this article is to produce quantum analogues of the second Weyl algebra
and to compare their properties to those of the second Weyl algebra. There exist in
the literature various families of “quantum Weyl algebras”, e.g. the so-called quantum
Weyl algebras and generalized Weyl algebras (GWA for short). Most of the time, they
are obtained by generators and relations through a deformation of the classical defining
relation of the first Weyl algebra: zy — yx = 1.

To produce potential quantizations, we take a different approach in this article. Our
inspiration comes from a Theorem of Dixmier (see, for instance, [7, Théoréme 4.7.9]) that
asserts that primitive quotients of enveloping algebras of complex nilpotent Lie algebras
are isomorphic to Weyl algebras.

We have at hand a quantum analogue of at least some enveloping algebras of complex
nilpotent Lie algebras, namely the positive part U;’ (g) of a quantized enveloping algebra
Uq(g) of a complex simple Lie algebra g. As a consequence, it is natural to consider
primitive quotients of U (g) as quantum analogues of Weyl algebras. In the A and
By cases, primitive ideals of U (g) have been classified and it turns out that in the By
case, some of the resulting primitive quotients provide ‘nice’ quantum analogues of the
first Weyl algebra. For instance, they are simple—this is not the case of quantum Weyl
algebras—and do not possess non-trivial units—this is not the case of a quantum GWA
over a Laurent polynomial ring (see [13] for details). It is also worth mentioning that
Lopes [16] has studied the primitive ideals in the 0-stratum of U (A,) (n > 2), and in
particular, describes fully all the primitive spectra in all strata of U;‘ (As). Furthermore,
he concluded that the primitive quotients of U, (Ay), although they have even Gelfand-
Kirillov dimension, are not isomorphic to quantum Weyl algebras (see [16, Corollary
3.6]).

The present article is concerned with the G5 case. More precisely, we identify a family
of primitive ideals of U;‘ (G3) and then proceed in proving that the corresponding prim-
itive quotients have (at least for some choices of the parameters) properties similar to
those of the second Weyl algebra. More precisely, the centre of U;‘ (G3) is a polynomial
algebra K[, Q5] in two variables, and we prove that the quotient algebra

Aa,ﬁ = U(;F(GQ)/<Ql —a,{)y — 5>

is simple for all («, 8) # (0,0). We then proceed and study these quotient algebras. In
particular, we show that A, g has the same Gelfand-Kirillov dimension as the second
Weyl algebra A5 (IK). We also establish that for certain choices of the parameters o and
B, the algebra A, g is a deformation of a quadratic extension of A»(K) at ¢ = 1.

In the final section, we compute the derivations of A, 3. Our results show that when «
and 3 are both non-zero, all derivations of A, g are inner, a property that is well known
to hold in A2(K) when the characteristics of K is zero.
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In view of the celebrated Dixmier Conjecture, it would be interesting to describe
automorphisms and endomorphisms of A, g when o and 8 are both non-zero. We intend
to come back to these questions in the future.

This article is organized as follows. In Section 2, we recall the presentation of U (G5)
as a so-called quantum nilpotent algebra (QNA for short). This allows the use of two
different tools to study the prime and primitive spectra of U;‘ (G3): the H-stratification
theory of Goodearl and Letzter, and the deleting derivation theory of Cauchon. We
recall both theories in the context of U (Gs2) in Section 2. In Section 3, we use these
two theories to establish that (Q — o, Qs — ) is a maximal ideal of U;(Gg) when
(a, B) # (0,0).

In Section 4, we focus on comparing A, g with the second Weyl algebra A5(K). In
particular, we show that both have Gelfand-Kirillov dimension equal to 4. Through a
direct computation, we also establish that A; . is a quadratic extension of As(K)
at ¢ = 1. In this section, we also compute a linear basis for A, g.

In the final section, we compute the derivations of A, g. Our strategy here is to make
use of the following tower of algebras arising from the deleting derivations algorithm
(DDA for short):

R =Aap CRe=RrE5' CR5=ReE;" C Ra=Rs%;" C Rs.

The later algebra Rg3 is a simple quantum torus whose derivations have been described
by Osborn and Passman in [19]. We pull back their description to obtain a description
of the derivations of A, s through a step-by-step process consisting in “reverting” the
DDA. Our results show that when « or g is equal to zero, then the first Hochschild
cohomology group of A, s is a 1-dimensional vector space, whereas when both o and j
are non-zero, all derivations are inner.

2. The quantum nilpotent algebra U;‘(Gz) and its primitive ideals
2.1. The quantum nilpotent algebra U;_(Gg)

Let K be a field and ¢ be a non-zero element of K that is not a root of unity.

The algebra of U; (G2) is the so-called positive part of the quantum enveloping algebra
Uq(g) of a Lie algebra g of type Go. It is well known, see for instance [2], that this algebra
is generated over K by two indeterminates E, and Ej3 subject to the following quantum
Serre relations:

(S1) EyEs — (], BaBsBa+ (5] EXEsEL — [1], EaEsEa+ EgEy =0,

(52) E3Eq— 2], FpBaBs + Eal3 =0,

where '] denotes the quantum binomial coefficients (see [2, 1.6.1]).
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One can construct a PBW-basis of U, ;‘ (G2) using the so-called Lusztig automorphisms
of Uy(g), see for instance [2, 1.6.8]. In the present case, such a basis was computed by
De Graaf in [5]. We will use the convention of that paper, but with E; := E,, Fy :=
E3a+g, E3 = E2a+g, E4 = E3a+2/3, E5 = Ea+ﬁ and E6 = Eﬁ.

With these notations, the defining relations of U,f (Gz) are as follows:

EyEy = q E1 By EsEy=q 'E\Es— (q+q "+ q °)E>
E3Ey = ¢ 2EyF;5 E,E, = B1Ey + (1 — ¢*)E?
4 2
_ ¢ —2¢°+1 4 -3
EyEy =q 3EyFEy— +——— " _F E Es = q 2F3E
4Lz =(q 2104 A1 3 43 =g 3L
EsE, = qB1Fs — (14 ¢*)Fs EsEy = EoEs + (1 — ¢*)E?
E5E3 = q_1E3E5 — (q + q_l + q_3)E4 E5E4 = q_3E4E5
E¢E1 = ¢°E1Es — ¢°F; EgEy = ¢*E>Fg + (¢" + ¢° — 1)Ey
+(¢* — ¢*)E3Es
E¢Fs = EsEg + (1 — ¢*)E? E¢Es = ¢ 2EsEjq
4 2
_ ¢ —2¢"+1 _3
E¢Ey = q 3E By — —————F3,
604 = (¢ 46 AtP+1?
and the monomials Ef' ... E¥ (ky,... ke € N) form a basis of U (Ga) over K.

Even better, one may write U;‘ (G3) as a QNA (short for quantum nilpotent algebra)
or Cauchon-Goodearl-Letzter (CGL) extension in the sense of [14, Definition 3.1], by
adjoining the generators E; in order. This means in particular that U;‘ (G3) can be
presented as an iterated Ore extension:

U (G2) = K[E1][Ey; 02,62] - - - [Eg; 06, 0],

where the o; are automorphisms and the §; are left o;-derivations of the appropriate
subalgebras. We would not need the precise definition of a QNA for what follows, but it
is worth reminding the reader of the algebraic torus action involved in writing UqJr (G2)
as a QNA.

The algebraic torus H = (K*)? acts by automorphisms on U (G) as follows:

h-E; =hE; for all i € {1,6} and h = (hy, hg) € H.

Note that the action of the automorphism i on the generators Fs, ..., F5 follows from
the above defining relations.

By [2, Theorem I1.2.7], the action of # on Uj (G2) is rational in the sense of [2,
Definition I1.2.6].

A consequence of the QNA condition is that important tools such as Cauchon’s delet-
ing derivations procedure and the Goodearl-Letzter stratification theory (this is the
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origin of the CGL extension terminology, see [14]) are available to study prime and
primitive ideals. These ideas will be introduced in the following sections. At the mo-
ment, we merely note that it is immediate that U; (G2) is a noetherian domain and
that all prime ideals are completely prime (in the case of U; (G3), it was proved in [20,
Section 5]). We denote by Fj its skew-field of fractions, i.e. F; := Frac(U} (G2)).

2.2. Prime ideals in U, (Gz2) and H-stratification

A two-sided ideal I of U} (G2) is said to be H-invariant if h-I = I for all h € H.
An H-prime ideal of U (G2) is a proper H-invariant ideal J of U, (Gz) such that if J
contains the product of two H-invariant ideals of U, (G2) then J contains at least one of
them. We denote by H-Spec(U, (G2)) the set of all H-prime ideals of U, (G2). Observe
that if P is a prime ideal of U (G2) then

(P:H) = (h-P (1)

heH

is an H-prime ideal of U (G2). Indeed, let J be an H-prime ideal of U (G2). We denote
by Spec; (U (G2)) the H-stratum associated to J; that is,

Spec, (U (G)) = (P € Spec(U; (G2) | (P H) = J}. 2)

Then the H-strata of Spec(U,(G2)) form a partition of Spec(U,(G2)) [2, Chapter I1.2];
that is,

Spec(U; (G2)) = | Spec; (U, (G2))- (3)
JEeH-Spec(Uq (G2))

This partition is the so-called H-stratification of Spec(U, (Gz)).

It follows from the work of Goodearl and Letzter [9] that every H-prime ideal of
U (G2) is completely prime, so H-Spec(U,f(G2)) coincides with the set of H-invariant
completely prime ideals of UqJr (G2). Moreover there are precisely |W/| H-prime ideals in
U (Ga), where W denotes the Weyl group of type G2 (see [17, Remark 6.2.2]). As a
consequence, the H-stratification of Spec(U,(Gz)) is finite and so the full strength of
the H-stratification theory of Goodearl and Letzter is available to study Spec(U; (G2)).

For each H-prime ideal J of U (G2), the space Spec; (U, (G2)) is homeomorphic to
the prime spectrum Spec(K[zi,...,23"]) of a commutative Laurent polynomial ring
whose Krull dimension depends on J, [2, Theorems I1.2.13 and II.6.4]. These Krull
dimensions were computed in [1,22]. Finally, let us mention that the primitive ideals of
U (Gs) are precisely the prime ideals that are maximal in their #-strata [2, Theorem
11.8.4].

In this article, we will mainly focus on one specific H-stratum. Since U, (G>) is a
domain, 0 (technically, (0)) is clearly an H-invariant completely prime ideal of U;’ (Ga),
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and so an H-prime. We will focus on computing its stratum, the so-called O-stratum.
The motivation here is twofold: first, in the By case, we obtain “new” quantum defor-
mations of the first Weyl algebra as U (B;)/P, where P is a primitive ideal from the
0-stratum of Spec(U,(Bs)) [13]. Next, in the present case, we would like to construct
algebras of Gelfand-Kirillov dimension 4 as explained in the introduction. Since Tauvel’s
height formula holds in U (G2) [8], we need to quotient U (G2) by a primitive ideal of
height 2. Given that the H-spectrum of U, (G2) (viewed as a poset under set inclusion)
is isomorphic as a poset to the Weyl group of type G5 (viewed as a poset under the
Bruhat order), such primitive ideals can only be found in the 0-stratum and the strata
associated to one of the two height 1 H-primes. In this article, we mainly present results
for the 0-stratum, but we will also indicate results obtained for the primitive quotients
coming from the height 1 H-prime strata.

