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In this paper, a class of non-linear systems in normal form is considered, which is composed of internal
and external dynamics. An adaptive finite time sliding mode observer is first designed so that the system
states, unmatched uncertain parameters and matched uncertainties can all be observed in finite time.
Then, the systematic backstepping design procedure is employed to develop a novel output feedback
backstepping control (OFBC). The proposed OFBC method can stabilize the considered non-linear
systems despite the presence of non-linear internal dynamics and unmatched uncertainties. A Lyapunov
method is used to ensure that the closed-loop system is asymptotically stable. Two MATLAB simulation
examples are used to demonstrate the method.

Keywords: Finite time sliding mode observer; non-linear systems; Output feedback backstepping control.

1. Introduction

In the systems and control area, increasing demands on system performance may require that
information about the system states is available for control design and/or system monitoring. However,
the measurement of state information may be challenging or costly in practice as in the case of reactant
concentration in chemical systems for example (Besancon (2007); Clempner & Yu (2018)). It becomes
of interest to develop effective methods to construct estimates of state variables that cannot be readily
measured. One such approach is to develop a state observer. Such an observer will typically use the
available information from the known system inputs and outputs and use this to obtain estimates of the
unmeasurable states.

For many of the existing observer formulations, such as the H_, observer in Rastegari ef al. (2019),
L, observer in Han et al. (2019) and extended Luenberger observer in Zeitz (1987), only asymptotic
convergence of the observer error may be achieved. Moreover, the majority of state observers cannot
accommodate unmatched uncertainty well. Such uncertainty appears in many practical systems. This
motivates this study which seeks to design a finite time (FT) state observer while considering the
presence of unmatched uncertainty.

FT observers have received much attention in the literature and some interesting results have been
developed, such as the second-order sliding mode observer in Davila er al. (2005) and the terminal
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sliding mode observer in Mousavi et al. (2019). A step-by-step sliding mode observer has been proposed
in Daly & Wang (2009) for a class of integrator systems where the observer error can tend to zero in
FT. Nevertheless, unmatched uncertainty has not been considered in this work. A novel FT dynamic
parameter estimator has been designed to deal with unmatched parameters using low pass filters in Na
et al. (2015). This requires the system states to be available. In fact, when there is unmatched uncertainty
present in a system, in order to recover the system state information in FT, the unmatched uncertainty
must first be compensated in FT. The development of an FT observer in the presence of unmatched
uncertainties in the considered system is thus particularly challenging.

An FT output feedback controller has been designed for a second-order system in Zhao et al. (2016).
This can observe both the system unmatched uncertainty and state information in FT. The approach
proposed in Zhao et al. (2016) has been extended to high-order systems in Zhao et al. (2018). Note
that the nominal systems in Zhao er al. (2018) are required to be linear. In practice, many systems
are non-linear and it may be limiting to remove all the non-linear behaviour from the system model
for the purposes of analysis and design (see, e.g. Zhu (2021); Zhu et al. (2022)). Observer paradigms
focussed on linear systems may not achieve satisfactory performance levels when applied to the physical
non-linear system. This motivates consideration of frameworks to develop FT observers for non-linear
systems.

The development of an FT observer from a non-linear nominal system model has been considered
and some important results have been obtained. Using the super-twisting method, an FT sliding mode
observer has been designed for a class of non-linear systems in Floquet & Barbot (2007). However,
this observer imposes the requirement that the system can be accurately linearized and only matched
uncertainty is considered. An adaptive sliding mode observer has been investigated for a class of systems
subject to unmatched uncertainty in Yang et al. (2017), where the results are developed for a nominal
system representation that is a series of integrators.

In this paper, a novel adaptive finite time sliding mode observer (AFTSMO) is designed for a
class of non-linear systems in the presence of unmatched uncertain parameters and matched lumped
uncertainties. The proposed method does not necessitate that the considered systems are linear or
linearizable. When compared with other FT observer approaches in Yang er al. (2017); Zhao et al.
(2018), the considered system has a more general form and the nominal system is non-linear, which
extends existing results in terms of both potential practical application andcontribution to theoretical
research. Compared with current FT state observers (see, e.g. Slotine et al. (1986); Daly & Wang (2009);
Zhao et al. (2013)), the proposed method can estimate the unmatched parameters in FT in light of the
proposed adaptive law, while the matched uncertainties can also be estimated in FT. Compared with
current FT parameter estimators (see, e.g. Na et al. (2015); Kapetina et al. (2019); Xing et al. (2019)),
the proposed method can observe the external dynamics in FT by employing the sliding mode equivalent
injection approach.

