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Abstract

Having infinitely many generalised symmetries is one of the definition of integra-
bility for non-linear differential-difference equations. Therefore, it is important to
develop tools by which we can produce these quantities and guarantee the inte-
grability. Two different methods of producing generalised symmetries are studied
throughout this thesis, namely recursion operators and master symmetries. These
are objects that enable one to obtain the hierarchy of symmetries by recursive ac-
tion on a known symmetry of a given equation.

Our first result contains new Hamiltonian, symplectic and recursion operators for
several (141)-dimensional differential-difference equations both scalar and multi-
component. In fact in chapter 5 we give the factorization of the new recursion
operators into composition of compatible Hamiltonian and symplectic operators.
For the list of integrable equations we shall also provide the inverse of recursion
operators if it exists.

As the second result, we have obtained the master symmetry of differential-
difference KP equation. Since for (2+1)-dimensional differential-difference equa-
tions recursion operators take more complicated form, master symmetries are
alternative effective tools to produce infinitely many symmetries. The notion of
master symmetry is thoroughly discussed in chapter 6 and as a result of this chap-
ter we obtain the master symmetry for the differential-difference KP (DDKP)
equation. Furthermore, we also produce time dependent symmetries through

sl(2, C)-representation of the DDKP equation.
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Chapter 1

Introduction

The interest on the study of nonlinear differential-difference equations (NDDEs)
have been increased in recent years. For the works that have been devoted to
these equations one can read [1, 2, 44, 45, 46, 95] and the references therein.
The importance of NDDEs can be seen in their application as models for physical
phenomena such as ladder type electric circuits, vibration of particles, collapse of
Langmuir waves in plasma physics, population dynamics, etc.

In differential-difference equations at least one of the space variable is discretized
while the time variable is still kept continuous. Usually the solution of NDDEs
are obtained through numerical calculations. There are some equations that can
be transformed into a linear equations or can be solved by the inverse scattering
method [1]. These two types of integrable equations are respectively known as
C-integrabe and S-integrable [96].

In this thesis, as its title indicates, we study the symmetry structure of nonlin-
car differential-difference equations. To avoid ambiguity. throughout the thesis
wherever we use the word symmetry we mean generalised symmetries. Roughly
speaking generalised symmetries are symmetries depending on higher order shifts

of dependent variables. The notion of generalised symmetry plays an essential




role in classification of integrable systems. We say an evolutionary equation is
called integrable if it possesses infinitely many generalised symmetries.

Based on this definition of integrability, we are interested to find tools by which
we can produce an infinite hierarchy of generalised symmetries and guarantee
the integrability. One of the well-known tool is the so-called recursion operators.
Throughout this thesis we discuss the structure of this object for NDDEs and
show how it can construct the space of commuting symmetries.

The construction of recursion operators has a close relation with symplectic and
Hamiltonian operators. In fact a recursion operator of an equation can be obtained
by the composition of its corresponding symplectic and Hamiltonian operators. In
this thesis we provide a number of new recursion operators where their factoriza-
tion into composition of Hamiltonian and symplectic operators is proposed. The
results are presented in sections 5.2.4, 5.2.14, 5.2.15, 5.2.16. It is one of the main
parts of the paper [42] which is available online and is accepted to be published
in the journal of Theoretical and Mathematical Physics.

Finding a recursion operator of a given equation is not always an easy task. Fur-
thermore when we deal with NDDEs of higher dimension (i.e. with more than one
continuous independent variables), the recursion operator has a very complicated
structure. These two factors lead us to look for an alternative method of produc-
ing symmetries. This method is based on using the concept of master symmetry.
Master symmetries are very handy tools when we are working with NDDEs in
(24+1)-dimension (i.e. with two continuous and one discrete variable).

Since we are concerned with the definition of integrability based on generalised
symmetries, we devote the thesis to the symmetry structure of differential-difference
equations. In fact we shall discuss all the mentioned objects which are related with
generalised symmetries and the concept of integrability.

The thesis is divided into five chapters as follows: In chapter 2 we construct the

space of smooth difference function that is the foundation of all the discussions




throughout this thesis. Furthermore in this chapter we introduce shift opera-
tors, difference operators and evolutionary vector fields which act on the space
of smooth difference functions. The concepts of Fréchet derivative and weakly
non-local difference operators are also introduced in this chapter.

Chapter 3 discusses the algebraic structures on the quotient space of difference
functions and introduce three operators namely symplectic, Hamiltonian and Ni-
jenhuis operators which play an important role in the theory of integrability. The
interrelation of these operators is also given in this chapter.

In chapter 4 we first introduce (1+1)-dimensional differential-difference equations
and then by taking equations of this type we shall apply the notions and theo-
rems of the previous chapters on the given equation. Chapter 4 also contains the
concept of generalised symmetry and definition of integrability.

The last two chapters contain the main results of this thesis. In particular, in
chapter 5 we give a long list of differential-difference equations together with
their symmetries, Hamiltonian, symplectic and recursion operators. Some of these
quantities are already known for the given equations. We shall point out the new
results (i.e. Hamiltonian, symplectic and recursion operators) at the end of Sec-
tion 5.1.

In chapter 6 we discuss the extension of NDDEs to (2+1)-dimensional differential-
difference equations in which a given equation depends on two continuous and one
discrete variable. Then we introduce the notion of master symmetry and employ
it to the differential-difference KP (DDKP) equation. The last section of this
chapter presents the sl(2, C)-representation of the DDKP equation which gives
another interpretation of the master symmetries in constructing time dependent

symmetries.



Chapter 2

Difference functions, functionals

and pseudo-difference operators

2.1 Ring of smooth difference functions

Let u = (uM (n,t),u®(n,t),--- ,u™(n,t))T be an m-tuple of unknown functions
of two independent variables n and t where n takes its value in integers and ¢
comes from the real numbers. For each component, the shift of length 7 in the
discrete variable is denoted as

W™ (n+i,t) =u™ . (2.1.1)

i

This will be later obtained by the action of the so-called shift operator. In

particular, when 7 = 0 we have

w™(n,t) = ul™, (2.1.2)




which we often simply denote by «(™. In general for the vector valued u we have

When m is a small number (i.e. m = 2,3), instead of components u"), u® 4

we use letters u, v, w as follows:

m= 27 u = (uvlv)Ta

=3, u = (u,v,w)’.

Now let § denote the set of all smooth functions of the form

Notice that f does not depend explicitly on the independent variable n. For

example the following two functions are elements of §:

1
f == +sin(v_1) +v_pu, 0 =) (2.1.3)
u

g = wou® + uvw? u=(u,v,w). (2.1.4)

As we can see in these examples f and g depend on the finite number of variables.

Thus each element of § can be presented in the following form:

!

f[u]:f(ufvufflﬂ“'7ug’+1,u({’), 626

So in the above two examples we have

f(ula u,u_j, u—2)a u = (U, U) )

g(uz,ur,u,uy), u=(u,v,w).




If u is a one component vector depending on just u, then for

f(u(fa Up—1," " >u£’+17uf’) = 37 (’ Z El y

we call ¢, ¢ respectively the left and right order of the smooth function. For
example the scalar function f = u_su + uyu® + uy is a difference polynomial with

the left and right order as

Obviously § has the structure of a ring and is called the ring of smooth difference
functions. We now introduce the shift operator as the ring automorphism and

denote it by S : § — § which satisfies

S*(f) = f(-++ , U otk, Uik, U, Wigp, Unig, - -+ ) = fi, ke,
S(f+ =8N +8(f)=hH+h,
S(ff)=8(HS(f) = ffr (2.1.5)

For example the action of 8 on (2.1.4) gives

g2 = S*(9) = waul + UpUp W] .

Having the shift operator we shall introduce another operator called the Differ-

ence operator and is given by

A=8-1. (2.1.6)

According to the linearity of the shift operator one can easily obtain the same

axiom for the difference operator, namely

Aler f + c29) = alA(f) + c2A(g), fig €S, ci,c2 €R.




The difference operator A does not satisfy the Leibniz rule but the action of A

on the product of two smooth functions obey the following relation:

A(fg) = (§=1(f9) = frgr — fg
= ho—hg+ hg—fg
= fiA(g) + A(f)g
= g1A(f) + fA(g). (2.1.7)

In the following proposition we see a formula for higher power of the difference
operator [44].

Proposition 1. For higher positive powers of the difference operator we have the

general formula

"(fg) = i( )N Fr—rJA™"(g) - (2.1.8)

r=0

Proof. For m =1 we get

L AT(fi) AT
:Z (f 2! (9)

r=0

= f1A(g) + A(f)g,

which is valid due to (2.1.7). Now assume that it holds for m > 0, then we have

A™H fg) = A (i (Zn> Af(fm_r)Am—r(g)> _

r=0



Using (2.1.7) it can be written as the sum of the following two terms:

m

( > m+l r Am+l r +Z< )Ar+l . ’r)Am—r<g)
m+1
= < > 171+177‘)Am+1 T +Z< > m+1 F)An7+l 7((])
~ funA™(g) + (Z((T) (" 1)>A"<fm+H>Am+H<g>> Ay,

r=1

Using the identity (') + (™)) = (™), we get

r—1 T

+

m+1

Am+1(fg> = (TrL:’_ 1>Ar<‘f’”+1 7‘)An7’+177.(g) *

7

Il
=]

Hence for two arbitrary elements f, g € § we have

A*(fg) = S*(f)A%(g) + 2A(f1)Ag + A*(f)g -

From (2.1.7) we can easily derive the discrete version of integration by parts as

the following relation:

ATHA(f)g) = fg— AT ([1A(9)) - (2.1.9)

Remark 1. Elements of § are also known as local smooth difference functions.

Having defined the space of difference functions we are now ready to define

some operators acting on §.




2.2 Evolutionary vector fields

In this section we discuss the concept of evolutionary vector fields and how it
acts on the space of smooth functions §. We also show that unlike the shift and
difference operators, it satisfies the Leibniz rule. We begin the discussion by giving

the definition of a vector field.

Definition 1. A wvector field on § is defined as the following operator:

X = ZZX XGHeT.

1€Z a=1

Notice that since elements of § depend on the finite number of variables, thus
the action of X on some smooth function in § produces a finite sum. For example
for m = 3 and the polynomial f = udv + w_,v3 we have

of af of
_ 1 2 3
X(f) = ) (Xu)a—ui + X5y, T X0 g,
= X(ll)(2U1v) + X(O)ul + X(2)2'U2U]_2 + X(372)"U§

]

One can easily check that for any two elements f and ¢ in § we have

ZX< ZXo 9+fZX

€L, €L, €L,

which can be rewritten as

X(fg) = (Xflg+ f(Xg). (2.2.1)

Relation (2.2.1) shows that for the product of two smooth difference functions,

the action of a vector field obeys the Leibniz rule. We define the commutator of




two vector fields X and Y naturally as
[X,)Y]=XoY -YoX. (2.2.2)

Basically we are interested in the so-called evolutionary vector fields which com-

mute with the shift operator. Consider a vector field

XZX

1€EZ

If the following equality holds:

ZX

1EZL

then through direct calculation we get

Thus such a vector field can be identified by the following element:

where the corresponding evolutionary vector field is denoted by D, and has the

form

II
g

zm: (2.2.3)

From now on for convenience we denote ™ by g. In relation (2.2.3), p is called

the characteristic function of the evolutionary vector field. For example consider

10




the following element of g:

p = (uv + 2, ug +v)7 .

Then according to the formula (2.2.3) the evolutionary vector field assigned to the

characteristic p is of the form

,Z. 8 9
Dp = Z (S (ulv + Uil)au,l- (UQ + ’U) a@{) :

Obviously when u = (u) is a one component variable, then for any scalar function

fu] € § we have
D, — 7
f Z S, 5%
1EL

In fact as we expected each evolutionary vector field can be uniquely determined
from some element of g. In the following theorem [16] we also show that the space

of evolutionary vector fields forms a Lie algebra.
Theorem 1. The space of evolutionary vector fields is a Lie algebra with the Lie

bracket defined in (2.2.2).

Proof. We just need to show that for two elements p,q € g the commutator of

the corresponding evolutionary vector field is an evolutionary vector field

{Dp-Dq] = Dqu*Dqu

= DP(Z Si(q")

(

82 O[
Z 0 ;"

Z

By expanding the expression, >, S’I‘(qa)(Dpa%) and ), S (p“)(Dqﬁ) are

11



canceled as

e a 2l X a o
;3 (q )(Dpau—gg)) = gs (p )(qu) =0.

)

Therefore we get

o' 8 g —a
Doy Dal = 3 DolS'(a™) 5y = - DallS )5 -

Now since Dy, and Dy are evolutionary vector fields they commute with the shift

operator and we get

. 0
251 (Dp(q™) = Dqg(p”)) T Dy,
ia u,
where
B = Dyla™) — Da(p™). (2:2.4)

Example 1. Consider two elements p,q € g as

P = (U1 +U,’U41 +’LL)T,

q = (uvy, uv)’ .

We have
: 9, : 0
_ Tl bl ip2Y 7
(Do Da] = 3 )5+ S5,
= S S Dy{a") — Dulp)) e + S (Dyla?) ~ Dolp?) o
- 2 = 811,1 3 : 87}2’ ’

12




where

Dp(‘]l) — (Ul + U)Uz + (v + ug)u,
Dq(pl) = U1V3 + UV,
Dp<q2) = (u +v)v+ (v_1 +w)u,

Dy(p?) = uvy + u_qv_1.

Therefore the characteristic function is the following vector valued function:

h = (u1v2 + vvy + uvy + Uy — ULV — UV, ULV + v? +uv_q1 + 2 = UVy — u_lv_l)T

The corresponding evolutionary vector field becomes

0
5ui

Dy, = E S (u1ve + vvg + uvy + Uty — U V3 — UL)
i

: 0
+8 (uyv +v* + uv_g +u? — uvy — u_lv_l)a— )
Vi

Notice that in the differential case (where all independent variables are continuous)
the similar concept of evolutionary vector fields is defined with respect to the space
derivation [68, 96]. In this case evolutionary vector fields are vector fields that
commute with D,. The difference between these two definitions lies in the fact
that in discrete case S is treated as a ring automorphism not a derivation. In
the next section we introduce the equivalence class among elements of the ring of

smooth functions §.

13



2.3 Space of functionals

In this section we use the difference operator (2.1.6) to introduce the space of
functionals. To do this we first explain what we mean by equivalent smooth

functions.

Definition 2. Two smooth functions f and g in § are called equivalent (i.e.

f ~ g) if there exists an element h € § such that

f—g=Ah. (2.3.1)

This is the discrete analogue of the total derivative in the differential case. An
obvious example for the above definition is that any shift of an arbitrary element

f € § is equivalent to the original expression
fl_f:Afa lef7

where according to (2.1.5) by f; we mean S(f). Therefore according to the tran-

sitivity property of equivalence relations we have

fi~F.

For a less trivial example one can easily check that f = uju3 + 2uuf +u_q +u is

equivalent to 3uu? + 2u_; since
(uru2 + 2uu? + u_y +u) — (Buwd 4+ 2u_;) = Auui +u_q).

When f is equivalent to zero we say f is a total difference, that is there exists
h € § such that
f=24k.

14




Based on Definition 2 we can define the quotient space on the ring of smooth

difference functions as

F =38/Im(S—1).

For an arbitrary f € § we denote the equivalence class by the functional

[+

We define the action of evolutionary vector fields on the space of functionals as

follows:

Dp(/f): /.Dp(f)- pegfeT. (2.3.2)

As an example, for the characteristic function p = (uyv, v_1+u) and the functional

/ u?v; we have

. 0 : 0
Dp(/ fi = /ZSl(uw)ai + S (v +u)81j;

= /(2uu1vv1 +ou? + u2u1) )

The next theorem provides the necessary condition for some function to be a total

difference [95].

Theorem 2. Let f(up, up—1,- -+, Uy, Uy) be an element of § such that for some

1 <o, B <m we have

0 0
2o St
ou, 8%,
Now if f is a total difference, then
52
P (a)g @~ Y-
u, Ou,

15




Proof. Suppose f(ug,up_;--- ,uy) is a smooth function subject to the condition

of of
0, —— #0,
0™ a7

for some 1 < o, < m. If f is a total difference then there exists an clement

q(ug_1, 045, ,uy) € § such that

f = (I(uﬁa e 7u£/+1> - Q(ué—la e 7u£/> =q1 —q. (233)

Now according to the structure of ¢, by differentiating both sides of (2.3.3) with

respect to uﬁf‘) and uy) we get

0 _(9f,_ 0 o
oul) ou” oul) ou

=10,

According to this theorem it is obvious that uyu+ uyv is not a total difference.

In our calculations we encounter so often the relation

where f is some smooth function. For instance this happens in obtaining the co-
efficients of formal shift operators or explicit expression of generalised symmetries
that will be discussed in chapter 4. The following theorem helps one to specify

the explicit form of f [95].

Theorem 3. Let f € § and Af =0, then f is a constant function.

Proof. Without loss of generality, let f be the non-constant smooth difference

16



function of the form

f(ufa Upg—1,° " 7uf’+la U({’) 5
where
af of
— £ (, : 0 2.3.4
Ouy ' Ougpr 7 ( )
and satisfies the relation
f(u(urla Ugy -+ Upr42, Up/+1) - f(uea Up—1, 5 Upr41, ul/) =0.
This leads to
0
/ =1,
ng/
which contradicts with (2.3.4) and hence f is a constant function. O

For example let g(uo, ui,u,u_1,u_5) be a difference polynomial of its argu-
ments and assume
1 Jg
(-1t =

uuy Oy

0.

Then we get [95]

g = aquuyug + G(uy, u,u_1,u_s),
where «v is a constant.

Remark 2. We can naturally extend Definition 2 to elements of g. In fact two
elements p, q € g are equivalent if and only if each corresponding components are

equivalent. In other words

p~qg<=p—q=(S—1)h, p.gheg, (2.3.5)
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where (S — 1) acts on each component of h.

In the next section we will encounter one of the most important notions which

plays the fundamental role in the definition of integrability.

2.4 Fréchet derivative

Using the concept of Fréchet derivative we will later define other closely related
notions of integrable systems such as generalised symmetries and recursion op-
erators. We start this section with the definition of Fréchet derivative and then

several examples are given to clarify the calculations in practice.

Definition 3. Let p € g. Then the Fréchet derivative of p is a linear map acting

as

d
p.(q) = —pluteq| (2.4.1)
de ot

where q is also an element of g.

In fact to calculate the Fréchet derivative we replace each component u,ﬁa) by

('cv)

(2

u;" + €S'(¢™) and then differentiating with respect to € and set € = 0. From the

definition it is clear that the Fréchet derivative is a linear operator and satisfies
the Leibniz rule. In the first example we consider the case in which both elements

are scalar functions depending on a single variable w.

Example 2. Let [ and g be the following scalar functions:

: 2
f=ui+uuy,

g:u2+u1.
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Then we get

fla) = S ((ut cgh + (ot o)t eg) ) o
= 2uiS(g) + u1g+uS(g)

= 2u‘rf + 2uqus + ulu_1 + wu_q + uu2_1 +u?.