2.3. Deleting derivations algorithm (DDA) in U (G2)

As Uf(G) is a QNA, we can apply Cauchon’s DDA to study its prime spectrum.
Recall first that U (Gs) is an iterated Ore extension of the form:

U (G2) = K[E\|[Ea; 03)[Es; 03, 03] [ Es; 04, 04][Es; 05, 5[ E6; 06, 06);
where, o9 denotes the automorphism of K[E;] defined by:
o3(Er) = ¢ °En,

o3 denotes the automorphism of K[E1]|[Es; 03] defined by:

o3(Er) =q 'Er 03(Es) = ¢ °En,
d5 denotes the os-derivation of K[E1][F2;02] defined by:

53(E1) = —(qg+q ' +¢ B2 83(E) =0,
o4 denotes the automorphism of K[E1]---[Es5; 03, d3] defined by:
o4(Ey) = E1  04(E2) =q °Ey  04(Es) = q *Es,

d4 denotes the o4-derivation of K[E1]- - - [E3; 03, d3] defined by:

4 2
—q*+2¢°—1
AT =0

64(Er) = (1—q*)E;  4(En) =
o5 denotes the automorphism of K[E1]- - - [Ey4; 04, 4] defined by:

05(F1) =qE1  o05(E2) =Ey o05(E3)=q 'Es  05(E4) =q °Ey,
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5 denotes the os-derivation of K[E]- - - [E4; 04, d4) defined by:

05(E1) = —(1+¢*) B3 05(E2) = (1-¢*)E;  05(E3) = —(¢+q ' +q °)Ey 55(Es) =0,
o¢ denotes the automorphism of K[F1]- - [Es; 05,05 defined by:

06(E1) = ¢°E1  06(E2) = °Ey 04(E3) = Es  o06(Ey) =q By o06(Es) = q °Es,
and dg denotes the og-derivation of K[E1]- - - [Es; 05, 05 defined by:

56(Er) = —¢*Es  06(Ba) = (¢* — ¢")EsEs + (¢* +¢* —1)Ey  06(E3) = (1 — ¢*)F?

4 2
—q"+2¢°—1_4
06(Ey) = ————F d6(E5) = 0.
6( 4) q4+q2+1 5 6( 5)
The DDA constructs by a decreasing induction a family {E4 j,..., Eg ;} of elements

of the division ring of fractions F; = Fract(U, (G2)) of U} (Gs) for each 2 < j < 7. The
precise definition of these elements in the general context of QNAs can be found in [4].
In the present case, a direct computation leads to:

Ey6=E; +rEsE;"

Eog = Ey +tEsEsEg ' + uE,E; ' + nESE;?

Es¢ = E3 +sEZE;?

E,6=Eys +VESES"

Eis=FEi6+ hE3,6E5_7% + 9E4,6E5_,§

Eys=FEye+ fE;sE5 g + pEseEscEs s + eEj gEqg

Ess = FEs6+aEy6E; g

Eiy,=FEi5+ SE§,5E4_,§

Eyy=FEy5+ bE§,5E4_,;

Eiy3=FE14+ GE2,4E3_;
Ty :=FEi2=F3
Ty :=FE3y=FEy3=FEy4
T3:=FE39=FE33=F3,=DF3;5
Ty:=FEyo=Fy3=FE44=FEy5=Fy6
Ts:=FEso=FEs3=F54=Fs55=FE5¢6 = Es
T := E¢o = Eg3 = Fgs = Fs5 = Eg s = L,

where the parameters a, b, e, f,g, h,n,p,r, s,t,u are all defined in Appendix A.2.
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In the following, we set A := U;‘(Gg) and we denote by AUY) the subalgebra of F,
generated by Ey ;,...,Es ;. The following results were proved by Cauchon [4, Théoréme
3.2.1 and Lemme 4.2.1]. For 2 < j < 7, we have:

1. When ] = 7, (E177, .. .7E6,7) = (El, .. .,Eﬁ), so that A(7) =A= U;_(Gg),
2. AU) is isomorphic to an iterated Ore extension of the form

Kly] ... [yj—1:05-1,65-11y;:75] - - [y6; 7]

by an isomorphism that sends E; ; to y; (1 < i < 6), where 7;,...,7 denote the
K-linear automorphisms such that 7,(y;) = Aey; (1 < i < £ —1) and the Ag; are
defined by o¢(E;) = Ao, E;.

3. Assume that j # 7. The set ¥; := {E},.; | n € N} = {E?, | n € N} is a
multiplicative system of regular elements of AY) and AU+ and satisfies the Ore
condition in both AU) and AU+, Moreover we have

A(j)Z;I — A(j-‘rl)E;l_

It follows from these results that A is a noetherian domain, for all 2 < J<T.
As in [4], we use the following notation.

Notation 2.1. We set A := A®) and T} := E; 5 for all 1 <i < 6.

It follows from [4, Proposition 3.2.1] that A is a quantum affine space in the indeter-
minates 71, ..., Ts and so can be presented as an iterated Ore extension in the T;s with
no skew-derivations. It is for this reason that Cauchon used the expression “effacement
des dérivations”. More precisely, let M = (u; ;) € Mg(Z) be a skew-symmetric matrix
defined as follows:

0 3 1 0 -1 -3
3 0 3 3 0 -3
-1 3 0 3 1 o0
M=\, _3 23 o 3 (4)

Then, we have:
Z:Kqﬂl[Tl,...,T6], (5)

where K u[T1,...,Tg] denotes the K-algebra generated by Ti,...,Ts with relations
T;T; = ¢'»T5T; for all 4, j.
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2.4. Canonical embedding

Since A = U;‘ (G2) isa QNA, one can use Cauchon’s DDA to relate the prime spectrum
of A to the prime spectrum of the associated quantum affine space A. More precisely,
the DDA allows the construction of embeddings

¥, : Spec(AUTY) — Spec(AW)) (2<37<6). (6)

Recall from [4, Section 4.3] that these embeddings are defined as follows.
Let P € Spec(AU+D). Then

$;(P) = lej_l nAwv i Ejj=T5¢P
! 9; (P/(Ejj+1)) ifEjj41€P

where g; denotes the surjective homomorphism

g5+ AD — AVTD [(E; 510)
defined by

9i(Ei;) = Eiji1 + (Ejj+1)

(for more details, see [4, Lemme 4.3.2]). It was proved by Cauchon [4, Proposition 4.3.1]
that 1; induces an increasing homeomorphism from the topological space

{P € Spec(AYTVY | E; ;11 ¢ P}
onto
{Q € Spec(AY) | E;; ¢ Q}

whose inverse is also an increasing homeomorphism. Also, 1; induces an increasing home-
omorphism from

{P € Spec(AUTV) | E; ;41 € P}

onto its image by ; whose inverse similarly is an increasing homeomorphism. Note
however that, in general, 1; is not a homeomorphism from Spec(AU+D) onto its image.
Composing these embeddings, we get an embedding

Y :=1hy 0--- 01 : Spec(A) — Spec(A), (7)

which is called the canonical embedding from Spec(A) into Spec(A).
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The canonical embedding v is H-equivariant so that ¢(H —Spec(A)) C H—Spec(A).
Interestingly, the set H —Spec(A) has been described by Cauchon as follows. For any
subset C of {1,...,6}, let K¢ denote the H-prime ideal of A generated by the T; with
i € C, that is

Ko =(T;|i€C).
It follows from [4, Proposition 5.5.1] that
H—Spec(A) = {K¢c | C C{1,...,6}},
so that
W(H—Spec(A)) C{K¢c | C C{1,...,6}}.
3. Primitive ideals of U;‘(Gz) in the 0-stratum

The aim of this section is to give explicit generating sets for the primitive ideals
of U;‘ (G3) that belong to the O-stratum. They are intimately related to the centre of
U/ (G2) and so we start this section by making explicit the centre of U (G2) and of
related algebras.

Throughout the rest of this paper, the notation ¢* will mean any arbitrary integer
power of q. We will often use this notation whenever the exponent of ¢ is of no interest.

8.1. Centre of U (G2)

Recall that A = A®) = K, [T1,...,Ts] is a quantum affine space. Set Q; := T1T3T5
and Qy := T5T4Ts. One can easily verify that Q; and 5 are central elements of A by
checking they commute with all the T;s.

We now want to successively pull €; and €y from the quantum affine space A into
the algebra A using the data of the DDA of A discussed above. A direct computation
shows that

O = T TsTs
= FE14F34F5 4+ aFs4Fs5 4
= F5E35E55 + alFs5E5 5
=Fi16F36E56 4+ aE1 6Ey6 + als s 6 + a'Eg}G
= E\E3F5 + aF\Ey +aEyEs + d'E3,

and
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Oy := ToTyTs
= FEy 5By 5E6 5 + bE§,5E6,5
= F»E46Fs6 + bEj ¢ Fg 6
= FyEyEg + bEyER +bE3Eg + VE3E: + ¢ EsEyEs + d'Ef,

where the parameters a,b,a’,V’,c’,d" can be found in Appendix A.2. Note that Q; and
Qs are central elements of AY) for each 2 < j < 7, since Q; € AV C AU C A,

We now want to show that the centre Z(A) of A and of other related algebras is a
polynomial ring generated by €7 and 5 over K. The following discussions will lead us
to the proof.

Set S; == {NTJ'T ... Te® | ij,...,ig € N and A € K*} for each 2 < j < 6. One
can observe that S; is a multiplicative system of non-zero divisors of AY) = K(E; ; |
for all ¢ = 1,...,6). Furthermore, the elements T}, ..., Ts are all normal in AU Hence,
S, is an Ore set in AU) . We can therefore localize AU) at S; as follows:

Rj:=AUS

Recall that 3; := {T}" | n € N} is an Ore set in both AW and AUFY for each 2 < j < 6,
and that

A(j)E;1 _ A(j-‘rl)zjfl.
For all 2 < 7 < 6, we have that:
R; = A(j)S;1 - (A(j)zfl)sﬂlj - (A(j+1)g;1)5;+1j
= (AU S Iyt = Ry u (8)

Jj+1

Note that R7 := A.

Again, one can also observe that 77 is normal in Ry. As a result, we can form the
localization R; := Ry[T;']. The algebra R; is the quantum torus associated to the
quantum affine space A. As a result, Ry = K u [TE, ..., T3, where T;T; = ¢"aT;T;
for all 1 < 4,5 < 6 and p,;; are the entries of M. Similarly to [15, Section 3.1], we
construct the following tower of algebras:

A=R; CRs=R;X;' CRs=RsX;' C Ry = Rs%; "
C R3=RyY;' CRy=R3%,' CRy. (9)
Note that the family (Eflj . Egﬁj), where k; € N if ¢ < j and k; € Z otherwise is a

PBW-basis of R; for all 1 < j < 7. In particular, the family (T} ... TE),  reez 15 a
PBW-basis of R;.
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Lemma 3.1.

1. Z(Ry) = K[Qf, QF!
2. Z(Eg) = K[Q4, Qo]

3. Z(A) = K[, Qo]

4. Z(A) = K[y, Q9]

Proof. 1. It follows from [9, 1.3] that Z(R;) is a commutative Laurent polynomial ring

generated by certain monomials in the T;s. A direct computation proves the result.

2. Clearly, K[21, Q3] € Z(Rs3). For the reverse inclusion, let y € Z(R3). Then, y can be
written in terms of the basis of R3 (recall that T; = E; 3) as:

y= Y ..
(,...,n)EN2 x Z4

Using the fact that T7,...,Ts are all normal elements in R3 and y1; = T;y for
all 4, one easily concludes that i = £k = m and j = [ = n for all monomials ap-
pearing in y. Since 4,5 > 0, we have that y = Z(m‘)eNz q'a(M)TngTngTzTg =
Z(i,j)€N2 q'a(i7j)Q§Q§. This implies that y € K[y, Q2] as expected.

3. Observe that K[Q, Q] C Z(A) C Z(R3) = K[Q1, Q). Hence, Z(A) = K[Q,Qa).

4. Since R; is a localization of R;;1, it follows that Z(R;+1) C Z(R;). From (9), we
have that Z(A) C Z(R3). Observe that K[Q,Q] C Z(A4) C Z(R3) = K[Q1, Q).
Hence, Z(A) = K[Q1,Q]. O

Remark 3.2. Since Z(A) = Z(R3) = K[Q1,Q2] and Z(R;11) C Z(R;), it follows from (9)
that Z(A) = Z(Rg) = Z(R5) = Z(R4) = Z(R3) = K[21,Q2]. One can also deduce from
the proof of Lemma 3.1 that Z(Ry) = K[, Qgﬁl}

Remark 3.3. The centre of the positive part of a quantized enveloping algebra of a simple
Lie algebra has been described by Caldero in [3] but we will need Remark 3.2 later on.

