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A Comparison of Multi-Factor Term Structure Models for Interbank
Rates

Abstract

In this paper, we present a robust predictive comparison of several continuous-time multi-factor
models in the context of interbank rates. Recognizing the specific dynamics of the short-term
segment of the yield curve, we examine the U.S. money market by extending two continuous-
time frameworks with different factor structures, the Chan-Karolyi-Longstaff-Sanders (CKLS)
model and the arbitrage-free dynamic Nelson-Siegel (AFDNS) model. A battery of formal
forecasting accuracy tests is employed to select a subset of superior predictive models. Despite
a better goodness-of-fit measure, additional factors improve the forecasting performance only
for the CKLS family. With implications for monetary policy formulation, we found evidence
of two separate maturity segments as the three-factor AFDNS and the five-factor CKLS models
outperform parsimonious benchmarks in predicting the interbank rates for very short
maturities. Our comparative forecasting results are re-confirmed with stronger out-of-sample
performance for the five-factor CKLS model when the post global financial crisis sub-sample
is analyzed.

Key words: interbank rates, continuous-time models, multi-factor term structure models,
forecasting tests

JEL: G15, G17, C22, C13

1. Introduction

Research on interest-rate dynamics evolved in a rather continuous manner with an
impressive list of models being developed over the last 40 years, from the earliest classic
interest rate models such as Vasicek (1977), Cox, Ingersoll and Ross (1985), and Chan et al.

(1992) to the most recent additions such as Ajello et al. (2021) and Vayanos and Vila (2021).



The focus of this study is driven by the important role that out-of-sample model validation
plays in the modelling of the yield curve (Campbell and Shiller, 1991; Cochrane and Piazzesi,
2005; Coroneo and Caruso, 2022). Models that perform well empirically are of great relevance
to portfolio allocation, risk management, asset pricing, and monetary policy formulation. In
its early stages, the empirical literature on the term structure of interest rates concentrated on
three-factor modelling (e.g., Chen, 1996; Balduzzi et al., 1996), given the findings by Litterman
and Scheinkman (1991) that three factors (described as level, slope and curvature) can explain
over 95% of the fluctuations in changes in the yield curve. Following the global financial crisis
of 2007-2009 (hereafter GFC), the Basel Il Committee on Banking Supervision (2010)
recommended that banks should model the yield curve using more risk factors. In line with
these recommendations, several studies (see Christensen et al., 2009; Adrian et al., 2013; van
Deventer et al., 2013; Steeley, 2014a) considered a larger set of factors in pricing the time
series and cross section of interest rates.

In this paper, we follow this line of recommendations, and examine the benefits of
extending well-established multi-factor modelling frameworks in terms of their forecasting
performance. From the vast range of models proposed in the literature for the term structure of
interest rates, we focus on the extension of two multi-factor general frameworks. The first class
of models we employ is a popular approach among central banks in estimating the yield curve,
namely the arbitrage-free dynamic Nelson-Siegel (AFDNS) family developed by Christensen,
Diebold and Rudebusch (2009, 2011and 2013). The second class of models belongs to the
general multi-factor Chan-Karolyi-Longstaff-Sanders (Chan et al., 1992) modelling framework
(CKLS).

The main objective of our research is to conduct an extensive and robust comparative
forecasting analysis of various extensions of CKLS and AFDNS models along with more

parsimonious benchmark methods. Within the CKLS family, following Nowman (2006), we



examine the four- and five-factor extensions, while for AFDNS models we explore the three-
and five-factor specifications (see Christensen et al., 2009).

The CKLS and AFDNS generalised modelling frameworks are both arbitrage-free,
affine and retain a yield-based® factor structure (i.e., they do not involve macro-economic
variables). Nevertheless, they are different by construction, through the nature (observable
versus latent) of the factors that enter the model. The CKLS family directly employs interest
rates of different maturities as correlated observable “factors”, while the AFDNS models are
curve-fitting models based on latent factors. Consequently, another objective of this study is to
examine which factor structure yields superior out-of-sample performance (CKLS versus
AFDNS) and to explore the benefits of such extensions inside each modelling framework
(three-factor versus five-factor AFDNS and four-factor versus five-factor CKLS). The CKLS
model can be interpreted under the general affine framework described in Duffie and Kan
(1996), whereby the state variables are the spot rates themselves. The AFDNS models are
derived from the dynamic Nelson-Siegel model (Diebold and Li, 2006) that initially generate
a term structure that is not arbitrage-free. To address this problem, Christensen, Diebold, and
Rudebusch (2007) (hereafter CDR) developed an arbitrage-free dynamic Nelson-Siegel
(AFDNS).