From this example we can easily see that if f and g are both scalar functions

then we have the following formula for the Fréchet derivative:

fl9) = Y2 2-5's). (242)

We proceed with an example in which u and p are both vector valued functions.
Example 3. Assume f = ujv+v_u and let p = (p',p*)T be an arbitrary element

of g then

£0) = (i eSO+ )+ (0 +eST 0+ ) lno

= oS(p) + wp?® +v_1pt +uS7HP?).

Notice that when f depends on two variable v and v we denote f,, and f.,
respectively for the Fréchet derivative with respect to v and v. So in the above

example we have

f*u = US—*_Ufla

f*v =u; + US_I .
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This calculation can be written in matrix form as

pl

£u0) = ( fou S )

p?

and in general we have

76) = (0 580,

In the following example we consider the general case where both functions are

elements of g and we shall find the Fréchet derivative of two components function.

Example 4. Consider two elements of g given in Example 1 as

p=(u +v,v, +u)T,

q = (uvq, uv)T .
According to the definition of Fréchet deriwative we have

((u+eg)i + (v +eg®), (v +eq®) 1 + (u+eq')) le—o

@)+ 8NP + '),

p(q = %
(S

which similar to the previous example it can be written in matrix form

1 1 1
Pru P q

p.(q) =
Ty Da q

This can be simply generalised in the following form to the case in which p, q are
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m component vector valued elements of g:

1
p*u(l)

2
Bty

p.(q) =

m
Do)

We recall that for two elements p,q € g the commutator of corresponding evolu-

tionary vector fields is

where components of h are defined as (2.2.4). Now the last example of this section

indicates that the characteristic function h can be obtained by the use of Fréchet

derivative.

Example 5. Let p and q be the two component functions giwen in Example 1 as

1
Do

2
Pt

m
Pl

p*“(ﬂ))

p*‘u(m)

m
p*u('m)

[DIHDQ] = D,

q = (uvs, uv

p=(u +v,v_1+u)’,

I

We calculate their Fréchet derivatives as follows:

d

p.(9) = —((utegh+(v+ed®) (v+ed’)1+ (u+teq))leo

de

= (S(@H+ ¢ S HP) +4qY),

d

0.(p) = — ((utep)(v+ep’)z, (utep')(v+ep’)) o

de

= (vap* +uS*(p?), up® +vp').
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One can easily see that the function h in Example 1 can be obtained through

the following formula:

h =q,(p) — p.(q).

Now looking back at the Lie algebra of evolutionary vector fields, clearly we can
identify the space of evolutionary vector fields with g through the following relation

between their corresponding characteristic functions:

p,q] := q.(p) — p.(a). (2.4.3)

The main concern in the next section is introducing the space of difference oper-
ators. Examples are also given to show the calculation of Fréchet derivatives on

the elements of this space.

2.5 Pseudo-difference operator and weakly non-

local difference operator

We shall study the structure of pseudo-difference operators and the notion of
weakly nonlocal difference operator. We will encounter these operators when we

talk about Hamiltonian structure and recursion operators.

Let My, ,(41) denote the space of £ x ¢ matrices over Y where il is the space of

pseudo-difference operators of the form

U={Y fOns’, M) #o0},

P=—00

where f([u] is an element of F.
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Example 6. The following matriz is an element of Maxo():

w(St—-8S)u u(l—3S
(S —1)u 0

If we define addition and multiplication on 4 then naturally we can extend it
to the space of Myy (). In 4 addition of two elements is defined as the addition
of coefficients of shift operators with the same power. Then & forms an associative

algebra with the following multiplication:
FOSi o fUIST = [0 fH g+ (2.5.1)

For example consider two elements L; = vS 4+ u_v2S 3 and Ly = uS* + w181,

then we have
3 2¢-1, ,2 ,2c—4
Lio Ly = vu1S° + vug + u_zu_oviS™ +uZ,v78 .

For an element L € { the inverse is also a pseudo-difference operator

M
L= ¢9ms, ¢l #o0,

1=—00
where the coefficients can be uniquely obtained through the relation
ElB=1,

So we have

(g(k[)S]\/[_*_g(]\I—l)S]\/[—l_{__”)O(f(N)SN+f(N—1)SN71+._')

(N , N (N—-1 _1) p(N ”
:Q(M)fj(\/[ JGN+M (g(M)fj(V[ )+g(M 1)f1(v[jl) SMAN-1 . _ 1.
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Since g(M)f/(\év) # 0 therefore we have M = —N and the first two coeflicients are

expressed as

(N=1)

(M) __ 1 ((Mfl) . ffN

g =Ty 9 =TT
f—N ffof(NJrl)

So the inverse operator is a pseudo-difference operator of the following form:

1 f(N—l)
o Lgn_ SN gy
f N) f(N)f(N)
-N “NJZ(N+1)

Example 7. Consider the operator L = u_1S8* + uvS, then

- o U—2V—-92 5_
EFlo—og 2 —— 58 ...
U_3 U_3V_4

Notice that the N-th root of pseudo-difference operators do not lie in the same
space. In fact the coefficients will not depend on the finite number of variables.

To clarify the issue consider the operator
L=8%+u,
the task is to obtain the root of L. We start with the formal series:
L7 =8+ fO 4 US4 fAS2 4.
such that
1 1 2
L2oL2 =8+u.
Expanding the left hand side and using (2.5.1) we have

S +u=8+(f" + FO)S + (FTV 4 FO 4+ )+
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Now if we compare the equal power of S. the first two coefficients are expressed

as

fO=p,
f(—l) =U—U_1F+U — U3+ = Z(—l)ﬁh .
=0

v . * . A . 1 .
So as we can see the coefficient is an infinite series and therefore Lz is not an
element of . Considering relation (2.5.1) we can define the commutator of two

pseudo-difference operators as
[Ll,LQ] = LloLQ—LgoLl.

The concept of Fréchet derivative in Definition 3 can be extended to pseudo-
difference operators. In the following example we calculate the Fréchet derivative

of some pseudo-difference operator along a given difference function.

Example 8. Let L = u;8* +uS™! and consider the following element:
g=Uu_1+u€g,
then according to the definition of Fréchet derivative we have

L.(g) = % ((u+€eg)1S* + (u+ €9)S™") |e=o

= 08 +gS5!

= (u+u3)S®+ (u_g +ur)S .

In general if L is represented by the following m x m matrix of difference
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operator:

N
(L) =Y f's*,
k=—0o0
then
(L*(p>>ij = Z (fi(f))*(p)s’“.
k=—oc

Example 9. Consider the element

U1U871 —uS U_QS + v
v—uS 0

then for p = (p*,p*)T € g we get

(vS(p') + w1p?)S™t — p!'S S2(p")S + S(p?)
p? — p'S 0

L«(p) =

Another important concept that we need to introduce is the notion of weakly
nonlocal difference operators. The concept of weakly nonlocal pseudo-difference

operators are the difference analogues of pseudo-differential operators [49].

Definition 4. A weakly nonlocal difference operator is the following finite sum:

w= s —1)! og®+ g —1y1 B g e f(f)(g - )t og¥, (2.5.2)

where f® and g\ belong to the ring of smooth difference function §.

Later on we see that the most of recursion operators with which we will deal
contains (2.5.2). One can easily check that the weakly nonlocal pseudo-difference

operators are not closed under the multiplication rule (2.5.1). In fact composition
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of two weakly nonlocal pseudo-difference operators is always a pseudo-difference

operator but not necessarily weakly nonlocal [58].

Example 10. Let

be two weakly nonlocal pseudo-difference operators. Then we have

(751 U9

1 1 ;
(BT o= 1) =1 £ L D8 24 135

U U U U

To proceed and introduce important features of integrable differential-difference

equations we still need some background on the notion of complex over a Lie al-

gebra and the Lie derivatives. The next section provides these purely algebraic

concepts.
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Chapter 3

Discrete variational calculus, Lie
derivatives, Hamiltonian,
symplectic and Nijenhuis

operators

3.1 Complex over a Lie algebra

In this chapter we basically follow the general notations and algebraic structures
given in [44, 58]. We shall give a quick review of the general theory regarding the
construction of a complex over a Lie algebra. Let us start by recalling some basic
definitions and notations used in the general setting of complex over Lie algebras.
Notice that in what follows we use 2 and £ respectively to denote the vector space

and the Lie algebra.
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Definition 5. A differential complex is a pair (Q, d) where Q admits the grading

Q=o (3.1.1)

q>0
and d satisfies the axioms
d: ¢ —s 0, (3.1.2)
d=0. (3.1.3)

Here d is called the exterior differential. Thus for any complex we have the

following infinite sequence:

d

oo —<£, o > 2

Now we are ready to provide the concept of a complex over a Lie algebra.

Definition 6. Let £ be a Lie algebra. For each element a € £ assign the triple

(Q,d,i,) where i, is a linear operator

it 2 — QUL

For any two arbitrary a,b € £ if

iaiy + ipia = 0, (3.1.4)

[iad + iy ) = a8 » (3.1.5)

then (2, d) is called a complex over the Lie algebra L.

Elements of the Lie algebra and €27 are respectively called vector fields and
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g-forms. As a convention when w is a O-form then 7, gives the zero vector namely

igw =0, we Y.

Furthermore it satisfies the property

lgtqw = 0, w e N7,

The pairing between 1-forms and the Lie algebra is defined as

<, > xe—0

(w,a)—<w,a>=1w.

In a similar way we can define the notation for g-forms. In fact any ¢g-form w € Q4

is an anti-symmetric operator w : £ x £ x --- x £ — Q% defined as

Wity G, == ,Og) =g dar g =l -

Since w is an anti-symmetric operator we have

C{)(al,(lg,"' y gy = v e 7aj7”' aaq) :%W((ll,ag,"' 7aja"' y Agy =0 ,aq>'

Example 11. Let £ be a Lie algebra and Q° a left £-module. So we have the

following relations between Q° and £:

P 00 —s 00

(a,wp) — awy .

30




Such that for all a,b € £ and w € Q° we have
a(bw) — blaw) = [a, blw.
Now for w € Q1 we define the exterior differential d and the operator i, as

(dw)(alﬂ A, - - aaq+1) = Z(_l)i+1aiw<al7 e :dia e 7aq+1>

Y () wlanagl, - di gy Ggen) (3.16)

i<j

(tqw) (a1, ag, -+ ,a4-1) = w(a,a1, - ,aq-1). (3.1.7)

By direct calculation one can see that d is nilpotent (d* = 0) and furthermore
they meet relations (3.1.4) and (3.1.5). Throughout this thesis we will not deal
with the general construction and restrict ourself to the g-forms where ¢ takes the

values ¢ = 0, 1, 2.

3.2 Complex of discrete variational calculus and

adjoint operators

In this section we construct a specific complex over the Lie algebra called the
complex of discrete variational calculus. More details when all independent vari-
ables are continuous can be found in [15, 31, 30, 89]. The discrete version of
the variational complex for difference equations is discussed in [44] and references
therein. For differential-difference equations we follow the structured built up in
[58]. Here we skip the complete proofs and provide the concepts that we use in

our arguments.
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Consider the Lie algebra g, the space of multi component smooth difference
functions, together with the quotient space § which from now on we identify
with the space of 0-forms Q°. According to Example 11 to obtain a complex it
is sufficient to show that Q° is a g-module. For this we first need to define the
action of space g on the space of functionals § . Based on relation (2.3.2) we can

naturally define the action of g on § as follows:

- /jxm (/fe&ﬂpgg). (3.2.1)

Then we have the following proposition [16].

Proposition 2. Let Q° =§ be the space of 0-forms. Then Q° is a g-module.
Proof. To proof the statement we just need to show that

q/ﬂ—q@/f%%nd/f, P,d€ g, fET. (3.2.2)

To do this we refer to the action of g on the space of functionals. Therefore (3.2.2)

can equivalently written in the form

[trae)- [t = [ fap) - [ 1.0

To prove the above relation we start with the left hand side as

T g=1 7',71a

(f.).(p) — (D). (ZZ 5 ) (Zi o s ) (@

32



Expanding and rearranging the terms, we can write it in matrix form as

1 1 e gt 1 1 1 B 1
q*'u,(l) q*u,(Z) q*u(’”) p p*u(l) p*u(?) p*u(m) q
2 2 2 2 2 2 2 2
.0 .2 0 Qeum p Doy Py 7 Py q
f*u“) e f*u(”’)
m m m Uy m M m m
q*u,(l) q*1L(2) T q*u("’) p p*u(l) ])*"’(2) T p*u(m) d

Therefore we have

(f«@)«(P) — (f«P)«(q) = fu(a(P) — P.(q)) = fu(aP) — fu(P.q),

which is the desired conclusion. O

After establishing the space of 0-forms now we shall proceed by introducing

the elements of 1-forms Q. Every 1-form w € Q! is defined as

< / Yo feNde®, fe ey,
a,i

(a),

where Y is a finite sum and du; '’s are generators of 1-forms and formal dual

objects to % in the following sense:
ou

i

0

(8)
8uj

dul™(

2

) = 51-]-5(15 .
As an example the following expression denotes a 1-form:

W = /u%v_gdul + wdvidv + vudv_,

:./ﬂ“wm+f@%w+f@*wuy

As we know each element of the Lie algebra g can be identified by an evolutionary

vector field. Therefore the pairing between 1-forms and the Lie algebra is given
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as [44, 92]:

w@i{p) = p> = & /Zf(a’i)duga),/zsj "y (B)
_ /Zf(ar)sz(p(u)
= /Zsi(f(“‘i))p“. (3.2.3)

In the last step we used the equivalent relation
FEOSI () ~ ST
Example 12. Consider the following elements of 1-forms and the Lie algebra g:

w= /ufv_gdul + wdv dv 4 vudv_q

p = (uv,u; +v1),

then we have

<wp> = [P STUN)+pt SO
- /ps (FOD) 1 p2(F20 4 S(fD))

= /US(U’UB, + uyvy) + iy + 07 (U + ).

Relation (3.2.3) implies that any l-form can be identified with an element
of the Lie algebra g. In fact an arbitrary 1-form can be written in the form

32,87 (f@D)du'®. So in the above example we have

Lwpr = < (S’l(u‘fv,g),ugvl +S(uv)) , (uwv,uy +vp) >

= /US(U’U_g + uyvy) + wdvy + v (U +u)
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For the pairing (3.2.3) we have the following proposition [16].

Proposition 3. The pairing
<, >Mxg—0°,
defined in (3.2.3) is non-degenerate.
Proof. To say the map < , > is non-degenerate is equivalent to say that if
<w,p>:./lw-p:0, Yw e Q! (3.2.4)

then p = 0. The action of difference operator (2.1.6) is naturally extended to the

Lie algebra g in the following way:

S—Dp=((S-1)p",(S-1)p* -, (S-1)p").

Now suppose (3.2.4) holds and assume p is a non-zero element of g. Let w be
an the identity element, namely w - p = p then p = (S — 1)h for some smooth
difference function h. Now pick the component p*(uy,--- ,u,) and without loss

of generality we can assume for some 1 <7, j < m we have

op“ op~
~ #£0, —— #0.
8u§1) 8uy)

o . & . 200 .
According to Theorem 2. since p® is a total difference —22°— vanishes. On the
; EROme)
Uy Uy
¢

other hand if we set w = uy then

82pa
D 7
L =

So this contradiction shows that fact that p = 0. O
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In the following definition we present the action of exterior differential on an

arbitrary element of 0-form.

Definition 7. For any 0-formw = [ f we define the action of exterior differential

as
<dw,p> = <d/f,p>=/z d{;)SZ( s
ou,
_ i Of \ o _0f
- /ZS (auga))p = =B (3.2.5)
where % = (52{1), 52{2), cee 55({,1) )T and each component is defined
¢ i
s I
=) S (—= (3.2.6)
; 8u£a) — a“(a —

Here the symbol mf% is called variational derivative.

From the notion of variational derivative, given already in the above definition,

we can deduce the Fréchet derivative of a O-form w = [ f along an element p € g

i) = ./'f*<p>:/§( o) ~ £S5 )

Example 13. Consider the following 0-form and the element p € g:

G = / ULU_1, p = (v,u_1).

To obtain the action of the Fréchet derivative of w along p, we first need to compute
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the variational derivative of f

of % S Hv_y)
T _ = , w= (u,v) .
Hence we have
of

* =< ——— p>=< (V_9,U2), (V1,U_1) >= V1V_o + UsU_1 .
w«(p) 5(u,v)p (v_g,uz), (V1 1) 1V—2 1 UgU_—1

The following proposition shows the variational derivative does not depend on
the choice of a representative f in the equivalence class [ f. We just give the

sketch of proof, for further details one can read [95].

Proposition 4. For two elements f,g € g if

f~aq,

then
of _ %9
bu  ou’

Proof. As f,g are two equivalent smooth difference function therefore for some

h € § we have
f=g9=(-1h.

Then by direct calculation and considering the dependency of h we obtain

5(S—1h
=T,
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What is still lacking is an explicit description for the action of exterior differ-
ential on the space of 1-forms. To do this we need the concept of adjoint operator

which will be discussed in the next section.

3.3 Adjoint operator

Besides the elements of the Lie algebra and 1-forms we are interested in the
operators acting between these two spaces. For any such operators we assign the

notion of adjoint operator.

Definition 8. Let A : g — g be a linear operator. The corresponding adjoint

operator is a map At : QF — Q' such that

< Ap,w >=< p, Alw >, peg weN.

Through the similar way we can define the adjoint operators acting between
1-forms and g and vise versa. Then we call an operator anti-symmetric if and

only if

In practice to obtain the explicit form of the adjoint operator one should notice
since < Ap,w > lies within the space of 0-forms we can use the equivalence classes

to produce Af. Let us look how this works.

Example 14. Let H : Q* — g be the following operator:

0 u(S —1)
1-8Mu 0

H:
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according to the definition we have

<HE w>=< & Hw > .

As we can identify any 1-form with an element of the Lie algebra g we can write

é-l u_)1 51 wl
<H , >=< JHT > .
£2 a2 g2 .

So expanding the left hand side we have

é-l c'(-}1 3
<H , = /(gfuaﬂ — Euw? + uflw! — u,lﬁlwl)
62 w2
~ /(EQU_lwzl — E2uw? + uflw! — u€lwy).
Therefore
¢ w! 2 1 8., 3 11 1,1
. ) M ) >:/(§ u_w' | — Euw® +ubw —uf wy),
£ w
that means
0 u(l—8&
H = ( ) —H

By the similar argument for the operator A = fS™ where f € § one can find

that the adjoint operator is

Al=8"0f,

Remark 3. If L is a local anti-symmetric scalar difference operator, then it takes

the form

N
L=> (f9s" ~ fs7).

g=t]
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Now we are ready to obtain the explicit formula for dw when w is an arbitrary

1-form. Consider relations (3.1.6) and (3.2.1) then we deduce

(dw)(p,a) = pw(q) —qw(p) —w([p,d])
= (w-q)«(p) — (w-p)«(q) —w(a,(p) — P.(a))
= <wyp,q>— < P,wiq >

= < (ws—wl)p,q> . (3.3.1)

Notice that in the above computation we have used the following formula:

(w(@))«(P) = w«[P)(q) +w(p.(q)) (3.3.2)

where w,[p] is an clement of Q' acting on q. It is also worth to give the following

remark.