3.2. Q1 and Qo generate completely prime ideals of U;(Gg)

The aim of this subsection is to show that (£21) and (22) are (completely) prime. We
will make use of the DDA to establish these facts. Note that we could also have used the
results of [10] to obtain these results. However, we will need some of the intermediate
steps obtained here to compute the derivations of certain primitive quotients of U;’ (G2)
in the final section.

From Subsection 2.4 we know that there is a bijection between {P € Spec(AU+D) |
PNY; =0} and {Q € Spec(AD)) | QN%; = P} via P = Q%' N AUTY. Note that
(Th) and (T3) are prime ideals of the quantum affine space A, since each of the factor
algebras A/(Ty) and A/(T5) is isomorphic to a quantum affine space of rank 5 which is
well known to be a domain.
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The following result and its proof show that (7)) belongs to the image Im(v)) of
the canonical embedding ¢ and that (€2;) is the completely prime ideal of A such that

P((21)) = (T1).
Lemma 3.4. (€21) € Spec(A4).
Proof. We will prove this result in several steps by showing that:

- (T1) a») € Spec(A)).

AB1 4T3 + aTy) = (Ty) 40 [T 11N A® | hence Qy := (Ey 4T3 + aTs) € Spec(AW).
B 5T3 4+ aFy5) = Q1[T; '] N A®) hence Qy := (E1 5T + aFsa 5) € Spec(A®).
A1) a0 = Q[T 1] N AO) hence (Q;) 400 € Spec(A®).

Q)4 = () aw[T; ] N A, hence (1) 4 € Spec(A).

T W N~

We now proceed to prove the above claims.

1. One can easily verify that A®) /(T}) is isomorphic to a quantum affine space of rank
5, which is a domain, hence (T}) is a prime ideal in A®).

2. Note that Ty = FEi14 + aTng_l. We want to show that (Ej 475 + aTz) =
(Ty) 4 [T5 '] N AW, Observe that (Ey 4T3 + aTy) C (Ti) s [T5 '] N A®. We estab-
lished the reverse inclusion. Let y € (T1) 4 [Ty '] N A®. Then, y € (T1) a5 [T5 ']
Therefore, there exists i € N such that yT4 € (T1) 4. This implies that yTi = Tyv,
for some v € A®). Since A®) [Ty ] = AW [Ty '], there exists j € N such that vT] = v/,
for some v/ € A®W. It follows that yTPfH = Tlng =T = (B14 + aT2T3_1)v’ =
(E1,aT5 + aT2)Ty L/ The multiplicative system generated by T3 satisfies the Ore con-
dition in A hence, there exists k € N and v" € A® such that Ty v = v"T5*. One
can therefore write yTéH = (B 4T3 + aTy)v" Ty ", This implies that yT9 = Qjv”, where
Q) = Ey 4T3 +alyand § =i+ j+k Set S :={s € N | " € AW . yT5 = Qjv"}.
Note that S # 0, since 6 € S. Let s = so be the minimum element of S such that
yT5° = Qjv”. We want to show that sp = 0. Remember: Q{75 = Oy in AW | Since Oy
is central in A®, and T5 is normal in A®, we must have Q] to be a normal element in
A® | otherwise, there will be a contradiction. Therefore, there exists w € A such that
yT5° = Qv” = wQ}. Now, A® can be viewed as a free left K(E1 4,15, T4, Ts, T)-module
with basis <T§)EEN. One can therefore write y = >/, aeTs and w = > e—o BeTS, where

ag, fe € K(Ey4,Ty, Ty, T5,Ts). This implies that Y ¢ o oeT5 ™™ = Yr_ B 150 =
>0 ¢*BeQ, TS (note that T3Q) = ¢~ 'Q)T3). Given that Q) = By 4Ts + aTy, we have
that > . agTETeo = >0 Q*Be By a Tyt + > e—o q*afeToTS. Suppose that so > 0.
Then, identifying the constant coefficients, we have ¢*afyTy = 0. As a result, Sy = 0,
since ¢*aTy # 0. Hence, w can be written as w = Zgzl ,85T§. Returning to y73° =
w$Yy, we have that yT3° = 377, BeTEY = > et QBT = dem1 q'BéTg.
This implies that yT5°~! = Qjw’, where w' = 22:1 q’ﬁéTgffl e AW with Bi €
K(E1 4,15, Ty, T5,Ts). Consequently, so — 1 € S, a contradiction! Therefore, s9 = 0
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and y = Q" € () = (B1 4T3 + aTy). Hence, (T1) 4 [T5 '] N AW C (B 4T3 + aTy) as
desired.

The following steps are proved in a similar manner to Step 2. They are left to the
reader who might want to check details in [18, Section 2.3]. O

Using similar techniques, one can prove that (Tb) € Im(¢) and that (Q) is the
completely prime ideal of A such that ¥((Q2)) = (T). Again, we refer the interested
reader to [18, Section 2.3] for details. We record these facts in the following lemma.

Lemma 3.5. (Q22) is a completely prime ideal of A and ({Qa)) = (To).

Since H-Spec(U;(G2)) is isomorphic as a poset to the Weyl group W of type Ga by
[21], there are only 2 H-primes in U, (G2) of height 1. Since ; and Qg are central, the
prime ideals that they generate have height less than or equal to 1, and so equal to 1.
As an immediate consequence, we get the following result.

Lemma 3.6.

1. (1) and (Qa) are the only height one H-invariant prime ideals of A.
2. Every non-zero H-invariant prime ideal of A contains either (Q1) or ().

Remark 3.7. The first part of Lemma 3.6 can be deduced from [10, Theorem 4.3]. How-
ever, we needed the argument to establish the second part of the lemma.

3.8. Description of the 0-stratum and beyond

In this subsection, we will often assume that our base field K is algebraically closed.
This assumption is actually not necessary for the main result of this subsection, Theo-
rem 3.12, but makes the description of the 0-stratum easier to present.

This subsection focuses on finding the height two maximal ideals of A = U (G?>).
Note first that such ideals can only belong to the H-stratum of an H-prime of height
less than or equal to 1 (since H-Spec(A) is isomorphic as a poset to W). It follows from
the previous subsections that we need to compute the H-strata of 3 H-primes: 0, (£21)
and (Q2). We start with the 0-stratum.

The strategy is similar to [13, Propositions 2.3 and 2.4]. Note that in this subsection,
all ideals in A will simply be written as (©), where © € A. However, if we want to refer
to an ideal in any other algebra, say R, then that ideal will be written as (©)g, where
in this case, © € R.

Proposition 3.8. Assume K is algebraically closed. Let P be the set of those monic irre-
ducible polynomials P(Qq,Qs) € K[Qy, Qo] with P(Q1,Q2) # Q1 and P(Qq,Qs) # Qs.
Then, Spec gy (A) = {{0)} U{(P(21,2)) | P(€,€2) € PYU{( —, Q= B) [, 8 €
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Proof. We claim that Specy(A) = {Q € Spec(4) | Q1,9 ¢ Q}. To establish this claim,
let us assume that this is not the case. Suppose that there exists Q@ € Specg)(A) such
that €, or 25 belongs to Q; then the product 215 which is an H-eigenvector belongs to
Q. Consequently, Q1 € [,y h - Q = (0), a contradiction. Hence, Specy(A) C {Q €
Spec(A) | Q1,02 ¢ Q}. Conversely, suppose that ) € Spec(A4) such that Q1,05 ¢ Q,
then (1, o4 b - @ is an H-invariant prime ideal of A, which contains neither €2; nor €.
Obviously, the only possibility for (1,4 h - @ is (0) since every non-zero H-invariant
prime ideal contains at least €y or Qo. Thus, (¢4 h - Q = (0). Hence, Q € Specgy(A).
Therefore, {Q € Spec(A) | Q1,22 ¢ Q} C Specg)(A). This confirms our claim.

Since Q1,0 € Z(A), we have that the set {Qi€) | i,j € N} is a right denominator
set in the noetherian domain A. One can now localize A as R := A[Q;', Q5] Let Q €
Specpy(A), the map ¢ : Q — Q[N 1,051 is an increasing bijection from Spec gy (A)
onto Spec(R).

Since 21 and 5 are H-eigenvectors, and H acts on A, we have that H also acts on
R. Since every non-zero H-prime ideal of A contains 27 or {25, one can easily check that
R is H-simple (in the sense that the only H-invariant proper ideal of R is the 0 ideal).

We proceed to describe Spec(R) and Spec gy (A). We deduce from [2, Exercise I1.3.A]
that the action of H on R is rational. This rational action coupled with R being H-simple
implies that the extension and contraction maps provide mutually inverse bijections be-
tween Spec(R) and Spec(Z(R)) [2, Corollary 11.3.9]. From Lemma 3.1, Z(A) = K[, Q2],
and so Z(R) = K[!, Q5. Since K is algebraically closed, we have that Spec(Z(R)) =
{(0) z(r) JUL(P(Q21,922)) z(r) | P(Q1,Q2) € PU{(Q1—,Q2— ) z(r) | @, B € K*}. Since
there is an inverse bijection between Spec(R) and Spec(Z(R)), and also R is H-simple,
one can recover Spec(R) from Spec(Z(R)) as follows: Spec(R) = {(0) g }U{(P (1, 2)) R |
P(Q1,Q2) € PYU{(Q1 —,Q — B)r | a,f € K*}. It follows that Spec(p(A4) =
{<0>ROA}U{<P(Ql,92)>RﬂA | P(Q1,Qg) S P}U{<Ql —a, s —ﬂ)RﬂA ‘ a, B € K*}

Undoubtedly, (0)g N A = (0). We now have to show that (P(Q;,Q)r N A =
<P(Ql, Qg)>, VP(Ql, Qg) S P7 and <Q1 —Q, QQ - B>R NA= <Ql —Q, QQ - ﬁ>, VOé, 5 e K*
to complete the proof.

Fix P(1,9Q2) € P. Observe that (P(1,92)) C (P(Q1,9Q2))r N A. To show the re-
verse inclusion, let y € (P(1,%))r N A. This implies that y = dP(Q1,2), where
d € R, since y € (P(Q1,Q2))r. Also, d € R implies that there exist i,j € N such
that d = aQ7'Q,7, where a € A. Therefore, y = a7 7 P(Qy, ), which implies that
yQi Q) = aP(Q4,9Q,). Choose (i,5) € N2 minimal (in the lexicographic order on N2) such
that the equality holds. Without loss of generality, suppose that ¢ > 0, then aP(21,5) €
(Q1). Given that (1) is a completely prime ideal, this implies that ¢ € (1) or
P(Q1,Q2) € (). Since P(£21,2) € P, it follows that P(Q1,Q2) ¢ (1), hence a € ().
This further implies that a = €21, where ¢ € A. Returning to yQﬁQé = aP(Q1,8s), we
have that yQZIQ; = tQ1P(24,Qs2). Therefore, yQi_ng = tP(Q1,Q). This clearly con-
tradicts the minimality of (4, j), hence (i,75) = (0,0), and y = aP(Q1,Q2) € (P(Q1,Q2)).
Consequently, (P(Q21,Q2))r N A = (P(Q1,Q)) for all P(Qq,Q2) € P as desired.
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Similarly, one can also verify that (97 —«a, Qs — B)rNA= (0 —a,Q — 8); Vo, €
K*. O

Using similar techniques, we obtain the following description for the H-strata of (1)
and <Qg>

Proposition 3.9. Assume K is algebraically closed.

1. Specigy(A4) = {{Q)} U{(Q1, Q2 — B) | B e K"}
2. Specg,y(A) = {{Q2)} U {(h — a, Q) | € K*}.

Since maximal ideals in their strata are primitive for a QNA, we obtain the following
result.

Corollary 3.10. Assume K is algebraically closed and let (o, 3) € K2\ {(0,0)}. The ideal
Q1 — a,Qy — B) of A is primitive.