Our study focuses on interbank LIBOR rates and is one of the very few studies
concentrating only on the short-term segment of the yield curve (see Bali and Wu, 2006).
Interbank rates are fundamental to money markets, and they are the reference rates in many
other financial products from asset-backed securities to mortgage loans and structured

products. According to State Street Global Advisors, almost $200 trillion of debt contracts use

1 Joslin et al. (2013) differentiates between macro and yield-based models of the term

structure of interest rates.



LIBOR as the reference rate.> When studying only the interbank rates we take advantage of
the fact that they are deposit rates and therefore they can be conceptualised as the market factors
themselves. This type of modelling can bring significant benefits for interest rate derivatives
applications such as pricing structured products or performing cash-flow risk management
simulations for securitizations.

We employ daily USD-LIBOR rates of various maturities to analyse the predictive power
of seven model-specifications over the period January 1998 to July 2019. The models in
competition are the continuous-time three- and five-factor AFDNS models, the four- and five-
factor CKLS models on one side, and the more parsimonious univariate and vector
autoregressive (AR and VAR) models, and the random walk process, on the other side. The
out-of-sample model performances are evaluated using formal statistical tests including the
equal predictability tests of Diebold-Mariano (1995) and Clark-West (2007), as well as the
superior predictive ability (SPA) test of Hansen (2005) and the model confidence set of Hansen,
Lunde, and Nason (2011) (hereafter, MCS).

Despite mixed results from various static measures of forecasting accuracy, based on the
formal statistical tests mentioned above, we also find that including additional factors have the
opposite effect on the forecasting performance of the two continuous-time frameworks, with
an improvement in the accuracy of forecasting LIBOR rates only for the CKLS extended
framework. In the case of the AFDNS family, the three-factor specification has superior out-
of-sample performance than the extended five-factor model. In terms of maturity, the
continuous-time models are better at predicting the shortest-term LIBOR rates (one-week, one-

month, and three-month maturities) than more parsimonious models such as random walk and

2 https://www.ssga.com/investment-topics/environmental-social-governance/2019/05/what-

happens-when-libor-is-phased-out.pdf



autoregressive models. To check for the robustness of our results in terms of out-of-sample
comparison, we conduct the same analysis over the post-crisis sub-sample and reach the same
conclusions.

The structure of this paper is as follows. Section 2 provides a literature review. Section 3
outlines the methodology behind the two continuous-time multi-factor modelling frameworks.
Following a description of the data in Section 4, we present and interpret the empirical results
across all fitted models in Section 5. We conduct the forecasting analysis and discuss the results
in Section 6. Concluding remarks and further research suggestions are presented in the last
section.

2. Literature review

An overwhelming number of approaches have been proposed to accurately characterise and
predict the evolution of interest rates over time. There are theoretical models imposing no-
arbitrage restrictions and there are empirical models that fit the yield curve extremely well.
Factor structure is pervasive in financial markets and financial economic theory, as financial
asset returns display this structure (see Campbell et al., 1997). Early arbitrage-free factor
models such as Vasicek (1977) and Cox, Ingersoll, and Ross (1985), CIR hereafter, involved
only one factor, thereby failing to capture certain shapes observed empirically in the dynamics
of the yield curve. Following the findings of the principal component analysis (PCA) reported
by Litterman and Scheinkman (1991), modern empirical term structure models recognise a
higher-dimensional factor structure, with three factors (level, slope, and curvature) being able
to explain well over 95% of yield variation. Consequently, many three-factor term structure
models were proposed in the literature. Duffie and Kan (1996) proposed the general affine no-
arbitrage theory where pure discount bond prices are affine exponential combinations of the
latent factors. Dai and Singleton (2000) classified the affine models into nine classes of