Remark 4. Suppose W is one of the spaces g, Q' or the space of linear operators
acting in g and Q and between these two spaces. For ® € W the Fréchet derivative

is the linear operator ®, : g — W obtained according to the formula (2.4.1).

We say the 1-form w is closed if dw = 0 and is called exact if there exists

€ € Q° such that

w = dE . (3.3.3)

Since for any arbitrary 0-form & we have d(d¢) = 0, then an exact 1-form w
satisfying (3.3.3) is always closed. The following proposition provides a necessary

condition for a 1-form to be closed [16, 89].

Proposition 5. Let w € Q! be a 1-form. If w is closed then

—

Wy =W .
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Proof. As w is a closed 1-form we have

dw=0.

According to (3.3.1) for arbitrary p,q € g we have

dw(p,q) =< (w. —wl)p,q >= 0.

Due to arbitrariness of p,q we get the result w, = w]. O

3.4 Lie derivatives

In this section we shall discuss another operator called the Lie derivative acting
on the space of ¢g-forms. This operator plays an essential role in the theory of inte-
grability. In fact given an equation, we will define all the concepts of Hamiltonian

structure, symmetries and conserved densities with respect to the Lie derivative.

Definition 9. For any element p € g, the Lie derivative along that element is an

element of the space Aut(Q?) defined as

Ly = ipd + dip,. (3.4.1)

According to the structure of the Lie derivative it sends g-forms to g-forms.

We give two properties of Lie derivatives in the following proposition [16].

Proposition 6. Let p, q € g be two arbitrary elements of the Lie algebra then we

have

1. Lpd = dLy;
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2. {va Lq] = L[WI] .

Proof. To prove the first formula, we calculate the bracket of the Lie derivative

Ly and d
| Lps 8] = {1pd + dip)d — dlipd +diy) = 0.
For the second relation we expand the left hand side as

(Lo Lo) = (ipdiqd + dipiqd + dipdiq) — (iqdipd + digipd + digdiy)

= lpqd+dipq = Lipq -
In the second line we used the property (3.1.5) to obtain the result. O

Based on relation (3.4.1), Lie derivatives act on the space of g-forms. We also

define Lie derivatives on the elements of the Lie algebra as

Lpq=[p,d] =aq.(p) —pP.(a), P,q€g, (3.4.2)

which is consistent with the second formula in Proposition 6. Now by the property
(3.1.5) we have

Lpiq = i[p-q] s 2.qu

and thus the Lie derivative satisfies the Leibniz rule
Lp(w(q)) =w(Lpq) + (Lpw)(q) we'.

Similarly applying the same argument recursively we obtain the following formula

for the space of 2-forms:

Lo(w(a, h)) = w(Lpa, h) + w(q, Lph) + (Lew)(q,h)  w € Q.
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In general if we extend the Lie derivative to linear operators acting on Q°, Q! and

g or between these three spaces, then by Leibniz rule we have the relation [15]

(LyT)o = Ly(To) — T(Lyo) (3.4.3)

y/

where 7" is a linear operator and o can be either an element of 0, 1-forms or the Lie
algebra g. At the end of this section we give the theorem [16, 89] which provides
the action of Lie derivative expressed in the Fréchet derivatives. The theorem
presents some handy formulae that we shall use in the next chapter where we deal

with differential-difference equations.

Theorem 4. Let p € g be a vector field. The action of Lie derivative L, is given

by the formula

1 Ly [ f=[fp), [fed;
2. Lyw = wi[p| + plw, we QL

3. LyH = H.[p| — p.H — Hp!, H: Q' —g;
4. LpyZ =T.[p| + Ip, + plZ, Z:9—0Q

O

Proof. The first formula can be obtained directly from the definition of Lie deriva-

tives. For the second formula for an arbitrary q € g we have

(Lpw)a = Lp(w(q)) —w(Lpq).

Since ipw(q) = 0 then the right hand side of the above relation is equal to

w,[p)(q) + w(p.(q)) = w.[p](q) + pi[w](q).
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Therefore the second property holds as q is an arbitrary element. Notice that
in the above proof we used Relation (3.3.2). To prove other relations, we take
into account the Leibniz rule and follow the same method. So to prove the third

formula for an arbitrary w € Q! we have

(LpH)w = Lp(Hw) —H(Lpw)
= [p, Hw] — H(w.p + plw)
= (Hw)i(p) — p,(Hw) — H(w.p) — H(plw)

= H.[p)(w) + H(wsp) — P, (Hw) — H(w.p) — H(plw).

Again due to the arbitrariness of w we obtain the formula

LyH =H.p— p.H — Hp!.

For the next relation we calculate the action of the left hand side on some element

q in the Lie algebra g

(LpZ)a = Lp(Za)—Z(Lpq)
= (Za).p +p!Zqa—Z(q.(p) — p.(q))

= (Z.p+ZIp,+p.7)(q).

Finally for the last formula we pick an arbitrary element of the Lie algebra q € g,

then we have

(LpR)a = Lp(Rq) —R(Lpa)
= (Ra)«(p) — P.(Rq) — R (q.(p) — p.(aq))

= (Ri[p] — P.,R + Rp,)(P).
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Therefore all the identities hold for a given p € g. O

Definition 10. Let g€ g, w € Q1 (¢ =0,1,2) and A be an operator acting in the
space of g and Q7 or acting between these spaces. Then they are called invariant

along the vector field p € g if

L,g=0, Lyw=0, L,A=0. (3.4.4)

In the following section we discuss the operators acting between the space of

1-forms and the Lie algebra g.

3.5 Symplectic, Hamiltonian and Nijenhuis op-

erators

This section is devoted to the concept of some crucial operators in the theory of
integrability. Here we provide the algebraic structures of these operators based
on the definitions and theorems given in previous sections. Later on we will show
how these operators are related to some features of integrable systems such as

symmetries and conserved densities.

For any anti-symmetric linear operator Z : g —» Q1, there is a 2-form wz € Q?

uniquely defined by
wz(p,q) =<Ip,q>=— <ZIq,p> . (3.5.1)

Definition 11. An anti-symmetric operator T : g — Q' is called symplectic iff

the corresponding 2-form (3.5.1) is closed, that is,

dwr = 0. (3.5.2)




Here wr has the following canonical form:

1
wr =3 /du ATdu. (3.5.3)

Remark 5. Since there is a one-to-one correspondence between the symplectic

operator I : g — Q' and 2-form wr we have

L,T = (dip + ipd)T = di, T . (3.5.4)

Notice that as Z can be treated as a 2-form, therefore di,Z is well defined
and is equal to dZ(p). Also from relation (3.5.2), dZ = 0 which gives the above
result. The following theorem [26] can be considered as an alternative equivalent

definition of a symplectic operator.
Theorem 5. An anti-symmetric operator I : g — Q' is symplectic if and only
of

<Z.[pl(q),h >+ <ZL[q(h),p>+ <L[h(p),q>=0, p,ghecg(3.55)

Proof. The proof involves calculating the action of 3-form dwz on arbitrary ele-

ments p,q,h € g

dwz(p,q,h) = pwr(q,h) —wz([p.q],h)+ cycl.
= p<ZIq,h> - <7Z(q.(p) - p.(q),h > +cycl.

= (Za).[p/h + h.(p)Za— < Z(q.(p) — p.(q)), h > +cycl.

= < Z.[pl](q),h > + <Zq,h.(p) > — < Th,p,(q) > +cycl.

If we write out all the terms we get

dwz(p, a,h) =< Z[p)(q),h > + <Z[q](h),p > + < L. [h](p),q >,

46



which means Z is a symplectic operator iff (3.5.5) holds.

Using the Lie derivative one can write an equivalent formula for (3.5.5) as
< Lp(Zq),h > + < Lg(ZTh),p > + < Ly(Zp),q >=0.

Example 15. Consider the 2 x 2 matriz operator L : g — Q' as

1 1
0 1—uwn 1+uwv

i 871 1 0

14+uv 1—wuvy

According to Definition 8 one can see Z is an anti-symmetric operator. We can
check that Z is a symplectic operator both based on Definition 11 and Theorem 5.

To prove regarding Theorem 5, we should take into account the following relation:

d
Z.[p] = Z-Z(u +pho+pY)]| .
e=0

Also we can show Z is symplectic by using Definition 11. Then we have

dv dv
I du _ l—ul'ul - 14uv
du du_
d?) 1+uv B l—u,llv
This leads to
. dv dv
wy = 1 / d’LL A l—u,]-v] - 1+4uv
2 L du du_
' dU 14+uv - l—u._llv
1 1 1 1 1
— du A dvy — du A dv dv AN du — ——dv A du_
2/<14uv1 Yl 14+ wv +1—|—uv ! —U_1V )
1 1
= du A dvy + dv N du) .
(/(1—1w1 T+ ww )

Since dvy A dvy, dv A dv, du A du and du_; A du_; all vanishes, clearly dwz = 0
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and Z is a symplectic operator.
For an operator H : Q' — g we define the following bracket on the space of

functionals:

{/ﬁ/gm:<d/%Hw/?wx<§§H€§>: Wty 50

Consider the formulae given in Theorem 4 and set & = f f.& = [ g then this

bracket can be expressed in terms of the Lie derivative as

{/ fa/g}H = L ae)62 -

Now we define a Hamiltonian operator with respect to the Poisson bracket as

follows.

Definition 12. An anti-symmetric operator H : Q' — g is called Hamiltonian

if and only if the bracket (3.5.6) is a Poisson bracket, that is

(2.4 0 [mhdur [ ot [0 [ s ([ 0l £ [ ahu=0.

The definition of Hamiltonian operators can be rewritten in terms of Fréchet
derivative. In the following theorem [5] we give an alternative relation by which

one can check if a given operator H : Q' — g is Hamiltonian.
Theorem 6. An anti-symmetric operator H : Q' — g is Hamiltonian if and

only if for any wy,ws, ws € O

< H*[HWQ}(W;;),CU] ke k< H*[ng](wl),wg > H*[le}(u@).w:g >=0. (357)

The main idea of the proof is similar to the process given in the proof of

Theorem 5. For the detailed proof we refer the reader to [5, 68, 91]. Relation
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(3.5.7) can be expressed in terms of the Lie derivative as

< Llewg,'ng P S L'szwg,/le >+ < LHw3w1,7-lw2 >=0. (358)

Example 16. Consider the difference operator

H= UU18 — uu_lS“l .

It is easy to check that H = —HT. Then relation (3.5.7) can be obtained through
direct calculation, by substituting equivalent terms. Here we expand the last term

L 'H*[le](wg),wg > as

<H.[Hw](wa), ws >= uS(H(w1))S (wa)ws +urH(w1)S(wa)ws

~uS ™ (H(w1))S Hwa)ws — u_y H(w1)S ™ (wa)ws = ut usS? (w1)S (wa)ws
— U1 S (wo)ws + uulS(wy)S (wo)ws — wu_1u1 S (wy)S (wa )ws
—wu_ 1w S Hwa)ws 4+ ut_1u_sS 2 (w1)SHwe)ws

—uuﬁluls(wl)Sfl(wg)wg, + ugluS*I(wl)S*I(wg)wg :

Now if we substitute the cyclic permutations of {w1,ws, w3}, all terms cancel and

we get the result.

Proposition 7. Let H : Q' — g be a Hamiltonian operator then for some 1-form

w € QY we have

LywyH =—-Hodwo™H. (3.5.9)

The idea of the proof is to consider < &1, (Lyw)H)E > + < &1, (HodwoH )&y >
and use the property of adjoint operator and the fact that H is a Hamiltonian

operator. Notice that we treat dw as an operator from g to Q' and according to
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relation (3.3.1) we have dw = w, — w]. The complete proof can be found in [5].

As we can see to check whether an anti-symmetric operator H satisfies condition
(3.5.7) is sometimes a cumbersome task. In [68] relation (3.5.7) is formulated in

terms of a tri-vector which makes the calculation much easier.

In general if H; and H, are two Hamiltonian operators there is no guarantee

that the linear combination is again a Hamiltonian operator.

Definition 13. Let H, and Hy be two Hamiltonian operators. They are called a
compatible pair if Hy + AHo is a Hamiltonian operator for an arbitrary constant

A

For a symplectic and Hamiltonian operators we have the following definition

as a compatible pair.

Definition 14. Let H and T be respectively a Hamiltonian and a symplectic op-
erator. We say that the pair (H,I) is compatible if THZ is also a symplectic

operator.

There is an equivalent definition for compatibility of Hamiltonian and sym-
plectic operators which involves the notion of Nijenhuis operator which will be
introduced in the next definition. In Theorem 8 we show how these two definition

are related.

Remark 6. Let H, and Ho form a compatible Hamiltonian pair. If Hs is invert-

ible then (Hy, Hy ') is also a compatible pair.

In what follows we introduce and analyze the properties of another important
operator in the theory of integrability called Nijenhuis or hereditary operators.
The name was first given by Fuchssteiner in [23]. In [30] also the Nijenhuis opera-

tor is discussed under the name of regular operators. More details and properties



of Nijenhuis operators and the interrelations between Hamiltonian pairs can be

found in series of articles and books [16, 20, 26, 30].

Definition 15. A linear map R : g — @ is called Nijenhuis if it satisfies the

condition

[Rp,Rq) — R[Rp,q — R[p,Rq +R*[p,d =0, p,geg. (3.5.10)

This relation can be expressed in terms of Lie derivatives as

LrpRq— RLrpq — RLyR .q+ R*Lpq =0.

Now if we consider the left hand side as an action of some operator on a vector

field q € g then it is equivalent to

LR =RI R, PEQ. (3.5.11)

In the next chapter we will study one of the main feature of integrable systems
namely generalised symmetries. Here the next theorem build up the basis of

producing infinite number of such quantities (i.e. symmetries)[15].

Theorem 7. Let R be a Nijenhuis operator and p € g be an element such that
L,R = 0. Moreover consider infinite elements of g obtained by R'p for i > 0.

Then the following conditions hold:

1. R is invariant along the vector field Rip which is equivalent to say

2. For arbitrary i,j > 0 the bracket [R'(p), R?(p)] vanishes which in terms of
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the Lie derivative can be written as

Proof. The first statement follows simply by induction on i and the definition of
Nijenhuis operator. For the second part, using Leibniz rule of the Lie derivative

(3.4.3) we have

[Rip, Rip] = Lrip(R'P) = (LripR7)p + R’ (Lripp).

According to the first part of theorem Lgri, R’ vanishes and we get

[R'p,R'p] = —R’(LpyR'P),

where clearly is equal to zero as RY(Lp,R'p) = RIT(Lyp) = 0. O

The relation between compatible pairs and Nijenhuis operator is presented in
the following theorem [5, 26]. Later on this theorem provide the criteria for the

construction of the recursion operators.

Theorem 8. Suppose a symplectic operator T and a Hamiltonian operator H form

the compatible pair. Then the operator R = HZI is a Nijenhuis operator.

Proof. To prove the theorem it is sufficient to show that

LrpR=RL,R, R=HI,pecg.

From (3.4.3) we have

Lrp(HT) — RLyR = H(LyzpT) + (LyzyH)T — RLR.
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The second term on the right hand side can be written in an equivalent way by

considering relations (3.5.4) and (3.5.9)

Lrp(HI) — RLyR = H(LuzpI)— (HodIpoH)I - RL,R
= H(LHI(p)I> - H(LPI)%I — RLPR
= H(Lr@pZ — (LpI)R — TLpR)

= H(LawT - LyTR))

From (3.5.4) and the fact that ZR = ZHZ is a symplectic operator the left hand

side is equal to
H(dIR(p) — Lp(ZR)) =0,
which proves the theorem. O

To summarize these two chapters: we have constructed the ring of differential-
difference functions and the corresponding quotient space as the space of O-forms.
The concepts of Hamiltonian, symplectic and Nijenhuis operators were also dis-
cussed in terms of Lie derivatives and Fréchet derivative. In the next chapter
we will see the application of these algebraic structures to differential-difference

equations.
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Chapter 4

Evolutionary

differential-difference equations

This chapter is basically devoted to the integrable differential-difference equa-
tions in (141)-dimension. As it is known, there is not a unique definition for the
integrability of nonlinear evolutionary equations. For instance equations which
are solvable through the inverse scattering method are usually called S-integrable
(10, 94]. Also equations that are linearizable or in other words can be transformed
to a linear equations are called C-integrable. In this chapter we will define inte-
grability based on the concept of generalised symmetries. The common feature of
C-integrable and S-integrable equations is that these equations possess infinitely

many generalised symmetries.




4.1 (141)-dimensional differential-difference equa-

tions

A (1+1)-dimensional evolutionary differential-difference equation has the follow-

ing general form:

w, = (K'[u], K*[u],--- , K™[u]) = K [u], (4.1.1)
where u = (uM,u?, ... u™)T K € § and the time derivative is naturally
denoted as

du 1 2 m
T i = (ug ),ui >,--- ,ug ))T.

In fact to each element K € g one can associate an equation (4.1.1) and the

derivation

D, = Zisi(m) & (4.1.2)

i€Z a=1 auga) .

If m = 1 then (4.1.1) is called the scalar equation. A well-known example of scalar

differential-difference equation is the Volterra equation [8§]

w = u(u; —u_q) . (4.1.3)

In the case that m > 2 we have system of equations called m-component differential-
difference equations. Toda is an example of two component differential-difference
equation [85]

up = u(v, —v), (4.1.4)

Vt =U—U_q.
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It is known that the above equations possess rich mathematical structures as-
sociated with integrability such as infinitely many generalised symmetries and
conserved densities, recursion operators and master symmetries. In the following

sections we explain these properties and provide more examples.

4.2 Generalised symmetries and integrability

Traditionally symmetries of equations are defined as transformations which map
solutions of the equation into solutions [54]. Symmetries that are function of
both dependent and independent variables are called point symmetries. The fol-
lowing two examples are examples of point symmetries (i.e. scaling symmetry)

respectively for the Volterra (4.1.3) and the Toda (5.2.6) equations:

(u,8) — (A u, A7) = (4, 1), (4.2.1)

). (4.2.2)

In fact one can easily check that (i,f) and (i, ,t) satisfy the same relations as
(4.1.3) and (4.1.4). We are interested in other type of symmetries which depend
only on the dependent variable and its shifts. These kind of symmetries are
known as generalised symmetries. Before we give more precise definition of the

generalised symmetry we discussed the steps that clarify our definition. Suppose

Ur = (Gl[u]>G2[U]7"' er[u]) =G [u]v
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is an equation which has a common solution with the differential-difference equa-

tion (4.1.1). Therefore we have

m

G
ul! R S (K? (K7).
Urg = jﬁta (/3 (9 /ﬂ;) *u(ﬁ)

p=1 jg B=1 Jjg Usjg =1
On the other hand in a similar way we can obtain
U’t’)’ E A*u(»ﬂ
If we calculate all components as above we get
1 o 1 1 1 o 1
A*’U K*u(m) G G*u G*u,(m) Kl
-2 2 2 2
Boan ' Boga| | G2 Goo o G| | K2
Wy — Upp = . ‘ ' =t ' . ‘ = 0.
m m G" m e m K™
K*u(l) K*u(m) *u(1) xu(m)

This procedure can be formulated more compact in the following definition.