Remark 3.11. The statement of the above corollary is still valid without the assumption
that K is algebraically closed. The proof is actually similar as we only use this assumption
to get a full description of the strata we were interested in.

We can actually prove a stronger result.

Theorem 3.12. Let (o, 8) € K2\ {(0,0)}. The prime ideal (Q1 — o, Qs — B) of A is
mazimal.

Proof. Let (o, 3) € K2\ {(0,0)}. Suppose that there exists a maximal ideal I of A such
that (0 — o, Q2 — B) & I & A. Let J be the H-invariant prime ideal in A such that
I € Spec;(A).

We claim that J cannot be (0), (€1) or (€)3). For instance, if «, 5 # 0, then J cannot
be equal to (0) since in this case (2 —«, Q2 — 3) is maximal in the O-stratum. Moreover,
J # (Q1) as otherwise I would contain o = Q; — (€3 — «), a contradiction. The other
cases are similar and left to the reader.

This means that J is an H-prime of height at least equal to 2. As the poset of H-primes
is isomorphic to W, this forces J to contain both €1 and Q5. Moreover, since J C 1, it
follows that Qy, Qs € I. Given that (Q; —a, Qo — ) C I, we have that Q1 —a, Qy— 5 € I.
It follows that «, 5 € I, hence I = A, a contradiction! This confirms that (€ —a, Qs —3)
is a maximal ideal in A. O

4. Simple quotients of U;'(Gz) and their relation to the second Weyl algebra

We refer the reader to [12] for background on the Gelfand-Kirillov dimension. We
denote by GKdim(R) the Gelfand-Kirillov dimension of an algebra R.
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Now that we have found maximal ideals of A = U;‘ (G3), we are going to study
their corresponding simple quotient algebras. In view of Dixmier’s theorem, we consider
these simple quotients as deformations of a Weyl algebra (of appropriate Gelfand-Kirillov
dimension), and so we compare their properties with some known properties of the Weyl
algebras. In this section, we prove that the Gelfand-Kirillov dimension of A, g is 4 and
consequently prove that the height of the maximal ideal (Q; —a, Qo — 3) is 2 as expected.
Then we focus on describing a linear basis of A, g; we use this basis in the following
section to study the derivations of A, g. Finally, we show that with appropriate choices
of o and S, the algebra A, s is a quadratic extension of the second Weyl algebra A, (K)
at ¢ = 1.

Recall from Theorem 3.12 that €; — a and Qs — 3, where (o, 3) € K2\ {(0,0)},
generate a maximal ideal of A. As a result, the corresponding quotient

A
Ay g =
P —a,Qy — )

is a simple noetherian domain. Denote the canonical images of F; in A, g by €; =
E;+ (1 —a,Qy — ) for all 1 <i < 6. The algebra A, g satisfies the following relations:

eze1 = q Ceren eser =q ‘eres — (q+q ' +q es
ezer = q Peses eqer = ereq + (1 — 42)65
esey = q egeq — %eﬁ eses = q “eseq
q*+q¢*+1
eser = geres — (1 + q2)63 esea = eges + (1 — q2)e§
eses = q leges — (¢g+ g+ q_3)e4 eses = q Seges
ese1 = q’eres — g es esez = ¢ ezes + (¢* + @ — Dea + (¢ — ¢*)eses
4 2
_ 2y 2 3 q-—2¢"+1 4
eges = ezeg + (1 — q°)ez €6y = q "eqq — mes
eses = q “eses,
and
ereses + aejeq + aeses +d'es = a, (10)
egeqes + beael + bedeg + belel 4+ cegeqes +d'ed = . (11)

Note that the constants a,b,a’ and b’ are defined in Appendix A.2.
4.1. Gelfand-Kirillov dimension (GKdim) of An

Assume first that a, 3 # 0. Recall from Section 3.1 that Ry = K, [Tlil, . 7Tﬁjd] is
the quantum torus associated to the quantum affine space A = A®). Also, Qy = T1T5T5
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and Qg = ToTyTs in A. It follows from [4, Theorem 5.4.1] that there exists an Ore set
Sa,p i Ag g such that Ay gS, = Ry /(TVT5T5 — o, TyT4Ts — ).
Now, set

Ry
o g = .
(MT3T5 — o, ToT4Ts — B)
Let t; :=T; + (Th'T3T5 — o, ToTyTs — ) denote the canonical images of the generators
T; of Ry in 47, g. The algebra .27, g is generated by tfl, ... ,tgﬂ subject to the following
relations:

tit; = gt t; t = atz 3! ty = Bty

for all 1 < 4,j < 6; and p;; are the entries of the skew-symmetric matrix M (see (4)).
Observe that o, 5 = K~ [tlail,tffl,tgﬂ,tﬁil}, where the skew-symmetric matrix N can
easily be deduced from M (by deleting the first two rows and columns) as follows:

0 3 1 0
=3 0 3 3
N=1_1 3 0o 3
0 -3 -3 0

Secondly, suppose that a = 0 and 5 # 0.
Then, AopSy 5 = s = Ko T3, ..., T /(ToTyTs — B), where M’ is the skew-
symmetric matrix obtained by deleting the first row and column of M. The algebra 2% g
is generated by tgﬂ, e ,tgd subject to the relations

tit; = ¢"t;t; and ty = Btg 't} ",

for all 1 <i,5 < 6 and y;; € M. We also have that o 5 = K~ [t5, 5, 151, 6571,
Finally, when a # 0 and 8 = 0, one can also verify that <7, o = K~ [t;fl, tffl, tsﬂ, tGﬂ .
From the above discussion, in all cases, we have that Aa’gS(;’lﬁ e A, =

K,v [t5h, 651, ¢, tE']. With a slight abuse of notation, we write Aa,gS;i, = dpp =

Kov [t 658 e3¢5 for all (o, B) € K2\ {(0,0)}. It follows from [8, Theorem 6.3] that

GKdim(A,,3) = GKdim(Aqa 55, ;) = GKdim(Z, ) = 4. Since Tauvel’s height formula

holds in A = U, (G2) [8], we have that GKdim(A) = ht((Q1—a, Q2—F)) +GKdim(A,,s).

Since GKdim(A) = 6, we conclude that ht((; — a, Qs — ) = 2 for all (o, ) €

K2\ {(0,0)}.
Proposition 4.1. GKdim (A, g) =4 for all (o, ) # (0,0).
4.2. Linear basis for Au g

Set Ag = A/(Q2 — B), where f € K. Now, denote the canonical images of E; by
€ = E; 4+ (Qy — B) in Ag. Clearly, Ay, g = Ag/({h1 — a). As a result, one can identify
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Ay p with A@/(ﬁl — ). Moreover, the algebra A satisfies the relations of A = U (G2)
and

e~ ~~3 3~ 2 ~2 e~ 2
Exéacs + bésés” + béseg + b ez ey + dezénes +d'éey” = B. (12)

From Propositions 3.8 and 3.9, one can conclude that (€2 — () is a completely prime
ideal (since it is a prime ideal) of A for all 8 € K. Hence, the algebra Ag is a noetherian
domain.

We are now going to find a linear basis for A, g, where («, ) € K2\ {(0,0)}. Since
Aq p is identified with Ag/(ﬁl — a), we will first and foremost find a basis for Ag, and
then proceed to find a basis for A, g. Note that the relations in Lemma A.1 are also
valid in Ag and A, g, and are going to be very useful in this section.

Proposition 4.2. The set & = {ai@je}k@ge}l@m | i,7,k,l,m € N and £ = 0,1} is a
K-basis of Ag.

Proof. Since the family (ITS_, E%*); <N is a PBW-basis of A over K, it follows that the
family (ngle?sis)iseN is a spanning set of Ag over K. We want to show that & spans

)

Ag. We do this by showing that I8 1é;“ can be written as a finite linear combination
of the elements of & for all 41,...,ig € N by an induction on i4. The result is obvious
when 74 = 0 or 1. For i4 > 1, assume that

6
~is ~Ni~jk~E~l~m
€s = Agw)€1 €27 €3 €47€5 €6
s=1 (Ev)el

where v := (i, j, k,I,m) € N® and the a¢,v) are all scalars. Note that I is a finite subset
of {0,1} x N®. It follows from the commutation relations of Az (see Lemma A.1) that

6
i1 ~tg ~1i3 ~i4+1l ~i5 ~ig __ e A A~ ° - 1o ~13 ~Tg4 ~ Z5+3/\’LG 1
aratatatara = ¢ [[ & a - ¢tdilisla e e at e

From the inductive hypothesis, aheaba e e € Span(&). Hence, we pro-

ceed to show that H‘j:l@isa; is also in the span of &. From the inductive hypothesis,
we have

6
~ig o~ ~i~jk~E~l~m ~
€s €4 = a(§’2)61 €9" €3 €4 €5 €5 €4.
s=1

(&w)el

Using the commutation relations in Lemma A.1, we have that
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6
~k ~ 1~
H = Z q°aew €l ‘elatattialan
s=1 (&w)el
+ Z q*di[m]ae v €1 el akete e
(&w)erl

All the terms in the above expression belong to the span of & except €6’ araleleag™

From (12), we have that
€1’ = Bocaéaés + bPoérés” + bBoé3 65 + b foéz’65° + ¢ Bocsérés — BBo,  (13)
where 8y = —1/d’. Substituting (13) into eAlieAzjeAngQeAg,leAﬁm, one can easily verify that

alelarelala™ e Span(G).
Therefore, €11 6263 6,7 63765 can be written as a finite linear combination of the
elements of & over K for all 71,...,is € N. By the principle of mathematical induction,
G is a spanning set of Ag over K.

Next we show that & is a linearly independent set. Suppose that

~i~j~k~E~l~m
E a(€7y)61 62363 64565 €g — 0.
(§w)erl

Since Ag = A/(Q2 — ), it follows that

Z a0 BYEJEYESELER = (Q — By,
(&w)erl

with v € A. Write v = Z b(iyv_’n)E{'EgngEiEg”Eg, where J is a finite subset of
(i,...,n)EJ
N¢ and bi,....n) are all scalars. It follows that

> e EiBJESESELE = N b EiBJEY(Q, — B)ELVEDE. (14)
(§w)er (i,...,n)E€JT

Before we continue the proof, the following needs to be noted.

& Let (¢, 5K I",m',n), (i,7,k,[,m,n) € N6. We say that (i,7,k,[,m,n) <4 (i,5,
E,m/n)yif [l <Ulor[l=0Vandi < ¢]or[l=1,i¢=4andj < j]or
(=0 i=¢, j=7jandk<K]or[Il=0,i=4 j=7, k=K and m <m'] or
l=1U,1=4, =79, k=K, m=m' and n < n’]. Note that the purpose of the

J =17
square bracket [ ] is to differentiate the options.
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From Section 3.1, we have that Qy = EsEsEg+bE2E3 +bE3Eg + b E3E2 + ¢ EsEyEs +
d'E; in A =U;S(G>). Now,

> BB ESESELE = Y b EIEJES(Qy — B)ELYEDEY
(&w)erl (iy...,n)EJ

= Y dby,..mEEJESESPENEY + LT,

where LT, contains lower order terms with respect to <4 (as in &). Moreover, LT .,
vanishes when b; .,y = 0 for all (4,...,n) € J (one can easily confirm this by fully
expanding the right hand side of (14)).

Now, suppose that there exists (7, j, k,1,m,n) € J such that b j x.1,.m.n) 7 0
Let (',5',K',I’,m’,n’") be the greatest element of J with respect to <4 (defined in &
above) such that b/ j g/ 17.m’ ny # 0. Note that the family (E{EgEé“EflEglEg)(i’_”,n)eNa
is a basis of A. Since LT., contains lower order terms, identifying the coefficients
of E{’E{E?,IEZ*QE})”/E%LI in the above equality, we have that d’bg ., = 0. Since
b o ke menry 7 0, it follows that d' = ¢'2/(¢® — 1) = 0, a contradiction (see Ap-
pendix A.2 for the expression of d’). As aresult, b(; j k,i,m,n) = 0forall (i, j, k,I,m,n) € J.
Therefore, 3¢ ,)er (e EIEJESESELED = 0. Since (E{EJEYEYEL'ER )i mens 15 a
basis of A, it follows that a ) = 0 for all ({,v) € I. In conclusion, & is a linearly
independent set and hence forms a basis of Ag as desired. O
Proposition 4.3. Let (o, ) € K2\ {(0,0)}. The set B = {eieheS eekel | i,j, k1 €
N and €1,e2 € {0,1}} is a K-basis of Ay 5.