equivalence, comprising numerous classical no-arbitrage factor models. Pursuing a different



approach, Diebold and Li (2006) transformed the static model of Nelson and Siegel (1987) into
a dynamic factor model (hereafter, DNS) by changing the parameters of the Nelson-Siegel
model into time-variant factors, while keeping the same functional form for the factor loadings.
Easy to implement and calibrate, the DNS model became a popular empirical model that
produced superior fitting to the yield curve in comparison to the affine type models, despite its
lower forecasting performance. Its empirical success prompted the development of further
generalisations, including the four-factor extensions proposed by Svensson (1995) and Bjork
and Christensen (1999).

In an earlier study, Steeley (1990) explored a four-factor extension of the NS model
and concluded of a non-significant contribution of the additional factor in explaining the
variation in the yield curve. However, more recently Steeley (2014a) found that the change in
the volatility (as a fourth factor) was responsible for the undulations observed in the shape of
the yield curve on the day quantitative easing policy was announced. Filipovic et al. (2014)
suggested that a minimum of five factors (three term structure factors and two unspanned
factors) seem to do well in capturing the dynamics of both the term structure and the volatility
of interest rate changes over the period that followed the GFC. In a study with major
implications for term structure modelling, Cochrane and Piazzesi (2005) identified a new
return-forecasting factor — a tent-shaped linear combination of forward rates, which despite
being poorly related to the level, slope and curvature factors, is able to forecast changes in
short-term interest rates.

A controversial aspect in term structure modelling is the no-arbitrage consistency
condition. In theory, a good yield curve model must ensure consistency between the time
dynamics of the yields and the shape of the yield curve across maturities. Putting theory and
practice together, imposing the affine no-arbitrage structure of Duffie and Kan (1996) on the

DNS model, Christensen, Diebold, and Rudebusch (2007) proposed a new class of arbitrage-



free NS models called the AFDNS models. The effect of imposing a no-arbitrage restriction on
out-of-sample performance has resulted in mixed empirical results. Earlier studies, including
Ang and Piazzesi (2003) and Monch (2008), found that the no-arbitrage restriction significantly
improves the yield curve forecasts for VAR models; Almeida and Vicente (2008) reported
similar evidence for polynomial models. Using different data sets, Gimeno and Marques (2009)
and Christensen et al. (2011) conducted similar comparisons between DNS and AFDNS and
reach the same conclusion. Nevertheless, other studies, including Coroneo et al. (2011), argue
that there is little gain in imposing no-arbitrage. Using a parametric block-bootstrapping
procedure, Coroneo et al. (2011) compare the estimated factor loadings from the Nelson-Siegel
model with their counterparts in the no-arbitrage Nelson-Siegel affine version and conclude
there is no statistical difference. Meanwhile, Duffee (2011) and Joslin et al. (2011, 2013), for
example, are more pessimistic and argue that the predictive gains from dynamic restrictions
are superior to those from arbitrage-free restrictions. Furthermore, Duffee (2011) found that
the restriction on the first factor as a random walk produced superior forecasts to both affine
and dynamic Nelson-Siegel type model specifications. At the same time, Joslin et al. (2011)
show that forecasts of yield factors using an arbitrage-free Nelson-Siegel (AFDNS) model are
equivalent to forecasts based on an unconstrained VAR(1) representation of yield factors. A
similar conclusion has been obtained for canonical Gaussian macro-finance term structure
models for which the estimated joint distribution is almost identical to the estimate from an
economic-model-free factor vector autoregression, see Joslin et al. (2013). These advances are
useful when the pricing factors determining bond prices (and indirectly yield rates) are known.

By comparison with the current best state-of-the-art models such as AFDNS (three- and
five-factors), the multi-factor CKLS framework employs observed yields as factors and

directly estimates the correlation structure among the interest rates. For particular values of



certain parameters, the CKLS framework nests multivariate versions of classical models such
as the Vasicek and CIR models.