Definition 16. Let G [u] = (G*[u], G*[u], -+ ,G™[u]) be an element of g. It is

called a generalised symmetry of equation (4.1.1) if and only if

K,G) = G.(K)— K.(G) =0. (4.2.3)

Thus according to above definition one can easily check that the following
expressions G and G’ are respectively generalised symmetry of the scalar Volterra

and the two component Toda equations:

G = uuy(ug + up +u) —uu_q1(u+u_1 +u_g),

o, u(v? —v:+u —u_1),

u(vr +v) —u_i(v_1 +v).




Definition 16 can be written in an equivalent way with respect to Lie derivatives. In
fact G € g is a generalised symmetry for differential-difference equation (4.1.1) if and

only if
LxG =0. (4.2.4)

Now we are ready to give the concept of integrability based on generalised symmetries.

Definition 17. Differential-difference equation (4.1.1) is called integrable iff it possesses

infinitely many commuting generalised symmetries.

According to this definition we are motivated to find some methods or tools by which
one can construct infinite series of generalised symmetries and consequently guarantee
the integrability. In section (4.4) we introduce one of these tools called recursion opera-
tors. The next section discusses another feature of integrable systems namely conserved

densities.

4.3 Conserved densities and co-symmetries

Here we define the notion of conservation laws regarding some differential-difference
equation (4.1.1). As given in [95], by introducing the canonical conservation laws one
can obtain integrability conditions for a differential-difference equation (4.1.1). In fact
they are necessary conditions for the existence of infinitely many generalised symmetries

which guarantees integrability.

Definition 18. Let [ p be an element of §F'. We call [ p a conserved density of equation

(4.1.1) if it is invariant along the vector field K, i.e.

LK/p =0. (4.3.1)
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According the formulae in Theorem 4 if we expand Relation (4.3.1) we get

5
LK/p - /p*(K) it d/p,K B ﬁK >=0. (4.3.2)

So based on the above relation in order to check if a given [ p is a conserved density
we first calculate the variational derivative of p and then multiplying by the equation

K should produce some expression which is a total difference.

Example 17. Functionals [Inu and [(u+ %'02) are respectively the conserved densities

of the Volterra and the Toda equations with the following conservation laws:
0lnu
( o )u(u1 — u_1) = (8 — 1)(u I uﬁl) y
6(fu+ 3v%)
o

(u(vy —v),u—u_1) = (8 —1u_yv.

In fact relation (4.3.1) can be expressed in terms of the difference operator as follows:

LK/p:(S—l)J, JEF.

In this relation J is known as the corresponding flux for the conserved density [ p. In
[32, 35] one can find the algorithmic process of constructing the conserved densities
and their corresponding fluxes which are polynomial on their variables. We proceed by

introducing the so-called co-symmetries that are closely related to conserved densities.

Definition 19. A 1-form w € Q' is called a co-symmetry of differential-difference

equation (4.1.1) if
Law—0. (4.3.3)

Example 18. Consider the 1-form w = [(u_1+u+uy)du. From (8.2.3) we can identify

w with the vector field (u—1 +u + uy). Using the formula in Theorem 4 we can show
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that w 1s invariant along the Volterra equation

Lty —u_yw = (ST + 14 8)(u(ug —u_1)) + (u1 —u_1)w +u18 H{w) —uS(w) = 0.

If we look more closely at the structure of w we can see that it is the variational

1
/(uu1 4 §u2)

where [(uu; + %uQ) itself is a conserved density of the Volterra equation. Actually it

derivative of the 0-form

is not an exception and we have the following proposition [89] for the relation between

conserved densities and co-symmetries.
Proposition 8. Consider the differential-difference equation (4.1.1). If [p € QO is a

. Sp -
conserved density then 35 is its co-symmetry.

Proof. Consider an element of O-forms [ p € QY. Then we have

5
LKd/p:LK—p.
ou

On the other hand according to Proposition 6 that [Lk,d| = 0 we have

LKd/p:dLK/pIO.

Since p is a conserved density, we have

op
Ly =0.

In the next section we discuss operators that are closely related to the integrability
of differential-difference equations. In fact they provide a tool to produce the series of

generalised symmetries.
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4.4 Hamiltonian, symplectic and recursion op-

erators

In this section we employ the concepts of Hamiltonian, symplectic and recursion oper-
ators for a differential-difference equation (4.1.1). We will also provide the definition of

Hamiltonian systems which guarantees the integrability of the system.

Definition 20. Hamiltonian operator H : Q' — g is a Hamiltonian operator for

equation (4.1.1) if and only if

LgH =0. (4.4.1)

As we saw earlier in Example 16, the difference operator

H = vu;S — uu_1871, (4.4.2)

is a Hamiltonian operator. Now one can check that it is the Hamiltonian operator for

the Volterra equation (4.1.3) indeed we have

H K] = (K +uS(K))S — (u1 K + uS HK))S™!,
Ki=(u1 —u_1)+uS — uS~t,

Ki = (U1 - u,l) = u_18‘1 —mS.
Therefore

LxH = H. K] — K.H — HK! = (uug (ug —u_q) +uug(ug —u)) S
= (uu,l(ul = ufl) + uu_l(u = U_Q)) - U] (u1 — u_l)S + uu41(u1 — Uﬁl)Sgl
—uuqueS? + uwu; + vlu_g —uu_ju_osS? — uug(ug — u)S — w2y + uugusS?

2

+uu_1(u—u_2)S ' +uu_qu S ? —ufu_1 =0.

We can define Hamiltonian equation as follows.
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Definition 21. A differential-difference equation (4.1.1) is called Hamiltonian if there
exists a Hamiltonian operator H and a functional [ f called Hamiltonian density such

that

The reason that we refer to [ f as a Hamiltonian density is simply due to the fact

that it is a conserved density of equation (4.1.1)

i [f-<d [ sx>—<d [ G >= [ . [ nu=o.

Therefore in practice to claim that equation (4.1.1) is a Hamiltonian vector field we shall
look for a Hamiltonian operator H satisfying (4.4.1) and an appropriate conserved den-
sity. For instance the Volterra equation is a Hamiltonian equation with the Hamitonian
operator (4.4.2) and Hamiltonian density [ u since

ou

U = H(@) =u(u; —u_1).

Moreover if H is a Hamiltonian operator of equation (4.1.1), we can see that H maps a

co-symmetry to a symmetry. Let w € Q! be a co-symmetry then

LK(Hw) = (LKH)W + H(LKUJ) =0.

Naturally we call (4.1.1) a bi-Hamiltonian equation if there exist two Hamiltonian

operators H; and Hs and two Hamiltonians [ fi and [ f such that

)
w = Ha (L) = s

82

6u)'
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Example 19. The Volterra equation (4.1.3) is a bi-Hamiltonian equation with

Hy = u(S — S M, fi=u,

1
Ho = u(SuS + uS + Su —uS™! — 87— S 'uS ), Ja = 3 Inw.

Definition 22. Symplectic operator T : g — Q! is a symplectic operator for equation

(4.1.1) if and only if
LTI =0. (4.4.3)

Example 20. The anti-symmetric operator T = %(8—571)*1% is a symplectic operator

for (4.1.3) since

o e s g K Ko  aogegl
— _l(S_S—l)fl (ul_u*l) _ (ul _U71)(S—Sil);1l7
u U u u
1k, = Ls-s o) Lo gy1g Lis sny-1sm
u u u u
— 1(3 _ 5—1)—1M + l
u u U
KT = M(S _ 5*1)—11 _r
U u o u

The next definition is the main concept of this chapter. We will define the notion

of recursion operator and shows the importance of having this tool.

Definition 23. An operator R : g — g is called recursion operator for equation (4.1.1)

if and only if

LkR=0. (4.4.4)
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From the definitions of Hamiltonian and symplectic operators one can prove that

HT is a recursion operator when H and Z are respectively the Hamiltonian and the

symplectic operators for a given differential-difference equation.

(LkHI)p = Lx(H(Ip)) - HI(Lxp) VpPEg
= (LxH)(Zp) + H(LxZIp) — HI(Lkp)
= (M.JK] - K.H - HKI)(Zp) + H((Lk)p + Z(Lkp)) — HI(p.K — Kip)

= (HI).[K](p) — (KiHI)p + (HIK.)p.

For more details regarding factorization of recursion operators into composition of
Hamiltonian and symplectic operator one can read [5, 15, 48, 77, 91|. For the recursion
operator of a given differential -difference equation we have the following significant

proposition [5, 95].
Proposition 9. Suppose R : g — g is a recursion operator for equation (4.1.1), then
R maps a symmetry of (4.1.1) to a symmetry.

Proof. Let G € g be a generalised symmetry of equation (4.1.1). We have

LK(RG) = (LKR)G + R(LKG) = 0.

As we mentioned earlier in the previous chapter the above proposition shows the
significant role of recursion operators in the theory of integrability. In fact if we can
find the recursion operator of some differential-difference equation and starting from
one symmetry G € g then we can generate the hierarchy of generalised symmetries

according to the formula
G, =R"(G).

It is not always an easy task to check if a given recursion operator satisfies the Nijenhuis
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property. According to Theorem 8 in the case that the recursion operator is the com-
position of a compatible Hamiltonian and symplectic operator it satisfies the Nijenhuis
property. In fact being a Nijenhuis operator is the key point which shows the power
of recursion operators. Suppose R is a recursion operator which is also a Nijenhuis
operator, then from Theorem 7 for a given symmetry G as a seed point we can produce

the following commuting generalised symmetries:
[R'G,R/G], 1i,j=>0.

If we look at the recursion operator of the Volterra equation we see that it contains a
weakly nonlocal term w(u; —u_1)(S—1)"11. In fact this is the case that contains most

of the known recursion operators. The weakly nonlocal term has the form
PR®(S-1)"'w, (4.4.5)

where p and w are respectively the symmetry and the co-symmetry of the equation and

® denotes the outer product of two m x 1 and 1 x m matrices defined as

P o8 — 1)kt ... pYE— 1)t

> | m) p?(S -1t ... pA(S—-1)"lw™
e GO
pm pm(s_l)—lwl pm(S— 1)—1w‘m,

More details about the structure of weakly nonlocal terms can be found in (73, 76,

89, 91].

Example 21. Consider the Two component Volterra lattice [66]

ug = u(vy —v),

(4.4.6)

Ve = U(u— ’U,ul).
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Its recursion operator has the form

utvr  uS+ 51 u(vy — v)

v+vSt u+tw v(u—u_q)

where p is the equation itself and the co-symmetry is obtained by

/N
e =
S =

)
) = 5(U’VU)(lnu+lnv).

An important concern regarding the recursion operator is whether the action of
recursion operators with weakly nonlocal terms of the from (4.4.5) on some local sym-
metry produces a new local symmetry. In the next theorem [76] we discuss the case
where a recursion operator contains one weakly nonlocal terms. For more general cases

one can read [58, 76, 89, 91].

Theorem 9. Let for a differential-difference equation (4.1.1), R be a recursion operator

of the form
R=M+pR(S—1)"w,

where M is an element of Myye(WN). Furthermore assume R is a Nijenhuis and both w
and RY(w) are closed. Then all KV = RY(K), i = 1,2,--- are local; i.e. elements of the

Lie algebra g.

Proof. Notice that the variational derivative satisfies

d(w(K))

) Kiw) +wl[K].

On the other hand since wl = wy we get

5(w(K))

L =
B ou

Now we prove the theorem by induction on i. For i = 1 since w is a co-symmetry we
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(K- w)
ou

LKUJ: —

Therefore from Proposition 4 the element K - w is a total difference and according to

the structure of R it yields that
R(K)eg.

Now assume that K = R(K(i_l)) is a local expression then due to the structure of R

it implies that
K81 .y € I8 — 1.

Now to prove that Kt is a local expression we have to show that w(K(i)) is also a

total difference. We calculate Ly w as

Lyww = Lpga-1yw
5 (R(K(i‘l)) - w) 5 <K(i*1) R (w))
ou ou
= Lga-nR(w).

In the second line we used the property of adjoint operators. Now as the Lie derivative

satisfies Leibniz rule we get

Ly vRI(w) = (Lge-nRNw+ RN (Lxw)
= (LK(zfl)Rt)w
= (Lgu-nR)lw

and since R is a Nijenhuis operator we end up with the desired result that is

LK(i)UJQ =0
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We use this relation to show that R?(K) is an element of the Lie algebra g. We have

5(K(1)-w) Lww=0
—— KZ - B}

which again according to the property of variational derivatives, the pairing of K® and

1-forms w lies in the image of the difference operator and therefore
K+ — ’R(K(i)) €g,

which proves the claim. O

4.5 Construction of recursion operators

There exists no general algorithmic process by which one can always obtain the corre-
sponding recursion operator. In [34] one can find the construction of recursion operators
based on a given Lax representation. In [91] the construction of recursion operators
based on the composition of Hamiltonian and symplectic operator for the two dimen-
sional periodic Volterra chain is discussed. Another method is starting from a proper
candidate for the recursion operator and using relation (4.4.4) to derive the explicit
form. This method is proposed in [33. 35] for number of differential-difference equa-
tions. In particular the authors discuss in details the algorithm to obtain the recursion
operator of the Toda system 4.1.4. This method involves the concept of homogeneous
equations and the candidate for the recursion operator is based on the scaling point
symmetry. Here we basically employ the methods given in [33, 35, 91]. Using relation
(4.4.4) it is important to find the order of the ansazt with which we shall start. To do
this we need to look at the structure of the equation itself and its non-trivial generalised

symmetry.

In this section we take the Merola-Ragnisco-Tu lattice and explain the process

through which we can obtain its recursion operator. In fact we obtain the recursion
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operator through several steps. In the first step we try to find a proper candidate for
the co-symmetry. Then we will find the maximum and minimum order of the shift oper-
ator that can appear in the recursion operator. After that we determine the coefficients
with the help of relation (4.4.4) and the structure of the non-trivial symmetry. Notice
that for different differential-difference equations one might need to consider different

methods or more information and analysis of the form of known recursion operators.

Now let us start the process of finding the recursion operator for a concrete example.
As we mentioned in the previous section, most of recursion operators contain finite
number of terms of the form (4.4.5) where p and w are respectively the symmetry and
the co-symmetry of the given equation. In many cases p is the equation itself although

it is not a general rule. Consider the Merola-Ragnisco-Tu lattice given in Section 5.2.16

up = ug — ulv,

K =

Ve = —V_1 + v2u.
The following element of g is a non-trivial generalised symmetry:

Ur = Uy — u%m — w?v_1 — 2uvu; + udv?,

L=

Vr = =U_9 + v%lu,l + v2u1 + 2uvv_1 — uZvd.

As we know for the weakly nonlocal terms w is a co-symmetry. To find a proper
co-symmetry, we should note that the action of the recursion operator produces local
symmetries. Therefore we should consider the pairing between w and the equation K. In
fact this pairing should vanish or in other words it must lie in the image of the difference
operator. Therefore looking more closely at the equation, an appropriate candidate for

the co-symmetry w can be w = ( v ) since
<w,K>=wvu; —uv_1 = (S — Duv_;.
In fact w = ( v ) is the variational derivative of the conserved density

p=uv.

69




From Theorem 9 we know that recursion operators can be split into local and weakly
nonlocal parts. Let us start with the following generic ansatz in which just w is specified:

Ri1 Rio

= +p(/\)(8—1)41<v u)

Ro1 Ra
For the next step we find the order of shift operators for the local part. To do this we
compare the terms in the equation to the terms with highest and lowest length of the
shift in the symmetry G. Since the action of R on K should give the symmetry G,
Rijuy + Riov; and Rojuy + Roovy respectively produce the term with the highest shift
us and lowest shift v_s. Thus we can split the above expression into the sum of shift
operators of order 1,0 and -1 as

(1) (1) 0)  p0) (—1) (-1)

Ry Ry S Ry Ry " Ry, Ry

R = g

1 1 0 0 =1 =1
Ry Ry Ry Ry Ry Ry,

peE-1D7" (v u)-

To obtain the coefficients we consider relation (4.4.4) and formulae in Theorem 4 from

which we can obtain the following relation:
RAK) = KR, (4.5.1)

where K, is of the form

S — 2uv —u?
K, =
02 Quv — S~1

Notice that in R, (K) the coefficient of S? is zero and on the right hand side we have

S0 rY RY RrYs RYs S0

S
0 0 rY Ry rR{Vs RYs 0 0

70




which gives the relations

S(RY) - RY =0, S(RYy) = Ry =0.

Thus RSIQ) = Réll) =0 and R(lll) = o where « is a constant. Furthermore since v, does

(1)

: 1 - . .
not contain v; we have Ryy = 0. In a similar way as u_1 does not appear in ur, if we

solve relation (4.5.1) for S 2 we get
(-1 -1 (-1 =1
R21 )—R§2 )_Rll )_— O, Rg? )—5,

where 3 is an arbitrary constant. The constants o and 5 can be determined by looking

at the coefficients of uy and v_y respectively in u,; and v,. Hence we find o = 8 = 1.

RO R(O)
To obtain the matrix 1 12 we collect the coefficients of S and set to zero.
R(O) RO

21 292

Expanding the right hand side of relation (4.5.1) for S gives

S 0 qu) Rgg) —2uv  —u? a 0
_|_
0 0 RrRY RY w2 2uw 0 RY
0 (0)
aS 0 R RO R S 0
0 RY)S v 2w RrRY R 00

which provides the following relations:

(S — (R +2uv) =0,
S(RY) +u=0,

v? — R(Q(;) =0.
Therefore we have

R(ﬁ) = —2uv, qu) = —u? Rgi) =2,
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Now we can rewrite R in a more precise form as

S 0 —2uv  —u? 0 0
R = + ‘ o
00 w2 RY) 0 St

+P®(3—1)71(v u>,

To determine the rest of coefficients we need to calculate the action of R on K and

compare the result to the terms appearing in the symmetry G. Notice that since
<w,K>=(§—-1Nuv_q,
therefore the action of quasi-local term K produces the following local term:

p'(S — 1) ous +pH(S — D)7 luvy = pH(S — 1) (vug + uvy)

= prS-1)l<wK>

I

pluv_ .

By the similar calculation we get the term p?uv_;. Now if we compute R(K) and equate

to G, the following equalities hold:

wu_q + pluv_q = —uv_q, (4.5.2)
“Rég)wl £ Rég)vgu + pPuv_y = 2uvv_; . (4.5.3)

Equation (4.5.2) simply gives p! = —2u and from relation (4.5.3) we get the system

—R‘(g)v_l + puv_q = 2uvv_1,

Rég) vou = 0.

)

. 0 :
Hence coefficients RéQ and p? are determined as

R(zg) =0, p?=2.
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Now that all coefficients of R are obtained, we can write it as the following explicit
form:
S 0 —2uv  —u? 0 O —2u o
TR s S { + + ®(S-1) <v u)-
00 v? 0 0 8! 2v
But still the last step remains. In fact since some coefficients are obtained just by the
action of R on K, we have to prove R is indeed a recursion operator. This means we
have to show that it satisfies relation (4.5.1). As we have the explicit form of R and K,
we can compute K, R — RK, and equate to R,(K). Notice that in computing RK, we

come up with expressions such as
u(S —1)"ws, 2uS-1)tuS™.
To simplify these terms we use the following identities:

fE-1D)"qS=fSS-1)g=fg+f(S-1) g,

fFSE-D)lg 1 S =fSTH(S-1)g=—fg 1S+ f(S-1)g

To summarize this section, we tried to obtain the recursion operator through the direct
method using relation (4.5.1). We also were looking closely at the structure of the given
equation and the terms appearing in the symmetry. This helped us to specify the order

of local terms and the coeflicients of constant terms.