Proof. The proof is analogous to the proof of Proposition 4.2. We refer the interested
reader to [18, Section 3.2] for the details of this proof. O

Remark 4.4. Given the basis of A, g, we have computed the group of units of A, g.
However, we do not include the details in this manuscript due to the voluminous com-
putations involved. We only summarize our findings below. Set

hy = eges +aes and hy = (¢ ° —q ")ezes — (¢* —2¢° +1)/(¢* + ¢* + 1)es.

Theorem 4.5. Let (o, 3) € K2\ {(0,0)} and U(An 5) denote the group of units of Aa .
We have that:

| NeK", i€Z} ifa=0
U(Aap) = S {MRE | ANEK*, i €Z} ifB=0

K* otherwise.
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4.8. Ay as a q-deformation of a quadratic extension of A2(K)

In this subsection, we assume that the characteristic of K, denoted char(K), not equal
to 3.

Recall that GKdim(A,,g) = 4 and so we should compare A, g to the second Weyl
algebra. We prove that, for a suitable choice of a and j, the simple algebra A, g is a
g-deformation of a quadratic extension of As(K).

Recall that A2(K) is generated by 1, 22, y1 and yo subject to the relations:

Y1Y2 = Y291 T2Y1 = Y122 T1X2 = X271 T1y1 — Y1z =1
Y1Y2 = Y2y1 T1Y2 = Y271 T2Y1 = Y12 ToYs — Yoo = 1.
Given the relations of A, s at the onset of this section, we have that A; 1 satisfies
’ ' 90 —1)

(¢®—1)
the following relations:

exe1 = ¢ Cerey eser =q leres— (q+q T +q 7)es
eses = ¢ Seges eser = ereq + (1 — q2)e§
eser = q Pegey — %eg eses = q Cesey
q*+q*+1
eser = qeres — (14 ¢°)es esez = ezes5 + (1 — ¢°)e3
ese3 = q_16365 —(qg+ q_1 + q_3)e4 e5eq = q_3e4e5
ese1 = q’ereq — ¢ es €62 = ¢ eaes + (q4 +q° - Les + (q2 - q4)€3€5
eges = ezeg + (1 — q2)e§ eges = q Seseq — %eg’

-3
€6€5 = (¢ €566,

and

(% = Dereses + (® + 1+ q Perea+ (® + 1+ q Peses —q'e3 =q 2 — 1,

27 —q 3 —¢ 207 —q % —¢q
(@ = Dezesco + g+l e2cs + ¢+ +1 €sco
6 13 11 9/ .6
¢ —1)(g~°—q q (¢ —1 1
( 1 >(2 2 ) ze3 — 4( 2 )ege4e5+q12eiz—
(*+¢>+1) “+¢+1 9

Note that we have made the necessary substitutions for a, a/, b, o/, ¢’ and d’ from
Appendix A.2.

Set F' := K[2*!]. One can define a F[(2*+22+41)!]-algebra A, generated by e1, ..., eg
subject to the following relations:



€2€1

€3€2

€6€3

€6€s
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= 2 3¢e1e9 eze; = 2 tejes — (2 4+ 271+ 27 %)ey
= 2z 3eqe5 eser = ereq + (1 — z2)e§
_3 24 —22241 4 _3
=2 %egey — —————¢€ esez = 2 “esey
42241 8
_ 2 _ 2\ 2
zeres — (1 4+ 2%)es esea = eges + (1 — 27)es
2 leses — (2 4+ 27+ 273)ey eseq = 2 Seqes
2Bereg — Zes egey = 2oeses + (24 + 22 — Deg + (22 — 2)eses
4 2
2t —=222+41
2\ 2 -3 3
=ezeg + (1 — 2%)e egty = 2 “eqeg — ———————¢€
( ) 5 Z4 +_Z2 11 5
2 Peseq,
(272 = 1)ejeses + (22 + 14+ 27 )ejes + (22 + 14+ 27 H)eges — 2%e2 = 272 — 1, and

(2% — 1)eseqes +

2:7 23— 3+2z_1—z_3—z 3

—————€285 + —F——5———¢€3¢
Ar241 00 Ar241 0°

(-DEP -2 5, PR

ARG 2
(24 4+ 22 +1)2 3% A 4+22 41

12 1
eseqes + 2 ey = §

_|_

Set A; := A./(z — 1) and observe that A; satisfies the following relations:

€2€1
€4€71
€5€1
€5€4
€6€3

€i

Lemma 4.6.

= €1€2 €3€e1 — e1€3 4’362 €3€9 — €2€3

= €1€4 €4€2 = €92€4 €4€3 — €3€4

— €1€5 — 263 €5€9 — €9€5 €5€3 = €3€5 — 364

= e4€5 €1 = €166 — €5 egea = €266 1 €4

— €3€¢ €€y — €4€¢ €g€Er — €5€¢4

=1/9 0 =e2 — 3ejeq — 3ees.

eq € Z(A1) and also it is invertible.

Proof. Since eqe; = ejeq for all 1 < ¢ < 6, we have that e4 € Z(A;). Again, from

e? =1/9, we have that e4(9es) = (9e4)eq = 1. Hence ey is invertible with e; ' = 9e,.

O

Given that ezl =9e4 and ey € Z(A;), it follows from the relation e3—3eje4—3eze5 = 0

that e; = 3e3eq — 9eseqes. Therefore, A; can be generated by only eo, . ..

generators commute except that

egea = egeg +e4 and eses = ezes — 3ey.

Since e4 is invertible, one can also verify that 9eqey, 3ezeq, €4, €5 and eg generate Aj.

,eg. All these
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Let R be an algebra generated by fs, fs, f4, f5, f¢ subject to the following defining
relations:

fafa= fafs3 fafe = fafa fafs = f3/a
Isfa= fafs fsfa= faf5 Jefs = [3fe
fefa = fafe Jofs = [5fe fi=1/9

Jef2 = fafe +1 Isfs = fafs — 1.
Proposition 4.7. R = A;.

Proof. One can easily check that we define a homomorphism ¢ : R — A; via

?(f2) = 9egey d(f3) = 3ezeq B(f1) = ea o(fs) = es ?(f6) = es.

Recall that e? = 1/9. To check that ¢ is indeed a homomorphism, we just need to
check its compatibility with the defining relations of R. We check this on the relation
fefo — fafe = 1, and leave the remaining ones for the reader to verify. We do that as

follows: ¢(f6)¢(f2)—¢(f2)¢(f6) = 9666264—9626466 = 964(6662—6266) = 96421 = 9(1/9) =
1 as required.
Conversely, one can check that a homomorphism ¢ : A; — R can be defined via

p(er) = 3f3fs— fofs ple2) = fafa p(e3) = 3f3fa
oleq) = fa oles) = fs v(es) = fe.

We check this on the relation e% — 3ei1eq — 3eses = 0, and leave the remaining ones
for the reader to verify. We do that as follows: ¢(e3)? — 3p(eq)p(es) — 3p(e2)p(es) =

(3fsf1)? = 3(3f3fa — fafs)fa = 3fafafs = 9f5 1 — 9f3fF + 3fafafs — 3fafafs = 0 as
expected.
To conclude we just observe that ¢ and ¢ are inverses of each other. O

The corollary below can easily be deduced from the above proposition.

Corollary 4.8. Set F := K[f4]/{(f? — 1/9), we have that R = Ay(F), where As(F) is the
second Weyl algebra over the ring .

Remark 4.9. We have the following isomorphisms:

F 2= K[fs]/(fs —1/3) @ K[fs]/(fs +1/3) 2K ® K.

These induce an isomorphism As(F) = A5(K) @ Ax(K).
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Remark 4.10. Observe that the subalgebra B of R generated by fa, fs, f5, f6 is isomorphic

to A2(K) and R = B[f4]/(f7 — 1/9) = As(K)[f4]/(f? — 1/9). Thus R is a quadratic

extension of As(K). Note also that ALQ( - is a g-deformation of Ay ® R = Ay(F) =
55D

A (K)[fal/{f2 = 1/9) = A2(K) & Az (K).
5. Derivations of the simple quotients of U; (G2)

In this section, we compute the derivations of the algebra A, g using the DDA that
allows to embed A, g into a suitable quantum torus. Derivations of quantum tori are
known, thanks to the work of Osborn and Passman [19]. In our cases, such derivations
are always the sum of an inner derivation and a scalar derivation (of the quantum torus).
Since Aq,g can be embedded into a quantum torus, we first extend every derivation of
Aqp to a derivation of such quantum torus, and then pull back their description as
a derivation of the quantum torus to a description of their action on the generators of
Aq.p by “reverting” the DDA process. We conclude that every derivation of A, g is inner
when « and S are both non-zero. However, when either « or (8 is zero, we conclude that
every derivation of A, g is the sum of an inner and a scalar derivation. In fact, the first
Hochschild cohomology group of A, s is of dimension 0 when « and 8 are both non-zero
and 1 when either « or 3 is zero.

5.1. Preliminaries and strategy
Let 2 <j <7and (o, 8) € K2\ {(0,0)}. Set

A0) AW)
@l Q) —a, Qy — B)’

where AU) is defined in Section 3.1 and, Q; and € are the generators of the centre of
A see Remark 3.2. Note in particular that Ag)ﬁ = A, 3. For each 2 < j <7, denote
the canonical images of the generators F; ; of AU) in Ag)ﬁ by e;; forall 1 <7 <6.

As usual we denote by t; the canonical image of T; in A((f)ﬁ for each 1 < i < 6. For each
3 < j <6, define S; := {/\t;jt;jjf ot iy, g € Nand X € K*}. One can observe
that S; is a multiplicative system of non-zero divisors (or regular elements) of Ag)ﬁ
Furthermore; t;,...,%s are all normal elements of Ag)ﬁ and so S; is an Ore set in Afj)ﬁ

One can localize A(aj)ﬁ at S; as follows:
R; = AV, S

Let 3 < j <6, and set ¥ := {t¥ | k € N}. By [4, Lemme 5.3.2], ; is an Ore set in both
AV and AV and
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(4) =1 _ AU+ -1
Ay =AY S
As a consequence, similar to (8), we have that
Ry = Ry, (15)

for all 2 < j < 6. By convention, Ry := A, g. We also construct the following tower of
algebras in a manner similar to (9):

Ry =Aapg CRe=RrE5" CRs=ReS;' CRs=Rs5;" CRs. (16)

Note that R3 = AL, 85" = RyS3" is the quantum torus o 5 = Kn [t31, 65", 27, 15]
studied in Section 4.1.

Our strategy to compute the derivations of R~ is to extend these derivations to deriva-
tions of the quantum torus R3. Then we can use the description of the derivations of
a quantum torus obtained by Osborn and Passman in [19]. Once this is done, we will
have a “nice” description but involving elements of R3 and we will then use the fact that
these derivations fix (globally) all R, to obtain a description only involving elements of
R7. This is a step by step process requiring knowing linear bases for R;. We find such
bases in the next subsection.