Many studies (e.g. Duffee, 2002; Diebold and Li, 2006; Almeida and Vincente, 2008,
Carriero, 2011, Carriero and Giacomini, 2011, Duffee, 2011; Matsumura et al., 2011, Steeley,
2014b) have evaluated the forecasting performance of competing term-structure models,
employing a number of statistical and economic loss functions as measures of forecasting
accuracy. The studies by Steeley (1990), Christensen et al. (2011), and Duffee (2011) presented
evidence that a random walk process may produce similar results. Steeley (2014b)
demonstrated that this may be true only for some maturities of the spot yields but not for all

when short-term rates are near zero.

3. Modelling Frameworks
3.1. The CKLS framework
Following the approach of Nowman (2006), we estimate the four- and five-factor extensions
of the CKLS multivariate model. We employ the Gaussian estimation methods of continuous-
time dynamic systems developed by Bergstrom (1984) to obtain quasi-maximum likelihood
(QML) parameter estimates. Since the four-factor specification is nested within the five-factor
specification, we provide the explicit dynamics for the latter only.

The CKLS five-factor continuous-time model of the term structure (hereafter CKLS-

5F) is represented by the general system of stochastic differential equations:



dr,(t) =[ey + B, () + S5, (1) + B (1) + B, (1) + Ser (H)]dt + £, (dt)

dr, (t) =[o, + Bo (1) + B,h, (1) + Bl (1) + S0, (1) + By ()]dt + &, (dt)

dry (8) = [t + Byl (1) + By (1) + Bl (1) + By () + ool (D10t + £5(dlt) (1)

dr, (t) =[a, + B, (X)) + B0 (1) + B (1) + B,,1, (1) + B, (H)]dt + &, (dt)

drs (t) = [ot5 + By 1y (1) + Bioly (1) + Bl (1) + B, (1) + Bisls (D)]dE + S5 (dlt)
where r(t) =[r(t),r,(t),..., r(t)]" is the vector of the observable LIBOR rates variables,
a=[a,a,,..,a] is the vector of the drift parameters, [ ={ﬂij}1si,j35 is the feedback matrix, and
the innovations {¢ },.,.s are correlated random measures defined on all subsets of the half line

0<t<oo with finite Lebesgue measure, such that E[¢;(dt)] =0 for all i=1,...,5. In the context

of interest rates, Nowman (1997) relaxed the assumption of constant volatility by allowing a
special type of heteroskedasticity.® Volatility is considered as a step function, changing the
value at the beginning of each unit observation period and then remaining constant over that

time interval. For any t>1the unit period is denoted by the interval [t"—1,t"] where t'—1is

the largest integer less than . Nowman (1997) adjusted the conditional volatility only and
proposed an approximate continuous-time model to which Bergstrom’s Gaussian methods can
be applied, also reducing the temporal aggregation problem.

When multi-factor models are considered (see Nowman, 2006), the assumption of

constant volatility during the unit period translates into a different variance-covariance matrix

of the innovations with the following adjusted elements: Z*(l’,t)={0'a}1si' i<n Where

% Some of the classical models nested in CKLS general framework, such as Cox, Ingersol, and
Ross (1985), and Brennan and Schwartz (1980) are non-Gaussian. To estimate them, Nowman

(1997) employs their Gaussian approximations to obtain quasi-ML estimates.



oy =07 (t'-1) and oy =po0 K (t'-Dr(t'-1) involving the correlations

p;1<i< j<5) and the leverage-effect parameters y,. The complete vector of structural
parameters 0= (c;, f;,0,7 Py js COMPrises 50 parameters. By imposing specific
restrictionson ¥ suchas y=0, y=0.5 and 5 =1, one could obtain multi-factor versions
of the Vasicek (1977), Cox, Ingersol, and Ross. (1985), and Brennan and Schwartz (1980)
models, respectively. The inference is based on the unique “exact” discretization algorithm
introduced by Bergstrom (1984, Theorem 2).

The flexibility of the multifactor CKLS framework is twofold: the drift component
allows for feedback effects ()., ;.sand the diffusion part allows for correlated factors under

a general formulation involving the leverage-effect parameters y.(1<i<5). The multi-factor

CKLS family of models takes into account the close relationship that exists among yields of
different maturities. The empirical feature that interest rates for different maturities are highly

correlated (Coroneo et al., 2011) is captured through the measurement of the time-variant
covariance matrix X" (r,t).