As we mentioned, recursion operators are not obtained through straightforward
processes and there exists no general algorithm to apply on a given equation and produce
its recursion operator. For recursion operators which are the product of Hamiltonian and
symplectic operators we use some similar logic to construct appropriate Hamiltonian and

symplectic or two Hamiltonian operators. Notice that the structure of weakly nonlocal
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terms in Hamiltonian and symplectic operators are respectively as follows:

pi(S — 1)71p2 )

w1 (S — 1)_1002 4

where p;,p, are symmetries and w; and wy are co-symmetries of the given equation.
A thorough treatment of this structure is discussed in [91]. The recursion operator of

Merola-Ragnisco-Tu system has also an weakly nonlocal inverse as follows:

2

1 571 U
R—l = (U~1"U-|'1)2 (uflv—i-l)2
o “? 1 S — 2u_1v1
(uv1+1)2 (uvy+1)2 (u_qv+1)(uv1+1)

U_

) u_1v+1 @(8—1)_1 ( V1 u_1 ) .

vy uvi+1l  u_jv+1
uvy+1

This does not happen for all recursion operators. In fact it is still an open problem if

for a given recursion operator its inverse exists.

The next chapter provides the list of integrable differential-difference equations along
with the quantities and operators defined in this chapter. There are several new results
on the Hamiltonian, symplectic and recursion operators. We also give the inverse of the

recursion operator in the case if it exists.
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Chapter 5

List of integrable

differential-difference equations

5.1 Introduction

In this chapter we apply definitions and theorems provided in the last three chapters.
To do so. a long list of integrable differential-difference equations is given. The list
contains equations themselves, their Hamiltonian structures, recursion operators and
non-trivial generalised symmetries. We not only put in an effort to compute all the
objects in the list, but also include some new results. In fact this chapter forms the
main part of the result of the paper [42]. We mainly refer to the source where we learned
about each system although some attempt has been made to track the historical origins.
In fact scalar equations are coming mainly from the review paper [95] and articles
[12, 13, 56, 58, 66. 92]. For multi component equations we first tried to find equations
from different sources such as [62. 66, 81] and then looking for other known properties
form references therein. The new results of the list are also obtained from [86] in which

equations and in some cases the simple form of Hamiltonian operators are given.
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We also include partial results on master symmetries of equations. Roughly speak-
ing, a master symmetry for an integrable differential-difference equation is a vector field
which maps a symmetry to a new symmetry. Results on master symmetries are closely
related to scaling symmetries of the corresponding equations. A scaling symmetry for
a differential-difference equation K is a vector field Q € g which satisfies the following

relation:

LK = K,

where A is a scalar. Then the action of recursion operators, which also satisfy the
Nijenhuis property, on a scaling symmetry produces a master symmetry. In fact we
have to show that the action of R(QQ) on K produces a symmetry. This can be seen

through the following calculation:

[R(Q),K] = Lrn)K = R(LgK) = \R(K),

where as R is a recursion operator R(K) gives a symmetry. The thorough study of
master symmetries is done in the next chapter. For some equations we add further
notes on their links with other known equations and the weakly nonlocal inverses of

recursion operators if existing. This list is far from being complete.

As we mentioned in the previous chapter the majority of pseudo-difference operators
we studied are weakly nonlocal, that is, according to Definition 4 they are pseudo-

difference operators with only a finite number of nonlocal terms of the form

pR(S—-1)"1w.

We should note that while dealing with the above weakly nonlocal terms the action of
the recursion operator is not uniquely determined. In fact since the field of scalars are
the kernel of the difference operator (S — 1), for the action of (S —1)~! we should also

consider a constant term. For example consider the recursion operator of the Volterra
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equation

1
R=uS+u+u +uS ' +u(ug —u_1)(S — 1)-15‘

The action of R on u(u; —u_1) gives
2 2
w(uiug + uuy + uj — uu_q1 — u”; —u_1u—2) + au(u; —u_1),

where « is an arbitrary constant. For some weakly nonlocal recursion operators of multi
component integrable differential-difference equations, there exists a weakly nonlocal
inverse recursion operator. This also enables us to generate infinitely many inverse
symmetry flows. The Ablowitz-Ladik lattice (cf. Section 5.2.12 for more algebraic

properties of this equation)

ut = (1 — wv)(aus — Pu—1),

Vt = (1 = UU)(BUl == Oé”U_l) ‘

possesses a recursion operator

(1—uv) § —wv —uv_1 —uu —u
R = + oS- (v w)
vu_1 (1—uv) S v

B (1 —wv)u (S — 1)_1< v _u ) .

l—uv  1—uv
—(1 —uv)v_y

We usually do not explicitly write out @ if this causes no confusion.

The operator R is weakly nonlocal and it has a weakly nonlocal inverse

(1—uv) 87! wu_ u

Rl= + (-1 (Ul u_1>
—ovg (1—uv) S —uvy —u_1v —v
(1 —uv)u—_1 B
+ (S B 1) ' ( 141)1“1 l—uuv ) ’

—(1 — uv)vy
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The phenomenon has been explored for the Bruschi-Ragnisco lattice in [62]. In this chap-
ter, we compute the weakly nonlocal inverse recursion operators for all multi component
integrable differential-difference equations if existing. For a given weakly nonlocal dif-
ference operator, to answer whether there exists a weakly nonlocal inverse operator is

still an open problem.

To the best of our knowledge, the following results are new:

e The Hamiltonian operators, symplectic operators and recursion operators given

in section 5.2.4 for equation (5.2.3).

e The Hamiltonian operators, symplectic operators and recursion operators for the
Kaup-Newell lattice (section 5.2.14), the Chen-Lee-Liu lattice (section 5.2.15) and

the Ablowitz-Ramani-Segur (Gerdjikov-Ivanov) lattice (section 5.2.16);

e The weakly nonlocal inverse recursion operators, if they exist, except for the

Ablowitz-Ladik lattice and the Bruschi-Ragnisco lattice.

5.2 A list of integrable differential-difference equa-

tions

5.2.1 The Volterra chain
e Equation [88]:
up = u(uy —u—1) (6.2.1)
e Hamiltonian structure [12, 66]:

Hy = u(S — S M, fi=u

1
Ho = u(SuS + uS + Su—uS™ ! — S tu— S 'uS u, fa= §lnu

78




e Recursion operator:

/|
R=HH{' =uS+u+u +uS ' +u(ug —uq)(S—1)"'=
u
e Non-trivial symmetry [12, 95]:

Riug) =u (uluz + uf + U —uu_q — uz_l - u41u;2)

e Master symmetry [12, 13, 46]:

R(u) = nuy +u(2u; +u+u_1)

This equation is also known as the Lotka-Volterra model, the Kac-van Moerbeke lattice

or the Langmuir lattice. The so-called Kac-van Moerbeke-Langmuir equation [66]
wr = w(w§ —ws,), ¢ # 0 is a constant.

is related to (5.2.1) by the point transformation u = w® and t = e7. This equation is

also written as
wy = exp(w + wy) — exp(w + w-1),

which can be transformed into (5.2.1) by the transformation u = exp(w + wy).

5.2.2 Modified Volterra equation

e Equation [37, 95]:

up = u?(u; —u_1)
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Hamiltonian structure (87, 95]:

Hi=u(S —1)(S+ 1) tu, f1=uuy

Ho = u?(S — S~ Hu?, fo=Inu

Recursion operator:

’ 1
R = HoH{' = u®S + 2uuy +u?S7 + 20 (ug —uq)(S—1)7'=
u

Non-trivial symmetry [95]:

R(uy) = v (ug + u) — v’u’ (u+u_y)

Master symmetry [95]:

2
R(%) = nu; + %(3111 +u_1)

The Modified Volterra equation is also known as the discrete modified Korteweg-de
Vries equation. Under the Miura transformation w = uu, it can be transformed into

the Volterra Chain w; = w(w; — w—1) as in section 5.2.1.

5.2.3 Yamilov’s discretisation of the Krichever-Novikov equa-
tion

e Equation [94]:

e R(ULU, ufl) - I((l)
: up —u_1 ’

where R is the polynomial with constant coefficients «, 3,7, d, € defined by

R(u,v,w) = (av® + 28v + y)uw + (Bv® + M + 8)(u + w) + 2 +20v4€ (5.2.2)
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e Two non-trivial symmetries [58, 56, 78, 93]:

K@) —

R(u,u—_1,u)R(u1,u,u1) 1 1
T ]
(up —u_1)?

R(uy, u,u)R(u,u_1,u) [ S2PKM S2k)
(w— ) " :

Ug — U U— U_3

K® —

(up —u_1)? up —u)?  (u—u_g)

+K(1>K(2>< LR )

Uy — U U— U2

e Hamiltonian structure [55, 58:

H=AS-S81A+2KV (S -1)"'8K? + 2Kk@ (s 1)KV,
H=AS*-S2A+BS-85"'B+ KD S-1)"1S+1)K?

+2KM (8- 1)"18K® + 2 KO (s — 1)K,

R(ug, u1, u2) R(u1,u, ur)R(u,u_1,u)

A=
(u1 —u—1)?(uz — u)?
~ R(us,ug,us)R(ug, uy,us)R(uy, u, u)R(u,u_1,u)
= 2 2 2 '
(Ul — u_l) (’LL2 — u) (u;; = ul)
B _ 2A K(l) B 8UR(u1,u, Ul) + 82R(u1, u, ul)
U — u—9 2(u1 — u,l) 48u8u1

2R(u,u_1,u) 1
SN s (KW K@)
T (w1 —u—_1)? S( )

e Symplectic operator [58]:
1

f = ——— 8§81~
R(uy,u,u) R(uy,u,uy)

e Recursion operator [55, 58]:

R=HI and R=HI
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5.2.4 Integrable Volterra type equations

The classification of integrable Volterra type equations of the form

w = f(u_1,u,u1),

where f is a smooth function of all its variables was obtained by Yamilov using the

symmetry approach. In his remarkable review paper [95], he presented the following

complete list of integrable Volterra type equations (with higher order conservation laws)

up to point transformations:

V1

V2

V3

V4

Vb5

V6

V7

V8

V9

V10

Vi1

up = Pu)(ug —u—_1)

1 1
us = P(u?) ( — )
U +u U+ u—1

1
w = Q(u) (ull_ﬁu—u,l)

R(uj,u,u_1) + vR(u1,u, ul)l/QR(u_l, u, u_1)1/2

Ut =
Uy — -1

wp = y(up — u) + y(u —u_q),

= y(ur —u) y(u—u-1) + p, y = %

_ 1 r_ 2
o e R

1 o
~ T ti—yate ¢ oW

o = Y ) —ylutu) ,_ P
Tyt Fyutug) Y y
L dmrw ) QW

" y(ur +u) —y(utuoy)’ y
b Oy =) yl—u) | PG)

y(ur —u) +y(u —u-1)

(5.2.3)

(5.2.4)

(5.2.5)

(5.2.6)

(5.2.7)

(5.2.8)
(5.2.9)
(5.2.10)
(5.2.11)
(5.2.12)

(5.2.13)

where pn € C, v € {0,+1} and P and @Q are polynomials with constant coefficients
«, 83,7, 0, € defined by

P(u) = au® + Bu + 7,

Qu) = au® + Bud + yu® + du + ¢,
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and the polynomial R is defined by (5.2.2). As stated in the paper [95]. the problem

of constructing the generalised symmetries for all equations (V1)-(V11) remains open
although the master symmetries for some forms of equations in the list are known [12,
13]. We know that the Miura transformation % = y(u; — u) transforms equations (V5)
and (V6) to (V1) and equations (V7) and (V11) into (V2), and the Miura transformation
@ = y(u1 +u) transforms equation (V9) to (V2) and equations (V8) and (V10) into (V3)
[95]. In what follows we just provide the new Hamiltonian, symplectic and recursion
operators for (V1). For new results on (V2), (V3) and (V4) one can read [42]. For
other equations one can obtain the corresponding Hamiltonian, symplectic and recursion

operators via Miura transformations.

V1 equation (5.2.3)

Hamiltonian structure [95]:

— Pl o1 - _ u
H=PuES-SHPW.  f= [ 5=
e Symplectic operator:
B . 1P (u) P(u) B
7 = (8-S V) +(aui+B+aou_1)S(S-1) 1P(u)+P(u) (S—1)"Yau1+B+au_;)

Recursion operator:

_3 P (m)
P(u)

R = P(u)S + 2auu; + B(u+u1) + Pw)S ™' +u(S—1)

Non-trivial symmetry :

R(ut) = P(u) (P(ur)us + our? + Bu + ur)uy — P(u_y)u_g — aun?® | — Blu+u_1)u_1)
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e Master symmetry:

nuy + P(u)(cuy + g +(2—-cu_1), ceC, whena#0

nug + P(u)(cus +u+ (3 —cju_y), c€C, whena=0

This equation includes both the Volterra chain in section 5.2.1 and the modified Volterra

equation in section 5.2.2.

5.2.5 The Narita-Itoh-Bogoyavlensky lattice

e Equation [8, 39, 60]:

£

Il
=

bt
ngh
fos

=

I
=
T[]
i}

i
.
=
m

Z

e Hamiltonian structure [62]:
H=ud) &-> 8, f=u
i=1 i=1
e Recursion operator [92]:
—p . .
R=uS-SP)S-1) " [[(S"" u—uS )" tu—uS )",
i=1

where the notation H;ﬁ is denoted the order of the value i, from 1 to p, that is,

—p
I ai = a1az -+ - ap.

e Non-trivial symmetry:

Rlu) =u(l— S~ PSP N~ wu,

0<i<j<2p—1

e Master symmetry [92]: R(u)
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For p = 1,2 or 3, a few higher order symmetries are explicitly given in [62], where
the authors also studied their Hamiltonian operator, recursion operator and master
symmetry for p = 1,2. The Narita-Itoh-Bogoyavlensky lattice is known as an integrable

discretisation for the Korteweg-de Vries equation. It can also be presented as

P P
ve=v([Jor— ] o),
k=1 k=1

which is related to the Narita-Itoh-Bogoyavlensky lattice via the transformation u =

i;(l) v for fixed p. Taking p = 1, we get the well-known Volterra chain in section 5.2.1.

Thus they can be regarded as the generalisation of the Volterra chain.

Let u = [[}_,wk. Then w satisfies the so-called the modified Bogoyavlensky chain

The recursion operator given above for the Narita-Itoh-Bogoyavlensky lattice is
highly nonlocal (so is the master symmetry). Recently, Svinin [83] derived the explicit
formulas for its generalised symmetries in terms of a family of homogeneous difference

polynomials.

5.2.6 The Toda lattice
¢ Equation [85]:
gt = exp(q1 — q) — exp(q — g-1)

In the Manakov-Flaschka coordinates [18, 50] defined by u = exp(q1 — ¢q), v = ¢,

it can be rewritten as two component evolution system:

wy u(vy —v
ey o ) (5.2.16)
Ut U—u—q
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e Hamiltonian structure [13, 44, 66]:

e Recursion operator:

v +ulv; — ) (8 - 1)1
R =HoH{' = 1 +-ulor —) )

1+S8 4+ (u—u)(S-1)"11

v uS +u u(v; —v) B
- + (s-v7 (1L o)

1 481 v U — U_1

e Non-trivial symmetry:

. Uy _ w(v? — v +u —u_q)
vy u(vy +v) —u_1(v_1 + )

e Master symmetry [13]:

IS

nug + %uvl + %uv

=

2
nup+ut+ug+ 5

S]]

The Hirota nonlinear Lumped Network equation [36]

Ut V1 — 0

vy v(u —u_q)

is related to the Toda lattice (5.2.16) by a simple invertible transformation. Namely,
let u = ¢ and v = p_1. Then the variables p and ¢ satisfy the Toda equation. All its

properties can be obtained via those for the Toda lattice.

36



5.2.7 The Relativistic Toda system

e Equation [69]:

exp(g-1—¢q) e exp(q — q1)
1+exp(g-1—¢q) = 1+explg—q1)

it = qtq—1t

Let us introduce the following dependent variables [80, 28]:

_aexplg—q1) . G
1+exp(qg—q1)’ 1 +exp(q — q1)

Then the equation can be written as

Uy w(u_1 —u;+v—1;
= ) (5.2.17)
vy v(u—1 — u)
e Hamiltonian structure [28]:
0 u(l —S8) il
Hi= . f1= §(u2+’02)+u1)+u1u+uvl

(S1-Du uS-81u

w( S -8Su u(l-8)v
Ho = ; fa=u+tv
(STt - 1)u 0

e Recursion operator [28]:

uS+u+v+u +uS !t uS +u Uy

v+ 081 v Vg

e Non-trivial symmetry :

Ut G1
Ut Go
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Gi=uu_1(u+u_1+u_g+2v+v_1)—uui(ug +uy +u+ 2v; + v9)

+u?(v —v1) + u(v? — v3)

Gy=vu_1(u_og+u_1+v+v_1)—uw(u +u+v+0v)

e Master symmetry [28]:

U —nu; + u(v + 201 +u+ 2u; +u_q
R = ! ( ) , ((8—1)*11 =7
v —nvg +v(u+ v+ u_q)

As noticed in [28], the inverse of this recursion operator R is also weakly nonlocal:

1 — S 2u
Ril :7‘[1%2_1 = u1 E v? L
_g-11 1 u —lu 4 2u 1
S v 1 y§8+8 v2 VU] + v
u _u
S I R -2 ).
u_1 u v
Pq v1

However, recursion operators R and R~! have different starting point, i.e., seeds. For

R, it starts with acting on the right hand of the equation while the seed for R1is

uu

o= | " . Moreover, R acting on o and R ! acting on the right hand of the
Uu—1 o u
v_1 U1

equation do not give rise to new symmetries.

5.2.8 Two component Volterra lattice

e Equation [66]:

w ) _ [ o) (5.2.18)
vy v(u—u_q)
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e Hamiltonian structure [66]:

0 u(S —1)v
Hi= ) fi=u+v
v(1 -8 Hu 0
w(Sv —v8 Hu w(uS — u+ Sv —v)v _
HQ == ) f'Z =lnu

v(iu— S u+v—vSu v(uS — S~ lu)v

e Recursion operator:

ut+vy  uS+ =L u(vy — v)
R= sty = ; s-v7(4 1)

v+vS8t w4 v(u —u_q)

e Non-trivial symmetry:

- Uy u? (Ul—v)+u(v12—v2+v1u1 —vu,l)
vt v2 (u—u_1) +o(u? — vt +uvy —u_1v-1)

e Master symmetry [13]:

U 2nuy + u? + 3uvy
R —

v 2nvg + vu_q + 2uv + v?