For this class of uncertain non-linear systems with unmatched uncertainties, many of the existing
control methods are based on state feedback, such as Yu & Wu (2012); Wang et al. (2016); Zhang et al.
(2017), which may have limitations for practical applications. This motivates the study of observer-based
dynamic output feedback control for uncertain non-linear systems. The observer approaches frequently
used in these existing dynamic output feedback control methods cannot observe the system states and
uncertain parameters simultaneously in FT as seen with the high-gain observer-based robust output
tracking control proposed in Yu ef al. (2018) and the fuzzy state observer-based adaptive robust control
in Tong & Li (2010); Xu ef al. (2013). In summary, when the uncertain systems considered are non-
linear and have unmatched uncertainties, difficulties frequently exist due to: (i) the need to deal with the
non-linear internal dynamics; (ii) the need to ensure that the system state can be observed in FT, while
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the uncertain parameters can be observed in FT; (iii) the need to use the observed information to design
the controller to ensure system stability and perform corresponding stability analysis.

In this paper, the observed system states and estimated uncertain parameters are compensated by
the designed control using the step-by-step recursive backstepping technique. A robust output feedback
backstepping control (OFBC) is obtained using virtual Lyapunov-based control to enhance the system
robustness and improve system performance. The main contributions of this paper are: (i) an AFTSMO
is designed for a class of non-linear systems where the system states, unmatched uncertain parameters
and matched uncertainties can all be observed in FT; (ii) using the system output and the observed
information, an OFBC is proposed to ensure the closed-loop system is asymptotically stable despite the
presence of matched and unmatched uncertainties; (iii) a Lyapunov approach is used to address stability.

The paper is structured as follows. Section 2 formulates the problem and some basic assumptions are
given, which will be used in the following sections. An AFTSMO is proposed for the external dynamics
and an adaptive law is designed to estimate the uncertain parameters in Section 3. An OFBC is designed
in Section 4. Section 5 uses two simulation examples to validate the designed approach and Section 6
presents the conclusions.

2. Problem formulation and basic assumptions

Consider the following Multiple-Input Multiple-Output (MIMO) non-linear system:

Z =Azy + By (u + & 1,2) + ¥, (4,2)

Zl = AlZl + B[ (M[ + E[ (t9 Z)) + l/fl (t’ Z)

: (2.1)
2 = Az + By (1, + &, (1.2) + ¥, (1,2)
P=w (y,zb) + 06 (1,2)
T
y= [Zna'" R ’Zml] >
where z := col (z%,2") € Z € R", u := col (uy, - ,u,,) € R™, y :=col (y, -+ ,y,) € R" withy, = z;,
and/ = 1,2, ,mrepresent the system state, input and output, respectively, and Z is a neighbourhood
of the origin. 2 := col (21, -+ .2, ,2,) € RV H1H 4 = RN with 2, 1= col (g1, 2p, -+ 12,) €
R" represents the external dynamics and z> € R"™" represents the internal dynamics. & € R Yy =
col (wll, . ,w,,l) € R, ® (t,z) € R"", where all the non-linear terms are smooth enough and
010 : 00 0
. 0
001 : 00
A=\ ... . B =1|": (2.2)
Dot 0
000 ---01 1
000---00 nxl
— rxn
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4 J.FENG ET AL.
It should be noted that &, and v, denote the matched uncertainties, whereas ¥y, -, ¥, and ©
denote the unmatched uncertainties forall [ = 1,2,--- ,m.

REMARK 1. It should be noted that the uncertain non-linear system (2.1) is in output feedback normal
form. This can be obtained from a general affine non-linear system by local coordinate transformation
and feedback linearization as described in Isidori (2013); Feng et al. (2020). In addition, the internal
dynamics z;, in (2.1) can also be viewed as the unmodelled dynamics or dynamic uncertainty (Jiang &
Praly (1998)). System (2.1) has thus been extensively studied as in Jiang & Hill (1999); Jiang (1999);
Xu et al. (2019), and many practical systems can be modelled in the form of (2.1), such as a simple
pendulum (see, e.g. Jiang & Hill (1999)) and the field-controlled DC motor (see, e.g. Khalil & Grizzle
(2002)).

The following assumptions will be imposed on system (2.1).

ASSUMPTION 1. (see, e.g. Yan et al. (2016)) There exists a C' function V? (£,z%) : Rx R"™" > R™ such
that

2 2
CIHZh H % (t,zh) <e Hz””

vt avb b b2
St e (0.2 ) < —a|2| 2.3)
avP
8Zb \ C4 s
where c¢;, ---,c, are positive constants. Meanwhile a)( ,zb) is Lipschitz with respect to y and

uniformly for Z% in the considered domain Z, that is, for any col (y, 2 ) € Z and col (_, fod ) € Z, there
exists a non-negative function .Z,, (zb) such that

Ha) (y’ Zb) - (_’Zb) H < Z, (Zb) ly =¥l 2.4)

ASSUMPTION 2. There exist known non-negative continuous functions @ (¢, z) and t (¢, z) such that

16 @2l < @ @2 Iyl +7 .2 [ @.5)

The objective of this paper is to propose an AFTSMO for the external dynamics of system (2.1) and
an adaptive law to estimate the uncertain parameters. Then, for system (2.1), an OFBC will be designed
such that the associated closed-loop system is stable. The structural block diagram of the proposed
method is given in Fig. 1.