To estimate the five-factor CKLS model, we use the following discrete-time analogue

model for the Gaussian approximate model
rO)=er(t-+E" -1 are®) t=12..T @)
— ' _ 4 — 4 B _ Y 1 k
where r(®) =[] , €0 =[& Ok, @ = (@)is, &' =143 " and
k=1 ™=

E[e(t)-£'(t)]= jerﬂz*(r,t)erﬂ'dr =Q(r,t)

The parameter estimates are the elements of the solution @” that minimizes the minus twice

the logarithm of the Gaussian likelihood function LF :
T T
L(0) =-2log(LF ()) = > log(| Q(r,t) ) + > &7 (r,1)s(t) ©)
t=1 t=1

3.2. The AFDNS framework
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For our forecasting comparison, we will also investigate the class of arbitrage-free
Nelson Siegel models (AFDNS) with three and five factors (hereafter, AFDNS-3F and
AFDNS-5F, respectively). This new class of models combines the canonical affine structure of
Duffie and Kan (1996) with the widely used Nelson-Siegel yield-curve dynamic specification
(Diebold and Li, 2006). As a result, AFDNS models have several desirable features: theoretical
consistency, tractability, and significant goodness of fit.

The derivation of the AFDNS yield curve model and its extension (generalization) to
five factors is described in detail in Diebold and Rudebusch (2013). Given the limited space
of exposition, here we only present the five-factor variant developed by Christensen et al.
(2009). Typically, the state-space AFDNS models are defined by two equations: the

measurement and the transition equations.

3.2.1. The measurement equation
Trying to approximate an arbitrary smooth yield curve across maturities, Nelson and Siegel

(1987) proposed the following static model:

NS (1987) y(r) =B, + (1_;; Jﬁl + [1_ e: —e j B, 4)

where £, 4,5, and A >0 are constant parameters.

Diebold and Li (2006) transformed the static NS model into a dynamic state-space
model (DNS) by considering the parameters £, 4, B, as time-variant autoregressive processes.
Keeping the same functional form for the factor loadings, the new parameters can be interpreted
as the classic latent factors explained by Litterman and Scheinkman (1991), namely the level

(L), slope(S,) and curvature (C,) factors respectively:

DNS(2006):  y(t,7) =L, +(1_E_MJSI +[1_e_h —e‘“]Ct (5)
AT AT
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where 7 is the time to maturity. The DNS model is still an empirical model lacking solid
theoretical grounds such as the arbitrage-free restriction (see Filipovic, 1999; Diebold et al.,
2009). Intuitively, Christensen et al. (2007) searched for the best approximation to DNS within
the Duffie-Kan affine arbitrage free class that preserves the form of DNS factor loadings.

According to the general affine theory, affine models are tractable with the spot rates
being affine combinations of the state variables:

)=l x - E0D 6)

T

Christensen (2009) shows that the arbitrage-free restriction has a minimal impact, leaving the
dynamics under the real-world unchanged with only the addition of a constant yield-adjustment
term in the measurement equation when compared to the respective DNS equation (5).
Moreover, Steeley (2014c) shows how the yield-adjustment term can be also decomposed into
shape-based components that bring extra contribution to the original level, slope, and curvature
factors, explaining in this way the superior flexibility of AFDNS models over NS models.

To extend the AFDNS framework beyond three factors, Christensen et al. (2009) follow
the approach used in the four-factor Svensson (1995) extension of the Nelson-Siegel model
(DNSS), where a second curvature is introduced. They show that if the Nelson-Siegel
analytical form for the factor loadings is to be preserved, then an arbitrage-free AFDNS
approximation for four factors is not possible under Gaussian dynamics.* Moreover, they
conclude that in order to impose arbitrage-free restrictions, both the slope and curvature factor
have to come in pairs and with the same mean-reversion rate. Consequently, the AFDNS

framework can be extended this way only to an odd number of factors that can be interpreted

4 Sharef and Filipovic (2004) propose another four-factor arbitrage DNSS model by assuming
square root processes as in the CIR model instead of Ornstein-Uhlenbeck processes for the

state variables.
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as level, slope(s) and curvature(s). Therefore, the next arbitrage-free AFDNS extension is the

five-factor representation.
Allowing for measurement errors in the spot ratesy,(z), the final measurement

equation for the five-factor AFDNS model is given by:

Y (t,7) = AX, - o)

+&, (7)

where X, = (X, X,,, Xq, Xy, X)) = (L, Sy, S, Cyt,C, ) s the vector of the latent factors; the

measurement errors &, € R" are independent with the diagonal volatility matrix H € R™" and

——C(t'r) is the yield adjustment term explicitly characterised in Christensen et al. (2009,
T

Appendix B). The five-factor loadings matrix A € R"*°is computed such that the DNS

structure is maintained:

—A7 ot s —A,t

1 l-e™* 1-e™" 1l-e e 1-e S

Aty At ATy At

1-e?% 1-e’2 l1-gh 1-eh7
1 —e ATy —e ATy
A= AT, AT, AT, A7, (8)

1 1_ e’ﬂlfN l_ e’/‘[QTN 1_ e’ﬂlTN B e—ﬂer 1_ e’A’ZTN B e—ﬂer

ATy ATy ATy ATy

3.2.2. The transition equation
The transition equation for the AFDNS model is implied by the canonical affine form A, (3) of
Dai and Singleton (2000), which can be naturally extended to a new theoretical A,(5) class of

equivalence to accommodate five factors. Models from this affine class are state-space models
for which the short rate r, is a linear combination of the state variables {X,},.,.with specific
dynamics:

IL=0,+0'X, 9)

dX, = K[0— X Jdt +ZdW, (10)
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where 8, R, §eR®, OcR°and K € R* are the mean-reversion parameters, W, € R® are

independent Wiener processes with the diagonal volatility matrix % € R>
The state-space (discrete-time) transition equation for the state-space AFDNS model is

derived from the continuous-time equation (10):

X, = (1 —exp(—KAt))8 +exp(-KAt) X, , +7, (11)
where At is the time between observations (1/252) and the disturbances 7, are uncorrelated

with the volatility matrix Q € R>® and iid distributed 7t ~ N(0,0).

The state-space AFDNS model, defined by the measurement error (7) and transition
equation (11), is estimated® using the standard estimation approach of combining the maximum
likelihood method with Kalman filter technique, which yields both efficient and consistent

parameter estimates.

4. Data

We employ interbank LIBOR rates for just over 20 years, from 2 January 2, 1998 to July 16,
2019. In line with the practice of central banks and to avoid unwanted effects (Nymand-
Andersen, 2018; Wahlstrom et al., 2022), we collect the daily one-week, one-, three-, six- and
12-month LIBOR rates for the U.S. dollar (USD), from Bloomberg Markets. The model
estimations are based on the period from January 2, 1998 to September 29, 2017, with a total
of 4,990 observations. The forecasting sample contains the following 452 daily observations
(October 2, 2017 - July 16, 2019) which are used to produce the series of 200 forecasts for 1-,

3-, 6- and 12-month horizons.

% The Kalman filter estimation approach in the context of AFDNS is presented in detail in
Christensen et al. (2007).
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Figure 1 presents the time series plots of the 1-week, 3- and 12-month LIBOR rates over
the analysed period. We try to interpret Figure 1 in the context of both continuous-time
modelling frameworks, ADDNS and CKLS respectively. The time series look non-stationary
with inconsistent mean and variance. Their time-paths are very similar to random walks,
especially for the longer maturities of 3- and 12-month LIBOR rates, while for the 1-week time
series there are several significant spikes and drops. In addition, the 1-week LIBOR time series
exhibits a more pronounced zig-zag effect suggesting a higher volatility compared to the
smoother dynamics of 1-year LIBOR curve. In addition, while these LIBOR rates seem to
move relatively together, they are not solely moving in parallel shifts. We can observe that
there are several periods where the 1-year LIBOR rate is lower than the 1-week LIBOR rate
(1998, 2001, 2003, 2008 and 2019), implying that at these points in time there are changes in
the slope of the LIBOR curve. However, this relative position between the 1-week and 12-
month LIBOR rates is short lived, creating the so called “butterfly effect” (Martellini et al.,
2003) which can be interpreted as the presence of a minimum of three latent factors (level,
slope, and curvature) within a multi-factor model. When we turn to the CKLS framework,
Figure 1 shows important information regarding the covariance-dynamics between 1-week and
12-month LIBOR rates. Not including this information in a multi-factor CKLS model might
affect both the parameter estimation and the forecasting accuracy of the model.