This system comes from the Volterra chain in section 5.2.1 written in the variable w,

that is,

wy = w(w1 = w_l), (5.2.19)

by renaming u(n,t) = w(2n,t) and v(n,t) = w(2n — 1,t). It is related to the Toda

equation (5.2.16), written in variables u and v, by the Miura transformation (82]

a=wv and V=u_1+v. (5.2.20)
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5.2.9 The Relativistic Volterra lattice

e Equation [43, 81, 82]:

Uy w(v—v_1 +uv —u_1v_1)

vy v(ur —u+ ujv — uw)

e Hamiltonian structure [81]:

Hq, = , fi=u+v+uv
v(S — 1u 0
h h
Ho = e ] fo=Inuor fo =Inv
ha1 haa

where

hip = wo(1 + u)Su — uS ™ uv(1 + u)
hia = wo(u + v + o) — (S uvS 1 +uS 1+ S Tv)w
ho1 = v(SuvS + vS8 + Su)u—uv(u + v + uv)

haa = vSuv(l 4+ v) — uv(l +v)S v

e Recursion operator:

5 Bt w1 ST +u+v+uw uw(l+u_1)S P +u(l +u)
ki T ujv(l+vy)
u

v(l+v1)S + u1vS + up + v + ujv

u(v — v_1 + uv — u_jv_1)
iz (S - 1)-1( 11 )

v(up — u+ ujv; — uwv)
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e Non-trivial symmetry:

wv(1 4+ u)(u + uy +ugvr) + ww?(1 4+ u)? — ww? (1 +u_1)? — v?v_,
Uy —u—quv—_1(l + u+v_g +u_1 +u_2v_2);
v upvvy (1 4 2uy + ugve + ug) + udv + upvvd (1 +uy) + v2ui(1 4 vp)

—uwv(l+v)(v+v 1 +u_1v1) — uv(l +v)?

It is related to the Relativistic Toda equation (5.2.17), written in variables @ and v,
by the Miura transformation & = —uv and © = —(u+wv_1 +1) [82]. This transformation

is similar to (5.2.20), which explains the name of this equation.

5.2.10 The Merola-Ragnisco-Tu lattice

Equation [51, 62]:

Uy U — uv

Ut —v_1+ v2u

Hamiltonian structure [62]:

e Recursion operator [62]:

S —2uv —u? —u

R = +2 (3*1)_1('0 u,)

Non-trivial symmetry [62]:

2 2

Uy U2 — UV — uv_1 — 2uvu; + udv?

o —v_9 + v%lu_l + v2u; + 2uvv_; — u?v?
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e Master symmetry [62]:

(n+1)u nug + 2u; — 2u?v — 2u(S — 1) tuw

—nu nvg +v_1 + uv? + 2v(S — 1) tuw

The recursion operator R has a weakly nonlocal inverse:

2

1 -1 U1
Rfl _ (u*1v+1)28 (u_lv—i—l)'2
2 >
_ vy 1 o 2u_1v1
(uv1+1)2 (u1)1+1)28 (u—1v+1)(uv1+1)

W]

—1v+1 -1 ]
2 v -1 2 Lt :
+ vy (S ) uvy+1 u_q1v+1

T uvi+1

The symmetry (u, —v)tr is a seed for both R and R~

5.2.11 The Kaup lattice
e Equation [3]:

Uy (u+v)(u1 —u)

(u+v)(v — v_1)

e Hamiltonian structure [3]:

0 u—+v
H.= , f=uv—wv
—(u+v) O
e Recursion operator:
U+ v)S+u—u 0 U
R - ( ) 1 + t (S N 1)71 (u}—v u—}-’u)
0 @+ S +u —u vt

% 11 8(8—1)*1(071_@ u]_u>
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e Non-trivial symmetry:

i (u+v)(uuy + uv_q1 + v — Ujug — UV — UTV_1)

vy (u 4+ v)(U—1v—2 + V_2V_1 — ULV — U_1VU—1 + UIV_1 — V_1D)

There exists another weakly nonlocal recursion operator

_utv g1 _ fumuay)

R — (u—1+v)? (u—1+v)?
_ (ni—v) u4v ot u—u_1—v1+v
(utwv1)? (utwv1)? (u—14+v)(utv1)

1 1
_ (S _ 1)* ( 1 1 1 1 )
1 u+vq u+v u_14v u+v

U—uU—1
w11 | 48 2. . 2 2 .1},
v —v u+v1 u+v U—1+v u+v
u+v1

The symmetry (1, —1)tr is a seed for both R and R'. In fact, operator R’ is the inverse

operator of R.

5.2.12 The Ablowitz-Ladik lattice
e Equation [2]:

U 1 —wv)(au; — Pu_
APa o 2 B

vy (1 — wv)(Bv1 — av_q)
e Hamiltonian structure [62]:

0 1 —uv _
H= ) f = (a'll‘l — /E’U_l)'v
—(1 —uv) 0
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e Recursion operator [33, 35, 62]

1 —uw)S—uv—uv_1 —uu
(S
VU_1 1 —uyS~!

(1 — wv)uy

1—uv 1—uv

(-1 (_b_ u

—(1 —uv)v_q
e Non-trivial symmetry [62]:

5 (1 —uv)uy (1 —wv) ((1 —wrvr)ug — vud — wuyv_q)
—(1 — wv)v_y (1 —uw) (—(1 —u_1v_1)v_g +uv?{ + ulv,lv)

e Master symmetry [62]:

nu (n+1)(1 — wv)u; — vv_q —u(S — 1) uv_,

—nu (1—n)(1 —uv)v_1 +uwvv_1 +v(S — 1) luv_y

The coefficients for a and 8, namely, K; and K_;, are commuting symmetries for

the equation. The inverse of this recursion operator R is of weakly nonlocal form:

(1—uv) 871 uu_q u
Ril == "‘ (S - 1)‘1 (Ul U'—l)

—vv1 (1 —uv) § —uvy —u_1v —v

- (1 —uv)u_1 (871)’1< ) . )

1—uv 1—uv
—(1 —uv)n

u
Both R and R~! share a common the seed o = . Starting form it, we can
—v

generate the commuting symmetries R (o) and R'(o) for i € N.
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5.2.13 The Bruschi-Ragnisco lattice

e Equation [9, 66, 81]:
Ut U1V — Uv_1
vy v(v—v_q)

e Hamiltonian structure (9, 62]:

0 1-8 1w
Hi= , fhi=uww
v(S—1) 0
vSu—uS v v(S§—1)v
Ho = , fo=u
v(l - S Yo 0

e Recursion operator [62, 66]:

vS wy +uS 1+ (uv —uv_q)(S — 1)L
R =HaH' = 1 (w1 DS -7
0 0S8+ v(w—v_1)(S—1)712

vS up +uS! wy
= 1 + @—U*(o
0 ’USil Ut

e Non-trivial symmetry [62]:

(5 VV1UQ — V_2V_1U
R =
vy v(vv—_1 — v_1V_2)

e Master symmetry [62]:

u nu; + 2u10 + u_1u
R =
v nv; + vv_1q

S

)

95



The recursion operator R has a weakly nonlocal inverse:

-11 1 u i e a4
R g = [ S0 TS ET R oNE-0T
= P
I wSh-c+o+{(E-DE-17;
—11 —1u 5 B .
o AL R Y (s-1"(0 1)
0 wSt-i4+2L v _q

However, recursion operators R and R ! have different seeds similar to the Relativistic

Toda system in section 5.2.7. The starting point for operator R is the equation itself

U1l w
while the seed for R™1 is 0 = U=t Y | Operator R~! acting on the equation
g q
v
L -1
v1

itself and R on o do not generate new symmetries. Notice that the scalar lattice

vy = v(v — v_1) can be linearised into w; = w_; by the transformation v = —%.

5.2.14 The Kaup-Newell lattice

e Equation [86]:

Uy __u u __u
Ut a (1—1“1,71 lfuw) +b <1+u1r1 1+u,11v>

=:aK1 +bK 4
; v _ v_1 vl = v
Ut 4 (1—uu l—u_lv_l) + b (H—'u,m 1+u_1v>

e Symplectic operator:

Fe T - 1—uw (S + 1)(8 — ]_)—1 ( ﬁ lllqw )

1—uv

H= ) f=—aln(l —uv) +bln(1l 4+ uv1)
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e Recursion operator:

Ry1 Rag
R = HI- —aS -0 (2 25 ).
Ro1 R
where
1 1 2uiv
R =— S -
e — A T R p——— )
2 2
U U 2uu
Ry =— LS+ - -
w (1 —uqvy)? (1—uv)? (1 —uv)(1l—uv)
3 2
v v
Bat = — =1 S—l
. (1—u_qv_1)? (1 —uv)?
1 1—-2uv
Roy — — =
» (1—u_19-1)? (1 —uv)?
e Non-trivial symmetry :
1 up ufv 1 uy u?v_y
R(K ) _ (l—ulvl)2 (ul T T—ugvz 1—uv) - (1—uv)? (u T I—uivr 1—1#1@,1)
! 1. ugv? V-1 1 uvil v_2
(1—uv)? (U T I—uvr 1—u,1v41) T (A—u_q1v_1)? (v*1 =T 1711,_211_2)
—u
The recursion operator R has a seed o = and R(co) = K. Similar to the

v
Ablowitz-Ladik Lattice in section 5.2.12, the coefficients for a and b, namely, K and

K _1, are commuting symmetries for the equation. Indeed, there exists another weakly

nonlocal recursion operator

1 s-1 14+-2uvy _u? 5 4 u? _ 2uu_1q

R = HT = (I+u_1v)2 (14uv1)? (T4uvy)? (1+u_qv)2 (I+u—_1v)(1T4+uvr)
- v2 8_1 - v% 1 Q. 1 - 2u_1v1

(I+u_1v)2 (T+uv1)? (1+wuvy)? (T+u—1v)? (I+u_1v)(1+uvy)

—2K,1(8—1)—1( w o _uo )

14uvy 1+u_qv
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where the symplectic operator Z’ is

1 1
I/ o 0 14+uvy <S - U_1”U1) 14+u_qv

1 __o=1% 1
1+u—1l’(u_1v1 S )1+uw1 0

V1
- 14uv 1 o -1 vy U
u_1 (8 + )(S 1) < 1+uvy I4u_jv
14+u_jv

5.2.15 The Chen-Lee-Liu lattice

e Equation [86]:

Uy a(l+uv)(ug —uw) +b(1 +u_1v) N u —u_y
D\ _ (w0 b0 b)) \
vy a(l +uv)(v—v_1) + b1 +uvy) vy — v)
e Hamiltonian structure:
0 1+ v 1+ uv
H = ; = - bl
f=aluv_1 —uv) +bln =

—(1 4 uwv) 0

e Recursion operator:

i (1 + uwv)S — 2uv + wv + uv_q uuy — u?
R=HoH "=
v? — v (14 uv)S1
U
+K1(S — 1y <1-:E ﬁ) = ., (S — 17 <v—v-1 u—u1> )

where Hamiltonian operator Hs is given by

5 0 1 + wv) (S + wv) —uv+uiv)
2 =
(w—uv—Q1+u)S™) (1 +w) 0

U

~K(S-1)7 (u v ) - S8 - 1)K

—v
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e Non-trivial symmetry :

where

2

Gi=(1+ uv)(uluzv1+uz+u%v+uu1v,1+u2v—u1—u v_1—2uuv—uiv),

Gy = (1 + ud) v+ 2uv_1v+u_1v%; +v 1 —v_g—uv® —uv?,

—UV_1V — U_1V_2V_1) .

The coefficients for a and b, namely, K; and K_, are commuting symmetries for the

equation. The above recursion operator R has a seed 0 = and R(o) = K.

There exists another weakly nonlocal recursion operator

1+uv | u_1(u—u_q)
2 - I ———
RI _ H/H—l _ (14u—1v) (14u—1v)
2 _UI(UI—U) 14+uv V1U—2U—_1V1+U—1V

(1+uvy)? (1+uvr)? + (14u—_1v)(1+uvy)

~K_ S e ) R ) 2u—; w
1(8 ) 14uv,y 1+uv 1+u_qv 1+uw

—iU

-1
= —1 vl _ v u-1 __u
(S ) 14+uvy T+uv 14u_ v 1+uv /)’
v

where the Hamiltonian operator H5 is

1 ) —1 14uw vi(u—u_1)
7_[/ o 0 1+Zl,“11r (8 li—;m + 11+u1111 >
-
1 ) n(u—u—1) 14+uv
— (s + ufionen)) e 0

—U

CKA(S+HD)(S - 1)K — K §(S - 1) (w v) - (s —1) 'kt
v

Again o is a seed for R’. In fact, operator R’ is the inverse operator of R.
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5.2.16 The Ablowitz-Ramani-Segur (Gerdjikov-Ivanov) lat-

tice

e Equation [86]:

Uy (auy —bu_1)(1 + uv)(1 — uvy)
— =:aK; +bK_4
vt (bvr —av—1)(1 + uwv)(1 — u_1v)
The equation given in [86] is
Uy (b—a)u
= +aKy +bK .
o (a —b)v
—u
Since the vector o = commutes with both K; and K_;, we removed
v
this term in our consideration.
e Symplectic operator:
1 1
T = 0 1—uwv; S — 1+4+uv
1 Sl
T+uv 1—uvy 0

and we have
Z(aKy +bK 1) = d(y) (a(uv—1 —uv — wouivy) + blu_qv; — vy + u_juvvy)) .

e Hamiltonian structure:

0 h u
24— Pl _ ks -1t (u _v) - (S — 1)~ 1KIT,
hgl 0 —U
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hia = (1 4+ wv)(S(1 + wv) + uv_1)(1 — u_1v)

hot = —(1 — u_1)((1 4+ ww)S™ + uv_1)(1 + wv)

e Recursion operator:

14 uv)(1— uvy)S + wv — ugn —uup (1 + u)S — u(l +u_jv_y)

+uv_1 —uv(l + u_q1v_1 + 2uqvy) +11_7u—“:“11wu1(u —u_1 — 2uu_1v)

—(1—u_1v)v_1v — I+ w1987t 1 +u)(l —u_10)S~ ! + uwvu_jv_

N u1(1 + uwv)(1 — uvy) S 1yt < 1 ) . )
— ) _ 1 u_ U
—v_1(1 + uw)(1 — u_1v) tw  I-wn  Itw  T-u-1v

u
1
— (-1 (v — V] F U1V Fuvv; U — Uy +Uuu_qv_q + uu1v1>

where

Gr = (1 + uv)(l — ww) [ 4+ wyv) (1 — wyvo)us — udvy (1 + uv) + wugv_1 (1 — u_1v)
—uvlu — ug),
Gy = (1 +wv)(u_1v — D[(1 4+ u_19_1)(1 — u_ov_1)v_g — u_1v%;(1 + uv)

+uv_1v(l — uvy) + wv_1(v_1 — v)|.

CENT
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&
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There exists another weakly nonlocal recursion operator

(1 +uv) (1 —uv)S™! + wvu_yv uu-1{L+u)S +uu-z(l+u-go-y)
1 —101 o
1—u_qv

U—1(u —u_q1 — 2uu_1v)
R =

1+uv)(1—u_10)S+uvy —2u_juvv
(1—u_19)v1v + 1 +uv)v;v8~1 ( )( ) 1 1uVU]

—U-_1V1 +’LL71’U*U,2U(]. +u,1v,1)

—u_1(1 + uv)(l - uvl)

(8 — 1)_1 ( v__ _u u_u— )
T 1- 1 T—u_1v
v1(1 4+ uv)(1 — u_1v) +uv uvy  1+uv u_1v

u
+ (S - 1)41 <U2(1+U1U1)+1)1 (u_l’U* 1) u,g(l—l—u,lv_l)—l—u,l (UUl — 1))
—i
1
=HT+ :
01

where the Hamiltonian operator H' is

2y 0 —(1 4 uwv)(1 —u_1v)
(14 uv)(l —u_qv) 0
~Ka86-1)"(u —v) - Yl skt
—v

Operator R’ is the inverse operator of R. The vector ¢ is them seed for both of them
and R'(K_1) is
GI
RI(K_1) = L

/
2
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G =

+u_1(u_1v + uvy)],

(1 —uvy) A +u) [ +u_1v_1) 1 —u_10)u_g—uu_1va(l+uyvy) —u® 11 (L +uv)

GY = 1—u_19) (1 +uv)[— 1 +urv) (1l —uv))ve +u_gvv (1 +u_1v_1)

+u_1vy(vivu + v1 — V) — uv%] .

5.2.17 The Heisenberg ferromagnet lattice

e Equation [79]:

Ut

(Y

e Hamiltonian structure:

0 (u — v)?
H =
—(u —v)? 0
e Symplectic operator:
0
L= —un@—v )
- u—uy)[v—v_
(U1 o U) S— (11,—v)2(u1—1r,1)('u11 —v)
V—U=1
(U‘T})(:U,*’U_l) (S + 1)(8 o 1)—1 (

U—uq

(u—v)(u1—v)
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(u—v)(v_g —v)(u—v_1)~

—u—v_1) 281+

(u—v)(u—u1)(ug —v)~?

il

f=In(u—v)—In(u—v_1)

u—u1)lw—v_1)

w—)Zw—v_1) 1 —v)

0

v—v_1
(u—v)(u—v_1)

u—uq
(u—v)(u1—v)

)



e Recursion operator:

(u—v)? ~ 2(u—u1)(v—v_1) B (u—u1)?
R =HI = (u1—v)? (u—v_1)(u1—v) (u1—v)2
(v—v_1)? (u—v)2 o1

Ut

Y R R G T

u—v)(u—v_1) (u—v)(u1—v)
Ut

e Non-trivial symmetry:

(u—v) ((ufv)(u,lf'ul)(ulfuz) +(u7u1)2(u,17v)
R - _ (u1—v)2 (ug—v1) (u—v_1)

(u—w) ( (u—v)(u—1—v_1)(v_2—v_1) L (v—v_1)*(u—u1) )

Y (u—v-1)? (u—1—v_2) (u1—v)
The recursion operator R has a weakly nonlocal inverse:

(u—v)? | (u—u_1)?
R =T = (“—1(;:’);)2 e (u—;(—’”_)j "
_ S — u—u_1)(v—vy)
(u—v1)? (u—v1)? (u—v1)(u—1—0)

(u—v)(u_1—u)
_9 U—1—v S—1 -1 ( v—v1 U—U_1] > .
(u—v)(v—01) ( ) (u—v)(u—v1)  (u—v)(u—1—2)
uU—v1

where the symplectic operator Z' is given by

0 —(u—v1) 25+ pmilomn

—1)2Zu—v1)(u_1—v)

(U,l —U)_QS—l _ ( (u—u_1)v—1) 0

u—v)2 (u—v1)u—1—)

T =

V—v1

+| e s+ s -1 ( vy L ) :

U—u_1 (u—v)(u—v1) (u—v)(u—1—v)

5.2.18 The Belov-Chaltikian lattice

e Equation [4]:

uy u(ve —v_1)

Vg u_1—u+v(vy —v_q)
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e Hamiltonian structure [4]:

=

WS-8 H(S+1+SHu  w(S—-1)(S+1+S v f
, fi=v
v(1-S VH)(S+1+S Hu v( S-S Hv+S tlu—uS 1

h h i
Ho = e , fo= == Inu
ho1  hao

hii=ul+8S+8)S -1+ S+ S Hu

hia = ul + S +8H) uS — S0 +ul + S + SHES -0 + 8 Hv
hot = @S?—S7 ) 1+ ST+ SAu+ vl + S -0 1+ S +85)u
has = v(1+8) S —S %)+ uS* - S W) (1+S v

+o1+8S w—vS1+S Hv

e Non-trivial symmetry :

uv_1 V+v_1+v_9) —uva (1 +v2+v3)+u (U +us—u_1 —u_o)
Hadf1 =

w—ovv1) L+v1+ve)+ Vo1 —u—1) V+v_14+v_9)— v U_2—u1)

e Master symmetry [70]:

( nu; + uvy + duv_q1 + uv )

nvy +u—vvy —4u_1+4vv_1 + v?