3. An AFTSMO for the external dynamics

In this section, an AFTSMO is proposed for the external dynamics and an adaptive law is designed to
estimate the uncertain parameters. It follows from (2.2) that the external dynamics z, can be further
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—>" OFBC q Plant > AFTSMO

The estimated states and parameters

FI1G. 1. The structural block diagram of the proposed method

described as

=z + ¥y t,2)
ip=z3+¥p 2

. ‘ (3.1)
1) =2 F Vi) (:2)

2y =u+ 8§ (1,2 + Yy, (1,2)

Yi=2n
withl=1,2,--- ,m.
ASSUMPTION 3. (see, e.g. Sun & Guo (2014); Wang et al. (2017)) The unmatched uncertainties vy with
j=12,---,r;— 1satisfy
vy = dy(Z) 0y 3.2)

where le = 601(2117212,-“ ,le), dlj(le) € R4 is a known function, 91j € R%i is the uncertain
parameter vector and d; (le) satisfies the persistently excited condition.

AssuMPTION 4. The matched uncertainties satisfy

|'§:l (ts Z) + 1ublrl (t9 Z)| = %] (t9 Z)’ (33)

where p, (t,z) is a known function.

As in Na et al. (2015), define filters as

Pt Y=Y
Pii41)r T g = g (3.4)
$idy g+ dyy 5 = diy(Zy)

with initial conditions Z; , = 0,Z;;4) ; = 0 and &,j s =0, and where ¢; > 0 are filter parameters.
Then it follows from (3.1) and (3.4) that

i TR .

G =g = g Oy = dy g5 @ (3.5)

where £;; (1) represents the filter error caused by the observer.
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6 J.FENG ET AL.

Define corresponding auxiliary filters as

by (1) = —vip, +dj (dy s .

. PP R (3.6)
qu (t) = _qulj + dlif (le (;Ijj — Zl(i+1)J)
with corresponding solutions
Py @) = Jo e df () dy 4 () dr (3.7)

—(f— 2 (r) =2 ~
g, (0 = Jyenndl o) | LD~z ],

where y; > 0 are auxiliary filter parameters.

LEMMA 1. (see, e.g. Na ez al. (2015)) If the regressor matrix d; (le) satisfies the persistently excited
condition, then there exists le > 0 such that p, (1) > O0fort > le.

Then from Lemma 1 and (3.7),

0,0 =p;' g, ®)+ 5@ (3.8)
The adaptive observer for z;; and adaptive law are designed as follows: when j = 1,

Iy =Zp+dy (511) O + aysgn ()

K , AN L 3.9)
Oy =—1I} {Pll (1) sgn (wy (1)) — dyy (211) Z11}
and whenj =2,3,--- ,r, — 1,
2 =% + di (2;) 65 + aysgn (2, — 2
j G+ GA\~G) 7l ij i Y (3.10)

0,=-TIy {p,§ (1) sgn (le (t>) —dy (sz) 51]'} ’

where I; € R%>*49i > ( are constant diagonal gain matrices, ay; > 0 are design parameters, w, 1 =

Py 8, 0) = ay 0.3 = 2 = 2. 6y = 0 — B and 5 = [ yysm (30)) |, + 250
The observer for z;,, is designed as

2lr; =u + o, S8n (erl - 2lr1) > (3.11)

where 7, = [o,_)s¢n (Zl("l—l))]eq +%,, and o, > p.

It should be noted that [a 1i—1)S8N (Zl(j_l))] represent equivalent injections, which can be realized
eq

by passing the signal [al(i_l)sgn (Zl(,-_l))] through a low pass filter. The detailed explanation of the
eq

equivalent injection has been discussed in Haskara (1998).
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ASSUMPTION 5. (see, e.g. Zhao et al. (2016, 2018))

Ipy 02, 0] < |py 0,0

forall/=1,2,--- ,mandj=1,2,--- ,r;— 1.

(3.12)

REMARK 2. Assumption 5 shows that the effect of the deviation £ is less than that of the parameter

estimation error 5,]-, which can be realized as long as the observer parameters are selected appropriately

by the designer.