[FIGURE 1 ABOUT HERE]

While the sample period proves to be quite rich in terms of unanticipated and policy-
induced shocks and their complex consequences, the main shock corresponds to GFC. The
volatility-clustering pattern in the first difference series indicate two distinct periods of higher
volatility in daily rate changes. The first period, 2000-2002, corresponds to the impact of a
multitude of factors such as the introduction of the euro, the creation and burst of the dot.com
bubble, and the 9/11 terrorist attack. The second period, 2007-2009, relates to the GFC,
triggered by the housing bubble and the collapse of the U.S. sub-prime mortgage market. The
sharp decrease in the level of interbank rates appears in October 2008 after the collapse of
Lehman Brothers.

Table 1 contains the summary statistics for all five LIBOR rates in this study. For these

panel data set the means increase with maturity, however the LIBOR rate with the shortest
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maturity (1-week) has the highest standard deviation. Looking at the autocorrelation
structure, the majority of the time series examined are highly persistent and non-stationary as
reflected by the augmented Dickey-Fuller (ADF) test results. These results are confirmed by
other formal statistical tests such as the Phillips-Perron (PP) and Kwiatkowski-Phillips-
Schmidt (KPS) tests. We conclude that all LIBOR rates under consideration are integrated of
order 1 (11) as all the time series become stationary in the first difference.

[TABLE 1 ABOUT HERE]

For the U.S. money market data, we investigate a possible change in the dynamics of the
USD-LIBOR rates because of the GFC. The initial estimation sample is divided into the pre-
crisis sub-sample (January 2, 1998 — October 16, 2008) and post-crisis sub-sample (October
17, 2008- September 29, 2017) and all the models are re-examined. The summary statistics for
the two subsamples are presented in Table 2. As these descriptive statistics indicate a possible
structural break in the parameters because both the sample mean, and volatility are much lower
in the post-crisis period than in the pre-crisis period across all the maturities. As a robustness
check of our forecasting analysis, we also examine and compare the out-of-sample performance
of the seven competing models based on the post-crisis sub-sample spanning from October
17, 2008 to September 29, 2017.

[TABLE 2 ABOUT HERE]
5. Estimation results

5.1. Estimation results for the four- and five-factor CKLS models
For the estimation of the four-factor CKLS extensions, we analysed the LIBOR rates with one-
week, one-, three- and six-month maturities, while for the five-factor CKLS specification we

considered the same maturities but added the one-year LIBOR rates.® We obtained the QMLE

6 For the four-factor CKLS model, we used the first four maturities of the LIBOR curve that

are available. The reason for not including the one-year LIBOR rate in the initial four-factor
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estimates of @, comprising 34 and 50 parameters for the four- and five-factor models,

respectively.

The parameters of interest are the feedback matrix B, , the level effects y;, and the

j 1
covariance matrix 0;; . We present the drift parameters for both extensions in Table 3 and the

diffusion parameters in Table 4. The drift parameters are almost all statistically significant
indicating that there is a strong feedback effect among the interbank rates. For the CKLS
model, the drift parameters are the five-dimensional intercept vector « with most of its

components being significant and the feedback matrix £ of 25 components whose estimates

produce evidence of feedback in most directions.
[TABLE 3 ABOUT HERE]
[TABLE 4 ABOUT HERE]
As for the diffusion part, the gamma parameters are significant for the USD-LIBOR rates.

It seems that the transition from four to five factors introduces a positive bias, as the highest
values are realised at one-week maturity within the five-factor extensions (7, (USD) =1.087).

The volatility parameter estimates decrease in value with maturity. This suggests that the term-
structure of interest rates is structurally similar in our multi-factor modelling and perhaps closer
to a multi-factor Brennan-Schwartz type model.

The estimates for the correlation coefficients are all positive under the CKLS model.