5.2.19 The Blaszak-Marciniak lattice

e Equation [6]:

Ut w1, — w-_1
ve | = | u_wo; —uw
wy w(v — )
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e Hamiltonian structure [6]:

hip = Sv—vS —u(S + 1)1 (1-S)u
his = SwS—8 1w

hiz=u(S+1) 1 - S)w

hor = wS — S wS™!

hoy = S huw—uwS

hos = v(S™ — Dw

hgr = w(S+1)71(1 - S)u

hss = —w(S — 1)v

has = w(ST —S)w—w(S+ 1)1 (1-S)w

e Recursion operator:

R = HoH ',
where
E-1D) 1 +3(S+1)7! 0 0
Hl = 0 0 ~(S-1D "5
0 —Liss -1t 0
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e Non-trivial symmetry :

w wy(v1 + v2) —w—_1(v+ v_1)
Hodfi=Ha| v | =| uqw_1(v+v_1) —vw(v+v) —w_qw_o + ww
U w(v? —v?) + w(w_1u_1 — wiwy)

e Master symmetry:

u/2
R v

3w/2

We do not explicitly write out its recursion operator, which is no longer weakly nonlocal
although both operators Ho and ’Hfl are weakly nonlocal. The statement that such
recursion operator generates local symmetries can be proved in the same way as in
[91], for weakly nonlocal differential recursion operators. Its master symmetry, which is

highly nonlocal, is explicitly given in [70].

5.3 Conclusion

In this chapter we presented a list of integrable differential-difference equations contain-
ing equations themselves, Hamiltonian structures, recursion operators and a nontrivial
generalised symmetry. First of all we should note that the list is not complete. We
tried to collect as many integrable equations as we could, along with their properties,
from known references. Also for most equations, we provided the corresponding weakly
nonlocal inverse recursion operator. To say whether there exists an inverse recursion

operator for a given equation is still an open problem.
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Chapter 6

Master symmetries and

representation theory of the
differential-difference KP

equation

6.1 Introduction

As we mentioned earlier in the introduction of the thesis, both integrable lineariz-
able evolution PDEs and the evolution partial differential equations solvable by inverse
scattering method (S-integrable) enjoy having the infinite series of higher generalised
symmetries. This property can be used as an integrability criteria for both S-integrable
and C-integrable equations. In recent years there have been works exploring the similar

feature for the differential-difference and lattice equations [47, 95, 94].

It is quite desirable to find methods in order to generate the explicit form of gen-
eralised symmetries. As we saw in previous chapters, recursion operators which map a

symmetry to a new symmetry can be used to produce an infinite hierarchy of generalised
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symmetries [41, 67]. Finding the recursion operator for a given equation is not a trivial

task. Master symmetries are an effective tool by which one can generate the hierarchy

of generalised symmetries. The concept of master symmetry was first introduced in [21].

Master symmetries for (141)-dimensional differential equations and differential -

difference equations are not always local. For example for the KdV
Ut = Uggz + OuUy
the master symmetry has the form [15, 19, 63]
T = o(6uty + Uggy) + 4Uzy + B - QUIDQIU, (6.1.1)

where D! is the right inverse of total z-derivative. The efficiency of master symmetries
can be clearly seen in the (2+1)-dimensional integrable systems for which the recursion
operators have more complicated structure than in (1+1)-dimension [22, 75]. For the
Kadomtsev-Petviashvili equation, which can be viewed as the two-dimensional KdV,

that is
u = 6uUy — Ugpr — 3a2D71uyy = K1) ;
the master symmetry is given in [65] as follows:
7(u) = yK (u) — 20%zu, — 40° Dy uy, . (6.1.2)
The nonlinear partial integro-differential Benjamin-Ono equation
w = Hugy + 2uu, = K(u), (6.1.3)
where H stands for the Hilbert transform

wn@ - [ L,
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has the master symmetry given in [21] as

7(u) = 2K (u) + u® + gHuI . (6.1.4)

Master symmetries are also used to obtain the t-dependent symmetries. In [24, 74]
this relation is discussed and some examples are given. It is shown that if one has a
master symmetry of evolution equation, then one can produce an infinite number of

t-dependent symmetries which are polynomials in time.

Unlike partial differential equations many differential-difference equations possess
local master symmetries. For more details regarding local master symmetries of discrete
equations see [95] and the references therein. As we saw in the previous chapter the

well-known Volterra chain (5.2.1) has the following master symmetry :
u = nu(u; —u—_1) + u(2u; +u+u_1).

Comparing the works done on (1+41)-dimensional case with (241)-dimensional differential-
difference equations. less research has been devoted to the latter. In Section 6.4 we will

construct the master symmetry of the differential-difference KP (DDKP) equation
Up = Ugy + 22Uy + 2A*1Dx(ux) .

This chapter is structured as follows. In section 6.2 we shall give the definition of quasi-
local terms and define the ring extension with respect to these terms. Section 6.3 first
introduces the structure of (2+1)-dimensional differential-difference evolution equations
and later discusses the notion of K-generators and K-master symmetries and theorems
that we employ through the arguments. In the two last sections 6.4 and 6.5 respectively
we obtain the master symmetry of the DDKP equation and employ the method in [74]
to make the irreducible representations of the equation. In section 6.5 we also construct

the generators of t-dependent symmetries of this equation.
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6.2 Quasi-local difference polynomials

The concept of quasi-locality was first introduced in [57]. In [57] the main feature of
integrable equations in (2 + 1)-dimension is pointed out. In fact evolutionary integrable
(2+1)-dimensional equations along with their higher symmetries and conservation laws
are not local anymore which means they are not only polynomials in wm,,um ,Um 2z, €tc.
They provide a new concept of quasi-local functions. In [90] one can find the proof
for the symmetry structure of integrable (2+41)-dimensional equations. It is proved
through the method called the symbolic representation. In this section we discuss an
analogous concept of quasi-local terms for integrable (2+1)-dimensional differential-

difference equations.

Let u(n, t,z) be a function of discrete variable n € Z and be analytic in two variables
(t,z) where t and x are varying over the complex numbers. Analogue to the first chapter
by writing u,, ; we mean m steps shift in the discrete variable and the second index
stands for the derivative of u with respect to z. For example u; 2 shows one step shift
in the discrete variable and second derivative with respect to x. When j is not very big
(i.e. less that 4) we may also show it by the x index. So in this case we can write as

U1z A monomial of degree £ has the following form:

aq a2 Ok R
uml.i1u7n,2.12 umk,ik’ § :(1] =£.
Naturally the difference operator (2.1.6) acts on the discrete variable as
A(um]‘) = Um+1,57 — Umyj -

To proceed we need to define the so-called quasi-local terms and consequently the con-
cept of quasi-local polynomials. Consider R¢ be the ring of polynomials generated by
all monomials of degree ¢ as

RE =<yl 02 Ly Ok 1Zaj:€>.

M1,i1 2,12




Let SR¢ also contains the combination of monomials of degree ¢ where the coefficients
are polynomials in n and z. Then suppose we define MR and R such that their elements
are linear combination of elements in SR¢ and ¢ for different values of £. Therefore R

and R can be expressed as the following direct sums:

R = (DR

£>1

m:@m‘f.

£>1

Now let us consider two new operators © and ©~! defined as

e=(S-1)"'D,=A"'D,, (6.2.1)

o l=(S-1)D;' =AD", (6.2.2)

where D, denotes derivative with respect to z. To introduce the concept of quasi-local

polynomials we need to extend the ring R with respect to the new operators ©F!. Let
Ry 1(0) = R(0) U ORL(0) UO™ IR, (0) k>0,

where Ro(©) = R and we have

ORk(0) = {O(P) | P € Rp(O)},

07 'R(8) = {07 (P) | P € Rx(0)}.

According to the structure of R (0). index k shows the maximal number of the nesting
for ©*! in an expression. For example the following expressions lie respectively in 25%2((—))

and R3(0):

Ulge + OHu_1) + O(u 07 (v?u1s)),

62(U71I6(u3w1)) + @(u%zu_2@41(u@(u3u1mc))) .

Now we define two ring extensions when k reaches infinity. First consider ® defined as
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the following limit:

G = lim R(0).
k—o00

In a similar way we can have the ring extension
® = lim R,(O).
k—o0

In fact & is a ring containing all elements of ® along with the ones that also have

dependency on z and n. For example we have

w120 (uzz) + O(uB(uz)) € &,

NUgy + 126(1L1@(UQ$I$)) €.

According to the concept of Fréchet derivative defined in Section 2.4, for two elements

F and G in ® we define the Lie bracket of two elements as

[F, G = Fl@) — Gu(F).

The anti-symmetric axiom is clear and bilinearity also is deduced from the linearity of
derivations and the shift operator. For the Jacobi identity it can be obtained through

direct calculation and taking into account the following symmetry property:
(Ho)«[G)(F) = (HO)«[FI(G), F,G,He®.

If we use the chain rule the explicit formula for the Fréchet derivative of elements in &

is given as

F, = EN > OF sipi. (6.2.3)
. ; 811,1;]- £
i=—00 50 ?
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Example 22. Let F' € & be the following expression:
Nu1ze + O(zuug) ,
then for the element G = ©(u) we get

F.(G) = nSD2(G)+ O(zu,G) + 6O(zuD,(G))

= nO(uizz) + O(zu0(u)) + O(zud(uy)) -

6.3 (2+1)-dimensional differential-difference equa-

tions and master symmetries

A (2+1)-dimensional differential-difference equation is defined as an evolutionary equa-

tion of the following form:
w=K Ke®&,. (6.3.1)

Equation (6.3.1) is also known as a lattice field equation. Through this chapter we

shall discuss the master symmetry of the differential-difference KP (DDKP) equation

11, 14, 61, 84]

Up = Ugy + 2uuy + 20(uy) = K. (6.3.2)

This equation is also derived in [7, 40]. In [7] it is constructed through the procedure
of central extension and the author refers to the equation as the lattice field Benjamin-
Ono equation. Naturally we call an element G € B a generalised symmetry for equation

(6.3.1) if and only if the following bracket vanishes:

[K,G] =0. (6.3.3)
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One can simply check that u, is a symmetry of the DDKP equation (6.3.2).

For the concept of master symmetry we basically follow the notions given in [21,
24, 25, 27, 64, 65]. Consider equation (6.3.1), a K-generator of degree m is an element

T € & which satisfies the following relation:

adpg™'T =K. ,[K,[K,T)]] =0.
N———
(m4+1)—times

Obviously if T" is a K-generator of degree zero and an element of ®, then it is a gener-

alised symmetry of equation (6.3.1), i.e.
m=0, adiT=[K,T]=0.

Example 23. For the DDKP equation (6.5.2), the constant 1 is a K-generator of degree

one since
[uze + 2uug + 20(ug), 1] = 2ug
and

[Uzz + 2uuy + 20(ug), 2uy] = 0.

Notice that when we say T is a K-generator of degree one the only information we
get is that [T, K] commutes with K. If it also is an element of ® then it produces a
symmetry for the given equation. In fact we are interested in such generators where

[T,K] € ®. This property is the main part of the notion of master symmetry.

Definition 24. An element W € & is called master symmetry if it is a K-generator of

degree one and [W, K] € &. i.e

K, [K,W]]=0, [W,K]eé. (6.3.4)
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In practice we are interested to find a W such that its recursive action on K is

well-defined and produces a new element in ®.

To do this let us see what we really need to show. Let [W,K] = G; € & and
[K,G1] = 0. If we continue this procedure, in each step we get [W,Gpn] = Gmy1.
One can use the Jacobi identity to show that G2 is a symmetry for K which means

[K,G3] = 0. Now for G we have

[K,Gs] = [K, [W, Go]] = W, [K, Ga]]| + [Ga, W, K]] = [G1, G

This vanishes if G; and Gy are commuting elements. In general to show that an element

W is a master symmetry we refer to the following theorem by I. Dorfman [16].

Theorem 10. Let L be a Lie algebra and fix an element ag € L. Suppose T € L is an
element by which one can obtain an infinite series of elements a, € L according to the

following recurrence relation:

7 )| = G m>0.

Furthermore suppose for some N > 1 and M > 2 there exist elements T_n, T_N41,-*+ ,T0,T1 €

L such that the following conditions hold:

I Ty = [To%); s=—N,---,0,

Ti=[rm=4Ar, AER;

2. [T_N,a0] = [T-N+1,00] = -+ = [T—1,a0] =0,
[70, ao] = pao, neR;,  pul<O;
3. lap—1,am] = lap—2,am-1] = - -+ = [ag, a1] = 0;

4. From [p,ap—1] = [p,7-N] =0 we get p = Z,iv:ol reag, Tr € R.

Then we deduce that all a, mutually commute

aiaa':oa l,:()a]-/
[ J} J
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Remark 7. If a; and p belong to some Lie subalgebra of L while T is an element of L,

the theorem remains valid. More details can be found in [16].

In the next section we will use the above theorem along with this remark to obtain

and prove the master symmetry for DDKP equation.

6.4 Master symmetry for the DDKP equation

Consider the differential-difference KP equation (6.3.2). The first non-trivial generalised

symmetry of (6.3.2) is given in [7]. We rewrite it in our notation as follows:

G = Uggy + 3uugy + 3u§ + 3ulug + 30 (uuy) + 3uO(u)

+ 3uO(ug) + 30%(uz) + 30(uzz) - (6.4.1)

From (6.2.3) one can check that the bracket [K, G] vanishes. Now according to Definition
24 and the generalised symmetry (6.4.1) we shall think of W such that [W, K| = vG
where v is a scalar. This will be discussed in more details in the next proposition but
to proceed we first need to define the homogeneous elements of ®.Let A be the weight

of u denoted by w(u) = A. Then the weight of monomial

« (8.5} a2 (97

U™ = Uy iy Yma io Uy iy *
is defined as
k
)\(E a;) + E azijw(Dy) .
j=1 j=1

Notice that the shift has no effect on the weight of monomials and therefore © has the

same weight as D,. In other words we have

W(tm;) = W(Umtij), JEZ.
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If an element K € & consists of monomials of weight ¢ then we call the expression /-
homogenous. Consider the DDKP equation, in order to have a homogeneous expression

on the right hand side of the equation we have

w(u) +20(D;) = 2w(u) +w(Dy) = w(©) + w(w) +w(D).,

which means u an z-derivative have the same weight. For example if we set A = 1 then
the right hand side of the equation is a 3-homogeneous polynomial. According to the
concept of homogenous elements one can easily see that the symmetry (6.4.1) is a 4-
homogenous expression. This provides the first hint to start with the proper form of the
master symmetry W. On the other hand notice that the Lie bracket of two expressions
with weights w; and ws produces an element with weight w;+ws—1. Therefore W should
be a 2-homogenous expression. To find the explicit form of W we start with an ansatz
where the structure is obtained based on the known examples of master symmetries for
continuous (2+1)-dimensional evolutionary equations. Expressions (6.1.1), (6.1.2) and

(6.1.4) are some examples which guide one to start with a suitable ansatz.

Consider the following 2-homogeneous expression:

W = 2K + cnug + oqu?® + a20(u), (6.4.2)

where ¢ is an arbitrary constant and w(z) = —w(D,). The terms f = aju® + a20(u)
are obtained from the remaining choices for monomials of weight two that have no
dependency on z and n. Now consider the generalised symmetry G and assume [W, K| =

~G. Then we have the following proposition.

Proposition 10. Consider the DDKP equation (6.5.2) together with its non-trivial

symmetry G (6.4.1) and the ansatz (6.4.2) satisfying

[W, K] =G,
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where 7y is a constant. The explicit form of W has the form
W = 2ugy + 2zuty + 220 (ug) + nug + u* + 30(u) . (6.4.3)
Proof. According to the definition of generalised symmetries we can split the bracket as
[f, K] = 7G — [zus, ue] — c[nug, uy] . (6.4.4)
Calculating the right hand side of (6.4.4) we get:

[Tu, ut) = —4Puy — 4B (uz) + 220 (Ugzz) — 6UULL + 42:@(1@)
+ 420 (utgy) — 2Uzge — 60 (Ugz) — 4u§ — 20(2Uzey)
— 40 (uug) — 40(zuty,) — 80% (uy)

[nug, ug] = 2¢(nO(ugg) — O(NUgz)) -
Collecting the equal terms we have

K] = (v + 2ugze + (37 + 6)utss + (37 + 4)ul + (37 + 4)u’u,
+ (37 + 8)O(uuy) + 3yu0(u) + (3y + 4)uO(uy)

+ (37 +8—20)0%(ug) + (37 + 8 — 2¢)O(uyy) . (6.4.5)
Now for the expression f = aju? + 20 (u) the Fréchet derivative takes the form

fe =20qu+ ®,
K, = D? + 2uD, + 2u, + 20D,
and consequently we get
/K] = —201uu; + 40quO(ug) + 2000 () — 201 u>

— 4010 (uuy) — 200uO(ug) — 20000, O(u) . (6.4.6)
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Comparing (6.4.6) and (6.4.5) we obtain

Therefore W takes the following form:

W = x(ugp + 2wty + 20(ug)) + nug + u® + 30(u).

So W is a master symmetry of the DDKP equation. Having obtained W in order
to produce the commutative algebra of symmetries, we need to show that it meets the
conditions given in Theorem 10. In the next theorem the proof is described step by step

but to proceed we need the following proposition.

Proposition 11. Assume for P € & we have [P,K| = [P,1] = 0 where K is (6.3.2),

then
P =qau;.

Proof. First we show that P is an expression with no shift. To do this suppose m
is the maximum length of shift appears in P. Let Pr(nn) be the terms with maximum
degree n and highest shift m. Since Pf,? ) contains the terms with maximum degree
and [P, K] = 0, therefore it should commute with maximum degree term in the DDKP

equation that is
[P™ uuy] = 0.

Furthermore let ngf) be terms in P,(,?) where d is the maximum number of © with shift m.

In fact d is the total number of u,,; (j > 0) appears in each summand of P#").Therefore
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[ ,(ff), uu,] does not vanish as (Qgg))*(uul) produces an expression

A
This implies that m = 0. In Proposition 13 in the appendix we will show that P does
not possess any quasi-local terms. Hence P is the linear combination of monomials of
the form

Je
a1, 02 | 0 " P
J1 g2 Ik Je T e’

al a2 ...
71 Yo L

Qg
Ik’

Comparing the number of terms in [u uuz] we find P is generated by the

monomials 4" 'u,. Now from [P, 1] = 0 we get

P = auy ,

which is our assertion. O

We use this proposition in the proof of next theorem.