The observer design process can be provided step by step in the following.
Step 1
At the first step, whenj = 1,

iy =Zip+ dy (511) O + apsgn ()
0y =-Iy [P1T1 (1) sgn (wyy (1)) — djy (211) Z11} ,

where z;; = z;; — Z;; and z;; is measurable.
It follows that

I =zpt+dy (511) Oy + Adyy (21) 65y — ogpsgn (Zpy) »

where Ad), (3,) = dyy (2) — d) (511)-
A Lyapunov function is chosen as

1 1 e
Vi = =3 + =010,
2 20

Differentiate (3.15) along (3.14):
Vi =12 {512 + dp (511) Oy + Adyy () 6y — ayysgn (511)}

+ 6 {Pfl (0 sgn (wy @) = dyy (3n) Z”}

= —ay |2y | + 2 (2 + Adyy (20) On) + 0/p}) (1) sgn {_plléll +Prnén (t)}

It follows that
Vi < - |zn| {an — [z + Adyy (z01) O |} — )pll O] én}
Choose a large enough «;; so that
@y — |2 + Adyy () O | = s

where n;; > 0.

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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8 J.FENG ET AL.

Then (3.17) can be described as

Vii < =y [z | - ‘Pn Q] 911‘
1 1 ~ -
~2 T
= ey 5% T ey ﬁ%@n (3.19)
< —Ci14/ Vlol,

—1 .
where 2., (pll) >8;>0,¢ = \/57711’ Ci2 = 811\/2/)‘max (rl ) € = min {Czuscllz}-

2 (0
‘21( ), where V] (0)

It follows from (3.19), Z;; and 6;; will converge to zero when t > f,; = -

represents the initial value of V}].
According to (3.14), when t > 1,4, 6, = 0,%, = 0, Ad); (z;;) = 0, the following equation holds:

Zn = [aysen (z)],, (3.20)

Step 2
At the second step, when j = 2,

p=z3+ dp (512) O +apsgn (Zp —2p)

: i i (3.21)
Op=—Ip {Pzz (1) sgn (wp (1) — dpp (le) Zzz} ,
where 2, = [a88n (31)],, + 2 and Z, has been given in (3.20).
It follows that
p =73+ dp (512) O + Adp (2p) O — apsgn (Zn) » (3.22)
where Adpy (2p) = dpp (2p) — dpp (Zzz)~
A Lyapunov function is chosen as
o _ 1o 1 15 )
n=35t T 020 (3.23)
By the similar analysis as given in Step 1, if «, is large enough:
ap = |43 + Adp () 6| = i (3.24)

where n,, > 0.
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. - 2/V5 .
It follows from (3.24), Z, and 6, will converge to zero when t > 1, = =72 with Ay, (pp) >

-1 .
8p > 0,¢cp = \/577127 Cip = 512,/2/)“max (Fz ) Cp = min {0121’0122}

According to (3.22), when t > t,,, 6, = 0,%, = 0, Ad), (z) = 0, the following equation holds:

i = [apsen (2p)],, (3.25)

Stepi(i=3~r—1)
At the i-th step,

=+ dy (511') Oy + aysgn (2; — )

N h AN (3.26)
0 =—1Iy {Pzi (1) sgn (wy; (1) — dy; (Zli) Zli} ,
where z;, = [al(i—l)sgn (zl(i—l))]eq +z;and z,; = [0‘1(,'— 1sSgn (zl(i—l))]eq'
It follows that
2 = Zipn) T 4y (Zli) O + Ady; (2;) 6 — oysgn (Zy:) » (3.27)
where Ad); (z;) = dj; (z;) — d (Ezi)-
A Lyapunov function is chosen as
0 1 ~2 1 AT
li = % + 2_1—~heli 0 (3.28)
By the similar analysis as given in Steps 1-2, if «; is large enough then
@ = |Zen + Ady (2) 0| = s (3.29)

where n; > 0.

It follows from (3.29), Z;; and 8;; will converge to zero when ¢ > #; = 2V it Amin (P1i) > 8 > 0,

i
—1 .
Cii1 = ﬁ’hi’ Ciip = 511‘,/ 2/ X max (in ) Cjj = min {Clil’cliZ}'

According to (3.27), whent > 1,,, 6, = 0,7, = 0, Ad), (z;) = 0, the following equation holds:
Zir ) = [osen @), (3.30)

Step rl
At the r; step, the state observer is designed as follows:

2lrl =u+ oy, S8n (zlr1 - 2lr1) > (3.31)

where z;, = [O‘l(r,—l)sé’” (zl(rl—l))]eq + 2lr, andz;, = [al(r[—l)Sgn (21(;*1—1))]6(1'
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10 J. FENG ET AL.

The observer error dynamic equation is given by
2y = £ + Wy, (6.2) — oy, 58m (3,) (3.32)

A Lyapunov function is chosen as

1.
0= ZZIZN (3.33)

Differentiating (3.33) along (3.32),

Vi =2, {6 @2 + ¥y, (1.2 — aysgn ()} (3.34)
< = [z | (o, — 1)
If «,, is large enough then

gy = Pp 2 Nypys (3.35)

where 7, > 0.

2,/vp
It follows from (3.34), z;,, will converge to zero when 7 > 1, = " with Cppy = \/517,,,.