Before doing so, we note from [4, Lemme 5.3.2] that the DDA theory predicts the
following relations between the elements e; ;:

-1
€1,6 = €1 + T€5€q

-1 -1 3 —2
€26 = €2 +tlezeseg + ueseg + neseg

e3¢ = e3 + segegl

€16 = €4+ begeﬁ_1

€1,5 = €1,6 + h€37665_% + 964766;3

€25 = €26+ fe%,ﬁeg,é + p63,664,6€5:g + 6642;7665772

€35 = €36 + 064,6657(13

€14 =e€15+ se§,5e;é

6274 = €25 + b€§756;é

€1,3 =€1,4 + a62’46;}1
t1:=e12=-¢€13
ty:=e€22 =e€23 =¢€24
t3:=e32 =€33=e€34 =€35
tyi=€49 =€43=€44=C45=C46

ls :=e52 =€53 =€54 = €55 = €56 = €5
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lg == €62 = €6,3 = €6,4 = €65 = €66 = €6,

where, as usual, the necessary parameters can be found in Appendix A.2.
We also note that we have complete control over the centres of the algebras R;.

Lemma 5.1. Let Z(R;) denote the centre of R;, then Z(R;) =K for each 3 <1i < 7.

Proof. One can easily verify that Z(R3) = K. Note that Ry = A, . Since R; is a
localization of R;y1 (see (15)), we have that K C Z(R7) C Z(Rs) C Z(R5) C Z(R4) C
Z(R3) = K. Therefore, Z(R;) = Z(Re) = Z(Rs) = Z(R4) = Z(R3) =K. O

5.2. Linear bases for Rs, R4 and Rs

Let (o, 3) € K?\ {(0,0)}. We aim to find a basis of R; for each j = 3,4,5. Since
Rs = o g, the set {tit)thtk | i, 4,k 1 € Z} is a K-basis of Rj.
For simplicity, we set
fit=ea Fi:=FE4
21 :i=e1;5 Zy:=FEi5

Z2 1= €25 ZQ L= E275.
Basis for R4. Observe that

) A@
A <91*Oé,92*5>,

AY

where Q = FyT3Ts + aT5Ty and Qo = ToT3Ts in AW, Recall from Section 4.2 that
finding a basis for the algebra Ag served as a good ground for finding a basis for A, g.
In a similar manner, to find a basis for R4, we will first and foremost find a basis for the
algebra

A(4)S4,1 _ A(4)S4*1 _ A(4)S;1 |
? (Q2-8) (TTuTs - B)

where 8 € K*. We will denote the canonical images of E; 4 (resp. T;) in A(;) by €1
(resp. ;) for all 1 < i < 6. Observe that &5 = BtAﬁfltA‘fl in A?)S;l. Note that when
B =0, then one can easily deduce that A(ﬁ4)54_1 = AW S /(Ty), hence, {5 = 0.
Proposition 5.2. The set G4 = {ﬁ“tgisﬂuﬁisﬂ;% | (i1,143,14,15,16) € N2 x 23} s a K-
basis of AE?)SZI, where § € K.



28 S. Launois, I. Oppong / Bull. Sci. math. 184 (2023) 103257

Proof. We begin by Showing that G4 is a spanning set, for Agl) Sy ! 1t is sufficient to do

~ k ~kg ~k
this by showing that f; tg 1y 4155 t6 can be written as a finite linear combination

of the elements of &4 for all (ki,...,ke) € N3 x Z3. This can easily be done through an
induction on k, using the fact that i = Bt?;_ltz_l (note that, if 5 =0, then t = 0).
We now prove that G4 is a linearly independent set. Suppose that

Zaifl B G R =0
i€l

This implies that

> @ TPTHITETE = (2 — By,
i€l

for some v € AW S Write v = > b FP TR TR Ty Ti* Tge, where j = (i, ia, i, 4, i5, ic)
jeJ

€ J cC N3 x27Z?%and bl is a family of scalars. Given that Qs = TyT4T, it follows from

the above equality that

Zal T§3 i4 26 _ Zq b F T§2+1T§3Ti4+1T T16+1
i€l jeJ
— > B P TR TR Ty Tae Ty,
jed

We denote by <, the total order on Z defined by (i1, 42, 3,14, 45,1¢) <2 (w1, ws,
w3, Wa, Ws, we) if [wg > ia] or [we = i9, wy > i1] or [wy = i2, w1 =41, w3 > i3] or ... or
[w = i7, we > tg, | =2,1,3,4,5].

Suppose that there exists (i1,...,4¢) € J such that by, . ;) # 0. Let (wq,...,we) € J
be the greatest element of J with respect to <z such that be,, . . # 0. Note that

(F“T”T"’T“‘T%Tm)(l1 i) is a basis of A(4)S4_1. Identifying the coefficients of
F1“’1T§”2+1T§”3Tf’4+1T§”5TW’+1, we have that by, . ws) = 0. This is a contradiction
to our assumption, hence b, . ;) = 0 for all (iy,...,is) € J. This implies that

> aFPTPTHTETE = 0.
iel

Consequently, a; = 0 for all ¢ € I. Therefore, G4 is a linearly independent set. O

In Ry = A556S4 we have the following two relations: fitsts+atots = « and totstg =
8. This implies that fit3 = atgl — aty and ty = Btgltil. Putting these two relations
together, we have that

fitzs = ats ' —aptgtt;t (17)
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Note that we will usually identify R4 with AE;)SZI/(Ql — ).

Proposition 5.3. The set By = {ff%ffté%é",téstfft?tés | i1,i3 € N and iy, i5,i6 € Z} is a
K-basis of R4.

~k3 ~kq ~ks ~

Proof. Since <f1 t3 s s is a basis of A(;)Szl (Proposi-

i )
(k1,ks,....ke)EN2 X Z3

tion 5.2), the set (ffltl?fgti%sstlg"‘) spans R4. We show that By is a
(kl,kg,..“,kﬁ)eNzXZS

spanning set of R4 by showing that flkltéfg tfj“ t’§5 t’gﬁ can be written as a finite linear com-
bination of the elements of By for all (ki,ks,...,ks) € N? x Z3. By Proposition 5.2, it
is sufficient to do this by induction on k;. The result is clear when k; = 0. Assume that
the statement is true for k; > 0. That is,

FUESER R e = > aif (SR + Y btRtititle,
i€l JEI2

where 1 = (il,i4,i5,i6) elhb CNx 73 and l = (ig,i4,i5,i6) el C N x Z3. Note that
a; and b; are all scalars. It follows that

k1+1t§3ti4t§5tk6 = fi (fflf§3t§4t§5t ) Z a; z1+1 t255t + Z b; flt fzft
i€l j€l2

Clearly, the monomial f;* ™'}t € Span(By). We have to also show that fit§* ¢/}t €
Span(By) for all i3 € N and iy4, 45,96 € Z. This can easily be achieved by an induction
on i3, and the use of the relation fit3 = atgl — aﬂtgltll. Therefore, by the principle of
mathematical induction, B, is a spanning set of R4 over K.

We prove that By is a linearly independent set. Suppose that

D aif e + > bttt =0,

i€l JEI2

It follows that there exists v € AE;)S; ! such that

Z azfl t4247§;)15t6 + Z b1t3 tAletAsZSte © = (61 — Oé) v

iel jels

Write v = E clfl 1t3“ﬂ“tgz°t6 ® where [ = (iy,13,14,5,1¢) € J C N2 x Z3 and ¢ € K.
leJ
~ A71,\ ~ 1/\71/\
Note that to = Ptg ts . We have that Ql = fitsts + at2t5 = f1t3t5 + aﬁtﬁ ty ts.
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Therefore,

Ail/\i4/\i5/\i5 ~13 ~Tg4 ~15 ~1g ° Ai1+1/\i3+1/\i4/\’i5+1/\i5
E aifi ta ts te + E bijts "ta t5 le ZE Cafi t37 tats g
el Jjelz leJ

~i1 ~ig ~ig—1 ~ig+1 ~ig—1
+§ q*Bacyfi tz ty o ts ts
leJ

AU ~dg ~dg ~i5 ~ig
- E OtCLf1 t3 t4 t5 t6 .
leJ

Suppose that there exists (i1, 13,14, 15,%6) € J such that c(;, i,.iy,i5,i5) 7 0-

Let (w1, ws, wy, ws,ws) € J be the greatest element (in the lexicographic order on N2 x
~ks ~ky ~ks ~k¢

~ky k
3 .
Z?) of J such that ¢y, wy,w,ws,ws) 7 0- Since (fl ts ty ts tg >(k1,k3,‘..,k6)eN2><Z3

Switl ~wz+1 ~wy ~ws+1 ~w

is a basis of A(4)S471, it follows that the coefficients of f; t3 ta 15 t ° in the
above equality can be identified as: ¢°C(u, ws,we,ws,ws) = 0- Hence, ¢w; ws wa,ws,we) = 0,
a contradiction! Therefore, c(;, i, i,.is,i) = 0 for all (i1,13,44,145,7¢) € J. This further
implies that

AT~y ~i5 ~ig g ~ig ~ip ~ig
E aifl t4 t5 t(; + E bltg t4 t5 t6 =0.
i€l JjEI2

It follows from the previous proposition that a; and b; are all zero. In conclusion, By is
a linearly independent set. O

~ ABG) g1
Basis for Rs. We will identify R5 with A% S /(Qy — 3), where AP S = rsf’>

1 — Q
Note that the canonical images of E; ; (resp. T;) in AS’) will be denoted by é;; (resp.
t:) We now find a basis for A&S)Sgl. Recall that Q1 = Z113T5 + aZ5T5 and Qo =
ZoTyTs + bT3Ts in A®) (remember that Z; := Ej 5 and Zy := Es5). Since zatats +
bt3te = B and Alsts + asis = o in Rs and A(()?)Sgl respectively, we have the relation

- 1 ~—1 __~\ . _ . . .
25 == (at5 — z1t3) in Ag?)Ss Land, in R5, we have the following two relations:
a

(Oétgl - thg) s (18)

(ﬂt6 L Zzt4) = %te; t— %t4t5 L+ %th?’t‘l' (19)

S = Q=

4/\' ~

Proposition 5.4. The set G5 = {21“72’3:2’ " | (i1,43,...,16) € N3 x Z2} is a K-

basis of A,()?)Sgl, where a € K.
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Proof. The proof is similar to that of Proposition 5.2, and so it is left to the reader.
Details can be found in [18, Sec. 4.1]. O

Proposition 5.5. The set By = {ziltgtfft?téﬁ (€,i1,14,15,16) € {0,1,2} x N2 x ZQ} 18
a K-basis of Rs.

Proof. The proof is similar to that of Proposition 5.3, and so it is left to the reader.
Details can be found in [18, Sec. 4.1]. O

We note for future reference the following immediate corollary.

Corollary 5.6. Let I be a finite subset of {0,1,2} x N x Z3 and (a( ;))ic1 be a family of
scalars. If

Y aEapA ity =0,
(&0)el

then age ;) = 0 for all (€,1) € 1.

Remark 5.7. We were not successful in finding a basis for Rg. However, this has no effect
on our main results in this section. Since Ry = A, 3, we already have a basis for Ry
(Proposition 4.3).

5.3. Derivations of Ay g

We are now going to study the derivations of A, g. We will only treat the case when
both « and 8 are non-zero, and mention results when either @ or § is zero without
details.

Throughout this subsection, we assume that a and 8 are non-zero. Let Der(A4, g)
denote the set of K-derivations of A, g and D € Der(A4, g). Via localization, D extends
uniquely to a derivation of each of the series of algebras in (16). Therefore, D extends
to a derivation of the quantum torus Rz = Ky~ [tgil,tfl,tgl,t(;ﬂ]. It follows from [19,
Corollary 2.3] that D can uniquely be written as:

D =ad, + 4,

where © € R3, and 0 is a scalar derivation of Rg defined as 6(¢;) = A\;t; for each
i =3,4,5,6. Note that \; € Z(R3) = K. Also, ad, is an inner derivation of R3 defined
as adg(u) = zu — uz for all u € Rs.
We aim to describe D as a derivation of A, 3 = R7. We do this in several steps.
Before starting the process we note the following relations that will be used in this
section. They all follow from [4, Lemme 5.3.2].
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Remark 5.8. Recall the notations:

fii=eia Fi:=FE4

Z1i=¢€1p5 Zy = E1,5
Z2 1 = €25 ZQ L= E275.
Then
fi =t —atyts ! e36 = t3 — atyty "
21 = f1 — staty ! e1 =e16 — rtstg "
zZ9 = fz — btgt;l €3 = €36 — Stgtgl
_ -1 -2 _ 3;—-1
€1,6 = 21 — h€3’6t5 — gt4t5 €eq = t4 — thtG .