Theorem 11. Let W be the expression defines as (6.4.3). Define amy1 = [W, am] where
ap = ug. Then

[ai,aj]:(), Z,jZO

Proof. Consider the elements

ag =g, Ti=1, T=W.

We show that the requirements in Theorem 10 are satisfied. For this we find

L. 70= [r;7=1] = 248, + 24,

T = [r, 0] =273
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2 [T_l,ao} = [1,uz} = 0,

[TO,CL()] — {2$UI + QU’ uI’uI} — —2a0;

We also can obtain the following elements:

ay = [W, ao} = —K,

az = [W,a1] = —[W, K] = 2G,

which obviously satisfy

3 [al,ag] = [a(),aq] = 0.

Therefore if we compare the above results with Theorem 10 we can see that the above
three conditions hold for N = 1 and M = 2. The last condition is deduced from Remark

7 and Proposition 11. For am4+1 = [W, an] the following bracket vanishes:

[aiaaj]zoa 27]20*

which completes the proof. O

We have almost reached the main result of this section. To proceed we just need

the proposition below which guarantees elements obtained from action of W belongs to

&.

Proposition 12. Let a; be the elements produced recursively from
a; = [W,a;—1].

Then each a; lies in ®.

Proof. Notice that the bracket [W, a;] can be decomposed as

(W, a;] = [xK, a;] + [nug, ai] + [u® + 30(u), a4 ,
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where the troublesome terms can be [nug, a;] and [zK, a;]as [u? + 30(u), a;] lies in &.

If we calculate the first two brackets we find

2K, a;] = z[K, a;] + h, he®,

[nug, a;l :n[uz,ai]—Fh, hed,
which the result can be derived since a; commutes with K and u,. O

Thus we found the master symmetry of the DDKP equation and furthermore have
constructed the commutative space of symmetries. In the next section we shall see the

relation of master symmetries with t-dependent symmetries.

6.5 sl(2,C)-representation and t-dependent sym-

metries of evolution equations

As we mentioned in the previous section, the concept of master symmetry can be used
to build up symmetries which depend explicitly on the independent variable ¢. In [74]
it is shown that the representation of Burgers, Ibragimov-Shabat and KP equation can
help one to construct the t-dependent symmetries. In the following we also use the Lie
algebra sl(2,C) to derive t-dependent symmetries of the DDKP equation. Consider a
lattice field equation (6.3.1). Let G(u,t) be an element of &[t] where B[t] is an extension
of & to the space that the coefficients are polynomials in t. We call G(u,t) a t-dependent

symmetry of (6.3.1) if

oG
- =G K]. (6.5.1)

To construct t-dependent symmetries we use the following theorem.

Theorem 12. Consider equation (6.3.1) and let Gy be an element of &. If for some £
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the following relation holds:

Gdi{(Go) = 07
then G = exp(—tadk)(Go) is a t-dependence symmetry.

Proof. According to (6.5.2) if we expand G we get the following finite set:

t3 {—1

2 3 -1 ¢t 01
G =Gy —tadg Gy + EadKG() = B!GdKGo Rl o (*1) (€ — 1)!adK Go .
Now we have
¢ i1
_ 2 o e i
(G, K] = —adkGo + tadi Gy + -+ - = ;( 1) = 1)!adKG0
oG

and one can simply check that this is equal to %7.

(6.5.2)

(6.5.3)

This theorem shows another advantage of having K-generators. If we find a K-

generator then through the above construction we can produce t-dependent symmetries

which are polynomial in ¢. In next theorem we will see that in fact all {-dependent

symmetries that are polynomial in ¢ can be written as (6.5.3).

Theorem 13. Let G € B[t] be a t-dependent generalised symmetry of (6.3.1) which is

polynomial in t. Then G is expressed as
.
F=y idkGo,  Go€®.
¢
Proof. Since G is a polynomial in ¢ we can write as
G=G0+tG1+t2GQ+“~+tme, G, €6,
Furthermore G is a symmetry and from (6.5.1) we have

Gy + 2G4 382G + - - + mt™ G = |G, K].
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Comparing both sides of relation with equal powers of ¢t we have

[GOaK} = Gl — —adKGO = G1’
1
[Gl,K] = 2G2 = HG(),K],K} — 2G2 — §ad%{G0 _ GQ,
1

—1
[GQ,K] = 5[[[GQ,K],K],K] — 3G3 — ?ad%Go = Gg,

] Y
[Gm—l, K] — mGn — %adTKnGg — Gm .

(G, K] =0 — adft'Go = 0.
Therefore G can be expressed as (6.5.4) where G € & is a K-generator of degree m. [

For example for m = 1, any t-dependent symmetry of the form G = Gg + tGy
provides G as a master symmetry. From Theorem 12 and 13 we see that K-generators
(K-master symmetries) and ¢t-dependent symmetries are in one-to-one correspondence.
In what follows we use sl(2, C)-representation to produce the hierarchy of t-dependent

symmetries. Consider elements
1
M =K, N:;ix, H=—zu;—mu, (6.5.5)

where K is the right hand side of equation (6.3.2). Calculating the Lie bracket of these

elements we get
[M,N]=H, [H,N]=-2N, [HM]=2M. (6.5.6)
Therefore we have the following Lie algebra isomorphisms:
sl(2,C) = span{M,N,H} .

We know from the representation theory of sl(2, C) (more details can be found in [17, 38])
that if V is a finite dimensional irreducible representation of sl(2,C) then there is a

vector vg € V where Hvug = Avg and Mvy = 0 and furthermore V' is spanned by the
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A + 1 linear independent vectors {vg,adeo,ad?\,vo, S ,ad}“vvo}. The element v is

called the highest weight vector.
Consider the element vy = K, as we have [M, K| = 0 and [H, K| = 2K we get a three
dimensional representation of sl(2,C) spanned by V3 = span{K,adyK,ad% K}. Now

let Ny be the master symmetry of the DDKP equation. Hence

(M, adt K] =0.

Then by help of the following theorem we can produce sl(2,C) representation of the

DDKP equation.

Theorem 14. For elements defined in (6.5.5) the following relation holds:

[H,adR, K] = (m +2)adR, K .

Proof. We prove the theorem by induction on m. For m = 0 according to (6.5.6) we

have

[H, K] = 2K .

Now assume that it holds for [H,ad}, K] = (m + 2)ady, K then we have

[H,ady ' K] = [H,[Ny,adf,K]|
= [N27[Hvad%2KH+HH7N2]7adT]G2K}

= [No, (m + 2)adP K] + [[H, No], ad}y, K]

Il

(m + 2)adi 'K + [[H, Na], adj, K] .
One can check that [H, Na| = N and therefore we have the relation
[H,ad{ ' K] = (m + 3)adi K
which proves our assertion. O

This theorem implies that for different value of m, ady, K is a highest weight vector
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of the (m + 3)-dimensional representation

Vinss = span{ad, K, adyady, K, adyady, K, -+ adyad, K},

mi—times
i
adyady, K = [N, [N,--- [N, [Na, [Ng, - - [Na, K]]]]]]
——
mo—times
So starting from K we can draw the following diagram for the DDKP equation in which
the first element of each row is the symmetry of equation (6.3.2) and the horizontal lines

contain the representations of si(2,C):

K -~y adyk s adiK
Na

N N ) N 3
adn, K —— adyady, K —— adyady, K —— adyady, K

N2

add, K —~ adyadd K s adjadd K —" adadd, K —— adyad}, K

N2

In the following theorem we see that horizontal lines are not just elements of the repre-

sentation but K-generators of different degrees.

Theorem 15. Consider ady, K € V13, then the basis elements
adyady, K

commute with K1, (0 < £ < m+2). In other words we get the K-generator of degree
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adt$(adyadR K) = 0.

Proof. The proof is by induction on . For £ = 0 as all ady, K are symmetries of (6.3.2)
we have

K, adpt K] =0,

Assume the statement holds for
ad?l(adfvadTanK) =0,
then we have

adi*adtadf K = [K,adil '[N, adyady, K]

= [K,[ad%'N,ad%  adSadR K] = 0.

Hence from Theorem 12 and 13 each basis element lying on the horizontal line
provide a generator for the t-dependence symmetries of the DDKP equation. In fact
exp(—tadk)(adyy N'K), 0 < ¢ < m + 2 are t-dependent symmetries of the DDKP

equation.

For instance

exp(—tadg)(ady K) = [K, N] — ¢[K, [K, N]] = (—2us — u) + 2t(uzz + 2uuz + 20(uz)),
: t
exp(—tady )(ad% K) = ad) K — t(adgadi K) + g(ad%{ad?\,[() =z — 2t(zuy — u)

+4t2(um + 2uuy + 20(uz)) .

In the appendix we discuss the symbolic representation method. It is shown how we

can simplify some calculations, given in this chapter, by means of this method.
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6.6 Conclusion

Master symmetries of differential-difference equations can produce an infinite hierarchy
of commuting symmetries. We also showed how systematically, using the Lie algebra
sl(2,C), one can obtain t-dependent symmetries that are polynomials in ¢. In fact
the Lie algebra sl(2,C) is constructed around a scaling symmetry of a given equation
and a corresponding master symmetry. We can apply the similar process to lattice
field equations that possess quasi-local master symmetries. This structure can be also
used for (141)-dimensional equations in which the equation, symmetries and the basis

elements of sl(2,C) are all local.




Chapter 7

Conclusion

This thesis mainly concerns integrable (1+1)-dimensional differential-difference and
(2+1)-lattice field equations. In particular, in chapter 2 we first build up the space

of smooth difference functions denoted by § with elements of the form

f[u] = f( o, u_2,u_1,U,ug, g, )7 u = (u(l)*u@)e e ’u(m))T 3
where u(™(n +i,t) = ugm).Therefore the general form of NDDEs is given as
w, = (K'[u], K*[u],--- , K™[u]))" = K [u],

where u = (u(l),u@)7 oo, ul™NT and K¥s are elements of §. Then the first result was
given in chapter 5 in which we provide a long list containing both scalar and multi com-
ponent differential-difference equations. The equations appear with their non-trivial
generalized symmetry, symplectic operators, Hamiltonian operators and recursion op-
erators. For some equations their master symmetry is also presented. Section 5.2.4
provides new results on Hamiltonian, symplectic and recursion operators for scalar
equations. In sections 5.2.14, 5.2.15 and 5.2.16 one can find results for multi com-
ponent integrable systems. For multi component systems we have also provided the

inverse of recursion operators. In the case that the inverse exists, it is a weakly nonlocal
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operator.

We have also seen that master symmetries are an alternative powerful tool in (2+1)-
dimensional case to produce higher symmetries. The comprehensive treatment of mas-
ter symmetries is given in chapter 6 in which we obtain the master symmetry of the

differential-difference KP (DDKP) equation

Up = Uz + 2uuy + 20(ug) = K, 0=(S-1)"1D,,

given by

W = zugy + 2zuuy + 200 (ug) + nug +u? + 30(u) .

We proved that W can produce the infinite hierarchy of commuting symmetries of the
DDKP equation and guarantee the integrability. We finish this chapter by indicating
the application of master symmetry in constructing t-dependent symmetries. This is
done by the sl(2,C)-representation of the equation which provides a neat picture of

symmetries, master symmetries and generators of t-dependent symmetries.

Symbolic representation was a method we briefly described in the Appendix. We showed
how symbolic representation provides a very handy tool in simplifying some tedious
calculations. The advantage of using this method can also be seen while working with
(2+1)-dimensional differential-difference equations. In fact since in this case we face
quasi-local terms, by the symbolic representation we can rewrite the expression in a

way that can be calculated algebraically.

Moreover there exists some ongoing research in which the symbolic representation
can be a helpful method tackling certain problems. For instance the structure of symme-
tries of (2+1)-dimensional integrable differential equations was proved by the symbolic
representation in [90]. For the discrete case the symmetry structures still remains as a

conjecture that may progress with the help of symbolic representation.

131



Appendix A

Symbolic representation

In recent years there have been number of researches using the symbolic representa-
tion for classification and testing the integrability of partial differential equations. This
was first introduced by Gelfand and Dikii in [29] and later it was developed to both
(141)-dimension [52, 59, 53, 71, 72| and (2+1)-dimension [90]. It is shown that the
symbolic representation can provide a powerful device for testing the integrability and
constructing symmetries of evolutionary equations. It also eases some tedious calcula-
tions such as obtaining the coeficients of formal recursion operators and thus leading to

the result much quicker. Here we provide a brief review of the symbolic representation

for (2+1)-dimension differential-difference equations and discuss some applications. As
a first step we shall introduce the linear map on monomials to obtain the one-to-one
correspondence between difference polynomials and elements in the symbolic space. For

comprehensive description in differential case one can find [72] and papers [59. 90].
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A.1 Basic calculations in symbolic representa-

tion
Consider an arbitrary monomial of degree n as

Uma i1 Uma,iz = Umy iy -

Then we define its corresponding symbolic representation as follows:

U'ml,’i] umz,iz o umn wiTL — {Ln <£§nlnil €;n2 7732 e ’:Znn ”]:Ln >Sn :
We assign to each u; ; a couple (§,7) in which the power of £ and 7 respectively match
with indices i and j (i.e. £'7). The symbol 4" shows the degree of the monomial or
in other words the number of variable in the symbolic expression. Finally we have ()

which denotes the average over the permutation group of n elements, i.e.

1
(a(€1sm, &M+ &ny ), = ] j{: alEariys Ma1ys == 3+ oty Mot -
oES,
Since we assume that u(n,z,t) lies in some commutative algebra so we need the sym-
metrization in order to get the unique expression. To make the notation clear let us

consider the following example:

. m 1_s mmeéan?  monsén?  maméans
u2_3yU1yy — @3 < 51 3Tllfg 37]2537732, >85 = gug( 5?53 : + ngg ! + 5;‘25? 2)
1y mmpbin3 4 mamséint + mamé&ans
- 34 ( 3:3.3 )
§16583

In the symbolic space we have the symmetric polynomial in tuple (%, &,m). In compact
form the symbolic representation is a rational function which the denominator is non-
negative integer power of multiplication of &;’s and the numerator is the symmetric
polynomial with respect to (§,n). To obtain the difference monomial from the symbolic

representation we can split the rational function into different summands and obtain
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the corresponding expression

22 ¢2¢5 2¢5 2 3
a2 mEES + mat2E5 + Atinitam més  mé <
Wit il s ity | Bl il oo
£3&3 & &
més
= s B s 2 >g, +20° < ENi&m; >,
1

= 2u_gyu3 + 2ugyy .
If we set £ = (&,7), the multiplication rule in this ring takes the form:

[Lna(é’é_g, 7‘57’1) Ou’ b(£17€2’ : 75m) =

,an+m < a(é—lvév e ’gn)b<gn+1’€_n+27 e 7§—n+m> >Sn+711 9 (All)

Example 24. For two expressions

~3 ¢392 3, 2 3,2
a’ &y Sama | &35 2
P =— + + ¥ Uy U1
3 et T Gk
P2 — ,—2 = U2y,
1

we have

_y _ &mim
PioPy= ’LL4 L ———— P
Ealaly ~

For a monomial of degree n the action of the shift operator and z-derivative takes

the form

Saa(€1,- -+ &) = @"ar, - &n)(€162 ), (A.1.2)

D-t(ﬂna(glv e 7671)) = ana(glv e ’gn)(nl -+ 2 o smr nn) . (A13)

One of the advantages of symbolic representation is in calculation of Fréchet deriva-

tives. For an arbitrary monomial the Fréchet derivative is a symmetric function over its
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arguments (including S, D,)

(@"a(f1, -+ ,&n))s = ni"™ ta(&, - €1, S, Dy) . (A.1.4)

Example 25. Consider the expression

T 3
P = ?(5152772 ~+ 52617]1) o

Then its Fréchet derivative has the form

P, = 4(£}SDy + 6 mS?).

To give the space of symbolic representation the structure of Lie algebra we require
to define the corresponding Lie bracket. From A.1.1, A.1.2, A.1.3 and A.1.4 the Lie

bracket of two elements is expressed as

{ﬂ”a(f_l-, 2, 75_71)1 ﬂmb(glvg% e 75”')] =

{L”+”'7 L <7l(L(£_1, e 7§7n71«, £7L£71,+1 e 57l+7n717 n SEELEE & 7)r:+7ufl )b(énv T §_7I+77171) -

771’1)(511 HER g scmflagm,gvn-{-l e én-l‘m,fl?nm, I Nm+1 i el Mn+m—1 )(1(£7v1~, e 7‘511+m,—1)>5n+m,1 .

The last two relations are the symbolic representation of non-local terms

_ _ R =g Tyt A T
or P " H8n =P -,C~"'a Hiim = E g0
(61,82 &n) = P(1, &2 5)5152"'&1*1

o1 e e w6 ) = 1,60, 4,6
/e P(£17£23 ,5“) P({lwf?v agn) n+-+nn ’

In the next section we shall see some applications of symbolic representation which

simplify calculation.

135




A.2 Application of symbolic representation

As we mentioned earlier by symbolic representation we can simplify some of cumbersome
calculations. Consider the generalised symmetry of the DDKP equation given in (6.4.1)

as

G = Ugypr + Ulgy + 3u§ + 3u?u, + 30 (uug) + 3uO0(u)

+ 3uO(ug) + 36%(ug) + 30 (uzz) -

To show G is a symmetry we should show the bracket [K,G] vanishes. This becomes
a bit complicated when we are dealing with the non-local terms. For example let us

consider terms of degree two that appear in the bracket [K,G|. Hence we get

[Uzz, 3O (uty) + 3uzO(u) + 3uO(uy)] + [2uug, 302 (uz) + 30 (Uzs)]

+120(uz), 3utizr + 3u + 30 (uuy) + 3u,O(u) + 3uO(uy)) .
Expanding the brackets and simplifying the calculations we have
O(ugtizy) + O(tzz©(u)) + O(uz0(uz)) — O(uw)O (Uszz) — (O(ug))?.

As we can see, this is not an easy task to show the expression is zero. Expressing the

terms in symbolic representation we get

(m +12) ( " nine mn? >
— | < MN5 >s, + < e o € >
Gh—1)\ PR TSI e TN ™

p 3 . 22
< UAUp gy o USp By

(&2—1)(61—1) (€1 — 1)(&g — 1)

Since we end up with an algebraic expression, although it looks longer we can simply

expand the terms and see that all summands are canceled.

We proceed this section to show how the symbolic representation can help us in

proving a missing part of Proposition 11 for which we have to show that P contains no

136



non-local terms.

Proposition 13. Let P € & and [P,uuz] = 0 then P does not posses any quasi-local

terms

Proof. Let P denotes quasi-local terms with the maximum degree n. Hence for P™

and uu, respectively we have the following symbolic representation:

P™ o @a(&rm, E2,m2, - - €ny )

=45
o u
wty > @2b(m,m2) = 3(771 +n2) .

Therefore the Fréchet derivative of Pin)(uul) contains the expression

a(fla M, 527 2, - 7£n£n+177}n + 7/n+1),

which increase the number of variables in the denominator by one as the symbolic

representation of © gives

Ni+Nig1+ -+ 0Mn
Gifopr by —1

1 L1 <.

On the other hand (uug),P™ has the same number of variables in the denominator
as P Therefore the bracket does not vanish and this contradiction proves that no

quasi-local terms appear in P. O
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