Clry

LeEMMA 2. Under Assumptions 1-5, the AFTSMO (3.9)—(3.11) can guarantee that the system external
dynamics and uncertain parameters of system (3.1) can be observed in FT if «; is large enough. In
addition, the matched uncertainties can be estimated in FT as

él + 1’&lrz = [alrz sgn (erl - 2lrz)]eq (3.36)

Proof. Define the following Lyapunov function:
o __ m r 0
Vi = Zl:l ijl Vlj
7 ) m r—1
_lezjlzzb 2112 12[‘ 91]

(3.37)

Differentiating (3.37),

=22 (338)

According to the above analysis, forall/=1,--- ,mandj=1,.--,r, when t > max 1js
Vi < —¢y Vi (3.39)
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OFBC FOR NON-LINEAR SYSTEMS USING AN AFTSMO 11
Combining (3.38) and (3.39),
. m I p
= 2 s
m r ” ’
= ¢ 21:1 Zj;l Y Vlj

(3.40)

where ¢ = min Cjj-
It follows from the inequality ,/a; +./a, +---+./a, > /a; +ay +---+a,, wherea;,a,,--- ,a,
are positive constants,

PIIDIENTENO DI NG G41)

Then from (3.40) and (3.41),
VO < —cVo (3.42)

It follows from (3.42), when ¢ > 2—”20(0), le and élj will converge to zero.
Meanwhile, according to (3.32), when ¢t > Tyys er[ = 0. Then, the matched uncertainties can be
estimated from the following equivalent injection signal:

&+ Uy, = [ousm ()., (3.43)

Hence, Lemma 2 follows. O

REMARK 3. To ensure that the system external dynamics can be observed in FT, the parameter estimator

9,j as shown in (3.9) and (3.10) has been designed to guarantee that the unmatched uncertain parameter

estimation error 0~lj converges to zero in FT using the adaptive method and the principle of the equivalent
injection.

4. Output feedback backstepping control

For system (3.1), it is necessary to design the following coordinate transformation:
oy =z — By
op=%n—PBn
, 4.1)

U1y = 21y ~ Bitr—1)

S IBIrl

where ,81]- (] =1,2,---, rl) will be provided in the subsequent analysis.
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12 J. FENG ET AL.

Step 1
Let B;,= 0. Consider the o;; subsystem:

dll = ill - ﬂll

=Zp+2p +dy (Zn)Ons

where 7, = Z, + Zj, has been used since z;, is not available.
A Lyapunov function is chosen as

1,
Vin= 00

Differentiating (4.3),

Vi =oy (Zn +2p+dy (zn) )

Then let B, = —d, (211) 6, — ky 0y, where k;; > 0. It follows that

Vii = oy (Zp + op+Bpdy () Oy)

=0y (512 +op —dy (le) O — ko +dy (z) 6’11)

4.2)

4.3)

“4.4

(4.5)

According to (3.16)—(3.19), when ¢ > t?l, éll =0,z = 0, Ady, (Z“) = 0. Then (4.5) can be

described by
. ) .
Vi = —kpoj +opop +onzp
Step 2
Consider the (011, 0'12) subsystem. This can be described as

oy = —kpop +op+2p
op=2Inp—Zn—Bp
9B 1

=z +dp (2p) Op — Zp — PP
2

A Lyapunov function is chosen as

1,
Vp=Vy+ 500

(4.6)

A7)

(4.8)

€202 KBl O UO JBSN J9JUSD UIWPY JOqUISIA JOqUOSANS-UON TLSN AG L¥6ZS | 2/t L OPEUP/IDWEWIEE0L (0 1/10P/3[0lJE-0UBADE/DWEWI/WOY"dNO"OILSPED.//:SARY WOl PAPEOjUMOC



OFBC FOR NON-LINEAR SYSTEMS USING AN AFTSMO 13

Differentiating (4.8),
i ) y
Vip = —kyoji +opop +onzp

- s _ . Bp: 4.9)
+op [ZB + 23+ dp (2n) Op — 2 — ynzn ,

where z;; = Zj3 + Zj3 has been used since 75 is not available.

2\ A Py
Let B3 = —oy —dpp (Zzz) Op + %,l,zzn — kpop, where k, > 0.
Then (4.9) can be described as

- 5 _
Vip = —kpoji +opnop +onzp

B 2
+op {3+ B+ os+dn(En)0p —Zn — 22, )
5 i (4.10)
= —kpoj +ou2p
9B 1 _ L 0Bz
+op —dp (Zzz) O + 23, =2y —kpop + o+ dp () Op — 2 — 22, S22

According to (3.23)-(3.24), when ¢ > t?z, 6, =0,%, =0, Ady, (z;) = 0. Then (4.10) becomes

; 2 2 ~
Vip = —kjoji — kpop +0po + 07 4.11)
Stepi(3<i<r—1)
Consider the (0;),0),- -+ ,0,;) subsystem,
6 =2y — 2 — By
-1
9By - (4.12)
= 2Gi+1) + d); (le) 0 — le Z BTIZ]q
gq=1 Zlf{