We first describe D as a derivation of R4.

Lemma 5.9.
1.z € R4.
2. A5 = Mg+ Ag, 6(f1) = —(>\3 + )\5)f1 and 5(t2) = —Asto.
3. Set Ay := —(A3 + A5) and A2 := —A5. Then, D(exa) = ady(exa) + Agera for all
ke{l,...,6}.

Proof. 1. Set Q, := K [t ¢ 1], where N’ is the skew-symmetric sub-matrix of
N (see Section 4.1) obtained by deleting the first row and first column of N. Observe
that Q, is a subalgebra of both R3 and R4 with central element

2= Uyt M.

Furthermore, since R3 is a quantum torus, we can present it as a free left Q,-module
with basis (5)sez. With this presentation, x € Rs can be written as

T = Z ystga

SEZL

where y, € Q4. Set

Tqoi= Zystg and z_ = Zyst;

$>0 s<0

Clearly, = x4 + x_. Obviously, x4 € R4, hence we aim to also show that z_ belongs
to R4 by following a pattern similar to [11, Proposition 7.1.2]. As D is a derivation
of R4, we have that D(z7) € Ry for all j € N>i. Now D(27) = ad,(27) + 6(27) =
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ads, (27) + ad,_(27) + 6(27). Observe that ad,, (27) € Rua; since z4,27 € Ry. Also,
§(2) = S(tats'ts) = (Mg — A5 + Xe)tats 'te = (A — A5 + Ag)2, where Ay, A5, \g € K.
It follows that §(27) = j(As — A5 + Xg)2? € Ra4. We can therefore conclude that each
ad,_(27) belongs to R4 since D(z7),ad,, (27),8(27) € R4. We have:

—n —n
ad, () =x_21 -2z = Z ystszd — Z ys 2t
s=—1 s=—1
One can verify that zts = ¢~ 2t3z. Therefore,

—n —n

ad,_(27) = Z (1 —q %*)y,t527, hence, ad, (27)z77 = Z (1 — g 2%)y,t5.
s=—1 s=—1

Set v; :=ad,_(27)z77 € Ry. It follows that

—n

vj = Z (1- q_ZjS)ystga

s=—1
for each j € {1,...,n}. One can therefore write the above equality as a matrix equation
as follows:
(1=¢) (1-q) (1=q¢) - (=] [yats] vy
(1-q)) (1=¢) (=) - (1—a") | |y ot;” 2
(1-¢°) (1-¢") (1-¢%) -+ (A1—=¢"")| |ystz®| = |
. . . . - : - :
1-¢") 1-¢") 1-¢") - 1=¢"")] ly-nt3" Vn

We already know that each v; belongs to R4. We want to show that yt3 also belongs to
Ry foreach s € {—1,...,—n}. To establish this, it is sufficient to show that the coefficient
matrix of the above matrix equation is invertible. Let U represent this matrix. Thus,

(1 —Qi) (1-¢*) (1-¢% - (1 —qj”)
(1—q*) (1—q182) (1—(112) e (L=g')
U= | 1-¢) (1-¢2) (1-4¢") (1—¢)
: : : . P
(1-¢*) (1-¢*") (1-¢°") - (1-¢*)
Apply row operations: —r,_1 + 7, — Tn,...,—T2 + T3 — T3,—T1 + 12 = 19 to U to

obtain:
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Iy I I3 In
*l q‘la ¢®l3 E *"ln
v —| ¢'h *la ¢y M|
(]2(n71)l1 q4(n71)l2 q6(nfl)l3 . q2n(n71)ln
where [; := 1 — ¢*; i € {1,2,...,n}. Clearly, U’ is similar to a Vandermonde matrix

(since the terms in each column form a geometric sequence) which is well known to be
invertible when all parameters are pairwise distinct (this is the case here as ¢ is not a root
of unity). This further implies that U is invertible. So each y;tj is a linear combination
of the v; € Ry4. As a result, yst§ € Ry for all s € {—1,..., —n}. Consequently, z_ =
Yool ysts € Ry as desired.

2. Recall that §(t,) = Aty for all k € {3,4,5,6} and A\, € K. From Remark 5.8, we
have that f; = t; — atat; ' Recall from Section 4.1 that ¢; = at; 't3 " and to = Bty 't !
in Rs = o, 3. As a result, f1 = atgltgl — aﬁtgltzltgl. Hence,

5(f1) = — (A5 + A3)ats '3 4+ (A6 + Aa + A3)aBts 'ty 5t (20)
From Proposition 5.3, the set By = {ffltfftést?,t?tfft?té‘"’ | 41,43 € N and iy, 15,16 € Z}

is a K-basis of Ry4. Since t4,t5 and tg g-commute with f; and t3, one can also write
5(f1) € R4 in terms of By as follows:

5(f1) :Zarflr+zbst§7 (21)

r>0 >0

where a, and b belong to Q; =K~/ R

T

= (atg st —aftygtty itz = Z (:) (atz 'tz )i(—aBts g )t
i=0 q°

T
_ r i ayr—i, Li(i—1)+3 (r—i)(r—i—1)+3i(i—7) p—i (p— 1y —1\r—i —r
_Z(z> .0‘( aB) "'q? 2 ts'(tg ty )" 'ty
=0 q
:crtgr, (22)
where
—~ (T Li(i—1)+ 23 (r—i)(r—i— i(i—r) i r—ig—ig—1,—1\r—i
CT—Z(.) gD R34 ()i (1 ) € Qg \ {0
. q.
(23)
Substitute (22) into (21) to obtain;

5(f1) =) arcrts” + > bt (24)

>0 s>0
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One can rewrite (20) as

5(fr) = dtz?, (25)

where d = — (X5 + A3)ats ' + (X6 + A + A3)afBty 'ty' € Q,. Comparing (24) to (25)
shows that bs = 0 for all s > 0, and a,.c,, = 0 for all » # 1. Therefore 6(f;) = alcltgl.
Moreover, from (23), ¢; = —aftg 't;* + aty *. Hence,

5(f1) = acitst = ar(—afty 'ty + atzs Dtz = ajaty 3t — ajaBtg gt (26)

Comparing (26) to (20) reveals that a1 = —(As5 + A3) = —(A¢ + A4 + A3). Consequently,
s = A¢+ . Hence, 0(f1) = —(As+3)ats 3t + (N +A3)aBts 'ty gt = —(Ns+X3) fi1-
Finally, since to = 5t671t4;1 in Ry, it follows that 6(t2) = —(X¢ + )\4)Btg1t21 =—(X¢ +
Aq)ta = —Asta.

3. This easily follows from parts 1 and 2. O

We proceed to describe D as a derivation of Rs.

Lemma 5.10.
1. x € Rs.
2. As =3X3+ A5, Ag = —3)3, (S(Zl) = —()\3 + )\5)21 and 6(22) = —)A525.
3. Set A1 := —(A3 + A5) and Ag := —A5. Then, D(ey5) = ady(ex5) + Asers for all
ke{l,...,6}.

Proof. In this proof, we denote v := (4,7, k,1) € N x Z3.
1. We already know that = € Ry = Rs[t;']. Given the basis Bs of R5 (Proposition 5.5),
x can be written as x = Z a(&y)zitgtit’gté, where I is a finite subset of {0, 1,2} x
(&w)el
N x Z3 and the a¢,v) are scalars. Write © = x_ + x4, where

i (€17 i (€17 4kl
Ty = Z e, Zit5th RS and o = Z ae,0) 2L t5EAEELE.
(gp)er (Ep)el
>0 j<0

Suppose that x_ # 0. Then, there exists a minimum jo < 0 such that a ; j, x,1) 7# 0 for
some (§,1,jo, k,1) € I and ae ; ;1) = 0 for all (§,4, jo, k,1) € I with j < jo. Given this
assumption, write

i 1k 4l

o= ) ey Atstithts.
(Ew)el
Jo<i<—1
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Now, D(ts) = ad,, (ts) +ads_(ts) + 0(ts) € Rs. This implies that ad,_(ts) € Rs, since
adg, (te) +6(tg) = ads, (ts) + Aets € Rs. We aim to show that _ = 0. Since ¢ is normal
in R5, one can easily verify that

adg (1) = 3 (0077 1) aeu ittty
(&)l
Jo<j<-1
Set w := (i,4,k,1) € N2 x Z2. One can equally write ad,_(ts) € R5 in terms of the basis
B5 of Rs (Proposition 5.5) as:

ads_(te) = Y bew i t5t5tELG,
(Ew)eJ

where J is a finite subset of {0, 1,2} x N2 x Z? and b(¢ ., are all scalars. It follows that

S (@Y 1) e ABHEET = Y bew sk
(Eu)el (tw)e
jodi<1

As Bs is a basis for Rs, we deduce from Corollary 5.6 that (z{t%titlgté)
(1€Nsj,k,1€Z;£€{0,1,2})

is a basis for Rs[t;']. Now, at j = jo, denote v = (4,4, k,1) by vy := (i, jo, k,1). Since
vy € N x Z3 (with jo < 0) and w = (i, ], k,1) € N2 x Z? (with j > 0), it follows from
the above equality that, at v,, we must have

(479 =1) 0, = 0.

From our initial assumption, the coefficients a( ,, ) are all not zero, therefore g3li—do—k) _
1 = 0. This implies that

for some (&,v,) € 1.

In a similar manner, D(t3) = ad,, (t3) + ad,_(t3) + 6(t3) € Rs. This implies that
ad,_(t3) € Rs, since ad,, (t3) + d(t3) = ad,, (t3) + Asts € Rs. We have that

ad,_(ts) = Y aeunAtitithithts — > aepts2itstithtl.

(el (&u)erl
Jo<j<-1 Jo<j<-1

One can deduce from Lemma A.1(3a) that

t32t = q 2ty + dafi]Zi T 2y,
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1

-2
where ds[i] = ¢ ds[1 7(]7 , do[1] = — (g + ¢ 1 + ¢3) and d2[0] = 0. Therefore,
1—q2

the above expression for ad,_(t3) can be expressed as:

ady_(ts) = Y fli,j. Klaw2itstithts + > fli, . Klag ) 2it5t5tEt,
(0,)el (Lw)er
jo<i<—1 jo<i<—1
+ Y flid Klaew sttty — Y aewdalilzl aatititht,
(2w)el (gw)erl
jo<i<—1 jo<i<—1

where f[i, j, k] := ¢~ **+37) — g~%. Recall from (18) and (19) that

1 ’ !
29 = = (atgl _ thS) and 3 = —tg — —t4tg1 + —21t3ta,
a a a

where a and b are non-zero scalars (Appendix A.2). Using these two expressions, one can
write ad,_(¢3) in terms of the basis of R5 as:

ade_(ts) =K+ > gli,jo, klagu,)2Atstithts + Y glisjo. klag,u,) 21 t3t1 thtl

(0,p9)el (LE())GI
+ Z 2%)9[1 jo, K2ttt — Z TdQ[ age,v) 2 LSedo k=14l
(2:u9)€l (&wo)El

= Z 1/b (¢°Bali, jos Klacz,i jo i1y + (@ abdzli + 1]/a)ao is1 jo k+1.0) ) 2Lt tE LS
+ ) (glis o, Klago,i gk + (@ adali + 1]/a)aq i1 o ks1)) Zitsty thts

+ Z (i, Jos Klaqiijo, k) + (¢®adafi 4+ 1] /a)ae i1 5o kt1,0)) A3tk + K,
(28)

where g[i, jo, k] := ¢~ F1350) — ¢~ 4+ dy[i]/a and
K € Span (Bs \ {24 656°15¢% | (€7, jo,k,1) € {0,1,2} x N x Z°}).
One can also write ad,_ (t3) € Rs in terms of the basis Bs of R5 (Proposition 5.5) as:

ady_(ts) = > biew2it5tithts, (29)
(&w)ed

where J is a finite subset of {0,1,2} x N? x Z?, and b¢ . € K. Recall: w = (4,4, k,1) €
N2 x Z2. Now, (28) and (29) imply that



38 S. Launois, I. Oppong / Bull. Sci. math. 184 (2023) 103257
S b ittithts =
(Ew)eJ
Z 1/b (¢°Byli, jo, Kla,i o ki11) + (q°abdali + 1]/a)ag,it1 o k+1.0)) 2L tELS
+ Z (4, Jo, Klao,ijo. k1) + (¢ adali + 1]/a)a iv1 4o, k41, l)) zitgtiotlgt%

+ > (glis dos Klai jo ki + (a*adoli +1]/a)ag i joni1n) 218365t + K.