A Lyapunov function is chosen as

1
ol (4.13)

Vi = Vi + 7

Differentiating (4.13) along (4.12),

. i—1
Vii=— Zq ki + 011y 0% + 011y %

38, (4.14)
- R _ L li2
+ 04 { L+ T A+ T A (Zu) O — 2 — Z P) ll lq | >

g=1

where 24 1) = Zj41) T Zi41) has been used since z; 4, is not available.
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14 J. FENG ET AL.

i—1
_ 3B 2 2\h
Then let By, 1) = —0y4_1y — ko + 21 ﬁzlq —dj; (ZH) 0,;, where k; > 0.
g=

Then,

. i—1
) -
V= — E ot kigOig + 01i—1y05 + Oi—1) i

i—1

. R _ : 9By; -
+ 0y 1 3y + 2y + i @) O — 2 — gllzzq
qg=1 q
i—1 A\ A .
2 ~ ~ 2 - 2
=- Zq:l kiq%ig + 011y Zi + 0y {Zz(i+1) + 0yiy1y — ko — dj; (Zli) O + d; (z;) 0 — Zli}
(4.15)
According to (3.28)~(3.29), when ¢ > 19, 6, = 0,Z; = 0, Adj; (z;;) = 0, (4.15) becomes
: i—1
2 ~
Vii=— Zq:l kigoiq + 0y {Zi1y + 9uin) — kuow ) wi)
i :
2 ~
= - Zq:l kigOiq + 01 Zyi1y T 01Ot 1)
Step 1,
Based on the above analysis,
r;—2
8:Bl(r -1 X 2 A
Bin = =011 ~ Kitn—1)%-1y + 2 a5 <t~ D) (z,m,])) O1ir—1)
q=1 lq (4.17)
. r—1 2 -
Vi-n =~ Zqzl kigig + O1rr—1) Ztn + Oitn-1)%y
and
dlr1 = Zlrl - erl - ﬂlrl
r—1
. g, (+.18)
=+ & 0D+ Uy, (00 = 2y = D5y
g=1 "
A Lyapunov function is chosen as
1,
Vin = Vig-n + 3% (4.19)
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Differentiating (4.19) along (4.18),

. r—1
Vi, =— Zq qu“lq + 05— 1)er, + 01(r,—1)O1r,

r—1 (4.20)
< aﬂh’l A
+ Ulrl ul + %‘l (t’ Z) + I//lr[ (t’ Z) - erl - Z 821 Zlq
g=1 "4
Then design the output feedback control:
r—1

By, 5
= —[ay,s¢n ()], + Z ,r/ Zlg = U=y ~ KinOuny» (4.21)

q

where k,, > 0.
It follows (4.20) and (4.21),

. T 2 ~ - 2
Vin == Zqzl kigOig + 01—y, + oy {‘[“msg” @],y &2+ ¥y, (12 - Zm} (4.22)
According to (3.34)—(3.35), when t > t?r[, er[ = 0, (4.22) can be described by

. r
Vi, = — Zq kiorh (4.23)

LeEmMA 3. Under Assumptions 1-5, the control (4.21) can guarantee that Oy tends to zero exponentially
foralll=1,--- ,mg=12,--- .1,

Proof. Define the following Lyapunov function:

V= Zl 1Vlr1 Z, qu 12 lq (4.24)

Differentiating (4.24),

= m . m r »
V= Zl:l Vl” = Z[;l zqzl qualq 4.25)

It is obvious that

(4.26)

where k = 2 min qu.
Hence, Lemma 3 follows. O
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16 J. FENG ET AL.

THEOREM 1. Under Assumptions 1-5, the closed-loop system employed by system (2.1), the AFTSMO
(3.9)~(3.11) and the control (4.21) is asymptotically stable if —c3 + %c4$w + %0405 +c47 < 0 and
Sey L + Sey® — ky < 0 with k; =2mink;,.

Proof. Define the following Lyapunov function:

V=V (62) + V) + VO (500) + V(20 By) @.27)
where | = 1,---,m,q = 1,2,---,r,j = 1L2,---,r; — 1,2z, = col(zl,n- ,zl~-~,zm) —
col (- .2+ ,2,) with 2 = col (Z),2p -+ +%,)s 24 = col(Zps-++ .2+ ,Z,) With Z; =
col (111’212' "er,)

It follows from Lemma 2,

Vo< —evVe (4.28)
From (4.25) and the definition of 9y in (4.1),
5 m 1 ) m 5
- 21:1 > 42 Kia%lg ~ zz=1 ko
1
<> 22 kol —ka > o (4.29)
_ 2
D ID SR XA
It follows from (2.3)—(2.5) and (4.28)—(4.29),
V=V 4V VOV
L avh avP b , Vb
V= e S0 (0.2) 4 5 [0 () —0 (0.2)] + e