We have already established that (zz 5t tktl> is a basis for Rs[t; ']
Y LS50 ) ensjkezseeqo,1,2}) slta’]

Given that vy, = (i, jo, k,1) € N x Z* (with jo < 0) and w = (4,7, k,1) € N? x Z? (with
j > 0), it follows that

q°Bali, jo, kla,ijo,ki+1) + (¢Cabd[i + 1] /a)a iv1, 5o, k+1.0) = 0 (30)
gli, jo, kla,i jo. ke, + (@®adali + 1] /a)ac it jo k41, = 0 (31)
ali, jo, klaq i jo.rey + (@®adali +1]/a)ac it1,jo k41, = O (32)

Suppose that there exists (&, 1, jo, k,1) € I such that g[i, jo, k] = 0. Then,

gli, jo, k] = ¢~ *F390) — ¢~ 1 dy[i]/a = 0.

(1—q
Note that do[i] = da[1]¢* (17q_2>, where da[1] = —(¢+ ¢~ + ¢73) and d»[0] = 0.
—q
Agai ; ‘ (2 -2 -2 _ ng[ ]
gain, recall from Appendix A.2 that a = (¢* +1+¢ %) /(¢ —1) = 7 . Given
—q
these expressions for da[i] and a, we have that
gli jo, k] = g~ FF390) — g7 4 dy[i]fa = ¢~ %0~k — 73 = 0.
Since g is not a root of unity, we get
k= 3(i — jo)- (33)

Comparing (33) to (27) shows that ¢ — jo = 0 which implies that i = jo < 0, a contra-
diction (note that ¢ > 0). Therefore, g[i, jo, k] # 0 for all (&,4,7,k,1) € I.

Now, observe that if there exists £ € {0,1,2} such that a; o, = 0 for all
(i, o, k,1) € N x Z3, then one can easily deduce from equations (30), (31) and (32)
that a(e o,k = 0 for all (&,4,jo, k,1) € I. This will contradict our initial assump-
tion. Therefore, for each ¢ € {0, 1,2}, there exists some (i, jo, k,l) € N x Z3 such that
(e ,ijo,k,0) 7 0. Without loss of generality, let (u, jo,v,w) be the greatest element in the
lexicographic order on N x Z?2 such that a(0,u,jo,vw) 7 0 and a(o i jo k1) = 0 for all i > u.

From (31), at (4, jo, k,1) = (u, jo,v,w), we have:

gl Jos v]a(0,u,jo,0,w) + (@Cade[u+1]/a)an ui1 jo,or1,w) = 0
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From (32), at (i, jo, k,1) = (u+ 1, jo,v + 1,w), we have:
glu+1,jo,v + 1a@ utt,jovt1,0) + (@ adau 4 2]/a)az ut2 jo v+2,0) = O-
Finally, from (30), at (4, jo, k,1) = (u+ 2, jo,v + 2,w — 1), we have:
q°*Bglu + 2, jo,v + 2]a2,u+2,jo,0+2,w) + (¢Cabda[u + 3]/a)a,u+3,jo,0+3,w—-1) = 0
Note that a,b, a, 8, ¢* # 0; glé, jo, k] # 0 for all (§,14, jo, k,1) € I; and da[i] # 0 for ¢ > 0.

Since u + 3 > wu, it follows from the above list of equations (starting from the last one)
that

A(0,u43,jo0,043,w—1) = 0= A©2,ut2,jo,042,0) = 0= A(1,ut1,jo,041,w) = 0

= A(0,u,j0,0,w) = 0,

a contradiction! Hence, a(g; jo,kx,) = 0 for all (i, jo, k,1) € N x Z3. From (30), (31) and
(32), one can easily conclude that a(c ; j, 1) = 0 for all (£, 4, jo, k,1) € I. This contradicts

our initial assumption, hence x_ = 0. Consequently, x = x4 € R as desired.
2. From Remark 5.8, we have zo = t5 — bt%t;l. Since 0(t,) = Asts, & € {2,...,6},
with Ao := —)\5 (see Lemma 5.9), it follows that

§(z2) = — Asta — b(3Az — A)tats !t = —Aszo — b(3A3 — Ay + As)tat, L.
Furthermore,
D(z) = ad,(22) + 0(22) = ad,(22) — Asz2 — b(3A3 — Mg + As)t3t; * € Rs.
Hence b(3A3 — Ay + )\5)t§t51 € Rs, since ad, (z2) — As2z2 € R5. This implies that b(3A3 —

A1+ X5)t5 € Rsty (note that from Appendix A.2, b # 0). Set w := 3\3 — A\s+ A5. Suppose
that w # 0. From (19), we have:

B,-1 q3a -1 1
2=t — Iyt — 1 tsty.
8= ple gy s T paatale

It follows that
Fwa

wbts = whty ' —

w
tats !+ —2itgts € Rsta,

Since 3, t4t5_1 and zit3ts are all elements of Rsty, it follows that tﬁ_l € Rsts. Hence,
1 € Rstyts. Using the basis By of Rs (Proposition 5.5), this leads to a contradiction.
Therefore, w = 0. That is, 3A\3 — A4 + A5 = 0, and so Ay = 3A\3 + A5. This further implies
that 6(z2) = —A522 as desired.

Again, from Lemma 5.9, we have that §(f1) = —(As + A5) f1. Recall from Remark 5.8
that 2z, = f; — st3t; . Tt follows that
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§(21) = — (A3 + Xs)f1 — 8(2h3 — A)tat; = —(A3 + As)z1 — s(3h3 — Ay + As)tat, "
= — (A3 +Xs5)z1 — 5(3h3 — (BA3 + Xs) + As)tat, L = —(A3 + As)z1.

Finally, we know that &(ts) = Agts. This implies that d(t5') = —Agtg . From (19), we
have that

where a and b are non-zero scalars (Appendix A.2). This implies that

b Ca 1
tot = St 4+ Ittt — —2itsty.
6 53+a345 a52134
Given that 6(2’1) = 7()\3 + )\5)21, 5(t3) = )\3t37 5(t4) = (3)\3 + )\5)754 and 5(t5) = )\5755,
applying J to the above relation gives
3 1
Lt — —z1t3t4> .

_ b
s =% (—t§ * af3 ap

B
It follows that A\g = —3\3 as desired.
3. Set A1 := —(A3 + A5) and Ay := —X5. Remember: 21 = e15, 220 = ez and t; = €; 5
(3 < i < 6). It follows from points (1) and (2) that D(exs5) = ady(exns) + d(exs) =
adg(ex,5) + Asew s for all k € {1,...,6}. In conclusion, D = ad, + ¢ with z € R5. O

We are now ready to describe D as a derivation of A, g.
Lemma 5.11.

1. xeAaﬁ.
2. §(ex) =0 forallk € {1,...,6}.
3. D= ad,.

Proof. The strategy of the proof is similar to that of Lemma 5.10, hence we omit it here
and refer the interested reader to check it out in [18, Section 4.2]. O

Using similar techniques, one can describe the derivations of A, ¢ and A g. Details
can be found in [18, Section 4.2]. There are fundamental differences in these two cases.
Indeed, there exist in both cases derivations which are not inner. More precisely, one can
check that the linear map 6 on A, ¢ defined by

0(61) = —€1, 9(62) = —€9, 0(63) = O7 0(64) = €4, 9(65) = €5, 9(66) = 266

and extended to A, ¢ using the Leibniz rule is a K-derivation of A, .
Similarly, the linear map 6 on Ap,p defined by

O(e1) = —2e1, O(es) = —3es, O(e3) = —es, O(es) =0, O(es) =e5, 0O(es) = 3es
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and extended to Ao g using the Leibniz rule is a K-derivation of Ag g.
We summarize our main results in the theorem below.

Theorem 5.12. Given Ay 3 = U (G2)/(1 — o, Q2 — ), with (o, B) € K2\ {(0,0)}, we
have the following results:

1. if o, B # 0; then every derivation D of A, g can uniquely be written as D = ady,
where x € Aq 8.

2. if a # 0 and B = 0, then every derivation D of Ay can uniquely be written as
D = ad; + N0, where A € K and z € Ay .

3. if a =0 and § # 0, then every derivation D of Ag g can uniquely be written as
D = ad, + N0, where A\ € K and x € Ao..

4. HH'(Awo) = K[0] and HH' (Ao 5) = K[0], where [0] and [0] respectively denote the
classes of 0 and 6 modulo the space of inner derivations.

5. if a, 3 # 0; then HH (A, 5) = {[0]}, where [0] denotes the class of 0 modulo the
space of inner derivations.

The above theorem shows that A, g when both o and /3 are nonzero shares a number
of properties with the second Weyl algebra over K: it is a simple noetherian domain with
GKdim 4, units are reduced to scalars, and all derivations are inner.

It would be interesting to compute the automorphism group of these algebras and
verify if all endomorphisms are automorphisms, i.e. an analogue of the celebrated Dixmier
Conjecture [6].

In general, the present work and [13] suggest that the primitive quotients of U (g) by
primitive ideals from the 0-stratum provide algebras that could (should?) be regarded
(and studied) as quantum analogues of Weyl algebras.
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Appendix A. Relations of U; (G2), and definition of parameters used
A.1. Some selected general relations of U (G2)

Lemma A.1. For any n € Z>(, we have that:
1(a) E;E" = ¢ 3"E"E;  (b) ETE; = q_g’"EiE}I foralll <i,5 <6, withj—i=1.
2(a) E¢E} = q *"E}Eg + di[n]E} 'E2 (b)) E§Ey = q " E,EY + dy[n|EZEG ™
(¢c) ByEY = ¢ °"E}Ey + di[n|Ey ' E3  (d) E}Ey = q 3" EoE} + dy[n)ESE} ™,

1— —6n 4 2 2 1
where dy [n} = q3(1*")d1[1] qu—6> 5 1[1} = —ﬁ and dl[O] =0.

3(a) E3E} = ¢ "E}Es + dao[n|E} By (b) EYEy = ¢ "E1E} + da[n]| BBy 1
(¢c) BsEy = ¢ "EyFEs +do[n)Ey 'Ey  (d) EYEs = ¢ "E3EP + do[n]E4EL 1,

1 _ —zn
where da[n] = q'~"dy[1] (1_—61(1_2) ;da[l] = —(¢+q ' +q73) and da[0] := 0.

{(a) E}Es = E3E} +d3[n]E2EZ™  (b) EsEY = E3Es +d3[n|Ey ' E2,
1— —6n

where ds[n] = ds[1] (17Qqﬁ> ; ds[l] =1 —¢? and d3[0] := 0.
Proof. This is an easy proof by induction, left to the reader. O

A.2. Definition of parameters used throughout

In this subsection, we define some parameters/scalars used in this article. Any other
scalars not defined here must be defined in/before the context in which it is found.

G po 4 +200 - g 2
-1 (¢*+¢*+1)(1—q° ¢ —1
P ¢’
P+l
:q+q71+q73 f: 1*(]2 b/: q137q11
(1—¢2)? 1—q2 (¢* +¢*+1)
q+q! 1-¢? ' q°
B4 - — ha —
o s T4 a' =af+ hq I
Lo —a I e . q"
I 1—q5 (¢* +¢*+1)7
_dre _ -l _ @+ +d)

q2_1 1_q—6 € q4_2q2+1
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