<—alel +az [ m+efe] (o)« b+ ve

1 2
<mafel ez (32 + ) + e (ST + o) e oo
ST kol — kvl — Ve
=1 g=2 lqalq iy c
1 1 b2 1 1 5
< —03+§C4.$w+§c4@+c4r ”z H + §c4.§fw+§c4q§—kl Il

m r )
— k, oi;, —cN VO
Z[:] Zqzz lg~lq

Hence, V < 0 follows from the conditions that —c; + %c4$w + %c4q§ +¢47 < Oand %c4$w +
%0445 — k; < 0 and Theorem 1 holds. O
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REMARK 4. For the uncertain non-linear system with unmodeled dynamics, there have been other
observer-based backstepping control methods developed. In a number of contributions the systems are
SISO such as Sui et al. (2021) and the unmatched uncertainties @ (¢, z) have not been considered such
as in Jiang & Praly (1998); Chang et al. (2020). Furthermore, the closed-loop systems are uniformly
bounded rather than asymptotically stable with existing observer-based backstepping control methods
such as Tong & Li (2010); Xu et al. (2013). Based on the designed AFTSMO, an OFBC has been
designed for a class of MIMO non-linear systems in this paper to guarantee the closed-loop system is
asymptotically stable, despite the presence of matched and unmatched uncertainties.

5. Simulation examples

Based on the MATLAB software, this section will test the effectiveness of the designed OFBC by two
simulation examples.

Example 1:

Consider a non-linear system described by

21 =A1Z1 +Bl (Hl + 51 (I,Z)) + wl (ts Z)
22 = A2Z2 + Bz (u2 + 52 (, Z)) + WZ (t,2)

(5.1)
=4+, +0 @12
y= [Zn 21 ]T )
where z 1= col (z%,2%) € Z = {(4,2)||2] <5}, 2 = col(z2),25). 7y = col (z11.21)s 25 =
COl(Zz],Zzz),Alezz 8 éi|and31282=[0 I]T
The uncertainties satisfy
O (.0 = Iyl +|2| (5:2)
£ (.2) = 0.1sin() & (1.2) = 0.2sin (z”) (5.3)
v () =[210 0] vr(t2)=[2265 0], (5.4)

where 0, = =2 and 6,; = 1.
It is clear that Assumptions 1-2 are all satisfied with ., = |z

2 .
as Vo (1,20) = %(zb) with c; = 4,¢, = 1.
The main parameters of the adaptive observer for z;, z,, 61, 6, are given as

,® = 1,7 = 1, while V? is chosen

The main parameters of the control (4.21) are given as

kg =kiy =ky =k =8 (5.6)

Then k; = 8 and by direct computation, Theorem 1 holds in z € Z.
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FiG. 2. The system states z and their estimates
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(a) The system state zp; and its estimate Z;;  (b) The system state zo, and its estimate 2o,

Fi1G. 3. The system states z and their estimates

Note that -/ (||-|| + B) is used to replace sgn () to reduce the chattering with § = 0.001. Fig. 2
and Fig. 3 show the time response of z;, z, and their estimates, respectively. According to Figs 2-3,
the proposed AFTSMO can observe the system external dynamics in FT. The parameter estimation is
shown in Fig. 4. The estimates of the matched uncertainties are shown in Fig. 5. As shown in Figs 4—
5, the designed parameter estimator can construct the unmatched parameters and lumped matched
uncertainties in FT. Figure 6 shows the time response of z;, and u. From Figs 26, the considered system
is stabilized regardless of the matched and unmatched uncertainties. The simulation results demonstrate
that the designed OFBC is effective.

To further test the proposed method, the observer-based adaptive FT tracking control proposed in
Chang et al. (2020) will be compared with the proposed AFTSMO. Note that only an SISO system was
considered in Chang et al. (2020), hence it is necessary to divide the system (5.1) into the following two
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F1G. 4. Estimate of the parameters and their actual values
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FiG. 5. The estimates of the matched uncertainties and their actual values

subsystems:

Z=A + By (u +§) + v

Zb = _4Zb + ZbZ“ + (C) (57)
Y1 =121

2 =A% + B, (uy + &) + ¥,

(5.8)
Y2 =212 >

Where Z] = Col (le,le), Zz = COl (221,Z22), @ = |Zb| + |le| andAl,A2,Bl,B2,$l,Ez, 'lpl, ‘(pz are as
for system (5.1).
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FIG. 6. The time response of z;, and u
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F1G. 7. The time response of z; and u using the method proposed in Chang et al. (2020)

The main control parameters for the method of Chang et al. (2020) are given by

y, =0, = 10,1 =30,c = 30,1 = 10, = 0.99 (5.9)

The time response of z;, and u are shown in Fig. 7 and Fig. 8 shows the time response of the
system states z;, z, and their estimates using the method proposed in Chang et al. (2020). It should
be noted that the unmatched uncertainties ® (¢, z) have not been considered directly in Chang et al.
(2020) in contrast to the proposed method. Furthermore, the results in Chang ez al. (2020) show that the
closed-loop system is uniformly bounded, while the closed-loop system is asymptotically stable in this
paper. Comparing Figs 28, the proposed method has better performance as would be expected from the
theoretical foundations.
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FiG. 8. The time response of the system state z; and zp using the method proposed in Chang et al. (2020)

Example 2:

Consider a pendulum, whose dynamic equation is described in Jiang & Hill (1999) by

1
mlij = —mgsinn — kln + 7u + A,

(5.10)

where u € R represents the torque, n € R represents the anticlockwise angle, g represents the
acceleration of gravity and m, [, k represent the mass of bob, length of rod and coefficient of friction,
respectively. Note that the constant k is unknown and the angular velocity 7 is not available in the
subsequent analysis. A denotes the unmodeled dynamics.

The objective is to develop an OFBC to stabilize system (5.10) at n = &. For convenience of the
observer and control design, the following coordinate transformation is introduced:

2 =ml* (n—7)

(%)

ml? (7'7+ E n —n))
m

(.11

to bring the point (1, 7) = (i, 0) into (zl,zz) = (0,0).
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(a) The time response of the anticlockwise (b) The time response of the angular velocity
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FI1G. 9. The time response of the anticlockwise angle and angular velocity

Suppose that the unmodeled dynamics is given by
-b b »)? (b
P =5z +(z) 2+ 0 (t2), A:O.Zsm(z), (5.12)

where z := col (z/,2,,2%) € Z= [ (21,20, 2%)| (zb)2 < 7}, O (t,2) = || + |2
In the new z-coordinates, the pendulum equation (5.10) is written as

21 :Z2+Z19

L=uté (5.13)

2
=572+ (zh) 71+0 12,

where 6 = —% denotes the uncertain parameter, & = mgl sin (#z 1) +0.21 sin (zb) denotes the matched
uncertainty and ® (¢, z) denotes the unmatched uncertainty.

It is clear that Assumptions 1-2 are all satisfied with £, = (zb)z, @ =1,7 =1, while V? is chosen
as VP (1,2) = %(zb)2 with c; = 5,¢, = 1.

The main parameters of the adaptive observer for z;, z,, 6 are given as

The main parameters of the control (4.21) are given as

Then k; = 4 and by direct computation, Theorem 1 holdsin z € Z.
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F1G. 10. The system states z1, zp and their estimates
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FiG. 11. The time response of z; and u

For simulation, let [ = g = 9.8 with m = k = g~2. Figure 9 shows the time response of the
anticlockwise angle and angular velocity. Figure 9 illustrates that the pendulum can be stabilized at the
desired angle by the proposed OFBC, while the system shows good performance. Figure 10 shows the
time response of z;, z, and their estimates. Figure 11 shows the time response of z;, and u. The estimates
of the uncertain parameter and matched uncertainty are shown in Fig. 12. As shown in Figs 9-12, the
designed AFTSMO can observe the system external dynamics in FT, while the unmatched parameter
and the lumped matched uncertainty also can be estimated in FT.

To further test the proposed method, the static sliding mode control proposed in Feng et al. (2020)
will be compared with the proposed AFTSMO. Note that the method proposed in Feng et al. (2020)
aims to deal with a class of non-linear interconnected systems but is used here to stabilize a subsystem.
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F1G. 12. Estimate of the parameter, matched uncertainty and their actual values
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F1G. 13. The time response of system states and control input using the method proposed in Feng et al. (2020)

The sliding function and controller are designed as

s=2z+2

u=[0 -2][z 2 ]T — 0.01sgn(s) (5.16)

Figure 13 shows the time response of system states and control input using the method proposed in
Feng et al. (2020). As shown in Fig. 13, the method proposed in Feng et al. (2020) can also stabilize the
uncertain non-linear system (5.13), but the system performance is poor. In addition, the system states
are required to be measurable in Feng et al. (2020).
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From the above analysis, it can be concluded that the designed OFBC shows strong robustness for
a class of uncertain non-linear systems. The observed system states and estimated uncertain parameters
are effectively reconstructed by the AFTSMO in FT so that they can be compensated by the controller.

6. Conclusion

An OFBC has been designed for a class of non-linear systems. In order to observe the external dynamics
and unmatched uncertain parameters in FT, a novel AFTSMO is first proposed. Using the backstepping
principle, a set of Constructive Lyapunov Functions is designed to obtain the desired control while the
system stability is guaranteed. Numerical examples are used to demonstrate the effectiveness of the
designed OFBC. Future work will study how to further relax the requirements on both the system model
and unmatched uncertainties.
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